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We argue that a simple qubit-regularized SU(2) lattice gauge theory on a plaquette chain serves as a
pseudo–one-dimensional toy model for Yang-Mills theory in three spatial dimensions. We map the chain
Hamiltonian to the transverse field Ising model in a uniform magnetic field and demonstrate that it can be
tuned to a continuum limit in which the short-distance physics is governed by the asymptotically free Ising
conformal field theory describing free Majorana fermions, while the long-distance regime contains massive
excitations of the E8 quantum field theory that can be interpreted as one-dimensional analogs of glueballs.
Furthermore, we find

ffiffiffi
σ

p
=m1 ¼ 0.249ð1Þ where σ is the string tension between two static quarks andm1 is

the mass of the lightest glueball.
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I. INTRODUCTION

Qubit regularization of quantum field theories (QFTs) is a
framework for recovering a continuum QFT as the limit of
low-energy sectors of increasingly large spatial lattices of
quantummechanical systems with a fixed local Hilbert space
[1], often describable as a qubit model. If successful, this
approach can provide a way to perform efficient QFT
calculations on a quantum computer [2]. The success of
this approach is deeply connected to the ideas of universality
and renormalization, as originally introduced by Wilson [3].
In particular, it is essential that the qubit-regularized theory
possesses a critical point such that, in its vicinity, the long-
distance physics is governed by the renormalization group
(RG) fixed point corresponding to the desired continuum
QFT. This behavior is not guaranteed in general, and an
important direction of research is to characterize the critical
points of various qubit-regularized theories and to uncover
the physics of the fixed points that emerge near them.
Massive QFTs of interest in particle physics typically arise

through relevant perturbations of such RG fixed points.
These fixed points are characterized as ultra-
violet (UV) fixed points, and the associated scale-
invariant—often conformally invariant—theories describe

the short-distance, or equivalently high-energy, physics of
the corresponding massive QFT. Asymptotic freedom of
pure non-Abelian gauge theories is a prime example of this
feature. A major challenge for the Wilson lattice regulari-
zation program is to construct lattice models that exhibit this
behavior: i.e., they have a critical point whose long-distance
physics is governed by the desired UV fixed point. When a
small relevant perturbation is added, the continuum UV
physics manifests as an intermediate crossover regime, while
the extreme long-distance behavior reproduces the desired
massive QFT. A schematic illustration of this traditional RG
flow in the space of lattice models is shown in Fig. 1.
In this work, we present an explicit example of such a

traditional RG flow realized in a qubit-regularized
SU(2) lattice gauge theory (LGT). In our construction,
the UV fixed point is described by the two-dimensional
Ising conformal field theory (ICFT), while the corre-
sponding massive theory is the E8-QFT (E8QFT) of
Zamolodchikov [4].
The qubit-regularized SU(2) LGT considered here is

formulated in the Hamiltonian framework on a spatial lattice
with the geometry of a plaquette chain. Such a chain is
pseudo–one-dimensional in the sense that it is one-dimen-
sional in the thermodynamic limit, but has local gauge
“plaquette” excitations. In particular, the physical Hilbert
space has scalar adjoint “gluons” at each lattice site that are
the remnant of the single transverse gluon degree of freedom
per site in the theory where the ladder is extended to form a
genuinely two-dimensional lattice. This viewpoint can be
extended to 2þ 1 dimensions where glueballs arise as
weakly coupled system of heavy adjoint particles [5].
Hamiltonian LGTs on plaquette chains have been

explored recently in several contexts [6–11]. Here, we
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extend these investigations by studying relevant perturba-
tions away from critical points where massive continuum
QFTs emerge in the infrared (IR). In particular, we identify
one such critical point in a specific SU(2) gauge theory on a
plaquette chain by mapping the chain Hamiltonian to the
transverse field Ising model (TFIM) in a uniform magnetic
field,

H ¼
X
i

ð−σziσziþ1 − σxi − hσzi Þ: ð1Þ

It is well known that this Hamiltonian is critical at h ¼ 0,
where it flows to the ICFT. For small nonzero h, the long-
distance physics is instead described by a massive QFTwith
E8 symmetry, as predicted by Zamolodchikov [4]. In a qubit-
regularized SU(2) LGT, we interpret the massive states as
one-dimensional analogs of glueballs. Using the standard
step-scaling function, we demonstrate that the continuum
theory’s short-distance behavior is governed by the ICFT,
consistent with the traditional RG flow shown in Fig. 1.
Because the ICFT describes free Majorana fermions, we
argue that the SU(2) plaquette chain also exhibits asymptotic
freedom, much like a three-dimensional Yang-Mills (YM)
theory.

II. THE SU(2) PLAQUETTE CHAIN

We recently showed that the physical Hilbert space of
SUðNÞ Hamiltonian LGTs can be constructed efficiently
using the monomer-dimer tensor-network (MDTN) basis
jfλsg; fλlg; fαsgi [11]. Each MDTN basis state is char-
acterized by three sets of labels defined as follows: (i) fλsg
denotes the configuration of unitary irreducible represen-
tations (irreps) of SUðNÞ associated with matter fields on

the lattice sites, (ii) fλlg denotes the configuration of irreps
associated with gauge fields on the lattice links, and
(iii) fαsg ¼ 1; 2;…;DðHg

sÞ labels the degeneracy of sin-
glet representations in the local site Hilbert space Hg

s,
which is the tensor product of the irreps of the links fλlsg
connected to the site s and the site representation λs.
In this work, we focus on the SU(2) pure gauge theory,

which contains no matter fields, allowing us to set all λs ¼ 1
(singlets). In the conventional SU(2) LGT, the link repre-
sentations λl can take any irrep of SU(2) from the set
f1ðsingletÞ; 2ðdoubletÞ; 3ðtripletÞ;…g. In contrast, qubit
regularization restricts these to a finite subset. The simplest
such scheme involves only λl ¼ f1; 2g [12]. A natural
question then arises: can we construct qubit-regularized
SU(2) LGTs within this minimal framework that exhibit
nontrivial quantum critical points? Even more intriguing is
the possibility of realizingmassive continuumQFTs in the IR
by introducing relevant perturbations at these critical points.
Recent studies have demonstrated that such behavior can
indeed occur in qubit-regularized lattice spinmodels [13,14].
Here, we show that analogous behavior emerges in the qubit-
regularized SU(2) plaquette chain.
The plaquette chain has the geometry of a ladder

composed of two one-dimensional chains of lattice sites
connected by rungs that link neighboring sites across the
chains. We consider a system containing L plaquettes,
which are connected periodically across the boundary. As
stated, in the simplest SU(2) qubit regularization discussed
above, the Hilbert space on each link contains two types of
dimer tensors, 1 and 2. A pictorial representation of an
MDTN basis state for the plaquette chain is shown in Fig. 2.
The ladder geometry of the plaquette chain allows us to

distinguish between two types of gauge links: those along the
chains, which we label as lc, and those on the rungs
connecting the two chains, labeled as lr. In addition, we
define plaquettesP as the elementary squares formed by four
such links. Using this notation, a generic gauge-invariant
Hamiltonian for the plaquette chain can be written as

H ¼ κc
X
lc

Êlc þ κr
X
lr

Êlr − δ
X
P

ÛP; ð2Þ

where the operator Êl ¼ ð1 − δλ;1Þ is diagonal in theMDTN
basis and assigns distinct energies to the different irreps on
each link l. In contrast, the plaquette operator ÛP is off-
diagonal in theMDTNbasis and flips all the irreps on the four
links forming the plaquette, as illustrated in Fig. 3.

FIG. 1. A schematic illustration of the traditional RG flows in
the space of lattice models that reproduce a massive continuum
QFT in the IR limit. Typically, one begins with a lattice model
tuned to a critical point and then adds a relevant perturbation. The
short-distance physics of the resulting massive QFT is governed
by the UV fixed point, which can also be viewed as the IR fixed
point of the unperturbed lattice model at criticality.

FIG. 2. Pictorial representation of an MDTN basis state in the
plaquette chain with SU(2) gauge fields. The blue dots represent
λ ¼ 1 (singlets) and the red dots represent λ ¼ 2 (doublets).
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As explained in [11], in the absence of matter fields the 2
links form closed loops. These loops can either wind
around the boundary or lie entirely within a finite region
of the ladder. Consequently, the physical Hilbert space
splits into a direct sum of two topologically distinct sectors,
depending on the number of loops that cross the boundary:
HE

phys (even sector, where zero or two loops cross the
boundary) and HO

phys (odd sector, where exactly one loop
crosses the boundary). The Hamiltonian in Eq. (2) does not
couple these two sectors. Moreover, the two Hilbert-space
sectors can be distinguished locally by examining the link
irreps on the top and bottom chains. Focusing on the two
horizontal links of a given plaquette P, there are four
possible basis states: j11i, j12i, j21i, and j22i, where the
first label corresponds to the link irrep on the top chain and
the second to that on the bottom chain. In HE

phys, each
plaquette can be in either j11i or j22i, while in HO

phys it can
be in either j12i or j21i. Thus, the local plaquette Hilbert
space HP spanned by the basis states j11i and j22i or j12i
and j21i determines the full Hilbert space. The former
belongs to the HE

phys space and the latter belongs to the
HO

phys space.
The structure becomes richer when matter fields are

introduced. The simplest case arises when two static matter
fields in the doublet representation are placed at the bottom
rungs of distinct lattice sites, say x ¼ 0 and x ¼ w. We
view these as introducing heavy probe quarks in our pure
gauge theory. In the presence of these heavy quarks, the
local plaquette Hilbert space HP of the gauge theory
changes from HE

phys to HO
phys (or vice versa) at the sites

x ¼ 0 and x ¼ w, depending on the configuration of the
surrounding links. We can now distinguish two further

Hilbert-space sectors, Hw
phys and HðL−wÞ

phys . In the former, the
plaquette Hilbert spaces between the sites x ¼ 0 and x ¼ w
belong to theHO

phys sector, while in the latter they belong to
the HE

phys sector. An illustration of an MDTN basis state
with two heavy matter fields in the Hw

phys sector is shown
in Fig. 4.
When the sites x ¼ 0 or x ¼ w contain four doublets

(one from the heavy quark and three from the links
connected to the site), there are two distinct ways to satisfy
Gauss’s law locally. This freedom is encoded in the index
αs in the MDTN basis. In this situation it is straightforward
to verify that the action of ÛP on each of these two states

produces the same unique state. Consequently, a particular
linear combination of the two basis states is always
annihilated by ÛP and therefore remains inert under the
dynamics generated by Eq. (2). Operationally, it is as if the
operator ÛP is effectively removed from the two adjacent
plaquettes attached to the site x ¼ 0 or x ¼ wwhenever this
special linear combination is chosen in the MDTN basis.
Although one could in principle study the resulting effect

of removing ÛP at the locations of the heavy matter fields,
in this work we choose, for simplicity, to work with the
orthogonal linear combination that is not annihilated by ÛP.
This ensures that ÛP remains nonzero on all plaquettes, as
in the original construction.
Introducing additional heavy quarks allows us to probe

the rich gauge-theory Hilbert space more completely.
Fixing the locations of the quarks defines new sectors of
the theory, and the physics described by the Hamiltonian in
each sector can differ in nontrivial ways. As we discuss
below, within each such sector, the Hamiltonian in Eq. (2)
can be mapped to a distinct TFIM.

III. MAPPING TO THE ISING MODEL

Let us first focus on the physics of H restricted to the
even sector defined through the Hilbert spaceHE

phys. In this
Hilbert space we can map the two possible plaquette states
j11i and j22i to the quantum Ising Hilbert space of j↑i and
j↓i respectively. This mapping is illustrated pictorially in
Fig. 5. In this mapping the Hamiltonian of Eq. (2), in the
HE

phys sector, can be rewritten as

HE ¼
X
i

�
κc þ

κr
2
−
κr
2
σziσ

z
iþ1 − κcσ

z
i − δσxi

�
; ð3Þ

where σzi and σxi are Pauli matrices associated to the
plaquette P labeled by i. The states j↑i and j↓i, illustrated
in Fig. 5, are eigenstates of σzi with eigenvalue þ1 and −1,
respectively. It is easy to see that the operator ÛP maps to
σxi . Similarly, the terms diagonal in this basis, along with

FIG. 3. Pictorial representation of the action of the plaquette
operator ÛP.

FIG. 4. Pictorial representation of an MDTN basis state of the
SU(2) plaquette chain with two heavy matter fields in the doublet
representation located on the bottom rung at x ¼ 0 and x ¼ w.

FIG. 5. Mapping the j11i to j↑i and j22i to j↓i.
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the energies of the rung link are then given by terms in
Fig. 6. These energies then lead us to the
Hamiltonian Eq. (3).
We can repeat the above analysis to map the physics ofH

when restricted to the odd sector defined through the
Hilbert space HO

phys. The final answer can be rewritten as

HO ¼
X
i

�
κc þ

κr
2
−
κr
2
σziσ

z
iþ1 − δσxi

�
; ð4Þ

where σzi and σxi are Pauli matrices associated to the
plaquette P labeled by i as before, but now act on the
j12i and j21i Hilbert space.
We can extend this analysis to include heavy quarks as

discussed in the previous Section. Such “static charges”
allow us to compute the static quark potential, from which
we can compute the string tension σ in this linearly
confining theory. In the next Section we will argue that
HE

phys is a natural sector to explore the physics of plaquette
chain. We can then compute the heavy quark potential by
considering the ground state energies of the Hamiltonian of
the theory in the Hilbert space sectorHw

phys as a function of
w, assuming w < L=2. The Hamiltonian of the theory in
this sector is then given by

Hw ¼
X
i

�
κc þ

κr
2
−
κr
2
σziσ

z
iþ1 − κcθiσ

z
i − δσxi

�
; ð5Þ

where θi ¼ 0 for plaquettes between the sites x ¼ 0 and
x ¼ w and θi ¼ 1 outside. Comparing Eqs. (5) and (3) we
note that when w ¼ 0, Hw ¼ HE.

IV. MASSIVE GLUEBALLS

In a confining theory, loops of 2-links that wind around
space are energetically suppressed, acquiring an energy
proportional to the system size except at criticality. This
observation suggests that the even sector, HE

phys, should be
identified as the physical Hilbert space of local gauge-
invariant excitations over the infinite-volume ground state.
In this sector, as argued in Sec. III, the Hamiltonian of the
qubit-regularized SU(2) gauge theory on the plaquette
chain can be mapped to Eq. (3), which becomes identical
to Eq. (1) upon setting κr ¼ 2, κc ¼ h, and δ ¼ 1.
The physics of Eq. (1) has been extensively studied, and

it is well known that for small nonzero values of h the
model flows to a massive QFTwith hidden E8 symmetry in
the IR [4,15,16]. Zamolodchikov’s analysis predicts eight

stable particles in the continuum QFT. However, except for
the three lowest masses m1, m2, and m3, the higher masses
lie above the two-particle thresholds of lighter states. These
lightest three masses can be easily extracted from the four
lowest energy levels, Ei; i ¼ 0, 1, 2, 3, of Eq. (1) at zero
momentum using the relation mi ¼ Ei − E0. In the limits
L → ∞ and h → 0, these masses are expected to satisfy the
analytic predictions [4],

m2

m1

¼ 2 cos
π

5
≈ 1.61803;

m3

m1

¼ 2 cos
π

30
≈ 1.98904;

ð6Þ

which have been confirmed in several studies [17–19].
The above discussion can also be interpreted as being

applicable to the qubit-regularized SU(2) gauge theory on
the plaquette chain, restricted to the Hilbert spaceHE

phys and
defined by the Hamiltonian Eq. (2) with κr ¼ 2, δ ¼ 1, and
κc → 0, describing a continuum QFTwith massive particles
that can be interpreted as pseudo–one-dimensional analogs
of glueballs. The lowest three glueball masses satisfy the
relations in Eq. (6).
We can also compute the static quark potential VðwÞ

between two heavy quarks as a function of their separation
w by evaluating the ground-state energy E0ðwÞ of Hw,
defined in Eq. (5). By fixing κr ¼ 2 and δ ¼ 1, taking L to
be sufficiently large, and choosing a variety of values of κc,
confinement implies a functional dependence of the form

VðwÞ ¼ E0ðwÞ − E0ð0Þ ¼ αþ σ̄w; ð7Þ

in the regime 1 ≪ w ≪ L. The string tension σ̄ is expected
to depend strongly on κc but, once L is sufficiently large,
should be independent of the system size. We have verified
these expectations by computing E0ðwÞ using the density
matrix renormalization group (DMRG) method and display
representative results for the heavy quark potential at ðL ¼
32; κc ¼ 0.1Þ and ðL ¼ 32; κc ¼ 0.01Þ in Fig. 7.
The string tension σ̄ has dimensions of energy per unit

length. In a theory with explicit Lorentz invariance, one may
work in natural units ℏc ¼ 1, in which case σ̄ has the same
dimensions as a mass squared. In a lattice Hamiltonian
formulation, however, one must study the dispersion relation
of the elementary excitations in order to extract an equivalent
dimensionless quantity ζ. This allows us to define a physical
string tension σ ¼ ζσ̄ with dimensions of energy squared,
and hence to form the dimensionless ratio

ffiffiffi
σ

p
=m1, which is a

universal quantity in the continuum QFT.
Because the lattice theory possesses discrete translational

invariance, when the system is placed in a finite box of
length L, each eigenstate of the Hamiltonian Ei
(i ¼ 0; 1; 2;…) can be assigned a quantized momentum

pðnÞ ¼ 2πn
L

; ð8Þ

FIG. 6. Interaction energies of nearest neighbor spins. These
energies are encoded in the diagonal matrix elements of Eq. (3).
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where the integer n∈ ½−L=2; L=2�. Energy eigenstates
sharing the same momentum pðnÞ are labeled consecutively
by an index j ¼ 0; 1; 2;…, so that Ei ≡ EðnÞ

j . The state with
j ¼ 0 and n ¼ 0 is identified as the vacuum with energy E0,
while the higher n ¼ 0 levels help define the masses mj

with j ¼ 1; 2;…. Subtracting the vacuum energy, we
define the renormalized energies

EðnÞ
j ¼ EðnÞ

j − Eð0Þ
0 : ð9Þ

If the lattice theory describes a massive Lorentz-invariant
QFT near the critical point, then at sufficiently large
volumes the low-energy spectrum is expected to satisfy
the dispersion relation

ðEðnÞ
j Þ2 ¼ m2

j þ ζ2ðpðnÞÞ2 þOðn4; L−4Þ; ð10Þ

where the parameter ζ is independent of both j and n. This
same parameter was introduced above and serves to relate
energy and length scales, playing the role of ℏc in the
continuum dispersion relation.
We use DMRG to compute the low-lying energy

spectrum for various values of L and κc, but we do not
directly measure the momenta pðnÞ. As a result, assigning
the quantum numbers j and n to each energy level is

nontrivial, particularly in the presence of numerical uncer-
tainties. In our analysis, we first replace ðpðnÞÞ2 in Eq. (10)
by 2ð1 − cospðnÞÞ, which is periodic over the Brillouin
zone and coincides with the free-particle dispersion relation
obtained from a naïve lattice discretization. We then label
each nondegenerate state consecutively by an index j and
identify its energy asmj. For each fixed j, successive values
of jnj are assigned to pairs of degenerate states whenever
their energies are consistent with the dispersion relation in
Eq. (10). Degenerate states that do not satisfy this criterion
are instead assigned to higher values of j and n, as
appropriate.

Consistency is checked by fitting ðEðnÞ
j Þ2 as a function of

2ð1 − cospðnÞÞ. For small values of the momentum, a linear
fit is sufficient; however, due to the presence of lattice
artifacts and, in some cases, the high accuracy of the data,
higher-order terms in the dispersion relation become
resolvable. In these cases, a polynomial fit up to third
order is required to obtain an acceptable description. The
resulting assignments of j and n to the various energy levels
are summarized in [20]. To demonstrate that all low-energy
levels are consistent with Eq. (10) with a single parameter

ζ, we plot ðEðnÞ
j Þ2 −m2

j as a function of 2ð1 − cospðnÞÞ in
Fig. 8. The dashed line in this figure corresponds to a linear
fit to the L ¼ 96, κc ¼ 0.01 data, yielding ζ ¼ 1.995ð7Þ.
Our DMRG analysis was performed using the ITENSOR

software library in JULIA [21,22], and the fits were done
using the NUMPY [23] PYTHON package and the stats r
package [24]. For the DMRG, we use cutoff parameters of

FIG. 7. Plot of the static quark potential VðwÞ as a function ofw
at ðL ¼ 32; κc ¼ 0.1Þ and ðL ¼ 96; κc ¼ 0.01Þ. These calcula-
tions were performed using DMRG. Because the uncertainties in
the computed energies are difficult to estimate—and may be
small enough that the data become sensitive to corrections
beyond the linear form of Eq. (7)—we assigned errors of
0.002 to the L ¼ 32 data and 0.0004 to the L ¼ 96 data,
consistent with the observed fluctuations about the fit; that is,
these choices yield χ2=d:o:f: ∼ 1 for the linear fit.

FIG. 8. Plot of the dispersion relation Eq. (10), demonstrating
that all low-energy eigenvalues are consistent with a Lorentz-
invariant form. The dashed line shows a linear fit to the L ¼ 96,
κc ¼ 0.01 data; its slope is ζ2, yielding ζ ¼ 1.995ð7Þ.
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10−15 or smaller, perform 25 DMRG sweeps for each data
point, and allow a maximum bond dimension of 400.
Varying the bond dimension between 300 and 400 or
the cutoff between 10−14 and 10−15 changes the results
by less than 10−4. Though this indicates that the DMRG
calculations are well converged, the resulting points
deviate from the expected linear behavior in Eq. (7) due
to various residual errors including the w-dependence.
These errors range from 0.002 for L ¼ 32 to 0.0004 for
L ¼ 96 in the energy differences and are shown in
Fig. 7. Our results for E0ðwÞ, m1, m2, σ̄ for several
values of L and κc are listed in Table I. In this table, we
also report the universal ratios m2=m1 and

ffiffiffi
σ

p
=m1.

While m2=m1 approaches the value predicted by
E8QFT, we obtain the new universal dimensionless
ratio

ffiffiffi
σ

p
=m1 ¼ 0.249ð1Þ in the continuum QFT.

While the tensor-network approach can, in principle,
yield numerically exact results for the energies considered
in this work, the calculations become increasingly chal-
lenging as one approaches the continuum limit. Although
we have not performed a systematic study of this effect, we
summarize several useful observations.
The accuracy of the DMRG calculation is controlled by

several parameters, including the convergence criterion
(referred to above as the cutoff parameter), the number
of sweeps, and the maximum bond dimension Dmax. Here
we focus on the role of the bond dimension as the
continuum limit is approached.
For this study, we fix μ ≈ 8.3ð1Þ and consider three

lattice sizes, L ¼ 16, 28, and 96. At fixed μ, increasing L
corresponds to approaching the continuum limit. We set the
number of sweeps to 25, the precision parameter to 10−15,
and the maximum bond dimension to Dmax ¼ 400. We
monitor the energy change

ΔE ¼ jEns − Ens−1j þ 10−15; ð11Þ

where ns denotes the sweep number, and the additive offset
is included to prevent numerically vanishing values. We
also track the maximum link dimension D reached during
each sweep. Since D ≤ Dmax, this quantity indicates how
much of the allowed bond-dimension space is utilized;
saturation at D ¼ Dmax may signal the need for a larger
Dmax. In Fig. 9, we show ΔE and D as functions of ns for
both the ground state and the first excited state.
For the ground state, ΔE decreases rapidly, although

convergence becomes slightly slower as the continuum
limit is approached. The behavior of D, however, shows
a more pronounced dependence on L. For L ¼ 16 and
28, D quickly saturates at relatively small values. In
contrast, for L ¼ 96, D increases up to D ∼ 250 before
relaxing back to approximately 100 after about 15
sweeps, indicating that a larger bond dimension is
required during intermediate stages of the optimization.
These results suggest that the ground state is never-
theless well converged and efficiently represented within
the chosen bond dimension, consistent with the expected
area-law scaling of entanglement in a gapped one-
dimensional system.
In contrast, the first excited state exhibits significantly

slower convergence, particularly near the continuum limit.
For L ¼ 96, ΔE continues to decrease throughout the 25
sweeps, indicating that the energy may not yet be fully
converged. For smaller lattice sizes, convergence is typi-
cally achieved after Oð15Þ sweeps. The behavior of D
further supports this picture: for L ¼ 96, D reaches Dmax
and remains saturated throughout, suggesting that the
chosen bond dimension is insufficient. For L ¼ 28, D
initially grows to D ¼ 400, saturates there for several
sweeps, but then subsequently decreases, indicating that
Dmax ¼ 400 is adequate, although a larger number of
sweeps is needed for convergence.
In summary, we observe that convergence is faster on

coarser lattices. In these cases, althoughDmay temporarily

TABLE I. Using DMRG, we extract the ground-state energy of the lattice Hamiltonian Eq. (3) (after dropping the constant term) at
κr ¼ 2 and δ ¼ 1. This quantity is denoted by E0ðw ¼ 0Þ. We also compute the two lowest glueball masses, m1 and m2, as well as the
string tension σ̄, obtained from a linear fit to Eq. (7). The errors shown are determined from the fluctuations of the data points about the
expected fit form, such that linear fits of the type shown in Fig. 7 have a chi-squared per degree of freedom (χ2/d.o.f) less than 1. The
string tension in units of energy-squared is given by σ ¼ ζσ̄ with ζ ¼ 1.995ð7Þ as explained in the text. The dimensionless ratiosm2=m1

and
ffiffiffi
σ

p
=m1 are expected to be universal quantities in the continuum gauge theory that depend on the scaling variable μ ¼ κ8=15c L, shown

in the last column, in the limits L → ∞ and κc → 0. The E8QFT emerges when μ becomes large.

κc L E0ðw ¼ 0Þ m1 m2 σ̄ m2=m1

ffiffiffi
σ

p
=m1 κ8=15c L

0.3 12 −18.273ð3Þ 2.834(3) 4.488(3) 0.2511(5) 1.584(3) 0.2497(10) 6.31
0.3 16 −24.363ð3Þ 2.834(3) 4.548(3) 0.2507(3) 1.604(3) 0.2496(09) 8.42
0.2 16 −22.966ð3Þ 2.287(3) 3.639(3) 0.1631(3) 1.591(3) 0.2494(10) 6.78
0.2 24 −34.448ð2Þ 2.287(2) 3.679(2) 0.1628(1) 1.609(2) 0.2492(07) 10.17
0.1 28 −37.821ð3Þ 1.583(3) 2.555(3) 0.0779(1) 1.614(5) 0.2490(11) 8.20
0.1 32 −43.224ð3Þ 1.583(3) 2.555(3) 0.0779(1) 1.614(5) 0.2490(10) 9.37
0.1 48 −64.836ð2Þ 1.584(2) 2.557(2) 0.0777(1) 1.614(3) 0.2486(9) 14.06
0.01 96 −122.8701ð4Þ 0.4649(4) 0.7503(4) 0.00671(1) 1.614(2) 0.2489(9) 8.23
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reach Dmax during intermediate sweeps, it ultimately
relaxes to smaller values, indicating that the final state is
well represented within the chosen bond dimension. As the
continuum limit is approached, however, the required bond
dimension increases, and both Dmax and the number of
sweeps must be increased to achieve comparable accuracy.
This behavior is consistent with the growth of entanglement
as the system approaches the critical regime: the correlation
length increases and the excitation gap m1 decreases,
leading to enhanced entanglement entropy and, conse-
quently, a larger bond dimension required for an accurate
matrix product state representation. This explains the
reduced efficiency of the DMRG algorithm near the
continuum limit. In our analysis we did not worry about
the issue of convergence in the L ¼ 96 data since the
obtained values yielded the ratio m2=m1 consistent with
known CFT result.

V. ASYMPTOTIC FREEDOM

We can explore the physics of the massive continuum
E8QFT in the UV. Since the critical lattice field theory flows
to the IR fixed point governed by the ICFT,we expect theUV
physics of the massive continuumE8QFT to be described by
this same ICFT (see Fig. 1). If this expectation is correct,
then, because the ICFT is known to be the theory of free
massless Majorana fermions, we expect these Majorana
fermions to be a manifestation of the bosonic scalar adjoint
“gauge bosons” attached to adjoint strings to project them
onto the physical subspace of gauge-invariant states.Wemay
then view the massive glueball states as arising through the
confinement of these gauge bosons. In this interpretation,
the SU(2) gauge theory on the plaquette chain also exhibits
the phenomenon of asymptotic freedom. The viewpoint that
the massive states arise as bound states of free Majorana
fermions is well known (see for example [25]).

FIG. 9. Study of the energy fluctuation ΔE and the maximum link dimension D as functions of the sweep number ns, for three lattice
sizes, L ¼ 16, 28, 96, at fixed μ ≈ 8.3ð1Þ. These plots illustrate the role of the bond dimension and the total number of sweeps as the
continuum limit is approached (i.e., increasing L at fixed μ). The top row shows results for the ground state, while the bottom row shows
results for the first excited state. The ground state and first excited energy densities for L ¼ 16, 28, 96 after ns ¼ 25 are given by
−1.522708;−1.350745;−1.279897 and −1.345607;−1.294208;−1.275055, respectively.
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Recently, it was discovered that asymptotic freedom and
massive continuum QFT may arise from exotic RG flows,
in which the UV behavior is not governed by the IR fixed
point of the critical qubit-regularized lattice field theory, but
rather by a crossover fixed point that the RG trajectories
approach before swinging away [13,14]. To verify that no
such exotic behavior occurs in the present case, using
Monte Carlo methods, we have computed the step-scaling
function of the E8QFT using the Euclidean lattice formu-
lation of the Ising model defined by the action

S ¼ −βc
X
hiji

sisj − h
X
i

si; ð12Þ

where βc ¼ logð1þ ffiffiffi
2

p Þ=2 is the critical coupling at
h ¼ 0. At criticality, the long-distance, low-temperature
physics of the space-time action Eq. (12) coincides with
that of the one-dimensional Hamiltonian Eq. (1).
Our goal is to start from Eq. (12) and study how a

nonzero magnetic field h ≠ 0 generates a finite correlation
length, which diverges in the limit h → 0. To this end, we
compute the step-scaling function fðxÞ ¼ ξð2LÞ=ξðLÞ as a
function of x ¼ ξðLÞ=L on square lattices of size L × L
with periodic boundary conditions [26]. We define ξðLÞ
using the second-moment correlation length [27],

ξðLÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
χ=F − 1

p
2 sinðπ=LÞ ; ð13Þ

where

χ ¼ 1

Z

X
½s�

e−S
X
i

ϕiϕ0; ð14Þ

and

F ¼ 1

Z

X
½s�

e−S
X
i

ϕiϕ0 cos

�
2πτi
L

�
; ð15Þ

with τi denoting the temporal coordinate of the Euclidean
space-time site i. Here we use the subtracted spin field
ϕi ¼ si − s̄, where

s̄ ¼ hsii; ð16Þ

which is independent of i by translational invariance.
The observables s̄, χ, and F can be expressed as

expectation values of spin observables Oð½s�Þ via

hOi ¼ 1

Z

X
½s�

e−SOð½s�Þ: ð17Þ

In particular,

s̄ ¼
�

1

L2

X
i

si

�
; ð18Þ

χ ¼
�X

i

sis0

�
− L2s̄2; ð19Þ

F ¼
�X

i

cosð2πτi=LÞsis0
�
: ð20Þ

We compute these expectation values using a Swendsen-
Wang–type cluster algorithm, and use them to evaluate
ξðLÞ and ξð2LÞ at fixed L and h. This determines the step-
scaling function shown in Fig. 10.
Our algorithm consists of a bond update followed by a

spin update. During the bond update, neighboring spins
with equal values are connected with probability 1 − e−2βc
and remain unconnected otherwise, while unequal spins are
never connected. The effect of a nonzero magnetic field h is
incorporated by introducing a frozen global spin sg ¼ þ1.
Each lattice spin with si ¼ þ1 is connected to sg with
probability 1 − e−2h, and remains unconnected otherwise,
while spins with si ¼ −1 are never connected to the global
spin. Clusters are then defined as connected components of
spins, including connections mediated through the global
spin. If a cluster is connected to sg, it is identified as a
frozen cluster Cf.
During the spin update, a lattice site is selected at random

and the corresponding cluster C is identified. This cluster is
flipped unless it coincides with the frozen cluster Cf.

FIG. 10. Step-scaling function of the E8QFT, computed via its
mapping to the two-dimensional Ising model in a uniform
magnetic field with Euclidean lattice action given in Eq. (12).
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We measure observables using improved estimators:

�X
i

si

�
¼

�X
i∈ Cf

1

�
; ð21Þ

�X
i

sis0

�
¼

�X
i∈ C

1

�
; ð22Þ

�X
i

sis0 cosð2πτi=LÞ
�

¼
�X

i∈ C

cosð2πτi=LÞ
�
; ð23Þ

where C is the cluster selected during the spin update while
Cf is the frozen cluster.
Finally, the step-scaling function shown in Fig. 10

exhibits the expected limits. In the UV, one has
ξð2LÞ=ξðLÞ → 2, which in our setup is approached at
ξðLÞ=L ≈ 0.905. This is a universal number in the ICFT,
with value 0.9050488292(4) obtained from exact CFT
results for the torus two-point function and correlation-
length amplitudes [28]. In the IR limit, ξðLÞ=L → 0 and
ξð2LÞ=ξðLÞ → 1. Our data are consistent with this behavior
within errors, although the computation becomes increas-
ingly demanding due to large fluctuations in the discon-
nected component, leading to a poor signal-to-noise ratio at
small h and large L.

VI. CONCLUSIONS

In this work, we have argued that the qubit-regularized
SU(2) LGT on a plaquette chain possesses a continuum
limit in which it describes a nontrivial massive QFT. The
massive excitations of this theory are one-dimensional
analogs of glueballs, while in the UV the theory becomes
asymptotically free and is described by free massless
Majorana fermions. These features arise through an exact
mapping of the LGT to the TFIM. Importantly, although the
Hamiltonian of our qubit-regularized LGT differs from the
conventional Kogut-Susskind Hamiltonian [29], it never-
theless retains the two essential ingredients of lattice gauge
theories: an electric-field term that induces confinement
and a magnetic-field term that promotes deconfinement. In
our construction, the former appears as a diagonal operator
that assigns different energies to different representations,
while the latter enters through an off-diagonal plaquette
operator.
It is natural to ask whether analogous features extend to

SU(3) LGTs. In this case, the qubit-regularized theory can
be mapped to a class of three-state quantum clock models.
Plaquette chains of this type have been explored recently
in the context of Hamiltonian formulations and quantum
computing [30,31]. However, the study of critical points
from which massive relativistic QFTs may emerge
through the RG flow patterns illustrated in Fig. 1 remains
largely unexplored. A straightforward SU(3) extension of
the qubit-regularized lattice gauge theory proposed here

can be tuned to the relativistic critical point of the two-
dimensional three-state Potts model [32]. Modifying the
energies of the SU(3) electric fields along the chain then
introduces a uniform Potts’ magnetic field at criticality
that favors one of the Potts states. This perturbation is
relevant and can drive the theory to a massive relativistic
QFT [33,34]. We are currently exploring this massive
QFT using DMRG.
Since qubit-regularized gauge theories are formulated

within the Hamiltonian framework, they may realize both
nonrelativistic and relativistic quantum critical points
[35,36]. An important direction for future work is to
engineer qubit-regularized gauge theories in higher dimen-
sions that exhibit relativistic quantum critical points.
Relevant deformations of these theories could then lead
to massive relativistic continuum quantum field theories
analogous to those constructed here.
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