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Through the Hamilton-Jacobi equation of classical mechanics, BPS magnetized baryonic layers
(possessing both baryonic charge and magnetic flux) have been constructed in the gauged nonlinear
sigma model (G-NLSM) minimally coupled to Maxwell theory. This is one of the most relevant effective
theories for quantum chromodynamics (QCD) in the strongly interacting low-energy limit, which also
accounts for electromagnetic interactions. Since the topological charge that naturally appears on the right-
hand side of the BPS bound is a nonlinear function of the baryonic charge, the thermodynamics of these
magnetized baryonic layers is highly nontrivial. In this work, using tools from the theory of the Casimir
effect, we derive analytical relationships between baryonic charge, topological charge, magnetic flux, and
relevant thermodynamic quantities (such as pressure, specific heat, and magnetic susceptibility) for these
layers. The critical baryonic chemical potential is identified. Interestingly, the grand canonical partition
function can be related to the Riemann zeta function. On the technical side, it is a remarkable result to
derive explicit expressions for all these thermodynamic quantities for a strongly interacting magnetized
system at finite baryon density. Moreover, thanks to the BPS property of these configurations, we are also
able to analytically determine both the equation of state and the speed of sound. The effects of the isospin
chemical potential can also be included; specifically, we are able to explicitly construct the BPS bound and
the corresponding BPS configurations even when the isospin chemical potential is nonzero. The physical
interpretations of our analytical results are discussed.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the field theory that
describes the strong nuclear interaction. One of its unique
features is the behavior of its coupling constant under
renormalization flow: it increases as the energy decreases,
and vice versa. This results in a phase diagram divided into
different regimes, each requiring distinct tools or approx-
imations to study specific conditions. In the low-energy limit
of QCD and under extreme conditions, neither perturbative
methods (due to the increasing coupling constant) nor
numerical simulations (due to the sign problem in lattice
QCD) are feasible (see [1-4] and references therein).

Published by the American Physical Society
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Studying QCD under extreme conditions, such as finite
baryon density, low temperatures, and intense magnetic
fields, is of great physical interest because these conditions
occur in neutron stars and heavy-ion collisions [5-17].
There is both numerical and phenomenological evidence
suggesting that, in this limit, nonhomogeneous baryonic
condensates exist, forming regular structures known as
nuclear pasta phases [10-12,18-29]. Developing analytical
theories to support this evidence is crucial.

In particular, there are very few examples in which the
thermodynamics of interacting systems with high baryonic
charge confined in a finite spatial volume can be studied
analytically. The main goal of the present manuscript is to
provide a concrete example of a strongly interacting system
with high baryonic charge, where it is possible to study the
thermodynamics with analytical tools. As we will see, such
a system also has an intrinsic physical relevance.

Interesting results have been obtained in this direction in
the low-energy limit of QCD [30-35]. In such a limit,
baryons arise as solitonic solutions (skyrmions) in a mesonic
field theory. The relations between the low energy limit of
QCD and QCD itself have been investigated by several
authors [36—46]. There is convincing evidence that relates the
properties of baryons to skyrmions (see, for instance, [36]).

In order to describe the hadronic structures arising
in neutron stars, in [47-65] two Ansdtze have been
proposed. The resulting exact analytic solutions correspond
to hadronic matter distributed in tubes (or spaghetti states)
and layers (lasagna states). However, until very recently, no
purely magnetic solution was constructed (as all the
available analytic configurations minimally coupled with
the Maxwell field possessed both electric and magnetic
fields of the same order). The present study will focus
specifically on purely magnetic baryonic layers.

We will consider the gauged nonlinear sigma model (G-
NLSM) in (3 + 1) dimensions with global SU(2) symmetry.
It is worth mentioning here that the reason we consider the
NLSM and not the full Skyrme model lies in the fact that the
Skyrme term is necessary in order to guarantee the stability of
the solution defined over infinite three-dimensional space
[42]. On the other hand, our solutions are defined over a finite
and fixed space volume, in which case the Derrick theorem
does not apply. Using an appropriate Ansatz, we will describe
magnetized baryonic layers and, through the Hamilton-
Jacobi technique, derive a nontrivial BPS bound that will
serve as the foundation of our work.

A novel technique using the Hamilton-Jacobi equation has
enabled us to derive a nontrivial BPS bound for the G-NLSM,
relating topological charge to baryonic charge in a nonlinear
manner [66—69]. To find an analytical relationship between
topological charge, baryonic charge, and magnetic flux,
we must determine the “chemical potential” for the mag-
netic flux (/y), which emerges as an integration constant
when solving the Hamilton-Jacobi equations. Although an
exact analytical form for /; does not exist, we will seek a

sufficiently accurate approximation using computational
methods. Obtaining these quantities analytically is crucial
for constructing the grand canonical partition function of the
system, enabling the calculation of free energy, heat capacity,
and a deeper understanding of the thermodynamics of the
G-NLSM.

As it has already been emphasized, the main goal of the
present manuscript is to provide a concrete example of a
strongly interacting system with high baryonic charge,
where it is possible to study the thermodynamics with
analytical tools. Usually, this task is impossible (unless the
baryons are assumed to be free, which is clearly not the case
in the present context), while, due to the BPS property of
the configurations which will be analyzed in the following
sections, such an analysis is allowed.

On the other hand, since the shape of the configurations
analyzed in the following sections corresponds to magnet-
ized baryonic layers, a natural question is whether our
analysis can also be of relevance for the nuclear lasagna
phase. In order to describe the nuclear pasta phase, both the
isospin chemical potential and the electromagnetic inter-
actions must be taken into account.

As far as the electromagnetic interactions are concerned,
these will be included through the minimal coupling of the
SU(2) valued chiral field with the U(1) gauge field through
the covariant derivative. Indeed, this is the reason why we
will consider the gauged nonlinear sigma model minimally
coupled to Maxwell theory: our exact solutions are self-
consistent solutions of the complete set of field equations,
which take into account both the backreaction of the
electromagnetic fields on the hadronic fields and vice versa.

As far as the effects of the isospin chemical potential are
concerned, at first glance, one could think that the situation is
very difficult, as the presence of the isospin chemical
potential could spoil the BPS property of the baryonic
magnetized layers. The reason is that the isospin chemical
potential explicitly enters into the field equations, and
consequently, it also modifies the solutions. Nevertheless,
quite remarkably, the BPS property (which is the basis of our
analysis) is not destroyed, but only modified. We will be able
to construct explicitly isospin-dependent BPS magnetized
baryonic layers. However, for the sake of clarity, it is better to
first analyze the system without the isospin chemical
potential and then to include its effects. The reason is that
in most of the formulas, the effects of the isospin chemical
potential manifest themselves by replacing some of the
coupling constants with “modified coupling constants”
dressed by the effects of the isospin chemical potential itself.

This paper is organized as follows: in Sec. II, we present
the G-NLSM. Section III is devoted to the Ansarz for the
construction of magnetized baryonic layers, the corre-
sponding BPS bound, the topological charge and its
relation to the magnetic flux, as well as a discussion on
the boundary conditions for H(r). In Sec. IV, we introduce
a couple of approximations for the integration constant /.
The grand canonical partition function is constructed
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in Sec. V, where we also compute several relevant thermo-
dynamical quantities. In Sec. VI, we explore the contri-
bution of an external magnetic field to the energy and
compute the magnetic susceptibility. In Sec. VII, we
analytically calculate the equation of state and the speed
of sound thanks to the BPS property of the system. In
Sec. VIII, the effects of the isospin chemical potential will
be included, and we will construct the BPS bound and the
corresponding BPS configurations in the case in which the
isospin chemical potential is nonzero. Section IX contains
some comments and concluding remarks.

II. GAUGED NONLINEAR SIGMA MODEL

In this section, we introduce the main properties of our
model. As already mentioned in the Introduction, we first
consider the case with the isospin chemical potential
u; = 0. The coupling of the model with u; # 0 and its
effects will be directly introduced in Sec. VIII.

In order to describe the low-energy limit of QCD
minimally coupled to electromagnetism, let us consider
the gauged nonlinear sigma model action,

1
g — _Z/ d4x{KTr{Z”2ﬂ} - F,,F"}, (1)

where K = % is the coupling constant of the G-NLSM and
[ 1s the pion decay constant [70]. The indices y, v = 0, 1,
2, 3 are the usual spacetime indices, where 0 represents the
timelike component. In addition,

X, =U"'DU,  F,=0,A,-0A (2)

2% (7 v
where A, represents the U(1) gauge field and U is a scalar
field with values in SU(2), defined as a map,

U: R - SU(2). (3)

In the following sections, the map U will be parametrized
using the generalized Euler angles [71-73] as follows:

U= eT3F€T2H€T3G. (4)

Here, F(x*), H(x*) and G(x*) are the three pseudoscalar
functions of the spacetime,

F.G, H:R*!— R, (5)

and 7; = io;, where o; are the Pauli matrices. As already

studied in, for instance, [48], this parametrization leads to

configurations where baryons are organized into layers.
Going back to the definition (2), the covariant derivative

is defined as follows:

DU = 0,U +A,[r3, U] (6)

Infinitesimal variations of the action give the equations of
motion,

D3 =0, (7)
3, F" = J, (8)

where the conserved current J# reads

K

JH = ETI'{O:;Z/”}, 03 = U_1T3U—T3. (9)

Furthermore, the energy-momentum tensor for the
G-NLSM is
K 1 . -
T, = —ETr ZﬂZD—EgWZ 0+ T, (10)
where
T = FouF,* =~ b 11
w — Lpat v _4 af gm/' ( )

Notably, different solutions of the equations of motion are
labeled by a topological invariant (that we are going to call B)
defined as the index of the map U [B = Index(U)]. This
index takes integer values and is associated with the number
of baryons contained in the system (in other words, the
baryonic charge) [42]. It can be explicitly computed as
follows:

1
B:W/pB’ (12)

where the integral is defined over the volume of the system
and the pg = pp, + pp, represents the baryonic density
(see [54] and references therein), where

pp, = eXTe{(U™10,U) (U0, U) (U 0, U)},  (13)

pp, = —3"“Tr{0,[A;73(U'0U + 0, UU)]}. (14)

III. MAGNETIZED BPS BARYONIC LAYERS

As discussed above, the choice of an Ansatz is crucial in
order to obtain analytic solutions to the equations of motion
(i.e., the Skyrme equations). In this section, we study an
Ansatz corresponding to magnetic solutions in the BPS limit.

To this end, let us compute explicitly the quantities
introduced in the previous section using the parametrization
(4) and equipping the spacetime with the flat metric,

ds* = —dr* + L*(dx* + dy?) + L2dr?, (15)

where x, y and r are dimensionless Cartesian coordinates
having ranges,
0<x<m,

0<y<2nm, 0<r<2z. (16)
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The dimensionality of the space is enclosed in L and L,. A
more accurate analysis on the units of measure and their
specific values will be discussed later. This metric describes
a box of volume V = 473L,L?, where the gauged solitons
live. The area of the layer is given by A = 27°L>. 1t is
important to mention that the coordinates x and y are
tangential to the layer, while the coordinate r is orthogonal
(see [48,53,54]). As a consequence, the energy and
baryonic density will depend only on the coordinate r.

Let us consider the following static Ansatz for the U
scalar field and for the A, gauge field:

U = Pyl (nNn gprts (17)
A, = <0,0,§—u(r),—§+u(r)>, (18)

where p is an integer and the index y = (0,r,x,y). As
demonstrated in [47,49,62], with the above Ansatz, the
seven coupled field equations boil down to two,

H' + 4(%)2 sin(2H) <<§>2 - u2> =0, (19)

u" —4KL2sin*(H)u = 0, (20)

where the prime stands for the derivative with respect to r,
with the following energy density:

) K(H/)z (u/)z
Ty = I3 [p? cos?(H) + 4 sin®(H)u?] + R wL)?
(21)
and baryonic density,
d
pp = —12p—[u(1 + cos(2H))]. (22)

dr

Since the latter is a total derivative, the baryonic charge
only depends on the boundary conditions of # and H, as
expected. The choice of these boundary conditions will be
discussed later. It is worth emphasizing here that (being the
configurations of interest static and purely magnetic) the
corresponding field equations are obtained by minimizing
the energy, which is equivalent to considering the energy
density as a Lagrangian. On the other hand, in the case in
which the isospin chemical potential is taken into account,
one should minimize the free energy instead.

A. A novel BPS bound

As already discussed in [66], the energy density in
Eq. (21) can be rewritten by introducing the Hamilton-
Jacobi equation (HJ),

L2 (oW 2+ L,.L\2 [/ oW)?2
2K \0oH 2 ou
K .
= [p? cos?(H) + 4 sin®(H)u?], (23)
whose solution is given by
4K
W =
pL,

ucos(H), (24)

provided the following relation holds:

2 2
p » P 2rp
V2K " Ke <ef7r> (25)

In this way, it is possible to rewrite the energy density in a
BPS style,

K ]

Too = ——— | (pH' £ 4K>L usin(H))?
00 2(er)2 |:(p 2 ruSIH( ))
aw

. (26)

+4(u' F pKiL, cos(H))z} +

Through an explicit computation, one finds the following
bound:

2n
E = /d3X\/__gT00 = ALr/ dVT()() 2 ‘Q|’ (27)
0

where

AL,
62

0=

[W(27) - W(0)]. (28)

The first order BPS equations, which imply the second
order field equations, are

4K3L
H + =T ysin(H) = 0 (29)
p
W' — pK:L, cos(H) = 0. (30)

An observation here is in order. If we divide (30) by p,
the rhs of the equation does not depend on p. Therefore, it
seems reasonable to assume that the solution u(r)/p will
not depend on p. For this reason, we are going to define the
quantity,

v(r) = @, (31)
p
which is p independent.

Using the BPS condition (29) and (30), an analytical
relationship can be derived between the SU(2) profile H
and the gauge field profile v. In particular, one obtains the
equation,

dH

T —4vtan(H), (32)

105025-4



THERMODYNAMICS OF MAGNETIZED BPS BARYONIC LAYERS ...

PHYS. REV. D 113, 105025 (2026)

with solution,
H(r) = arcsin [exp (=20°(r) — Iy)], (33)
where [ is an integration constant. Substituting the above

equation into (30), the complete set of field equations is
reduced to the quadrature,

v = K%L,\/l —exp (=402 (r) = 21). (34)
By integrating the Eq. (34), we obtain

1 v(27) dr
VKL, Jo /1 —exp(=47% = 2I,)

where 7 = v(r), and for convenience, we choose v(0) = 0.
For the physical analysis of »(2xz), it is necessary to
calculate the total magnetic flux @ in the y direction as
follows:

2z , (35)

27T
o—LL, / drdxF,, = \/% (v(27) = 0(0),  (36)

which implies that

2
v(27) = %@. (37)

B. Topological charge and magnetic field

Let us now consider the baryonic charge (12) with the
baryonic density (22). Using the solution of H defined in
(33), it takes the explicit form,

V2Ke <1 — exp <_8K;(>22 — 2IO>). (38)

zL, p*(zL,)

It is interesting to compare the above expression for the
baryonic charge with the topological charge obtained in
(27). Indeed, using the expressions of Q (27), H (33), and
o (37), we get

|B| =4

0 =P L (w(am) - (o)
4/2Kn® 8K®?
= T\/l —exp <—m—210>. (39)

From here, it is possible to obtain the relation,

e_ il (40

B
- _ _8K®*
\/1 exp ( FICTE 210).

124

10 A

Q(®)

0.0 0.2 0.4 0.6 0.8 1.0

FIG. 1. Topological charge as a function of the baryon charge.

In this way, we can plot the topological charge as a function
of the baryon charge (see Fig. 1).

As we can see, unlike noninteracting systems, there is a
nonlinear dependency between the baryonic charge and the
topological charge. However, as both the baryonic and
topological charges increase, they enter a linear regime, just
as expected.

1. On the boundary conditions on H(r) and the meaning
of the baryonic charge

The definition of the boundary conditions on H(r)
deserves a deeper discussion. From the physical point of
view, the baryonic density pp defined in Egs. (12)—(14) has
to be interpreted physically and concretely as the baryonic
density: namely, a density with the property that its integral
is the baryonic charge. Thus, one could think that the only
reasonable boundary conditions are the ones where the
baryonic charge is an integer (and this is certainly a
reasonable viewpoint). On the other hand, in situations
in which the baryonic charge is very large (as in neutron
stars), it is also possible to consider the baryonic charge as a
continuous quantity. Indeed, variations of 41 baryons are
very small compared to a total baryonic charge of the order
of 10!, Under these conditions, baryons can be considered
as continuous variations of the mesonic field, and the
baryonic charge can be described as a continuous variable.
In this subsection, we will show that in our case both
viewpoints are reasonable and that the second one (where
the baryonic charge is considered as a continuous variable)
has some technical advantages (see also Sec. V C).

The boundary conditions on the functions appearing at
the exponents of Eq. (4) are generally defined in such a way
that the map U describes a closed manifold, isomorphic to
an S3 (see, for instance, [42] or [54]). Nevertheless, the
introduction of the magnetic field defined by the Ansatz
(18) and the definition of the BPS equations (19) and (20)
compromise the closure of the manifold. In particular, the
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map U introduced in (17) is isomorphic to an $* without
two points. A simple way to see this is the following.
First of all, let us observe that, in order to get a closed
manifold, one should impose the following boundary
conditions on the exponent of (17):

0<y<2nm 0<x<um. (41)
Furthermore, H should be a continuous function on 0 <
r <2z such that (see, for instance, [48,54,71-73] for
further details)

O<H(r)<g or <H(r) <z for0<r<2n,

/2
2

with boundary conditions,

H(0) :g and H(27) = 0, (42)
for the first case, or
H(0) = % and H(27) = 7, (43)

for the second case [notice that sin(H (r)) decreases, due to
(33)]. The condition (41) is automatically satisfied by the
definition of the space in which the system is defined. On
the other hand, the BPS equations (19) and (20) lead to the
solution for H(r) outlined in (33). It is straightforward to
observe from here that sinH(r) #0 for each r, thus
avoiding the ending points defined in (42) or (43). The
condition H(0) = x/2 can be obtained when I, = 0, but in
this case the relation (35) implies that v(0) = v(27) =0,
thus leading to H(r) = z/2 for each r. One can deduce that
H(r) does not span the whole interval necessary to close
the manifold. This, clearly, also affects the baryonic charge.
Indeed, B only depends on the boundary conditions of v(r)
and H(r), as follows from (12) and (22). For closed
manifolds, B takes integer values. In our case, the boundary
conditions of v(r) and H(r) are linked together using the
Egs. (33) and (35). In particular, it is possible to define / in
terms of v(2x) through Eq. (35) and v(27) in terms of
H (2x) through Eq. (33) [notice that, when we fix v(0) = 0,
then 7, only depends on the choice of H(0)]. Therefore,
one can write the value of B in terms of H(2x), v(2x) or I.
For instance, we can define everything in terms of /,;, which
now can assume arbitrary values, since it is not constrained
by the closeness conditions of the manifold. This way, the
baryonic charge B varies continuously with 7.

It is worth mentioning here that the solutions to the
Egs. (29) and (30) describe systems with £ = Q, where
QO > 0, unless Iy = 0, in which case, we have the trivial
condition Q = 0. The parameter /; can be used to define a
continuous deformation of the solutions with Q > 0 to
solutions with Q = 0. In this sense, the system is not
topologically stable. Nevertheless, once all the boundary

conditions are fixed, the solutions have finite energy
for I, # 0.

Interestingly, when I, — oo, then H(r) — 0. In this case,
the map U does not wrap around S at all. The contribution
to the baryonic charge is given entirely by the presence of
the magnetic field [in particular, it derives from the volume
integral of (14), since the volume integral of (13) is zero]. In
this situation, the quantity Q defined in (27) only differs
from B by a multiplicative constant. Explicitly,

B =8p*rVKL, and Q = 7*VKB.

Therefore, the obtained solution is characterized by
E = Q > 0, where the positivity of the energy is guaran-
teed only by the magnetic field contribution.

Now, two questions are in order. Are the solutions
obtained from (29) and (30) stable for fixed values
of B? What is the interpretation of the quantity B in this
paradigm?

In order to answer these questions, we need to observe
that both B and Q only depend on the boundary conditions.
Once the latter are fixed, B and Q are invariant under the
symmetries of the system. Then, for each sector charac-
terized by B fixed, also Q is fixed, and the energy
associated with solutions to the Skyrme equations (19)
and (20) has a finite minimum given by Eq. (27). This
minimum is reached by the solutions to the BPS equa-
tions (29) and (30). Furthermore, we give B its original
interpretation of baryonic charge. From a physical point of
view, the fact that it can assume continuous values could be
interpreted as due to a quantum correction that screens the
baryonic charge. This interpretation would deserve a
deeper investigation at a more fundamental level, but this
is out of the scope of this current paper.

IV. APPROXIMATION

To analytically obtain the baryonic charge B and the
topological charge Q as functions of the magnetic flux, it is
essential to determine the integration constant [/ analyti-
cally. For this reason, we define the function F as

2,2,2( @ dr
F(®,1y) = [ "™ . (44)
0 V1 —exp(—47> - 21,)

Unfortunately, solving the integral in an elementary form
is impossible. However, standard techniques from the theory
of the Casimir effect (see [74] and references therein) based
on the expansion of the integral in terms of Bessel functions
provide an excellent analytic approximation.

Therefore, for I, > 0, we propose the following ana-
lytical approximation for (44), which, as shown in the
graph of Fig. 2, is quite close to the numerical solution of
the integral,
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= Approximated solution [{

Numerical solution

6 -

1

I 1 s s
8x10710

" " 1
2x10710

4x107"0

" 1 . " 1]
6x1071° 1x107°

(&)

o

77—

= Approximated solution |]

Numerical solution

F(¢.lo)

FIG.2. Analytical approximation numerical integration for Eq. (44), where V2K®/(p?zL,) = 1 (which corresponds to ® = 10> fm?.
See Sec. V A for a discussion on the units of measure). (a) represents the approximation for small 7, which becomes quite accurate when

Iy = 0. (b) is the approximation valid for I, > 0 big enough.

V2K 1
F(®, 1)~ ———® ——1In(1 — ¢ 20),
(@.1g) w5 @ =g In (1 - e720)

r

(45)

Nonetheless, it fails for I, — 0. Indeed, the approxi-
mated expression (45) diverges for very small values of /.
In this limit, we use the expression,

- 8K2®?
pir*Ll,

K22 K22
2 . 46
" \/p4n2L%IO < " p4n2L%10> 4e)
The explicit computation of these approximations has
been reported in Appendix A.
From (45) and (46), and given that F(®, ) = 2zL,\VK,
one explicitly determine v(27) in terms of the /. Namely,

1
F(®, 1) zzlog (

27vVKL, +11n (1 —e72)] For Iy > &,
4

v(27)(lo) ~ \/Lgsinh(47l'\/ELr)

For I < ¢,
(47)

where ¢ is a positive, real quantity that minimizes the
error of the approximation with respect to the original

relation F(®,1,) = 2zL,/K; it must be determined
|

—1llog[1 —exp (4v(27) — 8zV/KL,)] For v(2x) > &,

Iy(v(2r)) =
0(11( ﬂ)) 1)2(2”) sinh2(4;21\/fLr)

T T T T T T T
2220
2218
3 I
N
S 2216
2214+
= Approximated solution
2212 Numerical solution H
L 1 n n n 1 n n n 1 n n n il
0.0 0.2 0.4 0.6 0.8 1.0
lo
FIG. 3. In this graph, it is compared the analytical expression of

v(2x) given in (47) and the evaluation obtained from a numerical
solution of F(®, 1) = 27L,v/K, where F is expressed in (44).
The constant parameters have been fixed to K =2 fm~2,
L, =25 fm.

numerically (in our case, it is of the order of
Iy~ 107'2). In Fig. 3, it is represented the comparison
between the function (47) and v(2x) obtained through a
numerical solution of F(®,I,) = 2zL,V/K.

Through the Eq. (47), we can obtain analytically the
dependence of [, in terms of the boundary condi-
tions v(2x),

For v(27) < &, (48)
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where & has the same role as ¢ in (47). This approximation
can be used in order to define an analytical expression for
the quantities B and E in terms of v(27z), which, in the
general case, have the form,

B = 4p*v(2x)(1 — ¢4 (20)=21) (49)
E = 4p*n*VKv(2z)V 1 — e~ (202l (50)
where /) can be replaced with (48).

V. THERMODYNAMICS

The analytical results obtained in the previous section
allow us to define the partition function of the model and
study the thermodynamical properties.

As already discussed in Sec. III B 1, the baryonic charge
B does not take integer values, due to the impossibility for
the map U to define a closed cycle. In the following
sections, we analyze the case in which B is an integer, by
imposing this condition by hands, and the solutions when B
are continuous.

A. A preliminary discussion on the units of measure

Before introducing the analysis of the thermodynamics,
it is useful to fix the order of magnitude of the quantities we
are considering. This will be necessary for a numerical
estimation of the thermodynamical quantities and a com-
parison with the real data.

In this regard, an observation is in order. The model
developed in this manuscript can be considered to be at a
preliminary stage in the following sense. The solu-
tions obtained by our analysis are suitable for describing
crystals of baryons organized in layers, which remind of
the lasagna phase of nuclear matter in neutron stars.
Nevertheless, the physics of neutron stars is more compli-
cated than the description given through our model. For
instance, nuclear pasta is immersed in a cloud composed by
nucleons in its liquid form and a gas of electrons (see, for
instance, [12]). Here, we neglect the interaction with this
surrounding matter, which is fundamental in order to give
the right estimation of the physical quantities. This work is
an attempt to put the basis for a consistent treatment of such
models, which are otherwise out of reach by means of
analytical tools. Further developments will be considered
for future works.

With this in mind, we fix at L, ~25 fm. Due to the
condition (25), the length of the other edges of the box,
called L, depends on p. For this reason, this quantity cannot

be fixed. The system’s volume is V = 4%.

Furthermore, we use the following conventional constant
values:
f2
fr=2V2fm ! ~ 180 MeV<K =5 =2 fm—2>. (51)

F—— —— 77—

888.55 ]
888.50 :

888.45 ]

B(lo)/p*

888.40 ]
888.35 :

888.30 [ ]

FIG. 4. This graph shows the values of B/p? in terms of I,
where K =2 fm™2, L, = 25 fm. The dashed line represents the
maximal value obtained for /, — .

B. Integer values of B

We can observe that the quantity B/p? has a maximal
value, depending on the choices of the constant quantities.
This constant can be obtained by computing the limit
Iy — oo of (49). In particular,

lim 52 = 8VKL,x. (52)
Iy—=o0 p

In Fig. 4, it is represented the behavior of B/ p? and its limit
for 1) — oo.

As discussed in the previous sections, it is natural to
associate an integer value with the baryonic charge. In order
to explore this situation, we can consider the values of
v(2z) for which B/ p*> =n, where n is an integer; as
already mentioned, in our case, this has to be imposed by
hands. Since B/ p? is bounded, the maximum value of n is
Nmax = [8V/KL, 7], where the square brackets denote the
integer part. For increasing values of L, n,,,, also increases
(in our case, L, = 25 fm, then n,,, ~ 888.58). Due to the
high number of particles, the analysis of the discrete
baryonic charge becomes computationally too expensive.
For this reason, in this section consider a smaller value of
L, (ie., L,=1fm, which corresponds to n,,, = 35).
Subsequently, we extend the study to cases with higher
values of L,, adopting a transition to a continuous baryonic
charge.

The values of v(2x) satisfying B/p> = n when L, =
1 fm can be determined numerically and are represented
in Fig. 5.

Notably, the behavior of v(27z)(n) is mostly linear in n.
This will be useful later.

1. The partition function

For the computation of the grand canonical partition
function,
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FIG. 5. Values of v(27)(n) as a solution of the equation

B/p* =n, where K =2 fm™2, L, =1 fm. For big values of
n, v(2z)(n) enters in a linear regime.

—ﬂBB

Ze

ﬁ ﬂB (53)

where S is the inverse of the temperature, E is the energy,
up is the baryonic chemical potential and B is the baryonic
charge.

In this way, the partition function reads

E e_ﬁpj:nﬂB

Z(p.ug) (54)

where F(n, ug) is the free energy in units of p?. Replacing
the energy and the baryonic charge in the exponent of the
partition function, we obtain the explicit form of the free
energy,

F(n.up) = 22°VnK~/v(2r)(n) — nug,  (55)

30 000 o
25 000F o ]
20 000F J ]

15 000F . ]

¥ (n,ug) [MeV]
L]

10 000F o ]

5000 [ o® ]

FIG. 6.

p" [MeV]

represented in the first graph of Fig. 6. Notice that u(27) is
defined in terms of n. The sum over p is convergent only
when F(n, ug) > 0. This condition is achieved when

f—(l’l,//lB — 0)

: (56)

up < py(n), with  pp(n) =
The values of uj are represented in the second graph of
Fig. 6. Since pj(n) increases with n, in order to satisfy
F(n,pup) > 0 for each n, we should consider the biggest
value of uj(n) [called fig = pj(nyax)] and set pp < fig. In
this way, the sum leads to the well-known theta function
named 65 (see Appendix B and [75]). In order to simplify
the notation, let us introduce the function,

£(r) = 05(e™). (57)

Therefore,

(58)

Z e PP F(nup) — 5(? .7:(",/43)> :

p=—c

Notice that the quantity (58) diverges in n = 0. Indeed,
F(0,ug) = 0. Thus, we define the zeta function as a sum
overn = 1, ..., ny.. This is equivalent to considering only
the states with nontrivial baryonic charge. Then, we have

nszs*( nﬂ3>

This series clearly has a finite value, since 7 is limited. The
behavior of Z(f3, ug) in terms of # and ug, for fixed values
of up and S, respectively, is represented in Fig. 7.

It is worth making the following observations. We
remember that when n is big, thus approaching n,,,,, the
quantity /o, — oo. Therefore,

Z(B, up) (59)

1 —exp (—=8VKL,x + 4v(2x)) = 0, (60)

T T T
888.278; a
888276; a
888.274; A
888.272; A

L o 1
888.270 - 00000000000000000000000000 0|

O v e e e s 1]

0 5 10 15 20 25 30 35

() represents the values of F (n, ug) for ug = 0.2; notice that, for n big enough, F(n, ug) is linear in n. In (b) are reported the

values of y; as a function of n; in this case, y is constant for big values of n, as expected. The constants have been fixed to K = 2 fm~2,

L,=1fm.
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FIG.7. Values of Z(T,ug) in terms of T = 1/ (a) and ug (b), where K = 2fm~2 and L, = 1fm. In these plots, integer values of B are
considered. The dashed magenta line in (b) represents the value of jip.

and, from (49), we observe that v « n. In particular,

v(2r) = = (61)
4
It becomes evident that in this regime also E « n. This
behavior can be observed in the graph 5, suggesting that
also F(n,up) «n for n large enough (see Fig. 6). In
particular, in this limit F(n, ug) can be approximate as
‘7:(”’ /’tB) ~ n[ﬂB - HB]’ (62)
with jig = 7*K. When py ~ fig, then F(n, ug) ~ 0 and the
theta function diverges. The degree of the divergence can
be studied through the identity (see Appendix B),

&(r) = (63)

=)
—it t)
In our case, 7 = %}' (n, ug). Therefore, the function &(7)
can be written as

:(%ﬂn,m) SR — (1 ¥ ziq) (64)

gf(nv /uB)

where g = exp (—%) When f(jig —pp) is small

enough, then ¢ ~ 0 and

5(%]:(”7#13)) ~ !

N

Notably, this approximation is valid also when 7 is small.
In this case, fip is replaced by uj(n), and f# is small enough.

This divergence indicates that jip is the maximal value of
the chemical potential, beyond which the present compu-
tations cannot be trusted (see also the analysis in Sec. V for
a further discussion). It is worth emphasizing that obtaining
a finite range for the baryonic chemical potential through an

(65)

explicit analytic expression is a significant result, particu-
larly given the well-known challenges lattice QCD faces at
finite baryon densities.

C. Continuous values of B

As already mentioned, considering the high number of
particles, the assumption that B takes only integer values
can be overcome. Indeed, our model allows n to vary
continuously from 0 to n,,,. This could be interpreted as
due to a quantum screening of the baryonic charge so
making it a continuous number. Furthermore, the analysis
with a continuous baryonic charge becomes particularly
relevant when L, becomes large. For instance, the case
analyzed in this manuscript considers L, = 25, correspond-
ing to np, ~ 888.58. The properties of the partition
function analyzed in the previous section can be adapted
to the continuous case, with the following observations.

When 7 is continuous, the partition function reads

Z(p.ug) = Anmx f(%}_(n,/@))dn,

where now n,,,, = 8v/ KL, 7 is not an integer. Its behavior
in terms of the temperature 7" and up is represented in

Fig. 8. Notice that the theta function diverges as nz in
n =0, so the integral converges.

Interestingly, this integral leads to a nice connection with
the Riemann zeta function when n,,,, is large. Indeed, if we
introduce the function,

(66)

O(x) = &(ix), (67)
it holds

['(s/2)
n.s/2

A " ¥ (Ox) - dx =2 ((s),  (68)
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(b)

Values of Z(T, pg) interms of T = 1/ (a) and uy (b), where K = 2fm~2 and L, = 1fm. In these plots, continuous values of B

are considered. The dashed magenta line in (b) represents the value of fi.

for any s such that Re(s) > 0. In this situation, assuming
B(fig — ug) not too small, we can approximate F(n, g) ~
nljig — up]. Furthermore, let us define

Z(ﬂ Hg) = Z(B. up) — Ninax- (69)
Thus,
Z(p.up) z/Ooo |:®<§]:(n,/43)> — l}dn
2 2 (10)

" PBhag—ps  3P(ig —pg)

More generally, one can compute the expectation value of
an extensive quantity Q(n) = wn® as

o) =55 [ {@3 (éﬂn,m) - 1] wsdn
a0 7

This formula has two kinds of corrections. One is due to
the finiteness of n,, that gives corrections of order
e Prmax(s=1s) Tt cannot be used for small S,y (iig — pip)-
The other corrections come from the fact that the behavior of
5 changes for small n. Indeed, using Eqgs. (55) and (56), we
can explicitly write

F(n,ug) = nlpp(n) — ppl, (72)

wi(n) = 2m2Kz M

" (73)

In order to find »(27) in terms of n, we need to solve the
equation B/p? = n. In this scope, let us consider equa-
tion (49) with the approximations (48). The explicit
expression for B/p? is

4v(27)[1 — e 420 (1 — MR 8VELY]  for y(27) > €,

B ~
P* | 4v(2n) ll —e

Since the second relation is valid for very small values of
v(2x), in this limit, we can write
1
) . (75)

B
P sinh? (47vKL,)

~ 1603 (27) (1 +
'

Then,

42 (1 %)
( )( SR ] for v(2x) < é.

(74)

L(6)

n
16(1 + sinh2(4zv/KL,))

v(27) & [

for very small »(2x). The precise result for v(2z) not so
small needs to be found numerically. Nevertheless, the
picture 9 shows that the behavior of n in terms of v(27)
(and, thus, the vice versa) is mostly linear when n,,,, is big.
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FIG.9. Values of B/p* = n in terms of v(2x), where K = 2 fm~2 and L, = 25 fm. (a) represents the relation in the whole range of
v(27). (b) represent the same relation for small (27), compared to the approximation (76), and the linear approximation n = v(2z)/4.

In particular, from the Fig. 9(b) it is clear that the linear

approximation is valid from small »(2z) (around 0.8,

corresponding to n = 3.2).

In order to simplify the computations, in what follows we
use the linear approximation for v(27x).

1. Thermodynamical quantities

The explicit form of the partition function allows us to
compute several thermodynamical quantities in terms of the

temperature 7 and up. The quantities analyzed in this

section are the following:
Internal energy:

op

olnZ

250 ug MeV)
[l - 8ss.16
20H - 888.192
[l - 888.287

(NX(T.ug)

0.4 0.6

T [MeV]

(a)

Entropy:
0ln Z
S=kg|lnZ - ; 78
s[nz-p 202 (78)
Average number of particles:
10lnZ
(N) =~ ; (79)
P Oup
Heat capacity:
#InZ
Cy = kgf? . 80
Vv Bﬁ 0,62 ( )
(77)
Average number of particles
4 30. o
] T MeV] ]
] 25: = 0.3182 ]
] H - 0.6364
20f - 1.2728 :
of ]
sf ]
L L o p——————————— e . ]
0.8 1.0 1.2 888.05 888.10 888.15 888.20 888.25
15 [MeV)

(b)

FIG. 10. Average numbers of particles as a function of the temperature T (a) and baryonic chemical potential yj; (b), with K = 2 fm=2
and L, = 25 fm. The dashed horizontal line represents the case with (N) = 1.
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FIG. 11.
L, =25 fm.

Remember that kp is the Boltzmann constant and
p=1/(kgT), where T is the temperature. Here, we
consider kz = 1. The relative plots are reported in
Figs. 10, 11, 12, and 13. In some of them, very high
temperatures have been considered in order to show the
behavior of the plot.

The plots in the Fig. 10 are particularly interesting, since
they highlight a lower bound for the temperature 7 at different
values of yp [Fig. 10(a)] or a lower bound for up at different
values of 7' [Fig. 10(b)]. Indeed, looking at the Fig. 10(a), once
the baryonic chemical potential is fixed, the temperature must
exceeds a threshold [T > T(pp)] in order to produce at least
one particle. Vice versa, when 7 is fixed, then yp should be
higher then a certain value [up > ppo(T)].

Notably, for jiz — up sufficiently small, the range of T
overlaps the one associated to the nuclear pasta formation,

Internal energy as a function of the temperature 7' (a)

888.0
up [MeV]

(b)

and baryonic chemical potential ugz (b), with K =2 fm~> and

which is typically 0.5 MeV < T < 15 MeV [12,76]. This
behavior can be directly observed from the approximation
(65). Indeed, when jig — up is very small, then

1

W) =~ 2p(jig — pg)

(81)

Thus, (N) > 1 as T > 2(jiz — ug), considering kz = 1.
The lower bound of 7" becomes zero as up approaches fip.
Nonetheless, we need to take into account that 7 cannot be
equal to its lower bound; otherwise, the approximation (65)
is no longer valid. Furthermore, the case with up = jig
causes some thermodynamical quantities to diverge.
In conclusion, it is not possible to study the behavior of
the system at 7 = 0 MeV, but it is possible to set yp in
order to reach very low temperatures, in a range associated

Entropy
10.0 -
| TMev) ]
8.5 ] 9-5; = 0.3182 ]
| H ~ 0.6364 ]
9.0H q
H = 1.2728 ]

8.0

g g
2 £
@ [ @
75 il
L ug [MeV]
= 888.16
Jol - 888.192 ]
i - 888.223 ]
Bl Il Il Il Il Il
0 10 20 30 40 50 60
T [MeV]
(a)
FIG. 12.

85f
8.0f

75F

70F

888.22 888.24 888.26

pB [MeV]

(b)

888.16 888.18 888.20

Entropy as a function of the temperature 7 (a) and baryonic chemical potential yp (b), with K = 2 fm™2 and L, = 25 fm.

105025-13



SERGIO L. CACCIATORI et al.

PHYS. REV. D 113, 105025 (2026)

F———— T 77T [T

NG

05

04f ]

b ug [MeV]
02 = 888.16

888.192 |]
- 888.223 ]
- 888.262 |]

Cy(T.1ug) [MeV]
o
w
T
I

01f

00f

PO TS S TS S BRI |
10 20 30 40 50 60

T [MeV]

(a)

o

FIG. 13.
L, =25 fm.

to nuclear pasta formation. Furthermore, we need to point
out that the values of jiz ~ 888.27 MeV, which is lower
that the baryonic chemical potential found for nuclear pasta
formation, but not so far. Indeed, it typically in the range of
930-1000 MeV (see, for instance, [77]).

As already observed in the case of integer baryonic
charge, the limit of jiz cannot be passed, and the divergent
behavior of some thermodynamical can be associated to a
phase transition, but we need to take into account that our
model is suitable for describing only one particular state of
nuclear matter (i.e., layers of baryons) and the possibility of
other phases cannot be investigated. Thus, fiz has to be
considered as a limit of validity for the model in question.

Noteworthy, this model does not provide an upper bound
for the temperature, which is generally associated to phase
transition. Therefore, the structures studied in this paper
exist also for very high temperatures.

Observing the plots in Fig. 12, one may notice that the
entropy does not go to zero for 7 = 0. This is due to the
presence of a degenerate state for p = 0. Indeed, when T
is very small (and thus f — o0), the only surviving term
in the partition function is represented by the fundamen-
tal state at p = 0. This state is also characterized by a
null volume, due to the relation (25) imposed in order to
obtain the BPS conditions, and zero energy. Nonetheless,
it contains 0 < n < ny,, layers, leading to a degeneracy.
In particular,

lim Z = / " dn = . (82)
pooo n=0
Then, the entropy reads
lim S = kg In(7,)- (83)

p—oo

Heat capacity

0.6 H ]
T MeV] ']
I - 0.3182 ! ]
0.5H B
0.6364

0all = 1.2728

03f

Cv(T.ug) [MeV]

02f

01f

00F

L1 n n 1 n n 1 n n 1 n n 1 n n 1 n
888.16 888.18 888.20 888.22 888.24 888.26

kg [MeV]

(b)

Heat capacity as a function of the temperature T (a) and baryonic chemical potential ug (b), with K = 2 fm™> and

Finally, the heat capacity C,, shown in Fig. 13, exhibits a
characteristic Schottky-like anomaly [78]. The position of
the peak can be computed analytically through the approx-
imations (65) for f(iz — ug) — 0 and (70) for finite values
of p(jig — ug). Interestingly, for certain values of up, the
peak temperatures occur around 7 = 10-15 MeV, a range
generally associated with the phase transition from pasta-
like structures to uniform nuclear matter [79]. As up — fig,
this peak shifts toward 7 — 0. Although the absence of a
singularity (typically appearing as a 1 peak) suggests the
lack of a formal phase transition, this behavior warrants
further investigation in future work.

VI. EXTERNAL FIELD AND MAGNETIC
SUSCEPTIBILITY

Let us now discuss the possibility of introducing an external

small perturbation of the magnetic field. In particular,

v(r) = v(r) + b,r, (84)

where b, is arbitrarily small and represents the magnitude of

the external magnetic field. Thus, also H(r) varies by a small
quantity. Hence,

H(r)— H(r)+1(r;b,), (85)
where I(r; b,) is a b,-dependent function of r, which has to be
determined. It undergoes the condition,

I(r;0) =0. (86)
Since b, is small, we can consider /(r; b,) computed at the
first order in b,. Namely,

I(r;b,) =~ b,I'(r;0) = bn(r), (87)
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where the prime indicated the derivative in b,. Here, we used the condition (86). This way, the equation of motion for H (19), at the

first order in B, becomes

(1) s (3 2) . 8(52) et (- 2) - rsnern] L 0

where, now, the prime represents the derivative in r, and we
introduced L = L/p. The functions H and u are solutions
of the BPS equations (29) and (30). Thus, the part of the
Eq. (88) which is not proportional to B is automatically
solved. We are now left with an equation for the perturba-
tion 7. We can use the relations (33) in order to express H in
terms of ». Namely,

2
cos(2H) = 1 —2e~4 2l (89)
. —22 42—
sin(2H) = 2e7 20 +2lo\/ | — ¢=4" =20, (90)
The equation for # can be written as
5' T T T T T T T
4 : -
sl 1
g
2+ -
N ]
0 T 1 " " 1 " " 1 " " 1 " " 1 " " 1 " " " 1 "
0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

r

(88)

[
n'+fn=g. (91)
where

flo,r) = 2<%>2<1 —2e72h)(1 - 402), (92)

L)\’ : z
g(v,7) = 8<Z> vr(2e725420 /1 20 (93)

We need to remark that in order to find a solution for #, it is
also necessary to numerically solve v(r) and, consequently,
f(r) and g(r). The numerical solutions have been reported
in Figs. 14 and 15. Notice that for Iy < 1, v(r) ~ r, and as

1000 1+ v v et
800 -

600 -

n(r)

400 -

200 -

S S S I S S S S S NS S S S B S S S S |

0.0 0.1 0.2 0.3 0.4 0.5 0.6

r

FIG. 14. Numerical solution for v(r) and 5(r), where K =2 fm=2, L, = L = 25 fm., and I, = 0.01.

T T T T T T T T T T T T T T
] 0.06 .
c 1 = oosr A
= o
0.02f .
~-100 L o e e e N ] 000¢F ., . . v oy T———————
000 002 004 006 008 010 012 014 000 002 004 006 008 010 012  0.14
r r
FIG. 15. Numerical solution for f(r) and g(r), where K =2 fm™2, L, = L = 25 fm., and I, = 0.01.
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I, becomes smaller, it enters a linear regime. This agrees
with the fact that for small /,, we enter the low-energy
regime and, therefore, the highly interactive regime.

A. The Maxwell equations

The perturbation of the external field B also affects the
Maxwell equation (20), which represents the equation of
motion for the magnetic field u(r). This case requires the
generation of an external current J,, which contributes as
follows:

¥ — AKL2sin?(H)d = J,, (94)

where %(r) = v(r) + b,r and H(r) = H(r) + b,n are the
perturbed solutions. At first order approximation, (94)
becomes

|

8K 4K
b, .
TOO = TOO + be [ﬁ UFSIHZH + ?I’[

Using Egs. (19) and (20), Tg() can be rewritten as
b, d (2V'r
b, e
TOO = TOO + L—%E (? -+ Kl’]H/) . (98)

The contribution to the energy density is thus represented
by a total derivative. The quantities u’ and H' can be found
using the BPS equations (29) and (30), remembering the
condition (25). More explicitly,

4K*b, d
Ths = Too + LZ ea(rcosH—vnsinH). (99)
r

This result allows us to compute the contribution to the total
energy, obtained by integrating (99) over the volume,

E, = E + b,5E, (100)

where

SE = 87K cos H(2x) — 972 p*K2v(2x)n(2x) sin H(2x).
(101)

The contribution of the external field to the energy can be
rewritten in terms of the flux ® and the constant /;; using
Egs. (33) and (37). Then, a relation between ® and /,, can
be obtained as usual by solving the integral (35) numeri-
cally or considering the approximation (47) for the ana-
lytical results. In order to understand the behavior of the
energy when an external magnetic field is present, we need
to define the boundary condition #(2x). In this scope, we
should compute the contribution of the external field to the
baryonic charge,

J, = [v" —4KL?sin?*(H)v]
—4b,KL%(rsin* H + nusin(2H)).  (95)

The part in square brackets is solved by the usual solution
of Eq. (20). This is allowed if the external current is

J, = —4b,KL%(rsin> H + nvsin(2H)). (96)

B. Contribution to the energy density
and total energy

A straightforward computation leads to the first-
order contribution of the external field to the energy
density (21),

(vz - i) sin(2H) + Lﬁzan, + % . (97)
[
B, =B+ b,0B, (102)
where
6B = —12p?b,[4n(1 — sin®(H(2x)))
—4n(2x)v(27) sin(H(2x)) cos(H(2x))].  (103)

The effects of the external field should not spoil the value of
the baryonic charge. Thus,

4r(1 —sin®(H(2x))) — 4n(27)v(27) cos(H(27)) = 0,
(104)

which solution is

n cos(H(2x))
27) sin(H(2x))

nm) = (105)

Then, the contribution (101) brought by the external field to
the total energy becomes

SE = —1 p*K3 cos(H(27)). (106)
Figure 16 represents the contribution of the external field to
the total energy computed through the approximated
solution (47). It is worth noticing here that when b, > 0
(namely, when the external field is parallel to the magnetic
field of the layer itself), then 6E < 0 and the solutions
analyzed in this paper present a ferromagnetic behavior.

The final contribution at the first order in b, to the free
energy can be written as
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FIG. 16. Contribution of the external field to the total energy in
terms of the flux ® where K =2 fm~2 and L, = 25 fm.

Fp,=F + b,npdup, (107)
where
1 0SE
oug=—-|0E—-L,— ). 108
UB I’lp2 < raLr> ( )

C. Magnetic susceptibility

The magnetic susceptibility can be computed analyti-
cally from the partition function through

2
Mo . (0°InZy,

X = ﬁ;ﬁi‘%( ob2 ) (109)

where yu, is the vacuum permeability and Z, is the

partition function computed using F; in Eq. (107). Its
dependence on different values of the temperature 7 is
depicted in the graphs of Fig. 17.

The behavior at small and big temperatures can also be
studied analytically by writing the expression of y more
explicitly as

ug [MeV]
| - sss.16

180 ~ 888.192
H - 888.223

X(T,uB)

05

|

0.0 0.5 1.0 1.5 20 25 3.0

T [MeV]

FIG. 17. Magnetic susceptibility in terms of the temperature 7'
for different values of up, where K =2 fm™2, L, = 25 fm.

n)@"(x)|,_s, 2

B
/;Xo(">

nmax
1= HE Y|
nmax

— AMO ()]t D AMO W], g |- (110)

m=1

where xo(n) = n(uy(n) —pg), A(n) = néug(n) and the
prime indicates the derivative with respect to x. This
expression is also valid for continuous values of n by
replacing the sum with the integral.

For big values of T (and, thus, small ), we can use the
approximation (B7) for ®(x) in order to get

Ho { 3A%(n)  A(n)A(m)
ap nm=1 [xo(n)ﬁ[xo(m)]% [Xo(n)]%[xo(m)}
Since f = 1/(kgT), then, y T in this limit.

When f is large (and T is small), we can use the explicit
expression for ©(x). Namely,

P J (111)

X)=142) e, (112)
p=1
Thus,
iG) = —Zﬂsze_p ™ (113)
dx
and
d2 2 . 4 ,—piax
WG(X) =2 Zp e . (114)

where x = ﬂ n(uy(n) — pg). Then, when f — oo, both the

first and second derlvatlve goes to zero with order e,
Moreover, ©(x) — 1 and Z is a finite constant different
from zero. This means that y — 0 as f — oo.

Once again, it can be observed that this is also valid
when n varies continuously.

The fact that the magnetic susceptibility in Fig. 17 grows
with temperature can be interpreted as follows. At low
temperature, the growing behavior can be associated with
the Hopkinson effect, which is typical of the ferromagnetic
and ferrimagnetic materials [80]. Once the temperature
reaches the Curie temperature 7., the magnetic suscep-
tibility should start decreasing. On the other hand, at high
temperatures, the present low-energy model is not valid
anymore, so that the present expression for the magnetic
susceptibility can be trusted only at low temperatures.

VII. EQUATION OF STATE AND SPEED
OF SOUND

Thanks to the BPS property of the magnetized layers,
we can analytically derive the equation of state, P = P(e¢),
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and subsequently determine the speed of sound, defined as
¢2 = 0P /0e (subject to the causality condition 0 < ¢2 < 1).

To achieve this, let us consider the tensor 7%, = ¢T ,,,
which possesses the following structure:

— 0 0 0
0 7T, 0 0

T, = : (115)
0 0 T, D
0 0 D T,

where the energy density € = T is defined in Eq. (26),
and the remaining components are given by

7 _ _K(pPcos’ H+4uwsin’ H)  K(H')??  (u)?

1 — L2 2L% L%Lz’
(116)

K(H')?
T, -7, — KWH) 17
2 3 2L% ( )
K 2

D_p(pZCOSZH—MLZSinQH)—2;22- (118)

Upon diagonalization, the energy-momentum tensor
assumes the form below, where the diagonal elements
can be directly identified as the energy density and the
principal normal stresses,

—€ 0 0 0

@y, = 000 (119)
0 0 T,+D 0
0 0 0 Ty,-D

By incorporating the BPS relations H = H(v), we can
express the energy density ¢ = e(v) and the spatial eigen-
values of the energy-momentum tensor solely in terms of
the variable v,

€ =4K2(1 + e~ (492 — 1)), (120)
Ty + D = —16K212e~4" -2l (121)
T,—D=T, =0. (122)

Assuming the system is a perfect fluid without dissipation,
then the trace of the energy-momentum tensor takes the
form (TP)#, = —p + 3P. Therefore, we can associate the

pressure to

1

16 :
P=3(T>+D) = ——K*vle™ =20, (123)

Crucially, Eq. (120) allows for the inversion of the function
to obtain v(¢) in a closed analytical form,

1
IN
o

P(&,lo) MeV fm™]
| 1
(o] D
o o

~100f

~120f

1 n n n 1 n n n 1 n n n 1 n n n 1 n n n 1 n
0 200 400 600 800 1000 1200
€[MeV fm™]

FIG. 18. The Equation of state as a function of e for
K=2fm™2, L, =25 fm.

v(e) = i;\/l - WO((I —4€I@>e‘+2’0>,

where W, denotes the principal branch of the Lambert W
function. Substituting this result back into the pressure
expression yields the analytic equation of state P(e),

4 €

The energy density e is constrained by the square root in
Eq. (188), taking values for which W [(1 — 7&)e! 2] < 1.
This results in a negative pressure, in accordance with
Eq. (123) (see Fig. 18).

The end points of the plots are an artifact of the
mathematical description, introduced by the Lambert
function. Obviously, regions with negative compressibility
are mechanically unstable and must be replaced by a phase
coexistence construction; the corresponding branch of the
equation of state is not physically realized [81].

It is worth emphasizing that negative values for the
pressure in the present case are not surprising since we are
only considering states of pure baryonic dense matter,
neglecting the Coulomb interactions (and thus, the electron
gas surrounding the baryonic structures). Indeed, similar
results were also obtained in [82,83], where (in the absence
of a Coulomb potential) the presence of nonhomogeneous
structures of pure nuclear matter is interpreted as a
consequence of some periodic boundary conditions rather
than the interplay between Coulomb and strong inter-
actions. It should be noted that the application of periodic
boundary condition is a fundamental characteristic of our
model (as nonhomogeneous Baryonic condensates do not
appear if one adopts the usual boundary conditions at
spatial infinity).

It is worth mentioning that, when only the Coulomb
interactions between nucleons are considered, stable
nuclear pasta with positive pressure is permitted, even

(124)

e_l_210+W0[(1_4;2)eH210]>' (125)
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FIG. 19. The speed of sound as a function of e for K = 2 fm~2,

L, =25 fm. The magenta line represents the conformal limit
¢? =1 The values of € for which ¢? > 1 are not physical and are

associated to the use of the Lambert function.

without the presence of the surrounding electron gas (see,
for instance, [82]). While we did not investigate this
scenario here, we will considered improving our analytic
results including Coulomb interactions in future work.

Finally, the speed of sound is determined by differ-
entiating the equation of state,

oP 1 1
2 —_ —-1]. 126
“ "% 3 (1 + Wol(1 —ﬁ)e”zlo] ) (126)

Once again, in order to obtain a positive value for 2, a
constraint on the energy density needs to be imposed. In
this case, ¢2 > 0 when

€
WO |:<1 - m)el+210:| S 0.

This means that € > 4K?>. The values of the speed of sound
have been represented in Fig. 19.

Here, there are two points that deserve attention.

In first place, one may notice that the speed of sound
overcome the conformal limit of % This behavior has been
also observed in other model describing dense nuclear
matter (see, for instance, [84]). On the other hand, in the
case studied in this paper the speed of sound overcome also
the speed of light (2 = 1) and start to diverge in proximity
of the end points of Fig. 18. Once again, this is probably
due to an artifact of the model. Ideally, the plots in Fig. 18

(127)

+

K 4L /K + 2 2
Th, = (H’—FriwusinH)
P

212

2K 48 (DKL
L p?

continue after the end points and the pressure becomes
positive, undergoing a phase transition for high values of
the energy density. In this situation, the speed of light does
not diverge. Nevertheless, our model does not provide a
description of the behavior of the system at such high
energy densities.

The second point regards the values of the energy density
itself. Indeed, the constraints imposed by the model result
in energy densities that are very high with respect to the
usual values obtained for nuclear pasta (or, more in general,
for dense nuclear matter).

Beside these problems, the model allows for the defi-
nition of the equation of states and to give an estimation of
the speed of sound. It is generally a hard task to achieve for
dense nuclear matter, especially through analytical tools.

VIII. THE EFFECTS OF ISOSPIN CHEMICAL
POTENTIAL: MODIFIED BPS BOUND
AND THERMODYNAMICS

In this section, we will include the effects of the isospin
chemical potential. As it is well known, in the case of a field
theory with a global SU(2) internal symmetry (see, for
instance, [85-88] and references therein), the effects of
isospin chemical potential p; are introduced via the
modified covariant derivative,

D,U - D,U = D,U + p[r3, Ulg,o. (128)

Hence, due to the presence of the isospin chemical
potential and still assuming the Ansdtze (17) and (18), the
energy density becomes the free energy density,

Tl = Too + 2Ku? sin” H, (129)
where Ty is the “old energy density” (21). Obviously, the
equations of motion are now obtained by minimizing the
free energy density,

L\2
H' + (f) (P = 2123 — 4?) sin(2H) = 0, (130)

u' —4uKL?sin> H = 0. (131)

Quite remarkably, the system still admits a BPS refor-
mulation. This can be seen by observing that the free
energy density 7%, is a sum of squares plus a total
derivative and a constant,

2 dw
4 cosH) t—- + 2Ku? (132)
r

VK + 47
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where the superpotential W is

w_ VK +u

ucos H, (133)
pL,
and the BPS condition now requires
2
L=l oa=p_ P (3
2(K +u37) K+ m
Hence, the free energy reads
2
= /d3x, /=gThy = AL,/ drTh, > |E;|, (135)
0
where
AL, )
E; = —-|W(2r) — W(0) + 4xKpuz|. (136)
e

In this form, the modified BPS equations, which include the
effects of the isospin chemical potential, are

AL \/K + >
e e N NS (137)
P
KL
W — PR cosH =0, (138)
K +p

Note that, as expected, the above isospin-dependent BPS
equations imply the second-order field equations in the
presence of a nonvanishing isospin chemical potential.
Moreover, in a similar way to the previous sections, the
BPS condition with isospin chemical potential reduces to the
following quadrature:

K+;4§ dv

22VKL, = . (139)

K+ﬂ,)

/ \/ exp - 210)

with pv(r) = u(r). Similarly to the previous sections we can
write v(27) in terms of the magnetic flux in the ¢ direction,

which implies that

2(K +pp)

v(27) = VL.

®. (141)

Note that due to the presence of the isospin chemical
potential, the magnetic flux is reduced. In this way, we can
rewrite the baryonic charge B; and the topological charge
E; in terms of the magnetic flux and the isospin chemical
potential,

4\/2(K + p?)

By ==V"2 DM, (142)
427K 473 p°L,K
E - fﬂ oMy + LK )
K +pi
where
8 K 2\2
Mg = 1 —exp (-%qﬂ - 210). (144)

A. Useful approximations and topological charge

We can repeat the analysis in the previous sections to
obtain the expression for the integration constant [see
(139)]. Thus, it is useful to use the following rescaling:

2= (K +pi)

2 ) K
i -_— . A9. 14
v v %s (145)

In this way, Eq. (139) is reduced to

ds
B b
0 1— e—4s =21,

22VKL, = (146)

which has the same form as (44). Therefore, we can use the

2.7 same approximations as in Sec. IV in order to find an
o= p—rz(v(27r) —v(0)), (140)  analytical approximated expression of v(27z)(/y) and its
2(K + pp) inverse 1y(v(2x)),
|

K+ 27VKL, +1In (1 —e™20)] for Iy > e,
s(2r) = Lv(2r) ~ (147)

K \/ésinh(mz\/EL,) for I < e,

—1log [1 — exp <4\/K;”%v(2n') - 871'\/1?L,>] for \/K“‘I (27) >

Io ~ (148)

Kﬂt, 1]2( ) 2
K sinh?(47v/KL,)

for \/KJr”’ (27) <
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FIG. 20. The baryonic charge (a), the total energy (b), and the energy per baryon (c) in terms of y;, with K =2 fm™2, L, = 25 fm.

This allows to define B; and E; in terms of v(2x),

= 4p*v(2m) M, (149)
4’ p’K 47° p* L, Ky}
E =L vomm+ ZL2H (150
VK + 3 K+ pg
where
AK4T)
M=1—e—x V002, (151)

The baryonic charge and the energy, as well as the energy
per baryons, are represented in Fig. 20.

B. The partition function and its dependence
on the isospin

As for the previous case, we can consider call

B
n=-—, (152)
p

where 7 is considered as a continuous quantity, motivated
by the observations outlined in the previous section.

As for the case with y; = 0, the quantity n converges to a
finite value, which deoends on y; as follows:

B,  8zKL,

Nmax (/41) (DE@mM P_ - 7—1{ n ’u% .

Notice that the existence of a maximum for magnetic
flux can be directly derived from the approximation for 7,
in Eq. (148),

(153)

V272 p*K L2
P

[0) =
max K + ”%

(154)

It is worth emphasizing here that the presence of the
isospin chemical potential decreases the maximum value
for n (see Fig. 21). With this in mind, we can compute the
grand canonical partition function as follows:

Z(P,pup.pr) = // Z e PP T i) dndn,;,  (155)

p=—c0

where

]'_1(71,/43,/41) =Gy (156)

—npp — Ny,
and n; represents the isospin number. We will see later that
the quantity n; is not independent, but rather depends on #.
Therefore, the double integral in the definition of the
partition function (155) can be reduced to a single integral
over n &€ (0’ Mmax (/’ll)]'

Using Egs. (142) and (143),

272K

4ﬂ3KLr,u%
K+ui

G pu—
! K+ p

w0 (2 () + (157)

In order to understand the behavior of the partition
function, we need to analyze the free energy in more
details. In particular, the quantity we have called n;
corresponds to the isospin charge defined as

Q]:/d3x.,8,

800 [~ B

(158)

Nmax (1)

200 b

L4 o T S R S B
0 10 20 30 40 50 60

Hi

FIG. 21. The quantity n,,,, in terms of y;, where K = 2 fm~2
L, =25 fm.

s
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FIG. 22. Here is represented the behavior of Q,/p? as a
function of [, for different values of y; (a) and as a function
of y; (b). As usual, K = 2 fm=2, L, = 25 fm. It is noteworthy
that Q; has a maximum for a specific value of y; and then it goes
to zero for big values of the latter. This is due to the decreasing in
total number of baryons, as depicted in the first graph of Fig. 20.

where JS is the component with gy = 0 along 73 of the
isospin current,

J¢ = 2KTr(D,LL™'7%), (159)

and D, is the usual covariant derivative. This gives

8KL,uyn*p?
Q = T P / drsin® H, (160)

K+ 3

which is the volume integral of the isospin component of
the energy density (129). By using the BPS equations, we
can rewrite the isospin charge in terms of v(r) as follows:

8 /K 2.2
0, = HEP 7 (161)
K+ pj

where

Ly(2x) —4)‘2 =21
——dx.
1 —4x2 =21,

The numerical solution to this integral is graphically
represented in Fig. 22.

As just anticipated, Q;, and thus, n;, is not an indepen-
dent quantity, but it depends on the baryonic charge. In
particular, one can use the relation (142) in order to write [
in terms of n. Then, the obtained expression can be used in
Eq. (149). This way, the sum in the partition function
reduces to the sum over 7.

Let us observe that the ratio of the isospin number and
the baryonic number is determined by

(162)

0 2rVEp
B, (K +u)v(2m)M

T, (163)

where M and Z has been defined in (151) and (162),
respectively. In Fig. 23 is represented a numerical solution
of this quantity. It can be observed that, when I, is fixed,
and thus fixing the boundary conditions on the solution
H(r), the quantity Q;/B; becomes constant for big values
of the isospin chemical potential.

A good approximation for the integral (162) can be
obtained using the line of Appendix A. When [ is not too
small (i.e., Iy > €), the approximation reads

1
Irg [Liy(e70) = 2log (1 — e?l0)].  (164)
Furthermore, if 7, < € (meaning that also = ” —FL?(2x) is
small, as outlined in Eq. (147) and calling x = K};” L %,

then,

Q/B;

u

FIG. 23. The ratio Q,/B; as a function of y;, with K = 2 fm~2,
L, =25 fm.
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FIG. 24. Approximation of the integral (162) and its numerical
values as a function of y,;, with K =2 fm™2, L, = 25 fm and
Iy = 0.1. v(2x) given by Eq. (147).

Iz% ln(1+x+ x(2—|—x))
_Kﬂll 2(27[ (JT—i—arcsm(\/‘ )] (165)

The comparison of this approximation and the numerical
integration is represented in Fig. 24.
Thus, we can pose

or L VK

a(n, Z(n.up), (166
( /’ll) Bl 41)(277’_)(”’”1) K _’_Iu% ( lul) ( )
where
K+ﬂ2 2
A+ —Hv(2x)*(n,u;)B
Z(” 1) = X : (167)
Ll v(27)? (n U )(1 ++)
K i sinh?(4zv/KL,)
for I, =~ 0, where
1
A= 5ln [cosh2(4m/fL,)
+ sinh(4m/EL,)\/ 1 + cosh? (47[\/?Lr)} . (168)
cosh(47z\/_L ) 4z\KL,
, (169)
sinh(4z/KL,) smh2(47r\/EL,)
and
. Li 6—210(”#1) —210g ]_6—210(”-ﬂ1>
B py) = Hal ) Z 2o ) (170)
1= 6_4T17"<2”)2(”’”’)_210(”’”’)
for Iy > e.

The dependence of v and I, from n and yu; has been
defined by using the relations (147), (148) and imposing
the condition (152). The free energy reads

F(n, pp, py) = nlu*(n, uy) (171)

— ug — a(n, pp)u)],

where p* (. n) = Gi(ug, n)/n.

As for the case with y; =0, in order to have a well
defined partition function, the free energy needs to be
positive. It is possible to study its sign in terms of 7, y; and
up through the following observations.

We start by considering up = 0, remembering that
the approximation previously discussed is valid for two
different ranges of I, and thus, two different ranges of

n= +” n [see Egs. (147) and (148)]. For this reason, we

should dlscuss the behavior of free energy in terms of
(1, py), instead of (n, u;). With this in mind, the behavior of
the free energy in terms of both 71 and y; is represented in
Fig. 25. In particular, the plot in Fig. 25(a) shows the
dependence of F (1,0, u;) from 7, which is mostly linear.
For this reason, we can consider the linear approximation as

800 000
600 000
>
[0}
] [
= 400 000({
3 H
o
n
gi H
£ 200 000
'S L
0
1 " " " 1 " " " 1 " " " 1 " " " 1 "
0 200 400 600 800
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]
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> I ]
2
I
3 I ]
& -50000H n g
3 L] ]
< =0
'S
=1 ]
100000 ~ 49 .
- 50
1 1 1 " - 1 1
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FIG. 25. Representation of the free energy as functions of n (a)

and y; (b). Here, K = 2fm™2, L, = 25fm and puz = 0.
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for the case with y; =
free energy becomes

VK
— (K +3u)n —
K—I—u%( + 3uq)h

0. In this limit, the expression of the

207°ulKL,

F(ﬁaovl’tl)z K+//l%

(172)

Both the plots in 25 reveal that for some values of (7, y;)
the free energy is negative. Through the linear approxi-
mation is easy to find out that, in order to avoid this issue, 71
needs to satisfy

> 20zVKL,.

173

This means that for each y; there exists a lower bound for 7.
This lower bound is zero only when y; = 0. This situation
is represented in the plots of Fig. 25.

Considering the analysis outlined above, when pp = 0
the partition function takes the form,

Z(5.0.11) /
K+ ﬂl Puin (117)

2
ﬁzﬂ% (14 12VKL,), fipa = 87VKL,.
When also pup is considered, then

VK
7\/_2 |:<K+3’u%_
K+ pj

F(#,0, ﬂ1)) d

(174)

where ﬁmin (ﬂl) =

F(A pug,py) =

VK + i )
g |

”2

- 20,4§zz\/EL,] . (175)

Therefore, the presence of the baryonic chemical potential
also affects the range of n, giving

2071'\/?Lrﬂ%
/ 2
K+ 3/4% — I;;r”’

ﬁmin(ﬂB’/’ll) = (176)

HB

This defines an upper bound for pp. Indeed, it is evident
from (175) that up has to satisfy

K+3u?
pp <2 L= ). (177)
VK +pp
Furthermore, another  necessary  condition s

Aimax — Mmin (Mg, #7) > 0. This is obtained when

Suin®
2VK +p3

which is smaller than fg(y;). When 7, (ug, y;)
approaches 7., then the partition function approaches
to zero.

up < fig(pr) — (178)
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FIG. 26. The partition function in terms of 7 (a) and yp, (b) for
K = 2fm™2, L, = 25fm.

A representation of the partition function in terms of T
and up, for different values of y;, is given in Fig. 26.

The meaning of this behavior does not seem to have an
immediate interpretation. Nevertheless, we need to remem-
ber that the analytical description of the isospin within
strongly coupled systems of baryonic crystals is generally
an hard task. The study represents a suggestion for a
possible direction.

C. Thermodynamical quantities and some observations

In this section, we analyze the same thermodynamic
quantities considered in the previous one, but in the
presence of the isospin. These quantities are represented
in Figs. 27 and 28. It is straightforward to verify that for
u; = 0 the same expression for the free energy is recovered;
therefore, we shall focus only on the cases with p; # 0.

Observing the average number of particles in Fig. 27, it
appears evident that the necessary temperature for particles
production increases with ;. On the other hand, as also
observed in the previous section with y; = 0, for increasing
values of pp, the particle production becomes possible also
for small 7.

105025-24



THERMODYNAMICS OF MAGNETIZED BPS BARYONIC LAYERS ...

PHYS. REV. D 113, 105025 (2026)

Average number of particles

—
40 g
(BsH1) [MeV] 1

[l = (887.8,0.06)
(888.1,0.06)
| - 887.8044)
H = (888.1,0.44)
(
(

30

887.8,0.64) B
888.1,0.64)

(NX(T, g, k1)

T S S S N S S
0.0 0.5 1.0 1.5

T [MeV]

(a)

(18, T) [MeV]
- (887.8,1.9)

(888.1,1.9)
- (887.8,3.18
- (888.1,3.18
2| - (887.8,3.82
I - (888.1,3.82

T

n ro——

(NX(T, g, 1)

T S T T S E U H U S
0 1 2 3 4 5 6

Hi [MeV]

(b)

FIG. 27. Average number of particle in terms of T and u; for
K =2 fm2, L, =25 fm.

The behavior of the rest of the thermodynamical quan-
tities in terms of y; is quite interesting. Indeed, we can
observe that the nuclear matter starts to condensate as y;
increases. As depicted in Figs 28(b) and 28(d), both the
heat capacity and internal energy decrease dramatically,
reaching negative and nonphysical values. It could indi-
cates the presence of a phase transition that our model is not
able to describe.

Finally, one can observe that once again the plot of the
entropy in Fig. 28 shows the same behavior as for y; = 0.
Namely, the entropy is not zero for 7 — 0. In this case, the
limit value of the entropy depends on ;.

D. Equation of state and speed of sound with nonzero
isospin chemical potential

The coupling between the G-NLSM and the isospin
chemical potential, subject to the BPS conditions for
magnetized layers, slightly modifies the structure of the
energy-momentum tensor, which becomes

-e 0 -L*C L°C
0O T 0 0
T, = : . (179)
c 0 T,
C 0 D T,
where
2 i2 Ko ) 2
€ = 2Kuj sin H+E[p cos*(H) + 4sin*(H)u”|
K(HI)Z (u/)2
+ L2 +(L Ly (180)
K(p?cos? H + 4u? sin® H
T, = —2Ku} sin® H — (p”cos L}L u”sin” H)
K(H/)z (u/)z
T T (181)
K(H/)Z
T, =Ty =—-2Ku>sin> H — , 182
2 3 My s 212 (182)
K . (u/)z
D:P(pzcoszH—4uzsm2H)—L2L2, (183)
4K
C= Lf’usinm. (184)

Using the BPS conditions and after the diagonalization, the
matrix reads

—£4+VQ 0 0 0
(1o = 0 0 0 0 |
0 0 T,+D 0

0 0 0 -5-VQ

(185)
where Q = % — 2L>C”. Finally, using the trace of energy-
momentum tensor, the pressure can be associated to

P= % (T, + D). Both the energy density € and the pressure
P can be expressed as functions of the profile »(r) as follows:

4(K+u2) 4(K 2
e(v,uy) = 4K* {1 e w2 <( ;'u]) v? — 1)]

+2Ku3, (186)
2K2 2 4(K+;4%)(;2
P(v,uy) = = (Ki[/,tz — 81 % ‘2’0>. (187)
1

Also in this case, the energy density can be inverted,
giving

v(e) =+, /ﬁ\/l — W, Kl %—&) el+2]0].

(188)
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FIG. 28. Thermodynamical quantities as functions of T and y; for K = 2fm™2, L, = 25fm. In particular, the heat capacity in
represented in terms of 7 in (a) and in terms of y; in (b). The internal energy is represented in terms of 7 in (c) and in terms of y; in (d).

Finally, the entropy is represented in terms of 7 in (e) and in terms of yx; in (f).
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FIG. 29. Plot of the pressure for K =2 fm=2, L, =25 fm,
Iy, = 0.01 for different values of y;.

Therefore, the energy density can be written in terms of € as

4 u €
Ple)=-K*(1+-L-—
(€) =3 ( oK 4K2>

2
¥
— iKze_l_210+W0[(1+ﬁ—?)e”2’0] '

; (189)

The representation of the pressure in terms of the energy
density for different values of y; is given in Fig. 29.
The speed of sound c2, finally, results

, oP 1 1

==z . —1]. (190)
o3 (1 + Wol(1 45— gi)e! 2] )

which is represented in Fig. 30. In the limit y; — 0, the
expressions for e(v) and P(v) consistently recover the
results presented in the previous section.
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FIG. 30. The speed of sound as a function of e for K = 2 fm~2,
L, =25 fm, I, = 0.01 for different values of u;. The magenta
line represents the conformal limit ¢Z = % The values of ¢ for
which ¢2 > 1 are not physical and are associated to the use of the
Lambert function.

The observation reported in Sec. VII for the case with
u; = 0 are valid also in this case.

IX. CONCLUSIONS AND PERSPECTIVES

In the present manuscript (using techniques from the
Hamilton-Jacobi equation of classical mechanics, from the
theory of BPS solitons as well as from the theory of
the Casimir effect), we have analyzed the semiclassical
thermodynamics of BPS magnetized baryonic layers (pos-
sessing both baryonic charge and magnetic flux) in the
gauged nonlinear sigma model (G-NLSM) minimally
coupled to Maxwell theory. Such a theory describes the
low-energy limit of QCD together with the electromagnetic
interactions of the hadronic degrees of freedom. In the case
in which the isospin chemical potential vanishes, the
topological charge that naturally appears on the right-hand
side of the BPS bound (and which plays the role of the
energy of the baryonic layers) is a nonlinear function of the
baryonic charge. Correspondingly, the thermodynamics of
these magnetized baryonic layers is very nontrivial. We
have computed analytically the relations between baryonic
charge, topological charge, magnetic flux, and relevant
thermodynamical quantities (such as pressure, specific
heat, and magnetic susceptibility) of these layers. We have
determined the critical baryonic chemical potential beyond
which the model cannot be trusted anymore. Quite remark-
ably, this analysis can also be extended to include the
effects of the isospin chemical potential. Indeed, the isospin
chemical potential is essential in the description of the
nuclear pasta phase. We have explicitly constructed the
BPS bound and the corresponding BPS configurations in
the case in which the isospin chemical potential is nonzero.
The topological charge that naturally appears on the right-
hand side of the BPS bound plays the role of the free energy
of the baryonic layers. Also, in this case, this charge is a
nonlinear function of the baryonic charge. On the technical
side, it is interesting to note that the grand canonical
partition function can be related to the Riemann zeta
function. It is quite a nontrivial achievement to derive
explicit expressions valid at finite baryon density for all
these thermodynamic quantities of a strongly interacting
magnetized system at finite baryon density (especially
taking into account the problems of lattice QCD at finite
baryon density). The properties of these thermodynamical
quantities (which also include the equation of state and the
speed of sound) appear to be very reasonable and can be
useful to improve our analytic understanding of strongly
magnetized baryonic systems as well as in comparison with
lattice results.

A further and final comment here is in order. We
mentioned in the Introduction the possibility of describing
nuclear pasta states by means of our solutions (in particular,
lasagnalike structures). Nevertheless, a direct comparison
between the physical quantities obtained from our model
and the physics of neutron stars is not possible at this stage
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of the work, and would require a further extension of the
model. Indeed, we are able to describe the physical
properties of ordered structures of baryons organized in
layers, reminding of the solid part of lasagna structures;
this achievement is significant because such results are
generally difficult to obtain using analytical tools.
However, our analysis misses the contribution of the
Coulomb forces, the liquid/gaseous nuclear matter and
the electron gas surrounding the baryonic layers, an
omission that is fundamental to address for a reliable
comparison with the physical data. This extension is the
subject for a future work.

ACKNOWLEDGMENTS

F.C. has been funded by FONDECYT Grant
No. 1240048 and by Grant No. ANID EXPLORACION
13250014. L.R.  acknowledges the  Ministero
dell’Universita e della Ricerca (MUR), PRIN2022 program
(Grant No. PANTHEON 2022E2J4RK) for partial support.
F. M. acknowledges the support of the Next Generation
EU—Prin 2022 project “Singular Interactions and Effective
Models in Mathematical Physics- 2022CHELC7.”

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available. The data are available from the authors
upon reasonable request.

APPENDIX A: ON THE APPROXIMATION
OF THE INTEGRAL (35)

Equation (35) is assumed to be independent of p and
relates v = u(2x)/p to Iy. I, is thus expected to be
independent of p. To solve this equation one should be
able to compute the integral (44) that we rewrite as

v dx
G )= | ——
<U ) A 1= e—(4x2+21)

= v+ K(v.1), (A1)

where

v 1
K(v.1) _/ — _1)ax. (A2
0 1— e—(4x2+21)

Now, let us consider the function K. Its derivative with
respect to v is

1
—_— 1, (A3)
1 — o—@x*+20)
which for positive / and x not too small (already x > 1 is
good) is approximately zero. Therefore, we can approxi-
mate (for such values of v) K (v, I) with K(oo, v). By using

(-nr-1=Y e g
we get
=) n 1 T
K(c0,v) = %;FIE(%;?) ;e—Zln. (AS)

Now, the Stirling formula gives a good approximation for
the Gamma function for arguments larger than 1,

1 N 1
r — | & - — T2 - —
<n + 2) <n 2) e "2 V4 (n 2)

~ n"e™"\/2zn(en):

~ n!(en) . (A6)
Therefore,
1 rX1
K , ~— .= — ,—2Iyn
(o0, ) 4\/;,,2::1”6
L g —emy. (a7
4\ e
Since /%~ 1, this justifies (45). However, the latter seems

to become not so good when I, — 0 since it diverges. The
reason is probably that the above derivation fails when [ is
very small and v also is small. In this case, d,K fails to be
small, and the constant approximation is not good. In this
situation, we conveniently rewrite

G(v.1) 1 [47 ds 1
v, 1) = —_——
4o VsV1—e(F20)

1 /4v2+21 ds 1 (AS)
4 21 \/s—ZI\/l—e‘S'

Assuming that [ <2v? <1,

V1 —eS ~ /s so that

1 1+40%/1 dt
G(v,[)zZ[ o

1 492 492 492
=-1 14+ — 24+ — A
40g< T ( + )) (A9)

which is equivalent to

we can approximate

2

| +4% _ cosh(4G(. 1)). (A10)

Therefore, (35) gives
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U p\gﬂsmh@zz\/h,). (A11)
This is expected to be the correct expression when [ is
very small.

That this is the right behavior when # — 0 can also be
inferred from (35). Indeed, let us set I~ 2li?, with
it :== u(2x)/ p. Changing the variable 7 into & p, (35) becomes

. _
277:\/%[,, = / dx .
0 /1 —exp(—4a*(x> + 12))

Since x? + 42 is bounded by 1 + A%, for u very small, we can
Taylor expand the exponential to first order, getting

(A12)

1
2ﬂfL ~ / arcsmh Al3
Va2 + /12 T2 A (AL3)
Therefore,
1
o= sinh(4zV/kL,), (A14)
confirming (A11).
APPENDIX B: THE JACOBI THETA
CONSTANT 065(q)
The third Jacobi theta function is
q) = anzezmz, (B1)

nez

convergent for |¢| < 1. The associated theta constant is

03(q) = 9;(0.9) = Y _q"

nez

(B2)

Let us introduce the function,

O(x) :=03(e™) = Y ™, Re(x) > (B3)
nez
By using the Poisson’s resummation formula,
D fm)y =" f(m) (B4)
nez mezZ
with
fom) = [ e, (85)

to the function ®, with f(y) = ¢ and f(m) = e‘%/\/)_c,
we get

O(1/x) = V/xO(x).

Notice that when Re(x) — +oo then ®(x) — 1, so, for
Re(x) = 0" we have

(B6)

O(1/x)

O(x) = (B7)

~

5

Finally, we notice that, for Re(s) > 0,

” Ox)=Dxldx =2 /ooe"”‘”zx%‘ldx
[ w1 >
2 &1 B
;Wigz;z?jg e Zz dZ

2
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