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The graviton S matrix has a famous soft pole. We show that the S matrix for cylindrical gravitational
waves has a soft zero. The soft pole for ordinary gravitons comes from a Ward identity for supertranslation
symmetry at asymptotic infinity. We show that the soft zero for cylindrical gravitational waves comes from
a Ward identity for Geroch symmetry at asymptotic infinity. Because it is a zero rather than a pole, there is
no memory effect. Overall, this soft zero is a manifestation of Geroch symmetry and of the extraordinary

simplicity of cylindrical gravitational waves.
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I. INTRODUCTION

In recent years, there has been a lot of interest in
“infrared triangles” [1]. An infrared triangle is a triangle
of ideas relating asymptotic symmetries, soft theorems, and
memory effects. The interest in infrared triangles comes
partly from the fact that they could be a stepping stone
toward understanding holography for asymptotically flat
gravity. The present paper came from trying to understand
if there is an infrared triangle for cylindrical gravitational
waves. Cylindrical gravitational waves enjoy a somewhat
mysterious infinite dimensional symmetry called Geroch
symmetry [2-8]. We wanted to understand if Geroch
symmetry fits into an infrared triangle.

Cylindrical gravitational waves are effectively two
dimensional. Our approach will be to dimensionally reduce
general relativity to get a nonlinear sigma model and then
to quantize the sigma model. A more physically realistic
approach would be to quantize gravity first and then dimen-
sionally reduce.' However, we are going to confine our
study to tree-level physics. Tree-level physics is essentially
classical physics and the sigma model describes classical
cylindrical gravitational waves perfectly.

Our main result will be to show that cylindrical gravita-
tional waves have a soft zero. This stands in stark contrast to
the famous soft pole of ordinary gravitons. We begin by
computing the tree-level two-particle S matrix for cylindrical

“Contact author: pennar@sunypoly.edu
'An interesting middle path is to dimensionally reduce the
classical theory to three spacetime dimensions [9,10].
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gravitational waves directly using Feynman diagrams. We
observe that a soft zero is visible in these amplitudes. In the
second part of the paper we provide a symmetry explanation
for this soft zero. This zero is similar to an Adler zero
because the dimensionally reduced theory is a nonlinear
sigma model. However, it is not exactly an ordinary Adler
zero because one of the symmetries we consider [Eq. (4.1)]
is not exactly a shift symmetry and because the theory does
not have r-translation invariance [Eq. (2.2)].

We will formulate the soft zero as a Ward identity for
Geroch symmetry at asymptotic infinity. This is a piece of
the infrared triangle for cylindrical gravitational waves. The
original examples of infrared triangles were for gauge
theories and asymptotically flat gravity2 [18-26]. Those
works established a template for relating soft theorems to
asymptotic symmetries. We will follow that template
closely in this work. Since the underlying template is
the same, let us just comment on the differences.

First, our symmetry is Geroch symmetry. This is a global
symmetry of the sigma model. Thus, these are not just
asymptotic symmetries, they are really “everywhere sym-
metries.” Of course, they also act asymptotically and we
will phrase our discussion in those terms so that we can see
the connection to infrared triangles.

Second, let us clarify that the Geroch group is infinite
dimensional but we are only ever going to use three Geroch
transformations in this paper. One of the Geroch trans-
formations we consider is a shift symmetry. The other is
a slightly more complicated version of a shift symmetry
which reduces to a shift symmetry in the free theory. In the
future, it would be interesting to work out the full set of
S-matrix constraints coming from Geroch symmetry.

There has also been interesting work on the relationship
between soft theorems and symmetries for scalar fields [11-17].
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So far we have discussed soft theorems and asymptotic
symmetries. The third corner of the infrared triangle is the
memory effect. However, since cylindrical gravitational
waves have a zero instead of a pole, there is no memory
effect. In other words, there is no dynamical way to cause a
transition between Geroch-related vacua. This stands in
stark contrast to the memory effect for ordinary gravitons.
In the case of ordinary gravitons, hard radiation can cause
transitions between supertranslation-related vacua.

In sum, the fact that cylindrical gravitational waves have
a soft zero instead of a soft pole is a manifestation of
Geroch symmetry and of the extraordinary simplicity of
cylindrical gravitational waves. This simplicity would seem
to make cylindrical gravitational waves an attractive target
for holography.”

I1. SIGMA MODEL

The two-dimensional spacetime metric is

ds* = —di* + dr*. (2.1)
Space is a half-line (r > 0). Future and past infinity, *, are
the lines at t = £oo with coordinate r. The Lagrangian of
the sigma model is [4-6,8,28-30]

L =—-20,X,0°%, _%(32)(1 0,X,0°%,.  (2.2)

2
For notational simplicity we have set the coupling g = 1.
Here X; = X,(¢,r) and X, = X,(t,r) are scalar fields.
They encode the two physical polarizations of the graviton.
Equation (2.2) has a global symmetry
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So there are just three functions to consider: ¢}, 0,, and o3.
And in fact the ¢;’s are all related by crossing relations, so
there is really only one independent function. Indeed,

or(ky,....ks) and o3(ky,...,ks) are simply related by
interchanging k3 and k4. And o(k,...,ks) and
o5(ky, ..., ky) are simply related by interchanging k, and

ks and putting in an overall minus sign.

III. FEYNMAN DIAGRAMS

The goal of this section is to compute ¢; using Feynman
diagrams. Expanding the Lagrangian (2.2) gives an infinite

Some early discussion of this direction appears in [27].

5X, = —X,, 80X, == (1—e 2 +X3). (2.3)

| =

In the free theory, this is just an SO(2) rotation of the vector
X,. Equation (2.3) is a simple example of a Geroch
transformation. The full set of Geroch transformations is
infinite dimensional. Most of the Geroch symmetries are
hidden symmetries in the sense that they involve nonlocal
transformations of the fields.

The sigma model reduces to a free theory on *. In the
free theory, the Noether charge for Eq. (2.3) is

Qi = / dr r[X20,X1 - X16,X2]. (24)
zi

The mode expansion of the free field is (suppressing the 4-)

X(1,r) = % A " dkla(k)e* + a(k) e ) Io(kr).  (2.5)

This is an expansion in energy eigenmodes.4 The creation
and annihilation operators, at and aq, obey
la, (k). a,(K)"] = 8,,6(k — k). (2.6)

Inserting Eq. (5.5) into (2.4) and doing the r integral gives

Q=i [ () ax(h) - s (W], 27)

Thanks to this symmetry, the two-particle tree-level
S matrix takes the form’

= 6,up51/’y(71 + 6uy5p’yo'2 + 6lw§up0'3 . (2’8)
|
series of interaction terms:
—rX10,X,0°X5 — rX30,X,0°X, + ... (3.1)

The leading terms are a cubic interaction and a quartic
interaction. These are the only interactions that contribute
to the two-particle tree-level S matrix.

“There is another family of energy eigenmodes, e=*Y(kr),
but they are singular at r = 0 so we do not include them.

>This follows from looking at the action of (2.7) on the two-
particle in and out states, and enforcing the S-matrix conservation
law (out|/(QTS — SQ7)in) = 0.
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FIG. 1.

oy is the amplitude for X;X; — X,X, scattering. It
receives contributions from three diagrams (Fig. 1). The
first diagram comes from the quartic interaction in (3.1).
The second two diagrams only involve the cubic inter-
action. Note that there is no way to build an s-channel
diagram for X;X; — X, X, at tree level because the cubic
interaction in (3.1) only involves a single X;. For a similar
reason, it follows that the exchanged particle in the second
two diagrams of Fig. 1 is always an X,.

The second and third diagrams in Fig. 1 are almost the
same (just interchange k5 and k), so we really only need to
consider the first two diagrams. The contribution of the first
diagram is

—4i/dzxre_i(kl+k2)tJ0(k1r)JO(er)aa[eik3’J0(k3r)}

x 0[e™ s Jo (kyr)]. (3.2)

Expanding the derivatives and doing the ¢ integral gives

_S”ik3k45k3+k4—kl—k2/drrJO(kl r)Jo(kyr)[Jo(k3r)Jo(kyr)

+J1(ksr)J 1 (kyr)]. (3.3)
To simplify this further, we use the identity
1 fatb  cJy(cr)
J Jo(br) = — dc ————. 34
o(ando(br) =5 [ ae SOEDL 3y

A(a, b, c) is the area of the triangle6 with side lengths a, b,
and c. Using Eq. (3.4) we obtain

kitky  dkk
— bikskyS Ak, ky. k)
LR3R4O)y kg k) —ky ﬁl—kz A(ky, ky, k)

‘/ﬁﬁh%ﬁwdhﬂhwﬂ)%h@ﬂNNMM-(3$

The r integral on the second line is zero unless it is possible
to form a triangle with side lengths k, k5, and k4, in which
case we have

1

/drr]o(ar)JO(br)Jo(cr) = @ b)) (3.6)

°A  convenient  formula s (a+b)* - c?

c?—(a—b).

A=l

<

Tree-level contributions to 6, = |, S,,, the amplitude for XX, — X,X, scattering.

2.2 2
/ drrdo(ar)d, (br)J, (cr) = - (3.7)

~ dabcA(a, b, c)’
We thus obtain

16i5
-7 Uk —k;—
e 3tky—ki—k;

/k1+kz kdk
X .
max [~k | ks—ki ) /K2 — (ki — k)2 \/ K2 = (ks — ky)?

(3.8)
Finally, we perform the k integral to obtain
16i [k k
—7Re atanh ﬁakr“@t_kl_kz' (39)

This is the contribution of the first diagram in Fig. 1 to o;.

Now turn to the second diagram in Fig. 1. This dia-
gram is slightly more complicated because it has an internal
line. To put in the internal line, we need the Feynman
propagator:

(X, (x) X, (x))o
J k —iw(t—1'
Dﬂ/dw/dkme (r t).]o(kr)]()(kr/).

(3.10)

:5”

The vertices in this diagram come from the cubic inter-
action (3.1):
—eraaXZO“XZ. (311)

Putting everything together, the contribution of this dia-
gram is

2i k
—— | d dk———-——
71'/ a)/ ®* — k> +ie

. / d*xre=*1 ] (kyr)o,[e™ Ty (kyr)]o¢ (e~ @ T o (kr)]

. / dzx’r’e"'kZ”JO(kz o, [e"k‘*’/JO(kuJ)]a“/ [ei"’t’Jo(kﬂ)].
(3.12)

Expanding the derivatives and doing the ¢ and w integrals,
we obtain
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81tikskady, k-, -k, / dkm

: / dxr ok, )= (ks — k1 )o(kar)Jo(kr)
(k) (k)

- / 02T (ks [(ks — K)o (ke ) o (kr)
Ky (kg )y (k). (3.13)

Next, we do the r integrals using Egs. (3.6) and (3.7) to get

8i
— Okrtkimhi—k,
/min(k1+k3,k2+k4) kdk
X .
Ik —ks | V ki + k)2 = K2/ (ky + kg )2 — K

(3.14)

This integral deserves a comment. It might seem strange
that we are integrating over the “momentum,”’ k, of the
internal line in a tree diagram. But our Lagrangian (2.2)
does not have r-translation invariance, so k is not conserved
at vertices. Mathematically, this manifests in the fact that
the triple Bessel integrals (3.6) and (3.7) are not & func-
. 7 . . .

tions.” Performing the k integral gives

8i [kksy
—Reatanhy [—=6 ke
7 € atan lyks ky+ky—ki—k»

This is the contribution of the second diagram in Fig. 1 to
the amplitude. The third diagram is almost the same, we
just exchange k5 and k4. Summing all three diagrams gives

(3.15)

8i [kyky
0| = —;Reatanh k%k 5k3+k4 —ky—ky (316)

Now using the crossing relations discussed in the previous
section, we obtain

kyks

8i

0y = ;Re atanh k2k45k3+k4 ki =k (3-17)
8i kyky

0y = ;Re atanh koks 5k3+k4 “ky—ky - (3.18)

A couple consistency checks are in order. It is clear from
the Lagrangian (2.2) that there are no possible tree

"Our Lagrangian does have time-translation invariance and this
is why we do get an overall energy-conserving & function,

5k3+k4—k| —ky -

diagrams for S, = 06y + 06, + 03, so the sum on the
right-hand side should vanish. And indeed it is not hard to
sum Eqgs. (3.16)—(3.18) and check that ¢y 4+ 6, + 03 = 0.
Furthermore, if we look at Eq. (2.8) we can observe
o, + 0, + 03 = ,,S,,. The amplitude on the right-hand
side does receive contributions from three diagrams but we
have computed these diagrams (we omit the details for
brevity) and indeed they sum to zero.

The amplitudes we have just computed have the curious
feature that they vanish in the soft limit, k; — 0. In the
remainder of this work, we will show how the Geroch
group provides a symmetry explanation for this soft zero.

IV. GEROCH SYMMETRY
The Lagrangian (2.2) has a pair of global symmetries:

5X1 - —1, 6X2 = X2, (41)

and

0X, = —1. (4.2)
Equation (4.2) is a shift symmetry. Equation (4.1) is a shift
symmetry in the free theory and something slightly more
complicated in the interacting theory. These symmetries are
examples of Geroch transformations.

The sigma model reduces to a free theory on V. In the
free theory, the Noether charges for Eqs. (4.1) and (4.2) are®

ot = / drro,X.
>+

There is no “hard charge” on the rhs. This means there is no
memory effect for these charges. This is quite different
from the story for the supertranslation symmetry of
ordinary gravitons [19]. Supertranslation charges receive
contributions from hard and soft gravitons.

Define a dual field, X, by

(4.3)

ro,X = 0,X, (4.4)

ro,X = 0,X. (4.5)

The consistency conditions for X are just the free equations
of motion, d,(rd*X) = 0. Equations (4.4) and (4.5) only
define X up to a constant. We fix the constant by requiring
X |zg = 0. The Noether charge (4.3) becomes

or = 5(|21- (4.6)

These symmetries have also been studied by Niedermaier
[27], who also concluded that they are spontaneously broken in
the quantum theory.
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This is the asymptotic Geroch charge at the ‘“celestial
point.” In these formulas, X is the point on =¥ at r =0
and X7 is the point on " at r = oo
Define z, = rd,X,. The nonvanishing commutators on
>t are
(). X, ()]

= —i6,,0(r=7r). (4.7)

Thus

0, X,] = —ib,,. (4.8)
So Q7 generates shifts of X, as it should.

Now consider the analogous structure at past infinity.
Past infinity, X7, is the line at t = —oco with coordinate r.
Let X, denote the point on X~ at r = 0 and let X7 denote
the point on £~ at r = co. As before, we require X \25 =0.

The Geroch charges are

0 = / drro,X = X|s-. (4.9)
2_ +

For notational simplicity, we use the same notation for
X and X at T+,

The shifts generated by QF come from the global
symmetries (4.1) and (4.2). So it is natural to require that
shifts at =T are matched by shifts at £7. This is our version
of the “antipodal matching” condition [18]. Only here the
celestial sphere is a celestial point (£), so the antipodal
part of the matching condition is trivial.

V. SOFT THEOREM

In this section we consider the consequences of Geroch
symmetry for the semiclassical S matrix. Let us denote
an in (out) state comprised of n (m) particles with energies
k' (k") on the celestial point by l|in) = [&", ..., k")
((out| = (K™, ..., kp™|). The S matrix elements are then
denoted by (out|S|in). The quantum version of the classical
invariance of scattering under Geroch symmetry is

(out|(QTS — SO )lin) = 0. (5.1)
Defining
0=0"-0", (5.2)
and the time-ordered product
0S8 =07S-80, (5.3)

Eq. (5.1) becomes

(out|: QS:[in) = 0. (5.4)

At late times, t — oo, the field becomes free and can be
approximated by the mode expansion

X(t,r) = \}5100 dkla, (k)e ™ + a (k)Te™]J,(kr).
(5.5)

The creation and annihilation operators on X, ai and a_,
obey

[all+ (k), ay, (k/)T] = 6}4D6(k —K).

The dual field is

(5.6)

\f

X(t,r)= dk[a+(k)e_““ —a (k) e*rJ, (kr).

(5.7)

Equation (5.5) is an expansion in energy eigenmodes.
Energy eigenmodes do not have a well-defined limit at
r = 0. To evaluate the Geroch charges at X7, it is better to
use wave packets. A natural way to get wave packets is to
Laplace transform the energy eigenmodes. Define

Al(s) = / " dk eay (), (5.8)
0
AL(5)F = / " dk e ay (k). (5.9)
0
The inverse Laplace transforms are
ek A 5.10
0= [ gmetas. (5.10)
. d
as(k) = | S e*aL () (5.11)
2m
Insert Egs. (5.10), (5.11) into (5.7) to get
l‘ k sk —ikt
r) /2m/ dke (s)
— A (3) e*rd, (kr). (5.12)

Do the k integral to get

Xe.r)=-— / A $ooa( 1) = AL () (1)
(5.13)

We have defined
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os(tr) = [ dke O ), (514)

0

@s(t,r) = /oo dke=C=10kr ], (kr). (5.15)
0

Equation (5.13) is the wave packet expansion of X at .
We recall that the notation £+ means we are looking at
large ¢. The fact that we are working at large 7 is reflected in
the fact that we are working with free fields.

Now we want to compute ¢,|s+. First, we take the
Laplace transform (5.14) to find

2

p
(ps(t’ r) = b} *\2 . 2 VIR
re+ (s +it)*[s + it + \/r* + (s + it)?]
(5.16)
Then we take the r — oo limit and find
(ps|zi = limgp, = 1. (5.17)

Taking the limit this way means we are looking at the
charges at spacelike infinity rather than null infinity. An
interesting question for the future is to understand if there is
an analogous set of charges at null infinity.

Thus (4.6)

0" = & =5 [ LA (518)

These are the Geroch charges at £ in s space.
To go back to k space, insert Egs. (5.8) and (5.9)
into (5.18):

i

o — _ﬁ/o‘” dk/(:;—;e—“k[a+(k) —a, (0. (5.19)

Do the s integral to get

ool

7)o dks(k)[a. (k) = a (k)"].

(5.20)

Do the k integral to get

i

0F = 7 [a..(0) = a,.(0)7]. (5.21)
A parallel construction at X7 gives
Q0 = —E[a-(O) —a_(0)"] (5.22)

Equations (5.21) and (5.22) are the Geroch charges at Zf
Recall

0=0"-0". (5.23)
The Ward identity (5.4) becomes
(out|: (Q* = Q7)S:|in) = 0. (5.24)
Using (5.21) and (5.22), this equation becomes
(out|a_ (0)S|in) = (out|Sa_(0)"|in) = 0. (5.25)
We have used’
(out|Sa_(0)7|in) = —(out|a, (0)S[in).  (5.26)

Equation (5.25) is the soft zero for cylindrical gravitational
waves. We thus obtain the desired symmetry explanation
for the soft zero observed in Egs. (3.16)—(3.18). And,
conversely, Egs. (3.16)—(3.18) lend concrete support to the
soft theorem (5.25).
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"We do not have a general proof of this identity but it is true in
the examples we have checked. In particular, it is true for the
amplitudes computed in Egs. (3.16)—(3.18). This crossing equa-
tion is a standard part of infrared triangle-style derivations of soft
theorems, not unique to cylindrical gravitational waves.
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