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We thoroughly investigate nonanalytic terms in the finite-temperature effective potential in one-loop

approximation on a D-dimensional spacetime, S, x RP=(P+1) x 1%, S!, using a mode recombination
formula. Such nonanalytic terms cannot be expressed as positive powers of field-dependent mass squared.
The formula provides a clear separation of the effective potential into a part that contains the nonanalytic
terms and a part that is purely analytic, and clarifies the origin of the nonanalytic terms. We obtain all the
nonanalytic terms and show that only two types of nonanalytic terms arise from the modes with zero
Matsubara frequency. For a real scalar field with periodic boundary conditions, if the number of
noncompacted spatial dimensions is odd (even), there are odd powers of M (log M terms) but no log M
terms (no odd powers of M). For fermions with general boundary conditions, we find that neither of the two
types appears. These results clarify the nonanalytic structure of the finite-temperature effective potential on

the spacetime with compactified spatial dimensions.
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I. INTRODUCTION

Quantum field theory at finite temperature provides a
fundamental framework for studying phase-transition phe-
nomena in high-energy physics and has played a central role
in advancing our understanding of the subject. In their
pioneering analysis of the finite-temperature effective
potential, Dolan and Jackiw [1] found that the scalar
effective potential contains terms that cannot be expressed
as positive powers of the field-dependent mass squared,
namely, nonanalytic terms. The terms act as the source of
the first-order phase transitions [2,3] and their magnitude
directly controls the strength of the transition. They are, for
instance, indispensable in an electroweak baryogenesis
scenario [4] relying on the first-order electroweak phase
transition. In exploring cosmological evolution scenarios
[5], it is necessary to understand how symmetries are broken
during the cooling of the Universe. In this respect, the study
of nonanalytic contributions to the finite-temperature effec-
tive potential plays a crucial role. Nonanalytic terms are
therefore of substantial physical significance.

Quantum field theories with compactified extra dimen-
sions constitute one of the most promising approaches for
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exploring physics beyond the Standard Model. Gauge-
Higgs unification provides a representative example [6],
where, once again, nonanalytic terms at finite-temperature
effective potential are crucial for realizing the first-order
phase transition [7]. At the same time, theories with
compact extra dimensions also serve as powerful theoretical
tools for field-theoretic studies, providing a well-defined
framework for such investigations. Dimensional reduction
offers a prime example [8,9] and moreover, these theories
are known to exhibit rich and interesting phase struc-
tures [10,11].

In our previous two papers, referred to as I [12] and 1T
[13], we determined all the power-type nonanalytic terms in
the one-loop finite-temperature effective potential of a scalar
field obeying periodic boundary conditions on a D-dimen-
sional spacetime, S! x RP=(P*1) x T]Z_, S!. In particular,
we developed a new important formula called a mode
recombination formula in the paper II and this formula
enables a reformulation of the finite-temperature effective
potential, thereby elucidating the origin of the nonanalytic
terms. Although the origin of the nonanalytic terms is
initially expressed using the modified Bessel functions of
the second kind with multiple mode summations, we
showed that, by employing the integral representations
for the function together with the analytical extension of
the mode summations, it can be recast as contour integrals in
the complex plane. The subsequent evaluation of the
relevant residues makes it possible to extract all the
power-type nonanalytic terms in a straightforward manner.
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The mode recombination formula clearly shows that the
emergence of nonanalytic terms is closely related to the
existence of zero modes, making it a powerful tool for
understanding the physical origin of such terms. As an
immediate corollary, we also showed that fermion fields,
whose zero modes are absent due to their statistics, exhibit
no nonanalytic terms.

In this paper we derive a new remarkable expression of
the finite-temperature effective potential in one-loop
approximation by using extensively the mode recombina-
tion formula. The formula enables a clear separation of the
effective potential into a part that contains nonanalytic
terms and a part that remains purely analytic ones. We
demonstrate that the effective potential possesses two
physically important types of nonanalytic terms with
respect to the field-dependent mass: power type and
logarithmic one. These nonanalytic terms are obtained
by the evaluation of the residues in a systematic and
comprehensive manner. In the case of a real scalar field
obeying the periodic boundary condition for the spatial
Si(i=1,...,p) direction, we find that the nonanalytic
structure of the finite-temperature effective potential turns
out to be highly characteristic; the two types never appear
simultaneously.

We further show that, for fermion fields with arbitrary
boundary conditions for the spatial S! direction, the
application of the mode recombination formula renders
the finite-temperature effective potential into a form in
which nonanalytic terms can be analyzed more transpar-
ently. As a consequence, in addition to the absence of the
power-type nonanalytic terms as shown in the paper II, we
find that the logarithmic-type nonanalytic term does not
appear either regardless of the values of D and p + 1. The
result in the case of the fermion also holds for the case of the
scalar that satisfies the antiperiodic boundary condition for
at least one spatial S! direction.

The organization of this paper is as follows. Section II
provides the setup for analyzing nonanalytic terms in the
finite-temperature effective potential and summarizes the
method of the mode recombination formula developed in
the paper II, followed by its application to the effective
potential. In Sec. III we determine all the nonanalytic terms
in the effective potential of the scalar field with the
periodic boundary conditions. Section IV presents the
corresponding analysis for the fermion fields. Section V
contains conclusions and discussions. We derive condi-
tions under which evaluations of integrals by residues are
applicable in Appendix A and demonstrate the evaluations
in Appendixes B and C.

II. SETUP AND MODE RECOMBINATION
FORMULA

Let us present the setup for the discussion in this paper
and the mode recombination formula which plays the

important role to study the nonanalytic terms in the
finite-temperature effective potential on the spacetime with
compactified spatial dimensions. Here, we refer to the
contents of those in Secs. 2 and 3 of the paper II. The
familiar readers can directly go to the next section.

A. Setup

We first study the effective potential at finite temperature
in one-loop approximation on the D-dimensional spacetime,
St x RP=(+1) x TP, S! for real scalar and fermion fields.
We employ the Euclidean time formulation for quantum
field theory at finite temperature. Then, the Euclidean time
direction is compactified on S! whose coordinate and
circumference are denoted by 7z and L, respectively. The
L, is the inverse temperature, L, = T~'. The spatial p
directions are compactified on the p numbers of S'. Their
coordinates are y'(i = 1, ..., p) and L, is the circumference
of each S!. The RP~(P+1) is the flat Euclidean space and its
coordinate is x*(k = 1,...,D — (p + 1)).

The Lagrangian is given by

1 m2 A . _
L =§(0N¢)2 - ¢? _54”4 +y (iTnoy +m )y + gy,

2S
(2.1)

where the N stands for N = (z, k, i) and ¢(y) is the scalar
(fermion) field whose bulk mass is m(m). The g is the
Yukawa coupling.

We specify the boundary conditions for the S! and
Si(i =1,..., p) directions. The boundary condition for the
S! direction is defined by

®@(7 + Lo, x5, y') = eXd(z, x*k, y') (2.2)

for a given field ®(z, x¥, y'). The parameter 7 is definitely
determined by quantum statistics to be O (periodic) for the
scalar field or to be % (antiperiodic) for the fermion field. On
the other hand, the boundary condition for the spatial S!
direction is imposed by

(7, x5, y' + L) = ¥ d(z, x5, y'), (2.3)

where the parameter 7; can take 0 or % for the real scalar
field and can be arbitrary for the fermion field.

We employ the standard prescription to calculate the
effective potential at finite temperature in one-loop approxi-
mation. By taking up the quadratic terms in the shifted
Lagrangian around the constant field ¢ for the scalar field ¢
in Eq. (2.1), one needs to evaluate
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4P-(p+1)
-y (T3 3 ) [0

2z 27 2
< log [p%; + () o+ w2+ 3 (32) ot + 020 (2.4
i=1 !

in order to obtain the effective potential on S! x RP=(P*1) x TT2_, S! in one-loop approximation. Here, the M(¢) is the
field-dependent mass of the scalar (fermion) field

M () :m?+gfﬂ2 (M(g) = my + go). (2.5)
Hereafter, we denote M(¢) by M for simplicity. The py is the D — (p + 1)-dimensional Euclidean momentum. The f is the
fermion number that is 0 (1) for the boson (fermion) and the A is the on-shell degrees of freedom. The n, stands for
the Matsubara mode arising from the S! and the Kaluza-Klein mode n;(i = 1, ..., p) comes from each S} (i = 1, - - - p). The
parameter 7;(i =0, 1, ..., p) is given in Egs. (2.2) and (2.3).

We make use of the zeta-function regularization in order to evaluate Eq. (2.4). We can write

: (2.6)

s—0

Var = (1N (=516

where

) [t [ () ot + 3 (E) e 2

We first use the formula

1 o0
A~ = s—1.—At 2.
F(s)A dir~ e (2.8)

and perform the Gaussian pg integration. Then, we employ the Poisson summation

00 2 0 L 1 -
Z I ) (nj+n;)? — Z 2_7/[ (%)26 <] j +2mm (29)

m=—c0
to obtain
D ® )
Var = (<135 30 o 3
g=—00  m,=—0c0
x/ dt =5 Leal(moLo)*++(m, L, )| =M t+2mi(mong++myn,) (2.10)
0

We call m;(j = 0,1, ..., p) in Eq. (2.9) the winding modes, while ny and n;(i = 1,2, ..., p) are the Matsubara and the
Kaluza-Klein modes, respectively.

It is convenient to separate each sum over m; in Eq. (2.10) into the zero winding mode (m; = 0) and the nonzero winding
ones (m; # 0) and to express Eq. (2.10) into the form

p+1 ptl
n n)D
Var =y FOP(M)=3" > F L (M), (2.11)
n=0

n=0 0<i,<ir<--<i,<p

where
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D

P50 = (DN f >

X/ dt t_%_le_%[( )+ +(m’nL )]—M2t+2m'(m,-ln,-]+~--+m,-n71,-”)‘ (212)
0

The prime of the summation in Z;;’lj:_oo means that the zero winding mode (m; = 0) is removed. By using the formula

A di rv-le 41 = 2(%)51(”(2\/@), (2.13)

where the K, (z) is the modified Bessel function of the second kind, Eq. (2.12) for n > 1 becomes

(D M ‘
FL,'I Liyseons L,',I( ) ( z Z ( ) 4+ (mi”Lin)2>

my=1  my=1
Kg<\/M2{(mi]Lil)2 +o (m,-nL,-n)z}> cos(2zm; n; ) - - - cos(2wm; n; ). (2.14)
FOP in Eq. (2.11) is the contribution from all the zero winding modes my = m; = --- = m, = 0 in Eq. (2.10) and is
calculated to be
7 o0 D 2 n* D D
FOD(p) = ( 1>f+1N2(2ﬂ)DA dr 13- 1e~ M = (- )f“N TR ( 2) (M?)5, (2.15)

where we have used Eq. (2.8). For D = even, if one makes use of the dimensional regularization and MS renormalization,
for example, then, we obtain

D
_ M2 2 1
)'MD{—]og,uerZ}, (2.16)

where the scale y is a sequence of possible renormalization conditions. On the other hand, for D = odd, with the help of the

formula
D (-1)=2%

r—— =7 2.17

< 2) D=odd D! \/7[’ ( )
we have

0D L (EDE
FOP(M) = (=1)/ NN 57— MP. (2.18)
2727z D!

For D = even (odd), F(OP (M) has the logarithmic(power)-type nonanalytic terms, as shown in Egs. (2.16) and (2.13).
B. Mode recombination formula

The mode recombination formula developed in the paper II plays the important role to study the nonanalytic terms.
We give a brief review of the formula here for the reader’s convenience.
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Let us first recast Eq. (2.11) into

p+1

Var = FOPOO+Y ST B ()

n=1 0<i;<i,<--<i,<p

— FOP(M) + {FggD(M) Y P o F ,L,<M>>}. (2.19)

n=1 1<i;<ip<---<i,<p

The terms in the curly brackets' are obtained by focusing on the scale L in Ll-j(i ;=0,...,p) and separating the term
associated with L, from the one without L, on the right-hand side of Eq. (2.11). We have proved in the paper II

n)D n+1)D 1 & n)D—1
P2, 0+ FED 0 ) =5 37 FETL (M), (2.20)
ny=—co
where
27\ 2
M%O) = M2 + <L—O> (I’ZO + 7’]0)2. (221)

We call Eq. (2.20) the mode recombination formula and the formula holds irrespective of whether fields are fermions or
scalars and also of boundary conditions for the spatial S} (i = 1, ..., p) direction. It should be noted that, as shown in the
paper II, the Matsubara mode n, is recovered instead of the winding mode m( by using the Poisson summation (2.9)
inversely.

By using Eq. (2.20), Eq. (2.19) becomes

P 1 & 2D
Veir = FOP(M) + {F(Ll())D(M) + Z Z Lo Z F(L,)DIL (M(O))}' (2.22)
ny=-—00

n=1 1<i|<ir<--<i,<p -

We can repeat the same procedure by focusing next on the scales Ly, L, ..., L,_; sequentially for the term with the multiple
mode summations like the third term in Eq. (2.22) and we have finally arrived at the expression (3.11) in the paper II for the
effective potential V.. Moreover, we have also shown in the paper II that the first and second terms in Eq. (2.22) can be
recast into

1
FOP(M) + FIP (M) = — FOP-1(M ), (2.23)

which formally follows from the formula (2.20) with n = 0. Then, one has

& ) P 1 S e
Ver =7, dYFOPT Mg+ Ly > R (M), (2.24)

ny=—00 n=1 1<i;<i,<--<i,<p 0=—00

Equations (2.22) and (2.24) have already been obtained in the paper II and we rewrite them into more convenient forms in
the next section, making the subsequent discussion more transparent.

Equation (2.14) contains the modified Bessel function of the second kind involving the multiple mode summations.
The integral representation for the function in the complex plane is the powerful tool to study the nonanalytic terms in the
effective potential as shown in the papers I and II. We also follow the same strategy in the present paper and introduce the
integral representation for the modified Bessel function of the second kind in the complex plane [14,15]

K,(x) = # / R () (%) - (2.25)

—ico

'F <LIO>D(M ) corresponds to the finite-temperature effective potential obtained by Dolan and Jackiw [1].
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Here, the constant ¢ should be understood to be a point located on the real axis which is greater than all the poles of the
gamma functions in the integrand.

Applying the formula (2.25) to Eq. (2.14) together with Eq. (2.21), we obtain the integral form in the complex plane for
the third term of Eq. (2.22)

1 = (n)D-1 B f+1 n % 1 c+ioo D—-1 © ) MLU 2 —t+%
I :Z FL,.] ..... L,H(M<0))—( 1) N LD i ' arT’ I—T Z (ng +n9)? + o

c—Io0

Ono —00 ny=-—oo
0\ 2
x (—) SO(tL; ... Ly ). (2.26)
L "
where we have defined
S(n)(l, Li] 5. E Z Z { -+ (minLin)2}_t COS(Zﬂ'milnil) te COS(2ﬂmin7’]in). (227)
m,l—l m;, =1

The right-hand side of Eq. (2.23) is recast by using Eq. (2.15) with Eq. (2.21) into

Lli 0PI =L10( /N (7 r( 2_1>§_:m(M§0))%‘
=(=1) 2LD ( DT_1> mi_:oo{(nowtno)%(Mz—i‘o)Z}% (2.28)

The mode sum over n, in Egs. (2.26) and (2.28) has the analytical extension [16]. Depending on the value of 7, that
specifies the boundary condition for the S! direction, the form of the analytical extension is different and it is preferable to
treat the fermion and the scalar separately.

Equations (2.22) and (2.26) are the starting point in the present paper to investigate the nonanalytic structure of the
effective potential for the case of the scalar field with the periodic boundary condition for the spatial S! direction. On
the other hand, Eqs. (2.24), (2.26), and (2.28) will be used for studying the nonanalytic terms in the effective potential for
the case of the fermion field with arbitrary boundary condition for the spatial S} direction.

ITII. NONANALYTIC TERMS FOR SCALAR FIELD WITH PERIODIC BOUNDARY CONDITION

In this section we analyze the nonanalytic structure of the effective potential V; in the case of a real scalar field
(f =0,17p =0,N =1) with the periodic boundary condition (n; =---=mn, =0) for the spatial S}(i=1,...,p)
direction. To this end, we further recast Eq. (2.22) into a more convenient form.

A. New form of V¢
We separately write the zero mode (n, = 0) part and the nonzero mode (ny # 0) one in Eq. (2.26) to yield

I & (n)D—1 1 (n)D-1 n % c+zoo D—-1
— F M) =—F f——
Lo nO:Z—oo Lij..... L,»"( (0)) Lo Lij..... L,-n( (L)) i )
=, -5
XZ n0—|— L_ ’1""’Lin)’ (31)
ny=1
where we have defined
SOt Ly, . L) = T(1) Z e Z {(mi Li))> + -+ (m; L; )*}". (3.2)
m; =1 m; =1
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The mode sum over n; in Eq. (3.1) has the analytical extension [16] and it is given by

. L I0(0) | Val(t—3)
I'(1) Z:l{n(z) + 22} r— ~5 .y +7 20D
np= 9
2t

1 c1+ico 1
+\”/_E%/ IA dtl F<tl - I+E)C(2t1 —2l+ l)r([])(ﬂz)_ztl_ (33)

After changing the variable 7 = ¢ — % in Eq. (3.1) and then applying Eq. (3.3) to the second term in Eq. (3.1), we obtain

2" 1 fefptie 1 ML\~ 1\ (MLy\ (=)
S / dt{ —=T(r) [ ==2 L YER( L (MEo)
Lon = 27i =251 ico 2 2 2 2 2

77’,2! 1 ¢1+ico 1 MLO =2t

—_—— dn Tty —t+= |82t =2t + 1)I(t) | ——
+\/7—sz.ll_m ! (1 +2>C( 1 +1) (1)( 2 ) }

a0\ 2. D -1
=) SW{sj+=——:L.,...L; |, 3.4
)52 ) s

where we have denoted 7 as ¢ again.
We deform the ¢, integration path in Eq. (3.4) to encircle all the poles of the integrand and evaluate the #; integral by the
residue theorem. For this to be possible, the condition

ML,
1 :
0< 5 < (3.5)

must be satisfied. This follows from the requirement that the contribution from the large left semicircle attached to the
original #; integral must vanish for the residue theorem to apply. The condition (3.5) will be derived in Appendix A.

Among the poles t; = t—%— £(¢=0,1,...) of T(t; — t—l—%), only the pole t; = t—% is relevant because of
{(=2¢) =0(¢ =1,2,...), which always follows from the combination I'(t; — 1 +$){(2¢; — 2t + 1) and is frequently
used throughout our discussions. The residue at the pole 7, = ¢ — 3 with {(0) = —1/2 cancels the second term in Eq. (3.4)
and that at the pole 7, = ¢ of {(2¢; — 21+ 1) with I'() = \/x does the first term in Eq. (3.4). Thus, we are left with the
contribution from the pole 1, = —ii(ii = 0,1, ...) of ['(¢;) and Eq. (3.1) becomes’

LS~ pon-i 1w 2 & (1) MLO M ] fe-Bltioo o )
L_o Z: FL[I.,....L. (M(O)):L_OFL” ..... L;, Z P j dr —t—n+§ C(—2t—2n+1)

AL L, 27i Dol e

1\ -2 D—1
— () = L, ,....L; ). .
X(L0> : (H 2 e ) 39

There may appear the poles in the multiple mode summations, S (r + b1, ....L; ) that contribute to the above

>
integral. It does not, however, change the (M?)" dependence in Eq. (3.6) because of the nonexistence of M in
S0 (¢ + L bel:L; . ....L; ). Hence, the second term in Eq. (3.6), which arises from the nonzero modes (ng # 0), is entirely
analytic w1th respect to M and is expressed in the positive powers of M?. This means that any nonanalytic term, if present,
arises from the first term in Eq. (3.6) that comes from the contribution of the zero mode (ny = 0). We recognize that the zero
mode is crucial for the existence of the nonanalytic term. The effective potential (2.22) with Eq. (3.6) becomes

“We exchange the order of the sum over i and the 7 integral in Eq. (3.6). The condition (3.5) ensures the convergence of the sum, and
one can show that the 7 integral along the imaginary axis is well defined by using the discussion in the Appendix of the paper I together
with the one in Appendix A of this paper. We also apply the exchange in subsequent equations, although we do not state it explicitly each
time. Since the technical details of the exchange lie outside the scope of this paper, we do not pursue them further.
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)4
1 (o
Var = FOPM) + FP) + 3" Y L—OF2.>D L (M)

n=1 1<i|<ir<--<i,<p

p °° ML\ 27 1 c—2ltico
_Z Z Z il ( 0) 2,”/ dt

n=1 1<i|<iry<--<i <pﬂ2L0 C_T_lm

o1 _ 1\~ D-1
xT(—t—n+= )¢ =2t=2a+1)(—) S"(t+="——:L;.,....L; ). (3.7)
2 LO 2 1 n

We repeat the same discussion as the Sec. II B focusing next on the scale L; for the third term in Eq. (3.7) and apply the
analytical extension (3.3) to the mode sum over n; associated with the scale L;. Then, we evaluate the ¢, integral like
Eq. (3.4) by the residue theorem to yield

p
NS SRS RIIELATED DI DRt Y

n=1 1<i;<i,<--<i,<p n=1 2<i;<i,<--<i,<p

p=l on X (_1)7: ML\ 2" 1 c—22tico
-2 > %LI; il (21> _/ a

n=1 2<i <ir<-<i,<p = 2z e=P2ico
1\ -2 D-2
xF( t—n+ )C( —2t-2n+1 )<L> S<t+T;Lil,...,Lin>. (3.8)
1

One needs the condition 0 < ML,/(27) < 1 for the 7, integration to be evaluated by the residue theorem, which will be
discussed in Appendix A. Let us note that in Eq. (3.8) the second term is the contribution from the zero mode (n; = 0),
while the third one comes from the nonzero modes (n; # 0). We observe again that the contribution from the nonzero
modes depends on the positive powers of M2, so that it is analytical, and the nonanalytic terms potentially originate from the
first and the second terms. This procedure can be continued in order up to L,_; by applying the mode recombination

formula successively p times to the term with the multiple mode summations like F; (n ).D...,ZL, (M) in Eq. (3.8).

Then, we finally derive a new remarkable expression for the effective potential
3 (1)D—k
Ve = F +Z< o ) (M)
2" 1 (=) (ML \2 1 [eBttico
R Z( _') < 2k 1) . / 3 dr
7 Hj:OLj =0 n. i D=k

k=1 n=1 k<ij<iy<-<i,<pl 2 = —Fy i
1 1\ D—-k
xT(—t—f+=)¢(=2t=2a+1)(—) S (r+=—=:L,...L; ). (3.9)
2 L 2 "

It should be understood that Hf.‘;ol L; = 1 for k = 0 in the second term of Eq. (3.9). We observe from Eq. (3.9) that the mode
recombination formula enables the clear separation between the terms that contain the nonanalytic terms and entirely
analytic ones. Hence, we conclude that the nonanalytic terms in V. are given by

(1)D—k
Varha = P20y + Y~ (e ) P 0 3.10)

where the abbreviation denoted by “n.a.” means nonanalytic terms. Let us remind the reader again that the second term in
Eq. (3.10) is the contributions from the zero modes (ny =n; =---=n, = 0).

We repeatedly evaluate the #; integral of the type appearing in Eq. (3.4) in order to obtain Eq. (3.9). For this to be possible,
one needs the condition

ML;

0< 2”’<1 (i=0,1,...,p). (3.11)
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From the above argument alone, we obtain only the conditions up to i = p — 1, but as we will see below and in Appendix A,
Eq. (3.11) also specifies the conditions under which the residue theorem for computing the nonanalytic terms in Eq. (3.10)
can be applied.

B. Nonanalytic terms
The first term in Eq. (3.10) is already calculated to be given by Egs. (2.16) and (2.18). We analyze what types of
nonanalytic terms appear in the second term of Eq. (3.10). From Egs. (2.14) and (2.25), F (le)D_k(M) can be recast as

= 2 M2 N\
F;}k)D k(M) - Dk ( 2) KU*k(mkMLk)
(27)°= 1=\l
-2 M? ok 1 c+ico D—k ML, L
= o=\ 2 ) dil( 1 ——— T2 —=) . 3.12
(27[)%(2) 47n’/c_ioo < > ) (1¢( )( > > (3.12)

where we have used the definition of the zeta function {(z) = > %_, m~. By deforming the contour in the complex 7 plane
so as to enclose all the poles of the integrand, we evaluate the ¢ integral using the residue theorem. For this to be possible, as
discussed in Appendix A, one needs the condition, 0 < ML,/(2z) < 1(k =0, ..., p), which is the same as Eq. (3.11).

In the paper Il we are only interested in the power-type nonanalytic terms with respect to M, that is, the odd power of M
and calculate the integral by the residue theorem by focusing only on the single pole of the integrand. We did not studied
other nonanalytic terms in the paper. In the present paper we thoroughly investigate other type of nonanalytic terms, so that
the higher-order pole of the integrand must be taken into account. In fact, as we will see below, the double pole generates the
logarithmic-type nonanalytic term, log M.

Computing the ¢ integral by the residue theorem in Eq. (3.12) is straightforward and the details of the calculation are
given in Appendix B. We present the results here. For (D, k) = (even, even), (odd, odd), we obtain

1)D—k
FOPE M) =

D (M) L (0 (25 1))
)

=k $ DT+ DEe + ) (ML/«>”

2Dkg5 ST+ 10 +1) \ 4n
1= Dk ML,\2
= . F< 5 —m)C(D—k—Zm)<2k> : (3.13)
m=0 .

The first term, the power-type nonanalytic term, arises from the residue at the single pole ¢ = % of {(2t) and the second
term containing the logarithmic-type nonanalytic term originates from the residue at the double pole r = 0 of the part

I'(t =279 (1) in the integrand. The other two terms are analytic. We denote the nonanalytic terms in Eq. (3.13) by

Dok D—k—1
WDk [P (=D)(=1)= M
Frm (M) S EREp i L (3.14)
- log —-1)(-1)7T ML
(1)D-k _ Dk K
' na 207krT (25 4

065014-9



MAKOTO SAKAMOTO and KAZUNORI TAKENAGA PHYS. REV. D 113, 065014 (2026)

For (D, k) = (even, odd), (odd, even), we have

()D—k (= 1) D—k
F M) = M
Ly ( ) D—éc ”szl(D k)
L= D i log (ML) +~ (7 +w (22521 4y
2D k— lﬂ'Dé I(Dg 1) Lk g k 2 YETVY )

i " (D—k—m>C(D—k—2m) (@)M. (3.16)

m#

The first term is the power-type nonanalytic term that comes from the residue at the single pole = 0 of I'(¢) and the
second term including the logarithmic-type nonanalytic term arises from the residue at the double pole r = % of the part
['(r —25%)£(21) in the integrand. The last term is analytic. We represent the nonanalytic terms in Eq. (3.16) as

—k pow (-1)= D—k
(M) = 2[) k+1 D ]\ I(D k) M ? (317)
n.a.
3 log (_ 1 )D*ZH MD-k-1
(1)D—k _
Fpm (M) v P e L log (MLy). (3.18)

2

We have evaluated the # integral in Eq. (3.12) by the residue theorem and have found the possible types of the nonanalytic
terms in F (le)D_k(M ) to be the power type or the logarithmic one. F (le)D_k(M ) contains not only the nonanalytic terms but

also the analytic ones. This implies that although F (le>D_k(M ) is the contribution from the zero-mode sector through the

process of applying the mode recombination formula, it incorporates more contributions in addition to the nonanalytic
terms. We will come back to this point again at the end of this section.

We are ready to calculate the nonanalytic terms in V4 according to Eq. (3.10). We introduce the useful notation to study
the nonanalytic term and discuss separately the cases of even and odd values of D and p + 1. For the case of D = even, let
us recall the notations defined in the paper II, which is convenient to discuss the power-type nonanalytic terms

1 P pow ( I)D—Zn MD—Zn—l
APV — (1)D—2n—1 M o ; ’ 3.19
2n+1 — HlanL Lopss ( ) - 2D 21 _Dn= 2<D o — 1>” LO L ( )
1 DD—2n pow ( )( l)D_Z” MD—2n—1
BIZ)ZW = TF(LZ)n (M) — D= D 22 ’ (320)
[ L na, 272 (D=2n—1)!"1Lo--- Lo,
where we have newly added the superscript “pow” in Egs. (3.19) and (3.20). One immediately finds
AR+ B =0 forn=0,1,... (3.21)
We further introduce the notations for the logarithmic-type nonanalytic terms defined by
ale =L po-eeng (1) M (ML,,_,) (3.22)
2n—1 = H2n -2 L, Lyyy A 2D—2nﬂD’22" (D—TZn)!LO e Loy g 2n=1/> ’
! 1 Dp—2n, |8 (=) (=1)F P ML,
By =———F)"7(M)| = o (b log( =~ ). (3.23)
Hl =0 L; n.a. 2 ( 5 )!LO"'LZn—l 4

where we have used Eqgs. (3.18) and (3.15), respectively. We find
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g s (=1)% D2 Here, we have used Eq. (2.16) with f =0, N =1 for
Ay i+ B, 2D—2nﬂD;2"(D;2n)|LO...L2 1 Eq. (3.26), and Eq. (3.15) with k =0 for Eq. (3.27).
2 " The log M-dependence in Eqs. (3.24) and (3.25) cancels

x log (%) forn=0,1,.... (3.24) out, leaving alternatively the nonanalytic dependence on

2n the scale ratios, L,,_1/L,, and 1/uL,. In particular,

i i . (32
The n = 0 contribution in Eq. (3.24) should be read as the cancelation of the log M term 1n. Eq (3.25) occurs
between the zero-temperature contribution (3.26) and
(- o Ap the finite-temperature one (3.27), which has been pointed
D—‘MD log (T) (3.25)  out by Dolan and Jackiw in their paper [1]. This implies
20z (3)! HEo that the finite-temperature effective potential in the case
. 1 . . _
where we have defined of no spatial §; dlrecthn (1? = 0) does not have the
logM dependence, but it still possesses the nonana-
log (1) b M lytic structure given by the logarithmic term,
na 2075 )!M log;, (3.26) log(1/uL). As we will see below, this is also the case
o for fermions.
log (_1)(_1)§ 5 ML, Equipped with Egs. (3.19), (3.29), (3.22) anq (3.23), we
5D 2Dy, M"1 can calculate the nonanalytic terms in the effective potential
n.d. 7 (3)! Ve by Eq. (3.10) for D = even.

Al |
A% o + Boelio =

[Slie} ,_
TN
N

IS

!
Age_|pmo = FOP (M)

]

4
(3.27)
|
C. (D,p+1)=(even,odd)

The nonanalytic terms in Vg are written by

1 D
Bzor;g|n:0 = F(LU) (M)

i
Vel = D {ASe, + B3+ {a%, + BL" ) + B,y
n=0 n=0

DZn

D
_ Z MP=2n log 4rLy,_, n (—1)<—1)Tp MP-r~1 (3.28)
2D 2,, DZ"(D 2")!L0 ) Ly, #”¥(D_p_])!!LO..,LP’ .

where we have used Eqs. (3.21), (3.24) and (3.20) with n = ” . The n = O contribution in the sum over n of Eq. (3.28) is
given by Eq. (3.25). The effective potential has the power- type nonanalytic term [12,13] arising from Bpow|n,§ in this case.
The log M term cancels out and what remains is the nonanalytic term that depends on the scale ratios, L,,_;/L,, and 1/uLy,.

D. (D,p+1)=(even,even)
In this case the nonanalytic terms are given by

1
2

! 1 l
Veff'n.a. = Z{A;r;g 1 + Bog} 205 l| 7”“ + Z{AgnJrl + BIZ)ZW}

n=0

D—p-1

et -
- 22: (-1)* MP=2n log <4ﬂL2n_1> N (-1)= MP-r-1
L 2Py (D) Ly -+ Ly Ly, 2D‘1"1ﬂ¥(D_T”_1)! Ly---L

log(ML,), (3.29)

p

where we have used Eqgs. (3.21), (3.24) and (3.22) with n = 2~ +l . Equation (3.25) should be understood as the n =0
contribution in the n sum of Eq. (3.29). The effective potentlal possesses no power-type nonanalytic term, which is
consistent with the results in the papers I and II. On the other hand, the log M term arising from Alzong_1 |n:¢ survives and

other nonanalytic contributions, log(L,,_;/L,,) and log(1/uL,) also appear.
Let us proceed to study the case of D = odd. We use the notations defined in the paper II, which is useful to discuss the
power-type nonanalytic terms
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D—(2n-1)
w 1 1)D—(2n-1) pow (—1)(—1) 2 MP—2n
PV = (1) M — , 3.30
2n—1 leiaz Li Ly, ( ) e 20 —2n+1 D 2n (D 2”)”LO L2n—1 ( )
2n 1)
1 1)D=2n pow (- 1) MP=2n
Dy EWF(L> (M)| = = . (3.31)
where we have newly added the superscript “pow” in Egs. (3.30) and (3.31). We see that the relation

M+ DY =0 forn=0,1,--- (3.32)

holds. In the case of n = 0 in Eq. (3.32), it should be understood as

pow (—1)(=1)="
=CDEDE Dﬂ) ,1)2 MP, (3.33)

2n 1|n 0= ( )n.a. 222 DN

pow (-1)=
DYl =FVPon = Ly, 3.34
2n |n70 Ly ( ) - 2%”%1)” ( )

where we have used Eq. (2.18) with f =0, =1 and Eq. (3.17) with k = 0, respectively, which confirms the relation
(3.32) for n = 0.
In addition to them, we further define the notations

L p=nry 0 |8 (=D)(=D= MRl (ML,
coe = plib=Crilgn T — lo ntl ), 3.35
2n+1 %ﬁo L Lopi (M) A 7 D=2n—1 P2l 1(D—22n—1)! Ly---L,, g A ( )
1 log (_1)—”2{’*‘ pMD-2n-1
log __ 1)D—2n _
D M = —— log(ML,,), 3.36
2n H2n L, LG (M) na 2D ﬂ%(D—zzn—l)! Lo L, g(MLy,) (3.36)
where we have used Egs. (3.15) and (3.18), respectively. Then, we find
—-1)= MP-2n=1 4zL,
CYe |+ DY = ( 1 2) forn=0,1,.... 3.37
it T 2D‘2”‘17z0722”71(—D_zzn_—l)!LO - Loy ? 2n41 o ( )

The log M dependence drops out, leaving the nonanalytic dependence on the scale ratio L,,/L,,,; instead.
With the help of Egs. (3.30), (3.31), (3.35) and (3.36), one can calculate the nonanalytic terms in the effective potential
Vi according to Eq. (3.10) for D = odd.

E. (D,p+1)=(odd,odd)

The nonanalytic terms in the effective potential V. are given by

I D! 1
Vettlna = Z{CZ()rzg+l Dy} + Dyyl,p + Z{ngwl D5}

p_
1 MD—p—l

: (—1)73 MP-2n=1 47L, (=1)2
= 1 L log(ML ), 3.38
;zD—Zn—lﬂ%(D—Zzn—lﬂLo <Ly, Og(LG_H) T 2D=p=1, D == 1(D 5 1)!L0 .. 'Lp Og( p) ( )

where we have used Egs. (3.32), (3.37) and (3.36) with n = ” . We observe that there is no power-type nonanalytic term
[12,13]. The log M term arising from D2n |n:g survives and the log(L,,/L, ) term also appears.
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F. (D,p+1)=(odd,even)
In this case the nonanalytic terms in V4 are given by

p—1
2

_ log log pow pow pow
Veff|n.a, - E {C2n+1 } § :{CZn—l + D2n + C2n—1|n:%

|”:

n=0 n=0
= ! D-2n-1
Z 1) 2 MD 2n-1 lo 47Z'L2n
o 2D 2n— lﬂ.D Zn= 1(D 2n— 1)yL Ly, g Loyt
D-
+ CHEDF o (3.39)
D-p D-p-2 ’ .
277 > (D-p—-1)"Lo Ly

where we have used Egs. (3.32), (3.37) and (3.30) with infrared behavior of the theory may be dominated by the
n= I’T“ Vi has the power-type nonanalytic term arising ~ zero mode, such an infrared nonanalyticity is expected to be
from CB™™ | . [12,13]. The log M dependence cancels obtained directly by the contribution from the zero mode.
We show that this is indeed the case below. By setting
f=0,N =11in Eq. (2.4), we have

out and the nonanalytic dependence on the scale ratio
L,,/L,, . emerges instead. Let us note that the overall sign
(=1)(P=P=1)/2 in the log M term in Egs. (3.29) and (3.38)
takes (D—p—1)/2=1(-=1)forD — p — 1 = 4m(4m + 2)

withm=1,2,.... yzero mode l 1 / d”- p+1)p IOg (P + MQ)
We obtained all the nonanalytic terms that cannot be eff 2Ly---L, ) (2z)P-p+D) E
expressed in the positive powers of M? in the effective (3.40)

potential V. for the case of the scalar field satisfying the
periodic boundary condition for the spatial S! (i = 1, ..., p)
direction. The effective potential has two types of nonana-
lytic terms: power type and logarithmic one. We demon-
strated that the appearance of these terms is highly

We follow the prescription to calculate the effective
potential in Sec. II and immediately obtain

D—(p+1)

characteristic, that is, the power-type nonanalytic term yreromode — ___ T r _D- (p+1)\ MP-r-!
exists in the case of D—(p+1)= odd, while the eff 2(27)P=(P+1) 2 Ly---L,
logarithmic-type one does in the case of D —(p + 1) = (3.41)

even. The two types never appear simultaneously. We
summarize the results in Table L.

It may be appropriate to comment on the nonanalytic
terms, which have not been mentioned in the paper II. The

For D — (p + 1) = odd, by using Eq. (2.17), we find

zero modes (ny =n; =---=n, = 0) are crucial for the (=1)(=1)=" MP-r-1
P y/zero model —

existencleDofk the nonanalytic terms and in fact the second eff D=(p+1)=odd 2?}[07572(D —p—1N"Lo---L, ’

term F (Lk) (M) in Eq. (3.10) containing the nonanalytic (3.42)

terms arises from the zero-mode sector through the process

of applying the mode recombination formula. Since the This is the same with the second terms in Egs. (3.28) and

(3.39). On the other hand, for D — (p + 1) = even, the
TABLEL Nonanalytic structure of the effective potentialonthe ~ gamma function in Eq. (3.41) has the pole and we employ,
spacetime, S; x R~ x [T7, S} for the scalar field with the  for example, the dimensional regularization and the MS
periodic boundary condition for the S}(i = 1,..., p) direction.  renormalization to yield
The “non” in the table means that there is no corresponding type
of nonanalytic terms. The numbers in the parentheses stand for

the equation numbers in the text. (_I)D}”'l
Vet mOde|D—(p+1)=even = DpT
(D.p+1) (even, odd) (even, even) (odd, odd) (odd, even) 2Pl g5 (B=p=ly)
Power type (3.28) non non (3.39) MP-r-1 ) M 343
log M type non (3.29) (3.38) non X Ly---L, ng’ (3.43)
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where the scale u is a set of possible renormalization
conditions. This is equivalent to the second terms in
Egs. (3.29) and (3.38) if we identify the scale y as L;l.
The above calculation shows that the nonanalytic terms
are simply obtained by the contribution from only the zero
mode in Eq. (2.4). Even though F (le)D_k(M ) that potentially
contains the nonanalytic terms also comes from the zero-
mode sector through the process of applying the mode
recombination formula, due the existence of the winding
mode my in F(le)D_k(M), it includes additional quantum
effects to result the third and fourth terms in Eq. (3.13) [or
the third term in Eq. (3.16)] in addition to the nonanalytic
terms. Therefore, our approach for studying the nonanalytic

D

terms leads to a larger contribution than the approach that
takes into account only the zero mode.

IV.NONANALYTIC TERMS FOR FERMION FIELD
WITH ARBITRARY BOUNDARY CONDITION

A. New form of Viff

Let us study the nonanalytic structure of the effective
potential ngf in the case of a fermion (f = 1,779 = 1) with
arbitrary boundary condition for the spatial S!(i =
1,..., p) direction. It is convenient to use the expression
(2.24) and we consider the second term whose integral
representation in the complex plane is given by Eq. (2.26)

1 (m)(D-1.7) S 2AT 1 feie D-1\ & N2 ML\ 2) 5
L_ Z FL,- ..... L;, (M(O))—N LOD 4_7'[1 e dtIl’ t—T nZ_:oo n0+§ + 7

T =2t )
— Sin t;Li,...,Li .
X < 0) ( . n)

Hereafter, we assign the superscript “f ” in the relevant quantity like F; ™
e

considering the case of fermions.

0=

(4.1)

<")(D_li’f ) (M ) in order to make it clear that we are

The mode sum over n, has the analytical extension [13,16]

0 1\ 2 —t r _1 4 2t 1 c|+ico 1
r@ . {<n0+§> +z2} :ﬁ%_%ﬁ/ ' dt1F<t1—t—l—§>§(2tl—2t+1)F(t1)(7tZ)_2"

nyg=-—oo cj—ico
+4(2,,)2t 1 /c1+ioo
Vi 4rmi

dny T <t1 -+ %) ¢(2t; =2+ DI(t;)(2mz) 0

(=1 472 1 [atieo 1
_ -z dn,T( t; —t+= |n(2t, =2t + D(1,) (nz) 2", 4.2
VA L [ (1= e =20 ) ) (42)

where we have defined the so-called eta function

n(t) = (1-2"7)(x). (4.3)
The characteristic point in Eq. (4.2), compared with Eq. (3.3), is that the eta function appears instead of the zeta function and
there is no counterpart corresponding to the first term arising from the zero mode (n, = 0). These come from the fact that in
the case of fermions the zero mode is removed due to the antiperiodic boundary condition for the Euclidean time direction
followed from quantum statistics. After changing the variable 7 = ¢ — DT‘I in Eq. (4.1) and inserting Eq. (4.2) into it, we
obtain

1 & (n)(D=1.f) 1 on 1 /c—%ﬂ'oo 1\ /MLy 26
Lo :Z Firebin Mo) LONﬂ05] Ani Je-psico vE 2 2

472 1 i +ioo 1 MLg\ 21
— — duy U\t —t+=|n2t; =2t + D)I(t)) | —
| anr(n= e 20 e ()

o\ D-1
=) SW(r+——L,.....L; ),
<(f) (P )

(4.4)

where we have denoted 7 as ¢ again.
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We deform the #;-integration path in Eq. (4.4) so that it encloses all the poles of the integrand and then evaluate the ¢,
integral by the residue theorem. For this to be possible, as discussed in Appendix A, the condition

ML
0<—2<1 (4.5)

7
must be satisfied. Among the poles t; = ¢ — % —2(¢=0,1,...)of I'(¢; —t + %), only the pole t; =1 — % is relevant because
of n(—=2¢) = 0(¢ = 1,2, ...), which always follows from the combination I'(#; — ¢ + $)n(2t; — 2¢ + 1) and is frequently
used throughout our discussions. The residue at the pole #; = ¢ —% with 7(0) = 1/2 cancels the first term in Eq. (4.4).

The eta function does not possesses any pole unlike the zeta function. We end up with the contribution from the pole
t =-na(n=0,1,...) of I'(#;), so that Eq. (4.4) becomes

I o -1 _ 21 ferie (& (=1)T (MLy\ % o )
I :Z Fr oL (M(o))——N— dtz T\ r —t—n—l—i n(=2t-2n+1)

0 ny=—c0 " " H%LO % c—%—ioo =0 n!
1\~ D-1
x—]) SW(t4+——;L;....L; ). 4.6
(Lo> ( Tk ’"> (4.6)
There may be the poles in the multiple mode summations S (r+ DT_I ;L;,. ..., L; ) that contribute to the above 7 integral. It

does not, however, affect the (M?)" dependence due to the nonexistence of M in the summations. We observe that all the
terms in Eq. (4.6) are analytic and can be expressed in the positive powers of M>. Hence, there exist no nonanalytic terms
in Eq. (4.6).

Let us next study the first term in Eq. (2.24), whose explicit form is given by Eq. (2.28) with f =1 and 5y = %

1 & T D-1\ & 1\2 (ML) %
— FO@O-LO (A )= N ——T'[ === - =0 . 4.
I 2 (M) =N37p 7 ) 2 (mt3) (5 (4.7)

0 =0

nyg=-—o00
The analytical extension for the mode sum over n is given by setting ¢ = —% ,Z = % in Eq. (4.2) as
I O n? D
o F(O)(D—l.f) M — T r==\MmP
Ly nozz_m (M) =N 20227\ 2
1 1 ci+ico D ML\ 24
—N——/ dt, T(t,+= |n2t, + D)T(1)) (—2) . 4.8
L2271 Jor i 1 1+5 n(2t; + D)I(1;) 5 (4.8)

The first term in Eq. (4.8) is precisely the F(©(P-/) (M) from Eq. (2.15) with f = 1. On the other hand, the second term in

Eq. (4.8) is equivalent to F<LIO)(D’ﬁ (M). To see this, we set f = 1,n =1,y = % in Eq. (2.14), identifying L; as L, and use

Eq. (2.25) together with the definition of the eta function 7(z) = >.%_,(=1)"~'m~%. Then, we have

(1)(D.f) _ 1 %2 %I/C-‘rioo _B % =2t
Fp 0 (M) = N(2ﬂ)g<2) i ) dil( ¢ 5 [(1)n(21) 5 ) (4.9)

And if we change the variable #; = t—% in Eq. (4.9), we arrive at the second term in Eq. (4.8).
Then, we finally obtain from Eq. (2.24) with Egs. (4.6) and (4.8) that

D

B (DY L L [ D ML)
Veff_Nz(zﬂ)DF< 2)M NLg;;%%ri dn T t1+2 n(2t; + D)I'(1) 5

c1—ico

- 21 SN (=1)" (MLy\2" 1 [eb5trico
- — dt
>y v SR ()

n=1 1<i<-<i,<p n2Lg 5= T i

1 ) 1\~ D-1
x| =t =743 n(=2t—2a+1) - e th 5L Ly, ) (4.10)

0
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We obtain an important expression for the effective potential in the case of the fermion with arbitrary boundary condition for
the spatial S} (i = 1, ..., p) direction. As stated below Eq. (4.6), the third term in Eq. (4.10) is strictly analytic with respect to

M. We observe that the mode recombination formula clearly separates the effective potential ngf into a part that contains the
nonanalytic terms and a part that is entirely analytic. Hence, we conclude that the nonanalytic terms, if present, can arise

from the first and second terms in Eq. (4.10) and we write the nonanalytic terms in ngf by
: ~ 1)(D.
Vitha = FOPD M)y + Fi) 2D (0], (4.11)

B. Nonanalytic terms

We have already calculated the first term in Eq. (4.10) in Sec. I and have found the power-type or the logarithmic-type
nonanalytic terms. For D = even, it is given by Eq. (2.16) with f =1

log —1)2 M
FO0n ()| = N —ED g™ (4.12)
na 2Pm2(Q)! u
while for D = odd, it is done by Eq. (2.18) with f =1
pow -1 Dl
FOONM| = N—D(H D)_f MP. (4.13)
na 27272 D!

Let us obtain the nonanalytic terms in the second term of Eq. (4.10), which is F (Llo) (D.1) (M). We deform the contour in the

complex #; plane to encircle all the poles of the integrand and evaluate the integral by the residue theorem. One needs the
condition (4.5) again for this to be possible, which will be derived in Appendix A. It is appropriate to compute the integral
separately for even and odd D. The details of the calculation are given in Appendix C. We present the result here. For
D = even with Egs. (C2), (C3) and (C5), we have

FUPD (M) = N %M{lg (%) -2 (v v(31))}

DT (=D T2+ 1)(1 -2 (MLo)”
oM ; re+2+nre+n XTI\
2
1 2 (_l)m D MLO 2m
_,/\/ﬂgLODm:O — F(E—m)n(D—Zm)<T) . (4.14)

The first term in Eq. (4.14) containing the logarithmic-type nonanalytic term arises from the residue at the double pole
t; = — % of the part I'(t; + 2)I'(#;) in the integrand. There is no power-type nonanalytic term in Eq. (4.14), which reflects

the fact that the eta function 7(2¢; + D) does not possess the pole unlike the zeta function.
From Eqs. (4.12) and (4.14), there is no power-type nonanalytic term in the effective potential, which is consistent with

the result in the paper II. We have only the logarithmic-type nonanalytic term in F (Llo)(D’f ) (M)

log (-1)2 ML
1)(D.
F<Lo>< D(m) =N =5 D(Q)‘MDlog<—ﬂ 0), (4.15)
D)1

n.a. 2%

so that Eq. (4.11) becomes
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log 0D log
Viff'n.a. = FOD.f) (M) + F(LO)( ) (M)

n.a.

- J\/(_—I)EVMD log (@)

Pk ®) z

n.a.

T (4.16)

The log M dependence finally cancels out, leaving alter-
natively the nonanalytic dependence on the scale 1/ /4L0.3

Let us proceed to study the second term in Eq. (4.10) for
D = odd. As discussed in Appendix C, the integrand has no
double pole in this case, so that there arise no logarithmic-
type nonanalytic terms. We obtain [see Eq. (C6)]

21
« (D —2¢) <M2L°) . (4.17)

The first term is the contribution from the single pole #; =
—Lof I'(#; 4+ ) and the second one is the one from the pole
t =-¢(¢=0,1,...) of I'(t;). As expected, there is no
logarithmic-type nonanalytic term in Eq. (4.17). We see that
the first term, the power-type nonanalytic term, cancels out
Eq. (4.13) to reproduce the result in the paper II. Therefore,
the effective potential does not possess the nonanalytic
terms

v/

eff In.a.

=0 for D = odd. (4.18)

We conclude that in the case of the fermion with arbitrary
boundary condition for the spatial S!(i = 1,..., p) direc-
tion, the effective potential does not have any nonanalytic
term with respect to M. We summarize the results in
Table II. This is quite different from the case of the scalar
with the periodic boundary condition for the spatial S}
direction.

If we consider the scalar field with some of the boundary
condition for a spatial S} direction being antiperiodic, the
effective potential in this case essentially has the same as
that in the case of the fermion by regarding the spatial
direction that has the antiperiodic boundary condition as
the Euclidean time direction. Hence, the results in the case
of the fermion immediately imply the conclusion that there
are no nonanalytic terms if the scalar field obeys at least one
antiperiodic boundary condition for the spatial S! direction.

3This is the same situation as Eq. (3.25), in which the log M
dependence drops out.

TABLE II. Nonanalytic structure of the effective potential
V/: on the spacetime, S! x RP=(P+1) 5 T]7_, S! for the fermion
field satisfying the arbitrary boundary condition for the spatial
Si(i =1,..., p) direction. The “non” in the table means that the
effective potential contains no nonanalytic term of the corre-
sponding type.

D = even D = odd
Power type non non
log M type non non

V. CONCLUSIONS AND DISCUSSIONS

We have investigated the nonanalytic terms in the
one-loop finite-temperature effective potentials of the
scalar and fermion fields on a D-dimensional spacetime,
S! x RP=(r1) x TT%_, S!. These are the terms that cannot
be expressed as the positive powers of the field-dependent
mass squared. In our analysis we have made the extensive
use of the mode recombination formula developed in the
paper II, which can be applicable to fermions, scalars and
arbitrary boundary conditions for the spatial direction
Sl(i=1,...,p). We recast the effective potential into
the remarkable expressions, Egs. (3.9) and (4.10) that
have not been obtained previously. The rewritten expres-
sion clearly separates the analytic terms from all other
ones, thereby making it transparent where the nonanalytic
terms of interest arise.

The relevant quantities such as F (le)D_k(M ), F (Lln)(D‘f ) (M)
that can potentially give rise to the nonanalytic terms in the
effective potential are initially expressed in terms of the
modified Bessel functions of the second kind accompanied
by the mode summations. By employing the integral
representations of the function together with the analytical
extension of the mode summations, we rewrite them as the
contour integrals in the complex plane. We evaluate the
integral by the residue theorem, picking up all infinitely
many poles contained in the integrand. This procedure
enables us to obtain the complete set of terms that appear in
the effective potential. As a result, we find that the possible
nonanalytic terms with respect to M in the effective
potential are of power type or logarithmic one.

The logarithmic-type nonanalytic terms newly analyzed
in the present paper are found to arise from the double pole
in the integrand, in contrast to the power-type nonanalytic
terms that originate from the single pole as shown in the
papers I and II. In the case of the scalar field obeying the
periodic boundary condition for the spatial S! (i = 1, ..., p)
direction, we have determined all the nonanalytic terms in
the effective potential by classifying the cases according to
whether the spacetime dimension, D and the total number
of S!, p+1 are even or odd. We have clarified the
significant nonanalytic structure as summarized in
Table I: whenever the power type is present(absent), the
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logarithmic type is absent(present). We have also studied
the case of the fermion with arbitrary boundary condition
for the spatial S! direction. The absence of the zero mode
due to the antiperiodic boundary condition following from
the quantum statistics is crucial for the nonanalytic struc-
ture and we have found that neither of the two types appears
in the effective potential regardless of the values of D and
p+ 1. The results in the case of the fermion have
immediately led to the conclusion that there exists no
nonanalytic term in the case of the scalar satisfying the
antiperiodic boundary condition for at least one spatial S’
direction.”

We have also shown that the nonanalytic terms (3.42)
and (3.43) can be obtained directly from the contribution of

the zero mode alone. In our formulation based on the mode

recombination formula, F élk)D_k(M) that potentially con-

tains the nonanalytic terms also arises from the zero-mode

sector in the formula. However, thanks to the winding mode

my in F (le)D_k(M ), it yields the larger contributions, the

third and fourth terms in Eq. (3.13) [or the third term in
Eq. (3.16)] in addition to the nonanalytic terms. Therefore,
our formulation provides the richer results that cannot be
obtained by considering only the zero mode. Moreover, the
origin and the mechanism responsible for the emergence of
the nonanalytic terms are very clear in the formulation and
it serves as a powerful framework for analyzing the terms.

We have studied the nonanalytic terms that cannot be
expressed by the positive powers of the field-dependent
mass squared. In order to fully understand the nonanalytic
structure of the effective potential, one needs to evaluate the
complex ¢ integral in the third term of Eq. (3.9) [or
Eq. (4.10)]. Even though the third term is entirely analytic
in M, we expect that the term contains nonanalytic
contributions with power and/or logarithmic dependence
on the scale L;(i = 0, ..., p) and/or their ratio. In fact, these
types of the contributions already appear, for example, in
the first term of Eq. (3.28). It is of considerable interest to
clarify the nonanalytic structure associated with the scale or
the ratio, namely in connection with the phase-transition
phenomena of the theory. A detailed investigation for fixed
values of p is currently in progress and will be reported in
the near future.

We have obtained the nonanalytic terms in the effective
potential under the condition (3.5) [or (4.5)]. One could
have new types of nonanalytic terms, which are different
from the ones obtained in this paper, outside of the region

*We also discussed the nonanalytic terms in the case of a
higher dimensional gauge field on S! x RP=(P+1) x TT7_, S! in
the paper II. The results concerning with the nonanalytic terms
obtained in this paper also hold for the gauge field. The
component gauge field for the spatial S} direction can acquire
the vacuum expectation value to yield the fractional values of 7; in
the boundary condition (2.3). It may be important to study the
analytical extension in that case.

of Egs. (3.5), (3.11) and (4.5). In this case, unlike the
method adopted in this paper, it is necessary to evaluate
(2.14) directly by some means. The method is not known at
present, but the problem is highly challenging and
interesting.

ACKNOWLEDGMENTS

This work is supported in part by Grants-in-Aid for
Scientific Research [No. 18K03649 and No. 23K03416
(M. S.)] from the Ministry of Education, Culture, Sports,
Science and Technology (MEXT) in Japan.

DATA AVAILABILITY

No data were created or analyzed in this study.

APPENDIX A: DERIVATION
OF EQS. (3.5) AND (4.5)

Let us derive the conditions (3.5) and (4.5) in the text.
We deform the contour in the ¢, plane of Eq. (3.4) [or
Eq. (4.4)] to encircle all the poles of the integrand and
evaluate the integral by the residue theorem. For this to be
possible, the contribution from the large left semicircle
must vanish, from which one obtains the conditions.

The relevant part in Eq. (3.4) for the discussion is
given by

c1+ico 1 ML =2t
/ dtlf(tl - t+5> £t =20+ 1D)I(1)) <TO> ;

|—ico

(A1)

In order to examine the contribution from the large left
semicircle for the contour integral (Al), we study the
asymptotic behavior of log|/| in the large radius limit,
where

ML,

I= r(rl —r+ %) £t = 2t + D0(ty) (T) ' (a2)

To this end, we need to understand the asymptotic behavior
of each function in the integrand.
Stirling’s formula is given by [14]

[o)~V2re ™ 0”31+ )
with

for || - o

|argw| < 7, (A3)

from which it follows that
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1 1
log |T(w)]| =~ Re{ <a) —§> logw — w —|—§log(2ﬂ) 4. }

1
= (a)R —§> log |@| — (arg w)w; — wg + - - -
(A4)

Here we have denoted the real (imaginary) part of w

by wg(wy).
The large left semicircle is parametrized by

t; = ¢+ Re” with gg(pggﬂ, R — o, (A5)
where R > 0, c € R. The asymptotic behavior’ of I'(,) in
the limit R — co is obtained by using Stirling’s
formula (A3) with w being identified with #;. Taking into
account arg; ~ arg ¢(mod 2x) in the limit R — oo, the
range of validity of the formula (A3) is now given by
|argg| < 7, so that the range %< ¢ <3z (especially
@ = n) lies outside of it.

In order to obtain the asymptotic behavior of the gamma
function that is valid in the entire range 7 < ¢ < %ﬂ', let us
consider I'(a — fft, ), where a € C, # > 0. By identifying @
in Eq. (A3) with a — ft;, Eq. (A4) becomes

log |T(a — pt;)| =~ —pR cos plog(BR) + PR(Osin g + cos @)

T (aR ~ pe —%) log(4R) (A6)

in the limit R — oo, where we have denoted the real
part of a by ap and 6 = arg(a — ft;). Since Eq. (A6)
is valid for |0] < = from Eq. (A3) and 0 ~ arg(—e?) in
the limit R — oo, Eq. (A6) is valid for §§g0§%7r
with @ ~@ — . Thus, we can use the asymptotic
formula (A6) for the entire range of the left semicircle
given in Eq. (AS5).

The above discussion indicates that it is appropriate to
recast the I'(a + fit;) type in the integrand of Eq. (A2) into
the T'(1 — a — fit;) type by using the formula

T

M@l —o) = sin(zw)

(A7)
in order to study the asymptotic behavior of log|/|. One
also needs the asymptotic behavior of the zeta function
along the large left semicircle. It may be convenient to use
the formula

(1 —w) =2'""2727¢ ()T (w) cos (ggg) (A8)

>One should keep the limit R — oo in mind when studying the
asymptotic behavior in Appendix A.

By replacing w by 1 — @ with ® = a + ft; in Eq. (A8), we
have

(2”)0!-&-,511

é’((x—l—ﬂtl): é’(l—a—ﬁtl)r(l—a—ﬂtl)

X sin E (a + pt; )} , (A9)

which will be used to recast the zeta function in Eq. (A2). It
is easy to see

log

sin B (a +ﬁt1)} ‘ zgﬁR| sing|  (A10)

and the asymptotic behavior of log|['(1 —a—ft;)| is
obtained® by replacing @ with 1 —a in Eq. (A6) in the
limit R — oo.

Now we are ready to discuss the asymptotic behavior of
log |I]. Let us recast the gamma and zeta functions in
Eq. (A2) by using the formulas (A7) and (A9). Then, we
obtain

I =rn(2n)

(1 =24 = 26))T(1 = 2A = 21,) (MLg\ =
Sin(ﬂtl)r(l —A—tl)F(l _tl) < vi¥/s > ’
(A1)

where we have denoted A = % — t. Aside from the irrelevant
term, it follows that

log |I| ~1og|{(1 —2A —21)| + log [T(1 — 2A — 21,)|
—log [sin(zt;)| —log |[I'(1 — A — 1;)|
ML 0 =21
4z '
We note that the argument of {(1 —2A — 2¢,) enters the
region of absolute convergence as the R tends to infinity, so
that it may be considered as a quantity of order one and
thus, the first term in Eq. (A12) does not contribute to the

asymptotic behavior.
Knowing that

ML\ 21
4z

and using Eq. (A6), we finally obtain

—log|T'(1 —1,)| + log (A12)

log

ML
~ —2R cos ¢ log <4—0> (A13)
3

ML
log || ~ —zR| sin ¢| — 2R cos ¢ log (2—0) (Al4)
n

®Let us note that arg(l —a —pt;) =6 in the limit R — oo,
where @ appears in Eq. (A6).
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In order for the contribution to |/| from the large left
semicircle (< ¢ <37, R — o) to be suppressed, one
needs the condition

ML
0<—0<1,

> (A15)

which is Eq. (3.5) in the text.

Let us make a few comments in order. The first one is
that the leading behavior R cos ¢ log R and the subleading
one R(Osin ¢ + cos ¢) in Eq. (A6) cancel out between the
three gamma functions in Eq. (A12). The dominant con-
tribution is governed by the term linear in R, as shown in
Eq. (A14). The second one is that the complex integral in
Eq. (3.12) is essentially the same type as Eq. (A1), so thata
similar discussion leads to the condition (3.11). The last
one is that if we take ¢ =Z(3x) in Eq. (A14), we have
log |I| ~ —zR. This implies that the contour integral (Al)
|

(and (B1) defined below) along the imaginary axis is well-
defined, as it should be. The three comments are also
applicable to the case of the fermion, which is given below.

Let us next derive the condition (4.5) in the case of the
fermion. The relevant part of the ¢, integral in Eq. (4.4) is
given by

¢ +ico 1 ML\ —2
/l du Uty —t+= |n(2t =2+ 1)(1)) Zoo)
c1—ico 2 2

(A16)

The only difference, compared with Eq. (A1), is that the
zeta function in Eq. (A1) is replaced by the eta function. We
denote the integrand in Eq. (A16) by 1.

Using the formula (A7) and (4.3) together with (A9), the
integrand [ is recast as

If = 71'(27'[)2A

Up to the irrelevant terms, we have

(1= 2124=20)¢ (1 = 24 — 21)T'(1 — 24 — 21,) MLy 2" (A1)
Sln(ﬂ'tl)r(l—A—tl)F(l—[l) Az '
log |1;] ~log|(1 —2'724721)| + log [£(1 — 2A — 21;)| + log [T'(1 = 2A — 21,)|
ML\~
—log|sin(zt;)| —log |T'(1 — A —t;)| —log [T'(1 — ;)| + log <4—0) . (A18)
3

The first term in Eq. (A18) behaves like

log|(1 —2'"24"21)| ~ —2Rcosplog2  (A19)
in the limit R — oo and the second term can be ignored as
explained before. We immediately obtain

log || ~ —zR| sin ¢| — 2R cos ¢ log (@) . (A20)
where we have used Egs. (A12), (A14) and (A19). The
difference of the factor 2 in the logarithm of the second
term in Eq. (A20), compared with Eq. (A14), comes from
the difference between the zeta function and the eta
function [see Eqs. (4.3) and (A19)]. In order for the
contribution to |I;| from the large left semicircle (5 < ¢ <
%71’, R — o) to be suppressed, one obtains the condition

ML
O<—0<1,
T

(A21)

which is (4.5) in the text.

It may be interesting to note that the antiperiodic
boundary condition for the Euclidean time direction for
the fermion can be viewed as the periodic one if we
consider 2L, This suggests that the condition for the scalar
case (Al15) is reduced to the fermion one (A21) by
replacing Ly, by 2L, in Eq. (Al5), which is actually
the case.

It is worth noting the following point. Our results (3.13),
(3.16), (4.14) and (4.17) contain the infinite series. One can
show that the conditions (A15) and (A21), which have been
imposed to obtain the results and are derived in this
appendix, exactly coincide with the radius of convergence
for the series. This fact strongly supports the validity of the
results using the framework to study the nonanalytic terms
in this paper.

APPENDIX B: RESIDUE EVALUATION
FOR Fy (M)

Let us derive the results (3.13) and (3.16) in this
appendix. We consider the complex integral (3.12)

065014-20



NONANALYTIC STRUCTURE OF EFFECTIVE POTENTIAL AT ...

PHYS. REV. D 113, 065014 (2026)

D—k .
(I)D—k —2 ]‘42 2 1 /C+100
F M)=——=|— — dtT’
L (M) (2z)% ( 2> 4ri Jo_;i

We deform the contour in the 7 plane so that it encloses all
the poles of the integrand and evaluate the ¢ integral by the
residue theorem under the condition (3.11). Note that the
integrand (B1) can have at most a double pole because the
part I'(7){(2¢) obviously never possesses the double pole.

Thus, the double pole exists in the part I'(r — 27%)['(1) or

['(r — 25%)£(21) in the integrand, depending on whether 25
is even or odd. It is convenient to evaluate the integral by
separating the cases in which D and k are even or odd.
We first present the necessary formulas to evaluate the
integral using residues. Let us consider the function F(7) =
A(t)B(t)C(1) and suppose that t = « is a double pole of the
part A(¢)B(¢) in F(¢) and C(t) is regular at the pole. Writing

A = 1A Ol -a), (B2)

B(1) = 4+ B+ Ot~ ), (B3)

the residue of F(r) at the pole t = a is calculated to be

ResF(1)| = %(F(t)(t —a)?)

= AresBresC/(a) + ArestC(a) =+ AfBresC(a)'
(B4)

1=a =a

(B1)

(r - DT_"> (e (20) (@) -

The C'(a) in the first term of Eq. (B4) is the origin of the
logarithmic-type nonanalytic terms, as we will see below. If
the pole ¢ = a is the trivial zero of C(r), that is, C(a) = 0,
then, we have

A

F(e) = % C'(a) + O(t—a) for C(a) =0, (BS)

so that the pole r =a becomes a single pole of the
integrand to yield

ResF(1)],_, = ApsBresC'(a) for C(a) =0.  (B6)

| =a

Equations (B4) and (B6) are frequently used in evaluating
the integral by residues.

1. (D,k)=(even,even),(odd,odd)

The first term in Eq. (3.13) arises from the single pole
t=1% of {(2r) in Eq. (3.12) and is the power-type
nonanalytic term that we have already obtained in
Eq. (4.10) of the paper II.

The part I'(r — 274)I°(1) possesses a double pole at = 0
in this case. By using Eq. (B4) and denoting ¢, = D k the

residue at the pole of Eq. (3.12) is calculated to be

2 (M2\%1 [(=1)" ML, (=1)% (1)‘”*
arel) star (5 ) R L)
D g (M) Dk
S o (5 2 o (5 0))) =7
where we have used the expansion
() = (‘n1|)" t +1 -+ CD 1)+ 0t + ). (BS)
Here, the digamma function y(m) is given by
m—1
wm) =Y~ and (1) = 7. (B9)

r=1

We have also used {(0) = —3 and {'(0) =

—1log(2x) in the calculation and y is Euler’s constant. Equation (B7) is the

second term in Eq. (3.13). The logarithmic-type nonanalytic term comes from C’(a) of Eq. (B4) in evaluating the residue at

the double pole.
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Let us next compute the contribution from the single pole t = —£(¢ =1,2,...) of I'(r) and I'(r — 2%), which
corresponds to the case (B6) because of {(—2¢) = 0(¢ = 1,2, ...). The straightforward calculation shows

=2 (MA\F 1S (=) (=1)f ML \*
= (= _E 281(=27) [ —=£
(2,;)[’—;*( > 2L (£ +£,) L & )< 2 >

/=1
—1)(= D— © )¢ 2
_ (=== Mo- "Z FDzi+ ¢(2¢+1) (ML, ’ (B10)
2D’< T+ 25 1) +1) \ 4n
where we have used
(=1)%(2¢)! (=1)T(2¢ + 1)
"(=20) =~—~———C2C+1 — =020+ 1). B11
cc20) = LB o 1) - EUEEC D a1 B11)
Eq. (B10) is the third term in Eq. (3.13).
We finally calculate the contribution from the single pole t = £, —m =27k —m(m = 0,1,.... 255 = 1) of I'(r — 25%).

We find

-1 = (-1)"_/D-k ML\ 2"
= ( ‘) r( > —m)C(D—k—Zm)(Tk> . (B12)
We have obtained the fourth term and have completed the computation of the four terms in Eq. (3.13).
2. (D,k)=(even,odd),(odd,even)
The first term in Eq. (3.16) arises from the single pole t = 0 of I'(¢) and is the power-type nonanalytic term that we have

already obtained in the paper IL.
The part I'(r — 25*)¢(21) has the double pole 7 = 1 in this case. We evaluate the residue at the pole and the result is given,

2
D—k—1
U )
)2

denoting my = ===, by
MD k—1

R D

2

This is the second term in Eq. (3.16). In the calculation we have used I'(})=,7 and I'(}) =
I'()w(3) = va(—log4 — yg). The Euler’s constant, y in Eq. (B13) comes from I (3) and the finite term of the expansion

11 1
2

The logarithmic-type nonanalytic term arises from the C’'(a) of Eq. (B4) in evaluating the residue at the double pole.
Let us next study the contribution from the single pole t = 25X —m (m = 0,1, ...), excluding m = 2==1, of I'(r — 25%)

and it is given by
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-2 M\l & (-1)" _(D-k ML\ ~255m)
—= =) 3 r——- D—k-2m)—=
aam (1) 1 2 Srr(Fr-mje-c-am ()
(m:

m=0

#P=k=1)

-1 < (-1)" (D—k ML\ "
:”%le)_k ZO — r< 5 —m>C(D—k—2m) (T) . (B15)
(b1

This is the third term and we have obtained the three terms in Eq. (3.16).

APPENDIX C: RESIDUE EVALUATION FOR F!'®/)(a1)

Let us obtain the nonanalytic terms in the effective potential for the fermion in Sec. IV. To this end, we need to compute
the integral in the second term of Eq. (4.10)

c+ico -2
F<Llo><u.f>(M):_NL ! /+ dt[‘<t+§>;7(2t+D)F(t) <%> : (C1)

DA+
Lé)ﬂ,'Z 2ri —ico 2

where we have rewritten ¢; and c; as 7 and c, respectively. We deform the contour in the ¢ plane so as to encircle all the poles
of the integrand and evaluate the ¢ integral by the residue theorem under the condition (A16). Let us note that the eta
function has no pole unlike the zeta function in Eq. (B1). We consider the integral separately, depending on whether D is
even or odd.

1. 1.D = even
The double pole exists in the part I'(7 4+ 2)I'(¢) in this case and taking into account n(—2m) = 0(m = 1,2, ...), itis given

by 1 = —%. From (B4), we find
_ Nﬁ {((—%1;% (7](21‘ +D) (@) _2t>/ Lt ((—%1))!%11/6 . 1),](0) <@>D wll) ((—%1))'— ) (MZLO>D}

20 () w0 (2 1)) -

where we have used 1(0) = 1.#/(0) = 1log(3). This is the first term in Eq. (4.14). We see that the logarithmic-type
nonanalytic term comes from C'(a) of Eq. (B4) in evaluating the residue at the double pole.

Let us next study the contribution from the single pole r = =2 — #(¢ = 1,2, ...) of I'(§ 4 r) and I'(#), which is the case
for Eq. (B6) because of n(=2¢) =0(¢ = 1,2, ...). We have

N Dl i (—1)f <_1)f+% 2,7/(_2{) (%) “AE0)

2

=D S (=) T2+ 1)(1 =217 ML\
=Nt ; L(Z+2+ 10 +1) e+ 1) <4n0> ’ (C3)
where we have used
1(=26) = (1 =202 (<26) = (1 =200 EVTEE D 0y (c4)

2(27)*

and Eq. (B11). This is the second term in Eq. (4.14).
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Let us finally calculate the contribution from the single
pole t = —m(m = 0,1,....,5 — 1) of I'(r). We obtain

21
1 &~ (-1)" (D MLy\ 2"
_N”%L(l))mz:;) m! F(E—m)n(D—Zm) (T) s
(C5)

which is the third term and we have finished computing the
three terms in Eq. (4.14).

2.2.D= odd

The integrand possesses no double pole in this case, so
there exists no logarithmic-type nonanalytic term. The

contributions from the single pole = —2 of I'(r+%)

and the one r = —£(¢ = 0,1,...) of T(¢) yield’
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2 2
The first term is explicitly given by Eq. (2.18) with f =1
and an extra minus sign. We have calculated the two terms
in Eq. (4.17).

"One might think that the single poles ¢ = —%—m(m =
1,2,...) of ['(t + 2) contribute to Eq. (C1). This is not the case
because the combination I'(r +2)5(2¢ 4 D) has no pole there

due to the property n(—2m) = 0(m = 1,2, ...).
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