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We thoroughly investigate nonanalytic terms in the finite-temperature effective potential in one-loop
approximation on a D-dimensional spacetime, Sτ × RD−ðpþ1Þ ×

Qp
i¼1 S1i , using a mode recombination

formula. Such nonanalytic terms cannot be expressed as positive powers of field-dependent mass squared.
The formula provides a clear separation of the effective potential into a part that contains the nonanalytic
terms and a part that is purely analytic, and clarifies the origin of the nonanalytic terms. We obtain all the
nonanalytic terms and show that only two types of nonanalytic terms arise from the modes with zero
Matsubara frequency. For a real scalar field with periodic boundary conditions, if the number of
noncompacted spatial dimensions is odd (even), there are odd powers of M (logM terms) but no logM
terms (no odd powers ofM). For fermions with general boundary conditions, we find that neither of the two
types appears. These results clarify the nonanalytic structure of the finite-temperature effective potential on
the spacetime with compactified spatial dimensions.
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I. INTRODUCTION

Quantum field theory at finite temperature provides a
fundamental framework for studying phase-transition phe-
nomena in high-energy physics and has played a central role
in advancing our understanding of the subject. In their
pioneering analysis of the finite-temperature effective
potential, Dolan and Jackiw [1] found that the scalar
effective potential contains terms that cannot be expressed
as positive powers of the field-dependent mass squared,
namely, nonanalytic terms. The terms act as the source of
the first-order phase transitions [2,3] and their magnitude
directly controls the strength of the transition. They are, for
instance, indispensable in an electroweak baryogenesis
scenario [4] relying on the first-order electroweak phase
transition. In exploring cosmological evolution scenarios
[5], it is necessary to understand how symmetries are broken
during the cooling of the Universe. In this respect, the study
of nonanalytic contributions to the finite-temperature effec-
tive potential plays a crucial role. Nonanalytic terms are
therefore of substantial physical significance.
Quantum field theories with compactified extra dimen-

sions constitute one of the most promising approaches for

exploring physics beyond the Standard Model. Gauge-
Higgs unification provides a representative example [6],
where, once again, nonanalytic terms at finite-temperature
effective potential are crucial for realizing the first-order
phase transition [7]. At the same time, theories with
compact extra dimensions also serve as powerful theoretical
tools for field-theoretic studies, providing a well-defined
framework for such investigations. Dimensional reduction
offers a prime example [8,9] and moreover, these theories
are known to exhibit rich and interesting phase struc-
tures [10,11].
In our previous two papers, referred to as I [12] and II

[13], we determined all the power-type nonanalytic terms in
the one-loop finite-temperature effective potential of a scalar
field obeying periodic boundary conditions on a D-dimen-
sional spacetime, S1τ × RD−ðpþ1Þ ×

Qp
i¼1 S1i . In particular,

we developed a new important formula called a mode
recombination formula in the paper II and this formula
enables a reformulation of the finite-temperature effective
potential, thereby elucidating the origin of the nonanalytic
terms. Although the origin of the nonanalytic terms is
initially expressed using the modified Bessel functions of
the second kind with multiple mode summations, we
showed that, by employing the integral representations
for the function together with the analytical extension of
the mode summations, it can be recast as contour integrals in
the complex plane. The subsequent evaluation of the
relevant residues makes it possible to extract all the
power-type nonanalytic terms in a straightforward manner.
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The mode recombination formula clearly shows that the
emergence of nonanalytic terms is closely related to the
existence of zero modes, making it a powerful tool for
understanding the physical origin of such terms. As an
immediate corollary, we also showed that fermion fields,
whose zero modes are absent due to their statistics, exhibit
no nonanalytic terms.
In this paper we derive a new remarkable expression of

the finite-temperature effective potential in one-loop
approximation by using extensively the mode recombina-
tion formula. The formula enables a clear separation of the
effective potential into a part that contains nonanalytic
terms and a part that remains purely analytic ones. We
demonstrate that the effective potential possesses two
physically important types of nonanalytic terms with
respect to the field-dependent mass: power type and
logarithmic one. These nonanalytic terms are obtained
by the evaluation of the residues in a systematic and
comprehensive manner. In the case of a real scalar field
obeying the periodic boundary condition for the spatial
S1i ði ¼ 1;…; pÞ direction, we find that the nonanalytic
structure of the finite-temperature effective potential turns
out to be highly characteristic; the two types never appear
simultaneously.
We further show that, for fermion fields with arbitrary

boundary conditions for the spatial S1i direction, the
application of the mode recombination formula renders
the finite-temperature effective potential into a form in
which nonanalytic terms can be analyzed more transpar-
ently. As a consequence, in addition to the absence of the
power-type nonanalytic terms as shown in the paper II, we
find that the logarithmic-type nonanalytic term does not
appear either regardless of the values of D and pþ 1. The
result in the case of the fermion also holds for the case of the
scalar that satisfies the antiperiodic boundary condition for
at least one spatial S1i direction.
The organization of this paper is as follows. Section II

provides the setup for analyzing nonanalytic terms in the
finite-temperature effective potential and summarizes the
method of the mode recombination formula developed in
the paper II, followed by its application to the effective
potential. In Sec. III we determine all the nonanalytic terms
in the effective potential of the scalar field with the
periodic boundary conditions. Section IV presents the
corresponding analysis for the fermion fields. Section V
contains conclusions and discussions. We derive condi-
tions under which evaluations of integrals by residues are
applicable in Appendix A and demonstrate the evaluations
in Appendixes B and C.

II. SETUP AND MODE RECOMBINATION
FORMULA

Let us present the setup for the discussion in this paper
and the mode recombination formula which plays the

important role to study the nonanalytic terms in the
finite-temperature effective potential on the spacetime with
compactified spatial dimensions. Here, we refer to the
contents of those in Secs. 2 and 3 of the paper II. The
familiar readers can directly go to the next section.

A. Setup

We first study the effective potential at finite temperature
in one-loop approximation on theD-dimensional spacetime,
S1τ × RD−ðpþ1Þ ×

Qp
i¼1 S1i for real scalar and fermion fields.

We employ the Euclidean time formulation for quantum
field theory at finite temperature. Then, the Euclidean time
direction is compactified on S1τ whose coordinate and
circumference are denoted by τ and L0, respectively. The
L0 is the inverse temperature, L0 ¼ T−1. The spatial p
directions are compactified on the p numbers of S1. Their
coordinates are yiði ¼ 1;…; pÞ and Li is the circumference
of each S1i . The R

D−ðpþ1Þ is the flat Euclidean space and its
coordinate is xkðk ¼ 1;…; D − ðpþ 1ÞÞ.
The Lagrangian is given by

L¼ 1

2
ð∂NϕÞ2−

m2
s

2
ϕ2−

λ

4!
ϕ4þ ψ̄ðiΓN∂NþmfÞψþgϕψ̄ψ ;

ð2:1Þ

where the N stands for N ¼ ðτ; k; iÞ and ϕðψÞ is the scalar
(fermion) field whose bulk mass is msðmfÞ. The g is the
Yukawa coupling.
We specify the boundary conditions for the S1τ and

S1i ði ¼ 1;…; pÞ directions. The boundary condition for the
S1τ direction is defined by

Φðτ þ L0; xk; yiÞ ¼ e2πiη0Φðτ; xk; yiÞ ð2:2Þ

for a given field Φðτ; xk; yiÞ. The parameter η0 is definitely
determined by quantum statistics to be 0 (periodic) for the
scalar field or to be 1

2
(antiperiodic) for the fermion field. On

the other hand, the boundary condition for the spatial S1i
direction is imposed by

Φðτ; xk; yi þ LiÞ ¼ e2πiηiΦðτ; xk; yiÞ; ð2:3Þ

where the parameter ηi can take 0 or 1
2
for the real scalar

field and can be arbitrary for the fermion field.
We employ the standard prescription to calculate the

effective potential at finite temperature in one-loop approxi-
mation. By taking up the quadratic terms in the shifted
Lagrangian around the constant field φ for the scalar field ϕ
in Eq. (2.1), one needs to evaluate
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Veff ¼ ð−1ÞfN 1

2

 Yp
i¼0

1

Li

X∞
ni¼−∞

!Z
dD−ðpþ1ÞpE

ð2πÞD−ðpþ1Þ

× log

�
p2
E þ

�
2π

L0

�
2

ðn0 þ η0Þ2 þ
Xp
i¼1

�
2π

Li

�
2

ðni þ ηiÞ2 þM2ðφÞ
�

ð2:4Þ

in order to obtain the effective potential on S1τ × RD−ðpþ1Þ ×
Qp

i¼1 S1i in one-loop approximation. Here, the MðφÞ is the
field-dependent mass of the scalar (fermion) field

M2ðφÞ ¼ m2
s þ

λ

2
φ2 ðMðφÞ ¼ mf þ gφÞ: ð2:5Þ

Hereafter, we denoteMðφÞ byM for simplicity. The pE is theD − ðpþ 1Þ-dimensional Euclidean momentum. The f is the
fermion number that is 0 (1) for the boson (fermion) and the N is the on-shell degrees of freedom. The n0 stands for
the Matsubara mode arising from the S1τ and the Kaluza-Klein mode niði ¼ 1;…; pÞ comes from each S1i ði ¼ 1; � � �pÞ. The
parameter ηiði ¼ 0; 1;…; pÞ is given in Eqs. (2.2) and (2.3).
We make use of the zeta-function regularization in order to evaluate Eq. (2.4). We can write

Veff ¼ ð−1ÞfN 1

2

�
−

d
ds

IðsÞ
�����

s→0

; ð2:6Þ

where

IðsÞ≡
 Yp

i¼0

1

Li

X∞
ni¼−∞

!Z
dD−ðpþ1ÞpE

ð2πÞD−ðpþ1Þ

�
p2
E þ

�
2π

L0

�
2

ðn0 þ η0Þ2 þ
Xp
i¼1

�
2π

Li

�
2

ðni þ ηiÞ2 þM2

�
−s
: ð2:7Þ

We first use the formula

A−s ¼ 1

ΓðsÞ
Z

∞

0

dt ts−1e−At ð2:8Þ

and perform the Gaussian pE integration. Then, we employ the Poisson summation

X∞
nj¼−∞

e
−ð2πLjÞ

2ðnjþηjÞ2t ¼
X∞

mj¼−∞

Lj

2π

�
π

t

�1
2

e−
ðmjLjÞ2

4t þ2πimjηj ð2:9Þ

to obtain

Veff ¼ ð−1Þfþ1N
π

D
2

2ð2πÞD
X∞

m0¼−∞
� � �

X∞
mp¼−∞

×
Z

∞

0

dt t−
D
2
−1e−

1
4t½ðm0L0Þ2þ���þðmpLpÞ2�−M2tþ2πiðm0η0þ���þmpηpÞ: ð2:10Þ

We call mjðj ¼ 0; 1;…; pÞ in Eq. (2.9) the winding modes, while n0 and niði ¼ 1; 2;…; pÞ are the Matsubara and the
Kaluza-Klein modes, respectively.
It is convenient to separate each sum overmj in Eq. (2.10) into the zero winding mode ðmj ¼ 0Þ and the nonzero winding

ones ðmj ≠ 0Þ and to express Eq. (2.10) into the form

Veff ¼
Xpþ1

n¼0

FðnÞDðMÞ ¼
Xpþ1

n¼0

X
0≤i1<i2<���<in≤p

FðnÞD
Li1

;Li2
;…;Lin

ðMÞ; ð2:11Þ

where
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FðnÞD
Li1

;Li2
;…;Lin

ðMÞ ¼ ð−1Þfþ1N
π

D
2

2ð2πÞD
X 0
∞

mi1
¼−∞

� � �
X 0
∞

min¼−∞

×
Z

∞

0

dt t−
D
2
−1e−

1
4t½ðmi1

Li1
Þ2þ���þðminLin Þ2�−M2tþ2πiðmi1

ηi1þ���þminηin Þ: ð2:12Þ

The prime of the summation in
P0∞

mj¼−∞ means that the zero winding mode (mj ¼ 0) is removed. By using the formula

Z
∞

0

dt t−ν−1e−At−
B
t ¼ 2

�
A
B

�ν
2

Kνð2
ffiffiffiffiffiffiffi
AB

p
Þ; ð2:13Þ

where the KνðzÞ is the modified Bessel function of the second kind, Eq. (2.12) for n ≥ 1 becomes

FðnÞD
Li1

;Li2
;…;Lin

ðMÞ ¼ ð−1Þfþ1N
2n

ð2πÞD2
X∞
mi1

¼1

� � �
X∞
min¼1

�
M2

ðmi1Li1Þ2 þ � � � þ ðminLinÞ2
�D

4

× KD
2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2fðmi1Li1Þ2 þ � � � þ ðminLinÞ2g

q �
cosð2πmi1ηi1Þ � � � cosð2πminηinÞ: ð2:14Þ

Fð0ÞD in Eq. (2.11) is the contribution from all the zero winding modes m0 ¼ m1 ¼ � � � ¼ mp ¼ 0 in Eq. (2.10) and is
calculated to be

Fð0ÞDðMÞ ¼ ð−1Þfþ1N
π

D
2

2ð2πÞD
Z

∞

0

dt t−
D
2
−1e−M

2t ¼ ð−1Þfþ1N
π

D
2

2ð2πÞD Γ
�
−
D
2

�
ðM2ÞD2 ; ð2:15Þ

where we have used Eq. (2.8). For D ¼ even, if one makes use of the dimensional regularization and MS renormalization,
for example, then, we obtain

Fð0ÞDðMÞ ¼ ð−1Þfþ1N
ð−1ÞD2

2Dþ1π
D
2 ðD

2
Þ!M

D

(
− log

M2

μ2
þ
XD

2

r¼1

1

r

)
; ð2:16Þ

where the scale μ is a sequence of possible renormalization conditions. On the other hand, forD ¼ odd, with the help of the
formula

Γ
�
−
D
2

�����
D¼odd

¼ ð−1ÞDþ1
2 2

Dþ1
2

D!!

ffiffiffi
π

p
; ð2:17Þ

we have

Fð0ÞDðMÞ ¼ ð−1Þfþ1N
ð−1ÞDþ1

2

2
Dþ1
2 π

D−1
2 D!!

MD: ð2:18Þ

For D ¼ even (odd), Fð0ÞDðMÞ has the logarithmic(power)-type nonanalytic terms, as shown in Eqs. (2.16) and (2.18).

B. Mode recombination formula

The mode recombination formula developed in the paper II plays the important role to study the nonanalytic terms.
We give a brief review of the formula here for the reader’s convenience.
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Let us first recast Eq. (2.11) into

Veff ¼ Fð0ÞDðMÞ þ
Xpþ1

n¼1

X
0≤i1<i2<���<in≤p

FðnÞD
Li1

;Li2
;…;Lin

ðMÞ

¼ Fð0ÞDðMÞ þ
�
Fð1ÞD
L0

ðMÞ þ
Xp
n¼1

X
1≤i1<i2<���<in≤p

ðFðnÞD
Li1

;…;Lin
ðMÞ þ Fðnþ1ÞD

L0;Li1
;…;Lin

ðMÞÞ
	
: ð2:19Þ

The terms in the curly brackets1 are obtained by focusing on the scale L0 in Lijðij ¼ 0;…; pÞ and separating the term
associated with L0 from the one without L0 on the right-hand side of Eq. (2.11). We have proved in the paper II

FðnÞD
Li1

;…;Lin
ðMÞ þ Fðnþ1ÞD

L0;Li1
;…;Lin

ðMÞ ¼ 1

L0

X∞
n0¼−∞

FðnÞD−1
Li1

;…;Lin
ðMð0ÞÞ; ð2:20Þ

where

M2
ð0Þ ≡M2 þ

�
2π

L0

�
2

ðn0 þ η0Þ2: ð2:21Þ

We call Eq. (2.20) the mode recombination formula and the formula holds irrespective of whether fields are fermions or
scalars and also of boundary conditions for the spatial S1i ði ¼ 1;…; pÞ direction. It should be noted that, as shown in the
paper II, the Matsubara mode n0 is recovered instead of the winding mode m0 by using the Poisson summation (2.9)
inversely.
By using Eq. (2.20), Eq. (2.19) becomes

Veff ¼ Fð0ÞDðMÞ þ
�
Fð1ÞD
L0

ðMÞ þ
Xp
n¼1

X
1≤i1<i2<���<in≤p

1

L0

X∞
n0¼−∞

FðnÞD−1
Li1

;…;Lin
ðMð0ÞÞ

	
: ð2:22Þ

We can repeat the same procedure by focusing next on the scales L1; L2;…; Lp−1 sequentially for the term with the multiple
mode summations like the third term in Eq. (2.22) and we have finally arrived at the expression (3.11) in the paper II for the
effective potential Veff . Moreover, we have also shown in the paper II that the first and second terms in Eq. (2.22) can be
recast into

Fð0ÞDðMÞ þ Fð1ÞD
L0

ðMÞ ¼ 1

L0

X∞
n0¼−∞

Fð0ÞD−1ðMð0ÞÞ; ð2:23Þ

which formally follows from the formula (2.20) with n ¼ 0. Then, one has

Veff ¼
1

L0

X∞
n0¼−∞

Fð0ÞD−1ðMð0ÞÞ þ
Xp
n¼1

X
1≤i1<i2<���<in≤p

1

L0

X∞
n0¼−∞

FðnÞD−1
Li1

;…;Lin
ðMð0ÞÞ: ð2:24Þ

Equations (2.22) and (2.24) have already been obtained in the paper II and we rewrite them into more convenient forms in
the next section, making the subsequent discussion more transparent.
Equation (2.14) contains the modified Bessel function of the second kind involving the multiple mode summations.

The integral representation for the function in the complex plane is the powerful tool to study the nonanalytic terms in the
effective potential as shown in the papers I and II. We also follow the same strategy in the present paper and introduce the
integral representation for the modified Bessel function of the second kind in the complex plane [14,15]

KνðxÞ ¼
1

4πi

Z
cþi∞

c−i∞
dtΓðtÞΓðt − νÞ

�
x
2

�
−2tþν

: ð2:25Þ

1Fð1ÞD
L0

ðMÞ corresponds to the finite-temperature effective potential obtained by Dolan and Jackiw [1].
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Here, the constant c should be understood to be a point located on the real axis which is greater than all the poles of the
gamma functions in the integrand.
Applying the formula (2.25) to Eq. (2.14) together with Eq. (2.21), we obtain the integral form in the complex plane for

the third term of Eq. (2.22)

1

L0

X∞
n0¼−∞

FðnÞD−1
Li1

;…;Lin
ðMð0ÞÞ ¼ ð−1Þfþ1N

2nπ
D−1
2

LD
0

1

4πi

Z
cþi∞

c−i∞
dtΓ

�
t −

D − 1

2

� X∞
n0¼−∞

�
ðn0 þ η0Þ2 þ

�
ML0

2π

�
2
	

−tþD−1
2

×
�
π

L0

�
−2t

SðnÞðt;Li1 ;…; LinÞ; ð2:26Þ

where we have defined

SðnÞðt;Li1 ;…; LinÞ≡ ΓðtÞ
X∞
mi1

¼1

� � �
X∞
min¼1

fðmi1Li1Þ2 þ � � � þ ðminLinÞ2g−t cosð2πmi1ηi1Þ � � � cosð2πminηinÞ: ð2:27Þ

The right-hand side of Eq. (2.23) is recast by using Eq. (2.15) with Eq. (2.21) into

1

L0

X∞
n0¼−∞

Fð0ÞD−1ðMð0ÞÞ ¼
1

L0

ð−1Þfþ1N
π

D−1
2

2ð2πÞD−1 Γ
�
−
D − 1

2

� X∞
n0¼−∞

ðM2
ð0ÞÞ

D−1
2

¼ ð−1Þfþ1N
π

D−1
2

2LD
0

Γ
�
−
D − 1

2

� X∞
n0¼−∞

�
ðn0 þ η0Þ2 þ

�
ML0

2π

�
2
	D−1

2

: ð2:28Þ

The mode sum over n0 in Eqs. (2.26) and (2.28) has the analytical extension [16]. Depending on the value of η0 that
specifies the boundary condition for the S1τ direction, the form of the analytical extension is different and it is preferable to
treat the fermion and the scalar separately.
Equations (2.22) and (2.26) are the starting point in the present paper to investigate the nonanalytic structure of the

effective potential for the case of the scalar field with the periodic boundary condition for the spatial S1i direction. On
the other hand, Eqs. (2.24), (2.26), and (2.28) will be used for studying the nonanalytic terms in the effective potential for
the case of the fermion field with arbitrary boundary condition for the spatial S1i direction.

III. NONANALYTIC TERMS FOR SCALAR FIELD WITH PERIODIC BOUNDARY CONDITION

In this section we analyze the nonanalytic structure of the effective potential Veff in the case of a real scalar field
ðf ¼ 0; η0 ¼ 0;N ¼ 1Þ with the periodic boundary condition ðη1 ¼ � � � ¼ ηp ¼ 0Þ for the spatial S1i ði ¼ 1;…; pÞ
direction. To this end, we further recast Eq. (2.22) into a more convenient form.

A. New form of Veff

We separately write the zero mode ðn0 ¼ 0Þ part and the nonzero mode ðn0 ≠ 0Þ one in Eq. (2.26) to yield

1

L0

X∞
n0¼−∞

FðnÞD−1
Li1

;…;Lin
ðMð0ÞÞ ¼

1

L0

FðnÞD−1
Li1

;…;Lin
ðMÞ − 2nπ

D−1
2

LD
0

1

2πi

Z
cþi∞

c−i∞
dtΓ

�
t −

D − 1

2

�

×
X∞
n0¼1

�
n20 þ

�
ML0

2π

�
2
	

−tþD−1
2

�
π

L0

�
−2t

S̃ðnÞðt;Li1 ;…; LinÞ; ð3:1Þ

where we have defined

S̃ðnÞðt;Li1 ;…; LinÞ ¼ ΓðtÞ
X∞
mi1

¼1

� � �
X∞
min¼1

fðmi1Li1Þ2 þ � � � þ ðminLinÞ2g−t: ð3:2Þ
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The mode sum over n0 in Eq. (3.1) has the analytical extension [16] and it is given by

ΓðtÞ
X∞
n0¼1

fn20 þ z2g−t ¼ −
1

2

ΓðtÞ
z2t

þ
ffiffiffi
π

p
2

Γðt − 1
2
Þ

z2ðt−1
2
Þ

þ π2tffiffiffi
π

p 1

2πi

Z
c1þi∞

c1−i∞
dt1 Γ

�
t1 − tþ 1

2

�
ζð2t1 − 2tþ 1ÞΓðt1ÞðπzÞ−2t1 : ð3:3Þ

After changing the variable t̄ ¼ t − D−1
2

in Eq. (3.1) and then applying Eq. (3.3) to the second term in Eq. (3.1), we obtain

−
2n

L0π
D−1
2

1

2πi

Z
c−D−1

2
þi∞

c−D−1
2
−i∞

dt

�
−
1

2
ΓðtÞ

�
ML0

2π

�
−2t

þ
ffiffiffi
π

p
2

Γ
�
t −

1

2

��
ML0

2π

�
−2ðt−1

2
Þ

þ π2tffiffiffi
π

p 1

2πi

Z
c1þi∞

c1−i∞
dt1 Γ

�
t1 − tþ 1

2

�
ζð2t1 − 2tþ 1ÞΓðt1Þ

�
ML0

2

�
−2t1
	

×

�
π

L0

�
−2t

S̃ðnÞ
�
tþD − 1

2
;Li1 ;…; Lin

�
; ð3:4Þ

where we have denoted t̄ as t again.
We deform the t1 integration path in Eq. (3.4) to encircle all the poles of the integrand and evaluate the t1 integral by the

residue theorem. For this to be possible, the condition

0 <
ML0

2π
< 1 ð3:5Þ

must be satisfied. This follows from the requirement that the contribution from the large left semicircle attached to the
original t1 integral must vanish for the residue theorem to apply. The condition (3.5) will be derived in Appendix A.
Among the poles t1 ¼ t − 1

2
− lðl ¼ 0; 1;…Þ of Γðt1 − tþ 1

2
Þ, only the pole t1 ¼ t − 1

2
is relevant because of

ζð−2lÞ ¼ 0ðl ¼ 1; 2;…Þ, which always follows from the combination Γðt1 − tþ 1
2
Þζð2t1 − 2tþ 1Þ and is frequently

used throughout our discussions. The residue at the pole t1 ¼ t − 1
2
with ζð0Þ ¼ −1=2 cancels the second term in Eq. (3.4)

and that at the pole t1 ¼ t of ζð2t1 − 2tþ 1Þ with Γð1
2
Þ ¼ ffiffiffi

π
p

does the first term in Eq. (3.4). Thus, we are left with the
contribution from the pole t1 ¼ −n̄ðn̄ ¼ 0; 1;…Þ of Γðt1Þ and Eq. (3.1) becomes2

1

L0

X∞
n0¼−∞

FðnÞD−1
Li1

;…;Lin
ðMð0ÞÞ ¼

1

L0

FðnÞD−1
Li1

;…;Lin
ðMÞ− 2n

π
D
2L0

X∞
n̄¼0

ð−1Þn̄
n̄!

�
ML0

2

�
2n̄ 1

2πi

Z
c−D−1

2
þi∞

c−D−1
2
−i∞

dtΓ
�
−t− n̄þ 1

2

�
ζð−2t− 2n̄þ 1Þ

×

�
1

L0

�
−2t

S̃ðnÞ
�
tþD− 1

2
;Li1 ;…;Lin

�
: ð3:6Þ

There may appear the poles in the multiple mode summations, S̃ðnÞðtþ D−1
2

;Li1 ;…; LinÞ that contribute to the above t
integral. It does not, however, change the ðM2Þn̄ dependence in Eq. (3.6) because of the nonexistence of M in
S̃ðnÞðtþ D−1

2
;Li1 ;…; LinÞ. Hence, the second term in Eq. (3.6), which arises from the nonzero modes ðn0 ≠ 0Þ, is entirely

analytic with respect toM and is expressed in the positive powers of M2. This means that any nonanalytic term, if present,
arises from the first term in Eq. (3.6) that comes from the contribution of the zero mode ðn0 ¼ 0Þ. We recognize that the zero
mode is crucial for the existence of the nonanalytic term. The effective potential (2.22) with Eq. (3.6) becomes

2We exchange the order of the sum over n̄ and the t integral in Eq. (3.6). The condition (3.5) ensures the convergence of the sum, and
one can show that the t integral along the imaginary axis is well defined by using the discussion in the Appendix of the paper I together
with the one in Appendix A of this paper. We also apply the exchange in subsequent equations, although we do not state it explicitly each
time. Since the technical details of the exchange lie outside the scope of this paper, we do not pursue them further.
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Veff ¼ Fð0ÞDðMÞ þ Fð1ÞD
L0

ðMÞ þ
Xp
n¼1

X
1≤i1<i2<���<in≤p

1

L0

FðnÞD−1
Li1

;…;Lin
ðMÞ

−
Xp
n¼1

X
1≤i1<i2<���<in≤p

2n

π
D
2L0

X∞
n̄¼0

ð−1Þn̄
n̄!

�
ML0

2

�
2n̄ 1

2πi

Z
c−D−1

2
þi∞

c−D−1
2
−i∞

dt

× Γ
�
−t − n̄þ 1

2

�
ζ

�
−2t − 2n̄þ 1Þ

�
1

L0

�
−2t

S̃ðnÞ
�
tþD − 1

2
;Li1 ;…; Lin

�
: ð3:7Þ

We repeat the same discussion as the Sec. II B focusing next on the scale L1 for the third term in Eq. (3.7) and apply the
analytical extension (3.3) to the mode sum over n1 associated with the scale L1. Then, we evaluate the t1 integral like
Eq. (3.4) by the residue theorem to yield

Xp
n¼1

X
1≤i1<i2<���<in≤p

FðnÞD−1
Li1

;…;Lin
ðMÞ ¼ Fð1ÞD−1

L1
ðMÞ þ

Xp−1
n¼1

X
2≤i1<i2<���<in≤p

1

L1

FðnÞD−2
Li1

;…;Lin
ðMÞ

−
Xp−1
n¼1

X
2≤i1<i2<���<in≤p

2n

π
D−1
2 L1

X∞
n̄¼0

ð−1Þn̄
n̄!

�
ML1

2

�
2n̄ 1

2πi

Z
c−D−2

2
þi∞

c−D−2
2
−i∞

dt

× Γ
�
−t − n̄þ 1

2

�
ζð−2t − 2n̄þ 1Þ

�
1

L1

�
−2t

S̃

�
tþD − 2

2
;Li1 ;…; Lin

�
: ð3:8Þ

One needs the condition 0 < ML1=ð2πÞ < 1 for the t1 integration to be evaluated by the residue theorem, which will be
discussed in Appendix A. Let us note that in Eq. (3.8) the second term is the contribution from the zero mode ðn1 ¼ 0Þ,
while the third one comes from the nonzero modes ðn1 ≠ 0Þ. We observe again that the contribution from the nonzero
modes depends on the positive powers ofM2, so that it is analytical, and the nonanalytic terms potentially originate from the
first and the second terms. This procedure can be continued in order up to Lp−1 by applying the mode recombination

formula successively p times to the term with the multiple mode summations like FðnÞD−2
Li1

;…;Lin
ðMÞ in Eq. (3.8).

Then, we finally derive a new remarkable expression for the effective potential

Veff ¼ Fð0ÞDðMÞ þ
Xp
k¼0

�
1Q

k−1
i¼0 Li

�
Fð1ÞD−k
Lk

ðMÞ

−
Xp
k¼1

Xpþ1−k

n¼1

X
k≤i1<i2<���<in≤p

2n

π
D−ðk−1Þ

2

1Q
k−1
j¼0 Lj

X∞
n̄¼0

ð−1Þn̄
n̄!

�
MLk−1

2

�
2n̄ 1

2πi

Z
c−D−k

2
þi∞

c−D−k
2
−i∞

dt

× Γ
�
−t − n̄þ 1

2

�
ζð−2t − 2n̄þ 1Þ

�
1

Lk−1

�
−2t

S̃ðnÞ
�
tþD − k

2
;Li1 ;…; Lin

�
: ð3:9Þ

It should be understood that
Q

k−1
i¼0 Li ¼ 1 for k ¼ 0 in the second term of Eq. (3.9). We observe from Eq. (3.9) that the mode

recombination formula enables the clear separation between the terms that contain the nonanalytic terms and entirely
analytic ones. Hence, we conclude that the nonanalytic terms in Veff are given by

Veff jn:a: ¼ Fð0ÞDðMÞjn:a: þ
Xp
k¼0

�
1Q

k−1
i¼0 Li

�
Fð1ÞD−k
Lk

ðMÞjn:a:; ð3:10Þ

where the abbreviation denoted by “n.a.” means nonanalytic terms. Let us remind the reader again that the second term in
Eq. (3.10) is the contributions from the zero modes ðn0 ¼ n1 ¼ � � � ¼ np ¼ 0Þ.
We repeatedly evaluate the t1 integral of the type appearing in Eq. (3.4) in order to obtain Eq. (3.9). For this to be possible,

one needs the condition

0 <
MLi

2π
< 1 ði ¼ 0; 1;…; pÞ: ð3:11Þ
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From the above argument alone, we obtain only the conditions up to i ¼ p − 1, but as wewill see below and in Appendix A,
Eq. (3.11) also specifies the conditions under which the residue theorem for computing the nonanalytic terms in Eq. (3.10)
can be applied.

B. Nonanalytic terms

The first term in Eq. (3.10) is already calculated to be given by Eqs. (2.16) and (2.18). We analyze what types of

nonanalytic terms appear in the second term of Eq. (3.10). From Eqs. (2.14) and (2.25), Fð1ÞD−k
Lk

ðMÞ can be recast as

Fð1ÞD−k
Lk

ðMÞ ¼ −2
ð2πÞD−k

2

X∞
mk¼1

�
M2

ðmkLkÞ2
�D−k

4

KD−k
2
ðmkMLkÞ

¼ −2
ð2πÞD−k

2

�
M2

2

�D−k
2 1

4πi

Z
cþi∞

c−i∞
dtΓ

�
t −

D − k
2

�
ΓðtÞζð2tÞ

�
MLk

2

�
−2t

; ð3:12Þ

where we have used the definition of the zeta function ζðzÞ ¼P∞
m¼1 m

−z. By deforming the contour in the complex t plane
so as to enclose all the poles of the integrand, we evaluate the t integral using the residue theorem. For this to be possible, as
discussed in Appendix A, one needs the condition, 0 < MLk=ð2πÞ < 1ðk ¼ 0;…; pÞ, which is the same as Eq. (3.11).
In the paper II we are only interested in the power-type nonanalytic terms with respect toM, that is, the odd power ofM

and calculate the integral by the residue theorem by focusing only on the single pole of the integrand. We did not studied
other nonanalytic terms in the paper. In the present paper we thoroughly investigate other type of nonanalytic terms, so that
the higher-order pole of the integrand must be taken into account. In fact, as we will see below, the double pole generates the
logarithmic-type nonanalytic term, logM.
Computing the t integral by the residue theorem in Eq. (3.12) is straightforward and the details of the calculation are

given in Appendix B. We present the results here. For ðD; kÞ ¼ ðeven; evenÞ; ðodd; oddÞ, we obtain

Fð1ÞD−k
Lk

ðMÞ ¼ ð−1Þð−1ÞD−k
2

2
D−k
2 π

D−k−2
2 ðD − k − 1Þ!!

MD−k−1

Lk

þ ð−1Þð−1ÞD−k
2

2D−kπ
D−k
2 ðD−k

2
Þ!M

D−k
�
log

�
MLk

4π

�
−
1

2

�
ψð1Þ þ ψ

�
D − k
2

þ 1

��	

þ ð−1Þð−1ÞD−k
2

2D−kπ
D−k
2

MD−k
X∞
l¼1

ð−1ÞlΓð2lþ 1Þζð2lþ 1Þ
Γðlþ D−k

2
þ 1ÞΓðlþ 1Þ

�
MLk

4π

�
2l

þ −1
π

D−k
2 LD−k

k

XD−k
2
−1

m¼0

ð−1Þm
m!

Γ
�
D − k
2

−m

�
ζðD − k − 2mÞ

�
MLk

2

�
2m
: ð3:13Þ

The first term, the power-type nonanalytic term, arises from the residue at the single pole t ¼ 1
2
of ζð2tÞ and the second

term containing the logarithmic-type nonanalytic term originates from the residue at the double pole t ¼ 0 of the part
Γðt − D−k

2
ÞΓðtÞ in the integrand. The other two terms are analytic. We denote the nonanalytic terms in Eq. (3.13) by

Fð1ÞD−k
Lk

ðMÞ
����pow
n:a:

≡ ð−1Þð−1ÞD−k
2

2
D−k
2 π

D−k−2
2 ðD − k − 1Þ!!

MD−k−1

Lk
; ð3:14Þ

Fð1ÞD−k
Lk

ðMÞ
����log
n:a:

≡ ð−1Þð−1ÞD−k
2

2D−kπ
D−k
2 ðD−k

2
Þ!M

D−k log

�
MLk

4π

�
: ð3:15Þ
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For ðD; kÞ ¼ ðeven; oddÞ; ðodd; evenÞ, we have

Fð1ÞD−k
Lk

ðMÞ ¼ ð−1ÞD−kþ1
2

2
D−kþ1

2 π
D−k−1

2 ðD − kÞ!!M
D−k

þ ð−1Þð−1ÞD−k−1
2

2D−k−1π
D−k−1

2 ðD−k−1
2

Þ!
MD−k−1

Lk

�
− log ðMLkÞ þ

1

2

�
γE þ ψ

�
D − k − 1

2
þ 1

��	

þ −1
π

D−k
2 LD−k

k

X∞
m¼0

ðm≠D−k−1
2

Þ

ð−1Þm
m!

Γ
�
D − k
2

−m

�
ζðD − k − 2mÞ

�
MLk

2

�
2m
: ð3:16Þ

The first term is the power-type nonanalytic term that comes from the residue at the single pole t ¼ 0 of ΓðtÞ and the
second term including the logarithmic-type nonanalytic term arises from the residue at the double pole t ¼ 1

2
of the part

Γðt − D−k
2
Þζð2tÞ in the integrand. The last term is analytic. We represent the nonanalytic terms in Eq. (3.16) as

Fð1ÞD−k
Lk

ðMÞ
����pow
n:a:

≡ ð−1ÞD−kþ1
2

2
D−kþ1

2 π
D−k−1

2 ðD − kÞ!!M
D−k; ð3:17Þ

Fð1ÞD−k
Lk

ðMÞ
����log
n:a:

≡ ð−1ÞD−k−1
2

2D−k−1π
D−k−1

2 ðD−k−1
2

Þ!
MD−k−1

Lk
log ðMLkÞ: ð3:18Þ

We have evaluated the t integral in Eq. (3.12) by the residue theorem and have found the possible types of the nonanalytic

terms in Fð1ÞD−k
Lk

ðMÞ to be the power type or the logarithmic one. Fð1ÞD−k
Lk

ðMÞ contains not only the nonanalytic terms but

also the analytic ones. This implies that although Fð1ÞD−k
Lk

ðMÞ is the contribution from the zero-mode sector through the
process of applying the mode recombination formula, it incorporates more contributions in addition to the nonanalytic
terms. We will come back to this point again at the end of this section.
We are ready to calculate the nonanalytic terms in Veff according to Eq. (3.10). We introduce the useful notation to study

the nonanalytic term and discuss separately the cases of even and odd values of D and pþ 1. For the case of D ¼ even, let
us recall the notations defined in the paper II, which is convenient to discuss the power-type nonanalytic terms

Apow
2nþ1 ≡ 1Q

2n
i¼0 Li

Fð1ÞD−2n−1
L2nþ1

ðMÞ
����pow
n:a:

¼ ð−1ÞD−2n
2

2
D−2n
2 π

D−2n−2
2 ðD − 2n − 1Þ!!

MD−2n−1

L0 � � �L2n
; ð3:19Þ

Bpow
2n ≡ 1Q

2n−1
i¼0 Li

Fð1ÞD−2n
L2n

ðMÞ
����pow
n:a:

¼ ð−1Þð−1ÞD−2n
2

2
D−2n
2 π

D−2n−2
2 ðD − 2n − 1Þ!!

MD−2n−1

L0 � � �L2n
; ð3:20Þ

where we have newly added the superscript “pow” in Eqs. (3.19) and (3.20). One immediately finds

Apow
2nþ1 þ Bpow

2n ¼ 0 for n ¼ 0; 1;…: ð3:21Þ

We further introduce the notations for the logarithmic-type nonanalytic terms defined by

Alog
2n−1 ≡ 1Q

2n−2
i¼0 Li

Fð1ÞD−ð2n−1Þ
L2n−1

ðMÞ
����log
n:a:

¼ ð−1ÞD−2n
2

2D−2nπ
D−2n
2 ðD−2n

2
Þ!

MD−2n

L0 � � �L2n−1
logðML2n−1Þ; ð3:22Þ

Blog
2n ≡ 1Q

2n−1
i¼0 Li

Fð1ÞD−2n
L2n

ðMÞ
����log
n:a:

¼ ð−1Þð−1ÞD−2n
2

2D−2nπ
D−2n
2 ðD−2n

2
Þ!

MD−2n

L0 � � �L2n−1
log
�
ML2n

4π

�
; ð3:23Þ

where we have used Eqs. (3.18) and (3.15), respectively. We find
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Alog
2n−1 þBlog

2n ¼ ð−1ÞD−2n
2

2D−2nπ
D−2n
2 ðD−2n

2
Þ!

MD−2n

L0 � � �L2n−1

× log

�
4πL2n−1

L2n

�
for n¼ 0;1;…: ð3:24Þ

The n ¼ 0 contribution in Eq. (3.24) should be read as

Alog
2n−1jn¼0 þ Blog

2n jn¼0 ¼
ð−1ÞD2

2Dπ
D
2ðD

2
Þ!M

D log

�
4π

μL0

�
; ð3:25Þ

where we have defined

Alog
2n−1jn¼0 ≡ Fð0ÞDðMÞ

����log
n:a:

≡ ð−1ÞD2
2Dπ

D
2ðD

2
Þ!M

D log
M
μ
; ð3:26Þ

Blog
2n jn¼0 ≡ Fð1ÞD

L0
ðMÞ

����log
n:a:

≡ ð−1Þð−1ÞD2
2Dπ

D
2 ðD

2
Þ! MD log

�
ML0

4π

�
:

ð3:27Þ

Here, we have used Eq. (2.16) with f ¼ 0;N ¼ 1 for
Eq. (3.26), and Eq. (3.15) with k ¼ 0 for Eq. (3.27).
The logM-dependence in Eqs. (3.24) and (3.25) cancels
out, leaving alternatively the nonanalytic dependence on
the scale ratios, L2n−1=L2n and 1=μL0. In particular,
the cancelation of the logM term in Eq. (3.25) occurs
between the zero-temperature contribution (3.26) and
the finite-temperature one (3.27), which has been pointed
out by Dolan and Jackiw in their paper [1]. This implies
that the finite-temperature effective potential in the case
of no spatial S1i direction (p ¼ 0) does not have the
logM dependence, but it still possesses the nonana-
lytic structure given by the logarithmic term,
logð1=μL0Þ. As we will see below, this is also the case
for fermions.
Equipped with Eqs. (3.19), (3.20), (3.22) and (3.23), we

can calculate the nonanalytic terms in the effective potential
Veff by Eq. (3.10) for D ¼ even.

C. ðD; p+ 1Þ= ðeven;oddÞ
The nonanalytic terms in Veff are written by

Veff jn:a: ¼
Xp

2

n¼0

n
Alog
2n−1 þ Blog

2n

o
þ
Xp2−1
n¼0

n
Apow
2nþ1 þ Bpow

2n

o
þ Bpow

2n jn¼p
2

¼
Xp

2

n¼0

ð−1ÞD−2n
2

2D−2nπ
D−2n
2 ðD−2n

2
Þ!

MD−2n

L0 � � �L2n−1
log

�
4πL2n−1

L2n

�
þ ð−1Þð−1ÞD−p

2

2
D−p
2 π

D−p−2
2 ðD − p − 1Þ!!

MD−p−1

L0 � � �Lp
; ð3:28Þ

where we have used Eqs. (3.21), (3.24) and (3.20) with n ¼ p
2
. The n ¼ 0 contribution in the sum over n of Eq. (3.28) is

given by Eq. (3.25). The effective potential has the power-type nonanalytic term [12,13] arising from Bpow
2n jn¼p

2
in this case.

The logM term cancels out and what remains is the nonanalytic term that depends on the scale ratios, L2n−1=L2n and 1=μL0.

D. ðD; p+ 1Þ= ðeven;evenÞ
In this case the nonanalytic terms are given by

Veff jn:a: ¼
Xp−12
n¼0

n
Alog
2n−1 þ Blog

2n

o
þ Alog

2n−1jn¼pþ1
2
þ
Xp−12
n¼0

n
Apow
2nþ1 þ Bpow

2n

o

¼
Xp−12
n¼0

ð−1ÞD−2n
2

2D−2nπ
D−2n
2 ðD−2n

2
Þ!

MD−2n

L0 � � �L2n−1
log

�
4πL2n−1

L2n

�
þ ð−1ÞD−p−1

2

2D−p−1π
D−p−1

2 ðD−p−1
2

Þ!
MD−p−1

L0 � � �Lp
logðMLpÞ; ð3:29Þ

where we have used Eqs. (3.21), (3.24) and (3.22) with n ¼ pþ1
2
. Equation (3.25) should be understood as the n ¼ 0

contribution in the n sum of Eq. (3.29). The effective potential possesses no power-type nonanalytic term, which is
consistent with the results in the papers I and II. On the other hand, the logM term arising from Alog

2n−1jn¼pþ1
2
survives and

other nonanalytic contributions, logðL2n−1=L2nÞ and logð1=μL0Þ also appear.
Let us proceed to study the case of D ¼ odd. We use the notations defined in the paper II, which is useful to discuss the

power-type nonanalytic terms
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Cpow
2n−1 ≡ 1Q

2n−2
i¼0 Li

Fð1ÞD−ð2n−1Þ
L2n−1

ðMÞ
����pow
n:a:

¼ ð−1Þð−1ÞD−ð2n−1Þ
2

2
D−2nþ1

2 π
D−2n−1

2 ðD − 2nÞ!!
MD−2n

L0 � � �L2n−1
; ð3:30Þ

Dpow
2n ≡ 1Q

2n−1
i¼0 Li

Fð1ÞD−2n
L2n

ðMÞ
����pow
n:a:

¼ ð−1ÞD−ð2n−1Þ
2

2
D−2nþ1

2 π
D−2n−1

2 ðD − 2nÞ!!
MD−2n

L0 � � �L2n−1
; ð3:31Þ

where we have newly added the superscript “pow” in Eqs. (3.30) and (3.31). We see that the relation

Cpow
2n−1 þDpow

2n ¼ 0 for n ¼ 0; 1; � � � ð3:32Þ

holds. In the case of n ¼ 0 in Eq. (3.32), it should be understood as

Cpow
2n−1jn¼0 ≡ Fð0ÞDðMÞ

����pow
n:a:

≡ ð−1Þð−1ÞDþ1
2

2
Dþ1
2 π

D−1
2 D!!

MD; ð3:33Þ

Dpow
2n jn¼0 ≡ Fð1ÞD

L0
ðMÞ

����pow
n:a:

¼ ð−1ÞDþ1
2

2
Dþ1
2 π

D−1
2 D!!

MD; ð3:34Þ

where we have used Eq. (2.18) with f ¼ 0;N ¼ 1 and Eq. (3.17) with k ¼ 0, respectively, which confirms the relation
(3.32) for n ¼ 0.
In addition to them, we further define the notations

Clog
2nþ1 ≡ 1Q

2n
i¼0 Li

Fð1ÞD−ð2nþ1Þ
L2nþ1

ðMÞ
����log
n:a:

¼ ð−1Þð−1ÞD−2n−1
2

2D−2n−1π
D−2n−1

2 ðD−2n−1
2

Þ!
MD−2n−1

L0 � � �L2n
log

�
ML2nþ1

4π

�
; ð3:35Þ

Dlog
2n ≡ 1Q

2n−1
i¼0 Li

Fð1ÞD−2n
L2n

ðMÞ
����log
n:a:

¼ ð−1ÞD−2n−1
2

2D−2n−1π
D−2n−1

2 ðD−2n−1
2

Þ!
MD−2n−1

L0 � � �L2n
logðML2nÞ; ð3:36Þ

where we have used Eqs. (3.15) and (3.18), respectively. Then, we find

Clog
2nþ1 þDlog

2n ¼ ð−1ÞD−2n−1
2

2D−2n−1π
D−2n−1

2 ðD−2n−1
2

Þ!
MD−2n−1

L0 � � �L2n
log

�
4πL2n

L2nþ1

�
for n ¼ 0; 1;…: ð3:37Þ

The logM dependence drops out, leaving the nonanalytic dependence on the scale ratio L2n=L2nþ1 instead.
With the help of Eqs. (3.30), (3.31), (3.35) and (3.36), one can calculate the nonanalytic terms in the effective potential

Veff according to Eq. (3.10) for D ¼ odd.

E. ðD; p+ 1Þ= ðodd;oddÞ
The nonanalytic terms in the effective potential Veff are given by

Veff jn:a: ¼
Xp2−1
n¼0

fClog
2nþ1 þDlog

2n g þDlog
2n jn¼p

2
þ
Xp

2

n¼0

fCpow
2n−1 þDpow

2n g

¼
Xp2−1
n¼0

ð−1ÞD−2n−1
2

2D−2n−1π
D−2n−1

2 ðD−2n−1
2

Þ!
MD−2n−1

L0 � � �L2n
log

�
4πL2n

L2nþ1

�
þ ð−1ÞD−p−1

2

2D−p−1π
D−p−1

2 ðD−p−1
2

Þ!
MD−p−1

L0 � � �Lp
logðMLpÞ; ð3:38Þ

where we have used Eqs. (3.32), (3.37) and (3.36) with n ¼ p
2
. We observe that there is no power-type nonanalytic term

[12,13]. The logM term arising from Dlog
2n jn¼p

2
survives and the logðL2n=L2nþ1Þ term also appears.
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F. ðD; p + 1Þ= ðodd;evenÞ
In this case the nonanalytic terms in Veff are given by

Veff jn:a: ¼
Xp−12
n¼0

n
Clog
2nþ1 þDlog

2n

o
þ
Xp−12
n¼0

n
Cpow
2n−1 þDpow

2n

o
þ Cpow

2n−1jn¼pþ1
2

¼
Xp−12
n¼0

ð−1ÞD−2n−1
2

2D−2n−1π
D−2n−1

2 ðD−2n−1
2

Þ!
MD−2n−1

L0 � � �L2n
log

�
4πL2n

L2nþ1

�

þ ð−1Þð−1ÞD−p
2

2
D−p
2 π

D−p−2
2 ðD − p − 1Þ!!

MD−p−1

L0 � � �Lp
; ð3:39Þ

where we have used Eqs. (3.32), (3.37) and (3.30) with
n ¼ pþ1

2
. Veff has the power-type nonanalytic term arising

from Cpow
2n−1jn¼pþ1

2
[12,13]. The logM dependence cancels

out and the nonanalytic dependence on the scale ratio
L2n=L2nþ1 emerges instead. Let us note that the overall sign
ð−1ÞðD−p−1Þ=2 in the logM term in Eqs. (3.29) and (3.38)
takes ðD−p−1Þ=2¼ 1ð−1Þ forD − p − 1 ¼ 4mð4mþ 2Þ
with m ¼ 1; 2;….
We obtained all the nonanalytic terms that cannot be

expressed in the positive powers of M2 in the effective
potential Veff for the case of the scalar field satisfying the
periodic boundary condition for the spatial S1i ði ¼ 1;…; pÞ
direction. The effective potential has two types of nonana-
lytic terms: power type and logarithmic one. We demon-
strated that the appearance of these terms is highly
characteristic, that is, the power-type nonanalytic term
exists in the case of D − ðpþ 1Þ ¼ odd, while the
logarithmic-type one does in the case of D − ðpþ 1Þ ¼
even. The two types never appear simultaneously. We
summarize the results in Table I.
It may be appropriate to comment on the nonanalytic

terms, which have not been mentioned in the paper II. The
zero modes ðn0 ¼ n1 ¼ � � � ¼ np ¼ 0Þ are crucial for the
existence of the nonanalytic terms and in fact the second

term Fð1ÞD−k
Lk

ðMÞ in Eq. (3.10) containing the nonanalytic
terms arises from the zero-mode sector through the process
of applying the mode recombination formula. Since the

infrared behavior of the theory may be dominated by the
zero mode, such an infrared nonanalyticity is expected to be
obtained directly by the contribution from the zero mode.
We show that this is indeed the case below. By setting
n0 ¼ n1 ¼ � � � ¼ np ¼ 0; η0 ¼ η1 ¼ � � � ¼ ηp ¼ 0 and
f ¼ 0;N ¼ 1 in Eq. (2.4), we have

Vzero mode
eff ¼ 1

2

1

L0 � � �Lp

Z
dD−ðpþ1ÞpE

ð2πÞD−ðpþ1Þ log ðp2
E þM2Þ:

ð3:40Þ

We follow the prescription to calculate the effective
potential in Sec. II and immediately obtain

Vzero mode
eff ¼ −

π
D−ðpþ1Þ

2

2ð2πÞD−ðpþ1Þ Γ
�
−
D− ðpþ 1Þ

2

�
MD−p−1

L0 � � �Lp
:

ð3:41Þ

For D − ðpþ 1Þ ¼ odd, by using Eq. (2.17), we find

Vzero mode
eff jD−ðpþ1Þ¼odd ¼

ð−1Þð−1ÞD−p
2

2
D−p
2 π

D−p−2
2 ðD − p − 1Þ!!

MD−p−1

L0 � � �Lp
:

ð3:42Þ

This is the same with the second terms in Eqs. (3.28) and
(3.39). On the other hand, for D − ðpþ 1Þ ¼ even, the
gamma function in Eq. (3.41) has the pole and we employ,
for example, the dimensional regularization and the MS
renormalization to yield

Vzero mode
eff jD−ðpþ1Þ¼even ¼

ð−1ÞD−p−1
2

2D−p−1π
D−p−1

2 ðD−p−1
2

Þ!

×
MD−p−1

L0 � � �Lp
log

M
μ
; ð3:43Þ

TABLE I. Nonanalytic structure of the effective potential on the
spacetime, S1τ × RD−ðpþ1Þ ×

Qp
i¼1 S

1
i for the scalar field with the

periodic boundary condition for the S1i ði ¼ 1;…; pÞ direction.
The “non” in the table means that there is no corresponding type
of nonanalytic terms. The numbers in the parentheses stand for
the equation numbers in the text.

ðD;pþ 1Þ (even, odd) (even, even) (odd, odd) (odd, even)

Power type (3.28) non non (3.39)
logM type non (3.29) (3.38) non
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where the scale μ is a set of possible renormalization
conditions. This is equivalent to the second terms in
Eqs. (3.29) and (3.38) if we identify the scale μ as L−1

p .
The above calculation shows that the nonanalytic terms

are simply obtained by the contribution from only the zero

mode in Eq. (2.4). Even though Fð1ÞD−k
Lk

ðMÞ that potentially
contains the nonanalytic terms also comes from the zero-
mode sector through the process of applying the mode
recombination formula, due the existence of the winding

mode mk in Fð1ÞD−k
Lk

ðMÞ, it includes additional quantum
effects to result the third and fourth terms in Eq. (3.13) [or
the third term in Eq. (3.16)] in addition to the nonanalytic
terms. Therefore, our approach for studying the nonanalytic

terms leads to a larger contribution than the approach that
takes into account only the zero mode.

IV. NONANALYTIC TERMS FOR FERMION FIELD
WITH ARBITRARY BOUNDARY CONDITION

A. New form of Vf
eff

Let us study the nonanalytic structure of the effective
potential Vf

eff in the case of a fermion ðf ¼ 1; η0 ¼ 1
2
Þ with

arbitrary boundary condition for the spatial S1i ði ¼
1;…; pÞ direction. It is convenient to use the expression
(2.24) and we consider the second term whose integral
representation in the complex plane is given by Eq. (2.26)

1

L0

X∞
n0¼−∞

FðnÞðD−1;fÞ
Li1

;…;Lin
ðMð0ÞÞ ¼ N

2nπ
D−1
2

LD
0

1

4πi

Z
cþi∞

c−i∞
dtΓ

�
t −

D − 1

2

� X∞
n0¼−∞

��
n0 þ

1

2

�
2

þ
�
ML0

2π

�
2
	

−tþD−1
2

×

�
π

L0

�
−2t

SðnÞðt;Li1 ;…; LinÞ: ð4:1Þ

Hereafter, we assign the superscript “f ” in the relevant quantity like FðnÞðD−1;fÞ
Li1

;…;Lin
ðMð0ÞÞ in order to make it clear that we are

considering the case of fermions.
The mode sum over n0 has the analytical extension [13,16]

ΓðtÞ
X∞

n0¼−∞

��
n0þ

1

2

�
2

þ z2
	

−t
¼ ffiffiffi

π
p Γðt− 1

2
Þ

z2ðt−1
2
Þ −

4π2tffiffiffi
π

p 1

4πi

Z
c1þi∞

c1−i∞
dt1Γ

�
t1− tþ 1

2

�
ζð2t1− 2tþ 1ÞΓðt1ÞðπzÞ−2t1

þ 4ð2πÞ2tffiffiffi
π

p 1

4πi

Z
c1þi∞

c1−i∞
dt1Γ

�
t1− tþ 1

2

�
ζð2t1− 2tþ 1ÞΓðt1Þð2πzÞ−2t1

¼ ffiffiffi
π

p Γðt− 1
2
Þ

z2ðt−1
2
Þ −

4π2tffiffiffi
π

p 1

4πi

Z
c1þi∞

c1−i∞
dt1Γ

�
t1− tþ 1

2

�
ηð2t1− 2tþ 1ÞΓðt1ÞðπzÞ−2t1 ; ð4:2Þ

where we have defined the so-called eta function

ηðtÞ≡ ð1 − 21−tÞζðtÞ: ð4:3Þ

The characteristic point in Eq. (4.2), compared with Eq. (3.3), is that the eta function appears instead of the zeta function and
there is no counterpart corresponding to the first term arising from the zero mode ðn0 ¼ 0Þ. These come from the fact that in
the case of fermions the zero mode is removed due to the antiperiodic boundary condition for the Euclidean time direction
followed from quantum statistics. After changing the variable t̄ ¼ t − D−1

2
in Eq. (4.1) and inserting Eq. (4.2) into it, we

obtain

1

L0

X∞
n0¼−∞

FðnÞðD−1;fÞ
Li1

;…;Lin
ðMð0ÞÞ ¼

1

L0

N
2n

π
D−1
2

1

4πi

Z
c−D−1

2
þi∞

c−D−1
2
−i∞

dt
� ffiffiffi

π
p

Γ
�
t −

1

2

��
ML0

2π

�
−2ðt−1

2
Þ

−
4π2tffiffiffi
π

p 1

4πi

Z
c1þi∞

c1−i∞
dt1 Γ

�
t1 − tþ 1

2

�
ηð2t1 − 2tþ 1ÞΓðt1Þ

�
ML0

2

�
−2t1
	

×

�
π

L0

�
−2t

SðnÞ
�
tþD − 1

2
;Li1 ;…; Lin

�
; ð4:4Þ

where we have denoted t̄ as t again.
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We deform the t1-integration path in Eq. (4.4) so that it encloses all the poles of the integrand and then evaluate the t1
integral by the residue theorem. For this to be possible, as discussed in Appendix A, the condition

0 <
ML0

π
< 1 ð4:5Þ

must be satisfied. Among the poles t1 ¼ t − 1
2
− lðl ¼ 0; 1;…Þ of Γðt1 − tþ 1

2
Þ, only the pole t1 ¼ t − 1

2
is relevant because

of ηð−2lÞ ¼ 0ðl ¼ 1; 2;…Þ, which always follows from the combination Γðt1 − tþ 1
2
Þηð2t1 − 2tþ 1Þ and is frequently

used throughout our discussions. The residue at the pole t1 ¼ t − 1
2
with ηð0Þ ¼ 1=2 cancels the first term in Eq. (4.4).

The eta function does not possesses any pole unlike the zeta function. We end up with the contribution from the pole
t1 ¼ −n̄ðn̄ ¼ 0; 1;…Þ of Γðt1Þ, so that Eq. (4.4) becomes

1

L0

X∞
n0¼−∞

FðnÞðD−1;fÞ
Li1

;…;Lin
ðMð0ÞÞ ¼ −N

2n

π
D
2L0

1

2πi

Z
c−D−1

2
þi∞

c−D−1
2
−i∞

dt
X∞
n̄¼0

ð−1Þn̄
n̄!

�
ML0

2

�
2n̄
Γ
�
−t − n̄þ 1

2

�
ηð−2t − 2n̄þ 1Þ

×

�
1

L0

�
−2t

SðnÞ
�
tþD − 1

2
;Li1 ;…; Lin

�
: ð4:6Þ

There may be the poles in the multiple mode summations SðnÞðtþ D−1
2

;Li1 ;…; LinÞ that contribute to the above t integral. It
does not, however, affect the ðM2Þn̄ dependence due to the nonexistence of M in the summations. We observe that all the
terms in Eq. (4.6) are analytic and can be expressed in the positive powers of M2. Hence, there exist no nonanalytic terms
in Eq. (4.6).
Let us next study the first term in Eq. (2.24), whose explicit form is given by Eq. (2.28) with f ¼ 1 and η0 ¼ 1

2

1

L0

X∞
n0¼−∞

Fð0ÞðD−1;fÞðMð0ÞÞ ¼ N
π

D−1
2

2LD
0

Γ
�
−
D − 1

2

� X∞
n0¼−∞

��
n0 þ

1

2

�
2

þ
�
ML0

2π

�
2
	D−1

2

: ð4:7Þ

The analytical extension for the mode sum over n0 is given by setting t ¼ − D−1
2

; z ¼ ML0

2π in Eq. (4.2) as

1

L0

X∞
n0¼−∞

Fð0ÞðD−1;fÞðMð0ÞÞ ¼ N
π

D
2

2ð2πÞD Γ
�
−
D
2

�
MD

−N
1

LD
0 π

D
2

1

2πi

Z
c1þi∞

c1−i∞
dt1 Γ

�
t1 þ

D
2

�
ηð2t1 þDÞΓðt1Þ

�
ML0

2

�
−2t1

: ð4:8Þ

The first term in Eq. (4.8) is precisely the Fð0ÞðD;fÞðMÞ from Eq. (2.15) with f ¼ 1. On the other hand, the second term in

Eq. (4.8) is equivalent to Fð1ÞðD;fÞ
L0

ðMÞ. To see this, we set f ¼ 1; n ¼ 1; η0 ¼ 1
2
in Eq. (2.14), identifying Li1 as L0 and use

Eq. (2.25) together with the definition of the eta function ηðzÞ ¼P∞
m¼1ð−1Þm−1m−z. Then, we have

Fð1ÞðD;fÞ
L0

ðMÞ ¼ −N
1

ð2πÞD2
�
M2

2

�D
2 1

2πi

Z
cþi∞

c−i∞
dtΓ

�
t −

D
2

�
ΓðtÞηð2tÞ

�
ML0

2

�
−2t

: ð4:9Þ

And if we change the variable t1 ¼ t − D
2
in Eq. (4.9), we arrive at the second term in Eq. (4.8).

Then, we finally obtain from Eq. (2.24) with Eqs. (4.6) and (4.8) that

Vf
eff ¼ N

π
D
2

2ð2πÞD Γ
�
−
D
2

�
MD −N

1

LD
0 π

D
2

1

2πi

Z
c1þi∞

c1−i∞
dt1 Γ

�
t1 þ

D
2

�
ηð2t1 þDÞΓðt1Þ

�
ML0

2

�
−2t1

−
Xp
n¼1

X
1≤i1<���<in≤p

N
2n

π
D
2L0

X∞
n̄¼0

ð−1Þn̄
n̄!

�
ML0

2

�
2n̄ 1

2πi

Z
c−D−1

2
þi∞

c−D−1
2
−i∞

dt

× Γ
�
−t − n̄þ 1

2

�
ηð−2t − 2n̄þ 1Þ

�
1

L0

�
−2t

SðnÞ
�
tþD − 1

2
;Li1 ;…; Lin

�
: ð4:10Þ
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We obtain an important expression for the effective potential in the case of the fermion with arbitrary boundary condition for
the spatial S1i ði ¼ 1;…; pÞ direction. As stated below Eq. (4.6), the third term in Eq. (4.10) is strictly analytic with respect to
M. We observe that the mode recombination formula clearly separates the effective potential Vf

eff into a part that contains the
nonanalytic terms and a part that is entirely analytic. Hence, we conclude that the nonanalytic terms, if present, can arise
from the first and second terms in Eq. (4.10) and we write the nonanalytic terms in Vf

eff by

Vf
eff jn:a: ¼ Fð0ÞðD;fÞðMÞjn:a: þ Fð1ÞðD;fÞ

L0
ðMÞjn:a:: ð4:11Þ

B. Nonanalytic terms

We have already calculated the first term in Eq. (4.10) in Sec. II and have found the power-type or the logarithmic-type
nonanalytic terms. For D ¼ even, it is given by Eq. (2.16) with f ¼ 1

Fð0ÞðD;fÞðMÞ
����log
n:a:

¼ −N
ð−1ÞD2

2Dπ
D
2 ðD

2
Þ!M

D log
M
μ
; ð4:12Þ

while for D ¼ odd, it is done by Eq. (2.18) with f ¼ 1

Fð0ÞðD;fÞðMÞ
����pow
n:a:

¼ N
ð−1ÞDþ1

2

2
Dþ1
2 π

D−1
2 D!!

MD: ð4:13Þ

Let us obtain the nonanalytic terms in the second term of Eq. (4.10), which is Fð1ÞðD;fÞ
L0

ðMÞ. We deform the contour in the
complex t1 plane to encircle all the poles of the integrand and evaluate the integral by the residue theorem. One needs the
condition (4.5) again for this to be possible, which will be derived in Appendix A. It is appropriate to compute the integral
separately for even and odd D. The details of the calculation are given in Appendix C. We present the result here. For
D ¼ even with Eqs. (C2), (C3) and (C5), we have

Fð1ÞðD;fÞ
L0

ðMÞ ¼ N
ð−1ÞD2

2Dπ
D
2ðD

2
Þ!M

D

�
log

�
ML0

π

�
−
1

2

�
ψð1Þ þ ψ

�
D
2
þ 1

��	

−N
ð−1ÞD2
2Dπ

D
2

MD
X∞
l¼1

ð−1ÞlΓð2lþ 1Þð1 − 21þ2lÞ
Γðlþ D

2
þ 1ÞΓðlþ 1Þ ζð2lþ 1Þ

�
ML0

4π

�
2l

−N
1

π
D
2LD

0

XD2−1
m¼0

ð−1Þm
m!

Γ
�
D
2
−m

�
ηðD − 2mÞ

�
ML0

2

�
2m
: ð4:14Þ

The first term in Eq. (4.14) containing the logarithmic-type nonanalytic term arises from the residue at the double pole
t1 ¼ − D

2
of the part Γðt1 þ D

2
ÞΓðt1Þ in the integrand. There is no power-type nonanalytic term in Eq. (4.14), which reflects

the fact that the eta function ηð2t1 þDÞ does not possess the pole unlike the zeta function.
From Eqs. (4.12) and (4.14), there is no power-type nonanalytic term in the effective potential, which is consistent with

the result in the paper II. We have only the logarithmic-type nonanalytic term in Fð1ÞðD;fÞ
L0

ðMÞ

Fð1ÞðD;fÞ
L0

ðMÞ
����log
n:a:

¼ N
ð−1ÞD2

2Dπ
D
2 ðD

2
Þ!M

D log

�
ML0

π

�
; ð4:15Þ

so that Eq. (4.11) becomes
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Vf
eff jn:a: ¼ Fð0ÞðD;fÞðMÞ

����log
n:a:

þ Fð1ÞðD;fÞ
L0

ðMÞ
����log
n:a:

¼ N
ð−1ÞD2

2Dπ
D
2ðD

2
Þ!M

D log

�
μL0

π

�
: ð4:16Þ

The logM dependence finally cancels out, leaving alter-
natively the nonanalytic dependence on the scale 1=μL0.

3

Let us proceed to study the second term in Eq. (4.10) for
D ¼ odd. As discussed in Appendix C, the integrand has no
double pole in this case, so that there arise no logarithmic-
type nonanalytic terms. We obtain [see Eq. (C6)]

Fð1ÞðD;fÞ
L0

ðMÞ ¼ −N
ð−1ÞDþ1

2

2
Dþ1
2 π

D−1
2 D!!

MD

−N
1

π
D
2LD

0

X∞
l¼0

ð−1Þl
l!

Γ
�
D
2
− l
�

× ηðD − 2lÞ
�
ML0

2

�
2l
: ð4:17Þ

The first term is the contribution from the single pole t1 ¼
− D

2
of Γðt1 þ D

2
Þ and the second one is the one from the pole

t1 ¼ −lðl ¼ 0; 1;…Þ of Γðt1Þ. As expected, there is no
logarithmic-type nonanalytic term in Eq. (4.17). We see that
the first term, the power-type nonanalytic term, cancels out
Eq. (4.13) to reproduce the result in the paper II. Therefore,
the effective potential does not possess the nonanalytic
terms

Vf
eff jn:a: ¼ 0 for D ¼ odd: ð4:18Þ

We conclude that in the case of the fermion with arbitrary
boundary condition for the spatial S1i ði ¼ 1;…; pÞ direc-
tion, the effective potential does not have any nonanalytic
term with respect to M. We summarize the results in
Table II. This is quite different from the case of the scalar
with the periodic boundary condition for the spatial S1i
direction.
If we consider the scalar field with some of the boundary

condition for a spatial S1i direction being antiperiodic, the
effective potential in this case essentially has the same as
that in the case of the fermion by regarding the spatial
direction that has the antiperiodic boundary condition as
the Euclidean time direction. Hence, the results in the case
of the fermion immediately imply the conclusion that there
are no nonanalytic terms if the scalar field obeys at least one
antiperiodic boundary condition for the spatial S1i direction.

V. CONCLUSIONS AND DISCUSSIONS

We have investigated the nonanalytic terms in the
one-loop finite-temperature effective potentials of the
scalar and fermion fields on a D-dimensional spacetime,
S1τ × RD−ðpþ1Þ ×

Qp
i¼1 S

1
i . These are the terms that cannot

be expressed as the positive powers of the field-dependent
mass squared. In our analysis we have made the extensive
use of the mode recombination formula developed in the
paper II, which can be applicable to fermions, scalars and
arbitrary boundary conditions for the spatial direction
S1i ði ¼ 1;…; pÞ. We recast the effective potential into
the remarkable expressions, Eqs. (3.9) and (4.10) that
have not been obtained previously. The rewritten expres-
sion clearly separates the analytic terms from all other
ones, thereby making it transparent where the nonanalytic
terms of interest arise.

The relevant quantities such as Fð1ÞD−k
Lk

ðMÞ; Fð1ÞðD;fÞ
L0

ðMÞ
that can potentially give rise to the nonanalytic terms in the
effective potential are initially expressed in terms of the
modified Bessel functions of the second kind accompanied
by the mode summations. By employing the integral
representations of the function together with the analytical
extension of the mode summations, we rewrite them as the
contour integrals in the complex plane. We evaluate the
integral by the residue theorem, picking up all infinitely
many poles contained in the integrand. This procedure
enables us to obtain the complete set of terms that appear in
the effective potential. As a result, we find that the possible
nonanalytic terms with respect to M in the effective
potential are of power type or logarithmic one.
The logarithmic-type nonanalytic terms newly analyzed

in the present paper are found to arise from the double pole
in the integrand, in contrast to the power-type nonanalytic
terms that originate from the single pole as shown in the
papers I and II. In the case of the scalar field obeying the
periodic boundary condition for the spatial S1i ði ¼ 1;…; pÞ
direction, we have determined all the nonanalytic terms in
the effective potential by classifying the cases according to
whether the spacetime dimension, D and the total number
of S1i , pþ 1 are even or odd. We have clarified the
significant nonanalytic structure as summarized in
Table I: whenever the power type is present(absent), the

TABLE II. Nonanalytic structure of the effective potential
Vf
eff on the spacetime, S1τ × RD−ðpþ1Þ ×

Qp
i¼1 S1i for the fermion

field satisfying the arbitrary boundary condition for the spatial
S1i ði ¼ 1;…; pÞ direction. The “non” in the table means that the
effective potential contains no nonanalytic term of the corre-
sponding type.

D ¼ even D ¼ odd

Power type non non
logM type non non

3This is the same situation as Eq. (3.25), in which the logM
dependence drops out.
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logarithmic type is absent(present). We have also studied
the case of the fermion with arbitrary boundary condition
for the spatial S1i direction. The absence of the zero mode
due to the antiperiodic boundary condition following from
the quantum statistics is crucial for the nonanalytic struc-
ture and we have found that neither of the two types appears
in the effective potential regardless of the values of D and
pþ 1. The results in the case of the fermion have
immediately led to the conclusion that there exists no
nonanalytic term in the case of the scalar satisfying the
antiperiodic boundary condition for at least one spatial S1i
direction.4

We have also shown that the nonanalytic terms (3.42)
and (3.43) can be obtained directly from the contribution of
the zero mode alone. In our formulation based on the mode

recombination formula, Fð1ÞD−k
Lk

ðMÞ that potentially con-
tains the nonanalytic terms also arises from the zero-mode
sector in the formula. However, thanks to the winding mode

mk in Fð1ÞD−k
Lk

ðMÞ, it yields the larger contributions, the
third and fourth terms in Eq. (3.13) [or the third term in
Eq. (3.16)] in addition to the nonanalytic terms. Therefore,
our formulation provides the richer results that cannot be
obtained by considering only the zero mode. Moreover, the
origin and the mechanism responsible for the emergence of
the nonanalytic terms are very clear in the formulation and
it serves as a powerful framework for analyzing the terms.
We have studied the nonanalytic terms that cannot be

expressed by the positive powers of the field-dependent
mass squared. In order to fully understand the nonanalytic
structure of the effective potential, one needs to evaluate the
complex t integral in the third term of Eq. (3.9) [or
Eq. (4.10)]. Even though the third term is entirely analytic
in M, we expect that the term contains nonanalytic
contributions with power and/or logarithmic dependence
on the scale Liði ¼ 0;…; pÞ and/or their ratio. In fact, these
types of the contributions already appear, for example, in
the first term of Eq. (3.28). It is of considerable interest to
clarify the nonanalytic structure associated with the scale or
the ratio, namely in connection with the phase-transition
phenomena of the theory. A detailed investigation for fixed
values of p is currently in progress and will be reported in
the near future.
We have obtained the nonanalytic terms in the effective

potential under the condition (3.5) [or (4.5)]. One could
have new types of nonanalytic terms, which are different
from the ones obtained in this paper, outside of the region

of Eqs. (3.5), (3.11) and (4.5). In this case, unlike the
method adopted in this paper, it is necessary to evaluate
(2.14) directly by some means. The method is not known at
present, but the problem is highly challenging and
interesting.
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APPENDIX A: DERIVATION
OF EQS. (3.5) AND (4.5)

Let us derive the conditions (3.5) and (4.5) in the text.
We deform the contour in the t1 plane of Eq. (3.4) [or
Eq. (4.4)] to encircle all the poles of the integrand and
evaluate the integral by the residue theorem. For this to be
possible, the contribution from the large left semicircle
must vanish, from which one obtains the conditions.
The relevant part in Eq. (3.4) for the discussion is

given by

Z
c1þi∞

c1−i∞
dt1Γ

�
t1− tþ1

2

�
ζð2t1−2tþ1ÞΓðt1Þ

�
ML0

2

�
−2t1

:

ðA1Þ

In order to examine the contribution from the large left
semicircle for the contour integral (A1), we study the
asymptotic behavior of log jIj in the large radius limit,
where

I ≡ Γ
�
t1 − tþ 1

2

�
ζð2t1 − 2tþ 1ÞΓðt1Þ

�
ML0

2

�
−2t1

: ðA2Þ

To this end, we need to understand the asymptotic behavior
of each function in the integrand.
Stirling’s formula is given by [14]

ΓðωÞ ≃
ffiffiffiffiffiffi
2π

p
e−ω ωω−1

2ð1þ � � �Þ for jωj → ∞

with j argωj < π; ðA3Þ

from which it follows that

4We also discussed the nonanalytic terms in the case of a
higher dimensional gauge field on S1τ × RD−ðpþ1Þ ×

Qp
i¼1 S

1
i in

the paper II. The results concerning with the nonanalytic terms
obtained in this paper also hold for the gauge field. The
component gauge field for the spatial S1i direction can acquire
the vacuum expectation value to yield the fractional values of ηi in
the boundary condition (2.3). It may be important to study the
analytical extension in that case.
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log jΓðωÞj ≃ Re

��
ω −

1

2

�
logω − ωþ 1

2
logð2πÞ þ � � �

	

¼
�
ωR −

1

2

�
log jωj − ðargωÞωI − ωR þ � � � :

ðA4Þ

Here we have denoted the real (imaginary) part of ω
by ωRðωIÞ.
The large left semicircle is parametrized by

t1 ¼ cþ Reiφ with
π

2
≤ φ ≤

3

2
π; R → ∞; ðA5Þ

where R > 0; c∈R. The asymptotic behavior5 of Γðt1Þ in
the limit R → ∞ is obtained by using Stirling’s
formula (A3) with ω being identified with t1. Taking into
account arg t1 ≃ argφðmod 2πÞ in the limit R → ∞, the
range of validity of the formula (A3) is now given by
j argφj < π, so that the range π

2
≤ φ ≤ 3

2
π (especially

φ ¼ π) lies outside of it.
In order to obtain the asymptotic behavior of the gamma

function that is valid in the entire range π
2
≤ φ ≤ 3

2
π, let us

consider Γðα − βt1Þ, where α∈C; β > 0. By identifying ω
in Eq. (A3) with α − βt1, Eq. (A4) becomes

log jΓðα− βt1Þj≃−βR cosφ logðβRÞ þ βRðθ sinφþ cosφÞ

þ
�
αR − βc−

1

2

�
logðβRÞ ðA6Þ

in the limit R → ∞, where we have denoted the real
part of α by αR and θ ¼ argðα − βt1Þ. Since Eq. (A6)
is valid for jθj < π from Eq. (A3) and θ ≃ argð−eiφÞ in
the limit R → ∞, Eq. (A6) is valid for π

2
≤ φ ≤ 3

2
π

with θ ≃ φ − π. Thus, we can use the asymptotic
formula (A6) for the entire range of the left semicircle
given in Eq. (A5).
The above discussion indicates that it is appropriate to

recast the Γðαþ βt1Þ type in the integrand of Eq. (A2) into
the Γð1 − α − βt1Þ type by using the formula

ΓðωÞΓð1 − ωÞ ¼ π

sinðπωÞ ðA7Þ

in order to study the asymptotic behavior of log jIj. One
also needs the asymptotic behavior of the zeta function
along the large left semicircle. It may be convenient to use
the formula

ζð1 − ωÞ ¼ 21−ωπ−ωζðωÞΓðωÞ cos
�
π

2
ω

�
: ðA8Þ

By replacing ω by 1 − ω with ω ¼ αþ βt1 in Eq. (A8), we
have

ζðαþ βt1Þ ¼
ð2πÞαþβt1

π
ζð1 − α − βt1ÞΓð1 − α − βt1Þ

× sin

�
π

2
ðαþ βt1Þ

�
; ðA9Þ

which will be used to recast the zeta function in Eq. (A2). It
is easy to see

log

����sin
�
π

2
ðαþ βt1Þ

����� ≃ π

2
βRj sinφj ðA10Þ

and the asymptotic behavior of log jΓð1 − α − βt1Þj is
obtained6 by replacing α with 1 − α in Eq. (A6) in the
limit R → ∞.
Now we are ready to discuss the asymptotic behavior of

log jIj. Let us recast the gamma and zeta functions in
Eq. (A2) by using the formulas (A7) and (A9). Then, we
obtain

I ¼ πð2πÞ2A ζð1 − 2A − 2t1ÞΓð1 − 2A − 2t1Þ
sinðπt1ÞΓð1 − A − t1ÞΓð1 − t1Þ

�
ML0

4π

�
−2t1

;

ðA11Þ

where we have denoted A ¼ 1
2
− t. Aside from the irrelevant

term, it follows that

log jIj ≃ log jζð1 − 2A − 2t1Þj þ log jΓð1 − 2A − 2t1Þj
− log jsinðπt1Þj − log jΓð1 − A − t1Þj

− log jΓð1 − t1Þj þ log

����
�
ML0

4π

�
−2t1
����: ðA12Þ

We note that the argument of ζð1 − 2A − 2t1Þ enters the
region of absolute convergence as the R tends to infinity, so
that it may be considered as a quantity of order one and
thus, the first term in Eq. (A12) does not contribute to the
asymptotic behavior.
Knowing that

log

����
�
ML0

4π

�
−2t1
���� ≃ −2R cosφ log

�
ML0

4π

�
ðA13Þ

and using Eq. (A6), we finally obtain

log jIj ≃ −πRj sinφj − 2R cosφ log

�
ML0

2π

�
: ðA14Þ

5One should keep the limit R → ∞ in mind when studying the
asymptotic behavior in Appendix A.

6Let us note that argð1 − α − βt1Þ ≃ θ in the limit R → ∞,
where θ appears in Eq. (A6).
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In order for the contribution to jIj from the large left
semicircle ðπ

2
≤ φ ≤ 3

2
π; R → ∞Þ to be suppressed, one

needs the condition

0 <
ML0

2π
< 1; ðA15Þ

which is Eq. (3.5) in the text.
Let us make a few comments in order. The first one is

that the leading behavior R cosφ logR and the subleading
one Rðθ sinφþ cosφÞ in Eq. (A6) cancel out between the
three gamma functions in Eq. (A12). The dominant con-
tribution is governed by the term linear in R, as shown in
Eq. (A14). The second one is that the complex integral in
Eq. (3.12) is essentially the same type as Eq. (A1), so that a
similar discussion leads to the condition (3.11). The last
one is that if we take φ ¼ π

2
ð3
2
πÞ in Eq. (A14), we have

log jIj ≃ −πR. This implies that the contour integral (A1)

(and (B1) defined below) along the imaginary axis is well-
defined, as it should be. The three comments are also
applicable to the case of the fermion, which is given below.
Let us next derive the condition (4.5) in the case of the

fermion. The relevant part of the t1 integral in Eq. (4.4) is
given by

Z
c1þi∞

c1−i∞
dt1Γ

�
t1− tþ1

2

�
ηð2t1−2tþ1ÞΓðt1Þ

�
ML0

2

�
−2t1

:

ðA16Þ

The only difference, compared with Eq. (A1), is that the
zeta function in Eq. (A1) is replaced by the eta function. We
denote the integrand in Eq. (A16) by If.
Using the formula (A7) and (4.3) together with (A9), the

integrand If is recast as

If ¼ πð2πÞ2A ð1 − 21−2A−2t1Þζð1 − 2A − 2t1ÞΓð1 − 2A − 2t1Þ
sinðπt1ÞΓð1 − A − t1ÞΓð1 − t1Þ

�
ML0

4π

�
−2t1

: ðA17Þ

Up to the irrelevant terms, we have

log jIfj ≃ log jð1 − 21−2A−2t1Þj þ log jζð1 − 2A − 2t1Þj þ log jΓð1 − 2A − 2t1Þj

− log jsinðπt1Þj − log jΓð1 − A − t1Þj − log jΓð1 − t1Þj þ log

����
�
ML0

4π

�
−2t1
����: ðA18Þ

The first term in Eq. (A18) behaves like

log jð1 − 21−2A−2t1Þj ≃ −2R cosφ log 2 ðA19Þ

in the limit R → ∞ and the second term can be ignored as
explained before. We immediately obtain

log jIfj ≃ −πRj sinφj − 2R cosφ log

�
ML0

π

�
; ðA20Þ

where we have used Eqs. (A12), (A14) and (A19). The
difference of the factor 2 in the logarithm of the second
term in Eq. (A20), compared with Eq. (A14), comes from
the difference between the zeta function and the eta
function [see Eqs. (4.3) and (A19)]. In order for the
contribution to jIfj from the large left semicircle ðπ

2
≤ φ ≤

3
2
π; R → ∞Þ to be suppressed, one obtains the condition

0 <
ML0

π
< 1; ðA21Þ

which is (4.5) in the text.

It may be interesting to note that the antiperiodic
boundary condition for the Euclidean time direction for
the fermion can be viewed as the periodic one if we
consider 2L0. This suggests that the condition for the scalar
case (A15) is reduced to the fermion one (A21) by
replacing L0 by 2L0 in Eq. (A15), which is actually
the case.
It is worth noting the following point. Our results (3.13),

(3.16), (4.14) and (4.17) contain the infinite series. One can
show that the conditions (A15) and (A21), which have been
imposed to obtain the results and are derived in this
appendix, exactly coincide with the radius of convergence
for the series. This fact strongly supports the validity of the
results using the framework to study the nonanalytic terms
in this paper.

APPENDIX B: RESIDUE EVALUATION
FOR Fð1ÞD − k

Lk
ðMÞ

Let us derive the results (3.13) and (3.16) in this
appendix. We consider the complex integral (3.12)
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Fð1ÞD−k
Lk

ðMÞ ¼ −2
ð2πÞD−k

2

�
M2

2

�D−k
2 1

4πi

Z
cþi∞

c−i∞
dtΓ

�
t −

D − k
2

�
ΓðtÞζð2tÞ

�
MLk

2

�
−2t

: ðB1Þ

We deform the contour in the t plane so that it encloses all
the poles of the integrand and evaluate the t integral by the
residue theorem under the condition (3.11). Note that the
integrand (B1) can have at most a double pole because the
part ΓðtÞζð2tÞ obviously never possesses the double pole.
Thus, the double pole exists in the part Γðt − D−k

2
ÞΓðtÞ or

Γðt − D−k
2
Þζð2tÞ in the integrand, depending on whether D−k

2

is even or odd. It is convenient to evaluate the integral by
separating the cases in which D and k are even or odd.
We first present the necessary formulas to evaluate the

integral using residues. Let us consider the function FðtÞ ¼
AðtÞBðtÞCðtÞ and suppose that t ¼ α is a double pole of the
part AðtÞBðtÞ inFðtÞ andCðtÞ is regular at the pole. Writing

AðtÞ ¼ Ares

t − α
þ Af þOðt − αÞ; ðB2Þ

BðtÞ ¼ Bres

t − α
þ Bf þOðt − αÞ; ðB3Þ

the residue of FðtÞ at the pole t ¼ α is calculated to be

ResFðtÞ
����
t¼α

¼ d
dt

ðFðtÞðt − αÞ2Þ
����
t¼α

¼ AresBresC0ðαÞ þ AresBfCðαÞ þ AfBresCðαÞ:
ðB4Þ

The C0ðαÞ in the first term of Eq. (B4) is the origin of the
logarithmic-type nonanalytic terms, as we will see below. If
the pole t ¼ α is the trivial zero of CðtÞ, that is, CðαÞ ¼ 0,
then, we have

FðtÞ ¼ AresBres

t − α
C0ðαÞ þOðt − αÞ for CðαÞ ¼ 0; ðB5Þ

so that the pole t ¼ α becomes a single pole of the
integrand to yield

ResFðtÞjt¼α ¼ AresBresC0ðαÞ for CðαÞ ¼ 0: ðB6Þ

Equations (B4) and (B6) are frequently used in evaluating
the integral by residues.

1. ðD; kÞ= ðeven;evenÞ;ðodd;oddÞ
The first term in Eq. (3.13) arises from the single pole

t ¼ 1
2

of ζð2tÞ in Eq. (3.12) and is the power-type
nonanalytic term that we have already obtained in
Eq. (4.10) of the paper II.
The part Γðt − D−k

2
ÞΓðtÞ possesses a double pole at t ¼ 0

in this case. By using Eq. (B4) and denoting lk ≡ D−k
2
, the

residue at the pole of Eq. (3.12) is calculated to be

−2
ð2πÞD−k

2

�
M2

2

�D−k
2 1

2

�ð−1Þlk
lk!

�
ζð2tÞ

�
MLk

2

�
−2t
�0����

t¼0

þ ð−1Þlk

lk!
ψð1Þζð0Þ þ ð−1Þlk

lk!
ψðlk þ 1Þζð0Þ

	

¼ −1
2D−kπ

D−k
2

ð−1ÞD−k
2

ðD−k
2
Þ! M

D−k
�
log

�
MLk

4π

�
−
1

2

�
ψð1Þ þ ψ

�
D − k
2

þ 1

��	
; ðB7Þ

where we have used the expansion

ΓðtÞ ¼ ð−1Þn
n!

1

tþ n
þ ð−1Þn

n!
ψðnþ 1Þ þOðtþ nÞ: ðB8Þ

Here, the digamma function ψðmÞ is given by

ψðmÞ ¼
Xm−1

r¼1

1

r
− γE and ψð1Þ ¼ −γE: ðB9Þ

We have also used ζð0Þ ¼ − 1
2
and ζ0ð0Þ ¼ − 1

2
logð2πÞ in the calculation and γE is Euler’s constant. Equation (B7) is the

second term in Eq. (3.13). The logarithmic-type nonanalytic term comes from C0ðαÞ of Eq. (B4) in evaluating the residue at
the double pole.
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Let us next compute the contribution from the single pole t ¼ −lðl ¼ 1; 2;…Þ of ΓðtÞ and Γðt − D−k
2
Þ, which

corresponds to the case (B6) because of ζð−2lÞ ¼ 0ðl ¼ 1; 2;…Þ. The straightforward calculation shows

−2
ð2πÞD−k

2

�
M2

2

�D−k
2 1

2

X∞
l¼1

ð−1Þlþlk

ðlþ lkÞ!
ð−1Þl
l!

2ζ0ð−2lÞ
�
MLk

2

�
2l

¼ ð−1Þð−1ÞD−k
2

2D−kπ
D−k
2

MD−k
X∞
l¼1

ð−1ÞlΓð2lþ 1Þζð2lþ 1Þ
Γðlþ D−k

2
þ 1ÞΓðlþ 1Þ

�
MLk

4π

�
2l
; ðB10Þ

where we have used

ζ0ð−2lÞ ¼ ð−1Þlð2lÞ!
2ð2πÞ2l ζð2lþ 1Þ ¼ ð−1ÞlΓð2lþ 1Þ

2ð2πÞ2l ζð2lþ 1Þ: ðB11Þ

Eq. (B10) is the third term in Eq. (3.13).
We finally calculate the contribution from the single pole t ¼ lk −m ¼ D−k

2
−mðm ¼ 0; 1;…; D−k

2
− 1Þ of Γðt − D−k

2
Þ.

We find

−2
ð2πÞD−k

2

�
M2

2

�D−k
2 1

2

Xlk−1
m¼0

ð−1Þm
m!

Γðlk −mÞζð2lk − 2mÞ
�
MLk

2

�
−2ðlk−mÞ

¼ −1
π

D−k
2 LD−k

k

XD−k
2
−1

m¼0

ð−1Þm
m!

Γ
�
D − k
2

−m
�
ζðD − k − 2mÞ

�
MLk

2

�
2m
: ðB12Þ

We have obtained the fourth term and have completed the computation of the four terms in Eq. (3.13).

2. ðD; kÞ= ðeven;oddÞ;ðodd;evenÞ
The first term in Eq. (3.16) arises from the single pole t ¼ 0 of ΓðtÞ and is the power-type nonanalytic term that we have

already obtained in the paper II.
The part Γðt − D−k

2
Þζð2tÞ has the double pole t ¼ 1

2
in this case. We evaluate the residue at the pole and the result is given,

denoting mk ¼ D−k−1
2

, by

−2
ð2πÞD−k

2

�
M2

2

�D−k
2 1

2

�ð−1Þmk

mk!

1

2

�
ΓðtÞ

�
MLk

2

�
−2t
�0����

t¼1
2

þ ð−1Þmk

mk!
γEΓ
�
1

2

��
MLk

2

�
−1

þ ð−1Þmk

mk!
ψðmk þ 1Þ 1

2
Γ
�
1

2

��
MLk

2

�
−1
	

¼ −1
2D−k−1π

D−k−1
2

ð−1ÞD−k−1
2

ðD−k−1
2

Þ!
MD−k−1

Lk

�
− log ðMLkÞ þ

1

2

�
γE þ ψ

�
D − k − 1

2
þ 1

��	
: ðB13Þ

This is the second term in Eq. (3.16). In the calculation we have used Γð1
2
Þ ¼ ffiffiffi

π
p

and Γ0ð1
2
Þ ¼

Γð1
2
Þψð1

2
Þ ¼ ffiffiffi

π
p ð− log 4 − γEÞ. The Euler’s constant, γE in Eq. (B13) comes from Γ0ð1

2
Þ and the finite term of the expansion

ζð2tÞ ¼ 1

2

1

t − 1
2

þ γE þO

�
t −

1

2

�
: ðB14Þ

The logarithmic-type nonanalytic term arises from the C0ðαÞ of Eq. (B4) in evaluating the residue at the double pole.
Let us next study the contribution from the single pole t ¼ D−k

2
−m ðm ¼ 0; 1;…Þ, excluding m ¼ D−k−1

2
, of Γðt − D−k

2
Þ

and it is given by
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−2
ð2πÞD−k

2

�
M2

2

�D−k
2 1

2

X∞
m¼0

ðm≠D−k−1
2

Þ

ð−1Þm
m!

Γ
�
D − k
2

−m

�
ζðD − k − 2mÞ

�
MLk

2

�
−2ðD−k

2
−mÞ

¼ −1
π

D−k
2 LD−k

k

X∞
m¼0

ðm≠D−k−1
2

Þ

ð−1Þm
m!

Γ
�
D − k
2

−m

�
ζðD − k − 2mÞ

�
MLk

2

�
2m
: ðB15Þ

This is the third term and we have obtained the three terms in Eq. (3.16).

APPENDIX C: RESIDUE EVALUATION FOR Fð1ÞðD; f Þ
L0

ðMÞ
Let us obtain the nonanalytic terms in the effective potential for the fermion in Sec. IV. To this end, we need to compute

the integral in the second term of Eq. (4.10)

Fð1ÞðD;fÞ
L0

ðMÞ ¼ −N
1

LD
0 π

D
2

1

2πi

Z
cþi∞

c−i∞
dtΓ
�
tþD

2

�
ηð2tþDÞΓðtÞ

�
ML0

2

�
−2t

; ðC1Þ

where we have rewritten t1 and c1 as t and c, respectively. We deform the contour in the t plane so as to encircle all the poles
of the integrand and evaluate the t integral by the residue theorem under the condition (A16). Let us note that the eta
function has no pole unlike the zeta function in Eq. (B1). We consider the integral separately, depending on whether D is
even or odd.

1. 1:D= even

The double pole exists in the part Γðtþ D
2
ÞΓðtÞ in this case and taking into account ηð−2mÞ ¼ 0ðm ¼ 1; 2;…Þ, it is given

by t ¼ − D
2
. From (B4), we find

−N
1

π
D
2LD

0

�ð−1ÞD2
ðD
2
Þ!
�
ηð2tþDÞ

�
ML0

2

�
−2t
�0����

t¼−D
2

þ ð−1ÞD2
ðD
2
Þ! ψ

�
D
2
þ 1

�
ηð0Þ

�
ML0

2

�
D
þ ψð1Þ ð−1Þ

D
2

ðD
2
Þ! ηð0Þ

�
ML0

2

�
D
	

¼ N
ð−1ÞD2

2Dπ
D
2 ðD

2
Þ!M

D

�
log

�
ML0

π

�
−
1

2

�
ψð1Þ þ ψ

�
D
2
þ 1

��	
; ðC2Þ

where we have used ηð0Þ ¼ 1
2
; η0ð0Þ ¼ 1

2
logðπ

2
Þ. This is the first term in Eq. (4.14). We see that the logarithmic-type

nonanalytic term comes from C0ðαÞ of Eq. (B4) in evaluating the residue at the double pole.
Let us next study the contribution from the single pole t ¼ − D

2
− lðl ¼ 1; 2;…Þ of ΓðD

2
þ tÞ and ΓðtÞ, which is the case

for Eq. (B6) because of ηð−2lÞ ¼ 0ðl ¼ 1; 2;…Þ. We have

−N
1

π
D
2LD

0

X∞
l¼1

ð−1Þl
l!

ð−1ÞlþD
2

ðlþ D
2
Þ! 2η

0ð−2lÞ
�
ML0

2

�
−2ð−D

2
−lÞ

¼ −N
ð−1ÞD2
2Dπ

D
2

MD
X∞
l¼1

ð−1ÞlΓð2lþ 1Þð1 − 21þ2lÞ
Γðlþ D

2
þ 1ÞΓðlþ 1Þ ζð2lþ 1Þ

�
ML0

4π

�
2l
; ðC3Þ

where we have used

η0ð−2lÞ ¼ ð1 − 21þ2lÞζ0ð−2lÞ ¼ ð1 − 21þ2lÞ ð−1Þ
lΓð2lþ 1Þ
2ð2πÞ2l ζð2lþ 1Þ ðC4Þ

and Eq. (B11). This is the second term in Eq. (4.14).
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Let us finally calculate the contribution from the single
pole t ¼ −mðm ¼ 0; 1;…; D

2
− 1Þ of ΓðtÞ. We obtain

−N
1

π
D
2LD

0

XD2−1
m¼0

ð−1Þm
m!

Γ
�
D
2
−m

�
ηðD − 2mÞ

�
ML0

2

�
2m
;

ðC5Þ

which is the third term and we have finished computing the
three terms in Eq. (4.14).

2. 2:D= odd

The integrand possesses no double pole in this case, so
there exists no logarithmic-type nonanalytic term. The
contributions from the single pole t ¼ − D

2
of Γðtþ D

2
Þ

and the one t ¼ −lðl ¼ 0; 1;…Þ of ΓðtÞ yield7

−N
ð−1ÞDþ1

2

2
Dþ1
2 π

D−1
2 D!!

MD −N
1

π
D
2LD

0

X∞
l¼0

ð−1Þl
l!

× Γ
�
D
2
− l
�
ηðD − 2lÞ

�
ML0

2

�
2l
: ðC6Þ

The first term is explicitly given by Eq. (2.18) with f ¼ 1
and an extra minus sign. We have calculated the two terms
in Eq. (4.17).
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