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We calculate the vacuum polarization energy (VPE) of a scalar field in the background of a nonsingular
cosmic string in 2þ 1 spacetime dimensions. Our calculation expresses the VPE as a renormalized sum
and integral over scattering data, which can be expressed in terms of Legendre and Bessel functions for the
“ballpoint pen” model, analogous to a square well in curvature, and which can be obtained numerically for
a generic string profile. We show how relationships between the local density of states, expressed in terms
of the Green’s function, and the global density of states, expressed in terms of the Jost function, extend to
this curved spacetime background and allow for precise implementation of perturbative renormalization
conditions.
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I. INTRODUCTION

While there does not exist a fully quantized theory of
gravity, it does appear possible to extend quantum field
theory to a classical curved spacetime background [1],
although subtleties such as Hawking radiation and its
consequences for black hole information remain unre-
solved. Examples in which one can compute the contri-
butions of quantum fluctuations to local densities are
therefore especially valuable for gaining insight into the
interplay between quantum mechanics and general rela-
tivity. In the case of the Schwarzschild metric, calculations
using scattering Green’s functions such as [2–5] make it
possible to demonstrate the emergence of Hawking radi-
ation via a physically motivated choice of vacuum.
However, such geometries inevitably contain singular
points, making it difficult to consider global quantities
that would be obtained via integration over space of local
densities, and one is often restricted to calculations of local
densities in regions with no matter.
In this paper we consider a simpler geometry in two

space dimensions, consisting of a localized defect leading
to a deficit angle at large distances. We consider a defect
with a core of nonzero radius, leading to a nonsingular
configuration in which we can consider regions both
with and without matter. In higher dimensions, this

configuration would extend to a cosmic string geometry.
We focus especially on the “ballpoint pen” model [6–8], in
which a region of constant curvature is smoothly joined to a
flat region with a deficit angle, forming the analog of a
square well in curvature, and compute the total vacuum
polarization energy (VPE) of a scalar field in this back-
ground. Local densities in this model were computed
previously in [9,10] which, in principle, could be integrated
over space to obtain the results found here. However, this
integral converges only as a principal value at the step
boundary, so it is not tractable to compute it numerically.
Instead, we show how to use an analytic relationship
between the integral over space of the Green’s function
and the Jost function from potential scattering theory to
circumvent the need to compute this integral, leading to a
fully renormalized calculation in which divergences are
removed via local counterterms fixed by standard renorm-
alization conditions. Our calculation draws on scattering
data derived in Refs. [11,12], but our results differ because
we use only these standard subtractions to implement
renormalization.
We begin by introducing the background geometry and

scattering problem in Sec. II. We then show in Sec. III how
to connect the local density of states, defined via the
Green’s function, to the global density of states, defined via
the Jost function, which is then used to compute the VPE.
We carry out this calculation for the ballpoint pen model in
Sec. IVand discuss our results in Sec. V. In Appendix Awe
explain how to extend all of these results to an arbitrary
string profile using a variable phase calculation and in
Appendix B we discuss aspects of analytic continuation in
wave number k and angular momentum l.
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II. MODEL

We consider a free scalar field ϕ of mass μ in 2þ 1
spacetime dimensions, for which the action functional is

S ¼ −
1

2

Z
d3x

ffiffiffiffiffiffi
−g

p ð∇αϕ∇αϕþ ξRϕ2 þ μ2ϕ2Þ; ð1Þ

including a coupling to the Ricci curvature scalar R with
strength ξ. Of particular interest is the case of conformal
coupling, ξ ¼ 1

8
in two space dimensions. The equation of

motion is

−∇α∇αϕþ ξRϕþ μ2ϕ ¼ 0 ð2Þ
and we consider the spacetime metric [6–8]

ds2 ¼ −dt2 þ pðrÞ2dr2 þ r2dθ2 ð3Þ
with a deficit angle 2θ0, meaning that the range of angular
coordinate is θ ¼ 0…2ðπ − θ0Þ, and we define σ ¼ π

π−θ0
. To

implement the deficit angle without a singularity at the
origin, we introduce a profile function pðrÞ that ranges
from 1

σ at the origin to 1 at the string radius r0 and beyond.
The nonzero Christoffel symbols in this geometry are [6–8]

Γr
rr ¼

p0ðrÞ
pðrÞ ; Γr

θθ ¼ −
r

pðrÞ2 ; and Γθ
θr ¼ Γθ

rθ ¼
1

r
;

ð4Þ

and because the geometry only has curvature in two
dimensions, all the nonzero components of the Riemann
and Ricci tensors

Rr
θrθ ¼ −Rr

θθr ¼ Rθθ ¼ gθθ
R
2

and

Rθ
rθr ¼ −Rθ

rrθ ¼ Rrr ¼ grr
R
2

ð5Þ

can be expressed in terms of the curvature scalar

R ¼ 2
r
p0ðrÞ
pðrÞ3. It obeys the Gauss-Bonnet theorem in two

dimensions,Z
r0

0

pðrÞdr
Z

2π=σ

0

rdθR

¼ 4π

σ

Z
r0

0

p0ðrÞ
pðrÞ2 dr

¼ −
4π

σ

1

pðrÞ
����r¼r0

r¼0

¼ 4π

�
1 −

1

σ

�
¼ 4θ0; ð6Þ

for any pðrÞ with the boundary conditions given above.
Acting on any scalar χ, the covariant derivatives simply

become ordinary derivatives, while for second derivatives
we have nontrivial contributions from the Christoffel
symbols,

∇θ∇θχ ¼ ∂
2
θχ −Γr

θθ∂rχ; ∇r∇rχ ¼ ∂
2
rχ −Γr

rr∂rχ; and

∇r∇θχ ¼∇θ∇rχ ¼ ∂θ∂rχ −Γθ
rθ∂θχ; ð7Þ

and so covariant derivatives with respect to θ can be
nonzero even if χ is rotationally invariant. In particular,
we have the Laplace-Beltrami operator

ðgθθ∇θ∇θ þ grr∇r∇rÞχ ¼ 1

r2

�
∂
2χ

∂θ2
þD2

r

�
χ; ð8Þ

where Dr ¼ r
pðrÞ

∂

∂r is the radial derivative. The equation of

motion for ϕ then becomes

�
∂
2

∂t2
−

1

r2
D2

r −
1

r2
∂
2

∂θ2
þ μ2 þ ξR

�
ϕ ¼ 0: ð9Þ

We define the Green’s function Gðr; r0; kÞ for wave
number k, which obeys

�
−

1

r2
D2

r −
1

r2
∂
2

∂θ2
þ ξR − k2

�
Gðr; r0; kÞ

¼ 1

rpðrÞ δðr − r0Þδðθ − θ0Þ; ð10Þ

and we furthermore define the changes in radius and
area as

Δr ¼
Z

∞

0

ðpðrÞ − 1Þdr ð11Þ

and

ΔA ¼ 2π

σ

Z
∞

0

rðpðrÞ − 1Þdr; ð12Þ

respectively.
We can then decompose the Green’s function in a partial

wave basis as

Gðr; r0; kÞ ¼
X∞
l¼0

0Glðr; r0; kÞ

¼ iσ
2

X∞
l¼0

0ψ reg
k;lðr<Þψout

k;lðr>Þ cos ½σlðθ − θ0Þ�;

ð13Þ

where the subscripts indicate the larger and smaller of the
two radii and the prime indicates that the l ¼ 0 term in the
sum is counted with a weight of one-half, which arises
because we restrict to l ≥ 0. This sum is written in terms of
the regular and outgoing scattering wave functions, which
are solutions to the radial wave equation
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�
−

1

r2
D2

r þ
l2σ2

r2
þ ξR

�
ψl;kðrÞ ¼ k2ψl;kðrÞ; ð14Þ

normalized according to the Wronskian relation

d
dr

ðψ reg
k;lðrÞÞψout

k;lðrÞ − ψ reg
k;lðrÞ

d
dr

ðψout
k;lðrÞÞ ¼

pðrÞ
r

; ð15Þ

where the outgoing wave function approaches the Hankel

function Hð1Þ
σl ðkrÞ at large distances.

We consider the ballpoint pen profile function [6–8]

ppenðrÞ ¼
8<
:

h
σ2 − r2

r2
0

ðσ2 − 1Þ
i
−1=2

r < r0

1 r > r0;
ð16Þ

where r0 is the string radius, which gives constant curvature

R ¼ 2ðσ2−1Þ
r2
0

inside and zero curvature outside. It has

geometrical factors

Δrpen ¼
�
arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p
ffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2 − 1

p − 1

�
r0 and

ΔApen ¼ −
πr20
σ

σ − 1

σ þ 1
ð17Þ

and its scattering wave functions are given in terms of the
Legendre functions of the first and second kind P−l

νðkÞ and

Ql
νðkÞ and the Bessel and Hankel functions Jσl and Hð1Þ

σl by

ψpen
k;l ðrÞ ¼

(
θðr0 − rÞApen

k;lP
−l
νðkÞð 1

σppenðrÞÞ þ θðr − r0Þ½JσlðkrÞ þ Bpen
k;lH

ð1Þ
σl ðkrÞ�; regular solution;

θðr0 − rÞ½Cpen
k;lP

−l
νðkÞð 1

σppenðrÞÞ þDpen
k;lQ

l
νðkÞð 1

σppenðrÞÞ� þ θðr − r0ÞHð1Þ
σl ðkrÞ; outgoing solution

ð18Þ

where θðxÞ is the Heaviside step function. We have introduced

νðkÞ ¼ −
1

2
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 8ξÞ þ 4k2r20

σ2 − 1

s
ð19Þ

and

Apen
k;lD

pen
k;l ¼ 2ið−1Þl

πσ
ð20Þ

Cpen
k;l

Dpen
k;l

¼ −
ðσ2 − 1ÞQl

νðkÞ0 ð1σÞHð1Þ
σl ðkr0Þ þ σkr0Ql

νðkÞð1σÞHð1Þ
σl0 ðkr0Þ

ðσ2 − 1ÞP−l
νðkÞ0 ð1σÞHð1Þ

σl ðkr0Þ þ σkr0P−l
νðkÞð1σÞHð1Þ

σl0 ðkr0Þ

Bpen
k;l ¼ −

ðσ2 − 1ÞP−l
νðkÞ0 ð1σÞJσlðkr0Þ þ σkr0P−l

νðkÞð1σÞJ0σlðkr0Þ
ðσ2 − 1ÞP−l

νðkÞ0 ð1σÞHð1Þ
σl ðkr0Þ þ σkr0P−l

νðkÞð1σÞHð1Þ
σl0 ðkr0Þ

; ð21Þ

where a prime denotes a derivative with respect to the function’s argument and we have assumed l ≥ 0. While all four
coefficients can be obtained by matching the wave function and its first derivative at r ¼ r0, here we show only the
combinations of these coefficients that we will need; the product Apen

k;lD
pen
k;l is particularly simple due to the Wronskian

relation. We can then extract the Jost function FlðkÞ [13,14] from the Bpen
k;l coefficient as [11]

Fpen
l ðkÞ ¼ ðkr0Þl

ðσ2 − 1Þl=2
ilðσ−1Þπ
2iσ3=2

�
ðσ2 − 1ÞP−l

νðkÞ0
�
1

σ

�
Hð1Þ

σl ðkr0Þ þ σkr0P−l
νðkÞ

�
1

σ

�
Hð1Þ

σl0 ðkr0Þ
�

ð22Þ

by using

1þ 2Bpen
k;l ¼ Flð−kÞ

FlðkÞ
; ð23Þ
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where the normalization is chosen to give the asymptotic
limit

lim
k→∞

FlðkÞeikΔr ¼ 1 ð24Þ

with Fð−kÞ ¼ FðkÞ� for k real. We define the S-matrix

SlðkÞ ¼
Fð−kÞ
FðkÞ ; ð25Þ

which obeys

lim
k→∞

e−2ikΔrSlðkÞ ¼ 1 and lim
l→∞

ð−1Þlðσ−1ÞSlðkÞ ¼ 1:

ð26Þ

We note that it is also straightforward to extract analogous
scattering data for the “flowerpot” model, in which the
curvature is concentrated at a δ-function ring of radius r0.
However, such a configuration has divergent total energy
due to this sharp limit [15]. In Appendix Awe explain how
to obtain scattering data numerically for an arbitrary
continuous profile pðrÞ.

III. POINT STRING AND DENSITY OF STATES

In order to pass from local densities, which can be
computed from the Green’s function, to global quantities
like the total energy, we connect the integral over space of
the Green’s function to the Jost function. More specifically,
2k
i times the imaginary part of the Green’s function gives a
local density of states, and the corresponding global density
of states is given by 1

π times the k derivative of the Jost
function [15]. Since the global density of states diverges
with volume, we must consider differences, for example, by
subtracting the corresponding results for empty space, to
obtain a meaningful result. In curved space, this subtraction
is complicated by the changes to the background geometry.
To form a simple comparison, we consider the “point

string” configuration [16–18], which is the r0 → 0 limit of
the ballpoint pen. It consists of flat spacetime with the same
deficit angle for r > 0 and the associated curvature con-
centrated at r ¼ 0. We can similarly construct its Green’s
function from the wave functions

ψpoint
k;l ðrÞ ¼

�
JσlðkrÞ; regular solution
Hð1Þ

σl ðkrÞ; outgoing solution
ð27Þ

and we obtain, for l ≥ 0,

2k
iπ

Z
∞

0

2πr
σ

dr
	
Glðr; r; kÞpðrÞ −Gpoint

l ðr; r; kÞ



¼ i
π

d
dk

log
	
ðikr0Þlðσ−1ÞFlðkÞ



ð28Þ

for complex k in the upper half-plane, where the nonzero
imaginary part of k is necessary for convergence of the
integral on the left-hand side. This formula connects the
local and global density of states, generalizing to curved
spacetime the relationship between the spatial integral of
the Green’s function and the Jost function derived in
Ref. [15]. In the limit where k approaches the real axis
from above, the real part of this equation represents the
density of states in channel l,

ΔρlðkÞ ¼ ρlðkÞ − ρpointl ðkÞ ¼ 1

π

d
dk

δlðkÞ ð29Þ

where we have defined the phase shift as

δlðkÞ ¼
1

2i
log Sl ¼ − argFlðkÞ ð30Þ

for k real.
On dimensional grounds, the vacuum energy density of

the point string goes like 1
r3 for μ ¼ 0, giving a divergent

total energy. Nonetheless, we will be able to use it as an
intermediate step when renormalizing the VPE of the
ballpoint pen or other nonsingular configurations.

IV. VACUUM POLARIZATION ENERGY

The VPE can be constructed as a sum over the zero-point
energies 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ μ2

p
for all the modes of oscillation of the

scalar field. To put this sum in a tractable form for
calculation in an unbounded region, we rewrite it as an
integral weighted by the continuum density of states, as
calculated above. (We would also need to include the
explicit contribution from bound states, but there are none
for the configurations we consider.) Such calculations
are typically divergent, requiring that we introduce
local counterterms with coefficients defined through per-
turbative renormalization conditions. First, we must make a
free space (cosmological constant) subtraction to account
for the change in area, which multiplies the change in the
free density of states in two dimensions ΔρfreeðkÞ ¼
2
P∞

l¼0
0Δρfreel ðkÞ ¼ kΔA

2π for k ≥ 0. This subtraction repre-
sents the difference in total energy between the point
string and empty space, which is divergent when integrated
over k. As we will see below, when we combine this
quantity with the difference between the nonzero radius
string and the point string, which has a corresponding
divergence as described in the previous section, we obtain a
finite result.
The only other potential divergence in two space

dimensions is the tadpole counterterm, the coefficient of
which is given by the integral over space of R

48π [9,10]. Its
contribution is given by replacing the phase shift defined in
Eq. (30) by its first Born approximation [15]. However,
when summed over l, this quantity is independent of k,
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since it is dimensionless and must be proportional to the
dimensionless quantity

R
0
∞rpðrÞRðrÞdr, with no other

dependence on the string background, and it is independent
of μ. As a result, a unique feature of two dimensions is that

the tadpole term gives no contribution to the energy after
taking the k derivative.
Putting these results together, we can compute the full

VPE on the real k axis,

E ¼
Z

∞

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ μ2

p
2π

(
2
X0∞

l¼0

�
1

2i
d
dk

log

�
ð−1Þlðσ−1ÞSlðkÞ

��
−
k
2
ΔA

)
dk

¼ Re
Z

∞

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ μ2

p
2π

(
2
X0∞

l¼0

�
i
d
dk

log

�
ðikr0Þlðσ−1ÞFlðkÞ

�
−
kΔA
2π

1

iðlþ 1
2
Þ
�
−
k
2
ΔA

)
dk; ð31Þ

where the subtraction of the second term in brackets in the
second line does not affect the real part but renders the
integral convergent. In the latter form, the integrand is
analytic in the upper half-plane, allowing us to draw on the
density of states relation in Eq. (28) to ensure that it
correctly describes the VPE.

V. RESULTS AND CONCLUSIONS

By substituting the Jost function and geometrical factors
for the ballpoint pen and choosing mass μ ¼ 0, using
Eq. (31) we obtain the results for the total energy shown in
Fig. 1. Since r0 is the only scale in the problem for a
massless field, the energy must be proportional to 1

r0
, so that

r0E is a function of σ and ξ only. Results for both minimal
coupling (ξ ¼ 0) and conformal coupling (ξ ¼ 1

8
) are shown

as functions of σ. We see that in both cases the total energy
is everywhere negative and roughly proportional to
−σðσ2 − 1Þ. As expected from Ref. [9], the energy is
smaller in magnitude for conformal coupling than minimal
coupling, but not zero in either case.

We find results of a similar order of magnitude compared
to those in Refs. [11,12] for the limit where σ is close to 1,
but our results differ quantitatively because we subtract
only local counterterms rather than the more complex
quantities extracted from uniform asymptotic expansions
and ζ-function regularization in those calculations. In
particular, our results appear to vanish as σ2 − 1 rather
than ðσ2 − 1Þ2 as σ approaches 1.
The integrand in the second line of Eq. (31) is an

analytic function of k in the upper half-plane, a property we
used to make the connection in Eq. (28) between the local
density of states as given by the Green’s function and the
global density of states as given by the Jost function. As a
result, we might hope to use contour integration to rewrite
the VPE as an integral on the imaginary axis k ¼ iκ arising

from the cut in the
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ μ2

p
term, as is standard in flat-

space calculations [15,19,20]. However, we find that this
integral does not converge. Perhaps related, to first extend
the integral to the entire real axis before closing the
contour, one typically takes advantage of the derivative
of the phase shift being even, but here there are also odd
terms arising from the point string and the free density of

states, suggesting that k should be replaced by
ffiffiffiffiffi
k2

p
in

these terms.
If it is possible to extend the calculation to the imaginary

axis, an additional benefit would be to make it possible to
use Regge techniques to replace the sum over l by an
integral over imaginary l ¼ iλ, which can avoid problems
associated with the mismatch between sums over l and σl
in renormalization [9,10]. As explained in Appendix B, this
replacement can be carried out successfully in our calcu-
lation, but, as with other examples of this technique, only
after analytic continuation in k.
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FIG. 1. Total VPE E in units of 1
r0
of the ballpoint pen string for

a scalar field with mass μ ¼ 0, as a function of σ, computed using
Eq. (31). The sum over l and integral over k have been truncated
and then extrapolated to infinity. Circles are for minimal coupling
(ξ ¼ 0) while squares are for conformal coupling (ξ ¼ 1

8
).
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APPENDIX A: VARIABLE PHASE METHOD

If we instead consider an arbitrary smooth profile
function pðrÞ that interpolates between 1

σ at the origin
and 1 at infinity, we can develop general expressions for the
Green’s function, Jost function, and S-matrix using the
variable phase method.
We define the physical distance r�, which is the solution

to the ordinary differential equation dr�
dr ¼ pðrÞ with r� ¼

r ¼ 0 at the origin. We can then rewrite the wave equation
in terms of the reduced wave function ϕðr�Þ ¼

ffiffiffi
r

p
ψðrÞ

as [9,11]

"
−

d2

dr2�
þ
σ2l2 − 1

4pðrÞ2
r2

þ
�
ξ−

1

4

�
R

#
ϕl;kðr�Þ ¼ k2ϕl;kðr�Þ;

ðA1Þ

where r is now a function of r�.

We define the potential including the centrifugal angular
momentum term as

Vlðr�Þ ¼
σ2l2 − 1

4pðrÞ2

r2
þ
�
ξ −

1

4

�
R; ðA2Þ

and note that near the origin, pðrÞ ≈ 1
σ and r ≈ σr�, and so

the centrifugal term corresponds to angular momentum l,
while at large distances pðrÞ → 1 and r → r� þ Δr so the
centrifugal term has angular momentum σl.
We define the regular and outgoing variable phase

solutions [15] to Eq. (14) in terms of a Hankel function
with a Riccati-type rescaling Ĥð1Þ

l ðzÞ ¼ ffiffiffi
z

p
Hð1Þ

l ðzÞ by
writing

ϕreg
l;kðr�Þ ¼

hl;kðr�Þ
Ĥð1Þ

l ðkr�Þ
;

ϕout
l;kðr�Þ ¼ gl;kðr�ÞĤð1Þ

σl ðkr�Þ; ðA3Þ

which obey the differential equations

− h00l;kðr�Þ þ 2k
d
dr�

�
Ĥð1Þ

l
0ðkr�Þ

Ĥð1Þ
l ðkr�Þ

hl;kðr�Þ
�
þ
�
Vlðr�Þ −

l2 − 1
4

r2�

�
hl;kðr�Þ ¼ 0;

− g00l;kðr�Þ − 2k
Ĥð1Þ

σl
0ðkr�Þ

Ĥð1Þ
σl ðkr�Þ

g0l;kðr�Þ þ
�
Vlðr�Þ −

σ2l2 − 1
4

r2�

�
gl;kðr�Þ ¼ 0; ðA4Þ

with boundary conditions limr�→0 hl;kðr�Þ ¼ limr�→∞ g0l;kðr�Þ ¼ 0, limr�→0 h0l;kðr�Þ ¼ 1, and limr�→∞ gl;kðr�Þ ¼
iðσ−1Þl, where a prime denotes derivative with respect to the argument and the factor of iðσ−1Þl accounts for the difference

in phase between Ĥð1Þ
σl ðkr�Þ and Ĥð1Þ

l ðkr�Þ. In practice, we must start the integration for hl;kðr�Þ with these boundary
conditions imposed at some small value just larger than zero.
We can then compute the Wronskian of these two solutions,

WlðkÞ ¼
Ĥð1Þ

σl ðkr�Þ
Ĥð1Þ

l ðkr�Þ

��
h0l;kðr�Þ − k

Ĥð1Þ
l

0ðkr�Þ
Ĥð1Þ

l ðkr�Þ
hl;kðr�Þ

�
gl;kðr�Þ − hl;kðr�Þ

�
g0l;kðr�Þ þ k

Ĥð1Þ
σl

0ðkr�Þ
Ĥð1Þ

σl ðkr�Þ
gl;kðr�Þ

��
; ðA5Þ

which is independent of r�, so it can be evaluated at an intermediate fitting point of our choice. For fixed l, the Wronskian
goes to 1 as k → ∞ and obeysWlð−kÞ ¼ WlðkÞ� for k real. The Jost function is then given by FlðkÞ ¼ e−ikΔrWlðkÞ, and
from these results we obtain the Green’s function as

Gðr; r0; kÞ ¼ σ

π

1ffiffiffiffiffiffi
rr0

p
X0∞

l¼0

Ĥð1Þ
σl ðkr�>Þ

Ĥð1Þ
l ðkr�<Þ

hl;kðr�<Þgl;kðr�>Þ
WlðkÞ

cos½σlðθ − θ0Þ�: ðA6Þ

These expressions can then be used to calculate the total energy as in the main text, as well as to compute local densities as
described in Refs. [9,10]. This approach also extends directly to complex k in the upper half-plane [15].
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APPENDIX B: COMPLEX ANGULAR
MOMENTUM

The deficit angle background complicates standard
techniques for computing quantum corrections because it
leads to a quantized angular momentum σl for integer l,
which must be compared to angular momentum l for the
free background. As a result, one often does not obtain
term-by-term cancellation in the resulting sum over l. In
some cases, such as conical geometries [21,22] and the
point string [9], this problem can be addressed by replacing
the discrete l sum with a continuous Kontorovich-Lebedev
integral over imaginary l, where the wave number k is also
analytically continued to imaginary values [23,24].

Our analytic scattering data results for the ballpoint pen
extend directly to complex l, as does the density of states
relation in Eq. (28). For quantities involving sums of
analytic functions over l, in particular Eq. (13) or the
second line of Eq. (31), breaking the cosine into complex
exponentials and then multiplying by π expð�iπlÞ

sin πl , which has
poles of unit residue at integer l, allows us to equate the
original sum to a contour integral in complex l over a
semicircle in the right half-plane. In the limit of large
radius, the contribution of the semicircular arc goes to zero,
leaving only the contribution on the imaginary axis, which
by symmetry can then be simplified to an integral over
the positive imaginary axis only. The Green’s function in
Eq. (13) thus becomes [9]

Gðr; r0; iκÞ ¼ 1

2π

Z
∞

0

idλ

sinh λπ
σ

cosh

�
λ

�
π

σ
− jθ − θ0j

���
ψ reg
iκ;iλσ

ðr<Þψout
iκ;iλσ

ðr>Þ − ψ reg
iκ;−iλσ

ðr<Þψout
iκ;−iλσ

ðr>Þ
�
; ðB1Þ

with iλ ¼ lσ and k ¼ iκ. We note that the difference of regular functions becomes proportional to the outgoing function, so
that the jump condition arises via the angular dependence while the radial dependence is continuous. Similarly, we find for
the analytic continuation of the integrand in Eq. (31),

X0∞

l¼0

�
d
dκ

log ððκr0Þlðσ−1ÞFlðiκÞÞ −
κΔA

2πðlþ 1
2
Þ
�
¼ Im

Z
∞

0

coth πλ
σ dλ

σ

�
κΔA

2πðiλσ þ 1
2
Þ −

d
dκ

log
	
ðκr0Þ

iλðσ−1Þ
σ Fiλ

σ
ðiκÞ


�
; ðB2Þ

where again iλ ¼ lσ and k ¼ iκ. We have checked that
these integrals agree with the original sums, but because
they are applicable only for imaginary k ¼ iκ, further
modification to close the contour integral would be needed
to apply them to the full calculation of the energy.
We also note that when l is not a real integer, for r < r0

in the ballpoint pen model it is computationally preferable
to take as independent solutions P−l

νðkÞ and Pl
νðkÞ rather than

P−l
νðkÞ and Ql

νðkÞ. With this replacement made throughout,

the expressions for the scattering data hold as above, except
that the product of the Ak;l and Dk;l coefficients
becomes π

2σ sin πl.
We can also extend the variable phase method of

Appendix A to complex l. The calculation given there
is valid when l is an integer (though it also gives the
correct result for l any positive real number). To carry out
the analytic continuation in l, we must use a modified
approach that is instead valid only when l is not an
integer. In this case, the calculation of the regular wave
depends much more sensitively on the boundary con-
ditions at the origin. As a result, we must replace the
simpler boundary conditions on hl;kðr�Þ given in
Appendix A by those obtained from the expansion of
the free regular solution

hl;kðr�Þ ≈ r�

�
1þ

�
kr�
2i

�
2l Γð−lÞ

ΓðlÞ
�

ðB3Þ

and we must furthermore introduce overall factors of 1
2l in

the expressions for the Wronskian in Eq. (A5) and the
Green’s function in Eq. (A6), which then cancel in the
latter equation. [After introducing these same factors
of 1

2l, we can similarly use the boundary condition
hl;kðr�Þ ≈ r� for the case of nonzero integer l discussed
in Appendix A, along with the limit described in Eq. (B5)
below for the case of l ¼ 0.] We thus obtain the Green’s
function as

Gðr;r0; iκÞ¼ σ

2π2
ffiffiffiffiffiffi
rr0

p
Z

∞

0

dλ
iλsinh λπ

σ

cosh
�
λ

�
π

σ
− jθ−θ0j

��

×

�hiλ
σ ;iκ

ðr�<Þgiλ
σ ;iκ

ðr�>ÞĤð1Þ
iλ ðiκr�>Þ

Ĥð1Þ
iλ
σ
ðiκr�<ÞW iλ

σ
ðiκÞ

−
h−iλ

σ ;iκ
ðr�<Þg−iλ

σ ;iκ
ðr�>ÞĤð1Þ

−iλðiκr�>Þ
Ĥð1Þ

−iλ
σ
ðiκr�<ÞW−iλ

σ
ðiκÞ

�
; ðB4Þ
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in the same way as in Eq. (B1), where the Green’s
function is now defined as the right-hand side of
Eq. (A6) divided by 2l and the Wronskian is now defined
as the right-hand side of Eq. (A5) divided by 2l, giving
results that obey Eqs. (28) and (B2). While it appears
that these rescalings could be avoided by appropriate
redefinitions, they become necessary when Rel ¼ 0.
Such modifications are analogous to the procedure in

Ref. [15] for the l ¼ 0 case, which uses the limit

lim
l→0

r�
2l

�
1þ

�
kr�
2i

�
2l Γð−lÞ

ΓðlÞ
�
¼ −r� ln

�
kr�
2i

�
þOðr�Þ

ðB5Þ
to obtain the behavior of the regular solution hl¼0;kðr�Þ at
the origin.
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