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We investigate a two-qubit SWAP thermal machine—a streamlined analog of the four-stroke Otto cycle
—whose working medium comprises inertially moving Unruh-DeWitt qubit detectors, each coupled to a
thermal quantum field bath prepared at a different temperature. In the presence of relative motion between
the working medium and the thermal baths, we derive thermodynamic uncertainty relations (TURs) that
quantify the trade-off between performance, entropy production, and power fluctuations. Our analysis
identifies regimes where relativistic motion leads to stronger violation of classical TURs, previously
observed in static quantum setups. In addition, we establish generalized performance bounds for the
thermal machine operating as either a heat engine or a refrigerator, and discuss how relativistic motion can
enhance their performances beyond the standard Carnot limits defined by rest-frame temperatures.
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I. INTRODUCTION

Thermal machines have played a central role in the
advancement of society, from the advent of the industrial
revolution to the development of modern technologies.
Among the most fundamental examples of thermal
machines operating cyclically between a hot reservoir at
temperature 7, and a cold reservoir at temperature 7', are
heat engines and refrigerators. A heat engine converts
thermal energy into mechanical work, whereas a refriger-
ator consumes work to extract heat from a cold reservoir.
The second law of thermodynamics imposes a universal
upper bound on the efficiency of any heat engine defined by
the Carnot efficiency, nc = (T, — T.)/T), while the maxi-
mum coefficient of performance (COP) for a refrigerator is
ec=T/(Ty-T.) [1].

Advancements in nanoscale device fabrication and the
coherent control of atoms have paved the way for the reali-
zation of thermal machines operating in the quantum regime,
enabling the investigation into the thermodynamic behavior
of quantum systems and the role of quantum information
in thermodynamic processes [2—7]. At the microscopic scale,
stochastic fluctuations of thermodynamic variables and irre-
versible entropy production become inherently significant,
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often affecting the performance of quantum thermal
machines. Consequently, elucidating the fundamental prin-
ciples that govern nonequilibrium thermodynamic processes
is of crucial importance. In this context, various symmetry
relations, known as fluctuation theorems [8—14], have been
formulated to characterize the probability distributions of
stochastically fluctuating quantities. They provide an exten-
sion of the second law of thermodynamics to the framework
of stochastic thermodynamics, quantifying the occurrence of
negative fluctuations of entropy.

Recently, the formulation of the trade-off between
performance, entropy production and relative fluctuations
of output power, in terms of a thermodynamic uncertainty
relation (TUR) [15-17], has been established. The TUR
connects the noise-to-signal ratio of a thermodynamic
current (e.g., heat, work, or particle number) and dissipa-
tion. Originally derived for classical Markovian stochastic
processes, it reads [15]
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where (J) is the steady-state mean current, Var[J]| =
(J?*) = (J)? denotes its fluctuation, and (X) is the average
entropy production. This relation reveals a fundamental
trade-off: achieving higher precision in a current—i.e.,
reducing its fluctuations—entails increased dissipation,
quantified by the entropy production. For classical heat
engines operating in a nonequilibrium steady state, the
TUR implies a corresponding trade-off between the mean
output power (P), its fluctuations Var[P], and the efficiency,
n, expressed as [18]
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which indicates that approaching the Carnot limit at finite
power output is possible only at the cost of diverging power
fluctuations. While the TUR holds under broad conditions
for classical stochastic processes, it can be violated in the
quantum regime, where such violations have, in some cases,
been linked to potential enhancements in the efficiency of
quantum heat engines (see, e.g., Refs. [19-26]).

In recent years, there has been growing interest in under-
standing how relativistic phenomena influence the perfor-
mance of quantum thermal devices [27-30]. Significant focus
has been placed on thermal machines whose working medium
consists of Unruh-DeWitt (UDW) detectors [31-33]—qubits
coupled to quantum fields while following arbitrary world-
lines in a background spacetime. A notable example is the
Unruh Otto heat engine [29,34-38]: during the isochoric steps
of the Otto cycle, the detector undergoes uniform acceleration
while interacting with a quantum field in its vacuum state,
which, due to the Unruh effect [31], effectively acts as a
thermal reservoir. This framework has been further general-
ized to incorporate different uniformly accelerated trajecto-
ries, such as circular motion, as well as alternative working
media such as qutrit detectors, and scenarios involving
instantaneous interactions between the detector and the field
(see, e.g., Refs. [39-44]). In addition, studies have explored
how curved spacetimes, for instance black hole geometries,
affect the performance of quantum thermal machines [45-49].

On the other hand, a stochastic thermodynamic framework
has been developed to analyze the distributions of heat and
work, as well as to derive various forms of fluctuation
theorems for systems such as particles at relativistic energies
[50,51], and quantum fields in flat or curved spacetime
[52-57]. However, the effects of relative motion between the
working medium and the thermal bath on fluctuation
theorems and TURSs remain largely unexplored. In this work,
we derive fluctuation relations and TURSs in the context of a
quantum thermal machine whose working medium consists
of inertially moving UDW qubit detectors.

An UDW detector moving at a constant relativistic speed
experiences a frequency-dependent effective temperature,
which can be either hotter or colder than the ambient
temperature of the thermal field bath. Building on this
observation, we previously introduced a quantum SWAP
heat engine (a two-stroke engine) [58-63], where the two-
qubit working medium is modeled by inertially moving
UDW detectors, each locally coupled to a thermal field bath
at a different temperature. Here, we derive generalized
efficiency bounds that govern the performance of the thermal
machine operating either as a heat engine or as a refrigerator.
These bounds arise from the second law of stochastic
thermodynamics. We identify regimes in which relativistic
motion leads to stronger violations of the classical TUR
bound, previously observed in the quantum regime.

The paper is organized as follows. In Sec. II, we briefly
review the UDW detector model and define the effective
temperatures experienced by moving detectors. In Sec. III,
we introduce a two-qubit SWAP engine with moving
detectors as the working medium and derive fluctuation
theorems governing the stochastic dynamics of work and
heat distributions. In this setup, Sec. IV derives a thermo-
dynamic uncertainty relation, and Sec. V provides bounds
on the efficiency and COP of the thermal machine. Finally,
Sec. VI summarizes and discusses our results. Throughout,
we use natural units, setting 7 =c = kg = 1.

II. INERTIALLY MOVING UDW DETECTOR
THROUGH A THERMAL BATH

We consider an UDW detector [31-33] on a worldline
X(7), parametrized by proper time 7, in a (3 + 1)-dimen-
sional Minkowski spacetime. We model the detector as a
pointlike two-level quantum system (qubit) with ground
state |g) and excited state |e), separated by an energy gap w.
The detector’s free Hamiltonian is Hp, = wo,/2, where o,
is the standard Pauli-z matrix. We allow the detector to
interact with a massless scalar quantum field ¢, initially
prepared in a state py. In the interaction picture, the
interaction Hamiltonian reads

Hiy(7) = Au(7) ¢ (X(2)), (3)

where 1 is a coupling constant, (7) = e, + e 7o_ is
the detector’s monopole moment operator expressed in
terms of the ladder operators o, = |e)(g| and o_ = |g)(e],
and ¢(x(r)) is the field evaluated on the detector’s
worldline.

We next specialize to the case where both the detector’s
trajectory and field’s state are stationary. In this case, the
pullback of the Wightman two-point correlation func-
tion, W(z.7') == (¢(x(7))¢(X("))),,. along the detector’s
worldline depends only on the proper time deference 7 — 7/
between any two points on the detectors’ worldline—i.e.,
W(z,7') = W(r —7') [33]. The detector’s transition rate
[33]—the probability per unit of proper time for a transition
between its energy levels—is given by the Fourier trans-
form of the Wightman function,

+o0 X
G(w) :=/ ds e SW(s). (4)

In the weak-coupling interaction limit, the detector
reaches at late times a (nonequilibrium) steady state,
described by the reduced density matrix [64]

e —pt (w)H

(5)

PD = gy

where the frequency-dependent effective temperature
T (w) = 1/p"(w) is defined through the detailed
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balance condition, G(—w) = ¢/ (@) G(w), which relates
the detector’s excitation and deexcitation rates (see, e.g.,
Refs. [64-69]). Equivalently,

rw) = o/n(52)). (©)

We now turn to the situation in which the field is prepared
in a thermal state with inverse temperature f = 1/7T, and the
detector is assumed to move inertially with a constant
velocity v, following the trajectory X(z) = (yz,yvr,0,0),
where y =1/v/1 —0? is the Lorentz factor. In this case,
the detector’s transition rate is given by [70-73]

12 1— e—ﬁy(lJru)w
9@) = apo™ (1 — e—ﬁy(l—v)w> : (7)

The detector then perceives an effective temperature accord-
ing to (6), which in the high-temperature regime (S < 1) is
colder than the ambient temperature 7 of the field bath, while
in the low-temperature regime (fw > 1) it appears hotter.
Moreover, in the ultrarelativistic limit v — 1, the transition
rate vanishes, and the detector perceives the field as being
in its vacuum state. For a more detailed discussion, see
Refs. [70-73].

III. OTTO CYCLE WITH MOVING QUBITS

We consider a two-stroke quantum SWAP thermal
machine [59-63], consisting of two qubits labeled A and
B, with respective transition frequencies w, and wg. Each
qubit is described by the Hamiltonian H; = w;c" /2, with
i€{A,B}. Initially, qubit A is brought into thermal
equilibrium with a hot reservoir at temperature 7’4, while
qubit B with a cold reservoir at Ty (that is, T4 > Tp). The
initial state of the two-qubit system is

e Patly  o—PHp

/00 - ZA ZB ’

(8)

where f; = T7! and Z; = tr(—e#*) are the inverse temper-
atures and partition functions, respectively. After thermal-
ization, the qubits are decoupled from their reservoirs and
allowed to interact via a SWAP unitary, which exchanges
their states. Subsequently, each qubit is recoupled to its
thermal reservoir, allowing it to rethermalize. This completes
|

a two-stroke quantum engine cycle—an analog of the four-
stroke Otto cycle [4].

Depending on the transition frequencies of the qubits, the
engine exhibits three distinct regimes of operation—see
Refs. [59-62]. Specifically, when wg/w, < pa/Pp, the
device operates as a refrigerator, consuming work
((W) > 0) to extract heat from the cold reservoir. In
contrast, when f,/fp < wg/w, < 1, the device functions
as a heat engine, absorbing heat from the hot reservoir to
produce useful work ((W) < 0). Finally, when wg/w, > 1,
the machine acts as a heat accelerator, consuming work to
enhance the heat flow from the hot to the cold reservoir.

We now consider that the two-qubit working medium of
the engine is represented by two UDW detectors moving at
constant speeds v, and vg. As in the standard UDW
detector framework (e.g., for uniformly accelerated detec-
tors), the relativistic motion of the detectors is assumed to
be externally sustained and their trajectories fixed, without
explicitly modeling the associated energetic cost or back-
reaction. During the first stroke of the cycle, the moving
qubits A and B interact with hot and cold thermal field baths
at temperatures 7,4 and Ty (with T, > Tp), respectively.
Due to their motion, each qubit experiences the effective
temperatures denoted by T<f and 74f. Once both qubits
reach their respective steady states pp,, with D € {A, B}, the
engine proceeds through the subsequent strokes of the
cycle as in the static configuration.

To characterize the performance of the engine, we
introduce the random variables Qy and W, and make
use of the cumulant generating function

C(tw-xn) = In{e W +inln), ©)

where y,, and y;, denote the counting fields associated with
work W and heat exchange with the hot reservoir Qg
respectively [74,75]. The cumulants of W and Qy can then
be obtained by differentiating the cumulant generating
function with respect to the corresponding counting fields

win 8" Cltw 2n)

m

(W) = (=i =

(10)

Zw=Xn=0

Following the two-point measurement scheme [8], which
allows for the joint estimation of W and Qp with prob-
ability distribution P(W, Qp), the cumulant generating
function can be expressed as [61,76,77]

C(ZW’){/’[) = ln{tr[UT(ei()(w_)(h)HA eiZWHb’)U(e_i()(w_)(h)HAe_i)(wHB)pA ® pB]}. (11)

This admits the explicit form

cosh (1 (5 as + i(walr = 01) + @51,)) ) cosh (3 (Bilwp = i(walr = 101) + @51.)))

Clyws =1
()(W ){h) n COSh( el

S @a/2) cosh(fF @p/2)
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The first moments of work and input heat are then
obtained as

eff eff

= TO)A (tanh (BTCUB> - tanh( AzwA> ) . (13)
eff eff

(Qy) = % <tanh (BTC‘)B> — tanh (AT“’A> ) (14)

Moreover, the entropy production evaluates as [78,79]

(Z) = (85" = AN (Qn) + B (W). (15)

From the explicit form of the cumulant generating
function in Eq. (12), it is straightforward to verify the
identity C(ipt, i(ps — p5F)) = 0, which leads to

(e7) =1, (16)

known as the integral fluctuation theorem [12,13]. Com-
bined with the Jensen’s inequality, e < (e*), Eq. (16)
implies the second law of thermodynamics

(Z) >0, (17)

that is the average entropy production is always posi-
tive. In addition, we can verify the symmetry condition

CUBYT ~ s i(BST = BST) = 14) = Ctyy-2). which directly
leads to the exchange fluctuation theorem [8—11,80]

PQuW) _ »
P(=Qy.-W) (18)

where P(—Qp,—W) denotes the probability distribution
associated with the time-reversed process.

IV. THERMODYNAMIC UNCERTAINTY
RELATIONS

Employing the cumulant generating function, we deter-
mine the fluctuations (second cumulants) of the work,
Var[W], and the heat exchanged with the hot bath,
Var[Qy], respectively, as

(w4 — wp)*(2+ cosh(a)Aﬂfff) + cosh(a)Bﬂ%ff))

Var[W] = 8cosh?® (w4 A" /2)cosh? (wpp5'/2) 7
(19)
> eff eff
vl < (e (47 o (") ).
(20)

where sech(x) = 1/coshx is the hyperbolic secant. We
then evaluate the corresponding noise-to-signal ratios
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FIG. 1. Heat variance, Var(Qp), as a function of the transition
frequency ration wg/w,, compared with the bound (22), the
standard TUR (1), and the generalized bound (23). The temper-
ature ratio between the thermal baths is fixed at f,/fp = 1/2.
(a) Qubit B moves through the cold bath with speed v, = 0.8.
(b) Qubit A moves through the hot bath with speed v, = 0.8. The
vertical lines indicate the boundary between the different regimes
of operation of the machine.

Var[Qy]/(0y)? and Var[W]/(W)?2, from which we obtain
that

Var[Qy] _ Var[W] _f (B wp — P wp)
(Om)? (w)? (Z)

where f(x) = xcoth(x).
We verify numerically that f(x) > 2 is satisfied for all x,
thereby leading to the thermodynamic uncertainty relation

-1, (21

Var[J] _ 2
o 2wt @)

which implies that the classical TUR can be violated. We
note that the uncertainty relation (22) was previously
derived for the static qubit engine case in Refs. [76,77].
Here, we show that the same relation remains valid when
the working medium undergoes uniform relativistic
motion.

In Fig. 1, we present the fluctuations in heat exchanged
with the hot bath, Var[Qy], for the case where either qubit
A or B moves with constant relativistic velocity. The results
are compared against the derived bound Eq. (22), the
classical TUR bound Eq. (1), as well as the generalized
TUR bound introduced in [61]. The latter is given by

Var[J]
e > f((Z)). (23)

where f(x) = csch?(g(x/2)), with csch(x) = 1/sinh x, and
g(x) denoting the function inverse of xtanh(x). A Taylor
expansion of f((X)) yields f((X)) ~2/(X) — 2/3, and thus

for (£) <1 the bound in Eq. (1) is recovered [61]. We
observe that the classical TUR bound can be violated for
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FIG.2. Theratio R for different qubit velocities as a function of
wpfp with w,f, =0.5, and as a function of w,f, with
wppPp = 0.5. The black dotted line corresponds to the static case
vy = vp = 0. Values below 2 indicate that the bound is looser
than the standard TUR.

small values of the transition frequency ratio wg/wy,
whereas both the bound Eq. (22) and the generalized
bound Eq. (23) remain valid.

In Fig. 2, we present the ratio

Var[7]
(7)?

for different qubit velocities v, and vg, as a function of
wpPp with w,f4 = 0.5 fixed, and as a function of w,f,
with wpfp = 0.5 fixed. This illustrates how the TUR
bound is modified when the qubits are in motion compared
to the rest-frame scenario (v, = vy = 0). We observe that
relativistic motion can lead to stronger violations of the
bound already observed in the quantum regime. In par-
ticular, motion through the hot bath increases the violation
when the machine operates as a refrigerator, whereas
motion through the cold bath leads to a larger violation
when the machine functions as a heat engine. These results
suggest that relativistic motion may be harnessed as a
resource to operate the machine beyond classical bounds
(see also Refs. [58,81,82]).

R = (%) (24)

V. GENERALIZED PERFORMANCE BOUNDS

Now, we present performance bounds when the machine
is functioning as a heat engine and, as a refrigerator. The
efficiency, 7, of the heat engine mode of operation, defined
as the ratio of the total work output to the absorbed heat, is
given by

W) __os

<QH> Wy (25)

This corresponds to the Otto efficiency, which depends
only on the ratio of the transition frequencies of the two
qubits. From the entropy production expression in Eq. (15),
and by invoking the second law of thermodynamics
Eq. (17), it follows that the maximum achievable efficiency
in the engine regime (where Oy > 0) is bounded by the

generalized Carnot efficiency [78]

Ty ff
n<1- 7o =g (26)

In the static case, the standard Carnot limit is recovered.

Employing Egs. (13)—(15), we obtain a relation between
the entropy production, the engine’s power output P =
—(W) and the generalized efficiency

eff _ peff P eff
<Z>: B Wp AwA<P>:<efZ‘ (’7C_ > (27)
Wy — Wp Ty n

The uncertainty relation Eq. (22) then yields the following
trade-off between the engine’s efficiency and mean power
output

net
L+ 2(P)T5/(P?)

n< (28)

This implies that reaching efficiencies close to the gener-
alized Carnot limit requires either a reduction in power
output or an increase in the second moment of the work
distribution. In our previous work [58], we optimized the
performance of the heat engine operating at finite power
by evaluating its efficiency at maximum power, demon-
strating that relativistic motion through the thermal field
baths can yield an efficiency that exceeds the standard
Carnot efficiency defined with respect to the rest-frame
temperatures.

On the other hand, when the machine operates as a
refrigerator, the first law of thermodynamics, (W) =
—(Qy) — (Oc¢), can be used to determine its cooling power

((Qc¢) > 0) as
(0¢) :%(tanh( 0, /2) — tanh (B w5/2)).  (29)

The coefficient of performance, &, of the refrigerator,
defined as the ratio of heat absorbed from the cold
environment to the total work input, is given by

_ <QC> _ wp
W) T wn-on (0

Similarly to before, by combining the expression for
entropy production in Eq. (15) together with the first
law, we find that the second law imposes an upper bound
on the performance of the refrigerator, given by the
generalized COP

1

.— peff
< qe a1 = 6 (31)

We can also obtain a relation between the entropy
production, the refrigerator’s cooling power and the
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generalized COP as

effw _ effa)B
gy =Paea=Pren (90 (Li) (32)

wg T \e

which implies the bound on the COP
£
es off ff 7y
1+ 275 e (0c)/{Q¢)

(33)

The figure of merit y [83], which quantifies the perfor-
mance of a refrigerator per unit cycle time, is defined as the
product of the COP and the cooling power, y := &(Qc¢).
Consequently, Eq. (33) indicates that enhancing the COP
necessitates either a sacrifice in the figure of merit, which is
analogous to the power output of a heat engine, or an
increase of the second moment of the cooling power. For
completeness, the Appendix presents an optimization of the
refrigerator’s performance, showing that its COP may
surpass the standard Carnot limit as a consequence of
the effective temperatures perceived by the relativistically
moving qubits.

VI. CONCLUSIONS

The study of thermodynamic uncertainty relations in
relativistic settings remains largely unexplored. In this
work, we employed a two-qubit SWAP engine whose
working medium consists of inertially moving UDW qubit
detectors to derive TURs that provide a trade-off between
power output, fluctuations, entropy production, and effi-
ciency in the presence of relative motion between the
working medium and the thermal bath. Our results reveal
that violations of the classical TUR—originally formulated
for Markovian stochastic processes—arise not only from
the quantum nature of the setup but also from relativistic
motion. Furthermore, we derived generalized performance
bounds for both the heat engine and refrigerator operating
modes of relativistic quantum thermal machines, as con-
strained by the second law of stochastic thermodynamics.
These results demonstrate that relativistic motion can
enable operation beyond classical Carnot limits, offering
new insights into the interplay between relativity, quantum
effects, and nonequilibrium thermodynamics.
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APPENDIX: OPTIMAL PERFORMANCE
OF REFRIGERATOR

We next focus on the high-temperature regime, where
an inertially moving detector perceives an effective
temperature,

Teft — lln(l i “) + O@?), (A1)

2yv 1-v

which is lower than the actual temperature of the thermal
field bath.

In Fig. 3, we present the average cooling power (Qc) as
a function of the frequency ratio wz/w, for a fixed
temperature ratio f,/fp = 1/2. We consider the cases
where both qubits A and B move through their respective
thermal reservoirs at the same relativistic velocity, v, = vp;
only qubit A moves through the hot bath; and only qubit B
moves through the cold bath. For comparison, we also
include the case in which both qubits remain at rest,
corresponding to the standard quantum SWAP thermal
machine. We observe that the device can operate as a
refrigerator in parameter regimes where it would act as a
heat engine if both qubits were static. In particular, the
device functions as a refrigerator when wg/w, < T /B3t
For instance, when qubit A moves at speed v, = 0.8, while
qubit B remains at rest, Eq. (A1) indicates that the device
operates as a refrigerator for wg/w, < 0.6, in agreement
with the results shown in the figure. Moreover, the cooling
power increases when qubit A moves at relativistic speed
through the hot bath. The cooling power also appears to
increase when both qubits move at the same velocity;
however, in this case, Eq. (31) shows that the refrigerator’s
COP remains bounded by the classical Carnot limit, ..

= Up=Up=0.8 Up=0.8, ug=0 == up=0, ug=0.8

0.020
0.015 JRRCE .
~ * *
O
S 0010
0.005
0.000 o
00 01 02 03 04 05 06 02 04 06 08 10
walwy Ua
FIG. 3. Left panel: cooling power, (Qc), as a function of the

frequency ratio wg/w,, for a fixed temperature ratio of the
thermal baths 3, /fz = 1/2 and varying qubit speeds. The black
dotted line corresponds to the static case vy = vp = 0. The
vertical line indicates the boundary between refrigerator and heat
engine operational regimes in the rest-frame case. Right panel:
COP at maximum figure of merit, £*, as a function of the velocity
of the qubit A, when pB,/fp = 0.65. Here, & is the standard
Carnot COP, and € the generalized Carnot bound.
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We analyze the refrigerator’s performance by evaluating
its COP at maximum figure of merit y. In particular, we
optimize its performance with respect to the qubit frequency
wg, by solving the equation dy/dwg = 0. The figure of merit
is maximized when the qubit frequencies satisfy

g _ (BT + 305" = /(B — 1065 + 9(A5")°)

[N 4ﬂ%ff

(A2)

The corresponding COP at maximum figure of merit is then
given by

(A3)

1 ,
& _5(,/85@5%9—3).

In the static limit, this reduces to the COP at the maxi-
mum figure of merit for a two-level quantum Otto refrig-
erator [84]. We plot the optimized COP (A3) in Fig. 3 as
a function of the velocity of the qubit A, while keeping
qubit B static. We find that the refrigerator can achieve a
COP that can exceeds the Carnot limit e-—a behavior
reminiscent of the enhancement observed in refrigerators
where the working medium is coupled to squeezed thermal
reservoirs [85].
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