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Unstable states that live long enough may appear as in(out)going particles in scattering experiments. Yet,
the standard QFT approach strictly applies only to fully stable asymptotic states. This is evident when
scattering involving unstable particles develops a 7-channel singularity at specific angles. We employ a
finite-time formalism leading to analytic results without the singularity (even in the infinite-time limit), thus
solving the problem at a phenomenological level. In turn, the approach also justifies treating long-lived
particles, like weakly decaying pions, as stable during strong interactions.

DOI: 10.1103/24fy-h8fp

I. INTRODUCTION

The vast majority of particles listed in the Particle Data
Group (PDG) compilation are unstable [1]. Among leptons,
the muon and the tau particles decay weakly, and the
neutrinos oscillate into each other. Among hadrons, only
the proton is currently known to be stable, while all other
hadrons present in the PDG decay via weak, electromag-
netic, or strong interactions.

If an unstable particle, elementary or not, lives long
enough, it may be implemented as an incoming/outgoing
state in scattering experiments. Typical examples are the
utp~, pion-pion, pion-nucleon, and nucleon-nucleon proc-
esses. With the advances in femtoscopy techniques, the
scattering of additional unstable hadrons (including those
that strongly decay) can be studied experimentally [2].

Nevertheless, the usually applied quantum field theory
(QFT) formalism is rigorously defined only for asymptoti-
cally stable states. One may at first ignore this aspect and
proceed with the textbook scattering of stable particles, e.g.,
Ref. [3], arguing that it is applicable also for unstable states
that live long enough. However, there are some cases where
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the standard approach fails badly because a divergence
appears in the differential cross section. This divergence is
referred to as the “t-channel singularity” and was originally
discussed in 1961 by Peierls [4] in the framework of the
hadronic N*z scattering via an exchange of a (stable)
nucleon N. This singularity also affects, e.g., Wte™,
Z%~, and putyu~ scattering [5].

In this work, we first recall how this singularity emerges in
the conventional S-matrix approach, as well as why various
previously proposed solutions cannot be regarded as con-
clusive (Sec. II). Next, in Sec. III we show how the QFT
approach with finite time interval allows to study two-body
scattering with initial/final unstable states and naturally
avoids the singularity, even in the limit in which the time
interval is sent to infinity (the cross section simply vanishes in
this case). Various discussions, including the comparison to
three-body scattering and outlooks, are contained in Sec. I'V.
Technical details are presented in the Appendix.

II. CONVENTIONAL APPROACH AND
T-CHANNEL SINGULARITY

For simplicity, but with no loss of generality, let us
consider a theory with three scalar fields, denoted with A, B,
and C with masses my4 p . We choose m¢ > mp > my4. In
particular, we assume that m. > my + mp, rendering the
decay C — AB kinematically possible. The corresponding
interaction Lagrangian,

L = gABC, (1)
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FIG. 1. (a) The t-channel and (b) the s-channel diagrams

representing the CA — AC scattering.

leads to the decay width
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IﬁC—)AB =

where le is the three-vector of the outgoing particle A.
Consider the scattering AC — AC via the exchange of B as
shown in Fig. 1. The tree-level amplitude for this diagram is

iig)* i(ig)*
t—my+ie s—my+ie

iM=iM, +iM, = (3)

where ¢ = (pe —ky)? and s = (p4 + pc)? are the usual
Mandelstam variables [6]. For the in(out)going momenta, see
Fig. 1. Using the standard QFT (sQFT) approach for asymp-
totic states and neglecting the fact that C is not stable, the
differential and the total cross section reads in the center-of-
mass (c.m.) frame [3],

do 1 |iMP
dQ 16E% (2m)*°

d x d
az/de—g:A de—SZn'sine, (4)

where E;, = w4 (p.) + @g(p,.) is the total initial energy with

wac(p) = \/p* + mj ¢ being the energy of A(C).
2

Quite interestingly, if certain conditions are met, t = my
is possible, then a singularity in the #-channel amplitude of
Eq. (3) appears. More specifically, this is the case if three-
momentum’s length |p¢| takes the value between

1 1 1 22 2.2
_\/mA+mB+mC—2mAmC—2mBmC

p . =
| C|m1n 2\/2’”124 — m%’ T Zm%

(5)

and

B Vmh +my + mé = 2mimZ — 2mim%
|pC|max -

2mB

in the c.m. frame. The value of the singular scattering angle
Oging for which ¢ = m3 is given by

~(0c(pc) = 0aPc) 4 mh + 2Apcl
2[pc)? '

o8 Oging =

In particular, |pc|y;, corresponds to Ogn, = 7 and |Pc|yax
to Ogne = 0. In Fig. 2 we show the behavior of [pc|yn
IPc|max @S functions of mp, the singular angle 6 as function
of |pc| for a given choice of mypc, and the “naive”
differential and total cross section in the standard QFT
approach. Whenever the singularity is present, the total
cross section diverges.

Note, for the case mc < my + mp, the particle C is stable,
thus, no #-singularity appears. However, if mp > my + mc,
a singularity appears at tree-level in the s-channel because
s = m% is kinematically possible. This singularity is easily
overcome by noticing that B — AC is now open; then,
resumming the propagator of the B particle amounts to the
replacement s —m% — s —m% + impl'z. Can a similar
resummation solve the problem of the #-channel singularity
occurring when me > my + mp? This is not the case
because the particle B is truly stable. Hence, the pole of
its propagator is physical and persists at any order.

In order to understand better the singularity, it is useful to
resort to an idealized case with a flux j- of C-particle and
a single particle A at rest. The number of scattered parti-
cles per second in the solid angle dQ is dNyuered =
Je(do/dQ)dQ. Thus, dNyereq diverges when 6 tends
to the singular value. This result is troubling and differs
from Coulomb scattering, where the divergence takes place
for & — 0, meaning an arbitrarily imperceptible deviation
of the scattered particles.

Various solutions to the #-channel singularity puzzle
have been proposed:

(1) A solution proposed in Ref. [7] and further elaborated
in Ref. [8] takes into account the finite size of the
beam, which cures the divergences. Following the
heuristic discussion above, if the flux of C has a
limited section, the number of incident particles per
unit time is finite and the cross section cannot diverge.
Interestingly, the reduction of the cross section due to
beam-size effect has been measured in Bremsstrah-
lung processes [9];

(2) The exchanged particle B has a finite width because
itis not really stable: m% — m% — imgI 5. In the case
of N*r scattering, when the neutron is considered as
the exchanged particle, the infinity is cured by the
fact that the neutron has a nonzero width. Yet, since
it is extremely small, the cross section is very large.
Moreover, this solution does not apply when the
particle is stable, as in the case with an exchanged
proton. There can be, however, other mechanisms
that confer to the exchanged particle a finite width;
these can be, for instance, in-medium effects [5,10];
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my = 1/10 [a.u], (b) Singular angle 6, as a function of |p¢| for mgz = 0.5 [a.u.], (c) Differential cross section as a function of @ for
[pc| = 0.4 and T = 0.1 [a.u.]. The singular angle is Oging = 1.15 rad, (d) Total cross section as a function of p: the band extends from
[PClmin = 0.276 [a.u.] t0 |pc|max = 0.733 [a.u.], where the cross section is not defined because of the singularity.

(3) The particle C is considered rightly as unstable. This
point of view is based on the solution proposed by
Ginzburg [11] and anticipated by Peierls [4]: m% —
m% — im¢I¢. This simple change removes the diver-
gence and generates “bumps” in the cross section; and

(4) One may consider only stable states in the initial/
final states. This amounts to considering the scatter-
ing process AAB — AAB containing AC — AC as a
subprocess [12-15]. Alternative formalisms such as
localized S-matrix theory have also been proposed to
cure the divergence [16,17].

None of the above proposals fully resolves the issue. That
is, in the first and second cases, the divergence appears again
when the beam area increases or the width of the state B
(however obtained) decreases [18]. The third is rather an
ad hoc description of the instability of C; although quite
crude, it goes in the right direction, see below. The fourth
point implies a rather complicated three-body scattering, but
the t-channel singularity seems to occur also in that case
because the intermediate B state can be generated on
shell [19]; moreover, one often deals with unstable states
such as pions, kaons, muons, excited baryons, etc., as initial
and final particles in two-body scattering (see the

justification as a corollary of our treatment at the end of
the paper). More details on the comparison with the three-
body process of Fig. 3 are discussed in Sec. IV.

As emphasized by Collins [20], the standard Lehmann-
Symanzik-Zimmermann construction relies on infinite-
time limits and the corresponding operators do not create
strict one-particle states in a strong sense. Finite-time or
smeared formulations may therefore be more appropriate in
situations involving long-lived unstable particles. A spe-
cific finite-time construction is given below.

A

A

FIG. 3.  One of the 3 — 3 scattering diagrams that includes the
AC — CA subprocess.
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III. QFT FINITE-TIME FORMALISM

In order to properly include the finite lifetime of C, we
need to resort to QFT at finite times (see, e.g., Refs. [21-23]).
Thus, at the leading order, we need to evaluate the scattering

amplitude iM = (f|S®|in) with the initial and final state
given by [in) = ¢} ap, [0) and |f) = clca£A|0> where ¢}
and alT, are the creation operators for C and A, respectively.
The S-matrix at second order for a finite time interval T’
reads,

dtl
)

x / B, Cx) B0 )A(x))C) Br)A(x).  (8)

d3X1

2' -T2

Next, we need to take into account the unstable nature of the
particle C. This implies that for the incoming C-particle
created at t = —7/2 and annihilated at r = #; > —T/2, the
usual phase is modified as

o=i0c(PAOHT/2) . gmioc(pe)(1+T/2) “5reta (1 4T/2) (9)

contains the exponential suppression due to the eventual
decay of the C state between creation and final time 7/2.
The initial and final C-states can be regarded as Gamow
states (e.g., Refs. [26,27] and references therein).

If applied to AB scattering, the formalism involving an
unstable C from the very onset can be applied to other
processes as well. For instance, for the s-channel AB — AB
scattering, one obtains already at “tree level” the resummed
propagator 1/(s — M? + iMT¢), see, e.g., [28]. For more
technical details, see the Appendix.

The simple modification above has far-reaching conse-
quences for CA scattering. It cures the singularity for any
value of 7, including 7 — oo. The cross section vanishes
smoothly in this limit because the C particle would decay
during the process, implying that the limit 7 — oo does not
lead to the standard QFT result of Eq. (4). Schematically,

for I'c > 0: ‘o forlarge T” # ‘oinstandard QFT’.
Note, this outcome is not analogous to the beam-size case.
Both cure the divergences, but for the latter, the divergence
reappears when the beam size is decreased.

The finite-7 cross section reads,

where, 2yr( oy represents the finite width correction to the P | dlk kL2
energy, and y(p¢) is the corresponding Lorentz factor. For a0 _ / k4l k4l s FIT. .0,
t; = —T/2 (initial time), there is no exponential suppres- dQ  4lpclEin Jo 2wa(ky)2wc(ky) (27)
sion: there is simply no time for C to decay. Yet, for growing (11)
t, the suppression is taken into account. As discussed in
detail in Refs. [24,25], the C-lifetime yc(pc)/T., although  where F[T, |k,|, 6] reads,
not exact, is typically an excellent approximation for the
decay law of a moving unstable particle. Namely, there are 1 up) (down) )
interesting but very small deviations from the time-dilation FIT, |kl 0] = T [z + 1 + s-channel|",  (12)
expression, which, however, do not affect our discussion.
Similarly, for the outgoing C state we replace, with (see the Appendix for details),
eivc(ke)(-T/2) _, piwcke)(=T/2)+ T T/2) (10) ) _ (ig)? e~i(P: ~P)} _ omi(Pi+Pat2ER)s | i(Pi=P2)}
F ,
2E E P||E P
which describes the creation of the C state at t = ¢, and its B [Bs + Pi][Ep + P2
subsequent measurement at t = 7//2 > t,. The term above (13)
|
puon _ [l —elPPEE (g SR g SR
F 2Ep [Ep — P\|[Ep — Py] [Py — E][Py + Eg] P,— Py [P,—Ep|[Py+ Eg| P, — P,
|
Moreover, the poles are In the limiting case of I'c =0,
r ;
P, = wc(pe) — os(ky) —i——, (15) F[T — oo, [ky],0] = 27)[iMPS(Ey — Ef),  (17)
2rc(pe)
with E; = ws(ky) + @c(ky). Then, the standard QFT
Py = —ws(pe) + wc(ky) — iL_ (16) result of Eq. (4) is recovered in this case, serving as a
2rc(ka) check of the formalism. Schematically,
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for I'c = 0: ‘oforlarge T° = ‘o instandard QFT’.

These analytic expressions constitute one of the main
outcomes of this work because they allow for the calcu-
lation of do/d<, and then of o, in any desired case and for
any value of the time interval 7. The analogous s-channel
expressions analogous to Egs. (13) and (14) are obtained by
using Pj ;5.

The angle dependence of the differential cross section
obtained from Eq. (11), combined with Egs. (12), (13),
and (14), are shown in Fig. 4(a) for a specific choice
T/t = 1/5. The singularity that is present in the standard
QFT case (dashed curve) is cured when the finite lifetime of
the unstable state is taken into account. As anticipated, the
differential cross section vanishes when T > I'z! since the
state C decays before interacting with A, see Egs. (13)—(14).
Thus, no divergence appears, independently of the choice
of the time 7, solving the 7-channel problem. A peak (a la
Ginzburg) in the cross section is not visible for small 7', but
may emerge for intermediate/large ones. Yet, the numerical
values are different—in no case does one observe a curve
numerically similar to the Ginzburg proposal.

The time-interval dependence of the differential cross
section at two given illustrative angles is shown in Fig. 4(b).
One sees a maximum after which it decreases smoothly to
zero, as expected. Finally, the behavior of the total cross-
section is shown in Fig. 4(c).

IV. DISCUSSIONS AND CONCLUSIONS

In this concluding section, we discuss some important
points regarding the presented solution of the 7-channel
problem: the choice of the time interval T in specific cases
and the comparison to three-body scattering.

The value of the time interval 7 is provided by the specific
reaction. For scattering involving muons and/or other unsta-
ble particles, T is the time between creation and detection of
the states. For femtoscopy, T is rather short, of the order of

fms. Within this context, the experimental and theoretical
study of ¢K scattering is promising. Since the ¢b can decay
into KK, a situation very similar to our scalar model takes
place. This is therefore a clean outlook of our approach,
representing a direct application of the proposed method.
Another similar femtoscopy study involves K¢z scattering
because of K¢ — zz, but in this case the decay is weak, thus
strong and weak interactions mix, see below.

The presence of different interaction types that lead to
different time scales has important consequences. As an
illustrative example, we consider the interaction Lagrangian,

L = gABC + IA’C?, (18)

for which the amplitude for AC — AC is modified as

IMpew = IM + i4A. (19)
Suppose the A-term is sufficiently large. In that case, one may
indeed choose 7' < 7 for which the cross section contribu-
tion of the g-term is small, allowing to approximate the
amplitude as i M = i44 (without the g-term present), and use
the standard QFT results with asymptotic states. Namely,
Egs. (13)—(14) work de facto as Dirac-6 function for what
concerns the A-interaction, if the latter is large enough. In
other words, 7 can be chosen as being small for the g-term,
but very large for A-terms. The result is anything but naive:
namely, if the ¢-singularity is present, there is “in principle”
always a kinematic domain in which the allegedly dominat-
ing A-term is subleading. That would invalidate the possibility
of neglecting the fact that C is not stable. The fact that one
can indeed treat C as stable if the A-term dominates is
provided by the finite-time QFT result discussed above.
This discussion provides a formal explanation for a
seemingly intuitive fact; in the case of scattering of states
that live long enough (for instance, decaying weakly)
one may treat a stronger interaction (such as the electro-
magnetic or the strong one, with much shorter time scales)
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as the only one present and apply the large-7 limit, thus in
such cases the standard QFT approach can be used treating
unstable states as stable ones: this is the case, e.g., pion-
pion, pion-nucleon, and nucleon-nucleon scattering. As
notable examples, the previously mentioned K¢z and
proton-neutron scattering would suffer from a #-channel
singularity (when a pion or an electro-neutrino pair is
exchanged, respectively). When strong interactions are
considered, these processes must be, however, negligible,
what our finite-7" formalism shows.

Finally, we come back to the three-body scattering
AAB — AAB that contains CA — CA as a subprocess
(see Fig. 3). If a finite time T is kept, the internal B cannot
go on shell, hence no singularity is present in the three-
body reaction rate. Yet, at odds with the two-body CA
scattering, this singularity appears back when T — oo is
taken, since the intermediate particle may go on shell for
appropriate kinematical conditions.

Moreover, the emergence of the z-channel singularity is a
general property of three-body problems whenever the three-
body interaction can be seen as two subsequent two-body
scattering processes (in our example, AB — AB two times).
Namely, for a process such as AAB — AAB, the three-body
amplitude contains contributions that can be schematically
written as

where G denotes the propagation of intermediate B particle.
Since M,(AB — AB) is a well-defined scattering amplitude
between stable asymptotic states, Eq. (20) admits a physical
interpretation as two successive, time-separated two-body
collisions. In the limit of infinite interaction time, this leads
to kinematical singularities (B can go on shell) reflecting the
fact that the second scattering can occur arbitrarily long after
the first.

Modern relativistic three-body formalisms therefore intro-
duce a divergence-free three-body amplitude by explicitly
subtracting all such sequential pairwise-scattering contribu-
tions, leaving a genuine three-body interaction kernel. In
Ref. [29,30] a clear account of the physics underlying this
situation is investigated in a nonrelativistic approach, where
it is dubbed as “apparent difficulty” (for another presentation
in terms of Coulomb interaction, see [31]). It is shown that
the physical expression for the scattering rate [32] reduces to
a finite result that contains the product of two standard
scattering. In more recent relativistic QFT approaches, such
as Refs. [33,34], the same issue is treated by introducing the
divergence-free three-body amplitude My, 3, obtained by
explicitly subtracting all contributions from repeated pair-
wise sequential two-to-two scatterings from the full three-
body amplitude.

One might be tempted to apply an analogous reasoning
to the two-body process CA — CA for which the decay
channel C — AB is open. Formally, the amplitude could be

written in the form,
M(CA - CA) ~ M(C - AB)GzgM(AB = C), (21)

suggesting an interpretation in terms of a decay followed by
an “inverse decay”. However, this factorization is funda-
mentally different from Eq. (20) and does not correspond to a
sequence of distinct scattering processes involving asymp-
totic states. Namely, since C is unstable, neither C — AB nor
AB — Cis a well-defined S-matrix element between asymp-
totic states, as emphasized in standard treatments of unstable
particles [3]. Equation (21), therefore, does not describe two
time-separated physical subprocesses.

Consequently, the singular behavior encountered in a
naive treatment of CA — CA with C taken as an asymptotic
particle does not originate from double counting of sequen-
tial scattering processes and cannot be cured by a subtraction
analogous to the divergence-free three-body construction.
Rather, it signals the breakdown of the asymptotic-state
assumption for the unstable particle C in the standard QFT
(infinite time) approach.

Summarizing: (i) in the three-body case asymptotic states
are implemented and the time 7 can be sent to infinity, but
then the sequential scattering processes should be properly
treated/subtracted; (ii) In two-body scattering involving
unstable particles, the initial and/or final states do not need
be true asymptotic states, as it is demanded in standard
scattering theory. Nevertheless, the physical cross section
can be consistently defined in the finite-7" formalism, where
the unstable particle is created and detected within finite
time intervals.

In conclusion, in this work, we have shown that the
scattering process is possible for initial/final unstable par-
ticles. The key point is to properly include the instability into
the finite-time QFT formalism. In the proposed approach, no
divergences appear, not even in the infinite-time limit.
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APPENDIX: DETAILS OF THE FINITE-TIME
FORMALISM

In this appendix, we introduce Gamow states for the
unstable particles and present the derivation of the finite-
time cross section.
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1. Treatment of an unstable field

The propagator of an unstable particle C in the relativ-
istic Breit-Winger approximation reads,

i
k* —mz +imcle + ie
i 1

" 20c(k) [E— wc(K) +ig G

Ac(E. k) = Ac(k) =

1
- ——|. (A1)
E+ C()C(k) - lm
This propagator is obtained by the field C(x) that includes
its finite decay width:

Bk 1 L Tek) )
C(x) = (C e—tk-x— > t+ CT elk-x— > t) ,
( ) /(27[)3 2a)C(k) k k

(A2)

where I'c(k) =T'¢/y(k). In turn, when C(x) acts on the
ket c)|0) one obtains

C(x)cpl0) = (A3)

that is a decaying state created at time t = 0 and probed at a
later time ¢ > 0. On the other hand, for the final state:

eip~x—FCT(p)t
(OlepCx) = (O] ===+ - (A4)
b 2w¢(p)
This can be interpreted as a state C created at —¢ < 0 and
probed at r = 0. If we start at a time 7, # 0, we may
consider the initial state

. Telp), +
elwc(P)to+CTtocl})|0> —

P; o) (AS)

that leads to

. . T,
e—ioc(p)(1—to)+ipx—G (1—17)

‘@ 20¢(p)

pilo) = 0) +---. (A6)

In simple terms, this is a state created at ¢, and probed at
a later time ¢ > ty. The ket |p;#,) can be regarded as a
Gamow state. Thus, using the expressions above we can
deal with scattering involving unstable states. Finally, we
report the propagator in position space:

OIT{C(x)C()}0) = / %e*«x-ymcu,m

d*k . i

(A7)

with

+oo dE .
aclrk) = [ e Ea(EK)

1
 20¢(k)

+ e<-t>efwc<k>r—“+“>lf\).

(g(t)e—iwc(k)t—rCT“‘)r
(A8)

Future improvements should go beyond the relativistic
Breit-Wigner approach.

2. Derivation of the cross section for finite 7
Here we explicitly derive the differential cross section
formula given in Eq. (11). The quantity F[T, |k, 0] takes
the form,

1 +o0
FIT kol 6) = 727 [ 7 a0 GMOL(T. )T o)
2
+ s-channel| . (A9)

The 6 dependence is contained in the Feynman amplitude
iM of Eq. (3). The functions 1, (T, ¢°) read,

'c 1 . .
—ie w0 o—i(Pi=q°)T/2 _ ,i(P1=¢")T/2

1L(T,q%) = :
(A10)
o eI P )T/2 _ pi(Prt T2
IZ(T’ q ) = 0 ’
27 q° — P,
(A11)
where the following poles have been introduced:
Py = wc(pe) —oalky) =iz S (AI2)
=w - — i ,
1 c\Pc AKa 27c(pe)
Py = —0a(pe) +wc(k) —is . (AD3)
= - @ —i—.
2 A\Pc c(Ky 2rc (k)

The s-channel expressions are analogous to the #-channel. In
particular, P, = wc(pc) + wa(P.) — i% and P, =

ws(Ky) + oc(ky) — i%'

The differential cross section in Eq. (11) can be further
simplified by performing analytically the integral in Eq. (A9)
over the internal energy ¢° by appropriately closing “up” or
“down” in the complex plane. In particular, for terms with no
¢° and for terms with ¢'¢’T* we close up (unique pole in
—Ejp + ie) while for terms proportional to e=4"7+- we close
down (three poles in Ep + ie and in Py ,) leading to the
expression in Egs. (12)—(14).
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