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Scintillating molecular crystals have emerged as prime candidates for directional dark matter detector
targets. This anisotropy makes them exquisitely sensitive due to the daily modulation induced by the
directional dark matter wind. However, predicting the interaction rate for arbitrary molecules requires
accurate modeling of the many-body ground as well as excited states, a task that has been historically
computationally expensive. Here, we present a theory and computational framework for efficiently
computing dark matter scattering form factors for molecules. We introduce SCarFFF, a GPU-accelerated
code to compute the fully three-dimensional anisotropic molecular form factor for arbitrary molecules. We
use a full time-dependent density functional theory framework to compute the lowest-lying singlet excited
states. Once the many-body electronic structure is computed, the form factors are computed in a small
fraction of the time from the transition density matrix. We show that SCarFFF can compute the first 12 form
factors for a molecule of 10 heavy atoms in approximately 5 s, opening the door to accurate, high-
throughput material screening for optimal directional dark matter detector targets. Our code can perform
the calculation in three independent ways, two semianalytical and one fully numeric, providing optimized
methods for every precision goal.
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I. INTRODUCTION

For thousands of years, scientists have studied the
properties of matter by transferring momentum and energy
into various systems. Our knowledge of the Universe has
been greatly advanced through a cycle of increasingly
precise predictions and measurements, addressing the age-
old question—“what will happen if I hit it?”—across a vast
range of energies and length scales. Currently, all of the
types of matter we can manipulate or detect are described
precisely by the Standard Model (SM) of particle physics.
The primary exception is dark matter, which interacts with
SM matter gravitationally [1,2], but has not yet been
conclusively detected through other means. The particle
description of dark matter (DM) remains one of the
outstanding mysteries in modern physics.
In order to discover new particles, we need a precise

understanding of our tools: namely, the SM systems that

constitute our detectors. In the case of DM direct detection
experiments, we need to knowhowamaterial respondswhen a
DMparticle imparts somemomentum ðqÞ and energy (E) onto
SM particles. Except for the simplest single-particle systems,
predicting this SM material property is computationally
expensive, especially when the material is anisotropic, i.e.,
not spherically symmetric. The difficulty of predicting the
material response functions has limited the development of
newdetector designs, particularly forDMmassesbelow1GeV.
In this work, we use a combination of analytic

and numerical methods to overcome this limitation for
DM-electron scattering. Our JULIA package, SCarFFF

1

(spherical, Cartesian, and Fourier form factors), can cal-
culate new molecular form factors from first principles in
≲4 s per transition, for molecules around ten heavy atoms.
Using SCarFFF to find the form factor and Vector Spaces for
Dark Matter (VSDM), a recently published package for
efficiently calculating the DM scattering rates [3–5], to
calculate the DM scattering rate, a researcher can complete
a daily modulation analysis including Oð10Þ excited states
in about one minute per new molecule.
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Our simplest method, the discrete Fourier transform of
Sec. III, can be used in any system where the initial- and
final-state electronic wave functions can be tabulated in
position space. It can be the fastest way to calculate the
form factor when imprecise results are tolerated. Our fastest
analytic method, unveiled in Sec. IV, is specific to physical
chemistry calculations performed using a basis of
Gaussian-type orbitals. Unlike the fast Fourier transform
(FFT), it can be performed without any loss of precision.
Currently, SCarFFF calculates the scalar molecular

form factor, also known as the dynamic structure factor or
electron loss function, which is sufficient for spin-inde-
pendent DM-electron scattering [6–10]. A future version of
SCarFFF will also calculate the spin response functions
necessary for spin-dependent DM interactions [11–14].

II. ELECTRON SCATTERING CALCULATION

A. Spin-independent interaction rate

The rate of DM-e− scattering events in a material is given
by an integral over the DM velocity v and the momentum
transfer q [15,16],

Rg→s ¼
Ncellρχ=mχ

128π2m2
χm2

e

Z
d3q
q

ηðq; EÞjMg→sðqÞj2; ð1Þ

ηðq; EÞ≡ 2q
Z

d3vgχðvÞδ
�
Eþ q2

2mχ
− q · v

�
; ð2Þ

where mχ and ρχ are the DM mass and local density, me is
the electron mass, and Ncell is the number of target particles
or unit cells in the detector. Following Ref. [5], ηðq; EÞ is
the integrated DM velocity distribution, defined in terms of
the lab-frame velocity distribution gχðvÞ, which satisfiesR
d3vgχðvÞ≡ 1.
Our label g → s refers to a transition from the (multi-

particle) electronic ground state jΨgi to a specific excited
state jΨsi. The scattering amplitude can be written as

Mg→sðqÞ ¼ hΨsjδHjΨgi; ð3Þ

where δH is an operator encoding the DM-electron
interaction. The details of the electronic bound state can
be factorized from the DM-e− coupling into a free particle
amplitude Mfree and a material-specific form factor fsðqÞ,

M1→2ðqÞ ¼ MfreeðqÞfsðqÞ; ð4Þ

where in the notation of Refs. [6–10] we define

fsðqÞ≡ hΨsjñeð−qÞjΨgi; ð5Þ

where ñeð−qÞ is the Fourier transform of the electronic
density operator. It is related to the dynamic structure factor
Sðq;ωÞ of Ref. [6] via [5]

Sðq;ωÞ ¼ 2π

Vcell
f2sðqÞδðω − EsÞ; ð6Þ

where S is normalized by Vcell, the volume of the unit cell.
For simple systems that are well described by a single
particle, the form factor takes the form

fsðqÞ ¼
Z

d3k
ð2πÞ3 ψ̃

⋆
s ðkþ qÞψ̃gðkÞ; ð7Þ

where ψ̃ i are the momentum space wave functions of the
initial and final states. As we show in Sec. II B, the form
factor for more complicated multiparticle systems can often
be put into this form.
It is typical to write MfreeðqÞ in terms of a q-dependent

form factor F2
DM,

F2
DMðqÞ≡ jMfreeðqÞj2

jMfreeðαmeÞj2
; ð8Þ

and a constant cross section σ̄e that parametrizes the
strength of the DM-SM coupling,

σ̄e ≡ μ2χejMfreeðαmeÞj2
16πm2

em2
χ

: ð9Þ

With these replacements, the rate integral takes the compact
form

R1→2 ¼
Ncellρχσ̄e
8πmχμ

2
χe

Z
d3q
q

ηðq; EÞF2
DMðqÞjfsðqÞj2: ð10Þ

Figure 1 summarizes the physical system. The inter-
action between dark matter (or a Standard Model particle)
and an electron in a momentum eigenstate can be calculated
using Feynman diagrams for free particles, yielding the

FIG. 1. Aweakly interacting particle χ scatters with an electron in a multiparticle ground state, transferring to it some momentum and
energy, and leaving it in a higher energy eigenstate.
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Mfree contribution to the amplitude. The probability of
finding an electron of momentum k in the initial state and
an electron of momentum k0 ¼ kþ q in the final state is
calculated using methods from physical chemistry.

B. Electronic structure calculation:
Single-particle orbitals

To determine fsðqÞ, we must begin with an accurate
description of the initial and final multielectron states. We
work in a simple linear combination of atomic orbitals
(LCAO) model, where single-particle molecular orbitals
are linear combinations of atomic orbitals ϕαIðrÞ ¼P

α cαϕαðr − rIÞ centered on the nuclear equilibrium
locations rI . In our discussion of the multielectron wave
functions, the Hartree-Fock ground state is a useful starting
point. It is a spin-singlet Slater determinant of n electrons in
the first n0 ¼ n=2 single-particle molecular orbitals (MOs),
ordered by energy

jψ0i ¼ jφ1φ̄1…φn0 φ̄n0 j; ð11Þ

where jφi…φ̄jj indicates the antisymmetric Slater deter-
minant, with φ and φ̄ denoting the two electronic spin
states. The first i ≤ n0 MOs are usually referred to as
“occupied,” and the remaining a ≥ n0 orbitals “virtual” or
“unoccupied.” In this notation a singly excited state jψa

i i
replaces an occupied MO (φi) with a virtual one (φa). Since
our primary focus is on prompt fluorescence in organic
scintillators, we restrict our attention to the singlet con-
figurations: that is,

jψa
i i ¼

1ffiffiffi
2

p jφ1φ̄1…φiφ̄a…φn0 φ̄n0 j

−
1ffiffiffi
2

p jφ1φ̄1…φaφ̄i…φn0φ̄n0 j; ð12Þ

jΨsi ≃
X
i;a

jψa
i ihψa

i jΨsi: ð13Þ

Restricting our calculation to singlet states, we can relate
jψa

i i to the jψ0i state via creation and annihilation operators
c†p and cp,

jψa
i i ¼ c†acijψ0i: ð14Þ

Triplet excited states are associated with the delayed
fluorescence component of the scintillation light, i.e.,
phosphorescence, which is generally much less efficient
than the prompt fluorescence signal. For this reason, we
will postpone a detailed treatment of triplet states to
future work.
Because the Hartree-Fock jψ0i state does not include

effects from electron correlations, it is not a precise
description of the actual ground state jΨgi. Instead, we

allow jΨgi to receive contributions from doubly excited

configurations of the form jψ ij
abi, where two of the occupied

orbitals have been “promoted” to a; b > n0. In this basis,

jΨgi ≃ ð1 − ϵ2Þjψ0i þ
X
ij;ab

jψab
ij ihψ ijjΨgi; ð15Þ

where ϵ2 is a normalization factor.
We adopt a molecular orbital model where transitions

between the ground state and excited states are found to be
roots of the Casida equation [17]. Specifically, SCarFFF

makes use of the linear-response time-dependent density
functional theory (TD-DFT) framework. Therefore, both
the positive (Xia) and negative (Yia) eigenvalue solutions of
the Casida equation are included, combining to form the
quasiboson excitation operator,

Qs ¼
X
σ;τ

X
ia

XðsÞ
ia;στc

†
a;τci;σ − YðsÞ

ia;στc
†
i;σca;τ; ð16Þ

which acts on the ground state to produce an excited state,
QsjΨgi ¼ jΨsi, where σ; τ∈ fα; βg label the two spin
channels. We specialize to singlet-singlet transitions
using a restricted Kohn-Sham reference, for which the
amplitudes are spin-diagonal and identical in the two spin
channels: Xia;στ ¼ δστXia, and analogous for Y. The nor-
malization includes both spin channels, such that
2
P

iaðX2
ia − Y2

iaÞ ¼ 1. Heuristically, the Xia matrix char-
acterizes the single excitation character of the transition,
while Yia characterizes the correlation effects and the
double excitation character of the ground state. Taking
Y → 0 is equivalent to the Tamm-Dancoff approximation in
linear-response theory. The No × Nv matrices X and Y in
the MO basis can be combined into a single ðNo þ NvÞ2
square matrix in the atomic orbital (AO) basis TðsÞ

pq,

TðsÞ
pq ¼

X
ia

Cocc
pi ½XðsÞ

ia þ YðsÞ
ia �Cvir

qa; ð17Þ

where Cocc
pi and Cvir

qa are the MO coefficient matrices that
rotate from the AO basis to the diagonal MO basis.
Compared to the single-particle fs of Eq. (7), it is no

longer straightforward to identify a single pair of initial and
final states. For visualizing the transition in Fig. 1, we used

the singular value decomposition of TðsÞ
pq to identify the

natural transition orbitals of Ref. [18]. SCarFFF works with

TðsÞ
pq directly in the atomic orbital basis.
Following our previous work, the relevant single-particle

observables of the many-body wave function can be
expressed as a sum of single-particle matrix elements.
The scattering form factor, characterizing the sth singlet
transition, is given by

fsðqÞ ¼ 2TðsÞ
ia hφaðrÞjeiq·rjφiðrÞi; ð18Þ
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where the factor of 2 in the form factor comes from
summing over the identical contributions from each spin
channel. Our molecular orbitals in SCarFFF are expanded in
a basis of Gaussian-type orbitals, such as 6-31G*,
cc-pVDZ, or cc-pVTZ. More generally, SCarFFF currently
supports several basis sets, constructed from up to i
orbitals.
We have adopted specific exchange functionals and basis

sets as a benchmark for the results of this study. However,
the functionality of SCarFFF depends only on the availability
of a transition density matrix and a selection of any
Gaussian basis set. We suggest using the 6-31g* basis
set to obtain qualitatively correct results and double or
triple ζ basis sets for quantitatively robust results, e.g.,
cc-pVDZ or cc-pVTZ. See Appendix A for a detailed
discussion of our basis-set conventions.

III. FFT METHOD

The molecular form factor fsðqÞ can be calculated using
either position space or momentum space wave functions.
Following Sec. II B,

fsðqÞ ¼
Z

d3reiq·rΦg→sðrÞ; ð19Þ

Φg→sðrÞ ¼ 2
X
pq

TðsÞ
pqϕ⋆

q ðrÞϕpðrÞ; ð20Þ

where TðsÞ
pq is the transition density matrix for the g → s

excitation in the basis of atomic orbitals (ϕp;q). With this
notation, fsð−qÞ is simply the Fourier transform of
ϕTϕðrÞ.
It would be prohibitively time consuming to evaluate

fsðqÞ by integrating Eq. (19) at each point q in momentum
space. However, there are highly efficient numerical
routines for approximating the Fourier transform of a
tabulated d-dimensional function, namely, the discrete
FFT [19]. We find that the FFT is a viable method for
extracting fsðqÞ from tabulated transition density func-
tions, especially when high precision is not required.

A. The (fast) Fourier transform

We define the forward and backward Fourier transforms
as, respectively,

F ½f�ðqÞ ¼
Z

d3xe−iq·xfðxÞ; ð21Þ

F−1½f̃�ðxÞ ¼
Z

d3k
ð2πÞ3 e

þik·xf̃ðkÞ: ð22Þ

With this notation, fs is simply

f⋆s ðqÞ ¼ F ½Φ⋆
g→s�ðqÞ; ð23Þ

or equivalently, fsðqÞ ¼ F ½Φg→s�ð−qÞ.
Compare this to the discrete Fourier transform. In three

dimensions, we define the forward FFT of a 3D array
fabc ¼ fðxa; yb; zcÞ as

Fαβγ ≡
XNx−1

a¼0

XNy−1

b¼0

XNz−1

c¼0

fabc exp
�
−2πi

�
aα
Nx

þ bβ
Ny

þ cγ
Nz

��
;

ð24Þ

for integers α ¼ 0; 1;…; Nx − 1, β ¼ 0; 1;…Ny − 1, etc.
Let us tabulate fðxÞ on a regularly spaced rectangular

grid, within a volume V ¼ LxLyLz bounded by

x∈ ½xmin;xmax�; y∈ ½ymin;ymax�; z∈ ½zmin;zmax�; ð25Þ

where we define Li ≡ xðiÞmax − xðiÞmin as the length of each
dimension of the box. Defining

ui ≡ xi − xðiÞmin

Li
; xi ¼ Liui þ xðiÞmin; ð26Þ

the Fourier transform of fðxÞ is

FðkÞ ¼
Z
V
d3xe−ik·xfðxÞ

≃
X
abc

Vpix exp ð−ik · ½Liui þ xðiÞmin�Þfabc; ð27Þ

where fabc is the value of fðxÞ at the grid position
x ¼ xabc, defined via

uabc ¼
a
Nx

x̂þ b
Ny

ŷþ c
Nz

ẑ; ð28Þ

with Vpix the volume of a single pixel in the grid,

Vpix ¼
LxLyLz

NxNyNz
: ð29Þ

Pulling out the overall phase from the translation in x → u,

FðkÞ ≃ Vpixe−ik·xmin

X
abc

fabc exp

�
−2πi

�
kxLx

2π

a
Nx

þ kyLy

2π

b
Ny

þ kzLz

2π

c
Nz

��
: ð30Þ

Standard FFT routines, given the array fabc as an input, will
return Fαβγ . From the 2π periodicity of the complex phase
in Eq. (24), note that ðNx − αÞ=Nx describes the same
Fourier mode as −α=Nx, and so the FFT output needs to be
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rearranged by cycling the arrays until the most negative
frequencies ðα ≥ Nx=2Þ appear first in the list. Once this is
done, all we need to do is multiply Fαβγ by the pixel volume
Vpix and the phase associated with translation from the
origin to the corner of the grid,

Fðkx; ky; kzÞ ¼ F

�
2πα

Lx
;
2πβ

Ly
;
2πγ

Lz

�

¼ Vpixe−ik·xminFαβγ: ð31Þ

Returning to the specific example of the momentum
form factor fsðqÞ,

f⋆s ðqÞ ¼ F ½Φ⋆
1→2� ≃ Vpixeþiq·xminF⋆

αβγ

¼ Vpix exp ðþiq · xminÞF⋆
αβγ; ð32Þ

where

q ¼ 2πα

Lx
x̂þ 2πβ

Ly
ŷþ 2πγ

Lz
ẑ; ð33Þ

and where F⋆
αβγ is to be understood as the forward FFT of

the complex conjugate array,

f⋆abc ¼ Φ⋆
1→2ðxa; yb; zcÞ: ð34Þ

B. Practical considerations

The primary benefits of the FFT are its simplicity and
easy adaptability: once Φg→sðrÞ has been tabulated, it no
longer matters which types of basis functions were used to
generate it. On the other hand, an accurate depiction of

fsðqÞ requires a position space grid that is both large in
volume and finely sampled in r.
From Eq. (33), the “pixel” size in the momentum space

grid is given by 2π=L, where L is the length of the
integration volume. Generating a 0.1 keV grid in fsðqÞ
would necessitate an L ≈ 124 Å box size, which is 2 orders
of magnitude larger than a typical bond length.
Simultaneously, we still need to sample Φg→sðrÞ finely
enough to capture all of its relevant features, otherwise
Eq. (27) will be inaccurate. Even if we set Φg→sðrÞ → 0 for
r ≫ few × a0 far away from the molecule, such a 3D grid
can easily exceed the available computer memory.
Even so, the FFT can be highly efficient at generating

low-to-medium precision form factors. Figure 2 shows the
convergence toward accuracy as the integration volume is
expanded, using the first excited state of p-xylene as an
example. Paraxylene is symmetric under central inversion,
r → −r, which implies that fs ¼ i Im fs for any excited
states with a nonzero transition dipole moment [14].
Initially, Φg→s is tabulated within a rectangular box of
dimensions Lx;y;z ≃ ð12.0; 9.7; 7.4Þ Å, which includes a
margin of 5a0 in all directions away from the atomic
positions. This scale ¼ 1 FFT does a poor job of recreating
fs, even qualitatively, except for the locations of the fs ¼ 0

nodes. The grid spacing Δx ¼ 0.07 Å is more than suffi-
cient to capture the small-scale features in Φg→sðrÞ, so the
imprecision is due to Lx;y;z.
In Figs. 2(b) and 2(c), the integration region is extended

to scale × ð12.0 ÅÞ in every direction, for scale ¼ 2 and
scale ¼ 3. The L ≈ 24 Å box correctly reproduces all of the
features in fsðqÞ, with a pixelation that is apparent to the
eye. At L ≈ 36 Å, fsðqÞ resolves into a clearer image,

FIG. 2. The accuracy of the FFT method is controlled in part by the volume of the sampled region. The “scale ¼ 1” volume encloses
the atomic coordinates in a rectangular box with a 5a0 margin in all directions. Its qualitative accuracy is poor, although it correctly
identifies the order of magnitude. In the “scale ¼ 2” and “scale ¼ 3” examples, we extend the integration volume by a factor of 2 or 3
before applying the FFT, yielding more accurate and finely grained pictures of fsðqÞ, shown here in the qz ¼ 0 plane.
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without revealing any substantial differences with the
scale = 2 version. Whether the inaccuracy in fs will affect
the scattering rate in Eq. (10) depends largely on the DM
model in question: the accuracy is probably sufficient for
heavy mediator models, FDM ¼ 1. For light mediators,
FDM ¼ ðαmeÞ2=q2, the enhancement at small q≲ αme will
magnify the pixelation error.
In conclusion, while the FFT method is simple to

implement, we must ensure that the position space and
momentum space grids are both sufficiently fine-grained to
capture all of the physical effects in the system. A
compromise can often be found between accuracy and
speed. In the next section, we introduce a pair of analytic
methods that evaluate fsðqÞ exactly, at arbitrary values
of q. By “exact,” we mean that we integrate Eq. (19)
without any loss of precision.

IV. ANALYTIC METHOD

The Fourier transform method, while conceptually sim-
ple, suffers from the grid resolution issues discussed in
Sec. III B. As such, SCarFFF also implements methods based
on analytic expressions for the form factor, which we will
now discuss.
Our starting point is the expression for the form factor,

Eq. (19), written in the atomic orbital basis as

fsðqÞ ¼ 2
X
αβ;IJ

Z
d3rϕ�

αðr − rIÞϕβðr − rJÞTðsÞ
αβ e

iq·r; ð35Þ

with TðsÞ
αβ the transition density matrix for singlet state s in

the AO basis, and ϕα the Gaussian-type orbital (GTO)
corresponding to orbital α, defined in Appendix A. Each of
these orbitals can be expanded in terms of sums of
primitives, which can, in turn, be expanded in terms of
sums of their individual Cartesian polynomial terms. The
indices I and J refer to individual atoms within the
molecule, located at positions rI and rJ, respectively.
To simplify notation and avoid confusion, we note that

each Cartesian term belongs a primitive, which, in turn,
belongs an orbital and atom within the molecule. We will
therefore express everything in terms of the Cartesian term
indices i and j in what follows, so that, e.g., TðsÞ

ij

corresponds to the component of TðsÞ
αβ implied by

Cartesian terms i and j, and ri similarly refers to the
position rI. This reduces the outer sum to a simpler one
over i and j.
Expanding out the GTOs, we therefore find

fsðqÞ¼ 2
X
i;j

TðsÞ
ij Cij

Z
∞

−∞
dxðx−xiÞaiðx−xjÞaj

×exp

�
iqx−

ðx−xiÞ2
2σ2i

−
ðx−xiÞ2
2σ2i

�Z
∞

−∞
dy…; ð36Þ

where Cij contains all of the primitive scale factors,
normalization coefficients, and Cartesian term weights
for this ij pair, and where ai and aj are the exponents
of the Cartesian terms, e.g., a ¼ 1 for the px orbital or
a ¼ 0 for an s orbital. We define bi and ci similarly for the
y and z components of an orbital.
Each of these one-dimensional integrals can be solved by

first completing the square on the polynomial appearing in
the exponent, followed by a redefinition of the integral
measure to leave

fsðqÞ ¼ 2
X
i;j

TðsÞ
ij Cij exp

�
−

r2ij
2σ̄2ij

þ iq ·Rij

�

×
Z

∞

−∞
dxðxþ X ij − xiÞaiðxþ X ij − xjÞaj

× exp

�
iqxx −

x2

2σ2ij

�Z
∞

−∞
dy…; ð37Þ

where we have defined

σij ¼
σiσj
σ̄ij

; σ̄ij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2i þ σ2j

q
; ð38Þ

and

X ij ¼ σ2ij

�
xi
σ2i

þ xj
σ2j

�
; xij ¼ jxi − xjj; ð39Þ

with similar expressions for Yij and Zij. Rij is simply the
vector ðX ij;Yij;ZijÞ. To further facilitate the integral,
the polynomials can be conveniently rewritten using the
binomial theorem as

ðxþ X ij − xiÞaiðxþ X ij − xjÞaj ¼
Xαij
A¼0

bAijx
A; ð40Þ

with αij ¼ ai þ aj, and the b coefficients defined by

bAij ¼
Xminfai;αij−Ag

k¼maxf0;ai−Ag

�
ai
k

��
aj

αij − k − A

�

× ðX ij − xiÞkðX ij − xjÞαij−k−A; ð41Þ

where once again, we define similar b coefficients for the y
and z directions indexed by B andC. This allows us to write
each of the integrals in terms of differential operators and
perform the resulting Gaussian integral to leave
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fsðqÞ ¼ 2ð2πÞ32
X
i;j

TðsÞ
ij Mij; eiq·Rij

×
Xαij
A¼0

bAijð−i∂qxÞA exp
�
−
q2xσ2ij
2

�Xβij
B¼0

…; ð42Þ

where concretely,

Mij ¼ d0id
0
jkikjσ

3
ij exp

�
−

r2ij
2σ̄2ij

�
; ð43Þ

where d0i ¼ diξiNi, with the orbital normalization factors ξ,
N, and d defined in Appendix A. Finally, noticing that the
derivative term can be rewritten in terms of the probabilist’s
Hermite polynomials

ð−i∂qxÞA exp
�
−
q2xσ2ij
2

�
¼ ðiσijÞAHeAðqxσijÞ

× exp

�
−
q2xσ2ij
2

�
; ð44Þ

we arrive at a useful expression for the form factor, written
in terms of three tensors, each depending on just one of the
three Cartesian momentum coordinates

fsðqÞ ¼ 2ð2πÞ32
X
i;j

TðsÞ
ij MijV

ðxÞ
ij ðqxÞVðyÞ

ij ðqyÞVðzÞ
ij ðqzÞ; ð45Þ

where each V tensor is defined by

VðxÞ
ij ðqxÞ ¼ exp

�
iqxX ij −

q2xσ2ij
2

�Xαij
A¼0

bAijðiσijÞA

× HeAðqxσijÞ: ð46Þ

For those more inclined to use the physicist’s Hermite
polynomials, these are related by

HenðxÞ ¼ 2−
n
2Hn

�
xffiffiffi
2

p
�
: ð47Þ

The expression (45) is particularly useful for evaluating the
form factor, as each of the V tensors is a sum of simple
polynomials in each of the momenta. Additionally, as we
will discuss at length in Sec. V C, being able to decompose
the form factor into the three momentum directions can be
particularly useful when evaluating certain kinds of inte-
grals involving the form factor. We therefore implement
Eq. (45) as one of the methods in SCarFFF.
We now note that Eq. (45) is not a the sole useful analytic

expression for the form factor. For several reasons, which
we will discuss in Sec. V D, it is often more convenient and
computationally efficient to compute the form factor in
spherical coordinates. To do so, we first rewrite the product

of Hermite polynomials contained in each of the V tensors,
packaged alongside several of the other coefficients, in
terms of a sum of monomials, to arrive at

fsðqÞ ¼ 2ð2πÞ32
X
i;j

TðsÞ
ij exp

�
−
q2σ2ij
2

�
eiq·Rij

×
X
u;v;w

Duvw
ij quxqvyqwz ; ð48Þ

where u runs from 0 to αij, and v and w follow the same
pattern for the y and z directions, while the D tensor is
defined by

Duvw
ij ¼ MijCuijC

v
ijC

w
ij; ð49Þ

with

Cuij ¼ iu
Xbαij−u2

c

m¼0

buþ2m
ij σ2ðuþmÞ

ij
ðuþ 2mÞ!
m!u!2m

; ð50Þ

and similar in v and w for the y and z components. The next
step is somewhat more complicated and involves projecting
the monomials onto a basis of spherical harmonics. As the
derivation is rather opaque, we leave this in Appendix B for
the more interested reader and simply quote the resulting
form factor here,

fsðqÞ ¼ 2ð2πÞ32
X
i;j

TðsÞ
ij exp

�
−
q2σ2ij
2

�
eiq·Rij

×
X
u;v;w

Duvw
ij qn

X
λ∈ fn;n−2;…g

Xλ
μ¼−λ

Θuvw
λμ Yμ

λðq̂Þ; ð51Þ

with the Θuvw
λμ coefficients also defined in Appendix B,

n ¼ uþ vþ w, and where Yμ
λ denotes a complex spherical

harmonic, with the Condon-Shortley phase included. After
a careful reindexing and reordering of the summation order,
this expression can be simplified to

fsðqÞ ¼ 2ð2πÞ32
X
i;j

TðsÞ
ij exp

�
−
q2σ2ij
2

�
eiq·Rij

×
X
n

qn
X

λ∈ fn;n−2;…g

Xλ
μ¼−λ

Wn
ij;λμY

μ
λðq̂Þ; ð52Þ

where

Wn
ij;λμ ¼

X
u;v;w

uþvþw¼n

Duvw
ij Θuvw

λμ : ð53Þ

Owing to its symmetries and selection rules, explicitly, its
invariance under i ↔ j, along with the conditions
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n ≥ λ ≥ jμj, jμj ≤ uþ v, and that n and λ must share the
same parity, the W tensor turns out to be a particularly
efficient object to compute and forms the basis for the
spherical grid method implemented in SCarFFF. However,
we have yet to completely disentangle the radial and
angular components of the form factor. The next step in
this process is to perform a plane-wave expansion of the
phase factor

eiq·Rij ¼ 4π
X
L;M

iLjLðqRijÞYM
L ðq̂ÞYM�

L ðR̂ijÞ; ð54Þ

with jL the spherical Bessel function of order L. The
spherical harmonic that depends on q̂ resulting from this
expansion can be coupled to an existing one from the
monomial-to-spherical transformation to a Gaunt coeffi-
cient, as

Yμ
λðq̂ÞYM

L ðq̂Þ ¼
X
l

Glm
λμ;LMY

m
l ðq̂Þ ð55Þ

with the Gaunt coefficient defined by

Glm
λμ;LM ¼ ð−1Þm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2λþ 1Þð2Lþ 1Þð2lþ 1Þ

4π

r

×

�
λ L l

μ M −m

��
λ L l

0 0 0

�
; ð56Þ

where the large bracketed objects are Wigner-3j symbols,
whose selection rules fix M ¼ m − μ hereafter. We note
that the Gaunt coefficients can also be written as the
integral of a product of three spherical harmonics, but that

Glm
λμ;LM is more efficiently calculated from the Wigner-3j

symbols.
This leaves us with our final expression for the form

factor,

fsðqÞ ¼
X
l;m

Ym
l ðq̂ÞRlmðqÞ; ð57Þ

which conveniently factorizes the angular dependence from
the jqj-dependent function RlmðqÞ. All of the difficult
analytic structure is contained within the R tensor,

RlmðqÞ¼4ð2πÞ52
X
i;j

TðsÞ
ij exp

�
−
q2σ2ij
2

�X
L

iL

×jLðqRijÞYM�
L ðR̂ijÞ

X
n

qn
X
λ;μ

Wn
ij;λμG

lm
λμ;LM; ð58Þ

where we remind the reader that M ¼ m − μ.
The sum over l formally runs from 0 to∞, but we show

in Fig. 3 that this sum can be safely truncated at finite lmax.
For relatively simple molecules such as benzene (C6H6)
and p-xylene (C8H10), the sum over l converges by
lmax ¼ 12. Larger molecules, e.g., anthracene (C14H10),
may require lmax in the range of 18–24, particularly at high
momenta (q ≫ αme). As a 1D proxy for the 3D form
factor, Fig. 3 shows the isotropic angular average, defined

hf2siΩ ≡
Z

dΩ
4π

jfsðqÞj2: ð59Þ

From the orthogonality properties of spherical harmonics, it
can be shown that

FIG. 3. We show the isotropic average form factor ð4πÞ−1 R dΩjfsj2 for the first excited states of p-xylene and anthracene, calculated
with the spherical analytic method of Sec. V D. This fs is found by a sum over spherical harmonic modes fsðqÞ ¼

P
lm Ym

l ðq̂ÞRlmðqÞ,
which we truncate at finite l. We find that the first excited state of p-xylene is very well described by the l ≤ 12 angular modes, while
an accurate representation of anthracene above q > 7 keV requires the l > 12 modes.
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hf2siΩ ¼ 1

4π

X
lm

jRlmðqÞj2: ð60Þ

In an isotropic medium such as a fluid or glass, the
scattering rate depends only on hf2sðqÞiΩ, so it is quite
convenient that it can be extracted directly from the
R2

lm sum.

A. Summary

We implement Eq. (57) within SCarFFF to tabulate the
form factor on a uniform spherical grid. This has advan-
tages over the other two methods, as it is far more robust
against numerical issues than the FFT method, but far faster
to materialize the full 3D form factor grid than the Cartesian
method, at the expense of a more difficult derivation. We
will now move on to discuss the numerical implementa-
tions of each method in detail.

V. MOLECULAR FORM FACTORS WITH SCarFFF

Our numerical package, SCarFFF, implements three meth-
ods for the fast and precise computation of molecular form
factors: tabulation on a spherical grid, on a Cartesian grid,
and using the fast Fourier transform. Here we describe the
numerical implementation of each method, as well as its
advantages and disadvantages with respect to the other
methods. For the impatient, we give an at-a-glance over-
view of the numerical package in Fig. 4.

A. Molecular geometry, DFT, and TD-DFT

All three methods begin with a computation of the
molecular geometry, followed by a ground-state DFT
calculation. The resulting ground state is then used as an
input to a TD-DFT calculation of the excited-state tran-
sition energies and transition density matrices.
The molecular geometry optimization proceeds in sev-

eral steps. First, we use the RDKit [20] implementation of
the ETKDGv3 algorithm to generate several conformations
of the molecule, which we subsequently optimize using the
universal force field (UFF) method. We then take the lowest
energy UFF optimized geometry and optionally pass this to
PySCF [21] and geomeTRIC [22] to optimize further using
DFT. This optional last step is significantly slower than
the preceding optimization steps and offers modest cor-
rections of Oð0.1%Þ to the distance matrix entries of small
molecules, such as benzene, up to O(0.5%–3%) for
intermediate-sized molecules, such as trans-stilbene, with
comparable corrections to the excited-state energies in both
cases. However, these small corrections to the geometry
lead to large corrections to oscillator strength, on average
Oð30%Þ for the first ten excited states of trans-stilbene,
with a maximum of Oð70%Þ, due to better encoding of
molecular symmetries.
To compute the ground- and excited-state energies,

we use TD-DFT within PySCF with one of the

SCarFFF-supported basis sets. SCarFFF does not depend on
the choice exchange-correlation functional, and so in
theory any can be used. Throughout this work, we have
used B3LYP, although we note that more modern and
precise functionals such as, e.g., ωB97M-V may be more
appropriate for certain molecules. The excited-state ener-
gies and atomic coordinates, along with the basis-depen-
dent transition matrices in the atomic orbital basis are then
saved to disk in HDF5 format. We also save the computed
oscillator strengths for future verification of our form factor
results, which we will discuss in Sec. VI. The calls to PySCF,
including the optional ones to optimize the geometry using
DFT, are by far the slowest step in the form factor pipeline.
For this reason, we make use of GPU4PySCF, which can be
toggled on with an optional use_gpu flag in the provided
scripts.

B. Fast Fourier transform method

We now move on to discussing the bulk of the SCarFFF

package, beginning with the conceptually simplest
approach, the FFT method. This approach directly imple-
ments Eq. (19) as the Fourier transform of the transition
density Φ�

g→sðxÞ, with s denoting the sth excited state.
The first step in the form factor computation is common

to all methods. The results from the TD-DFT and geometry
optimization, along with the set of prenormalized, accord-
ing to Eq. (A4), GTO scale factors and Gaussian widths are
read in for the specified basis set. These are used to
construct a hierarchical data structure composed of one-
dimensional arrays defining the molecule, with index
mappings from Cartesian term (e.g., the x2 in the
3dx2−y2 orbital), to GTO primitive, to orbital in a given
atom, and finally to atom within the molecule. This
structure saves on both memory and computation time
by storing intermediate objects in terms of the largest object
in the hierarchy, while still allowing us to efficiently sum
over the smallest.
Specific to the FFT method, we then construct a spatial

grid on which to tabulate the transition density, Eq. (19).
This spatial grid covers all x∈ ½−xlim; xlim�, with resolution
Δx defined, in turn, by

xlim ¼ π

Δqx
; Δx ¼ 2π

qx;lim
; ð61Þ

with the user-specified momentum grid resolution and
maximum, Δq and qlim, respectively. A similar grid is
constructed in the y and z directions. Next, the value of the
No orbitals in the molecule are computed at each grid point,
where they are contracted with the full set of transition
density matrices to form the transition density function
Φg→sðrÞ. This process features two computationally expen-
sive steps: the tabulation of the orbital values and the matrix
multiplication. These computational costs scale as
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corb ≃ k1Np; cmatmul ≃ k2NtN2
o; ð62Þ

where Np is the total number of primitives across all
orbitals in the molecule, typically around 4No for a
small basis set such as 6-31g*, Nt is the number of
transitions computed per molecule, and k1 ≃ 100 and
k2 ≃ 2 some constant prefactors. The cost ratio is therefore
approximately

corb
cmatmul

≃
200

NoNt
; ð63Þ

which for a typical molecule with a few hundred orbitals
scales roughly as 1=Nt and is therefore dominated by the
matrix multiplication for all but single transition compu-
tations. To alleviate this cost, we implement GPU accel-
eration of the transition density tabulation via custom
CUDA kernels, which significantly speeds up the compu-
tation at the small expense of a few data transfers. This
speedup is particularly noticeable in the matrix multipli-
cation step, which benefits greatly from parallelized GPU
operations.
As an additional efficiency measure, we also implement

thresholding of small values during the transition density
tabulation. This simply sets any GTO primitive whose
Gaussian exponent would be sufficiently large, such that
the primitive value drops below the threshold value, to zero.
This avoids the expensive exponential evaluation that
dominates the cost of k1. As an additional measure, if
all orbitals at a grid point would be zero, we simply skip the
expensive matrix multiplication for that point. This last step
makes a particularly large difference on spatial grids that
extend far beyond the molecule, which as discussed in
Sec. III B are necessary for good momentum resolution of
the form factor.
The final step is to perform the FFT, which is done using

the JULIA wrapper of FFTW [19]. As this step scales
approximately linearly in the total number of grid points,
it is far faster than the preceding steps. The issue, however,
as compared to the analytic methods, is that the FFT step
requires the materialization of both the real space transition
grids as well as the momentum space form factor grids.
This leads to an additional 50% memory overhead, poten-
tially limiting the size of the grids that can be constructed
with this method. The FFT method, while fast, can also
suffer from numerical artifacts due to insufficient real space
resolution and grid extent. A real space grid that is too
coarse fails to resolve the peaks at each atomic site. On the
other frontier, due to the FFT algorithm assuming periodic
functions, a grid sampled only where the molecular wave
function is large will experience errors due to unphysical
tiling of the molecule. These can issues can, in turn, be
alleviated by increasing qlim and decreasing Δq, at a cost in
both memory and computation.

We show the timing of the FFT method on the test
molecule set in Fig. 5, both with and without GPU
acceleration, in Table I. By comparison with the other
two methods, we see that, especially on the CPU path, the
FFT method is by far the fastest implementation, and that
the GPU speeds up the form factor tabulation by an average
factor of 2, irrespective of grid size. It would seem,
therefore, that the FFT method is the best choice when
running on systems without GPU access, especially when
memory is less of an issue, to get a good estimate for
molecular form factors. We stress, however, that the
accuracy of the 1003 grid point FFT is not comparable
in accuracy to the same grid using either of the other two
methods. For reference, the three plots in Fig. 2 used grids
of approximately 1363, 3423, and 5123 many points, and
only the latter two examples produced approximately
correct values of fsðqÞ.
For this reason, the FFT method may be best suited for

fast searches through large numbers of excited states, where
qualitative accuracy is sufficient. Quantitative accuracy
from the FFT generally requires a larger grid and corre-
spondingly slower evaluation times. We will discuss the
various verification methods implemented in SCarFFF that
can be used to alleviate, or at least estimate the magnitude
of, these inaccuracies in Sec. VI.

C. Cartesian grid method

We now turn our discussion to the Cartesian method.
This implements Eq. (45) to tabulate the form factor on a
uniform Cartesian grid in ðqx; qy; qzÞ. As in Sec. V B, the
first step is to create the hierarchical data structure defining
the molecule and its transitions. From here, the Cartesian
method diverges from the FFT method by evaluating the
Fourier integral analytically and exploiting the separability
in each of the momentum directions.
The next step is precomputing the small matrices of

Cartesian pair coefficients defined in Eqs. (43), (38), (39),
and (41), which are reused over many computations and,
owing to their small size, can be safely stored in memory.
Given these, SCarFFF then constructs the one-dimensional V
tensors defined in Eq. (46). To speed up the implementa-
tion, the Hermite polynomials are generated using recur-
rence relations up to maximum Cartesian order αij for
each pair.
The information contained in the V tensors, along with

the small array of pair coefficients Mij and transition
density matrices are sufficient to completely define the
form factor. This is particularly useful when the form factor
is to be used in separable integrals of the form

Isep ¼
Z

d3qfðqxÞgðqyÞhðqzÞfsðqÞ; ð64Þ

where f, g, and h are some arbitrary functions each
depending on, at most, one coordinate. Using the
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FIG. 4. Workflow of SCarFFF. Given a simplified molecular input line entry system string and a basis set, we first optimize the geometry
and perform the DFT and TD-DFT computations. We then build data structures defining the molecule and pass it through one of the
three methods. See the text for more details. Boxes highlighted in blue represent outputs of the code.
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separability of the Cartesian form factor, this can be
rewritten in the form

Isep ¼
X
i;j

TðsÞ
ij Mij

Z
dqxfðqxÞVijðqxÞ

Z
… ð65Þ

such that the cost of the integration scales linearly with the
most densely sampled grid dimension, as opposed to the
product of all three in the case of the FFT form factor.
Importantly, each of these V tensors be can constructed in
approximately

cV ¼ kVN2
cNqi ð66Þ

operations, with i∈ fx; y; zg, Nc ≃ Np ≃ 4No the total
number of Cartesian terms, and kV ≃ 300. Owing to kV ,
the construction of the V tensors will, in fact, dominate over
the integration time, and we can directly compare to the
equivalent cost for the FFT method

cV
cFFT

≃
2400

N2
qi

; ð67Þ

where we assume Nqi is approximately constant for all
dimensions and approximate the time to construct the FFT

FIG. 5. The molecule set used to test SCarFFF. This test set is composed of 100 molecules composed of hydrogen, carbon, nitrogen,
sulphur, and fluorine, with an exactly uniformly distributed heavy (nonhydrogen) atom count from 1 to 20. These are chosen to be a
combination of long chain and aromatic compounds, so as to represent a wide spectrum of molecules.
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form factor by the matrix multiplication time, Eq. (62).
Even for small grids with Nqi ≃ 100, this method is
therefore far better suited to form factor applications
involving separable integrals than the FFT method. To
facilitate this application, SCarFFF comes with an option to
only compute and save the 1D V tensors when using the
Cartesian method. Much like the FFT method, we also
apply thresholding in the Cartesian method by discarding
all Cartesian pair index combinations for which

jMijT
ðsÞ
ij =ðMijT

ðsÞ
ij Þmaxj < ϵ on a transition-by-transition

basis, with ϵ the user-specified threshold parameter. We
find that, for a threshold of 10−6, only around 25% of terms
survive for most molecules, speeding up computation by a
factor of 4 with no measurable impact on the accuracy of
the final result. With that said, we highly recommend that
the user explores different values of ϵ for convergence,
especially where high accuracy is required.
Where this method struggles is when the full 3D grid

needs to be materialized, as this requires the outer product
of the V tensors, followed by a contraction of the resulting
object over the Cartesian term indices. The cost, per grid
point, of constructing the full form factor (neglecting
thresholding) is then

cCart ≃ k3NtN2
c; ð68Þ

with k3 ≃ 8. Comparing this to the FFT method, we find

cCart
cFFT

≃ 64; ð69Þ

almost 2 orders of magnitude slower. However, owing to its
simplicity and robustness to numerical artifacts, this
method is particularly useful as a verification tool for
the other two methods. This can be done by, e.g.,
computing planes of particular interest or using the 1D
V tensors to compute particular points on the full 3D grid.
To improve the usefulness of this method when the full

grid is required, we add a GPU path for the final grid
contraction using cuBLAS. As shown in Table I, this speeds
up computation by an extraordinary factor of ∼50–100,
depending on the grid size. This makes it highly competi-
tive with the FFT method in terms of speed, without
suffering from the same numerical issues. Outside of the
GPU path, however, we only recommend that the Cartesian
method is only used for verification or for very small grids
with Nqi ≲ 50.

D. Spherical grid method

The final method implemented by SCarFFF is the spheri-
cal grid method, which tabulates the form factor (57) on a
uniform grid in ðq; qθ; qϕÞ, where q ¼ jqj, up to a user-
specified lmax.
This implementation follows the Cartesian method

exactly up to the construction of the Cartesian pair

coefficient matrices. From there, we construct the D tensor
defined in Eq. (49). Naively, we would need to allocate a
full N2

c × u3max object to store the D tensor, where umax is
twice the maximum angular momentum in the basis set.
However, as many Cartesian pairs have, e.g., αij < umax, a
significant fraction of this dense tensor would be zero. Such
a dense tensor would also be inefficient due the symmetry
of theD tensor under i ↔ j. As such, we store theD tensor
in sparse coordinate (COO) format, which for a typical
molecule reduces memory requirements by around 2 orders
of magnitude. As an additional benefit, when constructing
objects that depend on D, we now only need to iterate over
the nonzero entries, which speeds up computation by a
comparable amount.
The next step is to compute the Θ coefficients defined in

Appendix B, along with the Gaunt coefficients. As these
coefficients are independent of the molecule and transition,
they are precomputed once for a given lmax and λmax, and
then reused across runs. Much like the D tensor, these
would also be incredibly sparse objects if computed in
dense form. As such, we exploit the many symmetries and
selection rules for these coefficients to compute and store
them in sparse COO format.
These are then contracted with the previously computed

D tensor to form the W tensor defined in Eq. (53), which,
once again, is stored in sparse COO format. Owing to the
sparse storage, symmetry exploitation, and selection rules,
all steps to this point are completed almost instantly. The
next step, however, applying Eq. (58) to construct the R

TABLE I. Run-time for the different methods, excluding
molecular geometry optimization and DFT, on the 100 molecule
test set, shown in Fig. 5, on grids with Nqi points in each
direction. For all methods, we use the cc-pVDZ basis set, a
threshold of 10−6, and compute the form factor for the first 12
excited states up to a maximum of jqj ¼ 15 keV. For the
spherical method, we compute up to angular mode lmax ¼ 24.
For both the pure CPU- and GPU-accelerated runs, we run
SCarFFF on 24 cores of an Intel Xeon Platinum 8468 CPU, while
the GPU acceleration is performed with an NVIDIA H100 SXM
GPU. Not included in these benchmarks is the time for the
method-independent geometry optimization and TD-DFT com-
putations, which took 4736 s on the same hardware with GPU
acceleration.

Method Nqi CPU (s) GPU (s) CPU=GPU

FFT 50 83 43 1.93×
100 165 108 1.53×
200 685 389 2.22×

Cartesian 50 1005 70 9.66×
100 7339 166 44.21×
200 48776 520 93.80×

Spherical 50 1779 334 5.33×
100 3652 611 5.98×
200 8996 1305 6.89×
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tensor, is particularly expensive. We compute the spherical
Bessel functions with a fast, custom implementation of
Miller’s downward recursion algorithm

jL−1ðxÞ ¼
�
2Lþ 1

x

�
jLðxÞ − jLþ1ðxÞ; ð70Þ

at each qRij point, giving us access to the full tower of
Bessel functions in one sweep. For numerical stability, we
always perform this step in FLOAT64 and expand compute
the Bessel functions using a power series expansion for
very small arguments. With this optimization, the cost of
the spherical method is dominated by the accumulation into
the R tensor and is given by

cR ≃ kRNtNqNWNḠ; ð71Þ

where NW ≃ N2
c is the number of nonzero W-tensor

entries, NḠ is the average number of entries for each
ðλ; μÞ combination, and kR ≃ 8. A rough estimate gives
NḠ ≃ ðλmax þ 1Þðlmax þ 1Þ2. Much like the V tensors in the
Cartesian method, the R tensor contains all of the mol-
ecule-specific information about the form factor. As such, it
may be useful to terminate the computation early when the
form factor is required for integrals where the angular and
radial components are separable. We therefore provide an
option within SCarFFF to compute only the R tensor,
without materializing the full 3D form factor grid.
Otherwise, the final step is to contract with the angular

grid according to Eq. (57), the cost for which is dominated
by one large outer product, followed by a contraction over
l and m. The cost for this step is roughly

ccontract ≃ k4NtNqNqθNqϕðlmax þ 1Þ2; ð72Þ

with k4 ≃ 2. Whether this step dominates therefore depends
heavily on the size of the angular grid. The cost ratio of this
step to that of the R-tensor materialization is

cR
ccontract

≃
4N2

cðλmax þ 1Þ
NqθNqϕ

; ð73Þ

which for a modest grid with Nqθ ¼ Nqϕ ≃ 100, and a

typical molecule with N2
c ≃ 105, λmax ≃ 6, is dominated by

the R-tensor construction. Even for a larger grid with 103

points in each direction, we find that theR-tensor step has a
comparable cost to the contraction step.
This allows us to directly compare the spherical method

to the other two methods as

cspher
cFFT

≃
64ðλmax þ 1Þðlmax þ 1Þ2

N2
qi

; ð74Þ

and similar for the Cartesian method, with a ratio 64 times
smaller, where we have assumed a similar number of grid
points in each direction, for each method. For small grids
with Nqi ≃ 100, and lmax ¼ 18–24, the spherical method is
approximately an order of magnitude slower than the FFT
method. However, unlike the FFT method, the spherical
method is far less susceptible to numerical errors and scales
far more favorably with the grid size due to the decoupling
of the angular and radial parts.
As with the other two methods, we also offer GPU paths

for the spherical method to speed up computation. This
includes custom CUDA kernels for the spherical Bessel
function, spherical harmonic, and R-tensor accumulation,
along with cuBLAS for the final grid contraction. As shown
in Table I, this typically speeds up execution by a factor of
∼5–6, making the spherical method competitive with the
FFT method in terms of speed, but with far fewer numerical
challenges.

VI. VERIFICATION

To verify that SCarFFF gives the correct results, we apply
two key checks. The first, and simplest, is exclusive to the
FFT method. As we are performing a Fourier transform,
and have access to both the transition density and form
factor, a natural check is that Parseval’s theorem holds. That
is, the transition density and form factor should satisfy the
relation

Z
d3rjΦg→sðrÞj2 ¼

Z
d3q
ð2πÞ3 jfsðqÞj

2: ð75Þ

This check can be toggled with the check_parseval
flag when running in FFT mode. Ensuring that this equality
holds can help to safeguard against numerical artifacts
coming from grids with insufficient extent or resolution.
The second check is the oscillator strength

reconstruction, which is available to all methods. This
verification strategy checks that the oscillator strength
computed from the tabulated form factor matches the
PySCF output, which is computed reliably using TD-DFT.
To compute the oscillator strength, we make use of the low
momentum expansion of the form factor

fsðqÞ≡ hΨsjeiq·rjΨgi ≃ iq · μ⃗þOðjqj2Þ; ð76Þ

up to spin factors, with μ⃗≡ hΨsjrjΨgi the transition dipole
moment, which in the basis of molecular orbitals φp is
given by

μ⃗ ¼
X
pq

TðsÞ
pqhφqjrjφpi: ð77Þ

This is related to the oscillator strength f0 by
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f0 ¼
2

3
meΔEfijμ⃗j2; ð78Þ

where ΔEs is the transition energy.
For the real-valued transition density matrix, μ⃗ can be

extracted from the Taylor expansion of ImðfsÞ,

Im fsðqÞ ≃ 0þ q ·∇q Im fsðqÞjq→0 þ… ð79Þ

μ⃗ ¼ ∇q Im fsðqÞjq→0 ð80Þ

or, equivalently, from the quadratic moment of the squared
form factor

f0 ¼ 2meΔEfi limjqj→0

hjfsðqÞj2iΩ
jqj2 : ð81Þ

In SCarFFF we perform a fit to the angular average
of the squared form factor up to some user-defined
jqjmax ≃ 0.05–0.25 keV,

hjfsðqÞj2iΩ ≃ Aþ Bjqj2 þ Cjqj4; ð82Þ

and extract the coefficient B ¼ jμ⃗j2=3. The agreement is
naturally better for lower jqjmax, but is not always feasible
due to coarse grids, particularly for the FFT. The first
coefficient, A, is added to the fit to subtract any numerical
artifacts of nonzero form factor at q ¼ 0, while C accounts
for the fact that we do not exactly take the jqj → 0 limit, but
instead expand at finite, but small momenta. We find that
for typical run parameters, e.g., a threshold of 10−6, lmax ¼
24 (if using the spherical method), and a 1003 q point grid,
that our oscillator strengths match those of PySCF to the
10−4 level or better, provided jqjmax ¼ 0.05 keV.
In Fig. 6(c) we show the form factor for the second

excited-state p-xylene computed using SCarFFF, using each

of the three methods. This demonstrates the self-consis-
tency of our package, i.e., that the results from all of our
methods agree. We draw particular attention to the FFT
method, however, which had to be computed on a grid with
25 keVextent and a resolution of 0.125 keV to converge to
the same result as the analytic methods, for a total of 43 ¼
64 times more grid points.

VII. CONCLUSIONS

SCarFFF offers three complementary pathways for the
speedy evaluation of molecular form factors. The Cartesian
and spherical analyticmethods can both be runwithout loss of
precision, generating reliable results in a fraction of the time
spent on the physical chemistry calculation. When speed
rather thanprecision is thepriority, in particular, forCPU-only
runs, the FFT-basedmethod provides the fastest analysis. Our
numericalmethodSCarFFF is publicly available as a package in
JULIA, and can be found at GitHub [23].
Although SCarFFF uses PySCF for its TD-DFT calculation,

the analytic method we present in this paper can be used
more generally, for any system where the molecular
geometry and the GTO-basis transition density matrix
are known. This makes our methods highly adaptable
and compatible, in principle, with any other electronic
structure computation. The present version of SCarFFF

captures the spin-independent molecular form factor for
electronic transitions between spin-singlet states, but we
intend to broaden our scope to include both types of spin
dependence in future work.
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FIG. 6. The squared form factor jfsðqÞj2 for the second excited-state transition of p-xylene, using (a) the spherical method with
lmax ¼ 24, (b) the Cartesian method, and (c) the FFT method. We use the cc-pVDZ basis set, B3LYP exchange-correlation functional,
and threshold ϵ ¼ 10−6 for all three computations, and Nqi ¼ 100 grid points in each direction for both the spherical and Cartesian
methods. To achieve the same accuracy with the FFT method, we have scaled up to Nqi ¼ 400. At Nqi ¼ 100 grid points, the FFT
method disagrees by ∼10% with the analytic integration methods.
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APPENDIX A: ATOMIC ORBITAL DEFINITIONS

Each of our atomic orbitals is written as a sum of
primitive basis functions as

ϕαðrÞ ¼ Nα

X
μ

χμðrÞ; ðA1Þ

where α; β… are used to denote orbital-specific quantities,
μ; ν… are to denote primitive specific quantities, and Nα is
a normalization factor. Each of these primitives is itself a
sum of Cartesian terms

χμðrÞ ¼ dμξμ exp

�
−

r2

2σ2μ

�X
i∈ μ

kμixaμi ybμi zcμi ; ðA2Þ

with σμ the Gaussian width of the primitive, and dμ an
overall scaling coefficient. Each choice of basis set (e.g.,
6-31g* or cc-pVDZ) is defined by its values of dμ and σμ.
The coefficients ki are the Cartesian prefactors, which
could be, e.g., −1 for the y2 term in the 3dx2−y2 orbital.
Similarly, ai, bi, and ci denote the degree of x, y, and z for
orbitals, respectively. We will denote objects at the
Cartesian term level with the indices i and j throughout.
The normalization coefficients are fixed such that indi-

vidual primitives are normalized to

Z
d3rjχμðrÞj2 ¼ d2μ; ðA3Þ

while contracted orbitals are normalized to unity. This
amounts to

ξμ ¼
�X
i;j∈ μ

kμikμj
Y

K ∈ fα;β;γg
σ
1þKμμ

ij
μ Γ

�
Kμμ

ij þ 1

2

��
−1
2

; ðA4Þ

Nα ¼
�X

μ;ν

dμdνξμξν
X

i∈ μ;j∈ ν

kμikνj
Y

K ∈ fα;β;γg
ð

ffiffiffi
2

p
σμνÞ1þKμν

ij Γ
�
Kμν

ij þ 1

2

��−1
2

; ðA5Þ

with αμνij ¼ aμi þ aνj, β
μν
ij ¼ bμi þ bνj, γ

μν
ij ¼ cμi þ cνj, and

σμν as defined in Eq. (38).
As a concrete example, we take a pz orbital, which has

just a single Cartesian term with ða; b; c; kÞ ¼ ð0; 0; 1; 1Þ,
i.e.,

χμðrÞ ¼ dμξμz exp

�
−

r2

2σ2μ

�
; ðA6Þ

such that

ξμ ¼
�
1

2
π

3
2σ5μ

�
−1
2

: ðA7Þ

In a toy orbital with two primitives, labeled with μ∈ f0; 1g,
this would then have an overall normalization

Nα ¼
�
d20 þ d21 þ 2d0d1

�
2σ0σ1
σ20 þ σ21

�5
2

�−1
2

: ðA8Þ

APPENDIX B: MONOMIAL-TO-SPHERICAL
COEFFICIENTS

The key feature that sets the spherical grid method above
the Cartesian grid method is the ability to decouple the jqj
grid computation from the angular ðqθ; qϕÞ grid computa-
tion. However, in order to go from a Cartesian to spherical
grid, we need to map monomials in qx, qy, and qz onto a
basis of spherical harmonics. That is, we require the
coefficients Θuvw

λμ satisfying

quxqvyqzz ¼ jqjn
X
λ;μ

Θuvw
λμ Yμ

λðq̂Þ; ðB1Þ

where n ¼ uþ vþ w. The first step toward this goal is to
write the Cartesian momentum components in terms of the
l ¼ 1 spherical harmonics as

qi ¼ jqj
ffiffiffiffiffiffi
4π

3

r X
m

cimYm
1 ðq̂Þ; ðB2Þ

where the coefficients follow from the transformation from
Cartesian coordinates to the spherical basis
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cxm ¼ 1ffiffiffi
2

p f1; 0;−1g; ðB3Þ

cym ¼ iffiffiffi
2

p f1; 0; 1g; ðB4Þ

czm ¼ f0; 1; 0g; ðB5Þ

with the entries corresponding to m ¼ f−1; 0; 1g. This
decomposition into spherical tensor operators reveals
several properties of the Θ coefficients. First, as only qx
and qy can raise or lower angular momenta, μmust have the
same parity as uþ v and must also satisfy jμj ≤ uþ v.
Second, as the coupling of n rank-1 spherical tensor
operators can result in at most a rank-n tensor, we

must have λ ≤ n. Finally, and more subtly, we know that
under spatial inversions,

Q
n
i¼1 qi → ð−1ÞnQn

i¼1 qi, while
Yμ
λðq̂Þ → ð−1ÞλYμ

λðq̂Þ. As a result, only coefficients where λ
and n have the same parity survive. The full set of selection
rules is then

0 ≤ λ ≤ n; λ≡ n ðmod 2Þ; ðB6Þ

jμj ≤ minfλ; uþ vg; μ≡ uþ v ðmod 2Þ; ðB7Þ

which can be leveraged to significantly speed up the
computation of the Θ coefficients.
Using Eq. (B2), we can rewrite the monomial in qi as

quxqvyqwz ¼ jqjn
�
4π

3

�n
2
X
fmig

��Yu
i¼1

cxmi

�� Yuþv

i¼uþ1

cymi

�� Yn
i¼uþvþ1

czmi

��Yn
i¼1

Ymi
1 ðq̂Þ

��
; ðB8Þ

where the sum runs over all combinations of n magnetic
quantum numbers, mi ∈ f−1; 0; 1g. The next step is to
couple the l ¼ 1 spherical harmonics to yield an expres-
sion of the form

Yn
i¼1

Ymi
1 ðq̂Þ ¼

X
λ

Kn
λðfmigÞYμn

λ ðq̂Þ; ðB9Þ

with μn ¼
P

n
i¼1 mi, and λ∈ fn; n − 2;…g, which follows

from our earlier parity arguments. The form of the K
coefficients is found by repeatedly applying the spherical

harmonic contraction rule given in Eq. (55). This leads to
the recursive definition of the K coefficients

K1
λðfmigÞ ¼ δλ1; ðB10Þ

Kn
λðfmigÞ ¼

X
L

Gλμn
Lμn−1;1mn

Kn−1
L ðfmigÞ; ðB11Þ

where in the second line, L∈ fn − 1; n − 3;…g, and
mn ¼ μn − μn−1. Applying Eq. (B9) and reordering the
sums yields the desired form of the Θ coefficients

Θuvw
λμ ¼

�
4π

3

�n
2X
fmig

��Yu
i¼1

cxmi

�� Yuþv

i¼uþ1

cymi

�� Yn
i¼uþvþ1

czmi

�
Kn

λðfmigÞδμnμ
�
: ðB12Þ
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