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We explore a modification of QCD sum rules where, instead of Borel transforms of current correlators,
one considers the correlators in coordinate space as functions of Euclidean time. Taking the nucleon
channel as an example, we derive such Euclidean time sum rules and compare them with the traditional
Borel sum rules. We show that a rough estimate of nucleon mass and residue is also possible working in
coordinate space, but such sum rules are much more affected by the uncertainties in power corrections and
continuum contribution than the Borel ones: the fiducial interval is practically absent. The Gaussian sum
rules with the weight ∼ expf−ðs − ŝÞ2=μ4g have roughly the same status as the Borel ones.
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I. INTRODUCTION

QCD sum rules is a powerful method to determine the
properties of the lightest hadron states based on the first
QCD principles. It capitalizes on the idea of quark-hadron
duality. A correlator of some hadron currents can on one
hand be evaluated by calculating certain QCD diagrams
and on the other hand the same correlator can be repre-
sented as a sum over hadron states with the corresponding
quantum numbers of which the lightest state provides the
dominant contribution.
This method was mostly developed in the Institute for

Theoretical and Experimental Physics in Moscow. In
Ref. [1], it was successfully applied to describe the
spectrum of charmonium. Then Shifman et al. elaborated
this method including in the theoretical left-hand side of the
sum rules nonperturbative contributions due to quark and
gluon condensates [2]. Doing this, they were able to
evaluate the masses and residues of the light meson
resonances (ρ;ω; A1) [3]. Ioffe generalized this method
for the nucleons and other baryons [4] deriving in particular
the famous Ioffe formula

mN ≈ ð4π2jhq̄qivacjÞ1=3: ð1:1Þ

Then this method was generalized to three-point correla-
tors. This allowed one to evaluate the electromagnetic
formfactor of pion [5] and other mesons [6], to calculate the
magnetic moments of nucleons and other baryons [7], to
determine the axial nucleon coupling constant gA [8] and to

derive many other important theoretical results related to
the low-energy hadron physics. We are addressing the
reader to the reprint volume [9] including the basic papers
devoted to this subject.

II. CORRELATOR OF NUCLEON CURRENTS
IN QCD

To make the paper self-contained, we have to remind
some well-known to experts facts. We follow Lecture 17
of Ref. [10].
Following [4], consider the current

ηðxÞ ¼ ϵABC½uAðxÞCγμuBðxÞ�γ5γμdCðxÞ; ð2:1Þ

where uðxÞ and dðxÞ are the up and down quark fields,
respectively, A, B, and C are the fundamental color indices,
and C is the charge conjugation matrix with the properties1

C2 ¼ CC† ¼ 1; γ0ðCγμÞ†γ0 ¼ −γμC; CγμC ¼ −γTμ :

The spinorial fermionic current (2.1) has a nonzero residue,

h0jηjPi ¼ λNuP; ð2:2Þ

in the proton state.2

Consider now the Euclidean correlator ΠijðτÞ ¼
hηiðτÞη̄jð0Þi. The leading contribution at small τ is given
by the graph in Fig. 1(a). A simple calculation gives
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1It follows:

η̄ðxÞ ¼ ϵABC½ūAðxÞγμCūBðxÞ�d̄CðxÞγ5γμ:
2Our conventions: “P” is proton, “p” is momentum, “N” is

nucleon, and “n” is neutron.
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½ΠijðτÞ�pert ¼
24ðγ0Þij
π6τ9

f1þO½αsðτÞ�g: ð2:3Þ

The coefficient of αsðτÞ turns out to be comparatively
small and, in the region of interest for the parameter τ, the
perturbative corrections to the leading-order result can be
disregarded.
There are, however, essential nonperturbative correc-

tions. The most important ones are associated with
the nonzero quark condensate Σ ¼ huūi0 ¼ hdd̄i0.
Technically, the presence of the latter can be taken into
account by writing the quark Green’s functions in the form

hqAi ðτÞq̄Bj ð0Þi ¼ δAB
�ðγ0Þij
2π2τ3

þ Σ
12

δij

�
þ � � � ; ð2:4Þ

where the dots stand not only for the perturbative
corrections ∝ αns ðτÞ, but also for the higher nonpertur-
bative corrections like ∝ hq̄σαβĜαβqi0, G being the
gluon field.
It is important that the higher nonperturbative corrections

involve extra factors ∝ τk with positive k. When τ is small,
they are all suppressed. Substituting the propagator (2.4)
into the loop in Fig. 1(a), we obtain

ΠijðτÞ ¼
24ðγ0Þij
π6τ9

�
1þ π4Σ2τ6

72

�
þ 2Σ
π4τ6

δij: ð2:5Þ

The contributions ∝ Σ and ∝ Σ2 can be described by
the graphs in Figs. 1(c) and 1(d) with disconnected
quark lines.
The estimate (2.5) takes into account the most

essential power corrections (they are suppressed at
small τ as a power of τμhadr) to the leading-order result
(2.3) and is already reasonable enough. It can be
improved, however.

(i) As was mentioned above, perturbative corrections
coming from the graphs like in Fig. 1(b) with the
standard gluon propagator are not so important. But
the gluon propagator involves, by the same token as
the quark one, also nonperturbative contributions.
The leading contribution is associated with the gluon
condensate. Choosing the Fock-Schwinger gauge
[11], xαAa

αðxÞ ¼ 0, we can express Aa
αðxÞ ¼

−ð1=2ÞxβGa
αβ þ � � � and represent the Euclidean

gluon Green’s functions as

hAa
αðxÞAb

βðyÞi ¼
iδabδαβ

4π2ðx − yÞ2 þ
δabhGc

μνGc
μνi0

48ðN2
c − 1Þ

× ½δαβðxyÞ − yαxβ� þ � � � : ð2:6Þ

The contribution of the second term in Eq. (2.6) to
the nucleon polarization operator is usually repre-
sented by the graphs with a disconnected gluon line
like in Fig. 1(e). The gluon condensate hG2i0 is a
universal parameter characterizing the vacuum

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 1. Some QCD graphs contributing to ΠijðτÞ. (a), (b) are perturbative contributions and (c)–(e) are power corrections.
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properties. It enters not only the nucleon sum rules
discussed here, where it gives a comparatively small
correction, but also the ITEP sum rules for all other
hadron channels. The value of the gluon condensate
is best determined from the sum rules in the
charmonium channel [3]:

�
αs
π
Gc

μνGc
μν

�
0

≈ 0.012 GeV4 ð2:7Þ

with an uncertainty ≈30%–40%.
(ii) Another correction is brought about by the nonzero

vacuum expectation value

hgsiq̄σαβĜαβqi0 ¼defm2
0hq̄qi0 ¼ −m2

0Σ; ð2:8Þ

with σαβ ¼ ðγαγβ − γβγαÞ=2. The corresponding
contributions to the correlator ΠijðτÞ are due to
the graph in Fig. 1(f) and also Fig. 1(c), where a
nonperturbative contribution due to the average
(2.8) is taken into account. The two contributions
∝ m2

0Σ to the nucleon correlator happen to cancel,
however.

(iii) Besides, there is a nonvanishing contribution of the
average m2

0Σ2 described by the graphs in Figs. 1(d)
and 1(h), the contribution ∝ hG2i0Σ described by the
graph in Fig. 1(i) and the contribution ∝ αsΣ3 due to
the graph in Fig. 1(g).
Putting everything together, we obtain

ΠijðτÞ ¼
24ðγ0Þij
π6τ9

�
1þ bτ4

3× 28
þ π4Σ2τ6

72
−
π4m2

0Σ2τ8

9× 64

�

þ 2Σ
π4τ6

δij

�
1−

bτ4

3× 28

�
−
68

81
δij

�
αs
π

�

×Σ3 lnðτμhadrÞ; ð2:9Þ

where b ¼ 4π2hðαs=πÞG2i ≈ 0.47 GeV4 and3

m2
0 ≈ 0.8 GeV2.

III. BOREL SUM RULES

An attempt to determine the nucleon properties using
(2.9) will be performed a bit later, and in this section, we
will explain how it is done in a standard way from Borel
sum rules. We follow Ref. [12].
Consider the Fourier image of the coordinate space

polarization operator (2.9), go over in the Minkowski
space and take the imaginary part of ΠðpÞ in the timelike
region s ¼ p2 ≥ 0. We obtain

1

π
ImΠðsÞ ¼ ρ1ðsÞp̂þ ρ2ðsÞ ð3:1Þ

with

ρ1ðsÞ ¼
2s2 þ b
128π4

þ 2Σ2

3
δðsÞ þm2

0Σ2

6
δ0ðsÞ;

ρ2ðsÞ ¼
Σ
4π2

�
s −

b
18

δðsÞ
�
− 16π2

17

81

�
αs
π

�
Σ3δ0ðsÞ: ð3:2Þ

Calculate now the Borel (alias, Laplace) transform of the
polarization operator:

BM2ΠðpÞ ¼ 1

π

Z
∞

0

dse−s=M
2 ½p̄ρ1ðsÞ þ ρ2ðsÞ�: ð3:3Þ

This gives the left-hand side of the sum rule. For the
right-hand side, we have to express the spectral den-
sities ρ1;2ðsÞ as a sum over the hadron states with the
nucleon quantum numbers. To begin with, it is the
nucleon itself:

ρN1 ðsÞ ¼ λ2δðs −m2Þ; ρN2 ðsÞ ¼ mλ2δðs −m2Þ;

where λ is the residue defined in (2.2) and m is the
nucleon mass. Besides, there are many excited states.
They give a sum over the broad Breit-Wigner peaks in
the spectral density. For large enough s, all such peaks
coalesce into a smooth curve. Due to asymptotic free-
dom, this is nothing but the quark spectral density, the
imaginary part of the diagram in Fig. 1(a) with a
correction from the diagram Fig. 1(e). We may adopt
the resonance + continuum model:

ρ1ðsÞ ¼ λ2δðs −m2Þ þ ρquark1 ðsÞθðs −W2
1Þ;

ρ2ðsÞ ¼ mλ2δðs −m2Þ þ ρquark2 ðsÞθðs −W2
2Þ; ð3:4Þ

where W1;2 are certain thresholds, free parameters of the
model. The simplest assumption is W1 ¼ W2 and we
will stick to it. In numerical estimates, we will take the
value W ¼ 1.5 GeV.
The Borel sum rule is derived when the model (3.4) is

substituted in the dispersive integral (3.3) and this is
compared with the same integral for the theoretical spectral
densities (3.2). We obtain4

3This parameter was evaluated in Ref. [12] through the
analysis of the Borel sum rules.

4We took the result from Ref. [12] but disregarded for
simplicity the effects due to anomalous dimensions of the
operators. Taking them into consideration increase a little bit
the predictions for the nucleon residue, but otherwise these effects
do not play an important role.
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M6 þ 4

3
a2 þ 1

4
bM2 −

a2m2
0

3M2
¼ λ̃2 expð−m2=M2Þ þM6E2ðW2=M2Þ þ bM2

4
E0ðW2=M2Þ;

2aM4 þ 136

81

�
αs
π

�
a3

M2
−
ab
9

¼ mλ̃2 expð−m2=M2Þ þ 2aM4E1ðW2=M2Þ; ð3:5Þ

where a ¼ 4π2Σ ≈ 0.55 GeV3, λ̃2 ¼ 32π4λ2 and

E0ðxÞ ¼ e−x; E1ðxÞ ¼ ð1þ xÞe−x;
E2ðxÞ ¼ ð1þ xþ x2=2Þe−x:

The Borel parameterM2 plays a regulator role, similar to the
role of the hot water tap in the bathroom.WhenM2 is small,
the continuum contribution is suppressed and the sum rule is
focused on the nucleon. On the other hand, the power
corrections (including the corrections that we cannot evalu-
ate) acquire an overwhelming importance in this case and the
expressions (3.5) cannot be trusted—the water is too cold.
And ifM2 is large, the power corrections are suppressed,

only the diagram in Fig. 1(a) contributes to the spectral
density, but the dominant contribution to the integral (3.3)
of the phenomenological spectral density comes from the
excited states (the water is too hot) and is not sensitive to
the nucleon contribution. Thus, one should keep the water
lukewarm and chooseM2 not too large and not too small so
that both nonperturbative power corrections and the excited
state contribution [described by the model (3.4)] are under
control. The question is whether such fiducial interval of
M2 exists.
Assuming that it does (we will justify it soon), we can

play, to begin with, the following game:
(1) Neglect the continuum contributions in Eq. (3.5) and

set E0 ¼ E1 ¼ E2 ¼ 0.
(2) Neglect the terms ∝ b, ∝ m2

0, and ∝ αsa3.

(3) Set M ¼ m and compare the two sum rules. We
obtain the equation

m6 þ 4

3
a2 ¼ 2am3: ð3:6Þ

Equation (3.6) has no real solutions for m (a real solution
appears, however, if taking into account the neglected
terms), but the best agreement (a rather close one) is
achieved at m ¼ a1=3, which is the Ioffe formula.
Take now the value of M such that the leading power

correction ∝ a2 in the lhs of the first sum rule in Eq. (3.5) is
a half of the main perturbative contribution. In other words,
M6 ¼ 8a2=3. This gives M ≈ 0.96 GeV. If so, the relative
continuum contribution in the sum rule is

Rcont ∼
M6E2ðW2=M2Þ

M6 þM6=2þ bM2=4 − ða2m2
0Þ=ð3M2Þ ≈ 0.36:

ð3:7Þ

Continuum contribution constitutes about one-third of the
whole contribution in the rhs. The relative contribution of
the power corrections in the lhs is

Rpower ∼
M6=2þ bM2=4 − a2m2

0=ð3M2Þ
M6 þM6=2þ bM2=4 − a2m2

0=ð3M2Þ ≈ 0.38;

ð3:8Þ

0.8 0.9 1.0 1.1 1.2 1.3 1.4

2.0

2.1

2.2

2.3

2.4

2.5

FIG. 2. Nuclear residue as a function of Borel parameter, as follows from the first sum rule in Eq. (3.5) (solid line) and from the second
one (dashed line). m ¼ 940 MeV.
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which is about the same. This is acceptable, both contri-
butions are roughly under control. A fiducial interval exists.
To check the consistency of the two sum rules in (3.5),

we may take the experimental value of the nucleon mass,
m ¼ 0.94 GeV and plot the dependence of the residue λ̃2

on M2, as follows from the first sum rule and from the
second. As we see from Fig. 2, the consistency is there. The
value of residue λ̃2 ≈ 2 GeV6 is somewhat underestimated,
however, due to the fact that we neglected the anomalous
dimension factor in our analysis. If taking it into consid-
eration as was done is Ref. [12], we would rather obtain
λ̃2 ≈ 3 GeV6.
It is instructive to repeat this exercise with other assumed

values for the nucleon mass. In Fig. 3, we presented the
results for m ¼ 800 MeV and for m ¼ 1100 MeV. As one

can see, the agreement between the chirality-odd and
chirality-even sum rules is considerably worse in both
cases. We conclude that the Borel sum rules allow one to
evaluate the nucleon mass with the accuracy 10%–15%.

IV. EUCLIDEAN TIME SUM RULES

The Euclidean Green’s function of the nucleon, a
massive spinor particle, has the form

GNðτÞ ¼
m2

4π2τ
½γ0K2ðmτÞ þ K1ðmτÞ�; ð4:1Þ

KnðxÞ being the Macdonald functions. And the Euclidean
correlator ΠðτÞ is expressed via the spectral densities in
Eq. (3.1) as

ΠphysðτÞ ¼
Z

∞

0

dsρ1ðsÞ
�
γ0s
4π2τ

K2ð
ffiffiffi
s

p
τÞ
�
þ
Z

∞

0

dsρ2ðsÞ
� ffiffiffi

s
p
4π2τ

K1ð
ffiffiffi
s

p
τÞ
�
: ð4:2Þ

Again, we compare these dispersive integrals for the QCD spectral densities (3.2) with the same integrals for the
phenomenological spectral densities (3.4). We obtain two sum rules5:

96

π4τ8
þ b
8π4τ4

þ 4Σ2

3τ2
−
m2

0Σ2

6
¼ λ2m2K2ðmτÞ þ 96

π4τ8
Q1ðWÞ;

8Σ
π2τ5

−
Σb

96π2τ
−
272

81
π2
�
αs
π

�
τΣ3 lnðτμhadrÞ ¼ λ2m2K1ðmτÞ þ 8Σ

π2τ5
Q2ðWÞ; ð4:3Þ

where

Q1ðWÞ ¼ τ8

3 × 211

Z
∞

W2

s3dsK2ð
ffiffiffi
s

p
τÞ ¼ ðτWÞ7

3 × 210
K3ðτWÞ þ ðτWÞ6

3 × 28
K4ðτWÞ þ ðτWÞ5

3 × 27
K5ðτWÞ;

Q2ðWÞ ¼ τ5

32

Z
∞

W2

s3=2dsK1ð
ffiffiffi
s

p
τÞ ¼ ðτWÞ4

16
K2ðτWÞ þ ðτWÞ3

8
K3ðτWÞ: ð4:4Þ

0.8 0.9 1.0 1.1 1.2 1.3 1.4

1.6

1.8

2.0

2.2

0.8 0.9 1.0 1.1 1.2 1.3 1.4

2.5

3.0

3.5

4.0

4.5

FIG. 3. The same as in Fig. 2 with other trial nucleon masses. (a) m ¼ 800 MeV. (b) m ¼ 1100 MeV.

5Besides Ref. [10], similar formulas for meson correlators were written in Ref. [13], but these authors did not try to perform a
numerical fit.
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The parameter τ plays in these sum rules exactly the same
role as the parameter M−1 in the Borel sum rules (3.5):
when τ is small, the power corrections on the theoretical
side of the sum rules are suppressed while, when τ is large,
the contribution of the excited states in the phenomeno-
logical side is suppressed.
The question now is whether a fiducial interval of τ

where both power corrections and continuum contribution
stay under control exists for Euclidean time sum rules, as it
does for the Borel sum rules. And the answer to this
question seems to be negative. Let us try to proceed in the
same way as we did for the Borel sum rules and find the
value of τ where the power correction ∝ Σ2 constitute a half
of the main perturbative term. It is equal to

τ� ¼
ffiffiffiffiffiffiffiffi
6

π2Σ
3

r
≈ 3.5 GeV−1: ð4:5Þ

This value seems to be large, but it is not large enough to
focus the sum rule on the nucleon. The relative continuum
contribution defined in the sameway as in Eq. (3.7) is equal
in this case to ≈0.75, 3 times greater than the nucleon
contribution.
Besides, at so large τ, the higher power correction

∼m2
0Σ2 becomes as large and even larger than the correc-

tion ∼Σ2. It is negative and, if we increase τ a little more, it
becomes dominant and soon the whole left-hand side of the
sum rule flips sign.
The main reason for such a setback is the fact that the

Bessel weights K1;2ð
ffiffiffi
s

p
τÞ behave as expf− ffiffiffi

s
p

τg in the
asymptotics, in contrast to the weight expf−s=M2g in the
Borel integral (3.3). As a result, the excited states are not
suppressed enough.
This notwithstanding, one can still extract some infor-

mation on the nucleon mass and residue from the sum rules
(4.3). Let us do the same as we did for the Borel sum rules,
fix the nucleon mass at some value, substitute it in (4.3),
solve the first and the second equation for λN and plot the
results as functions of τ. As is seen in Fig. 4, these functions

are practically equal and do not change much in the interval
1.5 GeV−1 ≲ τ ≲ 2 GeV−1 if we fix the value of mass
m ¼ 800 MeV. The value of the residue thus extracted
turns out to be close to the value λ̃2N ∼ 2 GeV6 as follows
from the Borel sum rules. If we take the experimental
value of mass m ¼ 940 MeV, the agreement between the
first and the second sum rules is somewhat worse. We
want to emphasize, however, that the interval 1.5 GeV−1 ≲
τ ≲ 2 GeV−1 is not so much fiducial: the contribution of
continuum rather than that of the nucleon pole domi-
nates there.
To conclude this section, one can observe that Euclidean

time sum rules represent an attractive alternative to Borel
sum rules suggested in Ref. [2]: after all, Euclidean time τ is
a more natural and physical quantity than the Borel
parameter M, which looks somewhat artificial. But, being
theoretically transparent, these sum rules are not really
suitable for practical applications because a fiducial interval
of τ cannot be established. At least, it is so in the nucleon
channel and one can guess that it is also so for other light
hadrons.

V. GAUSSIAN SUM RULES

In addition to the Borel sum rules and Euclidean time
sum rules, one can also use other similar instruments to
study hadronic spectrum. In particular, one can mention the
Gaussian sum rules where the weight in the spectral
integral is chosen not as expf−s=M2g in Eq. (3.3)
and not as Macdonald functions in Eq. (4.2), but in the
form [14]

fμ;ŝðsÞ ¼ exp

	
−
ðs − ŝÞ2

μ4



: ð5:1Þ

Probably the most natural choice corresponds to ŝ ¼ 0.
Such a weight suppresses the continuum better than the
Laplace weight and, of course, better than the Euclidean
time weight. The corresponding sum rules read

1.2 1.4 1.6 1.8 2.0 2.2 2.4

1.5

2.0

2.5

3.0

1.2 1.4 1.6 1.8 2.0 2.2 2.4

1.5

2.0

2.5

3.0

FIG. 4. Residues extracted from the Euclidean time sum rules (4.3). (a) m ¼ 800 MeV. (b) m ¼ 940 MeV.
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μ6

4

�
erfðκÞ− 2κffiffiffi

π
p e−κ

2

�
þbμ2

4
erfðκÞþ 8a2

3
ffiffiffi
π

p ¼ 2ffiffiffi
π

p λ̃2e−m
4=μ4 ;

aμ4ð1− e−κ
2Þ−ab

9
¼mλ̃2e−m

4=μ4

ð5:2Þ

with κ ¼ W2=μ2.
To find out whether a fiducial interval for the parameter

μ2 exists, we proceed in the same way as we did for other
sum rules.

(i) We consider the lhs for the first sum rule in (5.2) in
the limit κ → ∞ such that the continuum contribu-
tion is not subtracted:

lhsðκ ¼ ∞Þ ¼ μ6

4
þ bμ2

4
þ 8a2

3
ffiffiffi
π

p :

(ii) Then we choose the value of μ such that the power
correction ∝ a2 is equal μ6=8, a half of the leading
term. This gives μ ≈ 1.24 GeV corresponding to
κ ≈ 1.46. Then

lhsðκÞ ≈ 0.77 lhsðκ ¼ ∞Þ;

i.e., the continuum contribution is only 23% of the
leading term in the lhs. This seems to be fine: a
fiducial interval is there, as was the case for the Borel
sum rules.
However, the plots for the nuclear residue as a

function of μ2 that follows from (5.2) (see Fig. 5) are
not so nice as the Borel plots in Fig. 2: the agreement
between the two sum rules is somewhat worse and

the value of residue as a function of μ in Fig. 5 is
somewhat less stable than it is in Fig. 2 as a function
of M. It seems to stem from the fact that the power
correction coming from the eight-dimensional oper-
ator ðq̄σGqÞðq̄qÞ in the first sum rule and the
correction ∝ αshq̄qi3 in the second sum rule, which
played a comparatively essential role for the Borel
sum rules (the agreement with experiment and
between themselves would be a little worse without
taking them into account), do not contribute in the
sum rules with the weight expf−s2=μ4g. Indeed, the
corresponding contributions to the spectral densities
in (3.2) include the factor δ0ðsÞ and

Z
dsδ0ðsÞe−s2=μ4 ¼ 0:

The results should expected to be better if the
weight (5.1) with a nonzero ŝ is chosen, so that the
integral of δ0ðsÞ with this weight is nonzero. I am
addressing the reader to Ref. [15] where such a study
was conducted.
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FIG. 5. Residue extracts from the Gaussian sum rules (5.2) with m ¼ 940 MeV.
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