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We analyze hadronic final states of eþe− annihilation through event shape observables, Thrust and
C-parameter, and inclusive hadron spectra at the planned center-of-mass (c.m.) energies of the Future
Circular Electron-Positron Collider (FCC-ee). Collision data is produced using Monte Carlo event
generation in PYTHIA at 91.2, 160, 240, and 365 GeV. Distortions of event shapes due to initial-state
photon radiation and background decays of Z pairs, W pairs, top-quark pairs, and Higgs bosons are
investigated. An extraction of the strong coupling αs is performed by fitting event shape distributions to
perturbative quantum chromodynamics (QCD) predictions at next-to-next-to-leading-order (NNLO)
accuracy, and the sources of systematic uncertainties at high c.m. energies are discussed. Soft gluon
dynamics is examined through charged particle multiplicities and momentum distributions, and energy
evolution of mean values is compared with prior experimental results. The inferences from this
phenomenological study provide a reference to QCD studies at future high-energy eþe− colliders.
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I. INTRODUCTION

The strong interaction has been successfully modeled by
quantum chromodynamics (QCD), the non-Abelian SU(3)
gauge theory describing the forces binding fermions into
composite hadrons [1]. The strength of this force between
quarks mediated by gluons is parametrized by the strong
coupling constant (αs) [2]. Precise determinations of αs are
a fundamental ingredient in perturbative QCD predictions
[3]. Uncertainties in the coupling carry over as theory errors
in other sectors, including Higgs processes [4,5], electro-
weak precision quantities [6,7], and top-quark properties
[8]. The present relative uncertainty on αs of 0.76% as per
PDG [9] has been made possible by decades of progress in
accelerator-based experiments involving hadron-hadron
[10–12], lepton-lepton [13], and lepton-hadron [14,15]

collisions. The success of electron-positron colliders for
QCD studies, in particular is largely due to a decoupled
electroweak initial state allowing direct access to strong
force effects [16].
Although the wealth of data generated prior to and at the

Large Electron-Positron collider (LEP) has facilitated
significant validity tests of QCD models, there still remains
the need to constrain current models at higher precision,
and develop new models to explain the nonperturbative
regime [17–19]. Advancing the energy frontier from the
LEP to the Large Hadron Collider (LHC) shifted the
experimental focus from precision measurements to dis-
covery-oriented studies where higher momentum transfers
complicate the isolation of softer QCD signatures [20]. The
proposed leptonic Future Circular Collider (FCC-ee) is thus
the next major opportunity to progress the strong sector.
The latest design report specifies a 15-year plan over a wide
range of center-of-mass (c.m.) energies from just below the
Z-pole to the W-boson pair threshold, the Higgsstrahlung
maximum, and up to just above the top-quark pair threshold
[21]. The QCD program aims to determine αs at a 0.1%
accuracy [22], investigate perturbative parton radiation
through jet rates and event shapes, and refine existing
phenomenological models of nonperturbative parton hadro-
nization [23].
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Despite the exciting prospects of this venture, higher
collision energies bring an extended set of challenges such
as new sources of systematic uncertainties in αs determi-
nations. Enhanced initial state radiation (ISR) via QED
reduces the effective energy of a large fraction of annihi-
lations, requiring radiative cuts to ensure monochromatic
results at the cost of statistics. Additional electroweak
backgrounds distort the signal, requiring subtractive cor-
rections further increasing errors. As a consequence, care-
ful consideration of systematic uncertainties will be crucial
in leveraging the latest advancements in theoretical models
of event shape observables [24–26]. The impacts of these
challenges need to be studied in detail to facilitate fruitful
experimental outcomes. To this end, we present a com-
prehensive study of hadronic eþe− events in PYTHIA
8.313 through event shape observables and inclusive
hadron spectra. This includes corrections for radiative
and background distortions, a next-to-next-to-leading-order
(NNLO) determination of αs with thrust and C-parameter
distributions, and the inclusive dynamics of hadron pro-
duction probed through charged multiplicity and momen-
tum distributions.
The paper begins with a brief review of QCD processes

in electron-positron annihilation followed by the definitions
of the event shape observables used in this study. Section III
covers the Monte Carlo generation in PYTHIA and the
validation of results with experimental data from the LEP.
Section IV studies the influence of ISR and backgrounds on
observables illustrating the importance of rethinking cor-
rection strategies at the FCC-ee. Section V presents an
extraction of αs by fitting event shapes to theory predic-
tions, a description of the employed fitting procedure, and a
discussion on sources of systematic errors at the FCC-ee.
Finally, Sec. VI examines inclusive hadron spectra and
compares the energy evolution of their mean values with
previous data.

II. EVENT SHAPE OBSERVABLES

The typical structure of an annihilation event through the
channel eþe− → γ�=Z0 is illustrated in Fig. 1. At first, the
incoming leptons may radiate a photon (ISR) before
annihilating into a virtual photon or a Z-boson. The boson
decays into a qq̄ pair with sufficient energy to begin
radiating gluons (q → qg). The gluon can either become
another quark pair (g → qq̄) or continue radiating gluons
(g → gg). Repeated continuation of these three QCD
processes forms a cascading shower of quarks and gluons
gradually approaching lower energy regimes. Due to the
inverse running of αs with energy, the partons experience a
growing strong force pulling them together until they are
rapidly forced by confinement into colorless mesons or
baryons. These newly formed hadrons have definite life-
times, short or long, and eventually decay into the stable
hadrons that form the experimental observations inside
the detector. The so called hard phase is where parton

production occurs with sufficiently high momentum trans-
fers to be directly calculated with perturbation theory. The
soft phase is where hadronization occurs and can be
emulated through phenomenological models or power
corrections to event shapes [27,28].
QCD predicts that hadronic final states can have either a

2-jet structure of a quark and antiquark (eþe− → qq̄) or a
multijet structure with an additional radiated gluon
(eþe− → qq̄g). While the former contains large nonper-
turbative hadronization corrections, the hard gluon in the
latter introduces a perturbatively calculable deviation. The
dynamics of this deviation can be probed by quantifying the
geometrical distributions or shapes of momenta within a
single event. This is achieved by constructing event shape
observables as linear sums of particle momenta that are
intrinsically sensitive to hard gluon radiation. The extent to
which these event observables deviate from the 2-jet
scenario, when compared to corresponding theoretical
predictions, allows a direct determination of the strong
coupling. Importantly, this fitting procedure requires such
observables to be infrared-safe and collinear-safe by
ensuring insensitivity to soft gluon emissions and splittings
at small angles, respectively.
The event shapes that were used in QCD studies at the

LEP commonly included the thrust, C-parameter, total and
wide jet broadening, and heavy jet mass [16]. The thrust T
measures the jetlike nature of an event by selecting an axis
n⃗ that maximizes the projections of particle momenta pi
and computing the expression

T ¼ max
n⃗

�P
ijp⃗i · n⃗jP
ijp⃗ij

�
ð1Þ

Exact alignment of pi with n⃗ gives T ¼ 1 for 2-jet events
and decreases with additional gluon radiation to a mini-
mum of T ¼ 0.5 for a perfectly spherical event. The
quantity (1-T) is used instead since it vanishes in the
2-jet limit and is better suited for theoretical expansions.
The C-parameter measures the angular distribution of

FIG. 1. Illustration of a hadronic eþe− → γ=Z → qq̄ event.
Hadrons and decay channels shown are only representative.
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particle momenta by deriving eigenvalues λi of the linear
momentum tensor Θij and computing the expression

Θij ¼ 1P
kjp⃗kj

X
k

pi
kp

j
k

jp⃗kj
; i; j ¼ 1; 2; 3 ð2Þ

C ¼ 3ðλ1λ2 þ λ2λ3 þ λ3λ1Þ ð3Þ

Here, the term pi
k denotes the ith component of the

momentum p⃗k of the kth particle of the event. Just as for
(1-T), a 2-jet topology gives C ¼ 0 and increases with
radiation to a maximum of C ¼ 1. Although both observ-
ables are quantitatively constructed from similar geometries
of hadronic final states, they qualitatively highlight differ-
ent aspects of QCD physics. Thrust is more sensitive to
perturbative hard gluon emissions while the C-parameter
also responds significantly to nonperturbative wide-angle
soft radiation that adds event isotropy. This complemen-
tarity is the reason for selecting these observables to make
this study focused yet comprehensive. The presented work
focuses on studying these two variables in detail at the
proposed c.m. energies of the FCC-ee.

III. EVENT GENERATION

Samples of 5 × 106 events are generated in PYTHIA
8.313 at four c.m. energies: the Z-pole at 91.2 GeV, the
WW threshold at 160 GeV, the ZH maximum at 240 GeV
and the tt̄ at 365 GeV. The simulations include only
hadronic decays of the relevant electroweak processes
illustrated in Fig. 2. The integrated luminosities computed
from PYTHIA cross sections are summarized in Table I.
The estimated equivalent FCC-ee run time is calculated
with the latest proposed physics run plan [21]. The default
model for ISR in PYTHIA is turned on only for the results
presented in Sec. IVA [29]. Additionally, samples of 106

events are generated at 161, 183, and 200 GeV, to compare
simulated differential event shapes distributions against
data collected at ALEPH [30] and L3 [31] in Fig. 3.
Good agreement is observed in the 3-jet region
(0.1 < ð1 − TÞ < 0.3 and 0.3 < C < 0.7). Deviations in
the higher-jet regions (right of the 3-jet region) are due to
limited statistics of experimental data. As a verification of
hadronization models, the obtained mean charged hadron
multiplicities were within 0.5% of experiment.

IV. CHALLENGES AT HIGH
ffiffiffi
s

p

In this section, we analyze the effects of ISR and
backgrounds on event shapes at c.m. energies of the
FCC-ee.

A. QED radiation

The radiation of photons from initial state leptons is a
prominent feature of eþe− colliders that lowers the effec-
tive c.m. energy of the remaining hadronic system

ffiffiffiffi
s0

p
:

ffiffiffiffi
s0

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s

�
1 −

2Eγffiffiffi
s

p
�s

ð4Þ

Where Eγ is the energy of the ISR photon. At the LEP1, this
enabled important energy-dependence studies of αs below
the Z-pole [32]. However, the higher energies at the LEP2
experienced a large number of events with an Eγ that

returned the
ffiffiffiffi
s0

p
back to the mZ scale [33]. These so called

radiative returns is explained by integrating the differential
full cross section of the fif̄j → Z → f0if̄

0
j process into the

Breit-Wigner form written as follows [9]:

σðs0Þ ¼ 12π

m2
Z

ΓeΓf

ðs0 −m2
ZÞ2 þm2

ZΓ2
Z
; ð5Þ

Where Γe, ΓZ are the widths of the electron and Z-boson,
respectively. The resonance at

ffiffiffiffi
s0

p ¼ m2
Z leads to a boost of

the ee → γ=Z cross section producing a characteristic peakFIG. 2. Dominant annihilation processes at the FCC-ee.

TABLE I. Summary of process cross sections, the integrated
luminosity, and the duration it represents in the FCC-ee run.

Cross section σ 91.2 GeV 160 GeV 240 GeV 365 GeV

eeðγÞ → γ=Z 30.4 nb 151.1 pb 52.1 pb 21.1 pb
ee → γ=Z 41.4 nb 38.6 pb 13.4 pb 5.4 pb
ee → WþW− — 1.4 pb 7.7 pb 4.9 pb
ee → ZZ — 0.2 pb 0.7 pb 0.4 pb
ee → Hνeνe — 0.1 fb 4.4 fb 21.9 fb
ee → ZH — — 0.1 pb 52.7 fb
ee → tt — — — 0.3 pb

Sample size N 5 M 5 M 5 M 5 M
Luminosity L 0.12 fb−1 124 fb−1 230 fb−1 455 fb−1

FCC-ee time 1.5 min 7 days 36 days 1 year
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at
ffiffiffiffi
s0

p
¼ 91.2 GeV in the

ffiffiffi
s

p ¼ 365 GeV plot shown in
Fig. 4. Since the energy lost through ISR is predicted to
be logarithmic with c.m. energy, a large number of radiative
events can be expected at the FCC-ee [34]. The impact
of this radiation on event shapes is visualized in Fig. 5.
The peaks observed at

ffiffiffi
s

p ¼ 160, 240, 365 GeV in
ð1-TÞ ≈ 0.325, 0.14, 0.06 and in C ≈ 0.74, 0.54, 0.30,
respectively, can be attributed to the radiative returns [35].
These distortions will need to be filtered out through cuts
on

ffiffiffiffi
s0

p
before performing αs determinations. In Fig. 5, a

tight cut (
ffiffiffiffi
s0

p
¼ 1.00

ffiffiffi
s

p
) on the simulated distributions

(red dashed) produces the clean signals (black solid). While
this effectively removes the ISR distortions, only 4.7% of
the original statistics survived the cut. The survival fraction
varies greatly with tighter cuts and c.m. energy as sum-
marized in Table II, pointing to a need to rethink ISR
correction strategies at each FCC-ee level.

B. Electroweak backgrounds

Several electroweak processes are expected at FCC-ee
energies constituting significant backgrounds to studies on
the ee → γ=Z channel. The characteristic influence of
each background is examined through event shape distri-
butions, reflecting the geometry of final states, and through
charged hadron multiplicity distributions, reflecting hadro-
nization characteristics. On a sample of 5 × 106 events, the
process-separated plots of these distributions are provided
in Fig. 6–9. The production of W-pairs occurs above the
2mW scale through s-channel γ=Z and t-channel νe
exchanges, while that of ZZ pairs occurs above the 2mZ
scale solely through the s-channel γ=Z exchange. Both
gauge boson predominantly decay into a quark-antiquark
pair resulting in intricate 4-jet topologies (qq̄qq̄) in the final
state. The resulting increase in event isotropy due to

FIG. 3. Comparison of normalized event shape distributions
generated in PYTHIA 8.313 with experimental data from L3 (red
circles) and ALEPH (blue squares). Each subsequent distribution
is displaced by a factor of 103 for presentation.

FIG. 4. Process-wise contributions to
ffiffiffiffi
s0

p
at

ffiffiffi
s

p ¼ 365 GeV.
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additional jets pushes (1-T) and C toward higher values as
compared to the γ=Z signal. Since the WW peak sits left of
ZZ for both event shapes, this indicates that jets in WW
events tend to be more collimated than those in ZZ events.

FIG. 5. Impact of ISR on event shapes (1-T) and C. Each
subsequent distribution is displaced by a factor of 103.

TABLE II. Summary of the survival fraction of γ=Z events after
employing various radiative cuts at each FCC-ee energy.

Radiative cut 91.2 GeV 160 GeV 240 GeV 365 GeVffiffiffiffi
s0

p
< 1.00

ffiffiffi
s

p 43.2% 7.1% 5.7% 4.7%ffiffiffiffi
s0

p
≥ 0.95

ffiffiffi
s

p 99.8% 56.0% 49.9% 46.3%ffiffiffiffi
s0

p
≥ 0.90

ffiffiffi
s

p 99.9% 59.1% 52.4% 48.5%ffiffiffiffi
s0

p
≥ 0.85

ffiffiffi
s

p 100% 61.0% 53.9% 49.8%

FIG. 6. Contribution of electroweak backgrounds to event
shapes (1-T), C and charged multiplicity Nch at 365 GeV.
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FIG. 7. Contribution of electroweak backgrounds to event
shapes (1-T), C and charged multiplicity Nch at 240 GeV.

FIG. 8. Contribution of electroweak backgrounds to event
shapes (1-T), C and charged multiplicity Nch at 160 GeV.
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Higgsstrahlung is an s-channel resonance producing back-
to-back H and Z bosons. The corresponding event shapes
are shifted further right to higher jet regions. On the other
hand, WW fusion is a t-channel exchange without a
resonance seen as a flat diffused event shape profile.
The production of tt̄ begins near the 2mt scale via the
γ=Z exchange. Each heavy quark decays almost exclusively
via the t → Wþb or the t̄ → W−b̄ channels. The final state
thus contains six quarks (qq̄qq̄bb̄) breeding complex
multijet topologies with significant gluon radiation. The
enhanced spherical nature of such events contribute to high
(1-T), C regions making it a distinctive background greatly
sensitive to nonperturbative effects. The removal of electro-
weak backgrounds involves subtractive corrections with
Monte Carlo generators. The expected reduction in γ=Z
statistics after such corrections is summarized in Table III.
Detector effects are also important to consider when
studying distortions. Plots of thrust axis cosΘThrust in
Fig. 10 illustrate how an imperfect angular acceptance
would affect each electroweak process disproportionately.
The wider coverage in the forward region expected at the
FCC-ee as compared to detectors at the LEP could
minimize these effects [18,36,37].

V. DETERMINATION OF αs

This section briefly revisits the QCD formulation of
event shape observables and performs an extraction of the
strong coupling. The fitting procedure is explained in detail
and the results compared with prior LEP values.

A. Theoretical description

The fixed order differential distribution of an experi-
mentally measured event shape observable O can be
expressed perturbatively up to NNLO accuracy as follows:

O
σhadðμÞ

·
dσðμÞ
dO

¼
�
αsðμÞ
2π

�
·
OdĀðμÞ
dO

þ
�
αsðμÞ
2π

�
2

·
OdB̄ðμÞ
dO

þ
�
αsðμÞ
2π

�
3

·
OdC̄ðμÞ
dO

ð6ÞFIG. 9. Contribution of electroweak backgrounds to event
shapes (1-T), C and charged multiplicity Nch at 91.2 GeV.

TABLE III. Summary of electroweak background statistics and
survival fractions of γ=Z events at each FCC-ee energy.

Number of events 91.2 GeV 160 GeV 240 GeV 365 GeV

ee → γ=Z 5000000 4799181 3068124 2435489
ee → WþW− — 176856 1758070 2248478
ee → ZZ — 23954 149779 174812
ee → Hνeνe — — 1034 10052
ee → ZH — — 22993 23717
ee → tt — — — 107452

Survival fraction 100% 96% 61% 49%
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Where σhad is the total hadronic cross section and each term
of coefficients Ā; B̄; C̄ corresponds to the corrections at LO,
NLO, and NNLO, respectively. The numerical parton-level
computation of (6) instead utilizes the form

O
σ0ðμÞ

·
dσðμÞ
dO

¼
�
αsðμÞ
2π

�
·
OdAðμÞ
dO

þ
�
αsðμÞ
2π

�
2

·
OdBðμÞ
dO

þ
�
αsðμÞ
2π

�
3

·
OdCðμÞ
dO

ð7Þ

Where σ0 is the LO cross section of the ee → hadrons
process. The translation from (6) to (7) is then simply:

Ā0 ¼ A0 ð8Þ

B̄0 ¼ B0 − AtotA0 ð9Þ

C̄0 ¼ C0 − AtotB0 − ðBtot − A2
totÞAO ð10Þ

And coefficients Atot and Btot are defined as follows:

Atot ¼
3ðN2

c − 1Þ
4Nc

Btot ¼
N2

c − 1

8Nc

��
243

4
− 44ζ3

�
Nc þ

3

4Nc
þ ð8ζ3 − 11ÞNf

�

Here, we select the Nc ¼ 3 as the number of quark colors
and the Nf ¼ 5 as the number of active quark flavors.
Considering massless quarks, the ratio of cross sections,

σhad
σ0

¼ 1þ αs
2π

Atot þ
�
αs
2π

�
2

Btot þ…Oðαns Þ ð11Þ

contains canceling electroweak coupling factors. A correc-
tion for the bottom quark is required when the bb̄ events are
considerable. These effects scale with m2

b=Q
2, accounting

to nearly 1% at 91.2 GeV and 0.2–0.3% at 200 GeV [38].
The correction is derived by subtracting coefficients in (8)
and (9) for massless and massive scenarios as calculated in
[39]. The top quark mass also needs corrections at energies
above the tt̄ threshold. Both these contributions have not
been included in the current study.

B. Fitting procedure

Samples of 5 × 106 events are generated in PYTHIA
without hadronization and without ISR at each FCC-ee
energy. The ee → γ=Z channel is isolated for this study.
Event shape observables are then computed directly from
the four-momenta of all final-state particles without explicit
jet clustering. NNLO predictions are constructed using
coefficients from Weinzierl [40]. Simulated event shape

FIG. 10. Comparison of event thrust axis cosΘThrust distribu-
tions of each electroweak background at FCC-ee energies.
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distributions are fitted using the MINOS routine of the
MINUIT minimization framework in ROOT [41]. The
extracted αs values from each observable are averaged with
equal weights and the results summarized in Table IV. The
selected fit ranges shown inFig. 11 are inspired from [30] and
correspond to the 3-jet region where perturbative predictions
are most reliable and hadronization corrections remain
minimal. Extending the window, especially to the left of
this region, would require resummed logarithmic corrections
to the NNLO predictions. The lower limits of most fits were
shifted to slightly higher values for reasonable results,
potentially due to the limitations of fixed-order theory
predictions in nonperturbative modeling. In all fits, the
χ2=dof is in between 1 and 1.8, indicating good agreement
between simulation and theory across energies. The value at
91.2 GeV from the (1-T) and C fits are consistent within
approximately 1% of the NNLO result in [42] thereby
validating reliability of the fitting procedure. The deviation
of αs between event shapes is ≤0.6% at all c.m. energies.

C. Uncertainties at FCC-ee

The large luminosities planned for the FCC-ee will limit
the precision of αs measurements to primarily systematic
rather than statistical uncertainties [18]. At LEP, these
systematic errors decreased with

ffiffiffi
s

p
from approximately

8% at 91.2 GeV to 5% at 206 GeV [31], and a similar
trend is expected at higher energies. Theoretical models of
event shapes have improved through the matching of
resummed logarithmic terms to fixed-order predictions,
improving reliability near the 2-jet region further reducing
uncertainties [43]. The latest N3LLþ N3LO precision has
been achieved for (1-T) by Abbate et al. [25] and for C by
Hoang et al. [26]. The use of hadronization correction
factors on experimental measurements to relate parton-
level and hadron-level data introduce an additional source
of systematic uncertainty. These have been computed in
PYTHIA for each FCC-ee energy and show a reduced

TABLE IV. Strong coupling αs obtained from fitting NNLO
theory to PYTHIA event shapes at FCC-ee energies.

Shape Result 91.2 GeV 160 GeV 240 GeV 365 GeV

(1-T) αS 0.1284 0.1190 0.1127 0.1064
χ2=dof 9.3=9 18.8=11 24.7=14 14.4=14
Range 0.15–0.25 0.08–0.20 0.05–0.20 0.05–0.20
Error �0.0001 �0.0002 �0.0002 �0.0002

C αS 0.1284 0.1183 0.1120 0.1058
χ2=dof 25.9=14 84.8=49 65.6=37 58.8=37
Range 0.45–0.60 0.25–0.75 0.22–0.60 0.22–0.60
Error �0.0001 �0.0001 �0.0002 �0.0002

Average αS 0.1284 0.1186 0.1123 0.1061
Error �0.0001 �0.0001 �0.0002 �0.0002

FIG. 11. NNLO fits to event shapes at FCC-ee energies denoted
by red lines and black circles, respectively. Each distribution is
scaled by a factor of 103 solely for presentation.
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impact at higher c.m. energies in Fig. 12 [44]. The deviation
in hadronization corrections in the fit range between the
PYTHIA and HERWIG event generators has been studied
at LEP energies to be in the range of 0.5–3% [42]. The
resulting generator-dependent spread in αs values from
fitting to ALEPH data was 0.001 (≈0.8%) for thrust and
C-parameter [42]. The removal of distortions from ISR and
electroweak backgrounds discussed in Sec. IV will add to
the overall systematic error budget. Extending this study in
DELPHES would help model detector-related errors [45].
Achieving tight control over systematic uncertainties will
hence be crucial for αs studies at FCC-ee.

VI. INCLUSIVE HADRON SPECTRA

Inclusive observables refer to energy-dependent mea-
surements that sum over all final state hadrons irrespective
of process or topology. Capturing global properties of
hadronic final states provide a probe to the average
behavior of parton fragmentation and hadronization. This
assumed correlation that hadron-level dynamics reflects
those at the parton-level scaled by a constant is termed local
parton-hadron duality (LPHD) [46,47]. We examine here
the energy evolution of two inclusive spectra of charged
hadrons, the multiplicity and the momenta.

A. Charged hadron multiplicity

The total hadron multiplicity Ntot represents the cumu-
lative outcome of all nonperturbative dynamics. Since only
charged hadrons can be detected experimentally, the
corresponding charged hadron multiplicity hNchi is the
typically measured observable, obtained from PYTHIA in
Table V. The correction factor Kch for neutral contributions
is found to be consistent across all FCC-ee energies and is
computed as

Kch ¼
hNchipythia
hNtotipythia

≈ 0.472

At parton-level, QCD theory predicts the energy evolution
of mean parton multiplicity hntoti up to next-to-next-to-
next-to-leading order (3NLO) as follows [48,49]

hntotiqcd ¼
y−a1c

2

r0
eð2c

ffiffi
y

p þANNLOðyÞþA3NLOðyÞÞ ð12Þ

where the NNLO and 3NLO corrections are defined as,

ANNLOðyÞ ¼
cffiffiffi
y

p
�
r1 þ 2a2c2 þ

β1
β20

ðlnð2yÞ þ 2Þ
�

ð13Þ

A3NLOðyÞ ¼
c2

y

�
a3c2 þ

r21
2
þ r2 − a1

β1
β20

ðlnð2yÞ þ 1Þ
�
ð14Þ

The expansion parameter y in the equations is given as,

y ¼ ln

� ffiffiffi
s

p
2Q0

�
¼ ln

� ffiffiffi
s

p
2Λ

�

Here, the cutoff scale Q0 is set to the QCD scale Λ. The
remaining coefficients of above equations are defined as,

c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Nc=β0

p
β0 ¼ 11 −

2

3
Nf β1 ¼ 102 −

38

3
Nf

Numerical values of r0, r1, r2, a1, a2, a3 are given in [50].
The total parton multiplicity is then translated to the
hadron-level variable hNtotiqcd through invoking LHPD

hNtotiqcd ¼ hntotiqcd × KLHPD

FIG. 12. Hadronization correction factors to the (1-T) and C
event shapes at FCC-ee energies computed in PYTHIA 8.313.

TABLE V. Obtained values of mean charged hadron multiplic-
ities hNchi from PYTHIA simulations at FCC-ee energies.

Energy 91.2 GeV 160 GeV 240 GeV 365 GeV

hNchi 20.37 25.55 26.89 27.80
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The constant KLHPD was determined by normalizing the
3NLO theory prediction to the PYTHIA curve at Z-pole

KLHPD ¼ hNchipythiaðmZÞ
hNchiqcdðmZÞ

¼ 0.207

This value closely matches the result from ALEPH [30].
Finally, the neutral correction is applied to the hadron-level
theory prediction for comparison with experiment

hNchiqcd ¼ hNtotiqcd × Kch

The 3NLO prediction is evaluated at Λ ¼ 202�
31 MeV (opted from [30]) with Nf ¼ 5, Nc ¼ 3. This
curve and uncertainty band is plotted in Fig. 13 alongside
results from PYTHIA and measurements from TASSO
[51], AMY [52], L3 [33], and ALEPH [30]. The simulated
values accurately follow a logarithmic growth with increas-
ing center-of-mass across the FCC-ee regime, as predicted
by QCD. This indicates that perturbative evolution remains
reliable well into the multihundred-GeV region. The slight
deviations emerging at higher energies could possibly hint
at the limits of the fixed-order expansion.

B. Momentum distribution

While hNchi encapsulates the integrated yield, the
inclusive variable ξ offers a differential view of the spread
of scaled momentum xp among particles. It is defined as

ξ ¼ ln

�
1

xp

�
where; xp ¼ 2pffiffiffi

s
p ð15Þ

Aspartons continue to radiategluons,many are soft andcarry
low energy. Interference between successive soft emissions
leads to coherent radiationmaking certain directions become
more probable while suppressing others. This coherence
results in a gradual narrowing of the parton shower cone, a
phenomenon known as angular ordering [53,54]. As a
consequence, the ξ spectrum rises in the low-p region,
reaches a maximum at intermediate momenta, and then falls
off, producing the characteristic hump-backed shape
expected by QCD. The central region of this curve can be
described either by aGaussian, a distortedGaussian (selected
for this study), or the limiting spectrum prediction. The
simulated ξ distributions and their fits are shown in Fig. 14.
The Fong-Webber expression [55] is utilized with all five
parameters as free variables: normalization, mean, width,
skewness, and kurtosis. Fit ranges similar to [30] yield
acceptable results and the resulting values are summarized
in Table VI. The position of the peak of the fitted ξ curve,
denoted by ξ�, evolves with energy according to [56]

ξ� ¼ y

�
1

2
þ

ffiffiffiffiffi
cξ
y

r
−
cξ
y

�
ð16Þ
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FIG. 13. Energy evolution of hNchi obtained in PYTHIA
bench-marked with experiment values. The band corresponds
to the 3NLO QCD prediction evaluated at Λ ¼ 202� 31 MeV.

FIG. 14. Spectra of ξ ¼ lnð1=xpÞ from PYTHIA at FCC-ee
energies and fit results to the distorted Gaussian function.

TABLE VI. Peak positions ξ� from fitting the distorted Gaus-
sian function to PYTHIA ξ distributions at FCC-ee energies.

Energy Fit range ξ� � Δξ�stat χ2=Ndof

91.2 GeV 2.4–4.6 3.686� 0.087 52.5=17
160 GeV 2.6–5.4 4.082� 0.044 66.9=23
240 GeV 2.8–5.6 4.384� 0.041 33.1=23
365 GeV 3.0–6.0 4.689� 0.037 29.0=25
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where the coefficients cξ is defined as,

cξ ¼
a2

16Ncb
where; a¼ 11Nc

3
þ 2Nf

3N2
c

b¼ 11Nc

3
−
2Nf

3

Corrections to ξ� from neutrals is minimal since it does not
bring about change to the peak position. The MLLA
expression evaluated with Nf ¼ 5, Nc ¼ 3 is normalized
to the PYTHIA value at 91.2 GeV and plotted in Fig. 15.
The uncertainty band corresponds to a variation in
Λ ¼ 235� 15 MeV [30]. The experimental results from
TASSO [57], L3 [33], and ALEPH [30] mostly follow the
theory prediction while simulated values begin to deviate
significantly above 160 GeV. The higher ξ� could be due to
parameters in PYTHIA that were tuned at 91.2 GeV not
perfectly extrapolating to higher energies. This behavior
could also indicate the importance of higher-order loga-
rithmic terms and mass effects not captured in the fixed-
order MLLA formulation. Future analyses incorporating
next-to-MLLA corrections and dedicated retuning of
fragmentation parameters at FCC-ee energies will be
essential to refine these predictions and thereby probe
the transition between perturbative and nonperturbative
QCD domains with greater precision.

VII. CONCLUSIONS

An extensive analysis of event shape observables and
inclusive hadron spectra at the planned c.m. energies of

the FCC-ee has been presented. Samples of 5 × 106 have
been generated in PYTHIA 8.313 at 91.2, 160, 240, and
365 GeV corresponding to the planned FCC-ee program.
An investigation of event shapes at high center-of-mass

energies has been presented. Significant distortions have
been observed due to initial state photon radiation (Fig. 5)
and additional electroweak backgrounds from hadronic
decays of Z pairs, W pairs, top-quark pairs, and Higgs
(Figs. 6–9). Mitigation through radiative cuts (Table II) and
subtractive corrections (Table III) will come at a conse-
quential cost of event statistics. Such strategies must hence
be studied further to find an optimal balance.
An extraction of the strong coupling up to NNLO at the

four FCC-ee energies has been presented. The employed fit
procedure produces agreeable results (Table IV) and the fit
ranges used at LEP hold reasonably well (Fig. 11). Since
statistical errors will be negligible at the FCC-ee, tight
control on systematic uncertainties will be necessary to
leverage the improved accuracy of theoretical models.
Hadronization correction factors computed in PYTHIA
showcase a decreasing impact of hadronization errors with
increasing energy (Fig. 12).
An examination of inclusive hadron spectra has been

presented. The energy evolution of charged hadron mul-
tiplicities follows the 3NLO prediction with slight devia-
tions trend emerging above 240 GeV (Fig. 13). The
contribution of neutral hadrons to multiplicity is found
to be consistent with c.m. energy. Translating parton
distributions to the hadron-level by invoking local par-
ton-hadron duality yields a normalization constant that
matches the previous value from ALEPH [30]. The energy
evolution of momentum distribution peaks also displays an
offset from the MLLA prediction (Fig. 15).
The broad scope of the presented study provides several

starting points for future extensions. Immediate additions
could incorporate additional event shape observables [58],
other Monte Carlo event generators, resummed calculations
[42], higher fixed-order calculations [58], and corrections
for mass effects of heavy quarks. Combining simulated
results with the DELPHES framework [45] can delve
deeper into understanding the influences of detector effects
on systematic uncertainties.
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Nucl. Phys. 90, 1 (2016).

[3] D. d’Enterria, S. Kluth et al., J. Phys. G 51, 090501 (2024).
[4] C. Anastasiou, C. Duhr, F. Dulat , Elisabetta Furlan, Thomas

Gehrmann, Franz Herzog, Achilleas Lazopoulos, and B.
Mistlberger, J. High Energy Phys. 05 (2016) 058.

[5] F. Demartin, S. Forte, E. Mariani, J. Rojo, and A. Vicini,
Phys. Rev. D 82, 014002 (2010).

[6] S. Heinemeyer, S. Jadach, and J. Reuter, Eur. Phys. J. Plus
136, 911 (2021).

[7] M. Riembau, Phys. Rev. Lett. 134, 221802 (2025).
[8] A. H. Hoang, Annu. Rev. Nucl. Part. Sci. 70, 225 (2020).
[9] S. Navas et al. (Particle Data Group), Phys. Rev. D 110,

030001 (2024).
[10] G. Arnison et al. (UA1 Collaboration), Phys. Lett. 107B,

320 (1981).
[11] R. Bala, I. Bautista, J. Bielčíková, and A. Ortiz, Int. J. Mod.

Phys. E 25, 1642006 (2016).
[12] O. L. Kodolova, Phys. Part. Nucl. 56, 1117 (2025).
[13] H. Stone, Nucl. Phys. B, Proc. Suppl. 39, 184 (1995).
[14] H. Abramowicz and A. C. Caldwell, Rev. Mod. Phys. 71,

1275 (1999).
[15] V. Shiltsev and F. Zimmermann, Rev. Mod. Phys. 93,

015006 (2021).
[16] S. Kluth, Rep. Prog. Phys. 69, R04 (2006).
[17] E. Ploerer, arXiv:2208.08250.
[18] A. Abada, M. Abbrescia, S. AbdusSalam et al., Eur. Phys.

J. C 79, 474 (2019).
[19] T. Sjöstrand, Phys. Scr. T 158, 014002 (2013).
[20] F. Gross, E. Klempt et al., Eur. Phys. J. C 83, 1125 (2023).
[21] M. Benedikt, F. Zimmermann, B. Auchmann, Bartmann

et al., Eur. Phys. J. C 85, 1468 (2025).
[22] D. d’Enterria, P. Z. Skands et al., arXiv:1512.05194.
[23] D. d’Enterria et al., arXiv:1702.01329.
[24] V. Del Duca, C. Duhr, A. Kardos, G. Somogyi, and Z.

Trócsányi, Phys. Rev. Lett. 117, 152004 (2016).
[25] R. Abbate, M. Fickinger, A. H. Hoang, V. Mateu, and I. W.

Stewart, Phys. Rev. D 83, 074021 (2011).
[26] A. H. Hoang, D. W. Kolodrubetz, V. Mateu, and I. W.

Stewart, Phys. Rev. D 91, 094018 (2015).
[27] B. Bambah et al., in LEP Physics Workshop (CERN,

Geneva, 1989), https://inspirehep.net/literature/280404.
[28] P. Skands, in AIP Conference Proceedings (AIP, 2005),

Vol. 792, p. 73–84, https://pubs.aip.org/aip/acp/article/792/
1/73/653444/QCD-amp-Event-Generators.

[29] T. Sjöstrand, S. Ask, J. R. Christiansen, R. Corke, N. Desai,
P. Ilten, S. Mrenna, S. Prestel, C. O. Rasmussen, and P. Z.
Skands, Comput. Phys. Commun. 191, 159–177 (2015).

[30] ALEPH Collaboration, Eur. Phys. J. C 35, 457 (2004).
[31] P. Achard et al. (L3 Collaboration), Phys. Rep. 399, 71

(2004).
[32] J. Schieck, arXiv:hep-ex/0312036.
[33] M. Acciarri et al. (L3 Collaboration), Phys. Lett. B 404, 390

(1997).
[34] Physics at LEP2, CERN, Geneva, 1996, composed by 3

sessions.
[35] A. Denner, S. Dittmaier, T. Gehrmann, and C. Kurz, Proc.

Sci. RADCOR2009 (2010) 056 arXiv:1001.4467.
[36] T. I. S. Group, arXiv:2502.21223.
[37] M. Dam, Nucl. Instrum. Methods Phys. Res., Sect. A 1080,

170648 (2025).
[38] R. Barate et al., Eur. Phys. J. C 18, 1 (2000).
[39] K. Chetyrkin, A. Kataev, and F. Tkachov, Phys. Lett. 85B,

277 (1979).
[40] S. Weinzierl, J. High Energy Phys. 06 (2009) 041.
[41] M. Hatlo, F. James, P. Mato, L. Moneta, M. Winkler, and A.

Zsenei, IEEE Trans. Nucl. Sci. 52, 2818 (2005).
[42] G. Dissertori, A. G.-D. Ridder, T. Gehrmann, E. Glover, G.

Heinrich, G. Luisoni, and H. Stenzel, J. High Energy Phys.
08 (2009) 036.

[43] R. W. L. Jones, M. Ford, G. P. Salam, H. Stenzel, and D.
Wicke, J. High Energy Phys. 12 (2003) 007.

[44] O. Biebel, arXiv:hep-ex/9912051.
[45] J. de Favereau, C. Delaere, P. Demin, A. Giammanco, V.

Lemaître, A. Mertens, and M. Selvaggi, J. High Energy
Phys. 02 (2014) 057.

[46] Y. I. Azimov, Y. L. Dokshitzer, V. A. Khoze, and S. Trovan,
Z. Phys. C Part. Fields 27, 65 (1985).

[47] Y. I. Azimov, Y. L. Dokshitzer, V. A. Khoze, and S. Troyan,
Z. Phys. C Part. Fields 31, 213 (1986).

[48] S. Lupia and W. Ochs, Phys. Lett. B 418, 214 (1998).
[49] I. Dremin and J. Gary, Phys. Rep. 349, 301 (2001).
[50] A. Capella, I. M. Dremin, J. W. Gary, V. A. Nechitailo, and

J. T. T. Van, Phys. Rev. D 61, 074009 (2000).
[51] W. Braunschweig et al. (TASSO Collaboration), Z. Phys. C

45, 193 (1989).
[52] H.W. Zheng et al. (The AMY Collaboration), Phys. Rev. D

42, 737 (1990).
[53] B. I. Ermolaev and V. S. Fadin, JETP Lett. 33, 269

(1981).
[54] Y. L. Dokshitzer, V. A. Khoze, S. I. Troyan, and A. H.

Mueller, Rev. Mod. Phys. 60, 373 (1988).
[55] C. Fong and B. Webber, Phys. Lett. B 229, 289 (1989).
[56] V. A. Khoze and W. Ochs, Int. J. Mod. Phys. A 12, 2949

(1997).
[57] W. Braunschweig et al. (TASSO Collaboration), Z. Phys. C

47, 187 (1990).
[58] A. Kardos, G. Somogyi, and A. Verbytskyi, Eur. Phys. J. C

81, 292 (2021).

EVENT SHAPES AND INCLUSIVE HADRON SPECTRA AT … PHYS. REV. D 113, 116017 (2026)

116017-13

https://doi.org/10.1016/j.ppnp.2016.04.003
https://doi.org/10.1016/j.ppnp.2016.04.003
https://doi.org/10.1088/1361-6471/ad1a78
https://doi.org/10.1007/JHEP05(2016)058
https://doi.org/10.1103/PhysRevD.82.014002
https://doi.org/10.1140/epjp/s13360-021-01875-1
https://doi.org/10.1140/epjp/s13360-021-01875-1
https://doi.org/10.1103/PhysRevLett.134.221802
https://doi.org/10.1146/annurev-nucl-101918-023530
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1103/PhysRevD.110.030001
https://doi.org/10.1016/0370-2693(81)90839-X
https://doi.org/10.1016/0370-2693(81)90839-X
https://doi.org/10.1142/S0218301316420064
https://doi.org/10.1142/S0218301316420064
https://doi.org/10.1134/S1063779625700194
https://doi.org/10.1016/0920-5632(95)00069-L
https://doi.org/10.1103/RevModPhys.71.1275
https://doi.org/10.1103/RevModPhys.71.1275
https://doi.org/10.1103/RevModPhys.93.015006
https://doi.org/10.1103/RevModPhys.93.015006
https://doi.org/10.1088/0034-4885/69/6/R04
https://arXiv.org/abs/2208.08250
https://doi.org/10.1140/epjc/s10052-019-6904-3
https://doi.org/10.1140/epjc/s10052-019-6904-3
https://doi.org/10.1088/0031-8949/2013/T158/014002
https://doi.org/10.1140/epjc/s10052-023-11949-2
https://doi.org/10.1140/epjc/s10052-025-15077-x
https://arXiv.org/abs/1512.05194
https://arXiv.org/abs/1702.01329
https://doi.org/10.1103/PhysRevLett.117.152004
https://doi.org/10.1103/PhysRevD.83.074021
https://doi.org/10.1103/PhysRevD.91.094018
https://inspirehep.net/literature/280404
https://inspirehep.net/literature/280404
https://pubs.aip.org/aip/acp/article/792/1/73/653444/QCD-amp-Event-Generators
https://pubs.aip.org/aip/acp/article/792/1/73/653444/QCD-amp-Event-Generators
https://pubs.aip.org/aip/acp/article/792/1/73/653444/QCD-amp-Event-Generators
https://pubs.aip.org/aip/acp/article/792/1/73/653444/QCD-amp-Event-Generators
https://doi.org/10.1016/j.cpc.2015.01.024
https://doi.org/10.1140/epjc/s2004-01891-4
https://doi.org/10.1016/j.physrep.2004.07.002
https://doi.org/10.1016/j.physrep.2004.07.002
https://arXiv.org/abs/hep-ex/0312036
https://doi.org/10.1016/S0370-2693(97)00647-3
https://doi.org/10.1016/S0370-2693(97)00647-3
https://arXiv.org/abs/1001.4467
https://arXiv.org/abs/2502.21223
https://doi.org/10.1016/j.nima.2025.170648
https://doi.org/10.1016/j.nima.2025.170648
https://doi.org/10.1007/s100520000533
https://doi.org/10.1016/0370-2693(79)90596-3
https://doi.org/10.1016/0370-2693(79)90596-3
https://doi.org/10.1088/1126-6708/2009/06/041
https://doi.org/10.1109/TNS.2005.860152
https://doi.org/10.1088/1126-6708/2009/08/036
https://doi.org/10.1088/1126-6708/2009/08/036
https://doi.org/10.1088/1126-6708/2003/12/007
https://arXiv.org/abs/hep-ex/9912051
https://doi.org/10.1007/JHEP02(2014)057
https://doi.org/10.1007/JHEP02(2014)057
https://doi.org/10.1007/BF01642482
https://doi.org/10.1007/BF01479529
https://doi.org/10.1016/S0370-2693(97)01388-9
https://doi.org/10.1016/S0370-1573(00)00117-4
https://doi.org/10.1103/PhysRevD.61.074009
https://doi.org/10.1007/BF01674450
https://doi.org/10.1007/BF01674450
https://doi.org/10.1103/PhysRevD.42.737
https://doi.org/10.1103/PhysRevD.42.737
https://doi.org/10.1103/RevModPhys.60.373
https://doi.org/10.1016/0370-2693(89)91174-X
https://doi.org/10.1142/S0217751X97001638
https://doi.org/10.1142/S0217751X97001638
https://doi.org/10.1007/BF01552339
https://doi.org/10.1007/BF01552339
https://doi.org/10.1140/epjc/s10052-021-08975-3
https://doi.org/10.1140/epjc/s10052-021-08975-3

	Event shapes and inclusive hadron spectra at FCC-ee energies
	I. INTRODUCTION
	II. EVENT SHAPE OBSERVABLES
	III. EVENT GENERATION
	IV. CHALLENGES AT HIGH s
	A. QED radiation
	B. Electroweak backgrounds

	V. DETERMINATION OF &alpha;s
	A. Theoretical description
	B. Fitting procedure
	C. Uncertainties at FCC-ee

	VI. INCLUSIVE HADRON SPECTRA
	A. Charged hadron multiplicity
	B. Momentum distribution

	VII. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


