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We analyze screening in multifield scalar-tensor theories, focusing on systems with a dilaton coupled to
matter and an axion with a dilaton-dependent kinetic term, in the presence of both planetary and stellar
density profiles. Using analytic arguments and fully coupled numerical solutions, we identify a regime in
which full screening for a dark-energy-light, effectively unpinned string dilaton, can arise dynamically as
the energy minimizing field configuration in the low-energy theory. The backreaction of the dilaton’s
partnered axion field can suppress the exterior scalar charge by selecting a minimum-energy configuration
(the Brax-Burgess-Quevedo mechanism), yielding robust screening for generic axion gradients. In this
regime screening is achieved by cancelling the dilaton’s gradient rather than localizing it. This reduces the
exterior scalar charge and allows for gravity tests in the solar system to be passed. We then show that the
more familiar thin-shell intuition need not apply in the multifield setting. Axion surface gradients can
drastically reshape the dilaton profile and drive a more localied transition without generically suppressing
the fifth force. The exterior charge can remain essentially unchanged or even be enhanced as the shell is
made thinner by a kinetically coupled field. Multifield two-derivative dynamics therefore decouple
localization in thin shells from screening, evade single-field no-go arguments, and reopen viable parameter
space for cosmologically light dilatonlike scalars with strong couplings to matter.
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I. INTRODUCTION

Modern cosmological data are now precise enough that
new light degrees of freedom are no longer a purely
speculative idea. Scalar fields with masses at or below
the Hubble scale are being tested directly through the
expansion history and the growth of structure in the
Universe [1–11]. This has renewed interest in theoretically
controlled scalar sectors that can modify late-time dynam-
ics [12–14], relieve parameter-level tensions [15–20], or
imprint signatures that distinguish dynamical dark energy
from a cosmological constant [21–27]. In parallel, ultra-
violet completions of gravity such as string theory rarely
deliver a low energy effective theory containing a single
isolated scalar field [28–32]. They generically contain
multiple light fields, including moduli associated with
couplings and scales and axions protected by approximate
shift symmetries, whose leading interactions are governed
as much by field-space geometry as by potentials [33]. The
appearance of such scalars in gauge couplings and other

fundamental parameters generically induces couplings to
the myriad fields in the Standard Model. The natural
question is therefore not whether light scalars exist, but
how they can remain compatible with stringent local tests
while retaining cosmological relevance.
Any light scalar that couples to matter mediates a new

long-range interaction. Laboratory experiments, solar sys-
tem dynamics, and astrophysical observations place
extremely strong bounds on such fifth forces [34–39].
Viable scalar-tensor theories must therefore include a
screening mechanism that suppresses the scalar response
of dense objects, allowing the field to be active on large
scales while effectively decoupling in local environments
where constraints are tightest.
Among the most theoretically well-motivated light

scalars, dilatons appear both as the scalar partner of the
graviton in the universal closed-string sector and its low-
energy effective action [40–43], and as the scalar mode
exposed when Jordan-Brans-Dicke–type scalar-tensor the-
ories are rewritten in the Einstein frame by a conformal
rescaling [44,45]; their couplings can be dynamically
suppressed by the least-coupling principle and its runaway
and environmentally dependent extensions [46–53]. They
provide a minimal parametrization of how effective cou-
plings and masses can depend on a light field. Screening a
dilaton with constant matter coupling is fundamentally
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difficult. In the standard telling of the story the dilaton
develops a density-dependent effective potential and sits at
different minima inside and outside dense objects. For
exponential couplings the field excursion between these
minima is logarithmic in the density contrast. When
considering realistic astrophysical density contrasts this
excursion is parametrically large, and the dilaton is forced
to have nonzero spatial gradients exterior to sources to
reach the asymptotic minimum and standard thin-shell
screening fails [46,50]. The fifth force remains essentially
unscreened unless the coupling is tuned extremely small.
This obstruction becomes especially constraining in sce-
narios where cosmological analyses prefer, or comfortably
accommodate, matter couplings far larger than would be
allowed without screening [54–57], as can occur when a
light scalar affects both gravity and microphysics through
controlled variations of particle masses across key
epochs [46].
A central point of this paper is that the single-field

assumption when drawing conclusions about matter cou-
plings and their correspondence with observables is not
generic from either an ultraviolet or an effective-field-
theory viewpoint. Once more than one light scalar is
present, the kinetic sector defines a curved target-space
geometry and associated two-derivative interactions cannot
be removed by field redefinitions. In static configurations,
gradients of one scalar can then source another even if
potentials are shallow or symmetries suppress direct
couplings. Screening can therefore be controlled by genu-
inely multifield two-derivative dynamics that do not exist in
any one-field truncation. The sign and magnitude of field-
space curvature couplings can decide whether an additional
field helps screening or makes it worse, independently of
the detailed form of the potentials.
In this work we analyze these effects in a minimal

axiodilaton system which has been studied in cosmological
settings in various forms in [58–67], consisting of a dilaton
χ conformally coupled to matter and its partnered axion
field a whose kinetic term carries a χ-dependent prefactor
W2ðχÞ. The resulting curved field space induces a charac-
teristic two-derivative interaction, proportional to
WðχÞW;χðχÞa0ðrÞ2, which acts as a source term in the
dilaton equation of motion. As a result, axion gradients
generically backreact on the dilaton profile even in the
absence of direct potential couplings.
The physical effect on the dilaton’s evolution depends

largely on the sign of W;χ . Given that the dilaton always
rolls asymptotically to infinity in the vacuum exterior to a
body, if positive, the axion gradient further sources the
dilaton and induces a localized dilaton profile wherever it is
present. This modifies where the dilaton can evolve
appreciably and so gives rise to very different profiles
compared to where the dilaton would evolve naturally due
to its matter coupling alone. In the vacuum exterior to
astrophysical bodies a light dilaton will always evolve

radially along a Yukawa tail toward its environmental value
χenv according to

χ ≃ χenv −
L
r
; ð1Þ

where the parameter L is the scalar charge of the dilaton
and its size controls the overall exterior spatial gradients
associated with the field. We seek to answer if this external
kinetic driving can generically reduce the dilaton’s scalar
charge exterior to objects (as reducing the scalar charge
amounts to screening the dilaton), e.g,by displacing where
the dilaton’s evolution occurs, driving the dilaton between
its asymptotic minima in a smaller radius (i.e.,creating a
thinner dilaton shell). We find that the kinetic driving
cannot suppress the net scalar charge in any generic regime
because of the additional charge penalty associated with
adding an externally driven dilaton gradient to the system.
However, if W;χ is negative, the axion gradient generically
acts to oppose the dilaton’s single field motion toward large
χ, and has been shown to reduce generically the dilaton’s
gradient and effective coupling at the surface of sources1

[68]. This occurs naturally when combining this effect with
a global energy minimization of the system, which is
dynamically selected when the dilaton’s surface and
asymptotic value are free to vary, removing the need for
fine-tuning in the low energy parameters.
We consider different case studies to illustrate the

screening mechanisms in action in this paper, focusing
on different variations of stringy dilatons for which the
density-dependent effective potential admits minima.
Whether local systems are pinned to these minima depends
on the in-medium mass scale, and for a dark-energy dilaton
the field typically remains unpinned on stellar and plan-
etary scales. In this regime, attempts to screen by forcing a
localized interpolation with an external field, i.e., a thin
shell, are generically counterproductive, since displacing χ
further from its environmental value without the possibility
of reaching an asymptotic stationary point increases the
total dilaton excursion and therefore the exterior scalar
charge. Viable screening instead proceeds through dynami-
cal gradient suppression when W;χ < 0, selected by the
minimum-energy configuration of the coupled axiodilaton
system.
If the dilaton is sufficiently massive, or if the system is

sufficiently dense, local objects become pinned to the in-
medium minimum. In this case the gradient-suppression
mechanism is generically frustrated from reaching the
global equilibrium configuration. Reducing the exterior
dilaton gradient using an additional field would then
require displacing χ away from its minimum in some
interior region, incurring an additional potential-energy
cost. As a result, substantial screening in pinned

1We shall use the shorthand BBQ for this procedure.
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environments depends sensitively on environmental details
and typically requires tuning of the axion profile or model
parameters rather than arising robustly from energy min-
imization. Even when the axion kinetic coupling has the
opposite sign W;χ > 0 and assists rather than opposes the
dilaton’s roll toward its exterior minimum, the resulting
localization of the transition into a thin shell does not
suppress the fifth force. The axion gradient contributes its
own charge penalty through the flux balance, so that
reducing the shell width ΔR=Rs leaves the exterior charge
L essentially unchanged, decoupling thin-shell formation
from actual screening.
These results show that multifield axiodilaton dynamics

qualitatively alter the connection between profile localiza-
tion and observable fifth forces, and motivate treating
pinned and unpinned environments separately even within
a fixed microscopic model. This paper develops the
corresponding analytic criteria and validates them against
fully coupled numerical solutions,2 identifying the regions
of parameter space in which axiodilaton models remain
compatible with local constraints while retaining cosmo-
logical relevance. Surprisingly, we find that screening the
dilaton in a multifield context depends crucially on the sign
of the kinetic contribution of the axion to the dilaton’s
evolution. When negative, screening can be achieved when
the dilaton’s value inside matter is not pinned by its
potential. Screening becomes a global property resulting
from the minimization of the scalar field energy. In this case
too, screening for pinned fields follows the same pattern as
in the single-field case, i.e., with a thin shell. This requires a
tuned cancellation between the axion and dilaton contri-
butions to the scalar charge. This has to be contrasted with
the unpinned case where the dilaton adapts its value at the
surface of a compact object and minimizes the energy of
the field configuration. On the contrary, when the sign of
the kinetic coupling between the axion and the dilaton is
positive, the minimization procedure fails and the axion
plays hardly any role in the thin shell mechanism.
The remainder of the paper is organized as follows.

Section II introduces the general spherically symmetric
multifield setup and the scalar charge that controls fifth
forces. Section III then defines the axiodilaton system and
its two-derivative field-space interactions. Section IV intro-
duces the string dilaton and its model features, and then
reviews the single-field dilaton and why thin-shell screen-
ing fails for constant coupling. Section V studies multi-field
thin shells and shows that axion-driven localization does
not generically suppress the exterior scalar charge, i.e.,
screening requires a tuned cancellation between dilaton
and axion contributions to the scalar charge. Section VI
presents gradient suppression via energy minimization [the
Brax-Burgess-Quevedo (BBQ) mechanism] and identifies
when it yields robust charge suppression, including in

runaway/no-minimum cases. We revisit the implications for
viable dilaton models on astrophysical scales in Sec. VII
and finally conclude in Sec. VIII.

II. SPHERICALLY SYMMETRIC SYSTEMS

A. General setup and motivation

We begin with a general scalar-tensor theory in the
Einstein frame (minimally coupled to the Ricci scalar R),
containing N scalar fields ϕI with target-space metric
GIJðϕKÞ, a potential VðϕIÞ, and a conformal coupling
AðϕIÞ to matter,

S ¼ 1

2

Z
d4x

ffiffiffiffiffiffi
−g

p ½M2
plR −GIJðϕKÞ∂μϕI

∂
μϕJ

− 2VðϕIÞ� þ Sm½A2ðϕIÞgμν;ψm�; ð2Þ

where ψm denotes the matter fields and Mpl is the reduced
Planck mass.
Much of the literature on scalar-tensor screening focuses

on single-field models, but this focus turns out to be overly
restrictive from the point of view of effective field theory.
As emphasized in Refs. [70–73], the leading interactions
that survive at low energies (once dangerous zero-deriva-
tive potential terms are suppressed by symmetries
[70,74,75]) are the two-derivative σ-model interactions

L2deriv ¼
1

2

ffiffiffiffiffiffi
−g

p ½M2
plR − GIJðϕKÞ∂μϕI

∂
μϕJ�: ð3Þ

These interactions are generically expected to compete with
the two-derivative sector of GR at astrophysical and
cosmological energies.
Crucially, these kinetic-metric interactions have no

physical effect when the target space is one-dimensional:
every one-dimensional manifold is locally flat, so for a
single scalar field the metric can always be removed by a
field redefinition. This means that single-field screening
models accidentally eliminate the entire class of two-
derivative σ-model interactions. In such models all non-
trivial dynamics must come from potentials or matter
couplings, with the kinetic sector playing no role. From
the EFT point of view this is highly nongeneric.
Fundamental UV theories with symmetries built in predict
that the kinetic geometry is the dominant source of scalar
interactions in the infrared.
For multiple fields the situation changes qualitatively. A

curved target space necessarily introduces Christoffel
symbols ΓI

JKðϕÞ which appear in the field equations as
genuine two-derivative forces. Specializing Eq. (2) to static,
spherically symmetric configurations ϕI ¼ ϕIðrÞ and vary-
ing with respect to ϕIðrÞ gives
1

r2
d
dr

ðr2GIJϕ
J0Þ − 1

2
∂IGJKϕ

J0ϕK0 ¼ ∂IV þ ∂IAρmðrÞ; ð4Þ2The code used in this work is publicly available at [69].
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where a prime denotes d=dr and ρmðrÞ denotes the
conserved matter density. The geometric term

1

2
∂IGJKϕ

J0ϕK0; ð5Þ

acts as an effective source for ϕI whenever another field has
a spatial gradient. This contribution is purely two derivative
and it persists even when the second field enjoys an exact
shift symmetry. As a result, multifield systems can exhibit
low-energy behavior that has no counterpart in any single-
field reduction.
BecauseUV-complete theories generically contain several

light scalar fields, and because their low-energy interactions
are governed by the curved geometry of GIJðϕKÞ, the
dynamics of any one field are almost never isolated in
practice [76,77]. Field-space interactions and turning trajec-
tories couple adiabatic and entropic directions, so gradients
or fluctuations of one scalar can generically source, drag, or
obstruct the rollingof another [78–80]. Consequently, single-
field screeningmodels omit precisely the class of interactions
that fundamental theory says should be present, and are
therefore likely to be qualitatively inaccurate descriptions of
well-motivated scalar-tensor physics.3

The next Section seeks to illustrate this point explicitly
using the case study of axiodilaton systems, but first we
introduce the appropriate machinery for studying these
effects within astrophysical settings.

B. The scalar charge

We focus on a single light field ϕ whose scalar force on
compact objects is calculated below. This scalar interacts
with other scalars via the kinetic couplings appearing in the
Klein-Gordon equation (4). For a static, spherically sym-
metric configuration of this light scalar ϕ ¼ ϕðrÞ in an
approximately homogeneous environment, the solution
exterior to a dense body of mass M and radius Rs at radii
r≳ Rs takes the usual Yukawa/Laplace form

ϕðrÞ ¼ ϕenv −
Lϕ

r
e−menvðr−RsÞ; ðr≳ RsÞ; ð6Þ

where ϕenv is the environmental value of the field at large
distances from the source, which reduces to

ϕ ≃ ϕenv −
Lϕ

r
; ð7Þ

when menvðr − RsÞ ≪ 1, where menv is the environmental
mass of the scalar. The constant Lϕ, called the scalar
charge, is conserved exterior to the body

Lϕ ≡ r2ϕ0jr>Rs
: ð8Þ

It is the amplitude of the exterior tail and therefore controls
the long-range fifth force. This solution is valid as long as
the scalar potential can be neglected in the vicinity of the
compact object. This is the case for instance when the scalar
field acts as dark energy.
To connect Lϕ to the interior dynamics, we specialize

Eq. (4) to the canonically normalized single-field equation
of motion for ϕ in the Einstein frame,

1

r2
d
dr

ðr2ϕ0Þ ¼ ∂ϕVðϕIÞ þ ∂ϕAðϕIÞρmðrÞ

þ 1

2
∂ϕGJKðϕIÞϕJ0ϕK0: ð9Þ

Integrating Eq. (9) from 0 to ∞ and using regularity at the
origin (r2ϕ0 → 0 as r → 0), together with the exterior tail
Eq. (8), gives the flux/charge relation

Lϕ ¼
Z

∞

0

drr2
�
V;ϕ ðϕIÞ þ A;ϕ ðϕIÞρmðrÞ

þ 1

2
∂ϕGJKðϕIÞϕJ0ðrÞϕK0ðrÞ

�
: ð10Þ

The exterior charge is therefore an integrated measure of all
sources for ϕ across the configuration. Potential gradients
and matter couplings contribute, as well as σ-model
interactions encoded in ∂ϕGJKϕ

J0ϕK0. Cancellations among
these terms can suppress Lϕ even when the fields vary
nontrivially inside/outside the object.
If ϕ is the only scalar that couples to the matter species,

matter follows geodesics of g̃μν ¼ A2ðϕÞgμν, so a test body
experiences an acceleration due to the scalar ϕ given by

aϕ ¼ −∇ lnAðϕÞ ¼ −
βenv
Mpl

∇ϕ;
βenvðϕenvÞ

Mpl
≡ d lnA

dϕ

����
ϕenv

:

ð11Þ
This is the case, for instance, when all the fields but ϕ are
pseudo-Goldstone bosons with no nonderivative inter-
actions to matter. For a light field on solar-system scales,
the exterior tail Eq. (7) implies

jaϕj ≃
βenv
Mpl

Lϕ

r2
; ðr≳ RsÞ; ð12Þ

so the scalar force falls off as 1=r2, just like Newtonian
gravity,

jaN j ¼
GNM
r2

¼ ΦNðRsÞRs

r2
; ΦNðRsÞ≡GM

Rs
: ð13Þ

It is therefore convenient to parametrize the amplitude of
the exterior scalar tail by introducing an effective coupling
βeff through

jaϕj
jaN j

≡ 2βenvβeff ðmenvr ≪ 1Þ; ð14Þ3Unless the additional fields are consistently decoupled or
integrated out within a controlled effective theory. [81,82].
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which, upon using the expressions above, is equivalent to
the charge definition

Lϕ ≡ 2βeffMplΦNðRsÞRs: ð15Þ

With this definition, the unscreened limit corresponds
to βeff ≃ βenv ≃ β, giving the familiar force ratio
jaϕj=jaN j ≃ 2β2.
For a given source there is therefore a direct correspon-

dence between a scalar’s exterior charge and its effective
coupling strength to matter

Lϕ

L0

¼ βeff
βenv

; ð16Þ

where L0 is the unscreened scalar charge. Screening a
scalar therefore corresponds to reducing its net exterior
charge. We now introduce two methods of suppressing Lϕ

in practice.

C. Screening mechanisms of interest

1. Thin shells

Thin-shell screening is the standard way a matter-
coupled scalar evades local fifth-force bounds when its
effective potential

Veffðϕ; ρmÞ ¼ VðϕÞ þ AðϕÞρm; ð17Þ

admits density-dependent stationary points [50,83–85]. For
a spherical body with interior density ρc and exterior
environmental density ρenv, the field sits near an interior
value ϕc ≃ ϕminðρcÞ throughout most of the volume until a
rolling radius Rroll and transitions to the ambient value
ϕenv ≃ ϕminðρenvÞ only in a surface layer of thickness
ΔR ¼ Rs − Rroll. When the scalar is light on the exterior
scales probed by gravitational tests, the profile matches
onto the Yukawa tail Eq. (7), so the observable fifth force is
controlled by the exterior charge Eq. (8).
In the thin-shell regime the charge is sourced only by the

small fraction of mass lying in the rolling layer, yielding the
familiar scaling

βeff ≃ 3βenv
ΔR
Rs

;
L
L0

≃ 3
ΔR
Rs

: ð18Þ

The usual thin-shell condition therefore amounts to
ΔR=Rs ≪ 1, which is reviewed (and shown to fail) for
the single-field dilaton in Sec. IV B. A key theme of this
paper is that this relationship between a geometrically thin
shell and the exterior charge is only true in an idealized
single-field model. Once two-derivative field-space
interactions contribute to Eq. (10), shell localization and
fifth-force suppression become independent quantities
(see Sec. V).

2. BBQ screening

A different route to screening is possible when the shell
picture itself is not well defined, either because Veff has no
relevant density-dependent minima or because the scalar is
too light to relax to them on the scale of the source
(meffðρcÞRs ≪ 1). In this regime ϕðrÞ can roll throughout
the interior and one should expect ΔR=Rs ∼ 1. Never-
theless, the fifth force can still be suppressed if the static
configuration dynamically selects a surface value that
minimizes the total energy, which also happens to reduce
the exterior gradient energy ∼L2

ϕ=Rs and hence the con-
served charge. We refer to this energy-selected charge
suppression as the BBQ mechanism (following the min-
imization logic of [68]).
In multifield systems this becomes possible because the

gradient energy of one field can depend on another through
the target-space metric GIJðϕÞ, and the same curved field–
space structure contributes directly to the charge integral
through the σ-model term in Eq. (10). For the sign choices
in which these two-derivative interactions can oppose the
matter-induced source for the field of interest, the mini-
mum-energy configuration can dynamically suppress the
exterior charge Lϕ even when no thin shell forms [86]. This
is the organizing principle for the runaway/unpinned
analyses in Sec. VI.
We now proceed to specifying the system of interest in

this paper and begin applying the astrophysical toolkit laid
out in this Section.

III. MULTIFIELD AXIODILATON SYSTEMS

The considerations above suggest studying at least two
scalar fields when analyzing screening of fifth forces.
Among the simplest and best-motivated examples are
axiodilaton systems, consisting of an axion a and dilaton
χ, specified in terms of the covariant language as

ϕI ¼ ðχ; aÞ; GIJ ¼ diagð1;W2ðχÞÞ: ð19Þ

This means the full action for our setup has the form4

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
M2

pl

2
½R − ∂μχ∂

μχ −W2ðχÞ∂μa∂μa�

− Vðχ; aÞ
�
þ SmðA2ðχÞgμν;ΨmÞ; ð20Þ

so that χ is a canonically normalized dilaton with a
universal coupling to the trace of the energy-momentum
tensor [through AðχÞ], while the axion a is a shift-
symmetric pseudoscalar whose two-derivative term is

4Unless explicitly stated otherwise we use fundamental units
c ¼ ℏ ¼ 1 throughout and define the reduced Planck mass in
terms of Newton’s constant by M−2

pl ¼ 8πGN.
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multiplied by a dilaton-dependent prefactor W2ðχÞ. In
ultraviolet completions where χ and a form a supersym-
metric pair,WðχÞ is not an arbitrary function but is fixed by
the geometry of the scalar manifold, i.e.,by the field-space
metric inherited from the Kähler potential [87,88]. Awidely
used and well-motivated parametrization is the exponential
form5

WðχÞ ¼ W0eζχ ; ð21Þ

where ζ encodes the (constant) curvature scale of the two-
dimensional target space [89–91]. The physical conse-
quence of this curved field space is that axion gradients
backreact on the dilaton through the connection term in the
covariant equations of motion, yielding an effective source
for χ.
For spherically symmetric and static configurations the

field equations reduce to

a00 þ 2

r
a0 ¼ −2

W;χ

W
χ0a0

þ 1

W2ðχÞ ½∂aVðχ; aÞ þ ∂aUðaÞAðχÞρmðrÞ�;

ð22Þ

χ00 þ 2

r
χ0 ¼ WðχÞW;χðχÞa02 þ ∂χVðχ; aÞ

þ ∂χAðχÞ½1þUðaÞ�ρmðrÞ: ð23Þ

These equations exhibit explicitly the two–derivative inter-
action induced by the curved field space, where the axion
sources χ only where a0ðrÞ ≠ 0, and the strength of this
source is controlled by the geometry through WW;χ .
The dilaton charge analog of Eq. (10) controlling the

coupling strength of the dilaton to matter in this system is
given by

L ¼ ½r2χ0ðrÞ�∞0 ¼
Z

∞

0

drr2½WW;χa0ðrÞ2 þ V;χ þ A;χρm�;

ð24Þ

where ρm is the matter density. Finding a way to suppress
this charge, either by suppressing contributions or identi-
fying natural regimes where they largely cancel is the
purpose of this paper.

A. Dilatons in the literature

To place this model in context, it is useful to recall that
“dilaton” originally denotes the (pseudo-)Goldstone boson
of broken scale invariance [59,92–95], while in much of the
scalar-tensor and string-moduli literature it is used more
broadly, often as an umbrella term for light moduli whose
variations induce an (approximately) universal conformal
rescaling of the matter sector [40–42,96–98]. Across this
literature, the qualitative behavior is largely dictated by
three interrelated pieces of structure: the sign and magni-
tude of the matter coupling β≡ ∂ lnA=∂χ, the slope of the
underlying runaway potential for χ (often approximately
exponential in the Einstein frame), and, in multifield
settings, the sign of the axion-dilaton kinetic coupling ζ
which fixes the sign of W;χ . These sign choices control
whether the density–dependent effective potential for χ
admits local minima (pinning the field in different envi-
ronments) or instead remains runaway. With this motiva-
tion, we summarize in Table I the main dilaton classes
studied to date and the sign choices most commonly
realized in each construction, for the dilaton’s potential

V ¼ V0eλχ=Mpl ; ð25Þ

and matter coupling function

AðχÞ ¼ eβχ=Mpl : ð26Þ

This serves as a map for the regimes analyzed in the
remainder of the paper.
The string dilaton corresponds to the gravidilaton

actions studied in [47,50,96,99]. By contrast, yoga models
[59,63,68] arise when the axion is the imaginary partner of
the volume modulus χ. Both cases typically predict β ∼
Oð0.1Þ couplings to matter. In yoga models the dilaton
potential is engineered to possess a shallow vacuum
minimum at the dark-energy scale, so that the field is
asymptotically stabilized on cosmological scales. Adding
matter shifts this minimum only weakly so that the density-
dependent effective potential retains a nearby minimum,
but its curvature remains set by the dark-energy scale and is

TABLE I. Summary of different dilaton models and the signs of their couplings to the standard model particles, β, and potential slopes,
λ, given in Eqs. (25) and (26). Dilatons with opposite sign β and λ exhibit minima in their effective potentials, while those with identical
signs do not. We distinguish the BBQ regime (W;χ < 0) into an unpinned case (meffRs ≪ 1) and a pinned case (meffRs ≫ 1).

Model β λ Thin shell (W;χ > 0) BBQ, unpinned (W;χ < 0, meffRs ≪ 1) BBQ, pinned (W;χ < 0, meffRs ≫ 1)

String dilaton >0 <0 No Yes Environmentally fine-tuned
Yoga <0 <0 No Yes � � �

5We also consider quadratic functional forms for W2ðχÞ in
Appendix A to show the behavior of the system and our
conclusions remain robust in the presence of different kinetic
coupling functional forms.
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therefore far too small to pin the field in astrophysical
environments. So although the dilaton is cosmologically
stabilized it behaves as effectively unpinned around com-
pact objects and a weakly fixed asymptotic value deter-
mined cosmologically.

B. Axions in the literature

The axion sector contains two contributions: a joint
potential Vðχ; aÞ, typically periodic in the axion direction
[100] as in ordinary axion models,6 and a matter-induced
coupling function UðaÞ arising from the coupling to the
Einstein-frame matter energy density

ρmE ¼ AðχÞð1þ UðaÞÞρmðrÞ; ð27Þ

where ρm is the conserved mass density and in what follows
we assumeUðaÞ ≪ 1. The two fields roll in their respective
directions of the effective potential

Veffðχ; a; ρmÞ ¼ Vðχ; aÞ þ ½1þUðaÞ�ρmðrÞAðχÞ; ð28Þ

whose density-dependent stationary points determine the
asymptotic interior and exterior values of a in regions of
approximately constant density. The interior and exterior
equilibrium values

a− ≡ aðr ¼ 0Þ; aþ ≡ aðr ≫ RsÞ; ð29Þ

are obtained from the local force-balance relation ∂aVeff ¼ 0
evaluated at the interior density ρc and the exterior density
ρenv. These definitions rely only on the existence of local
stationary points and do not assume any particular micro-
physical form for V orU. In general the axion force-balance
condition defines a density-dependent valley a⋆ðχ; ρÞ in
field space.
The thin-shell estimates below assume that the axion

transition is much more localized than the dilaton transition.
This implies the axion should be heavy on the scale of the
object so that it interpolates only in a narrow surface band,

la ∼m−1
a;sh ≪ ΔR≲ Rs; ð30Þ

where ma;sh is the axion effective mass in the surface/
transition region. In this regime a0ðrÞ has support only very
close to r ≃ Rs, so the axion backreaction term acts as a near-
surface kick in the dilaton equation rather than an extended
source.
This scale hierarchy is illustrated in Fig. 1. In the middle

panel, the case corresponding to a heavier axion inside the
source (orange) shows an axion interpolation confined to a
thin layer near the surface, whereas for a lighter axion
(blue) the axion varies over OðRsÞ and its gradients persist

well away from r ≃ Rs. The top panel shows the conse-
quence for the dilaton: when the axion gradient is localized
χ remains close to its interior value until near the surface,
but when the axion is light (ma;shRs ≲ 1, blue) the same
two-derivative coupling drives χ off its interior plateau well
before r ≃ Rs. The usual thin-shell assumption that χ stays
approximately stationary until a radius close to the surface
is therefore not self-consistent in this regime.7

FIG. 1. Axion-dilaton profiles illustrating the scale hierarchy
underlying the thin–shell approximation. Top: dilaton displace-
ment; middle: axion; bottom: conserved density profile. The
dashed line marks the surface r ¼ Rs. The two curves correspond
to the cutoff scale in Eq. (36) being Λa ¼ 10−3Mpl (broad axion
transition) and Λa ¼ 10−5Mpl (surface-localized axion transi-
tion), showing how a macroscopic axion gradient drives χ well
inside the object. In both cases,W0 ¼ 1, ζ ¼ ffiffiffi

2
p

, and the vacuum
axion mass is taken to be ma ¼ 5 × 10−17 eV.

6Although axions with exact quadratic potentials can be found
in dual axion frameworks [101].

7We treat the breakdown of the mass hierarchy between the
axion and dilaton explicitly in the fully coupled numerical
solutions of Sec. V.
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When the axion is heavy on macroscopic scales one may
integrate it out. For fixed ðχ; ρmÞ the axion rapidly relaxes
to a⋆ðχ; ρmÞ, defined by

∂aVeffðχ; a; ρmÞja¼a⋆ ¼ 0; ð31Þ

which yields a reduced one-field effective potential

Vred
eff ðχ; ρmÞ≡ Veffðχ; a⋆ðχ; ρmÞ; ρmÞ; ð32Þ

for the light dilaton to evolve in. This forms the basis of the
analytic investigations conducted in Secs. V and VI.

C. Piecewise linear axion profile

To determine how an axion gradient modifies the usual
dilaton profile in the analytic approximations used below,
we adopt a representative piecewise linear axion profile.
This can be seen as a leading-order Taylor expansion of the
axion gradient around a very steep transition localized close
to the surface of the object. The axion must interpolate
between its interior and exterior equilibrium values set by
the density-dependent effective potential Eq. (28), and for
understanding its effects on other light scalars, all that
matters is the total jump Δa ¼ aþ − a− and the width la of
the region in which a0ðrÞ is nonzero. This motivates the
effective ramp

aðrÞ ¼

8>><
>>:

a−; r < αRs;

a− þ ðΔa=laÞðr − αRsÞ; αRs < r < Rs;

aþ; r > Rs;

ð33Þ

with la ¼ ð1 − αÞRs and α∈ ½0; 1�. Here la is the charac-
teristic width of the ramp, which would correspond to the
inverse Compton wavelength of the axion, λa ∼ 1=main, in
the transition region between the interior and exterior of the
object, where mainðrÞ is the interior mass of the axion.
In practice, axion profiles of this type can be realized

using relatively simple microphysical potentials. In the full
two-field numerical analysis presented below, we adopt
separable forms for the scalar potentials,

Vðχ; aÞ ¼ VχðχÞ þ VaðaÞ; ð34Þ
with an axion vacuum potential

VaðaÞ ¼
1

2
m2

aða − aþÞ2; ð35Þ

and a matter-induced coupling function

UðaÞ ¼ 1

2

ða − a−Þ2
Λ2
a

: ð36Þ

In this setup, the vacuum contribution favors the minimum
at aþ, while the matter coupling shifts the effective
minimum toward a− in regions of sufficiently high density.

The axion therefore interpolates between aþ and a−
depending on whether the vacuum or matter contributions
dominate the effective potential. The detailed shape
and width of this transition are controlled by the micro-
scopic vacuum mass ma and the matter-coupling scale Λa.
These functions can be viewed as leading order Taylor
expansions around minima of the potentials.8

Having introduced generic axiodilaton models and the
phenomenology of the respective fields, we now dive into
the parameter choices and model specifics for string
dilatons.

IV. STRING DILATONS

A. The models

The purpose of this Section is to analyse the case of a
stringy dilaton, by which we refer to the environmentally
dependent (runaway) dilaton scenarios of [46,50] (see also
the screening review [102]). In the Einstein frame, a con-
formal coupling g̃μν ¼ A2ðχÞgμν introduced in Eq. (20)
implies that nonrelativistic matter acts as a χ-dependent
source, so static configurations can be organized by an
effective potential composed of both matter and vacuum
contributions [102], as in Eq. (17). For the toy constant-
coupling choice

AðχÞ ¼ eβχ=Mpl ; β ¼ const; ð37Þ

and for a runaway dilaton potential of the form used in [50],
VðχÞ ∝ A4ðχÞe−χ=Mpl , the Einstein-frame self-interaction
reduces to an exponential,

VχðχÞ ¼ V0eð4β−1Þχ=Mpl ; ð38Þ

so that

Veffχðχ; ρmÞ ¼ VχðχÞ þ AðχÞρmðrÞ; ð39Þ

with ρm the conserved Einstein-frame matter density. For
reference, in [50] the cosmological value of the coupling
today is βcos ≃ 0.23, so throughout we take β ¼ 0.2 as a
representative couplingbefore screening effects are included.
Because β ¼ 0.2 implies AðχÞ is growing, while VðχÞ is

shrinking, minimizing Veffχ yields two equilibrium values,
χc and χenv, corresponding to the core and exterior
densities. A key subtlety is that the interior value of the
dilaton is not guaranteed to ever reach the dense-matter
minimum χc in all dense objects. Whether the field can
relax to χc within a finite object depends on the local
curvature of the effective potential.

8A comparison between these microphysically motivated
potentials and the effective ramp in Appendix B, and Fig. 16
shows these two descriptions line up when the axion mass is
sufficiently heavy inside and outside to make the adiabatic
approximation used for the effective axion ramp valid.
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The pinned regime requires the effective mass, defined as

meffðρmÞ≡ ∂
2Veffχ

∂χ2
; ð40Þ

to satisfy

Pinned∶ meffðρcÞRs ≳ 1: ð41Þ

For an ultralight dilaton with

Unpinned∶ meffðρcÞRs ≪ 1; ð42Þ

the field cannot track χc and remains close to χenv
throughout most of the interior, up toOðΦNÞ perturbations.
Numerically, meffðρcÞRs ≳ 1 corresponds to meff ≳ 2.8 ×
10−16 eV for the Sun (R⊙ ¼ 7.0 × 108 m), and meff ≳
3.1 × 10−14 eV for the Earth (R⊕ ¼ 6.4 × 106 m), showing
they do not pin the dilaton if it is cosmologically light.9 By
contrast, a dark-energy–like mass meff ∼H0 ∼ 10−33 eV
gives meffR⊙ ∼ 10−17 ≪ 1.
Pinning for cosmologically light dilatons can never-

theless be realized in models where the effective potential is
sufficiently steep in dense regions, so that the local
minimum shifts substantially between vacuum and matter
and the curvature m2

effðρÞ ¼ ∂
2
χVeff increases rapidly with

density. In such scenarios the dilaton can remain light on
cosmological scales while becoming comparatively heavy
in high-density environments, and the appropriate screen-
ing mechanism is then selected dynamically by the local
value of meffðρÞ.
A useful way to quantify the required potential steepness

in dense regions is via the scaling of the curvature at the
density-dependent minimum, meffðρÞ ∝ ρp. Pinning on a
length scale λ requires meffðρÞ≳ λ−1, and between two
environments one has meffðρ2Þ=meffðρ1Þ ¼ ðρ2=ρ1Þp.
Given the enormous density contrast between cosmological
and stellar/planetary environments, even moderate p can
yield many orders-of-magnitude increases in meff . For
example, ρ⋆=ρcos ∼ 1029 implies m⋆=mcos ∼ 1010 for
p¼ 1=3, while p ≃ 1=2–2=3 gives m⋆=mcos ∼ 1015–1020.
In standard chameleon potentials V ∝ χ−n one finds
meffðρÞ ∝ ρðnþ2Þ=½2ðnþ1Þ� [102]. For the canonical chame-
leon case n ¼ 1 with the potential scale fixed to the dark-
energy value, recent laboratory (e.g,[105]) and fifth-force
searches place extremely strong constraints, excluding
essentially the entire cosmologically viable parameter
space across a wide range of β. Larger values of n generally

remain viable, but within restricted regions of the ðβ; nÞ
parameter space [106,107]. This means that pinning a
cosmologically light scalar on Solar System scales requires
an exceptionally rapid growth of meff with density, leaving
only small corners of chameleonlike parameter space
(although increasing n does reopen viable regions).
Another important point to note about the upcoming

analysis is the preceding discussion treats the environment
through a single background value χenv and thus implicitly
assumes a separation of scales between compact objects and
the larger-scale host potential. In the presence of strong
nonlinearities this need not be a reliable assumption.
Overlapping nonlinear regions leading to multisource boun-
dary conditions, and spatially varying screening efficiencies
can modify the effective ambient value and the resulting
exterior charge. A definitive assessment of the galactic/solar
environment therefore requires either a dedicatedmany-body
treatment or cosmological/galactic N-body simulations that
resolve the coupled scalar dynamics.10 We do not attempt
such a calculation here, and instead adopt χenv as an effective
parameter encoding the local environment.
With all of these complications and caveats in mind we

use the rest of this paper to see what scenarios work in
practice with the screening mechanisms at hand for these
types of scalars.

B. Thin-shell failure for a single field dilaton

Before analyzing the full axiodilaton system, it is useful
to recall the standard behavior of a single dilaton field
coupled to matter.
In order tomodel the dynamics of the single field dilaton in

the solar system, e.g,around a planet, we consider the
dynamics of this two-field system in the presence of a
uniform-density, spherically symmetric source of radius Rs
and density ρmðr < RsÞ ¼ ρc, embedded in an exterior
environment with density ρmðr > RsÞ ¼ ρenv. If pinned,
the dilaton will sit at the interior and exterior equilibrium
values χc and χenv of Eq. (39) below and above the surface of
the source, and for a thin shell to form, the field must
interpolate between thesevalues close to the source’s surface,
as discussed in Sec. II C 1. Following the prescription in [50],
for a spherical body with surface Newtonian potential
ΦNðRsÞ, the standard thin-shell condition can be evaluated as

ΔR
Rs

¼ jχenv − χcj=Mpl

3βΦNðRsÞ
≪ 1; ð43Þ

9Neutron stars are an important exception: these stars are many
orders of magnitude more dense, making the effective potential
for the dilaton more steep, and one can have meffðρNSÞRNS ≳ 1
even when the vacuum mass is cosmological. The field is then
pinned in the interior and develops a thin-shell–type profile in a
relativistic stellar background; see e.g,[103,104].

10Nonlinear screening in scalar-tensor theories has been widely
studied using modified-gravity N-body simulations that evolve
the scalar field alongside the matter distribution; see for example
[108–113]. These simulations primarily focus on large-scale
structure and dark-matter halo formation on cosmological scales,
while simulations resolving the scalar field profiles of stellar-
scale compact objects embedded in realistic galactic environ-
ments remain largely unexplored.
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whereΔR ¼ Rs − Rroll is the thickness of the layer in which
the field departs from the interior value.
For the exponential coupling the field excursion eval-

uates to the well-known form

jχenv − χcj ≃
Mpl

1 − 3β

���� ln ρenvρc

����: ð44Þ

For any realistic density contrast, this excursion is
extremely large. Since the denominator of Eq. (43) is tiny
for astrophysical objects (ΦN ∼ 10−6 for the Sun), the ratio
in Eq. (43) satisfies

ΔR
Rs

≫ Oð1Þ; ð45Þ

and no thin shell forms.
As a consequence of Eq. (18), the scalar force mediated

by χ remains unscreened and has strength ∼β2 relative to
gravity. Compatibility with solar-system tests therefore
requires β ≲ 10−3, making the single-field dilaton effec-
tively inert. This constitutes the robust no-go theorem for
dilaton screening with constant coupling [114].
The failure of the single-field dilaton is not unsurprising.

As emphasized in Sec. II, single-field models remove the
geometric σ-model interactions that generically dominate
multifield low-energy dynamics. We now show explicitly
how the presence of a second heavy field (an axion with a
field-dependent kinetic prefactor) modifies the shell bal-
ance and qualitatively alters the screening behavior.

V. MULTIFIELD THIN SHELLS (WITH W ;χ > 0)

A. Axions and their effects

We now turn to accounting for the deviations in the shell
profile and charge-shell radius relation in the presence of the
dilaton’s partnered axion field. In this case, the interior and
exterior dilaton values χc and χenv are minima of the reduced
effective potential Eq. (32),which depends on the equilibrium
values aþ and a−, with a� determined by the force–balance
condition Eq. (31) and the full effective potential Eq. (28).
As discussed in Sec. III, in the parameter regime of

analytical interest here the axion is heavier than the dilaton
on macroscopic scales, so that the ramp is localized in a
narrow region close to the surface,

la ≪ ΔR: ð46Þ

Consequently, the axion gradient contributes to the dilaton
equation of motion only through a near-surface source
localized within the ramp, and its effect is controlled by the
ramp data ðΔa;laÞ. In this region, the axion gradient gives
the dilaton a near-surface kick in χ0 whose direction is
determined by WW;χ, as seen in Eq. (22). We focus to start

with on the case of W;χχ
0ðrÞ > 0, corresponding to the

axion driving being the same sign as the dilaton’s velocity,
further accelerating the dilaton and driving it between its
minima more efficiently, in turn reducing the dilaton’s
shell width.
The multifield thin-shell analysis in this case reduces to

evaluating the integrated version of Eq. (22) across
½Rroll; Rs�. Multiplying Eq. (22) by r2 and integrating only
across the region where χ rolls, the left-hand side is a total
derivative equivalent to the dilaton charge,

L ¼
Z

Rs

Rroll

dr
d
dr

½r2χ0ðrÞ� ¼ ½r2χ0ðrÞ�Rs
Rroll

≃
R2
s

ΔR
Δχ; ð47Þ

where we used the thin-shell approximation r ≃ Rs
throughout the layer and the no-roll condition outside
the shell χ0ðRrollÞ ¼ 0. The integrated equation yields the
global shell balance relationZ

Rs

Rroll

r2V;χdrþ
Z

Rs

Rroll

r2A;χρmdrþ
Z

Rs

Rroll

r2WW;χa02dr ¼ L:

ð48Þ
We now evaluate each term in the thin-shell regime,

where all nonvanishing support is restricted to narrow
intervals near r ≃ Rs.
(a) Axion–gradient (overlap) integral. Since the heavy

axion’s profile is thin compared with Rs, we set r ≃ Rs
throughout its support, and any slowly varying func-
tion of χ can be evaluated at the surface value χs ≡
χðRsÞ up to fractional corrections Oðla=RsÞ. This
gives

Z
Rs

Rroll

r2WW;χa02dr ≃ R2
s

�
Δa
la

	
2
Z

Rs

αRs

drWW;χðχðrÞÞ

≃ R2
s

�
Δa
la

	
2

WW;χðχsÞla: ð49Þ

The sign of WW;χðχsÞ ∝ ζ therefore directly controls
whether the overlap term behaves as an effective stiff-
ness (W;χðχsÞ< 0) or an assisting drive (W;χðχsÞ> 0).

(b) Potential-slope integral. We decompose the potential
slope into the usual single-field driving piece and a
genuine multifield correction,

V;χðχ; aÞ ¼ V;χðχc; a−Þ þ ½V;χðχ; aÞ − V;χðχc; a−Þ�:
ð50Þ

The first term is the standard single-field contribution
that drives the dilaton across the shell of width ΔR,
while the second measures the departure from the
single-field case and is non-negligible only within the
overlap with the axion gradient, where both fields
depart from their interior values.
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Approximating r ≃ Rs across both supports and
evaluating slowly varying functions at the surface
values χs ≡ χðR−

s Þ and aþ gives

Z
Rs

Rroll

r2V;χðχ; aÞdr ≃ R2
sV;χðχc; a−ÞΔR

þ R2
s

Z
Rs

αRs

dr½V;χðχ; aÞ − V;χðχc; a−Þ�

≃ R2
sðV;χðχc; a−ÞΔRþ ½V;χ �χs;aþχc;a−laÞ: ð51Þ

This cleanly separates the usual single-field driving
term from the gradient overlap correction induced by
the axion ramp.

(c) Matter-coupling integral. Across the thin layer the
density can be treated as constant, ρmðrÞ ≃ ρc. This
gives

Z
Rs

Rroll

drr2A;χðχÞρmðrÞ ≃ R2
sA;χðχsÞρcΔR

¼ 6A;χðχsÞM2
plΦNðRsÞRs

ΔR
Rs

; ð52Þ

where we used ρcR2
s ≃ 6M2

plΦNðRsÞ to express the
result in terms of the surface Newtonian potential of
the dense object.

We note for later that the equations, Eqs. (49) and (51)
show that the multifield modification is controlled by the
axion’s ramp profile (Δa=la), which differs from object to
object, implying the axion modification to the dilaton
dynamics has a generic dependence on object size and
type. Because the axion sector is tied to the matter density
and does not generically couple gravitationally (and so
universally) like the dilaton, composition can enter indi-
rectly by shifting Δa and the effective ramp localization,
thereby inducing object-dependent environmental dynam-
ics even when AðχÞ is universal.

1. Charge and shell profile relationships

The shell width can then be obtained by using the
explicit evaluations Eqs. (49), (51) and (52) in Eq. (48),
yielding

ΔR
Rs

≃
2Δχ − Rsla½ΔV;χ þWðχsÞW;χðχsÞðΔala Þ2�

6βMplΦNðRsÞ þ R2
sV;χðχc; a−Þ

; ð53Þ

where

ΔV;χ ¼ V;χðχs; aþÞ − V;χðχc; a−Þ:

Equation (53) has an intuitive physical explanation. When
χc and χenv are well-defined minima of the density-
dependent effective potential, the total excursion Δχ is
fixed. The axion contribution then modifies only how

sharply the dilaton interpolates between these values near
the surface. If the axion-induced contribution points in the
same direction as the dilaton roll,

ðWW;χÞðχsÞΔχ > 0; ð54Þ

then the ramp acts as an assisting source and the shell
becomes narrower, reducingΔR=Rs. If the sign is opposite,
the axion contribution opposes the roll and the shell must
broaden to connect χc to χenv. Thus in the minima-based
pinned regime the axion renormalizes the shell thickness by
biasing the near-surface evolution through the two-derivative
interaction WW;χða0Þ2.
This effect is illustrated in Fig. 2, where one can see the

axion gradient driving the dilaton further and further toward
its asymptotic value χenv. At some point the axion can cause
the dilaton to overshoot the asymptotic value, leaving a large
residual offset between the field and χenv at large radius.
Now we turn to see how this relates to screening.

Assuming a thin shell using Eq. (47) and that the dilaton
approaches the Laplace tail exterior to the source as in
Eq. (1), one has

FIG. 2. Radial profiles (First: dilaton, Second: axion, Third:
density, Fourth: dilaton charge) for different axion boundary
jumps Δa ¼ aþ − a− and a wide axion gradient using the flux
conserving treatment for the axion described in Appendix B
instead of solving the full equations of motion, with la ¼ 0.15.
Here we took β ¼ 0.2, ζ ¼ ffiffiffi

2
p

and W0 ¼ 1. We also took
boundary conditions for the dilaton field χ0ð0Þ ¼ 0, χð0Þ ¼ χc
corresponding to the pinned regime. Crucially for numerical
stability in the presence of exponential factors of the dilaton field,
we choose an Earth-like density ρc ≃ 10−9M2

pl=R
2
s, with V0 ¼

0.5ρc and ρenv ¼ 0.1ρc (an unrealistically small hierarchy).
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Rs

ΔR
ðχs − χcÞ ¼ χenv − χs; ð55Þ

and hence the exterior charge can be evaluated to

L ¼ Rsðχs − χenvÞ ¼ Rs
χc − χenv
1þ ΔR

R

; ð56Þ

which is independent of any explicit axion modification,
and given that χc and χenv are fixed minima of Eq. (39) this
means that the external charge is only influenced by the
axion through its effect on the shell width ΔR=R, which is
small by construction. This implies the axion sourcing has
negligible effect on the external charge even if it drives the
dilaton into the thin-shell configuration that the dilaton
failed at doing on its own. This is because, while the axion
is qualitatively pushing the dilaton into a more charge-
suppressed configuration for the dilaton in isolation, this
external axion gradient comes with its own charge sourcing
on the dilaton through the coupling term in Eq. (48),
removing the ability for the net charge to be suppressed.
This is numerically confirmed in Fig. 2 as well for wider

axion ramps than the analytic approximations accommo-
date (showing the results do not change if this assumption
is relaxed), where we can see in the bottom panel that
driving the dilaton to its asymptotic value only changes the
scalar charge by Oð1Þ factors. It in fact increases the scalar
charge as the shell width is made more thin, as predicted

from Eq. (56). The same effect is shown to occur for
starlike density profiles in Fig. 3, showing that this result is
robust across different density distribution and axion ramp
effects. Sourcing the dilaton to make its transition close to
the surface therefore allows for a thinner shell, but does not
assist in any way with reducing its exterior charge.

B. Thin shell for ultralight, unpinned dilatons

The thin-shell mechanism relies on the existence of two
density-dependent equilibria of the dilaton effective poten-
tial, an interior value χc and an exterior value χenv, between
which the field interpolates within a parametrically thin
surface layer. This picture breaks down when the dilaton is
ultralight on astrophysical scales.
FormχRs ≪ 1, the dilaton cannot relax to a dense-matter

equilibrium inside a finite object. Instead it stays close to
the environmental value χenv throughout the interior, with
only OðΦNÞ deviations, so there is no interior plateau and
no parametrically thin rolling layer even in the single-field
theory. The same effective behavior is expected for yoga
dilatons introduced in Sec. III, because although their
potential has a shallow dark-energy minimum that fixes
the asymptotic value cosmologically, its curvature remains
far too small to pin the field in astrophysical environments,

FIG. 3. Radial profiles for the same parameters as in Fig. 2
except for ρenv ¼ 10−8ρc and a starlike object density profile
described in Appendix B. In this case we solve the full multifield
equations using the microphysical parameters Λa ¼ 3 × 10−6Mpl

and ma ¼ 3 × 10−16 eV.

FIG. 4. Radial profiles for an unpinned dilaton with axion
boundary jumps Δa ¼ aþ − a−. We used the same parameters as
Fig. 2 but swapped a boundary condition at χð0Þ ¼ χc with an
asymptotic boundary condition χðrmaxÞ ¼ χenv. No parametri-
cally thin rolling layer forms, consistent with mχRs ≪ 1. Axion
gradients modify the global profile rather than suppressing the
exterior scalar charge.
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so one effectively hasmeffRs ≪ 1 and the thin-shell picture
is not well defined.
This behavior is illustrated in Fig. 4. In this unpinned

regime, localized axion gradients do not compress the
radial width of the dilaton’s transition. Rather, they modify
the global dilaton profile, generically increasing the total
field excursion and enhancing the exterior scalar charge L
relative to the single-field case, as described by Eq. (1).
Thin-shell screening therefore fails for ultralight dilatons

even in the presence of axion-induced near-surface dynam-
ics. Screening in this regime must instead suppress the net
scalar charge directly, rather than relying on geometric
localization of the profile.
In the next Section we show that this is achieved by the

BBQ mechanism, in which the axion backreaction dynami-
cally selects a configuration that minimizes the total energy
and reduces the exterior charge.

VI. BBQ SCREENING: GRADIENT SUPPRESSION
WHEN THE DILATON ROLLS FREELY

[AND W ;χ ðχ sÞ < 0]

Having established that thin-shell screening of a light
dilaton from solar system tests of gravity is seemingly not
viable, regardless of pinning complexities in the multifield
context, we now focus on the opposite direction one can
take. The next question to ask is what if instead the axion
does something other than sourcing an additional dilaton
profile? What happens if the axion is directly suppressing
the dilaton’s gradient, further frustrating it from reaching its
environmental minimum exterior to objects?

A. Pinned gradient suppression

Figure 5 illustrates the behavior of the massive, pinned-
dilaton system when the axion-dilaton kinetic coupling
satisfies W;χ ∝ ζ < 0, inducing a negative sourcing con-
tribution the dilaton’s Klein-Gordon Eq. (22). In this case
the axion gradient does not assist the dilaton in rolling
toward its environmental minimum χenv, but instead acts as
an effective stiffness that opposes its motion. The resulting
backreaction pushes the dilaton back up its exponential
potential and flattens the exterior profile relative to the
single-field expectation.
As shown in the bottom row of Fig. 5, it is possible to

tune the axion coupling such that this effect partially
cancels the dilaton scalar charge, thereby reducing the
associated fifth force. However, the figure already makes
clear that this cancellation is highly delicate. A slightly
stronger coupling reverses the effect and instead enhances
jLj, as the axion begins to drive the dilaton against its
intrinsic rolling direction.
This behavior can be understood directly from the global

expression for the dilaton charge Eq. (24), which shows
that the exterior charge receives contributions from the
potential slope, the matter coupling, and the axion-induced

kinetic term. For ζ < 0 the kinetic contribution can oppose
the flux generated by the potential and matter terms near the
surface. Achieving compatibility with solar system bounds
therefore requires these contributions to cancel at the level
of at least three orders of magnitude, so that

L
L0

¼ βeff
β

∼ 10−3: ð57Þ

The reason this cancellation is so finely tuned in the
present setup is that the dilaton is massive and remains
pinned close to the minimum of its effective potential
throughout the interior of the object. Although dilaton
gradients are energetically costly, displacing a heavy field
away from this minimum incurs a large potential-energy
penalty over the entire volume. The equilibrium configu-
ration therefore necessarily contains an intrinsic surface
gradient fixed by the mismatch between the interior and
exterior minima. Any additional interaction, such as the
axion kinetic coupling, must then be tuned independently
to cancel this preexisting flux across the configuration
rather than being selected dynamically by energy
minimization.
In other words, the axion gradient is being used to

counteract a surface gradient that is itself enforced by
pinning. The cancellation required to suppress the charge is
therefore accidental rather than structural, leaving little

FIG. 5. Field profiles and dilaton charge evaluated for a pinned
scalar in the presence of a suppressing coupling to the axion
in a stellar density profile outlined in Appendix B. Here we
took W0 ¼ 1, V0 ¼ 10−5ρc and ρenv ¼ 10−15ρc. We solve the
full coupled two-field system using the microphysical axion
potentials Eqs. (36) and (35) with Λa ¼ 3 × 10−7Mpl and
ma ¼ 3 × 10−16 eV.

MULTIFIELD DILATON SCREENING BEYOND THE THIN- … PHYS. REV. D 114, 063541 (2026)

063541-13



parametric room for successful screening. The very mecha-
nism that renders the dilaton heavy and pinned is therefore
also what obstructs robust gradient suppression.
As for how this relates to the discussion above and the

apparent inconsistency that the axion can affect the exterior
charge through Eq. (24) while Eq. (56) suggests that L is
essentially axion independent, the key point is that the thin-
shell derivation implicitly assumes that the dilaton remains
close to the minimum of its density-dependent effective
potential throughout the interior and up to radii very near
the surface. In the pinned thin-shell regime the intrinsic
surface gradient is fixed by the mismatch between the
interior and environmental minima, and the axion enters
the shell analysis only as a perturbative modification of the
near-surface dynamics, effectively renormalizing the shell
width ΔR=Rs while leaving the exterior charge controlled
primarily by the fixed excursion χc − χenv. By contrast, the
regime in which W;χ < 0 suppresses the charge requires
the axion contribution in Eq. (24) to be comparable to the
intrinsic flux generated by the potential and matter terms.
Once this occurs the axion backreaction necessarily dis-
places the dilaton away from the effective minimum in the
near-surface region, so the field no longer tracks the pinned
solution assumed in deriving Eq. (56). The analytic thin-
shell/minima expansion therefore ceases to be self-consistent
in this regime. Charge suppression is then possible only
through a cancellation among the different contributions to
the global charge relation, which is inherently delicate and
sensitive to the precise value of the axion coupling.

1. Environmentally dependent screening

This tuning problem is exacerbated once one demands
screening across multiple objects. An axion gradient tuned
to cancel the dilaton’s surface-generated flux for a given
density profile will not generically cancel it with the same
efficiency in another object with different ρmðrÞ, because
the relative weighting of the terms in Eq. (24) changes with
the interior profile. This is illustrated in Figs. 6 and 7, which
choose the axion coupling ζ so that the exterior charge is
strongly reduced (L=L0 ∼ 10−3 far outside the source) for a
solar-density source in blue, and then show this does not
produce a comparable suppression for an otherwise iden-
tical star with ρc ¼ 0.1ρ⊙ in orange, which retains a much
larger residual charge.
In a solar system setting this lack of universality is fatal:

satisfying solar constraints that probe the Sun’s effective
coupling (e.g,Shapiro time-delay bounds during solar
conjunction) does therefore not ensure that other bodies
are also screened. For example, if the Earth and Moon
retain appreciable scalar charges, differential accelerations
and equivalence-principle violations would be tightly con-
strained by lunar-laser-ranging [115,116] and planetary-
ephemeris tests [117,118], regardless of whether the Sun
itself has been tuned to be screened.

For this reason, axion-induced suppression of the dilaton
charge is generically unnatural in the pinned regime. In the
next Section we instead consider light, unpinned dilatons,
for which the surface value of the field is not fixed by a
local minimum. In that case the axion backreaction can
participate directly in the global energy minimization of the
configuration (because it is not so costly to displace the
dilaton’s interior value any more, energetically speaking),
allowing charge suppression to arise dynamically rather
than through fine-tuning object by object.

FIG. 6. Profiles of the constituent fields of the pinned dilaton
system when the axion-dilaton coupling ζ has been tuned to
cancel the dilaton gradient enough to satisfy solar system tests for
a density distribution of the Sun in blue. The lines in orange show
the profiles for exactly the same density distribution but 10% of
the core density. Dashed lines show the corresponding ζ ¼ 0
cases for each. ρc is the core solar density and here we took
V0 ¼ 10−3ρc, ρenv ¼ 10−15ρc, and W0 ¼ 1 and the two-field
system was solved exactly with axion microphysical parameters
Λa ¼ 3 × 10−6Mpl and ma ¼ 3 × 10−16 eV.

FIG. 7. Top: dilaton charge for the corresponding relevant
profiles in Fig. 6. Bottom: Charge relative to the unscreened
charge L0 obtained by running the simulation with ζ ¼ 0.
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B. Unpinned gradient suppression

The preceding Section shows promise, and there is only
one assumption being made that is neither realistic for a
dark-energy-scale dilaton, nor helpful for screening: that
the dilaton is pinned on astrophysical scales. Relaxing this
assumption changes the screening picture entirely.
Doing so requires moving away from extremizing the

effective potential Eq. (28) to define an equilibrium
configuration, and instead allowing the surface and asymp-
totic values to float. As emphasized in Ref. [50], screening
can still occur when no such equilibria exist, and the
relevant configuration is selected by minimizing the total
static energy subject to continuity of the field and its radial
flux. This is precisely the mechanism already identified to
work for yoga dilatons, and here we generalize the narrow-
width (infinitely sharp) axion-gradient treatment to finite-
width (but still thin compared to the dilaton) linear ramps
and fully coupled numerical solutions to compare with the
regimes above.

C. Global scalar charge

Outside the source the dilaton satisfies the Laplace
equation and takes the form Eq. (1), where the scalar
charge is obtained from the radial flux as in Eq. (24).
Assuming the axion gradient is approximately localized to
near the surface and the dilaton does not deviate from its
surface value within the body appreciably yields

L ≃
R3
roll

3
V;χðχc; a−Þ þ 2βMplΦNðRsÞRs

þ R2
s

�
Δa
la

	
2

WðχsÞW;χðχsÞla; ð58Þ

where the second term defines the single-field charge as in
Eq. (15) and the final term is the axion-induced surface
contribution arising purely from the two-derivative σ-
model structure. The scalar charge depends on the boun-
dary value χs and the central value χc. They are not
independent variables. Indeed, this emanates from the
way the solutions to the dynamical equations are obtained,
i.e.,by specifying the value of χc and imposing that χ0 ¼ 0
at the origin. This implies the dependence χsðχcÞ. Varying
χs therefore provides an accurate proxy for varying χc when
selecting the equilibrium configuration.

D. Energy decomposition

The total static energy for a spherically symmetric
configuration is

E ¼ 4π

Z
∞

0

drr2
�
1

2
χ02 þ 1

2
W2a02 þ Vðχ; aÞ þ AðχÞρmðrÞ

�

¼ Ein þ Esh þ Eout; ð59Þ

where we have split the energy up by the regions from
which it originates, the interior (Ein), the axion shell (Esh)
and the exterior (Eout). In the interior region the fields do
not vary much and this gives

Ein ¼
4π

3
R3
s ½Vðχc; a−Þ þ AðχcÞρc�; ð60Þ

which is independent of χs.
In the shell region αRs < r < Rs the axion dominates the

energy budget due to its fast transition near the surface. The
shell energy is

Esh ¼ 4π

Z
Rs

αRs

drr2
�
1

2
ðχ0Þ2 þ 1

2
W2ðχÞða0Þ2 þ Vðχ; aÞ

þ AðχÞρc
�
: ð61Þ

If the axion dominates the varying energy density in the
layer and WðχÞ varies slowly across the shell, then to
leading order

EshðχsÞ ≃ 2πR2
sW2ðχsÞ

ðΔaÞ2
l2
a

la þ E0; ð62Þ

where E0 contains the dilaton contribution independent of
χs and dependent on the central value χc.
In the exterior, where χ0 ¼ L=r2, the gradient energy is

Eð∇χÞ
out ¼ 2π

L2

Rs
; ð63Þ

and the potential term contributes only a constant shift. The
explicit χs-dependent part of the total energy is therefore

FIG. 8. Radial evolution of the dilaton field interior to an
idealized constant density object (in the absence of an axion) for
different central dilaton values χc, showing the almost exact
correspondence between the surface and central values. Here we
took ρc to correspond to the surface density of the Earth with
V0 ¼ 0.5ρc and ρenv ¼ 0.1ρc and W0 ¼ 1.
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EtotðχsÞ ¼ 2πR2
sW2ðχsÞ

ðΔaÞ2
l2
a

la þ 2π
L2

Rs
: ð64Þ

Deriving Eq. (64) requires neglecting the explicit interior
contribution Eq. (60), which depends primarily on the
central value χc. As stated previously, however, the surface
and central values are tightly correlated, as illustrated in
Fig. 8. In principle these terms should be retained for
complete precision; however, extremizing the energy
would then require the explicit functional forms of
Vðχ; aÞ and AðχÞ, which this derivation is agnostic about.
We therefore drop these terms and verify their negligibility
in the regimes of interest below.

E. Energy minimization and suppression
of the dilaton charge

The energy depends on a single variable, i.e.,the central
value χc, as the boundary value χs is a function of χc
obtained by solving the dynamical equations of motion. In
practice screening will impose that the terms in the axion
contribution proportional to ðΔala Þ2 are large implying that
one can neglect the variation of the terms involving the
interior value χc of the dilaton and minimize directly by
varying the surface value χs. We now derive this surface
value χs by minimizing the total energy Eq. (64). To make
the minimization algebraic, and in line with the examples
used in Sec. V, we take the exponential form for WðχÞ
Eq. (21) (which is also representative of any monotonic
kinetic prefactor relevant for the axion ramp). Appendix A
illustrates the corresponding calculation for a quadratic
WðχÞ, showing that the structure of the result is generic.
The key point is that L itself depends on χs through the
axion-induced surface contribution to the flux balance
Eq. (58), which in this regime is controlled by the two-
derivative interaction WðχÞW;χðχÞða0Þ2.

Minimizing Eq. (64) with respect to χs yields the
algebraic condition

Rsla

l2
a

ðΔaÞ2
M2

pl

W2ðχsÞ ¼ −
1

2ζ2
ð4ζβΦNðRsÞ þ 1Þ: ð65Þ

Because the left-hand side is manifestly positive, Eq. (65)
has a solution only if

4ζβΦNðRsÞ þ 1< 0; i:e: ζβ < 0 and j4ζβΦN j≳ 1;

ð66Þ

which is saying physically, WðχÞW;χðχÞ must oppose the
matter-induced pull in the flux balance so that the system
can lower its total energy by reducing the exterior gradient
energy L2=Rs, and it must oppose the matter-induced pull
by a large amount, hence a strong coupling between the
axion and dilaton is required.
For an exponential W, Eq. (65) determines the surface

value of the dilaton χs explicitly,

χs ¼
Mpl

2ζ
ln

�
−
la

Rs

M2
pl

ðΔaÞ2
1

2ζ2
4ζβΦNðRsÞ þ 1

W2
0

�
; ð67Þ

with the logarithm understood to be real precisely when the
sign condition Eq. (66) is satisfied.
The derivation of Eq. (67) assumes that the dominant χs

dependence of the total energy arises from the axion-driven
surface contribution, while the implicit dependence enter-
ing through the interior value χc is subleading. The validity
of this approximation can be tested directly by performing a
full numerical energy minimization of the coupled system,
the methodology of which is discussed in Appendix B. This
is shown in Fig. 9, where the total energy Eq. (59) is
evaluated numerically as a function of χs. The analytic
prediction Eq. (67) reproduces the location of the numerical

FIG. 9. Left: Relative difference between the total system energy EðχsÞ and the minimum evaluated energy Emin as a function of χs for
the green curve in Fig. 10, corresponding to a wide axion gradient with la ¼ 0.4. We also plot the analytic prediction for the energy
minimizing χs from Eq. (67) as a dotted line, compared to the numerically obtained minimum in the dashed line. Right: Percentage error
in the analytic estimate Eq. (67) compared to the numerically obtained minimum energy χs for different axion ramp widths.
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minimum to within ≲10−11Mpl across the range of axion
ramp widths considered. We can see that the approximation
is best for thinner axion gradients and becomes inaccurate
as one considers more gradual axion ramps, going beyond
the fast transition window approximation made in the
analytic derivation. This is because the dominant energy
contribution becomes no-longer localized within a small
shell at the surface, as was assumed in Eq. (62), and one
needs to include additional corrections from contributions
outside this shell width as the axion gradient widens. We
have further verified that this residual offset produces no
observable change in the inferred charge suppression, and
the resulting L=L0 (and hence βeff ) remains unchanged at
the level relevant for the screening conclusions of
this work.
Inserting Eq. (65) into the flux expression Eq. (58) [and

usingW;χ ¼ ðζ=MplÞW for the exponential prefactor] gives

L
L0

¼
−Mpl

2ζ þ R3
roll

3Rs
V;χðχc; a−Þ

2βMplΦNðRsÞ
; ð68Þ

showing explicitly how the axion-induced surface term
suppresses the usual single-field contribution to the charge,
up to a remainder controlled by 1=ζ and by the (model-
dependent) potential contribution from V;χ . This shows that
screening can occur even when there is no parametrically
thin rolling layer: what is reduced is the amplitude of the
exterior 1=r tail, not necessarily the radial width over which
χ varies.
Successful screening then requires an extremely large

negative value for ζ given that V;χ should independently be
small for a cosmologically light dilaton, proving that
screening works if W;χ

W < 0. If ΦN ∼ 10−6, corresponding
to the solar surface Newtonian potential, and imposing a
reduction of the effective coupling by a factor of the order
of 103 to pass solar system tests of gravity, one then
requires jζj≳ 109 for such suppression of the exterior
charge for β ∼Oð1Þ. We will return to all of the problems
associated with realizing this in a successful model in the
next Section.
This behavior is cleanly exhibited by the numerical

solutions shown in Figs. 10 and 11 for a constant density
object. The dilaton profile evolves throughout the whole
interior of the object, consistent with Rroll lying deep inside
the surface [so ΔR ¼ OðRsÞ] meaning we are far away
from the large environmental mass pinned dilaton regime,
while the exterior charge is nevertheless strongly sup-
pressed once the axion ramp is present. The BBQ/energy-
minimization mechanism therefore realizes screening in the
regime most relevant for a dark-energy–like, cosmologi-
cally light dilaton, where meffRs ≪ 1.
These figures also show the efficiency of screening is

preserved as one goes beyond the thin axion gradient
approximation used in deriving Eq. (68). Physically, the

success of screening even with gradual axion gradients is a
direct consequence of the large energetic cost associated
with the dilaton’s exterior tail. Outside the source,
χ0 ¼ L=r2, so the exterior gradient energy scales as

Eð∇χÞ
out ∝ L2=Rs. The minimum-energy configuration there-

fore favors solutions with smaller L ∝ χ0ðRsÞ.
In the BBQ regime the system achieves this by axion

backreaction. Because the axion gradient depends on the
local value of WðχÞ, the coupled equations realize a self–
regulating feedback, where shifting χ reshapes the axion
contribution to the dilaton equation. For a sufficiently large

FIG. 10. Radial profiles (in units of r=Rs) illustrating the
energy-minimization (BBQ) regime, for different axion boundary
jumps Δa ¼ 0.04. Here we took W0 ¼ 1, β ¼ 0.2,
ζ ¼ −2 × 1010. This is using the numerical energy minimization
scheme to determine χs, outlined in Appendix B.

FIG. 11. Dilaton charge LðrÞ≡ r2χ0ðrÞ profiles for the BBQ
flux solutions as a function of radius r=Rs for different axion
ramp widths la. The Δa ¼ 0 curve reproduces the single-field
baseline single field result.
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hierarchy between the axion mass inside and outside the
source (so that the axion adiabatically tracks its effective
potential; see Appendix B), one finds a0ðrÞ ∝ 1=W2ðχÞ. In
the BBQ regime WðχÞ is monotonic with W;χ < 0 over the
relevant field range, so driving the dilaton to smaller χ
increasesWðχÞ. In the adiabatic regime the axion gradient is
then dynamically suppressed. This prevents the axion con-
tribution from overshooting the matter and potential terms in
Eq. (22). If it begins to dominate and pushes χ downward, the
resulting increase in W reduces a0, weakening the axion
backreaction and stabilizing the system near the value of χs
for which the net sourcing in the rolling region is minimized.
This is why the dilaton profile is ruthlessly flattened and the
charge is largely suppressed in Figs. 10 and 11.
Figure 12 shows that the same mechanism operates for a

stellar density distribution, where one might naïvely expect
the screening efficiency to be degraded. Instead, the dilaton
gradient and charge persist up to the radius at which the
axion begins its transition. The efficiency of the screening
therefore depends on the detailed axion dynamics, with
broader axion gradients producing more comprehensive
screening. These systems can therefore exhibit enhanced
screening efficiency relative to configurations with a sharp

density discontinuity at the surface. Physically, a smooth
density profile allows for a more gradual axion transition
throughout the stellar interior, which in turn screens the
dilaton deeper inside the object.

VII. THE DILATON REVISITED

The preceding Sections show that, in multifield systems,
geometric localization of a profile and suppression of the
observable fifth force need not coincide. In the pinned, two-
minima regime the axion backreaction can drive the dilaton
transition into an increasingly thin near-surface layer, but
the conserved exterior charge remains set by the global flux
balance. As a result, a thinner rolling region is neither
necessary nor sufficient for screening: it can be achieved
without reducing the long-range 1=r tail, and can even
enhance the charge once the axion-induced contribution to
the flux is accounted for. Nevertheless, localization remains
phenomenologically relevant in its own right. Many labo-
ratory and Solar System tests probe the detailed field
gradients interior to sources, such as through stellar burning
and geochemical constraints, so confining large gradients
to a narrow surface layer can reduce the spacetime volume
over which such effects operate even when the asymptotic
force is controlled by the unchanged exterior charge.
By contrast, when the dilaton is ultralight on astrophysical

scales, or when its effective potential admits no relevant
density-dependentminima, the thin-shell picture ceases to be
parametrically well defined. In this unpinned regime the
dilaton typically rolls throughout the interior, and viable
screening must proceed by suppressing the net scalar charge
directly. In the axiodilaton system this occurs through the
energy-minimization (BBQ) mechanism. In this regime the
coupled configuration dynamically selects a surface value
that lowers the total static energy by reducing the exterior
gradient energy (by leveraging the axion-dilaton kinetic
coupling, with appropriate sign and magnitude to suppress
the dilaton’s gradient), and hence the conserved charge,
without requiring a geometrically thin rolling layer or an
object-by-object tuning of unrelated contributions.
A remaining model-building question is the size of the

kinetic slope required for efficient charge suppression. In
the exponential ansatz Eq. (21), the strongest suppression
only occurs for large negative ζ, corresponding to a rapidly
varying field-space metric. Consequently, the large–jζj
regime required for efficient charge suppression should
be interpreted as an effective two-field description. In string
compactifications the functionWðχÞ is fixed by the moduli-
space metric, so jζj being large is a geometric property of
the field space. It requires that the axion kinetic metric
KaaðϕIÞ vary rapidly along the light canonically normal-
ized direction χ, i.e.,

jζj ∼ 1

2

���� d lnKaa

dχ

���� ≫ 1; ð69Þ

FIG. 12. Radial profiles in the presence of a stellar mass density
(see Appendix B for details) illustrating the energy-minimization
(BBQ) regime, for an axion boundary jump Δa ¼ 4 × 10−9. Here
we took W0 ¼ 1, β ¼ 0.2, ζ ¼ −2 × 1010. This is using the
numerical energy minimization scheme to determine χs, also
outlined in Appendix B.
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rather than being an arbitrary parameter. Realizing this in a
UV completion therefore amounts to engineering a com-
pactification in which the axionic decay constant changes
sharply as one moves in moduli space along the χ direction,
for example because the light direction is an aligned/mixed
combination of several moduli so that modest motion
in χ corresponds to a large fractional change in the
underlying geometric modulus controlling the axion met-
ric. Constructing explicit compactifications that realize
such an effectively large–jζj while maintaining parametric
control (without running into the usual disasters of towers
of light states and α0 corrections etc.) is therefore an open
model-building problem.
Finally, multifield dynamics can introduce new sources

of nonuniversality even when the dilaton coupling AðχÞ is
universal. Whenever the axion sector couples (even
weakly) to composition-dependent quantities (such as
baryon number in order to generate the required ramplike
structures interior to objects that we have shown give
screening effects), the density-dependent equilibrium data
that set the axion jump, and hence the effective ramp
entering the dilaton backreaction, become object dependent
through a�. This makes the screening of light scalars
inherently object- and composition dependent, because the
same microscopic parameters need not generate the same
axion ramp (or even any ramp) in environments with
different matter content, for example in galaxy haloes
where the dominant component is not baryonic.

VIII. CONCLUSIONS

This work has shown that a constant-coupling dilaton is
not generically doomed by fifth-force bounds once its
axionic partner is brought into the mix. In an axiodilaton
system the kinetic coupling makes the axion gradients feed
directly into the dilaton equation. That contribution enters
the flux balance that fixes the conserved exterior charge
L ¼ r2χ0, and therefore the strength of the long-range fifth
force. With W;χ < 0 the axion backreaction can oppose the
matter-induced sourcing of the dilaton and drive L down,
providing a concrete route to screening in precisely the
regimes where the single-field thin-shell picture fails.
What makes the mechanism work in practice is that the

system is not trying to engineer a perfect surface transition
of the dilaton to the asymptotic equilibrium. In the
unpinned regime, relevant for a cosmologically light
dilaton and for models in which the dense-matter minimum
is inaccessible on stellar and planetary scales, the configu-
ration is selected by minimizing the static energy. The
dominant lever in that minimization is the exterior tail, for
which outside the source one has χ0 ¼ L=r2, so the exterior

gradient energy scales as Eð∇χÞ
out ∝ L2=Rs. Reducing jLj is

therefore an efficient way to lower the energy, and the axion
provides the channel through which the system can actually
do it. Because the axion gradient itself depends on WðχÞ,
shifting the dilaton reshapes the axion contribution to the

flux, which in turn reshapes the dilaton profile. The coupled
equations therefore organize a feedback that naturally
steers the solution toward the low-charge regime. The
effect is that screening survives when the axion ramp is
not infinitesimally thin and a finite-width transition still
contributes to the same flux balance and still participates in
the same energy selection. Our numerical solutions show
that the suppression of L persists for broad ramps and for
smooth stellar density profiles, in which the axion tran-
sition can extend into the interior.
The pinned regime tells the complementary story. When

the dilaton is heavy enough to track density-dependent
minima, the interior-exterior mismatch already fixes a
substantial flux budget. The axion can still act with the
opposite sign and partially cancel the charge, but now it is
cancelling something that is enforced by pinning rather
than something the system is free to relax away. As a
result the cancellation is typically delicate and object
dependent. The choice of axion gradient amplitude and
shape that suppresses the charge for one density profile
need not do so for another. This is the sense in which
axion gradients can dramatically reshape the near-surface
profile without guaranteeing a correspondingly small
fifth force.
These results point to several natural extensions. The

first is time-dependent multibody configurations. In a
realistic solar system or galactic environment there is no
reason to expect a single ambient value to be reached
independently around each object, and matching the
exterior tails of multiple bodies should induce additional
gradients in the regions between them. Determining how
the effective charges renormalize in that setting requires
solving the coupled system with the correct collective
boundary conditions. Such an effort is currently underway.
A second direction concerns environmental and compo-

sition dependence. Even if the dilaton coupling AðχÞ is
universal, the axion sector can introduce object dependence
through the mechanism that induces its own gradient to
suppress the dilaton’s, since these are set by the micro-
physics that determines how the axion feels matter. The fact
that screening does not require an infinitesimal surface
jump is important here and it suggests that comparatively
modest axion gradients can already be relevant, so the same
physics that makes screening robust can also make equiv-
alence-principle sensitive signatures plausible, depending
on which matter species source the axion and how.
Third, and complementary to the previous argument, it is

known that screening in astrophysical systems behaves
very differently once the spherical symmetry assumption is
generalized [119]. Given that the bodies most sensitive to
solar system tests of gravity all roughly obey this spherical
symmetry, analyzing test bodies that break this assumption,
either in the lab or in astrophysical systems can provide a
route to detecting modifications to gravity that are
otherwise screened [120–123]. Understanding how these
effects would modify multifield systems through additional
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nonlinearities could provide detection mechanisms not
available to single field tests of modified gravity.
A fourth issue is the model-building meaning of the large

negative kinetic slope required for strong suppression in the
exponential ansatzWðχÞ ¼ W0eζχ . In a UV completion ζ is
a property of the scalar manifold rather than a freely dialled
parameter, so the question becomes whether controlled
compactifications can realize an effectively large negative ζ
without invalidating the two-field description.
A fourth issue is the model-building origin of the large

negative kinetic slope required for strong suppression in the
exponential ansatz WðχÞ ¼ W0eζχ . Once such a negative
slope is present, charge suppression that would otherwise
be enforced by tuning parameters can arise dynamically.
However, in a UV completion ζ is fixed by the scalar-
manifold geometry rather than freely chosen. Since only a
small fraction of the string landscape has been systemati-
cally explored [124–126], and moduli stabilization with
many light scalars remains a major blind spot, it is not yet
clear whether controlled compactifications generically
realize the required large negative ζ without spoiling the
two-field effective description [76]. If they do not, then the
strongly suppressed regime should be regarded as a viable
but model-dependent corner of parameter space, rather than
as screening without any model-building cost.
Finally, neutron stars sit in a qualitatively different corner

of parameter space. Their densities and relativistic structure
can pin a dilaton that is cosmologically light, while the
axion dynamics may depend sensitively on the interior
composition and on strong gravity. Extending the present
analysis to that regime therefore requires a relativistic
treatment of the coupled fields in a realistic stellar back-
ground, but it also offers the prospect of distinctive
signatures and stringent tests of multifield screening.
More generally, the motivation for studying screening in

multi–field systems extends beyond the specific axiodilaton
model considered here. Many cosmological scenarios
invoke additional gravitational couplings or new pro-
pagating degrees of freedom in order to obtain nontrivial
late-time dynamics, including scalar-tensor and modified-
gravity models capable of producing phantom-divide
crossing or other dark-sector phenomenology [127–141].
Because the same interactions generically mediate long–
range scalar forces or modify gravity on small scales,
compatibilitywith laboratory and Solar System tests requires
that their effects be suppressed in dense environments.
Screening is therefore a structural ingredient of many such
cosmological constructions rather than an optional addition.
We hope these considerations motivate renewed interest

in the sparsely explored landscape of multifield astrophysi-
cal modelling.
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APPENDIX A: QUADRATIC KINETIC
PREFACTOR

To complement the exponential kinetic prefactor used in
the main text, we briefly consider a quadratic growth of the
axion kinetic function. This provides a simple example in
which WðχÞ increases only polynomially with the dilaton,
and it illustrates how the efficiency and spatial localization
of the axion backreaction depend on the rate at which the
field-space metric grows.
We take

W2ðχÞ ¼ 1þ ðχ − χ�Þ2
2Λ2

χ
; ðA1Þ

where χ� parametrizes the location of the minimum in the
kinetic sector and Λχ controls the rate of growth.
The qualitative behavior of the quadratic-W solutions is

shown in Fig. 13 and is most transparently understood in
the flux-conserving formulation used in the numerical
methods outlined in Appendix B. Assuming there is a
large hierarchy of the axion masses interior and exterior to
the source (as well as the axion being heavy in both
environments) so that it tracks the minimum of its effective
potential, in spherical symmetry the axion equation implies
a conserved radial flux J, so that

a0ðrÞ ¼ J
r2W2ðχÞ : ðA2Þ

For an axion assisted transition one needs W;χ >0. As the
dilaton evolves to larger values outside matter and WðχÞ
increases, the axion gradient is therefore dynamically
quenched according to a0 ∝ W−2, reducing the magnitude
of the axion backreaction term in the dilaton equation
Eq. (22). The extent of the axion forcing is thus controlled
by how quickly WðχÞ grows along the profile.
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For an exponential prefactor, WðχÞ ∝ eζχ=Mpl , even
modest motion of χ near the surface produces a rapid
increase in W, and the axion flux is quenched efficiently.
The axion gradient therefore switches off over a narrow
radial interval once the dilaton begins to roll, confining the
external driving effect to a thin region close to r ≃ Rs and
limiting the integrated impact of the axion on the dilaton
profile.
By contrast, for the quadratic form Eq. (A1), the increase

of WðχÞ is only polynomial. The quenching a0 ∝ W−2 is
correspondingly milder, so a substantial axion gradient can
persist across a broader part of the surface region while χ
evolves. This sustains the two-derivative driving over a
larger radial interval and leads to a stronger overall
response of χðrÞ than in the exponential case at otherwise
comparable parameters, consistent with the profiles in
Fig. 13. The result is the heightened efficiency of the
axion in producing a thin shell for the dilaton.

1. BBQ screening (W;χ <0)

For completeness we record the analog of the BBQ
energy-minimization result when the axion kinetic prefac-
tor is quadratic rather than exponential. This illustrates the
generality of the charge-suppression mechanism for

monotonic kinetic sectors in which W;χ does not change
sign while the growth ofWðχÞ is parametrically milder than
exponential.
Repeating the minimization of the surface energy and

exterior gradient energy in Eq. (64) yields the surface value

χs − χ� ¼
2βΦNðRsÞMpl

1þ Rs
la
ðΔaΛχ

Þ2 : ðA3Þ

So the surface value is driven to χ� if Rs
la
ðΔaΛχ

Þ2 ≫ 1.

Suggesting the axion transition amplitude Δa must be
much greater than the kinetic coupling scale Λχ . This is in
contrast to the exponential case, where the shift of the
surface value is now suppressed directly by the magnitude
of the axion gradient Δa.
The corresponding kinetic sourcing term evaluated at the

surface is

WðχsÞW;χðχsÞ ¼ −
2βΦNðRsÞMpl

Λ2
χ þ RslaðΔala

Þ2 ; ðA4Þ

and the exterior scalar charge is therefore suppressed
according to

L
L0

¼ 1

1þ Rsla
Λ2
χ
ðΔala

Þ2 ; ðA5Þ

FIG. 14. Field profiles interior of a constant density object with
quadratic kinetic coupling Eq. (A1) between the axion and
dilaton, and ρc corresponding to the surface density of the Earth,
V0 ¼ 0.5ρc and ρenv ¼ 0.1ρc. Here we used the quadratic kinetic
Λχ ¼ 10−5Mpl, χ� ¼ 10−9 and the flux conserving treatment for
the axion.

FIG. 13. Radial profiles as functions of r=Rs for a quadratic
kinetic prefactor Eq. (A1): dilaton χðrÞ (top), axion aðrÞ (middle),
and density ρðrÞ (bottom), for different axion boundary jumps
Δa ¼ aþ − a−. We take Λχ ¼ Mpl and, for numerical illustration,
choose an Earth-like density ρc ≃ 10−9M2

pl=R
2
s, with V0 ¼ 0.5ρc

and ρenv ¼ 0.1ρc (an unrealistically small hierarchy used only to
make the effect visually clear).
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showing explicitly that, for a quadratic kinetic prefactor,
increasing the axion gradient decreases the fifth force
monotonically.
Taken together, Eqs. (A3) and (A5) highlight a key

qualitative difference between polynomial and exponential
kinetic couplings. For quadratic WðχÞ the charge suppres-
sion depends directly on the axion gradient and increases
smoothly as Δa=la is made larger. This is confirmed in
Figs. 14 and 15 where we can see the dilaton is very quickly
driven to χ� when the axion gradient is turned on, and held
there continuously to the surfaces, suppressing the dilaton’s
surface charge and its effective coupling to matter.

APPENDIX B: NUMERICAL METHODOLOGY

To test the analytic thin-shell estimates and to explore the
fully coupled axiodilaton system beyond the analytic
approximations of Secs. III–V, we perform direct numerical
integrations of the spherically symmetric field equations.
The numerics retain the essential physics of the thin-shell
mechanism while introducing controlled approximations
that render the problem tractable on a one-dimensional
radial grid. The code implementing the methods described
here has been made publicly available at [69].

1. Overview of numerical schemes

We employ two complementary numerical strategies for
the coupled axiodilaton profiles, depending primarily on
the regularity of the matter profile at the surface and the
asymptotic values of the dilaton field.
For smooth stellar density profiles ρmðrÞ, we solve the

full coupled two–field Klein–Gordon equations directly,
imposing regularity at the origin and an additional appro-
priate boundary condition dependent on the scenario we
study. This direct two-field solution is used for Figs. 3–7.
In contrast, for an idealized near-discontinuous top-hat

density transition, the coupled Klein-Gordon system
becomes numerically stiff at the surface and develops

spurious large gradients localized to the jump. If not
compensated by a regulating asymptotic boundary con-
dition, this can lead to runaway behavior due to numerical
instabilities. Additionally, for simulations such as BBQ
energy minimization, which are computationally intensive,
solving the full two-field system becomes untractable
numerically. In these cases we avoid solving the axion
second-order equation across the discontinuity and instead
reconstruct the axion gradient from the conserved canonical
flux, treating the surface layer as a localied source term and
iterating self–consistently with the dilaton profile. This flux
reconstruction scheme is the one used for Figs. 2, 10 and 11
and we now outline the flux formulation details.

2. Axion flux reconstruction

The full radial axion equation reads

1

r2
d
dr

ðr2W2ðχÞa0ðrÞÞ ¼ J ðrÞ; ðB1Þ

where J ðrÞ encodes the microscopic source driving
a− → aþ. Away from this region, the absence of external
forces implies the exact conservation law

J ≡ r2W2ðχÞa0ðrÞ ¼ constant: ðB2Þ

To remain agnostic about the microphysical form of J ðrÞ,
we approximate the source region by a normalized profile
SðrÞ, so that

1

r2
d
dr

ðr2W2ðχÞa0Þ ¼ JSðrÞ: ðB3Þ

The normalization condition ensures that the total axion
excursion is fixed to aþ − a−, and flux conservation is in
practice achieved by evaluating J as

ðaþ − a−Þ
Z

dr
SðrÞ

r2W2ðχÞ ¼ J−1: ðB4Þ

Throughout this work we adopt a rectangular window

SðrÞ ¼
�
1; αRs < r < Rs;

0; otherwise;
ðB5Þ

so that the interpolation occurs in a thin layer near the
surface while the interior and exterior remain frozen at a−
and aþ, respectively. The dilaton-axion backreaction is
treated exactly through the flux law by Eq. (B2), so that
whereverWðχÞ grows across the shell, the axion gradient a0
is suppressed, stiffening the effective ramp and reproducing
the behavior dictated by the full equations of motion.

FIG. 15. Corresponding charge for the respective cases in
Fig. 14 using a quadratic kinetic coupling Eq. (A1) between
the axion and dilaton.
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a. Consistency with full solutions

Figure 15 provides a direct numerical check that the flux-
conservation treatment of the axion reproduces the profiles
obtained from the full coupled boundary-value problem,
without altering the underlying microphysical axion sector.
The full reference solution (solid curves) is obtained with
the stellar-profile solver described in Sec. B 4 b, where the
axion dynamics is governed by the same microphysical
potential and matter coupling as in the main text, Eqs. (35)
and (36).
To assess the flux formulation, we then perform an

additional run in which the axion equation is replaced by a
conserved flux ansatz localized to a narrow window around
the surface, implemented through the window function
SðrÞ supported on r∈ ðRc − la=2; Rc þ la=2Þ. Crucially,
the code does not change the microphysical parameters a�
appearing in Eqs. (35) and (36). In particular, a− is left
untouched, so the same UðaÞ is used in both the full and
flux runs. Instead, the flux normalization J is fixed solely
by matching the endpoint values of the full axion solution,

afluxðrminÞ ¼ afullðrminÞ; afluxðrmaxÞ ¼ afullðrmaxÞ: ðB6Þ

Operationally, this determines J from the integral constraint
implied by the windowed flux, while leaving a� [and hence
Eqs. (35) and (36)] unchanged.
With this setup, any difference between the solid (full)

and dashed (flux) curves in Fig. 16 is attributable to the flux
ansatz itself rather than to retuning the axion microphysics.
The close agreement observed therefore validates the flux-
conservation approximation as a faithful representation of
the full coupled solution in the regime considered.

3. Matter density profile

Here we give the explicit functional forms of the density
distributions used in the numerics throughout the paper.

a. Idealized planetary mass distribution

The source is modelled as a sphere of radius Rs with
central density ρc embedded in an environment of density
ρenv. The central density is taken illustratively as that of the
Earth’s so that ΦNðRsÞ ∼ 10−9. To avoid an unphysical
discontinuity in the force at the surface we introduce a
smooth transition

ρmðrÞ ¼
1

2
ρc

�
1 − tanh

�
r − Rs

lρ

	�

þ 1

2
ρenv

�
1þ tanh

�
r − Rs

lρ

	�
; ðB7Þ

with lρ ≪ Rs being the characteristic width of the surface
density gradient. This retains the essential density contrast
while remaining differentiable.

b. Stellar mass density distribution

For stellar applications we adopt a smoothened truncated
polytropic profile (used as a simple analytic proxy for a
Lane-Emden solution) [142,143]. The density profile of a
star falls approximately as

ρpolyðrÞ ¼ ρc

�
1 −

�
r
Rs

	
2
�
npoly

; r ≤ Rs; ðB8Þ

while outside we add an additional environmental
density ρenv for r > Rs. The exponent npoly controls the
steepness of the stellar stratification (with npoly ¼ 3 used as

FIG. 16. Radial profiles for the coupled axion-dilaton system in
a smoothed top-hat halo. Top: density contrast ρðrÞ=ρc. Middle:
dilaton displacement ðχðrÞ − χcÞ=Mpl for the full coupled sol-
ution (solid) and the flux-conservation axion formulation
(dashed), with the flux boundary values matched to the full
solution endpoints. Bottom: axion field aðrÞ=Mpl for the same
two runs. The full solution uses an axion mass of ma ¼ 10−14 eV
and Λa ¼ 5 × 10−6Mpl.
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a representative choice in our numerics). The core density is
taken to ensure that the surface Newtonian potential is
given by ΦNðRsÞ ∼ 10−6, which is that of the Sun.

4. Multifield solver formulations

Given the different case studies considered in this paper
and the differing appropriate numerical schemes for each
one, we outline here the three types of solvers that were
made use of for the numerical simulations of this paper,
along with the corresponding plots that were produced
with each.

a. IVP formulation in the runaway case

For sharply localized surface features [in particular the
near-top-hat profiles used in Eq. (B7)], the coupled system
can become numerically stiff in the vicinity of r ≃ Rs and
can easily enter into nonphysical runaway regimes. In these
runs the dilaton does not reliably relax to a well-defined
exterior minimum within the numerical domain, so there is
no stable asymptotic condition that would select a unique
boundary solution for χ. We therefore evolve the dilaton
equation as an initial-value problem (IVP), imposing
regularity at a small inner radius rin ≪ Rs,

χ0ð0Þ ¼ 0; χð0Þ ¼ χc; ðB9Þ

and integrating outward to rout ≫ Rs with a Runge-Kutta
solver. When a local minimum of Veff exists at the core
density, we take χc to be that minimum.
The axion is not evolved as a second-order IVP in this

regime. Instead, we fix the net excursion Δa ¼ aþ − a−
and reconstruct a0ðrÞ from the conserved flux relation
Eq. (B2) together with the chosen source window SðrÞ, as
described in Eq. (B5). Since the reconstructed a0ðrÞ
depends on χðrÞ through WðχÞ, while the dilaton equation
depends on a0ðrÞ through the backreaction term, the
profiles are obtained by a Picard iteration: given a current
axion profile (equivalently a current J), we integrate the
dilaton IVP to obtain χðrÞ, update J using the normalization
condition Eq. (B4), reconstruct a0ðrÞ, and repeat until both
J and χðrÞ change by less than fixed tolerances.
This is the integration scheme used for Fig. 2.

b. Hybrid axion-BVP, dilaton-IVP solver

The pure IVP approach above is tailored to near-
discontinuous surface features, for which no reliable
asymptotic selection is available within a finite numerical
domain. For the smooth stellar profiles considered in
Eq. (B8), the exterior evolution is well behaved and the
physically relevant branch of the axion field is most cleanly
imposed by boundary conditions at large radius. In this
regime we therefore adopt a hybrid scheme. We evolve the
dilaton as an IVP from the regular interior, while solving
the axion as a boundary-value problem (BVP) to enforce

the desired asymptotic behavior. The two fields are coupled
by a Picard iteration.
At a given iteration, we first hold χðrÞ fixed and solve the

full second-order axion equation as a boundary-value
problem, supplying the χ-dependence of the coefficients
through interpolation of the current dilaton iterate (includ-
ing χ0 where required). We impose regularity at the origin
and fix the exterior branch by the asymptotic value

a0ð0Þ ¼ 0; aðrmaxÞ ¼ aþ; ðB10Þ

with rmax ≫ Rs chosen large enough that the solution has
reached its asymptotic regime. With the updated axion
profile held fixed, we then integrate the dilaton equation
outward as an IVP with interior initial conditions

χð0Þ ¼ χc; χ0ð0Þ ¼ 0; ðB11Þ

where χc is determined from the local minimum condition
of Veff at the core density. To resolve the surface region
efficiently, the IVP is evolved with a reduced maximum
step size in a band around r ≃ Rs.
Starting from smooth initial guesses for ðχ; aÞ, we

alternate the axion-BVP update and the dilaton-IVP update
until both profiles stabilize. The axion update is applied in
Gauss-Seidel fashion so that the axion boundary conditions
are satisfied at every iteration. The dilaton update is
damped,

χðnþ1Þ ¼ χðnÞ þ ωχ ½χðnÞIVP − χðnÞ�; ðB12Þ

with ωχ chosen to control large changes and improve
stability. Convergence is declared when the maximum
changes with iterations in both χ and a fall below fixed
tolerances.
For large excursions Δa the coupled iteration can

become sensitive to the initial guess. In that case we
employ a homotopy in the outer boundary value by solving
a sequence of problems with aþ increased in steps, warm-
starting each run from the converged solution at the
previous aþ (both for the axion BVP and for the interpo-
lated χ; χ0 entering its coefficients). This is the scheme used
for Figs. 3 and 5. The environmental profiles in Figs. 6 and
7 are obtained by wrapping the same procedure inside a
bounded scan over ζ, holding all other parameters fixed.

c. Boundary-value formulation when Veff has minima

If VeffðχÞ admits a density-dependent asymptotic mini-
mum outside the matter distribution, the dilaton profile can
be obtained by solving the second-order radial equation
with two boundary conditions as a BVP. Regularity at the
origin always enforces

χ0ð0Þ ¼ 0: ðB13Þ
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The second boundary condition is obtained by imposing
the asymptotic condition

χðrmaxÞ ¼ χenv; ðB14Þ

at a large radius rmax ≫ Rs, where χenv is the exterior
minimum of Veff , and integrate inward or outward
accordingly.
In this regime the axion can likewise be solved as a BVP

by taking a0ð0Þ ¼ 0, ensuring regularity at the origin, while
the asymptotic boundary condition aðrmaxÞ ¼ aþ to select
the correct physical transition. This procedure yields a
unique pair ðχ; aÞ that satisfies the full two-field equations,
and integration methods converge reliably. This is used in
the modeling for Fig. 4.

5. BBQ screening

For the unpinned BBQ configurations of Figs. 10–12 we
do not solve the axion as a second-order BVP. Instead, we
adopt the flux-reconstruction setup introduced above. This
choice is because selecting the physical configuration
requires an outer minimization over the surface value χs,
which entails rerunning the solver many times. Solving the
full coupled two-field problem at each objective evaluation
is substantially more expensive, whereas the single-field
dilaton BVP with a conserved-flux treatment of the axion
captures the relevant backreaction at greatly reduced cost.
For the scope of this work we therefore use this reduced
description in the BBQ parameter scans.

For a given trial surface value χs ≡ χðRsÞ we solve the
dilaton profile inside the object as a boundary-value
problem on ½rmin; Rs�, enforcing regularity by imposing

χ0ð0Þ ¼ 0; χðRsÞ ¼ χs: ðB15Þ

The axion gradient is reconstructed from the conserved flux
using Eq. (B2) together with the window Eq. (B5), with the
flux J determined self-consistently by the normalization
condition Eq. (B4). Since J depends on χ through Eq. (B4)
while χ depends on J through the backreaction, the coupled
solution at fixed χs is obtained by the same damped fixed-
point iteration described in the preceding Subsection.
The physical configuration is then selected by minimiz-

ing the total energy as a function of the surface value χs. For
each χs we evaluate

EfullðχsÞ ¼ 4π

Z
Rs

0

drr2
�
1

2
ðχ0Þ2 þ 1

2
W2ðχÞða0Þ2

þ VðχÞ þ AðχÞρðrÞ
�
þ 2π

Rs
L2; ðB16Þ

where the last term accounts for the exterior tail with
constant L. We locate the minimum by a coarse scan in χs
over a fixed bracket followed by bounded local refinements
around the best scan candidates, and record the full set of
objective evaluations for diagnostic plots of EfullðχsÞ.
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