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In this manuscript, we study the general scalar leptoquark contributions to the gg → Zh process at a one-
loop level. We find that the contributions only show up for the off diagonal Higgs and Z boson interactions
with scalar leptoquarks, which can lead to new tensor structures different from the standard model. In the
one-field and two-field models, the contributions vanish exactly; thus, the contributions are possible at least
in the three-field models. We exemplify the contributions in the S1 þ R̃2 þ S3 model, which can appear in
the presence of scalar leptoquark mass splittings and CP violation. In view of the heavy scalar leptoquark
mass suppression, the leading contributions are typically small and difficult to observe at hadron colliders.
However, this work offers a quantitative and systematic investigation of scalar leptoquark contributions,
also making it valuable for the new physics studies in other models.
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I. INTRODUCTION

Searching for new physics beyond the standard model
(SM) is one of the crucial topics in elementary particle
physics. In the new physics theories and models, the extra
particles can be colorless and colored. For the colorless
scalars and leptons, they are widely considered. At hadron
colliders, new colored particles can lead to rich phenom-
enology because of the color nature of the initial states
governed by quantum chromodynamics (QCD). One typ-
ical class of colored fermions are vectorlike quark (VLQ)
[1], which naturally occur in the composite Higgs models
and grand unified theories. Meanwhile, the colored bosons
are ubiquitous in many new physics models, for example,
leptoquark (LQ) [2], scalar top partner [3], color sextet
scalar [4,5], and color octet scalar [5,6]. The LQ couples to
quark and lepton simultaneously; thus, they are able to
address many flavor problems in the quark and lepton
sector. Usually, they are classified as scalar LQ (sLQ) and
vector LQ (vLQ) [2,7],1 depending on the spin. In this work,
we mainly concentrate on the sLQ, of which the phenom-
enology has been investigated extensively. Currently, the
pair production of direct search sets the sLQ lower mass
bound to be 2 TeV [8,9]. Their oblique corrections are
discussed in Refs. [10–13]. The constraints from Higgs

signal strength are also considered in the diphoton
[11,14,15], diquark [16], and γZ decay [11,17] channels.
In Ref. [18], the authors studied the contributions in B
physics. Through the sLQ Yukawa interactions, it can also
be a solution to the ðg − 2Þμ anomaly [10,19–21].
However, none of the proposed new physics models have

been experimentally confirmed to date. The Large Hadron
Collider (LHC) operating at a center-of-mass energy offfiffiffi
s

p ¼ 13 TeV, has achieved an integrated luminosity of
nearly 140 fb−1 and is projected to reach 3000 fb−1 in
future runs. Therefore, precision measurements can play a
vital role in searching for new physics. Since the Higgs
boson’s discovery over a decade ago [22,23], the recorded
data have pushed the Higgs physics to a high precision
frontier. Currently, the main production and decay channels
have already been measured at the percent level [24,25].
Nevertheless, several rare production and decay channels are
still not observed yet. Generally, these loop-induced proc-
esses are sensitive to the effects of new physics. In particular,
gluon initiated productions can serve as a probe of new
colored particles. For example, the di-Higgs and gg → Zh
processes are two of the rare production channels. For the di-
Higgs production, we constrain the flavor changing neutral
Yukawa couplings in the VLQ models [26]. The effects of
colored scalars have also been extensively discussed in di-
Higgs production, for example, scalar top partner [27–31],
color octet scalar [32], and sLQ [33–36].
Compared to the gg → hh process, the gg → Zh channel

can provide extra information through Z polarization and is
free of the triple Higgs coupling. Compared to the h → γZ
process, the gg → Zh channel can offer rich information
through the kinematic distributions. Consequently, the
gg → Zh channel is an important and compelling rare
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process. For the gg → Zh production, it was considered in
the SM many years ago [37]. Recently, the QCD correc-
tions are studied in several papers [38–44]. Furthermore, it
has also been investigated in various beyond the SM
frameworks, including the VLQ model [45], two Higgs
doublet model (2HDM) [45], and SM effective field theory
(SMEFT) [46]. In Refs. [45,47], it is stated that the squark
contributions vanish in supersymmetric models. However,
the contributions of sLQ remain to be investigated system-
atically, which is the dedication of this manuscript.
This paper is organized as follows. In Sec. II, we exhibit

the sLQ models including the one-field models and general
models with mixing. In particular, we present the related
Higgs and Z boson interactions in the two-field and three-
field models. In Sec. III, we investigate the general tensor
structures relevant to the gg → Zh process. Furthermore,
we derive the one-loop analytic contributions in the sLQ
models. In Sec. IV, we perform heavy internal mass
expansion of the general sLQ contributions and obtain
the specific results in the three-field model S1 þ R̃2 þ S3.
Moreover, this process is discussed from the SMEFT
operators. The Sec. V is devoted to the summary and
conclusions. In Appendix A, we enumerate specific two
scalar leptoquark extended models as examples. In
Appendix B, we demonstrate absence of the diagonal
G0 − LQ − LQ type interactions. In Appendix C, we
present the definitions and expansions of the loop integrals.
In Appendix D, we show the computation details of one-
loop amplitudes. In Appendix E, we exhibit the explicit
results of the form factors G1;2;3.

II. MODEL SETUP

For the loop-induced Z and Higgs associated production,
both the SM and sLQ interactions are involved. After
electroweak symmetry breaking (EWSB), the related
bosonic interactions in SM can be written as

g2Zμ

2cW
½hð∂μG0Þ − ð∂μhÞG0� þ g2mZ

2cW
hZμZμ: ð1Þ

Here, G0 is the Goldstone of Z boson. The related
fermionic interactions in SM can be written as

−
mf

v
hf̄f þ g2Zμ

cW
½ðIf3 −Qfs2WÞfLγμfL −Qfs2WfRγ

μfR�

þ gsf

�
λa

2
Ga

μ

�
f: ð2Þ

Here, the third component of weak isospin If3 is 1=2 (−1=2)
for left-handed up-type (down-type) quark.
Typically speaking, there are five type of sLQ s [2],

which carry a conserved quantum number F≡ 3Bþ L.
Here, the B and L are the baryon and lepton numbers. In

Table I, we list their representations and labels.2 We take the
conventions from Ref. [2], then the singlet and triplet sLQs
correspond to complex conjugate fields of those in
Ref. [48]. To summarize, we adopt Φ to mark a general
(2I þ 1) dimensional scalar multiplet. For I ¼ 0; 1=2, 1, it
leads to the singlet, doublet, and triplet, respectively. In the
following, we will investigate the sLQ interactions.
Hereafter, the covariant derivative on sLQ is defined as
DμΦ≡ ð∂μ − ig1YBμ − ig2taWa

μ − igsTaGa
μÞΦ. The ta and

Ta ¼ λa=2 are the generators of SULð2Þ and SUCð3Þ,
respectively. Here, the λaða ¼ 1; 2;…; 8Þ label the Gell-
Mann matrices.

A. One scalar leptoquark extended models

1. Gauge interactions of a single scalar leptoquark

For the scalar multiplet Φ, the ΦI3 labels the I3
component of electroweak scalar multiplet Φ. We have
hidden the color indices of Φ for simplicity. For the
electroweak singlet of I ¼ 0, the taWa

μ is absent. For the
electroweak doublet of I ¼ 1=2, the representation ta is just
σa=2 with σa being the Pauli matrices. For the electroweak
triplet of I ¼ 1, we have ðtaÞbc ¼ iϵabc.3

After EWSB, the relevant gauge interactions can be
written as

ig2Zμ

cW

X
−I≤I3≤I

ðI3−QI3s
2
WÞ½Φ†

I3
ð∂μΦI3Þ−ð∂μΦ†

I3
ÞΦI3 �

þ igs
X

−I≤I3≤I

�
Φ†

I3

�
λa

2
Ga

μ

�
ð∂μΦI3Þ−ð∂μΦ†

I3
Þ
�
λa

2
Ga

μ

�
ΦI3

�

þ
X

−I≤I3≤I
Φ†

I3

�
g2Zμ

cW
ðI3−QI3s

2
WÞþgs

�
λa

2
Ga

μ

��
2

ΦI3 : ð3Þ

In the above, the first line indicates the Z − LQ − LQ type
interactions, the second line gives the g − LQ − LQ type

TABLE I. The sLQ representations.

SUð3ÞC × SUð2ÞL
×Uð1ÞY representation Label F

ð3̄; 3; 1=3Þ S3 ≡ ðS4=33 ; S1=33 ; S−2=33 Þ −2
ð3; 2; 7=6Þ R2 ≡ ðR5=3

2 ; R2=3
2 Þ 0

ð3; 2; 1=6Þ R̃2 ≡ ðR̃2=3
2 ; R̃−1=3

2 Þ 0

ð3̄; 1; 4=3Þ S̃1 −2

ð3̄; 1; 1=3Þ S1 −2

2For the S̄1 under the representation of ð3̄; 1;−2=3Þ, it only
couples to a right-handed neutrino.

3For the scalar triplet, it can also be parametrized in the matrix
form [12].
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interactions, and the third line shows the g − g − LQ − LQ
and g − Z − LQ − LQ type interactions.

2. Scalar sector interactions of a single scalar leptoquark

In this section, we derive the relevant scalar interactions.
For the gg → Zh process, the involved interactions are
physical Higgs type h − LQ − LQ and Goldstone type
G0 − LQ − LQ. For a general electroweak multiplet Φ,
the relevant gauge invariant scalar interactions can be
parametrized as4

−μ2ΦðΦ†ΦÞ − λ1ðH†HÞðΦ†ΦÞ − λ2ðH†iσaHÞðΦ†itaΦÞ:
ð4Þ

After EWSB, the mass spectrums can be written as [49,50]

m2
ΦI3

¼ μ2Φ þ 1

2
ðλ1 þ I3 · λ2Þv2

¼ 1

2
ðm2

ΦI
þm2

Φ−I
Þ

þ I3
2I

ðm2
ΦI

−m2
Φ−I

ÞðI3 ¼ −I;…; I − 1; IÞ: ð5Þ

The related physical Higgs interactions are

−vh
X

−I≤I3≤I
ðλ1 þ I3 · λ2ÞðΦI3Þ†ΦI3 : ð6Þ

For the single representation sLQ models, there is no
G0 − LQ − LQ type interaction.

B. Scalar leptoquark interactions with mixing:
General formalism

In the models extended by more than two fields of S3,
R2, R̃2, S̃1, S1, there can be mixing between the same
electrically charged sLQ. After EWSB, the general mass
terms, physical Higgs and Goldstone interactions can be
parametrized as

−
X
i;j

M2
0;ijðϕiÞ†ϕj − vh

X
i;j

Γh
0;ijðϕiÞ†ϕj

− ivG0
X
i;j

ΓG0

0;ijðϕiÞ†ϕj: ð7Þ

Typically, the M2
0 and Γh

0 are Hermitian matrices, while the
ΓG0

0 is anti-Hermitian. Then, we need to rotate them into
mass eigenstates through the transformation of

2
666664

ϕ1

ϕ2

..

.

ϕn

3
777775 → U

2
666664

ϕ1

ϕ2

..

.

ϕn

3
777775: ð8Þ

Here, U is a n × n unitary matrix, which can be para-
metrized in terms of rotation angle and phase parameters.
The mass matrix M2

0 is diagonalized as M2 ≡
diagfm2

ϕ1
; m2

ϕ2
;…; m2

ϕn
g by the unitary transformation,

which implies

U†M2
0U ¼ M2 ⇔ M2

0 ¼ UM2U†: ð9Þ

After diagonalization, we denote the h and G0 coupling
matrices in mass eigenstates as Γh and ΓG0

, which are
Hermitian and anti-Hermitian, respectively. They are
expressed as

Γh ¼ U†Γh
0U; ΓG0 ¼ U†ΓG0

0 U: ð10Þ

Equivalently, the component forms are expressed as

Γh
ij ¼

X
m;n

U�
miΓh

0;mnUnj; ΓG0

ij ¼
X
m;n

U�
miΓG0

0;mnUnj: ð11Þ

Taking into account the mixing between different sLQ,
the G0 − LQ − LQ type interaction can appear [48].
However, there is no diagonal interaction G0ðϕiÞ†ϕi.
Only off diagonal interactions G0ðϕiÞ†ϕj (i ≠ j) is pos-
sible.5 In Appendix B, we present the detailed demonstra-
tions for the two-sLQ and three-sLQ models.
The g − LQ − LQ and g − g − LQ − LQ type inter-

actions are still diagonal because of SUCð3Þ gauge sym-
metry, which can be parametrized as

igs
X
i

�
ϕ†
i

�
λa

2
Ga

μ

�
ð∂μϕiÞ − ð∂μϕ†

i Þ
�
λa

2
Ga

μ

�
ϕi

�

þ g2s
X
i

ϕ†
i

�
λa

2
Ga

μ

�
2

ϕi: ð12Þ

After EWSB, the general Z−LQ−LQ and g−Z−LQ−LQ
type interactions can be parametrized as4For the doublet, there are also interactions of ðΦ†HÞðH†ΦÞ

and ðHTiσ2ΦÞ†ðHTiσ2ΦÞ [48]. However, they are not indepen-
dent interactions and can be converted into the standard
forms through the relations ðσaÞijðσaÞkl ¼ 2δilδkj − δijδkl and
ϵikϵjl ¼ δijδkl − δilδkj.

5In Ref. [51], the similar G0SiSj interaction is proportional to
ðm2

i −m2
jÞ, which also causes the disappearance of diagonal

interaction G0SiSi.
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ig2Zμ

cW

X
i;j

gZ0;ij½ϕ†
i ð∂μϕjÞ − ð∂μϕ†

i Þϕj�

þ g2Zμ

cW
gsGa

μ

X
i;j

ggZ0;ijϕ
†
i λ

aϕj: ð13Þ

Here, we have gZ0;ij ¼ ggZ0;ij ¼ I3;ϕi
δij −Qϕi

s2Wδij. After
diagonalization, we denote the Z − LQ − LQ and g − Z −
LQ − LQ coupling matrices in mass eigenstates as gZ and
ggZ, which are Hermitian. They are expressed as

gZ ¼ ggZ ≡ gZI −Qs2W;

gZI ¼ U†diagfI3;ϕ1
; I3;ϕ2

;…; I3;ϕ2
gU: ð14Þ

Equivalently, the component forms are expressed as

gZI;ij ¼
X
m

I3;ϕm
U�

miUmj: ð15Þ

Because of Uð1Þ electromagnetic gauge symmetry, the
mixings merely occur between sLQs with the same electric
charge. Thus, the Qϕi

s2Wδij part is automatically diagonal in
mass eigenstates. For the off diagonal interactions, we only
need to consider the gZI part.
Combing Eqs. (11) and (15) together, we have the

following results directly relevant to the gg → Zh process:

ImðgZI;ijΓh
jiÞ ¼ Im

�X
m0

I3;ϕm0U
�
m0iUm0j ·

X
m;n

U�
mjΓh

0;mnUni

�
:

ð16Þ

Because gZI and Γh are both Hermitian matrices, only the
i ≠ j case is nonzero. Unlike the traditional two Higgs
doublet model, the sLQs interactions with Higgs are
strongly constrained by the SUCð3Þ color symmetry. The
Γh
0;mn and M2

0;mn are linearly correlated if m ≠ n; thus, we
define a ratio κmn ≡ Γh

0;mn=M
2
0;mn for simplicity. Then, we

find that κmn ¼ 1=v2 (m ≠ n) for the cubic type interactions
HLQ2 and κmn ¼ 2=v2 (m ≠ n) for the quartic type
interactions H2LQ2 in gauge eigenstates. Adopting the
transformation of mass matrix in (9) and the real number
nature of κmn, we can obtain the following results:

ImðgZI;ijΓh
jiÞ ¼

X
m0

X
m

I3;ϕm0Γh
0;mm ImðU�

m0iUm0jU�
mjUmiÞ

þ
X
m0

X
m≠n

X
α

I3;ϕm0 κmnm2
ϕα

× ImðU�
m0iUm0jU�

mjUmαU�
nαUniÞ: ð17Þ

In the above, we have utilized the facts that Γh
0;mm and κmn

(m ≠ n) are real. We can see that there are two terms in the
ImðgZI;ijΓh

jiÞ. The first term actually includes the fourth

order invariant Jð4Þ ≡ ImðU�
m0iUm0jU�

mjUmiÞ, just as the

Jarlskog invariant J ≡ ImðUαiUβjU�
αjU

�
βiÞ defined in

Ref. [52]. The second term includes the sixth order
invariant Jð6Þ ≡ ImðU�

m0iUm0jU�
mjUmαU�

nαUniÞ, which also
appears in Ref. [53].6

When there are two sLQ generations, we can check
Jð4Þ ¼ Jð6Þ ¼ 0. Let us take i ¼ 1, j ¼ 2 for demonstra-
tions: The fourth order invariant is turned as Jð4Þ≡
ImðU�

m01Um02U�
m2Um1Þ. If m0 ¼ m, we have Jð4Þ ¼ 0

obviously; if m0 ¼ 1; m ¼ 2, we have Jð4Þ ¼
ImðU�

11U12U�
22U21Þ ¼ 0 because of the orthogonal relation

U�
22U21 þ U�

12U11 ¼ 0; if m0 ¼ 2; m ¼ 1, we have
Jð4Þ ¼ 0 similarly.
As for the sixth order invariant, it is turned as Jð6Þ ¼

ImðU�
m01Um02U�

m2UmαU�
nαUn1Þ with m ≠ n. For m ¼ 1,

n ¼ 2, we have Jð6Þ ¼ ImðU�
m01Um02U�

12U1αU�
2αU21Þ. If

m0 ¼ 1; α ¼ 1, it is Jð6Þ ¼ ImðU�
11U12U�

12U11U�
21U21Þ¼0;

ifm0 ¼ 1; α ¼ 2, it is Jð6Þ ¼ ImðU�
11U12U�

12U12U�
22U21Þ ¼

jU12j2 ImðU�
11U12U�

22U21Þ ¼ 0; if m0 ¼ 2; α ¼ 1, it is
Jð6Þ¼ImðU�

21U22U�
12U11U�

21U21Þ¼jU21j2ImðU�
21U22U�

12×
U11Þ¼0; if m0 ¼ 2; α ¼ 2, it is Jð6Þ ¼ ImðU�

21U22×
U�

12U12U�
22U21Þ ¼ 0. Form ¼ 2, n ¼ 1, we can also verify

Jð6Þ ¼ 0. This agrees with the general results in two scalar
leptoquark extended models shown in Sec. II C.
In Refs. [57,58], the authors propose the condition of CP

invariance applicable to an arbitrary number of fermion
generations. We can perform analogous procedures for the
sLQ generations. The CP violation here originates from the
interactions between Higgs and sLQ; thus, a quantity for
CP violation can be constructed from these interactions.
One key point is that such quantity should be weak
bais invariant, and we know that Tr½ðM2

0ÞrðΓh
0Þs� ¼

Tr½ðM2ÞrðΓhÞs� is invariant under the weak basis trans-
formations, where r and s are non-negative integers. On the
other hand, CP transformation K acts as

K†M2K ¼ ðM2Þ� ¼ ðM2ÞT;
K†ΓhK ¼ ðΓhÞ� ¼ ðΓhÞT: ð18Þ

In the above, the Hermiticity ofM2 and Γh is applied. Then,
we can obtain

K†½M2;Γh�rK ¼ ½ðM2Þ�; ðΓhÞ��r ¼ ð½Γh;M2�rÞT; ð19Þ

which leads to the identity Trð½M2;Γh�rÞ ¼ 0 for odd r. We
can diagonalize the Γh through a unitary matrix V, namely
Γh ¼ VΓh

diagV
†.7 When there are three sLQ generations, the

following quantity can serve as a physical measure for CP
violation:

6The Jarlskog-like invariants for scalars have been studied in
Refs. [54–56].

7The V matrix should not be confused with the U matrix.
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Trð½M2;Γh�3Þ ¼ 6i ImfTr½ðM2Þ2ðΓhÞ2M2Γh�g
¼ 6i ImfTr½ðM2Þ2VðΓh

diagÞ2V†M2VΓh
diagV

†�g
¼ 6i

X
α;β;i;j

m4
ϕα
m2

ϕβ
ðΓh

diag;iiÞ2Γh
diag;jj ImðV�

αjVαiV�
βiVβjÞ

¼ 6iðm2
ϕ1

−m2
ϕ2
Þðm2

ϕ2
−m2

ϕ3
Þðm2

ϕ1
−m2

ϕ3
Þ·

× ðΓh
diag;11 − Γh

diag;22ÞðΓh
diag;22 − Γh

diag;33ÞðΓh
diag;11 − Γh

diag;33Þ ImðV�
13V12V�

22V23Þ: ð20Þ

It means that the CP violation will be not observable if any two of the three sLQ masses are degenerate, which is validated
explicitly in the S1 þ R̃2 þ S3 model in Sec. IV B.

C. Two scalar leptoquark extended models

For the case of two sLQ s, the unitary matrix contains one rotation angle and one phase parameter, which can be
parametrized as

U≡
�

cos θ sin θeiδ

− sin θe−iδ cos θ

�
: ð21Þ

Inserting Eq. (21) into Eq. (9), we have the relations,

M2
0 ¼

"
m2

ϕ1
cos2 θ þm2

ϕ2
sin2 θ ðm2

ϕ2
−m2

ϕ1
Þ sin θ cos θeiδ

ðm2
ϕ2
−m2

ϕ1
Þ sin θ cos θe−iδ m2

ϕ1
sin2 θ þm2

ϕ2
cos2 θ

#
: ð22Þ

Inserting Eq. (21) into Eq. (10), the h coupling matrix in mass eigenstates is computed as

Γh ¼

2
666664

Γh
0;11cos

2θ þ Γh
0;22sin

2θ

− sin θ cos θ½Γh
0;12e

−iδ þ ðΓh
0;12Þ�eiδ� eiδ½Γh

0;12cos
2θe−iδ − ðΓh

0;12Þ�sin2θeiδ þ sin θ cos θðΓh
0;11 − Γh

0;22Þ�
e−iδ½ðΓh

0;12Þ�cos2θeiδ
−Γh

0;12sin
2θe−iδ þ sin θ cos θðΓh

0;11 − Γh
0;22Þ� Γh

0;11sin
2θ þ Γh

0;22cos
2θ þ sin θ cos θ½Γh

0;12e
−iδ þ ðΓh

0;12Þ�eiδ�

3
777775:

ð23Þ

Note that Γh
11 and Γh

22 are real. For the Γh
12 and Γh

21, we have the following relations:

Γh
12 ¼ eiδ½Γh

0;12cos
2θe−iδ − ðΓh

0;12Þ�sin2θeiδ þ sin θ cos θðΓh
0;11 − Γh

0;22Þ�

¼ eiδ
�
Γh
0;12

M2
0;12

ðm2
ϕ2

−m2
ϕ1
Þ sin θcos3θ − ðΓh

0;12Þ�
ðM2

0;12Þ�
ðm2

ϕ2
−m2

ϕ1
Þsin3θ cos θ þ sin θ cos θðΓh

0;11 − Γh
0;22Þ

�
;

Γh
21 ¼ ðΓh

12Þ�: ð24Þ

Inserting Eq. (21) into Eq. (14), the gZI coupling matrix in mass eigenstates is computed as

gZI ¼
"

I3;ϕ1
cos2θ þ I3;ϕ2

sin2θ ðI3;ϕ1
− I3;ϕ2

Þ sin θ cos θeiδ
ðI3;ϕ1

− I3;ϕ2
Þ sin θ cos θe−iδ I3;ϕ1

sin2θ þ I3;ϕ2
cos2θ

#
: ð25Þ
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Hence, the ImðgZ12Γh
21Þ is computed as

ImðgZ12Γh
21Þ ¼ ImðgZI;12Γh

21Þ

¼ ðI3;ϕ1
− I3;ϕ2

Þðm2
ϕ2

−m2
ϕ1
Þsin2θcos2θ · Im

� ðΓh
0;12Þ�

ðM2
0;12Þ�

cos2θ −
Γh
0;12

M2
0;12

sin2θ

�

¼ ðI3;ϕ2
− I3;ϕ1

Þðm2
ϕ2

−m2
ϕ1
Þsin2θcos2θ · Im

�
Γh
0;12

M2
0;12

�
: ð26Þ

We have known that the SUCð3Þ color symmetry restricts the sLQ interactions with the Higgs boson to be cubic type
HLQ2 and quartic type H2LQ2. Consequently, the ImðgZ12Γh

21Þ is zero because the ratio Γh
0;12=M

2
0;12 is real, which is also

presented explicitly in Appendix Awith specific two scalar leptoquark extended model examples. As reasoned in following
Sec. III B 2, it leads to the fact that the two-field models do not contribute to the gg → Zh process exactly.8

D. Three scalar leptoquark S1 + R̃2 +S3 model

For this model, there can be mixing interactions of

− A12̃ðR̃†
2HÞS†1 þ Y13H†ðSa3σaÞ†HS1 þ A2̃3R̃

†
2ðSa3σaÞ†H þ H:c: ð27Þ

After EWSB, there are mixings between the 2=3 and −1=3 electrically charged sLQ individually. For the sLQ with electric
charge 2=3, the 2 × 2 mixing terms are presented in the R̃2 þ S3 model of Appendix A. For the sLQ with electric charge
−1=3, the related mass terms and scalar interactions can be parametrized as

−
h
S1 ðR̃−1=3

2 Þ† S1=33

i
M2

0

2
664

ðS1Þ†
R̃−1=3
2

ðS1=33 Þ†

3
775 − vh

h
S1 ðR̃−1=3

2 Þ† S1=33

i
Γh
0

2
664

ðS1Þ†
R̃−1=3
2

ðS1=33 Þ†

3
775

− ivG0
h
S1 ðR̃−1=3

2 Þ† S1=33

i
ΓG0

0

2
664

ðS1Þ†
R̃−1=3
2

ðS1=33 Þ†

3
775: ð28Þ

In the above, the mass, h coupling, and G0 coupling matrices are given as

M2
0 ¼

2
666664
μ2S1 þ 1

2
λ1S1v

2 1ffiffi
2

p A�
12̃
v 1

2
Y13v2

1ffiffi
2

p A12̃v μ2
R̃2

þ 1
2

�
λ1R̃2

− 1
2
λ2R̃2

�
v2 1ffiffi

2
p A2̃3v

1
2
Y�
13v

2 1ffiffi
2

p A�̃
23
v μ2S3 þ 1

2
λ1S3v

2

3
777775;

Γh
0 ¼

2
6664

λ1S1
1ffiffi
2

p
v
A�
12̃

Y13

1ffiffi
2

p
v
A12̃ λ1R̃2

− 1
2
λ2R̃2

1ffiffi
2

p
v
A2̃3

Y�
13

1ffiffi
2

p
v
A�̃
23

λ1S3

3
7775; ΓG0

0 ¼

2
6664

0 − 1ffiffi
2

p
v
A�
12̃

0

1ffiffi
2

p
v
A12̃ 0 1ffiffi

2
p

v
A2̃3

0 − 1ffiffi
2

p
v
A�̃
23

0

3
7775: ð29Þ

Although we can diagonalize the mass matrix analytically through a 3 × 3 unitary matrix defined in Eq. (8), the
expressions will be quite lengthy and tedious. Assuming Y13v2 ≪ jA12̃jv; jA2̃3jv ≪ m2

i , the unitary matrix up to Oðv3Þ is
computed as

8This is not a surprise, because we know that physical CP violation can only appear when there are at least three generations in
the SM.
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U ≈

2
666664

1 − jA12̃j2v2
4ðm2

12̃
Þ2 −

A�
12̃
vffiffi

2
p

m2

12̃

þ Uð3Þ
12

ð−Y13m2

2̃3
þA�

12̃
A2̃3Þv2

2m2
13
m2

2̃3

A12̃vffiffi
2

p
m2

12̃

þ Uð3Þ
21 1 − jA12̃j2v2

4ðm2

12̃
Þ2 −

jA2̃3j2v2
4ðm2

2̃3
Þ2 − A2̃3vffiffi

2
p

m2

2̃3

þ Uð3Þ
23

ðY�
13
m2

12̃
þA12̃A

�
2̃3
Þv2

2m2
13
m2

12̃

A�
2̃3
vffiffi

2
p

m2

2̃3

þ Uð3Þ
32 1 − jA2̃3j2v2

4ðm2

2̃3
Þ2

3
777775: ð30Þ

Here, we adopt the notations ofm2
12̃
≡m2

S1
−m2

R̃1=3
2

,m2
13 ≡m2

S1
−m2

S1=3
3

,m2
2̃3
≡m2

R̃1=3
2

−m2

S1=3
3

. Note that ourU matrix agrees

with ðW−1=3Þ† given in Ref. [48] up to Oðv2Þ. The explicit formulas of Uð3Þ
12=21=23=32 are given as

Uð3Þ
12 ¼ −

A�̃
23
Y13v3

2
ffiffiffi
2

p
m2

12̃
m2

2̃3

−
A�
12̃
jA12̃j2v3

4
ffiffiffi
2

p ðm2
12̃
Þ3 ;

Uð3Þ
21 ¼ A2̃3Y

�
13v

3

2
ffiffiffi
2

p
m2

12̃
m2

13

þ A12̃jA12̃j2v3
4

ffiffiffi
2

p ðm2
12̃
Þ3 þ

A12̃jA2̃3j2v3
2

ffiffiffi
2

p ðm2
12̃
Þ2

�
1

m2
13

−
1

m2
2̃3

�
;

Uð3Þ
23 ¼ A12̃Y13v3

2
ffiffiffi
2

p
m2

13m
2
2̃3

−
A2̃3jA2̃3j2v3
4

ffiffiffi
2

p ðm2
2̃3
Þ3 þ

A2̃3jA12̃j2v3
2

ffiffiffi
2

p ðm2
2̃3
Þ2

�
1

m2
12̃

−
1

m2
13

�
;

Uð3Þ
32 ¼ −

A�
12̃
Y�
13v

3

2
ffiffiffi
2

p
m2

12̃
m2

2̃3

þ A�̃
23
jA2̃3j2v3

4
ffiffiffi
2

p ðm2
2̃3
Þ3 : ð31Þ

As shown in the following, the Uð3Þ
12=21=23=32 are of crucial influences to the gg → Zh process.

Inserting I3;ðS1Þ† ¼ 0; I
3;R̃−1=3

2

¼ −1=2; I
3;ðS1=3

3
Þ† ¼ 0 into Eq. (15), the gZI;ij is computed as

gZI;ij ¼ −
1

2
U�

2iU2j: ð32Þ

Taking the expressions of Γh
0;ji given in Eq. (29) further, we can obtain

ImðgZI;ijΓh
jiÞ ¼ −

1

2
Im

�
U�

2iU2j

X
m;n

U�
mjΓh

0;mnUni

�

¼ −
1

2
Γh
0;11 ImðU�

2iU2jU�
1jU1iÞ −

1

2
Γh
0;33 ImðU�

2iU2jU�
3jU3iÞ −

1

2
ffiffiffi
2

p
v
jU2ij2 ImðU2jU�

1jA
�
12̃
Þ

−
1

2
ffiffiffi
2

p
v
jU2jj2 ImðU�

2iU1iA12̃Þ −
1

2
ffiffiffi
2

p
v
jU2jj2 ImðU�

2iU3iA2̃3Þ −
1

2
ffiffiffi
2

p
v
jU2ij2 ImðU2jU�

3jA
�̃
23
Þ

−
1

2
ImðU�

2iU2jU�
1jU3iY13Þ −

1

2
ImðU�

2iU2jU�
3jU1iY�

13Þ: ð33Þ

Note that there is no sum over the indices i, j, and we can take i < j.
Adopting the approximations of the unitary matrix exhibited in Eq. (30) and Eq. (31), we have the following results of

ImðgZI;ijΓh
jiÞ up to Oðv2Þ:

ImðgZI;12Γh
21Þ ≈ −

v2

4m2
12̃
m2

2̃3

ImðA�
12̃
A2̃3Y

�
13Þ;

ImðgZI;13Γh
31Þ ≈

v2

4m2
12̃
m2

2̃3

ImðA�
12̃
A2̃3Y

�
13Þ;

ImðgZI;23Γh
32Þ ≈ −

v2

4m2
12̃
m2

2̃3

ImðA�
12̃
A2̃3Y

�
13Þ: ð34Þ
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E. Three scalar leptoquark R2 + R̃2 + S3 model

For this model, there can be mixing interactions of

Y22̃ðR†
2HÞðHTiσ2R̃2Þ þ A2̃3R̃

†
2ðSa3σaÞ†H þ H:c: ð35Þ

After EWSB, there are mixings between the 2=3 and −1=3 electrically charged sLQ individually. For the sLQ with electric
charge −1=3, the 2 × 2 mixing terms are presented in the R̃2 þ S3 model of Appendix A. For the sLQ with electric charge
2=3, the related mass terms and scalar interactions can be parametrized as

−
h
ðR2=3

2 Þ† ðR̃2=3
2 Þ† S−2=33

i
M2

0

2
6664

R2=3
2

R̃2=3
2

ðS−2=33 Þ†

3
7775 − vh

h
ðR2=3

2 Þ† ðR̃2=3
2 Þ† S−2=33

i
Γh
0

2
6664

R2=3
2

R̃2=3
2

ðS−2=33 Þ†

3
7775

− ivG0
h
ðR2=3

2 Þ† ðR̃2=3
2 Þ† S−2=33

i
ΓG0

0

2
6664

R2=3
2

R̃2=3
2

ðS−2=33 Þ†

3
7775: ð36Þ

In the above, the mass, h coupling, and G0 coupling matrices are given as

M2
0 ¼

2
6664
μ2R2

þ 1
2

�
λ1R2

− 1
2
λ2R2

�
v2 1

2
Y22̃v

2 0

1
2
Y�
22̃
v2 μ2

R̃2
þ 1

2

�
λ1R̃2

þ 1
2
λ2R̃2

�
v2 −A2̃3v

0 −A�̃
23
v μ2S3 þ 1

2
ðλ1S3 − λ2S3Þv2

3
7775;

Γh
0 ¼

2
6664
λ1R2

− 1
2
λ2R2

Y22̃ 0

Y�
22̃

λ1R̃2
þ 1

2
λ2R̃2

− 1
v A2̃3

0 − 1
v A

�̃
23

λ1S3 − λ2S3

3
7775; ΓG0

0 ¼

2
664

0 Y22̃ 0

−Y�
22̃

0 − 1
v A2̃3

0 1
v A

�̃
23

0

3
775: ð37Þ

Assuming Y13v2 ≪ jA12̃jv; jA2̃3jv ≪ m2
i , the unitary matrix up to Oðv3Þ is computed as

U ≈

2
666664

1 − Y22̃v
2

2m2

22̃

Uð3Þ
13

Y�
22̃
v2

2m2

22̃

1 − jA2̃3j2v2
2ðm2

2̃3
Þ2

A2̃3v
m2

2̃3

þ Uð3Þ
23

Uð3Þ
31 −

A�
2̃3
v

m2

2̃3

þUð3Þ
32 1 − jA2̃3j2v2

2ðm2

2̃3
Þ2

3
777775: ð38Þ

Here, we adopt the notations of m2
22̃
≡m2

R2=3
2

−m2

R̃2=3
2

, m2
23 ≡m2

R2=3
2

−m2

S2=3
3

, m2
2̃3
≡m2

R̃2=3
2

−m2

S2=3
3

. Note that our U matrix

agrees with ðWþ2=3Þ† given in Ref. [48] up to Oðv2Þ. The explicit formulas of Uð3Þ
13=31=23=32 are given as

Uð3Þ
13 ¼ −

A2̃3Y22̃v
3

2m2
23m

2
2̃3

; Uð3Þ
31 ¼ −

A�̃
23
Y�
22̃
v3

2m2
22̃
m2

23

; Uð3Þ
23 ¼ A2̃3jA2̃3j2v3

2ðm2
2̃3
Þ3 ; Uð3Þ

32 ¼ −
A�̃
23
jA2̃3j2v3

2ðm2
2̃3
Þ3 : ð39Þ

Inserting I
3;R2=3

2

¼ −1=2; I
3;R̃2=3

2

¼ 1=2; I
3;ðS−2=3

3
Þ† ¼ 1 into Eq. (15), the gZI;ij is computed as

gZI;ij ¼ −
1

2
U�

1iU1j þ
1

2
U�

2iU2j þ U�
3iU3j: ð40Þ

Taking the expressions of Γh
0;ji given in Eq. (37) further, we can obtain
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ImðgZI;ijΓh
jiÞ ¼ −

1

2
Im

�
U�

1iU1j

X
m;n

U�
mjΓh

0;mnUni

�
þ 1

2
Im

�
U�

2iU2j

X
m;n

U�
mjΓh

0;mnUni

�

þ Im

�
U�

3iU3j

X
m;n

U�
mjΓh

0;mnUni

�

¼ −
1

2
Γh
0;22 ImðU�

1iU1jU�
2jU2iÞ −

1

2
Γh
0;33 ImðU�

1iU1jU�
3jU3iÞ −

1

2
jU1jj2 ImðU�

1iU2iY22̃Þ

−
1

2
jU1ij2 ImðU�

2jU1jY�
22̃
Þ þ 1

2v
ImðU�

1iU1jU�
2jU3iA2̃3Þ þ

1

2v
ImðU�

1iU1jU�
3jU2iA�̃

23
Þ

þ 1

2
Γh
0;11 ImðU�

2iU2jU�
1jU1iÞ þ

1

2
Γh
0;33 ImðU�

2iU2jU�
3jU3iÞ þ

1

2
jU2ij2 ImðU�

1jU2jY22̃Þ

þ 1

2
jU2jj2 ImðU�

2iU1iY�
22̃
Þ − 1

2v
jU2jj2 ImðU�

2iU3iA2̃3Þ −
1

2v
jU2ij2 ImðU�

3jU2jA�̃
23
Þ

þ Γh
0;11 ImðU�

3iU3jU�
1jU1iÞ þ Γh

0;22 ImðU�
3iU3jU�

2jU2iÞ þ ImðU�
3iU3jU�

1jU2iY22̃Þ

þ ImðU�
3iU3jU�

2jU1iY�
22̃
Þ − 1

v
jU3ij2 ImðU�

2jU3jA2̃3Þ −
1

v
jU3jj2 ImðU�

3iU2iA�̃
23
Þ: ð41Þ

Again, there is no sum over the indices i, j, and we can take i < j.

Adopting the approximations of the unitary matrix
exhibited in Eq. (38) and Eq. (39), we have the following
results of ImðgZI;ijΓh

jiÞ up to Oðv2Þ:

ImðgZI;12Γh
21Þ ≈ ImðgZI;13Γh

31Þ ≈ ImðgZI;23Γh
32Þ ≈ 0: ð42Þ

Note the approximation is valid for jYijjv2 ≪ jAijjv ≪ m2
i .

If jYijjv2 ∼ jAijjv ≪ m2
i , we need to take into account the

Oðv4Þ corrections.9

III. CONTRIBUTIONS TO THE gg → Zh PROCESS

A. General amplitude structure

For the gðk1Þgðk2Þ → Zðp1Þhðp2Þ process, momentum
conservation requires k1 þ k2 ¼ p1 þ p2; then, we can
choose k1, k2, p1 as independent momenta. The
Mandelstam variables are defined as s ¼ ðk1 þ k2Þ2 ¼
ðp1 þ p2Þ2; t ¼ ðk1 − p1Þ2 ¼ ðk2 − p2Þ2; u ¼ ðk1 − p2Þ2 ¼
ðk2 − p1Þ2. The amplitude can be written as
M ¼ Mμνρðk1; k2; p1Þϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ, in which a is

the color index of gluon. Generally, Mμνρðk1; k2; p1Þ can
be constructed from the basic tensor structures: momentum
fkμ2=pμ

1; k
ν
1=p

ν
1; k

ρ
1=k

ρ
2g,10 metric tensor fgμν; gνρ; gμρg, and

anti-symmetric tensor ffϵμνρ×g; fϵμν××; ϵνρ××; ϵμρ××g;
fϵμ×××; ϵν×××; ϵρ×××gg. Here, the symbol “×” labels the
contraction with k1, k2, p1. For the physical amplitude, the
Ward identity requires

k1;μMμνρðk1; k2; p1Þ ¼ k2;νMμνρðk1; k2; p1Þ ¼ 0: ð43Þ

Moreover, the Bose symmetry requires

Mμνρðk1; k2; p1Þ ¼ Mνμρðk2; k1; p1Þ: ð44Þ

Then, the possible amplitude structure can be constructed
respecting theWard identity in Eq. (43) and Bose symmetry
in Eq. (44).
Considering the Levi-Civita tensor, the general CP-even

amplitude is constructed as

Mμνρ
evenðk1; k2; p1Þ ¼

	
F1½ðk1 · k2Þϵμνρk2 − kμ2ϵ

νρk1k2 � þ F2

�
pμ
1 −

p1 · k1
k1 · k2

kμ2

�
ϵνρk1k2

þ F3

�
pμ
1 −

p1 · k1
k1 · k2

kμ2

�
ϵνρk2p1 þ ðk1; μÞ ↔ ðk2; νÞ



þ F4½−ðk1 · k2Þϵμνρp1 − gμνϵρk1k2p1 þ kμ2ϵ

νρk1p1 − kν1ϵ
μρk2p1 �: ð45Þ

9In Sec. IV B, we estimate the leading order results under heavy internal mass expansion, which shows the negligible effects
compared to the SM contributions. Therefore, there is no need to perform the hard diagonalization at Oðv4Þ.

10The fkμ1; kν2; pρ
1g terms do not contribute because of the polarization conditions kμ1ϵ

a
μðk1Þ ¼ 0, kν2ϵ

a
νðk2Þ ¼ 0, and pρ

1ϵρðp1Þ ¼ 0.
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Here, F1;2;3;4 ≡ F1;2;3;4ðs; t; uÞ are the form factors. The contributions in SM are in the form ofMμνρ
evenðk1; k2; p1Þ [37,59], in

which F4ðs; t; uÞ ¼ −F4ðs; u; tÞ.
Without considering the Levi-Civita tensor, the general CP-odd amplitude is constructed as

Mμνρ
oddðk1; k2; p1Þ ¼ G1½kμ2kν1 − ðk1 · k2Þgμν�kρ1

þ G2½kμ2pν
1k

ρ
1 − ðk1 · k2Þgμρpν

1 þ ðp1 · k2Þgμρkν1 − ðp1 · k2Þgμνkρ1�

þ G3

�
pμ
1p

ν
1k

ρ
2 − ðp1 · k2Þgνρpμ

1 −
p1 · k1
k1 · k2

kμ2p
ν
1k

ρ
2 þ

ðp1 · k1Þðp1 · k2Þ
k1 · k2

gνρkμ2

�
þ ðk1; μÞ ↔ ðk2; νÞ: ð46Þ

Note that Mμνρ
odd contains three complete new tensor structures. It is not only induced by the sLQ interactions in this paper,

but also can appear in many other new physics models. Here, G1;2;3 ≡G1;2;3ðs; t; uÞ are the form factors. For simplicity, we
can denote Giðs; u; tÞ as G̃i ≡ G̃iðs; t; uÞ.
For the squared amplitude, we average the initial spin and color degrees of freedom and sum over spin of final states.

There are no interference terms between the CP-even and CP-odd tensor structures. For the CP-odd structure
Mμνρ

oddðk1; k2; p1Þ, the squared amplitude is calculated as

256jMj2 ¼ s2½ðm2
Z − tÞG1 þm2

ZG2�2
8m2

Z
þ s2½ðm2

Z − uÞG̃1 þm2
ZG̃2�2

8m2
Z

þ ðtu −m2
hm

2
ZÞ2

8m2
Z

ðG2
2 þ G̃2

2Þ

−
s2ðm2

Z − tÞ
4

G1G̃2 −
s2ðm2

Z − uÞ
4

G̃1G2 þ ðtu −m2
hm

2
ZÞ
�
−
s
2
G1G3 −

s
2
G̃1G̃3

�

þ ðtu −m2
hm

2
ZÞ
	½ðm2

Z − uÞG3 þ sG̃2�2
2s

þ ½ðm2
Z − tÞG̃3 þ sG2�2

2s




þ ðtu −m2
hm

2
Z −m2

ZsÞ
�
s2

4m2
Z
G1G̃1 þ

ðm2
Z − tÞðm2

Z − uÞ
4m2

Z
G2G̃2 −

ðtu −m2
hm

2
ZÞ

2s
G3G̃3

�
: ð47Þ

Note that there are no G2G3 and G1G̃3 (G3G̃1) terms because of the Lorentz contraction.

B. Contributions in the scalar leptoquark models

1. Gauge independence of the contributions

We classify all the related Feynman diagrams into three
pieces, which are shown in Figs. 1–3. In fact, only the one-
loop Feynman diagrams in Fig. 1 can contribute. Then, we
investigate their contributions in the following Sec. III B 2.
In Fig. 1, there are no Z, Goldstone, and ghost propagators.
Note that all the vertexes do not rely on the gauge
parameter ξ.
For the diagrams (a), (b), (c), (d), (e) in Fig. 2, the

amplitudes vanish due to zero color trace. For the diagrams
(e), (f), (g) in Fig. 2, the amplitudes vanish due to absence
of diagonalG0 − LQ − LQ interactions, which is illustrated
in Appendix B.
For the diagram (a) in Fig. 3, there are exact cancellation

between the clockwise and counterclockwise diagrams,
which is demonstrated evidently in Appendix D 2. For the
diagram (b), (c), (d) in Fig. 3, the amplitudes vanish due to
the identity 2B1ðk21; m2

i ; m
2
i Þ þ B0ðk21; m2

i ; m
2
i Þ ¼ 0, which

is also demonstrated evidently in Appendix D 2.

Therefore, gauge independence of the total amplitude is
guaranteed.

2. Explicit amplitude formulas
in the scalar leptoquark models

As aforementioned, only the one-loop Feynman dia-
grams in Fig. 1 can contribute. Here, we investigate their
contributions. The computation details are presented in
Appendix D 1. Our results confirm the new tensor struc-
tures constructed in Eq. (46), and the form factor
G1;2;3ðs; t; uÞ are expressed in the form of

G1;2;3 ¼ −
X
i;j

g2g2s ImðgZijΓh
jiÞv

2π2cW

X10
m¼1

ḠðmÞ
1;2;3

¼ −
X
i<j

g2g2s ImðgZijΓh
jiÞv

2π2cW

×

�X10
m¼1

ḠðmÞ
1;2;3 −

X10
m¼1

ḠðmÞ
1;2;3ði ↔ jÞ

�
: ð48Þ
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Here, the ḠðmÞ
1;2;3ði ↔ jÞ stands for substitution of mi ↔ mj in ḠðmÞ

1;2;3. By means of FeynCalc [61], the ḠðmÞ
1;2;3ðm ¼

1; 2;…; 10Þ are simplified in terms of following ten loop functions:

Bi
0ðsÞ; Diiij

0 ðs; tÞ=Diiij
0 ðs; uÞ=Diijj

0 ðt; uÞ
Ci
0ðsÞ=Ciij

0 ðm2
h; tÞ=Ciij

0 ðm2
h; uÞ=Ciij

0 ðm2
Z; tÞ=Ciij

0 ðm2
Z; uÞ=Ciji

0 ðm2
h; m

2
Z; sÞ: ð49Þ

FIG. 1. Triangle (a)–(c) and box (d)–(f) Feynman diagrams contributing to the gg → Zh process. Both the clockwise and
counterclockwise diagrams should be included for each diagram. The Feynman diagrams are generated by FeynArts [60].

FIG. 2. Feynman diagrams without contributing to the gg → Zh process. In the two rows of upper panel (a)–(e), the diagrams wrapped
by the square frame vanish automatically because the color trace is zero. In the row of lower panel (f,g), the diagrams vanish
automatically because the diagonal G0 − LQ − LQ interactions are absent.
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The shorthand notations are defined in Appendix C, which
are basically scalar integrals B0=C0=D0 with specific
variables. In Appendix E, we present the explicit expres-

sions of ḠðmÞ
1;2;3. Note that the contributions in Eq. (48) are

universal for the color triplet and electroweak multiplet
scalars, and the explicit expressions of ImðgZijΓh

jiÞ are model
dependent.
As pointed in Ref. [47], the h − G0 − Z, Z − LQ − LQ,

and g − LQ − LQ couplings linearly depend on the
momentum. If the total number of such vertex is odd,
the amplitude will change sign under the reversed loop
momentum flow. Thus, the contributions from diagonal
interactions vanish when adding the clockwise and counter-
clockwise diagrams together, which is obvious in Eq. (48).
For the contributions from off diagonal interactions, the

gZij and Γh
ji are model dependent. In Secs. II A and II C, we

demonstrate ImðgZijΓh
jiÞ ¼ 0 for i ≠ j, which means that the

contributions exactly vanish in the one-sLQ and two-sLQ

models. For the three-sLQ models, there can be nonzero
contributions in the presence of three different sLQ mass
and CP violation as expected in Eq. (20). In Sec. II D, we
find that ImðgZijΓh

jiÞ does not vanish at Oðv2Þ in the S1 þ
R̃2 þ S3 model, which implies there are enough degrees of
freedom such that CP violation can generate physical
effects in this process. In Sec. II E, we find that
ImðgZijΓh

jiÞ vanishes at Oðv2Þ in the R2 þ R̃2 þ S3 model.

IV. HEAVY INTERNAL MASS EXPANSION OF
THE CONTRIBUTIONS

A. General expansion results

In the limit of m2
h; m

2
Z; ŝ; t̂; û ≪ m2

LQ, we can obtain the
one-loop sLQ contributions under heavy internal mass
approximation. Adopting the expansions of the loop
integrals in Appendix C 2, the coefficients G1;2;3 defined
in Eq. (48) can be expanded as

G1 ¼ −
X
i<j

g2g2s ImðgZijΓh
jiÞv

2π2cW
·

"
m8

i − 8m6
i m

2
j þ 8m2

i m
6
j −m8

j þ 12m4
i m

4
j log

m2
i

m2
j

24m2
i m

2
jðm2

i −m2
jÞ4

þO
�

1

m6
LQ

�#
;

G2 ¼ −
X
i<j

g2g2s ImðgZijΓh
jiÞv

2π2cW
·

"
3ðm4

i −m4
jÞ − ðm4

i þ 4m2
i m

2
j þm4

jÞ logm2
i

m2
j

12ðm2
i −m2

jÞ4
þO

�
1

m6
LQ

�#
;

G3 ¼ −
X
i<j

g2g2s ImðgZijΓh
jiÞv

2π2cW
·O

�
1

m6
LQ

�
: ð50Þ

As we can see, the loop functions are at Oð1=m4
LQÞ. Because the mixings are usually suppressed by the heavy sLQ mass,

there can be extra suppressions from off-diagonal coupling product ImðgZijΓh
jiÞ. The expansion results above have been

checked by the LoopTools numerically [62]. For simplicity, we define a mass splitting quantity m2
ij ≡m2

i −m2
j, which is

FIG. 3. Feynman diagrams without contributing to the gg → Zh process. In the row of upper panel (a), both the clockwise and
counterclockwise triangle diagrams should be included, which make the zero total contribution. In the lower panel (b)–(d), the
bubblelike diagrams vanish after loop integration.
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usually subject to constraints from electroweak precision observables. Based on the expansion results in Eq. (50), let us
consider the following small and large sLQ mass splitting scenarios.

(i) Small sLQ mass splitting scenario
If m2

ij ≪ m2
i;j, the expansion results above can be further approximated as

G1 ¼ −
X
i<j

g2g2s ImðgZijΓh
jiÞv

120π2cW
·

�
m2

ij

m6
j
þO

�
1

m6
LQ

��
;

G2 ¼
X
i<j

g2g2s ImðgZijΓh
jiÞv

720π2cW
·
�
m2

ij

m6
j
þO

�
1

m6
LQ

��
: ð51Þ

(ii) Large sLQ mass splitting scenario
If there is a large mass splitting betweenmi andmj, things are a little complex. For a moderate large mass splitting,

we should take the full form of Eq. (50). For a extreme large mass splitting, the expansion results in Eq. (50) can be
further approximated as

G1 ¼ −
X
i<j

g2g2s ImðgZijΓh
jiÞv

2π2cW
·

8>><
>>:

− 1
24m2

i m
2
j
þO

�
1

m6
LQ

�
; for mi ≪ mj

1
24m2

i m
2
j
þO

�
1

m6
LQ

�
; for mi ≫ mj

;

G2 ¼ −
X
i<j

g2g2s ImðgZijΓh
jiÞv

2π2cW
·

8>><
>>:

1
12m4

j

�
log

m2
j

m2
i
− 3

�
þO

�
1

m6
LQ

�
; for mi ≪ mj

− 1
12m4

i

�
log m2

i
m2

j
− 3

�
þO

�
1

m6
LQ

�
; for mi ≫ mj

: ð52Þ

B. Expansion results in the S1 + R̃2 + S3 model

In the S1 þ R̃2 þ S3 model, there are three sLQ mass scales mS1 ; mR̃1=3
2

; mS1=3
3

, which are abbreviated as m1; m2̃; m3,
respectively. For the heavy internal mass expansion results, we consider the following three scenarios: small mass splitting,
two splitting mass scales, and three splitting mass scales.

(i) Scenario with small sLQ mass splitting.
In this scenario, there are small splittings between the three mass scales m1; m2̃; m3. Inserting approximate

ImðgZijΓh
jiÞ from Eq. (34) into Eq. (51), we find that

ImðgZ12Γh
21Þ

m4
LQ

·
m2

12̃

m2
LQ

þ ImðgZ13Γh
31Þ

m4
LQ

·
m2

13

m2
LQ

þ ImðgZ23Γh
32Þ

m4
LQ

·
m2

2̃3

m2
LQ

¼ v2

4m2
12̃
m2

2̃3

ImðA�
12̃
A2̃3Y

�
13Þ

−m2
12̃
þm2

13 −m2
2̃3

m6
LQ

¼ 0: ð53Þ

This leads to G1 ¼ G2 ¼ 0 at ImðgZijΓh
jiÞ ·Oð1=m4

LQÞ level, which means that the sLQ contributions vanish for small
mass splitting scenario in the S1 þ R̃2 þ S3 model. This behavior is expected because the G1;2;3 are exactly canceled
for the same loop particles from Eq. (48).

(ii) Scenario with two splitting mass scales.
In this scenario, there are two splitting mass scales, which covers the following six cases:

m1 ≈m2̃ ≪ m3; m3 ≪ m1 ≈m2̃; m1 ≈m3 ≪ m2̃;

m2̃ ≪ m1 ≈m3; m2̃ ≈m3 ≪ m1; m1 ≪ m2̃ ≈m3: ð54Þ

Inserting the approximate ImðgZijΓh
jiÞ from Eq. (34) into Eq. (52), we find that
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G1;2 ¼ −
g2g2s
2π2cW

v3

4m2
12̃
m2

2̃3

ImðA�
12̃
A2̃3Y

�
13Þ ·O

�
1

m6
LQ

�
: ð55Þ

This behavior is just expected by the CP violated quantity presented in Eq. (20). Due to the nearly degeneracy of two
sLQ masses, it can be also understood and treated as a two-field model in nature. Meanwhile, we have demonstrated
that the sLQ contributions vanish for the two-field models in Sec. II C.

(iii) Scenario with three splitting mass scales.
In this scenario, the three mass scales are all split. Inserting the approximate ImðgZijΓh

jiÞ from Eq. (34) into Eq. (52),
the G1 can be expanded as

G1 ≈ −
g2g2sv3

8π2cW
ImðA�

12̃
A2̃3Y

�
13Þ ·

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

1
24m2

1
m4

2̃
m2

3

; for m1 ≪ m2̃ ≪ m3

1
24m2

1
m4

2̃
m2

3

; for m1 ≪ m3 ≪ m2̃

1
24m4

1
m2

2̃
m2

3

; for m2̃ ≪ m1 ≪ m3

− 1
24m2

1
m2

2̃
m4

3

; for m2̃ ≪ m3 ≪ m1

− 1
24m2

1
m4

2̃
m2

3

; for m3 ≪ m1 ≪ m2̃

− 1
24m2

1
m4

2̃
m2

3

; for m3 ≪ m2̃ ≪ m1

: ð56Þ

Inserting the approximate ImðgZijΓh
jiÞ from Eq. (34) into Eq. (52), the G2 can be expanded as

G2 ≈ −
g2g2sv3

8π2cW
ImðA�

12̃
A2̃3Y

�
13Þ ·

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

− 1
12m6

2̃
m2

3

�
log

m2

2̃

m2
1

− 3
�

; for m1 ≪ m2̃ ≪ m3

− 1
12m4

2̃
m4

3

�
log m2

3

m2
1

− 3
�

; for m1 ≪ m3 ≪ m2̃

− 1
12m6

1
m2

3

�
log m2

1

m2

2̃

− 3
�

; for m2̃ ≪ m1 ≪ m3

1
12m2

1
m6

3

�
log

m2
3

m2

2̃

− 3
�

; for m2̃ ≪ m3 ≪ m1

1
12m4

1
m4

2̃

�
log m2

1

m2
3

− 3
�

; for m3 ≪ m1 ≪ m2̃

1
12m2

1
m6

2̃

�
log

m2

2̃

m2
3

− 3
�

; for m3 ≪ m2̃ ≪ m1

: ð57Þ

Note that the CP violation appears in the form of ImðA�
12̃
A2̃3Y

�
13Þ. The A�

12̃
and A2̃3 are dimensional couplings in front

of the cubic typeHLQ2 interactions, which can be taken as the sLQ mass scale. Therefore,G1;2 are suppressed by the
factor 1=m6

LQ eventually, which are further explained from viewpoint of SMEFT in the following Sec. IV C.
In SM, the F1 is expanded as [59]

F1 ¼
ig2g2s

16π2vcW
·
m2

Z − t
6m2

t s
þO

�
1

m4
t

�
: ð58Þ

Since
ffiffiffi
s

p
> mZ þmh and

ffiffiffi
2

p
mt ≈ v, we can take ðm2

Z − tÞ=ð6m2
t sÞ as 1=v2 roughly, and this is enough to capture

the magnitude. At leading order, the ratios between sLQ and SM contributions are naively estimated as

G1;2

F1

∼
v6 ImðA�

12̃
A2̃3Y

�
13Þ

m8
LQ

: ð59Þ

Note that the coupling Y13 can be taken as Oð1Þ and the lower limit of sLQ mass is typically at 2 TeV. Then, we can
obtainG1;2=F1 ∼ v6=m6

LQ ≲ 10−6. Even if the interference contributions can be extracted through Z polarization and
differential distributions, the 10−6 effects are too small. In fact, the magnitude estimation is quite general for the color
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triplet and electroweak multiplet scalar contribu-
tions. The contribution in Eq. (48) is a model
independent formula for general h − LQ − LQ and
Z − LQ − LQ interactions, which are valid for the
color triplet scalars. Meanwhile, the off diagonal
coupling product ImðgZijΓh

jiÞ (i ≠ j) is of order
Oðv2=m2

LQÞ, which makes the loop expansion in
Eq. (50) to be vG1;2 ∼ v4=m6

LQ.
Currently, the VðW=ZÞh associated production

has been observed [63,64], while the gg → Zh
channel is still not observed yet. The cross section
of gg → Zh is roughly 15% of the pp → Zh process
at the center-of-mass energy of

ffiffiffi
s

p ¼ 14 TeV [65].
At near future high luminosity LHC (HL-LHC), the
projection is performed by extrapolating the present
measurements in the h → bb̄ channel. From simul-
taneous three-parameter fit of the processes Wh,
qq̄ → Zh, gg → Zh, the expected uncertainty for

gg → Zh production is ∼40% at 1σ confidence
level [66]. Therefore, measurements of the
v6=m6

LQ ≲ 10−6 sLQ effects are quite challenging.

C. Analysis in the effective field theory

In Sec. III A, we construct the traditional CP-even and
new CP-odd tensor structures fromWard identity and Bose
symmetry in Eqs. (45) and (46), respectively. Then, we
compute the form factors in the sLQ models. As matter of
fact, they can also be analyzed and confirmed within the
SMEFT framework respecting SUCð3Þ × SULð2Þ ×UYð1Þ
gauge symmetry. Only high dimensional contact operators
can contribute to the gg → Zh process directly, and the
lowest order is at dimension-eight level. The CP-even (CP-
odd) tensor structures are induced by the operators with
(without) dual field strength tensor G̃μν;a ≡ ϵμνρσGa

ρσ=2. In
view of the independent dimension-eight operators listed in
papers [67,68], the three relevant operators are given as

Ga
μνG̃

μν;aðDρHÞ†ðDρHÞ; Ga
μνGμν;aðDρHÞ†ðDρHÞ; Ga

μρGνρ;aðDμHÞ†ðDνHÞ: ð60Þ

After EWSB, we can check that none of the three operators above can produce the ggZh contact interaction.
In Refs. [69,70], the authors present nine redundant operators which are removed in the traditional basis. Here, we list the

nine G2H2D2-type operators, which can appear in a new basis. Containing dual field strength tensor, the four operators are
given as

Oeven;1a ¼ Ga
μνG̃

μν;aH†ðD2HÞ; Oeven;1b ¼ Ga
μνG̃

μν;aðD2HÞ†H;

Oeven;2a ¼ ðDμGa
μνÞG̃νρ;aH†ðDρHÞ; Oeven;2b ¼ ðDμGa

μνÞG̃νρ;aðDρHÞ†H: ð61Þ

Without containing dual field strength tensor, the five operators are given as

Oodd;1a ¼ Ga
μνGμν;aH†ðD2HÞ; Oodd;1b ¼ Ga

μνGμν;aðD2HÞ†H;

Oodd;2a ¼ ðDμGa
μνÞGνρ;aH†ðDρHÞ; Oodd;2b ¼ ðDμGa

μνÞGνρ;aðDρHÞ†H;

Oodd;3 ¼ ðDμGa
μρÞðDνGνρ;aÞH†H: ð62Þ

Note that the operators Oeven;2að2bÞ;Oodd;2að2bÞ;Oodd;3 can not produce the ggZh contact interaction. After EWSB, the
H†ðD2HÞ can lead to the terms hð∂μZμÞ and Zμð∂μhÞ. However, the hð∂μZμÞ part do not contribute for on shell Z boson.
Therefore, the operators Oeven;1að1bÞ in Eq. (61) will lead to the following mass eigenstate interaction:

Oeven;1 ¼ Ga
μνG̃

μν;aZρð∂ρhÞ: ð63Þ

The operator Oeven;1 in Eq. (63) implies the F1 tensor structure ðk1 · k2Þϵμνρk2 − kμ2ϵ
νρk1k2 , which is also checked by

implementing the fr file to FeynRules [71]. Moreover, the tensor structure can be confirmed by the heavy quark expansion of
SM results in Ref. [59], where the F1 and F2 parts satisfy

�
m2

Z − t̂
ŝ

�
ŝ
2
ϵμνρk2 − kμ2ϵ

νρk1k2

�
−
�
pμ
1 þ

t̂ −m2
Z

ŝ
kμ2

�
ϵνρk1k2 þ ðk1; μÞ ↔ ðk2; νÞ

�
¼ ðp1 · k1Þϵμνρk2 − pμ

1ϵ
νρk1k2 − ðp1 · k2Þϵμνρk1 þ pν

1ϵ
μρk1k2 : ð64Þ
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Applying the Schouten identity, the above result is just
pρ
1ϵ

μνk1k2 , which causes no physical effects because of the
transversality condition ϵr3;�ρ ðp1Þpρ

1 ¼ 0. As a result, only
one form factor F1 can survive in Eq. (45) at dimension-
eight level.
Similarly, the operatorsOodd;1að1bÞ in Eq. (62) will lead to

the following mass eigenstate interaction:

Oodd;1 ¼ Ga
μνGμν;aZρð∂ρhÞ: ð65Þ

The operator Oodd;1 in Eq. (65) implies the G1 tensor
structure ½kμ2kν1 − ðk1 · k2Þgμν�kρ1.
As established previously, the presence of at least three

sLQ generations is necessary to generate nonzero contri-
butions. In Fig. 4, we show the diagrams that can be
contracted into a ggZh vertex from gauge eigenstate fields.
Because G2 is already of mass dimension four, the
incorporation of H4 and W3=B fields can not yield the
dimension-eight operators and the leading operators are
induced at dimension-ten level.11 That is the reason why the
sLQ contributions are negligible as confirmed by our heavy
internal mass expansion of the sLQ contributions in
Eq. (50). Considering 1=m2

LQ suppression associated with
the off diagonal coupling product ImðgZijΓh

jiÞ, the two form
factors G1 and G2 only survive at Oð1=m6

LQÞ. The strong
suppression arises from symmetry cancellations in the
specific sLQ models.

V. SUMMARY AND CONCLUSIONS

In this manuscript, we systematically investigate one-
loop contributions to the gg → Zh process in the general
sLQ models quantitatively. Based on the Ward identity and
Bose symmetry, we construct new CP violated tensor
structures. Starting from the most general sLQ interactions,
we derive the one-loop contributions in the Rξ gauge in
Eq. (48), which verify these new tensor structures. The
gauge independence of amplitude is validated evidently by
the vanishing color trace, vanishing diagonalG0−LQ−LQ
interaction, and the identity 2B1ðk21; m2

i ; m
2
i Þ þ B0ðk21;

m2
i ; m

2
i Þ ¼ 0. In light of the analytic contributions, we find

that there should exist both the off diagonal h − LQ − LQ
and Z − LQ − LQ interactions to produce nonzero contri-
butions. In the one-field and two-field models, the con-
tributions vanish exactly; thus, the contributions are
possible at least in the three-field models. Concretely,
we exemplify the contributions in the S1 þ R̃2 þ S3
model, which require the presence of scalar leptoquark
mass splittings and CP violation in the form of
ImðA�

12̃
A2̃3Y

�
13Þ. From the SMEFT perspective, the sLQ

contributions are indeed described by the dimension-ten
operators. Numerically, the leading contributions are small
because it is heavily suppressed by the sLQ mass.
Although we deduce the results in the sLQ conventions,

it is general for the renormalizable color triplet and
electroweak multiplet scalar models, which can also serve
as a useful reference for studying the contributions in other
new physics models. Given that the colored scalar con-
tributions in the gg → Zh process are negligible, our study
quantitatively reveals the screening effects of the color
triplet scalars in this channel. If there is a anomaly observed
in the gg → Zh channel in the future, we can exclude the
models extended solely by color triplet scalars. The new
CP-odd tensor structures are foundations of studies in other
new physics models. Our preliminary attempts indicates
that such tensor structures can also arise in the CP violated
fermion loops. Crucially, colored scalars only contribute to
the CP-odd tensor structures, while fermion loops can
generate both the CP-even and CP-odd tensor structures.
For example, the ht̄iγ5t interactions can lead to the
contributions at dimension-eight level. The new fermion
loops and modified SM couplings will be studied exhaus-
tively in the future works.
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FIG. 4. Typical triangle (left) and box (right) diagrams contributing to the ggZh contact effective operators. Here, the indices i, j, k
label three different fields. The diagrams are generated by JaxoDraw [73].

11Part of dimension-ten operators are shown in [72], while
systematic analyses lie beyond the scope of this work.
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APPENDIX A: SPECIFIC TWO SCALAR LEPTOQUARK EXTENDED MODELS

In the following, we enumerate the five two-field models with mixing: S1 þ R̃2; S1 þ S3; S̃1 þ S3; R2 þ R̃2;
R̃2 þ S3 [10,48].

(i) S1 þ R̃2 model.
For this model, there can be a mixing interaction −A12̃ðR̃†

2HÞS†1 þ H:c: After EWSB, the related mass terms and
scalar interactions can be parametrized as

−½ S1 ðR̃−1=3
2 Þ† �M2

0

� ðS1Þ†
R̃−1=3
2

�
− vh½S1 ðR̃−1=3

2 Þ† �Γh
0

� ðS1Þ†
R̃−1=3
2

�
− ivG0½ S1 ðR̃−1=3

2 Þ† �ΓG0

0

� ðS1Þ†
R̃−1=3
2

�
: ðA1Þ

In the above, the mass, h coupling, and G0 coupling matrices are given as

M2
0 ¼

2
64 μ2S1 þ 1

2
λ1S1v

2 1ffiffi
2

p A�
12̃
v

1ffiffi
2

p A12̃v μ2
R̃2

þ 1
2

�
λ1R̃2

− 1
2
λ2R̃2

�
v2

3
75;

Γh
0 ¼

2
64 λ1S1

1ffiffi
2

p
v
A�
12̃

1ffiffi
2

p
v
A12̃ λ1R̃2

− 1
2
λ2R̃2

3
75; ΓG0

0 ¼

2
64 0 − 1ffiffi

2
p

v
A�
12̃

1ffiffi
2

p
v
A12̃ 0

3
75: ðA2Þ

As for the I3;ϕi
, they are given as

I3;ðS1Þ† ¼ 0; I
3;R̃−1=3

2

¼ −
1

2
: ðA3Þ

(ii) S1 þ S3 model.
For this model, there can be a mixing interaction Y13H†ðSa3σaÞ†HS1 þ H:c: After EWSB, the related mass terms

and scalar interactions can be parametrized as

−½ S1 S1=33
�M2

0

" ðS1Þ†
ðS1=33 Þ†

#
− vh½ S1 S1=33

�Γh
0

" ðS1Þ†
ðS1=33 Þ†

#
− ivG0½ S1 S1=33

�ΓG0

0

" ðS1Þ†
ðS1=33 Þ†

#
: ðA4Þ

In the above, the mass, h coupling, and G0 coupling matrices are given as

M2
0 ¼

"
μ2S1 þ 1

2
λ1S1v

2 1
2
Y13v2

1
2
Y�
13v

2 μ2S3 þ 1
2
λ1S3v

2

#
; Γh

0 ¼
�
λ1S1 Y13

Y�
13 λ1S3

�
; ΓG0

0 ¼
�
0 0

0 0

�
: ðA5Þ

As for the I3;ϕi
, they are given as

I3;ðS1Þ† ¼ I
3;ðS1=3

3
Þ† ¼ 0: ðA6Þ

(iii) S̃1 þ S3 model.
For this model, there can be a mixing interaction Y 1̃3H

Tðiσ2ÞðSa3σaÞHS̃†1 þ H:c: After EWSB, the related mass
terms and scalar interactions can be parametrized as

−½ ðS̃1Þ† ðS4=33 Þ† �M2
0

�
S̃1

S4=33

�
− vh½ ðS̃1Þ† ðS4=33 Þ† �Γh

0

�
S̃1

S4=33

�
− ivG0½ ðS̃1Þ† ðS4=33 Þ† �ΓG0

0

�
S̃1

S4=33

�
: ðA7Þ

In the above, the mass, h coupling, and G0 coupling matrices are given as
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M2
0 ¼

"
μ2
S̃1
þ 1

2
λ1S̃1v

2 1ffiffi
2

p Y 1̃3v
2

1ffiffi
2

p Y �̃
13
v2 μ2S3 þ 1

2
ðλ1S3 þ λ2S3Þv2

#
;

Γh
0 ¼

"
λ1S̃1

ffiffiffi
2

p
Y 1̃3ffiffiffi

2
p

Y �̃
13

λ1S3 þ λ2S3

#
; ΓG0

0 ¼
"

0
ffiffiffi
2

p
Y 1̃3

−
ffiffiffi
2

p
Y �̃
13

0

#
: ðA8Þ

As for the I3;ϕi
, they are given as

I3;S̃1 ¼ 0; I
3;S4=3

3

¼ 1: ðA9Þ

(iv) R2 þ R̃2 model.
For this model, there can be a mixing interaction Y22̃ðR†

2HÞðHTiσ2R̃2Þ þ H:c:After EWSB, the related mass terms
and scalar interactions can be parametrized as

−½ ðR2=3
2 Þ† ðR̃2=3

2 Þ† �M2
0

�
R2=3
2

R̃2=3
2

�
− vh½ ðR2=3

2 Þ† ðR̃2=3
2 Þ† �Γh

0

�
R2=3
2

R̃2=3
2

�
− ivG0½ ðR2=3

2 Þ† ðR̃2=3
2 Þ† �ΓG0

0

�
R2=3
2

R̃2=3
2

�
: ðA10Þ

In the above, the mass, h coupling, and G0 coupling matrices are given as

M2
0 ¼

2
64 μ2R2

þ 1
2

�
λ1R2

− 1
2
λ2R2

�
v2 1

2
Y22̃v

2

1
2
Y�
22̃
v2 μ2

R̃2
þ 1

2

�
λ1R̃2

þ 1
2
λ2R̃2

�
v2

3
75;

Γh
0 ¼

"
λ1R2

− 1
2
λ2R2

Y22̃

Y�
22̃

λ1R̃2
þ 1

2
λ2R̃2

#
; ΓG0

0 ¼
"

0 Y22̃

−Y�
22̃

0

#
: ðA11Þ

As for the I3;ϕi
, they are given as

I
3;R2=3

2

¼ −
1

2
; I

3;R̃2=3
2

¼ 1

2
: ðA12Þ

(v) R̃2 þ S3 model.
For this model, there can be a mixing interaction A2̃3R̃

†
2ðSa3σaÞ†H þ H:c: After EWSB, there are mixings between

the 2=3 and −1=3 electrically charged sLQ individually.
① For the sLQ with electric charge 2=3, the related mass terms and scalar interactions can be parametrized as

−½ ðR̃2=3
2 Þ† S−2=33

�M2
0

"
R̃2=3
2

ðS−2=33 Þ†

#
− vh½ ðR̃2=3

2 Þ† S−2=33
�Γh

0

"
R̃2=3
2

ðS−2=33 Þ†

#
− ivG0½ ðR̃2=3

2 Þ† S−2=33
�ΓG0

0

"
R̃2=3
2

ðS−2=33 Þ†

#
:

ðA13Þ

In the above, the mass, h coupling, and G0 coupling matrices are given as

M2
0 ¼

"
μ2
R̃2

þ 1
2

�
λ1R̃2

þ 1
2
λ2R̃2

�
v2 −A2̃3v

−A�̃
23
v μ2S3 þ 1

2
ðλ1S3 − λ2S̃3Þv2

#
;

Γh
0 ¼

"
λ1R̃2

þ 1
2
λ2R̃2

− 1
v A2̃3

− 1
v A

�̃
23

λ1S3 − λ2S̃3

#
; ΓG0

0 ¼
"

0 − 1
v A2̃3

1
v A

�̃
23

0

#
: ðA14Þ
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As for the I3;ϕi
, they are given as

I
3;R̃2=3

2

¼ 1

2
; I

3;ðS−2=3
3

Þ† ¼ 1: ðA15Þ

② For the sLQ with electric charge −1=3, the related mass terms and scalar interactions can be parametrized as

−½ ðR̃−1=3
2 Þ† S1=33

�M2
0

"
R̃−1=3
2

ðS1=33 Þ†

#
− vh½ ðR̃−1=3

2 Þ† S1=33
�Γh

0

"
R̃−1=3
2

ðS1=33 Þ†

#
− ivG0½ ðR̃−1=3

2 Þ† S1=33
�ΓG0

0

"
R̃−1=3
2

ðS1=33 Þ†

#
:

ðA16Þ

In the above, the mass, h coupling, and G0 coupling matrices are given as

M2
0 ¼

"
μ2
R̃2

þ 1
2

�
λ1R̃2

− 1
2
λ2R̃2

�
v2 1ffiffi

2
p A2̃3v

1ffiffi
2

p A�̃
23
v μ2S3 þ 1

2
λ1S3v

2

#
;

Γh
0 ¼

"
λ1R̃2

− 1
2
λ2R̃2

1ffiffi
2

p
v
A2̃3

1ffiffi
2

p
v
A�̃
23

λ1S3

#
; ΓG0

0 ¼
"

0 1ffiffi
2

p
v
A2̃3

− 1ffiffi
2

p
v
A�̃
23

0

#
: ðA17Þ

As for the I3;ϕi
, they are given as

I
3;R̃−1=3

2

¼ −
1

2
; I

3;ðS1=3
3

Þ† ¼ 0: ðA18Þ

APPENDIX B: VANISHING OF THE DIAGONAL G0 −LQ−LQ TYPE INTERACTIONS

1. Two scalar leptoquark extended models

Inserting Eq. (21) into Eq. (10), the G0 coupling matrix in mass eigenstates is computed as

ΓG0 ¼
"

− sin θ cos θ½ΓG0

0;12e
−iδ − ðΓG0

0;12Þ�eiδ� eiδ½ΓG0

0;12cos
2θe−iδ þ ðΓG0

0;12Þ�sin2θeiδ�
−e−iδ½ðΓG0

0;12Þ�cos2θeiδ þ ΓG0

0;12sin
2θe−iδ� sin θ cos θ½ΓG0

0;12e
−iδ − ðΓG0

0;12Þ�eiδ�

#
: ðB1Þ

Based on the expression of M2
0;12 shown in Eq. (22), we have the following relations:

ΓG0

11 ¼ − sin θ cos θ½ΓG0

0;12e
−iδ − ðΓG0

0;12Þ�eiδ� ¼ −2i sin θ cos θ · ImðΓG0

0;12e
−iδÞ

¼ −2iðm2
ϕ2
−m2

ϕ1
Þsin2θcos2θ · Im

�ΓG0

0;12

M2
0;12

�
: ðB2Þ

Again, the cubic typeHLQ2 and quartic typeH2LQ2 interactions leads to the result ΓG0

11 ¼ 0 due to real ΓG0

0;12=M
2
0;12 in the

two-field models, which is also illustrated explicitly in Appendix A with specific two scalar leptoquark extended model
examples. Because of trðΓG0Þ ¼ 0, the ΓG0

22 ¼ 0 is valid. Consequently, off-diagonal G0 − LQ − LQ interactions are absent
in the two-sLQ models.

2. Three scalar leptoquark S1 + R̃2 + S3 model

Inserting expressions of ΓG0

0 given in Eq. (29) into Eq. (11), the diagonal G0 coupling matrix in mass eigenstates is
computed as
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ðΓG0Þii ¼
1ffiffiffi
2

p
v
ð−U�

1iU2iA�
12̃
þU�

2iU1iA12̃ þU�
2iU3iA2̃3 − U�

3iU2iA�̃
23
Þ: ðB3Þ

Note that there is no sum over the index i.
Inserting expressions of M2

0 given in Eq. (29) into M2
0 ¼ UM2U†, we have the following relations:

1ffiffiffi
2

p A12̃v ¼ m2
S1
U21U�

11 þm2

R̃1=3
2

U22U�
12 þm2

S1=3
3

U23U�
13;

1ffiffiffi
2

p A2̃3v ¼ m2
S1
U21U�

31 þm2

R̃1=3
2

U22U�
32 þm2

S1=3
3

U23U�
33: ðB4Þ

Inserting expressions of A12̃ and A2̃3 given in Eq. (B4) into Eq. (B3), the ðΓG0Þii is computed as

v2ðΓG0Þii ¼ m2
S1
ð−U�

1iU2iU11U�
21 þ U�

2iU1iU21U�
11 þ U�

2iU3iU21U�
31 −U�

3iU2iU31U�
21Þ

þm2

R̃1=3
2

ð−U�
1iU2iU12U�

22 þU�
2iU1iU22U�

12 þ U�
2iU3iU22U�

32 − U�
3iU2iU32U�

22Þ
þm2

S1=3
3

ð−U�
1iU2iU13U�

23 þ U�
2iU1iU23U�

13 þ U�
2iU3iU23U�

33 −U�
3iU2iU33U�

23Þ: ðB5Þ

Especially, the ðΓG0Þ11 is computed as

v2ðΓG0Þ11 ¼ m2

R̃1=3
2

½U�
21U22ðU11U�

12 þU31U�
32Þ −U21U�

22ðU�
11U12 þU�

31U32Þ�
þm2

S1=3
3

½U�
21U23ðU11U�

13 þ U31U�
33Þ −U21U�

23ðU�
11U13 þU�

31U33Þ�: ðB6Þ

The unitarity of U matrix leads to the following identities:

U11U�
12 þ U31U�

32 ¼ −U21U�
22; U11U�

13 þ U31U�
33 ¼ −U21U�

23: ðB7Þ

Thus, we have ðΓG0Þ11 ¼ 0. Similarly, the ðΓG0Þ22 ¼ 0 also holds on. Because of trðΓG0Þ ¼ trðΓG0

0 Þ ¼ 0, the ΓG0

33 ¼ 0 is
valid. Consequently, off-diagonal G0 − LQ − LQ interactions are absent in the S1 þ R̃2 þ S3 model.

3. Three scalar leptoquark R2 + R̃2 +S3 model

Inserting expressions of ΓG0

0 given in Eq. (37) into Eq. (11), the diagonal G0 coupling matrix in mass eigenstates is
computed as

ðΓG0Þii ¼ U�
1iU2iY22̃ −U�

2iU1iY�
22̃
−
1

v
U�

2iU3iA2̃3 þ
1

v
U�

3iU2iA�̃
23
: ðB8Þ

Note that there is no sum over the index i.
Inserting expressions of M2

0 given in Eq. (37) into M2
0 ¼ UM2U†, we have the following relations:

1

2
Y22̃v

2 ¼ m2

R2=3
2

U11U�
21 þm2

R̃2=3
2

U12U�
22 þm2

S2=3
3

U13U�
23;

−A2̃3v ¼ m2

R2=3
2

U21U�
31 þm2

R̃2=3
2

U22U�
32 þm2

S2=3
3

U23U�
33;

0 ¼ m2

R2=3
2

U11U�
31 þm2

R̃2=3
2

U12U�
32 þm2

S2=3
3

U13U�
33: ðB9Þ
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Inserting expressions of Y22̃ and A2̃3 given in Eq. (B9) into Eq. (B8), the ðΓG0Þii is computed as

v2ðΓG0Þii ¼ m2

R2=3
2

ð2U�
1iU2iU11U�

21 − 2U�
2iU1iU21U�

11 þU�
2iU3iU21U�

31 −U�
3iU2iU31U�

21Þ
þm2

R̃2=3
2

ð2U�
1iU2iU12U�

22 − 2U�
2iU1iU22U�

12 þ U�
2iU3iU22U�

32 −U�
3iU2iU32U�

22Þ
þm2

S2=3
3

ð2U�
1iU2iU13U�

23 − 2U�
2iU1iU23U�

13 þ U�
2iU3iU23U�

33 −U�
3iU2iU33U�

23Þ: ðB10Þ

Especially, the ðΓG0Þ11 is computed as

v2ðΓG0Þ11 ¼ m2

R̃2=3
2

ð2U�
11U21U12U�

22 − 2U�
21U11U22U�

12 þU�
21U31U22U�

32 −U�
31U21U32U�

22Þ
þm2

S2=3
3

ð2U�
11U21U13U�

23 − 2U�
21U11U23U�

13 þ U�
21U31U23U�

33 − U�
31U21U33U�

23Þ: ðB11Þ

The unitarity of U matrix leads to the following identities:

U�
11U12 þ U�

31U32 ¼ −U�
21U22; U�

11U13 þ U�
31U33 ¼ −U�

21U23: ðB12Þ

Adopting the unitary relations above, the ðΓG0Þ11 in Eq. (B11) can be converted as

v2ðΓG0Þ11 ¼ 3m2

R̃2=3
2

ð−U�
11U12U31U�

32 þU�
12U11U32U�

31Þ þ 3m2

S2=3
3

ð−U�
11U13U31U�

33 þ U�
13U11U33U�

31Þ
¼ 3U11U�

31ðm2

R̃2=3
2

U�
12U32 þm2

S2=3
3

U�
13U33Þ − 3U�

11U31ðm2

R̃2=3
2

U12U�
32 þm2

S2=3
3

U13U�
33Þ: ðB13Þ

Considering the third line in Eq. (B9), we can verify ðΓG0Þ11 ¼ 0. Similarly, the ðΓG0Þ22 ¼ 0 also holds on. Because of
trðΓG0Þ ¼ trðΓG0

0 Þ ¼ 0, the ΓG0

33 ¼ 0 is valid. Consequently, off diagonal G0 − LQ − LQ interactions are absent in the
R2 þ R̃2 þ S3 model.

APPENDIX C: DEFINITIONS AND EXPANSIONS OF THE LOOP INTEGRALS

1. Definitions and shorthand notations of the loop integrals

For simplicity, we adopt the following abbreviations for the scalar integrals B0=C0=D0
12:

Bi
0ðsÞ≡ B0ðs;m2

i ; m
2
i Þ;

Ci
0ðsÞ≡ C0ð0; 0; s; m2

i ; m
2
i ; m

2
i Þ; Ciji

0 ðm2
h; m

2
Z; sÞ≡ C0ðm2

h; m
2
Z; s; m

2
i ; m

2
j ; m

2
i Þ;

Ciij
0 ðm2

h; tÞ≡ C0ð0; m2
h; t; m

2
i ; m

2
i ; m

2
jÞ; Ciij

0 ðm2
h; uÞ≡ C0ð0; m2

h; u;m
2
i ; m

2
i ; m

2
jÞ;

Ciij
0 ðm2

Z; tÞ≡ C0ð0; m2
Z; t; m

2
i ; m

2
i ; m

2
jÞ; Ciij

0 ðm2
Z; uÞ≡ C0ð0; m2

Z; u;m
2
i ; m

2
i ; m

2
jÞ;

Diiij
0 ðs; tÞ≡D0ð0; 0; m2

h; m
2
Z; s; t; m

2
i ; m

2
i ; m

2
i ; m

2
jÞ;

Diiij
0 ðs; uÞ≡D0ð0; 0; m2

h; m
2
Z; s; u;m

2
i ; m

2
i ; m

2
i ; m

2
jÞ;

Diijj
0 ðt; uÞ≡D0ð0; m2

h; 0; m
2
Z; t; u;m

2
i ; m

2
i ; m

2
j ; m

2
jÞ: ðC1Þ

The tensor integrals are defined in Ref. [74], which can be reduced into scalar integrals with the help of FeynCalc [61].

12Similar notations apply for the exchange of i ↔ j.
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2. Heavy internal mass expansion of the loop integrals

In this appendix, we list the related heavy internal mass expansions of the scalar loop integrals B0=C0=D0 which are
checked by the Package-X [75], and part of the results are obtained in our paper [26]. According to the explicit results of
form factors G1;2;3 in Appendix E, the highest power of sLQ mass in front of the loop integrals are 1 · B0, m4

LQ · C0, and
m6

LQ ·D0. Therefore, the loop integrals should be expanded at least up to 1=m4
LQ for B0, 1=m8

LQ for C0, and 1=m10
LQ for D0,

respectively.

a. Related heavy internal mass expansion of B0 function

The B0 function is defined as

B0ðk2; m2
0; m

2
1Þ≡ ð2πμÞ4−D

iπ2

Z
dDq

1

ðq2 −m2
0Þ½ðqþ kÞ2 −m2

1�

¼ Δϵ −
Z

1

0

dx log
xm2

0 þ ð1 − xÞm2
1 − xð1 − xÞk2

μ2
þOðϵÞ; ðC2Þ

where Δϵ ≡ 1=ϵ − γE þ log 4π with γE being the Euler’s constant. Here, D ¼ 4 − 2ϵ is the spacetime dimension, and μ is
the renormalization scale.

(i) When the two internal masses are equal, the B0 function can be expanded as

B0ðk2; m2
i ; m

2
i Þ ¼ Δϵ − log

m2
i

μ2
þ k2

6m2
i
þ k4

60m4
i
þ k6

420m6
i
þO

�
k8

m8
i

�
: ðC3Þ

b. Related heavy internal mass expansion of C0 function

The C0 function is defined as

C0ðk21; k212; k22; m2
0; m

2
1; m

2
2Þ≡ ð2πμÞ4−D

iπ2

Z
dDq

1

ðq2 −m2
0Þ½ðqþ k1Þ2 −m2

1�½ðqþ k2Þ2 −m2
2�

¼ −
Z

1

0

Z
1

0

Z
1

0

dxdydz
δðxþ yþ z − 1Þ

xm2
0 þ ym2

1 þ zm2
2 − xyk21 − xzk22 − yzk212

; ðC4Þ

where k12 ≡ k1 − k2.
(i) When the three internal masses are all equal, the C0 function can be expanded as

C0ðk21; k212; k22; m2
i ; m

2
i ; m

2
i Þ ¼ −

1

2m2
i
−
k21 þ k22 þ k212

24m4
i

−
ðk21 þ k22Þ2 þ ðk21 þ k212Þ2 þ ðk22 þ k212Þ2

360m6
i

−
3ðk21 þ k22 þ k212Þðk41 þ k42 þ k412Þ þ 4k21k

2
2k

2
12

3360m8
i

þO
�

k8

m10
i

�
: ðC5Þ
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(ii) When the first two internal masses are equal, the C0 function can be expanded as

C0ðk21; k212; k22; m2
i ; m

2
i ; m

2
jÞ

≈
1þ log r2ij − r2ij
m2

jð1 − r2ijÞ2

−
2þ 6r2ij log r

2
ij þ 3r2ij − 6r4ij þ r6ij

12m4
jr

2
ijð1 − r2ijÞ4

k21 þ
5þ 2ð1þ 2r2ijÞ log r2ij − 4r2ij − r4ij

4m4
jð1 − r2ijÞ4

ðk22 þ k212Þ

−
3 − 30r2ij − 20r4ijð1þ 3 log r2ijÞ þ 60r6ij − 15r8ij þ 2r10ij

180m6
jr

4
ijð1 − r2ijÞ6

k41

þ 10þ 9r2ij þ 3ð1þ 6r2ij þ 3r4ijÞ log r2ij − 18r4ij − r6ij
9m6

jð1 − r2ijÞ6
ðk412 þ k22k

2
12 þ k42Þ

−
3þ 44r2ij þ 12r2ijð2þ 3r2ijÞ log r2ij − 36r4ij − 12r6ij þ r8ij

36m6
jr

2
ijð1 − r2ijÞ6

k21ðk22 þ k212Þ

þ ð1 − r2ijÞð47þ 239r2ij þ 131r4ij þ 3r6ijÞ þ 12ð1þ 12r2ij þ 18r4ij þ 4r6ijÞ log r2ij
48m8

jð1 − r2ijÞ8
ðk22 þ k212Þðk42 þ k412Þ

þ ð1 − r2ijÞð−4 − 159r2ij − 239r4ij − 19r6ij þ r8ijÞ − 60r2ijð1þ 4r2ij þ 2r4ijÞ log r2ij
240m8

jr
2
ijð1 − r2ijÞ8

k21ð3k42 þ 3k412 þ 4k22k
2
12Þ

þ ð1 − r2ijÞð−2þ 34r2ij þ 319r4ij þ 79r6ij − 11r8ij þ r10ij Þ þ 60r4ijð3þ 4r2ijÞ log r2ij
240m8

jr
4
ijð1 − r2ijÞ8

k41ðk22 þ k212Þ

þ ð1 − r2ijÞð−4þ 38r2ij − 214r4ij − 319r6ij þ 101r8ij − 25r10ij þ 3r12ij Þ − 420r6ij log r
2
ij

1680m8
jr

6
ijð1 − r2ijÞ8

k61: ðC6Þ

The rij is defined as rij ≡mi=mj. In the above, the expansions agree with Eq. (C5) in the limit of mi ¼ mj (or
rij → 1). If the first and third internal masses are equal, the C0 function can be correlated with the case where the first
two internal masses are equal, through the relation of

C0ðk21; k212; k22; m2
i ; m

2
j ; m

2
i Þ ¼ C0ðk22; k212; k21; m2

i ; m
2
i ; m

2
jÞ: ðC7Þ

c. Related heavy internal mass expansion of D0 function

The D0 function is defined as

D0ðk21; k212; k223; k23; k22; k213; m2
0; m

2
1; m

2
2; m

2
3Þ

≡ ð2πμÞ4−D
iπ2

Z
dDq

1

ðq2 −m2
0Þ½ðqþ k1Þ2 −m2

1�½ðqþ k2Þ2 −m2
2�½ðqþ k3Þ2 −m2

3�

¼
Z

1

0

Z
1

0

Z
1

0

Z
1

0

dxdydzdw
δðxþ yþ zþ w − 1Þ

½xm2
0 þ ym2

1 þ zm2
2 þ wm2

3 − xyk21 − xzk22 − xwk23 − yzk212 − ywk213 − zwk223�2
; ðC8Þ

where we have k12 ≡ k1 − k2, k23 ≡ k2 − k3, and k13 ≡ k1 − k3.
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(i) When the four internal masses are all equal, the D0 function can be expanded as

D0ðk21; k212; k223; k23; k22; k213; m2
i ; m

2
i ; m

2
i ; m

2
i Þ

¼ 1

6m4
i

	
1þ k21 þ k22 þ k23 þ k212 þ k213 þ k223

10m2
i

þ 1

280m4
i
½2ðk21 þ k22 þ k23 þ k212 þ k213 þ k223Þ2

þ ðk21 − k223Þ2 þ ðk22 − k213Þ2 þ ðk23 − k212Þ2 þ k41 þ k42 þ k43 þ k412 þ k413 þ k423�

þ 1

1260m6
i
½ðk21 þ k22Þ3 þ ðk21 þ k23Þ3 þ ðk22 þ k23Þ3 þ ðk212 þ k213Þ3 þ ðk212 þ k223Þ3 þ ðk213 þ k223Þ3

þ ðk21 þ k22Þðk213 þ k223Þ2 þ ðk21 þ k23Þðk212 þ k223Þ2 þ ðk22 þ k23Þðk212 þ k213Þ2
þ ðk213 þ k223Þðk21 þ k22Þ2 þ ðk212 þ k223Þðk21 þ k23Þ2 þ ðk212 þ k213Þðk22 þ k23Þ2
þ 3ðk21 þ k223Þðk22 þ k213Þðk23 þ k212Þ þ k61 þ k62 þ k63 þ k612 þ k613 þ k623 þ 2k212ðk21 þ k22Þðk21 þ k22 þ k212Þ
þ 2k213ðk21 þ k23Þðk21 þ k23 þ k213Þ þ 2k223ðk22 þ k23Þðk22 þ k23 þ k223Þ − k21k

2
23ðk21 þ k223Þ − k22k

2
13ðk22 þ k213Þ

− k23k
2
12ðk23 þ k212Þ − 3k21k

2
2k

2
12 − 3k21k

2
3k

2
13 − 3k22k

2
3k

2
23 þ k212k

2
13k

2
23� þO

�
k8

m8
i

�

: ðC9Þ

(ii) When the first three internal masses are equal, the D0 function can be expanded as

D0ðk21; k212; k223; k23; k22; k213; m2
i ; m

2
i ; m

2
i ; m

2
jÞ

≈
1

m4
j
·
1þ 2r2ij log r

2
ij − r4ij

2r2ijð1 − r2ijÞ3
þ ðk23 þ k213 þ k223Þ

m6
j

·
1þ 6r2ijð1þ r2ijÞ log r2ij þ 9r2ij − 9r4ij − r6ij

6r2ijð1 − r2ijÞ5

þ ðk21 þ k22 þ k212Þ
m6

j
·
1 − 8r2ij − 12r4ij log r

2
ij þ 8r6ij − r8ij

24r4ijð1 − r2ijÞ5
: ðC10Þ

In ourMathematica code, we expand theDiiij
0 ðs; tÞ function up toOð1=m10

j Þ. Here, we only present the results up to
Oð1=m6

jÞ because the 1=m8
j and 1=m10

j terms are quite lengthy. If the last three internal masses are equal, the D0

function can be correlated with the case where the first three internal masses are equal, through the relation of

D0ðk21; k212; k223; k23; k22; k213; m2
i ; m

2
i ; m

2
i ; m

2
jÞ ¼ D0ðk213; k212; k22; k23; k223; k21; m2

j ; m
2
i ; m

2
i ; m

2
i Þ: ðC11Þ

(iii) When the first two internal masses are equal, the D0 function can be expanded as

D0ðk21; k212; k223; k23; k22; k213; m2
i ; m

2
i ; m

2
j ; m

2
jÞ

≈ −
1

m4
j
·
2þ ð1þ r2ijÞ log r2ij − 2r2ij

ð1 − r2ijÞ3
−
k22 þ k23 þ k212 þ k213

m6
j

·
3þ ð1þ 4r2ij þ r4ijÞ log r2ij − 3r4ij

2ð1 − r2ijÞ5

þ k21
m6

j
·
1þ 6r2ijð1þ r2ijÞ log r2ij þ 9r2ij − 9r4ij − r6ij

6r2ijð1 − r2ijÞ5
þ k223

m6
j
·
1þ 6r2ijð1þ r2ijÞ log r2ij þ 9r2ij − 9r4ij − r6ij

6ð1 − r2ijÞ5
: ðC12Þ

In our Mathematica code, we also expand the Diijj
0 ðt; uÞ function up to Oð1=m10

j Þ. If the second and third internal
masses are equal, the D0 function can be correlated with the case where the first two internal masses are equal,
through the relation of

D0ðk21; k212; k223; k23; k22; k213; m2
i ; m

2
i ; m

2
j ; m

2
jÞ ¼ D0ðk23; k223; k212; k21; k22; k213; m2

i ; m
2
j ; m

2
j ; m

2
i Þ: ðC13Þ
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APPENDIX D: COMPUTATION DETAILS OF THE AMPLITUDES

1. Nonvanishing contributions of the amplitudes

(i) For the clockwise trianglelike diagram (a) in Fig. 1, the amplitude is calculated as

iMclock
a;iij ¼ g2g2sg

gZ
ij Γh

jiv

cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgνρ

Z
dDq
ð2πÞD

ð2qþ k1Þμ
ðq2 −m2

i Þ½ðqþ k1Þ2 −m2
i �½ðqþ p1 − k2Þ2 −m2

j �

¼ ig2g2sg
gZ
ij Γh

jiv

8π2cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgνρðp1 − k2ÞμC2ð0; m2

h; u;m
2
i ; m

2
i ; m

2
jÞ: ðD1Þ

For the counterclockwise trianglelike diagram (a) in Fig. 1, the amplitude is calculated as

iMcounter
a;iij ¼ g2g2sg

gZ
ji Γh

ijv

cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgνρ

Z
dDq
ð2πÞD

ð2q − k1Þμ
ðq2 −m2

i Þ½ðq − k1Þ2 −m2
i �½ðqþ k2 − p1Þ2 −m2

j �

¼ ig2g2sg
gZ
ji Γh

ijv

8π2cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgνρðk2 − p1ÞμC2ð0; m2

h; u;m
2
i ; m

2
i ; m

2
jÞ: ðD2Þ

Due to the physical polarization condition, we can drop the terms such as ϵaμðk1Þkμ1; ϵaνðk2Þkν2; ϵ�ρðp1Þpρ
1. Utilizing the

Hermitian conditions ggZ ¼ ðggZÞ† and Γh ¼ ðΓhÞ†, we have ggZji Γh
ij ¼ ðggZij Þ�ðΓh

jiÞ�. Then, the total amplitude for the
trianglelike diagram (a) in Fig. 1 is calculated as

iMa;iij ¼ iMclock
a;iij þ iMcounter

a;iij

¼ −
g2g2s ImðggZij Γh

jiÞv
4π2cW

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgνρðp1 − k2ÞμC2ð0; m2
h; u;m

2
i ; m

2
i ; m

2
jÞ: ðD3Þ

(ii) For the trianglelike diagram (b) in Fig. 1, the total amplitude can be derived through the replacement of ðμ; νÞ ↔
ðν; μÞ and ðk1; k2Þ ↔ ðk2; k1Þ in Ma. Then, it is calculated as

iMb;iij ¼ −
g2g2s ImðggZij Γh

jiÞv
4π2cW

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgμρðp1 − k1ÞνC2ð0; m2
h; t; m

2
i ; m

2
i ; m

2
jÞ: ðD4Þ

(iii) For the clockwise trianglelike diagram (c) in Fig. 1, the amplitude is calculated as

iMclock
c;iij ¼ g2g2sgZjiΓh

ijv

cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgμν

Z
dDq
ð2πÞD

ð2q − p1Þρ
ðq2 −m2

i Þ½ðq − k1 − k2Þ2 −m2
i �½ðq − p1Þ2 −m2

j �

¼ −
ig2g2sgZjiΓh

ijv

8π2cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgμνpρ

2C1ðs;m2
h; m

2
Z;m

2
i ; m

2
i ; m

2
jÞ: ðD5Þ

For the counterclockwise trianglelike diagram (c) in Fig. 1, the amplitude is calculated as

iMcounter
c;iij ¼ g2g2sgZijΓh

jiv

cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgμν

Z
dDq
ð2πÞD

ð2qþ p1Þρ
ðq2 −m2

i Þ½ðqþ k1 þ k2Þ2 −m2
i �½ðqþ p1Þ2 −m2

j �

¼ ig2g2sgZijΓh
jiv

8π2cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgμνpρ

2C1ðs;m2
h; m

2
Z;m

2
i ; m

2
i ; m

2
jÞ: ðD6Þ
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Then, the total amplitude for the trianglelike diagram (c) in Fig. 1 is calculated as

iMc;iij ¼ iMclock
c;iij þ iMcounter

c;iij

¼ −
g2g2s ImðgZijΓh

jiÞv
4π2cW

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgμνpρ
2C1ðs;m2

h; m
2
Z;m

2
i ; m

2
i ; m

2
jÞ: ðD7Þ

(iv) For the clockwise and counterclockwise box diagram (d) in Fig. 1, the amplitude is calculated as

iMclock
d;iiij ¼ −

g2g2sgZjiΓh
ijv

2cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ

×
Z

dDq
ð2πÞD

ð2qþ k1Þμð2q − k2Þνð2qþ 2k1 − p1Þρ
ðq2 −m2

i Þ½ðqþ k1Þ2 −m2
i �½ðq − k2Þ2 −m2

i �½ðqþ k1 − p1Þ2 −m2
j �
;

iMcounter
d;iiij ¼ −

g2g2sgZijΓh
jiv

2cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ

×
Z

dDq
ð2πÞD

ð2q − k1Þμð2qþ k2Þνð2q − 2k1 þ p1Þρ
ðq2 −m2

i Þ½ðq − k1Þ2 −m2
i �½ðqþ k2Þ2 −m2

i �½ðq − k1 þ p1Þ2 −m2
j �
: ðD8Þ

Then, the total amplitude for the box diagram (d) in Fig. 1 is calculated as

iMd;iiij ¼ iMclock
d;iiij þ iMcounter

d;iiij

¼ ig2g2s ImðgZijΓh
jiÞv

cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ

×
Z

dDq
ð2πÞD

ð2qþ k1Þμð2q − k2Þνð2qþ 2k1 − p1Þρ
ðq2 −m2

i Þ½ðqþ k1Þ2 −m2
i �½ðq − k2Þ2 −m2

i �½ðqþ k1 − p1Þ2 −m2
j �

¼ −
g2g2s ImðgZijΓh

jiÞv
2π2cW

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þfgμν½ðD00 þD001 þD003Þkρ1 −D002k
ρ
2�

þ gμρ½ðD001 þD003Þkν1 −D003pν
1� þ gνρð−D002k

μ
2 −D003p

μ
1Þ

þ kμ2k
ν
1½−ðD12 þD23 þD112 þD233 þ 2D123Þkρ1 þ ðD122 þD223Þkρ2�

− pμ
1k

ν
1k

ρ
1ðD13 þD33 þD113 þD333 þ 2D133Þ − pν

1k
μ
2k

ρ
2D223

þ pμ
1p

ν
1½ðD33 þD133 þD333Þkρ1 −D233k

ρ
2�

þ pμ
1k

ν
1k

ρ
2ðD233 þD123Þ þ pν

1k
μ
2k

ρ
1ðD23 þD233 þD123Þg: ðD9Þ

Here, the variables of D functions are ð0; s; m2
h; t; 0; m

2
Z;m

2
i ; m

2
i ; m

2
i ; m

2
jÞ.

(v) For the box diagram (e) in Fig. 1, the total amplitude can be derived through the replacement of ðμ; νÞ ↔ ðν; μÞ and
ðk1; k2Þ ↔ ðk2; k1Þ in Md. Then, it is calculated as

iMe;iiij ¼ −
g2g2s ImðgZijΓh

jiÞv
2π2cW

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þfgμν½ðD00 þD001 þD003Þkρ2 −D002k
ρ
1�

þ gνρ½ðD001 þD003Þkμ2 −D003p
μ
1� þ gμρð−D002kν1 −D003pν

1Þ
þ kμ2k

ν
1½−ðD12 þD23 þD112 þD233 þ 2D123Þkρ2 þ ðD122 þD223Þkρ1�

− pν
1k

μ
2k

ρ
2ðD13 þD33 þD113 þD333 þ 2D133Þ − pμ

1k
ν
1k

ρ
1D223

þ pμ
1p

ν
1½ðD33 þD133 þD333Þkρ2 −D233k

ρ
1�

þ pν
1k

μ
2k

ρ
1ðD233 þD123Þ þ pμ

1k
ν
1k

ρ
2ðD23 þD233 þD123Þg: ðD10Þ

Here, the variables of D functions are ð0; s; m2
h; u; 0; m

2
Z;m

2
i ; m

2
i ; m

2
i ; m

2
jÞ.
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(vi) For the clockwise and counterclockwise box diagram (f) in Fig. 1, the amplitude is calculated as

iMclock
f;jjii ¼ −

g2g2sgZijΓh
jiv

2cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ

×
Z

dDq
ð2πÞD

ð2qþ k1 − 2p1Þμð2q − k2Þνð2q − p1Þρ
ðq2 −m2

jÞ½ðq − k2Þ2 −m2
j �½ðq − p1Þ2 −m2

i �½ðqþ k1 − p1Þ2 −m2
i �
;

iMcounter
f;jjii ¼ −

g2g2sgZjiΓh
ijv

2cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ

×
Z

dDq
ð2πÞD

ð2q − k1 þ 2p1Þμð2qþ k2Þνð2qþ p1Þρ
ðq2 −m2

jÞ½ðqþ k2Þ2 −m2
j �½ðqþ p1Þ2 −m2

i �½ðq − k1 þ p1Þ2 −m2
i �
: ðD11Þ

Then, the total amplitude for the box diagram (f) in Fig. 1 is calculated as

iMf;jjii ¼ iMclock
f;jjii þ iMcounter

f;jjii

¼ −
ig2g2s ImðgZijΓh

jiÞv
cW

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ

×
Z

dDq
ð2πÞD

ð2qþ k1 − 2p1Þμð2q − k2Þνð2q − p1Þρ
ðq2 −m2

jÞ½ðq − k2Þ2 −m2
j �½ðq − p1Þ2 −m2

i �½ðqþ k1 − p1Þ2 −m2
i �

¼ g2g2s ImðgZijΓh
jiÞv

2π2cW
ϵaμðk1Þϵaνðk2Þϵ�ρðp1ÞfgμνðD003k

ρ
1 −D001k

ρ
2Þ

þ gμρ½D003kν1 − ðD002 þD003Þpν
1� þ gνρ½−D001k

μ
2 − ðD00 þD002 þD003Þpμ

1�
þ kμ2k

ν
1ð−D133k

ρ
1 þD113k

ρ
2Þ − pμ

1k
ν
1k

ρ
1ðD33 þD333 þD233Þ − pν

1k
μ
2k

ρ
2ðD112 þD113Þ

þ pμ
1p

ν
1½ðD33 þD23 þD333 þD223 þ 2D233Þkρ1 − ðD12 þD13 þD122 þD133 þ 2D123Þkρ2�

þ pμ
1k

ν
1k

ρ
2ðD13 þD133 þD123Þ þ pν

1k
μ
2k

ρ
1ðD133 þD123Þg: ðD12Þ

Here, the variables of D functions are ð0; u; 0; t; m2
Z;m

2
h; m

2
j ; m

2
j ; m

2
i ; m

2
i Þ.

2. Vanishing contributions of the amplitudes

In this section, we illustrate how the contributions vanish explicitly in Rξ gauge.
For the clockwise triangle diagram (a) in Fig. 3, the amplitude is calculated as

iMclock
fig3a ¼ −

g22g
2
smZðI3 −Qs2WÞ

2c2W

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ
ðk1 þ k2Þ2 −m2

Z

Z
dDq
ð2πÞD

1

ðq2 −m2
i Þ½ðqþ k1Þ2 −m2

i �½ðq − k2Þ2 −m2
i �

· ð2qþ k1Þμð2q − k2Þν
�
ð2qþ k1 − k2Þρ − ð1 − ξÞ ð2qÞ · ðk1 þ k2Þðk1 þ k2Þρ

ðk1 þ k2Þ2 − ξm2
Z

�
: ðD13Þ

For the counterclockwise triangle diagram (a) in Fig. 3, the amplitude is calculated as

iMcounter
fig3a ¼ −

g22g
2
smZðI3 −Qs2WÞ

2c2W

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ
ðk1 þ k2Þ2 −m2

Z

Z
dDq
ð2πÞD

1

ðq2 −m2
i Þ½ðq − k1Þ2 −m2

i �½ðqþ k2Þ2 −m2
i �

· ð2q − k1Þμð2qþ k2Þν
�
ð2qþ k2 − k1Þρ − ð1 − ξÞ ð2qÞ · ðk1 þ k2Þðk1 þ k2Þρ

ðk1 þ k2Þ2 − ξm2
Z

�
: ðD14Þ

We can check that Mclock
fig3a þMcounter

fig3a ¼ 0.
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For the bubblelike diagram (b) in Fig. 3, the amplitude is calculated as

iMfig3b ¼ −
g22g

2
sg

gZ
ii mZ

c2W

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þ
ðk1 þ k2Þ2 −m2

Z

�
gνρ − ð1 − ξÞ ðk1 þ k2Þνðk1 þ k2Þρ

ðk1 þ k2Þ2 − ξm2
Z

�

·
Z

dDq
ð2πÞD

ð2qþ k1Þμ
ðq2 −m2

i Þ½ðqþ k1Þ2 −m2
i �

∼ ϵaμðk1Þkμ1 · ½2B1ðk21; m2
i ; m

2
i Þ þ B0ðk21; m2

i ; m
2
i Þ� ¼ 0: ðD15Þ

The identity above holds on because of the transversality condition of the gluon. Furthermore, the equality
2B1ðk21; m2

i ; m
2
i Þ þ B0ðk21; m2

i ; m
2
i Þ ¼ 0 is also true indeed.

For the bubblelike diagram (c) in Fig. 3, the amplitude is identified as zero through the replacement of ðμ; νÞ ↔ ðν; μÞ and
ðk1; k2Þ ↔ ðk2; k1Þ in Mfig3b.
For the bubblelike diagram (d) in Fig. 3, the amplitude is calculated as

iMfig3d ¼
g22g

2
sgZiimZ

c2W

ϵaμðk1Þϵaνðk2Þϵ�ρðp1Þgμν
ðk1 þ k2Þ2 −m2

Z

Z
dDq
ð2πÞD

ð2qþ k1 þ k2Þρ − ð1 − ξÞ ðk1þk2Þ·ð2qþk1þk2Þðk1þk2Þρ
ðk1þk2Þ2−ξm2

Z

ðq2 −m2
i Þ½ðqþ k1 þ k2Þ2 −m2

i �

∼ ðk1 þ k2Þρ
�
1 − ð1 − ξÞ ðk1 þ k2Þ2

ðk1 þ k2Þ2 − ξm2
Z

�
· ½2B1ððk1 þ k2Þ2; m2

i ; m
2
i ÞÞ þ B0ððk1 þ k2Þ2; m2

i ; m
2
i ÞÞ�

¼ 0: ðD16Þ

APPENDIX E: EXPLICIT RESULTS OF THE FORM FACTORS G1;2;3

In Eq. (48), the form factor G1;2;3 is given as

G1;2;3 ¼ −
X
i;j

g2g2s ImðgZijΓh
jiÞv

2π2cW

X10
m¼1

ḠðmÞ
1;2;3: ðE1Þ

In the following, the expressions of ḠðmÞ
1;2;3 are enumerated explicitly. First of all, let us define the λ function as

λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy − 2xz − 2yz: ðE2Þ

Hence, we have

λðm2
h; m

2
Z; sÞ ¼ m4

h þm4
Z þ s2 − 2m2

hm
2
Z − 2sðm2

h þm2
ZÞ ¼ ðtþ uÞ2 − 4m2

hm
2
Z: ðE3Þ

1. Ten explicit expressions of ḠðmÞ
1

Ḡð1Þ
1 ¼

�
m2

Zðu −m2
ZÞ

ðtu −m2
hm

2
ZÞ2

þ m2
Zðsþm2

Z −m2
hÞ

λðm2
h; m

2
Z; sÞðtu −m2

hm
2
ZÞ
�
Bi
0ðsÞ: ðE4Þ
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Ḡð2Þ
1 ¼

	
m2

Zsð2m2
Z − t − 2uÞ

2ðtu −m2
hm

2
ZÞ2

þm2
Zsðm2

Z − uÞð2m2
hm

2
Z − ðtþ uÞ2Þ

2ðtu −m2
hm

2
ZÞ3

þm2
Zs

�ðu −m2
ZÞðtþ uÞ

ðtu −m2
hm

2
ZÞ3

−
1

2ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ

þ ðm2
Z − uÞ

�
−

m2
Z

ðtu −m2
hm

2
ZÞ2

þ 1

sðtu −m2
hm

2
ZÞ
�
m2

i þ
m2

Zsðu −m2
ZÞðm2

i −m2
jÞ2

ðtu −m2
hm

2
ZÞ3



Ci
0ðsÞ: ðE5Þ

Ḡð3Þ
1 ¼

	ðm2
Z − uÞ
2s3

þ m4
Ztðt −m2

hÞ
2ðtu −m2

hm
2
ZÞ3

þ
�
m4

Zðt −m2
hÞ

ðtu −m2
hm

2
ZÞ3

þ m2
Zðt −m2

hÞ
2sðtu −m2

hm
2
ZÞ2

þ ðu −m2
ZÞ

2s2ðtu −m2
hm

2
ZÞ
�
ðm2

i −m2
jÞ


ðm2

h − tÞCiij
0 ðm2

h; tÞ: ðE6Þ

Ḡð4Þ
1 ¼

�ðu −m2
ZÞ

2s3
þ m2

Zðm2
Z − uÞu2

2ðtu −m2
hm

2
ZÞ3

þ m2
Zðm2

Z − uÞu
ðtu −m2

hm
2
ZÞ3

ðm2
i −m2

jÞ
�
ðm2

h − uÞCiij
0 ðm2

h; uÞ: ðE7Þ

Ḡð5Þ
1 ¼

	ðu −m2
ZÞ

2s3
þ m4

Ztðt −m2
hÞ

2ðtu −m2
hm

2
ZÞ3

þ
�
m4

Zðt −m2
hÞ

ðtu −m2
hm

2
ZÞ3

−
m2

Z

2ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ


ðm2

Z − tÞCiij
0 ðm2

Z; tÞ: ðE8Þ

Ḡð6Þ
1 ¼

	 ðm2
Z − tÞ

2s3ðtu −m2
hm

2
ZÞ

þ m2
Zuðu −m2

hÞ
2sðtu −m2

hm
2
ZÞ3

þ m2
Zðm2

h − uÞ
2s2ðtu −m2

hm
2
ZÞ2

þ
�

m2
Zðu −m2

hÞ
sðtu −m2

hm
2
ZÞ3

þ ðt −m2
ZÞ

2s2ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ


ðm2

Z − uÞ3Ciij
0 ðm2

Z; uÞ: ðE9Þ

Ḡð7Þ
1 ¼

	
m4

Zðsþm2
h −m2

ZÞ
λðm2

h; m
2
Z; sÞðtu −m2

hm
2
ZÞ

þm2
Zðm2

Z − uÞðtþ uÞλðm2
h; m

2
Z; sÞ

2ðtu −m2
hm

2
ZÞ3

þm2
Z½ðtþ 2u − 2m2

ZÞðtþ uÞ − 2m2
hm

2
Z�

2ðtu −m2
hm

2
ZÞ2

þ
�
m2

Zðm2
Z − uÞλðm2

h; m
2
Z; sÞ

ðtu −m2
hm

2
ZÞ3

þm2
Zðtþ 3u − 4m2

ZÞ
2ðtu −m2

hm
2
ZÞ2

þ m2
Zðm2

h −m2
Z − sÞ

λðm2
h; m

2
Z; sÞðtu −m2

hm
2
ZÞ
�
ðm2

i −m2
jÞ


Ciji
0 ðm2

h;m
2
Z; sÞ:

ðE10Þ

Ḡð8Þ
1 ¼

	
m2

Zsðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ3

ðm2
i −m2

jÞ3 þ
�
3m4

Zsðt −m2
hÞ

2ðtu −m2
hm

2
ZÞ3

−
m2

Zs
ðtu −m2

hm
2
ZÞ2

�
ðm2

i −m2
jÞ2

þ
�
3m2

Zðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ2

þ u −m2
Z

2sðtu −m2
hm

2
ZÞ
�
ðm4

i −m2
i m

2
jÞ þ

�
3m4

Zstðt −m2
hÞ

2ðtu −m2
hm

2
ZÞ3

−
m2

Zst
2ðtu −m2

hm
2
ZÞ2

�
ðm2

i −m2
jÞ

þ
�
−

1

2s
þ 3m4

Zðt −m2
hÞ

2ðtu −m2
hm

2
ZÞ2

þ m2
Zðu −m2

ZÞ
2sðtu −m2

hm
2
ZÞ
�
m2

i þ
m4

Zst
2ðt −m2

hÞ
2ðtu −m2

hm
2
ZÞ3



Diiij

0 ðs; tÞ: ðE11Þ

Ḡð9Þ
1 ¼

	
m2

Zsðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ3

ðm2
i −m2

jÞ3 þ
3m2

Zsuðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ3

ðm2
i −m2

jÞ2

þ
�
3m2

Zðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ2

þ u −m2
Z

2sðtu −m2
hm

2
ZÞ
�
ðm4

i −m2
i m

2
jÞ þ

3m2
Zsu

2ðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ3

ðm2
i −m2

jÞ

þ
�
3m2

Zuðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ2

þ uðu −m2
ZÞ

2sðtu −m2
hm

2
ZÞ
�
m2

i þ
m2

Zsu
3ðm2

Z − uÞ
2ðtu −m2

hm
2
ZÞ3



Diiij

0 ðs; uÞ: ðE12Þ
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Ḡð10Þ
1 ¼

	
m2

Zsðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ3

ðm2
i −m2

jÞ3 þ
m2

Zðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ2

ðm2
i −m2

jÞ2

þ
�
3m2

Zðm2
Z − uÞ

2ðtu −m2
hm

2
ZÞ2

þ ðu −m2
ZÞ

2sðtu −m2
hm

2
ZÞ
�
ðm2

i m
2
j −m4

jÞ þ
ðm2

Z − uÞ
2s2

m2
i

þ
�ðm2

Z − uÞ
s2

þ m2
Zðu −m2

ZÞ
2sðtu −m2

hm
2
ZÞ
�
m2

j þ
ðm2

Z − uÞðtu −m2
hm

2
ZÞ

2s3



Diijj

0 ðt; uÞ: ðE13Þ

2. Ten explicit expressions of ḠðmÞ
2

Ḡð1Þ
2 ¼

�
m2

Zs
ðtu −m2

hm
2
ZÞ2

þ 1

2ðtu −m2
hm

2
ZÞ

−
1

λðm2
h; m

2
Z; sÞ

−
ðm2

Z − tÞ2 þm2
Zs

λðm2
h; m

2
Z; sÞðtu −m2

hm
2
ZÞ
�
Bi
0ðsÞ: ðE14Þ

Ḡð2Þ
2 ¼

	
sð2m2

Ztþ u2 − t2Þ
4ðtu −m2

hm
2
ZÞ2

þ m2
Zs

2ðt2 þ u2Þ
2ðtu −m2

hm
2
ZÞ3

þ
�
m2

Zs
2ðtþ uÞ

ðtu −m2
hm

2
ZÞ3

þ sðm2
Z þ uÞ

2ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ

þ m2
Zs

ðtu −m2
hm

2
ZÞ2

m2
i þ

�
m2

Zs
2

ðtu −m2
hm

2
ZÞ3

þ s
2ðtu −m2

hm
2
ZÞ2

�
ðm2

i −m2
jÞ2



Ci
0ðsÞ: ðE15Þ

Ḡð3Þ
2 ¼

	
m2

Ztðm2
h − tÞðm2

Z − tÞ
2ðtu −m2

hm
2
ZÞ3

þ tðm2
h − tÞðt −m2

ZÞ
4sðtu −m2

hm
2
ZÞ2

þ ðm2
h − tÞðm2

Z − tÞ
4s2ðtu −m2

hm
2
ZÞ

þm2
Zðm2

h − tÞðm2
Z − tÞ

ðtu −m2
hm

2
ZÞ3

ðm2
i −m2

jÞ


ðm2

h − tÞCiij
0 ðm2

h; tÞ: ðE16Þ

Ḡð4Þ
2 ¼

	
1

4s2
−

u2

4ðtu −m2
hm

2
ZÞ2

−
m2

Zsu
2

2ðtu −m2
hm

2
ZÞ3

þ
�
−

m2
Zsu

ðtu −m2
hm

2
ZÞ3

−
u

2ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ


ðm2

h − uÞCiij
0 ðm2

h; uÞ: ðE17Þ

Ḡð5Þ
2 ¼

	
1

4s2
þ tðt − 2m2

ZÞ
4ðtu −m2

hm
2
ZÞ2

−
m2

Zst
2

2ðtu −m2
hm

2
ZÞ3

þ
�
−

m2
Zst

ðtu −m2
hm

2
ZÞ3

−
m2

Z

2ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ


ðm2

Z − tÞCiij
0 ðm2

Z; tÞ: ðE18Þ

Ḡð6Þ
2 ¼

	 ðt −m2
ZÞ

4s2ðtu −m2
hm

2
ZÞ

þ m2
Zuðm2

h − uÞ
2ðtu −m2

hm
2
ZÞ3

þ ðm2
Zuþ su −m2

hm
2
ZÞ

4sðtu −m2
hm

2
ZÞ2

þ
�
m2

Zðm2
h − uÞ

ðtu −m2
hm

2
ZÞ3

þ 1

2ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ


ðm2

Z − uÞ2Ciij
0 ðm2

Z; uÞ: ðE19Þ

Ḡð7Þ
2 ¼

	
−
m2

Zsðtþ uÞλðm2
h; m

2
Z; sÞ

2ðtu −m2
hm

2
ZÞ3

þ 4m2
hm

2
Zðm2

Z − tÞ þ ðtþ uÞð2m2
hm

2
Z − 2m2

Ztþ 4m2
Zsþ t2 − u2Þ

4ðtu −m2
hm

2
ZÞ2

þm2
Zðm2

Z − tÞðm2
Z − s −m2

hÞ
λðm2

h; m
2
Z; sÞðtu −m2

hm
2
ZÞ

þ
�
−
m2

Zsλðm2
h; m

2
Z; sÞ

ðtu −m2
hm

2
ZÞ3

þ 4m2
Zsþm2

Zðm2
h − tÞ þm2

hðm2
Z − uÞ þ su

2ðtu −m2
hm

2
ZÞ2

þ ðm2
Z − tÞðm2

Z þ s −m2
hÞ

λðm2
h; m

2
Z; sÞðtu −m2

hm
2
ZÞ
�
ðm2

i −m2
jÞ


Ciji
0 ðm2

h; m
2
Z; sÞ: ðE20Þ
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Ḡð8Þ
2 ¼

	�
−

m2
Zs

2

2ðtu −m2
hm

2
ZÞ3

−
s

4ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ3

þ
�
−

3m2
Zs

2t
2ðtu −m2

hm
2
ZÞ3

−
sð2m2

Z þ tÞ
4ðtu −m2

hm
2
ZÞ2

�
ðm2

i −m2
jÞ2 þ

�
−

3m2
Zs

2ðtu −m2
hm

2
ZÞ2

−
1

2ðtu −m2
hm

2
ZÞ
�
ðm4

i −m2
i m

2
jÞ

þ
�
−

3m2
Zs

2t2

2ðtu −m2
hm

2
ZÞ3

þ stðt − 4m2
ZÞ

4ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ

þ
�
−

3m2
Zst

2ðtu −m2
hm

2
ZÞ2

þ ðt − 2m2
ZÞ

2ðtu −m2
hm

2
ZÞ
�
m2

i −
m2

Zs
2t3

2ðtu −m2
hm

2
ZÞ3

þ st2ðt − 2m2
ZÞ

4ðtu −m2
hm

2
ZÞ2



Diiij

0 ðs; tÞ: ðE21Þ

Ḡð9Þ
2 ¼

	�
−

m2
Zs

2

2ðtu −m2
hm

2
ZÞ3

−
s

4ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ3

þ
�
−

3m2
Zs

2u
2ðtu −m2

hm
2
ZÞ3

−
3su

4ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ2 þ

�
−

3m2
Zs

2ðtu −m2
hm

2
ZÞ2

−
1

2ðtu −m2
hm

2
ZÞ
�
ðm4

i −m2
i m

2
jÞ

þ
�
−

3m2
Zs

2u2

2ðtu −m2
hm

2
ZÞ3

−
3su2

4ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ þ

�
−

3m2
Zsu

2ðtu −m2
hm

2
ZÞ2

−
u

2ðtu −m2
hm

2
ZÞ
�
m2

i

−
m2

Zs
2u3

2ðtu −m2
hm

2
ZÞ3

−
su3

4ðtu −m2
hm

2
ZÞ2



Diiij

0 ðs; uÞ: ðE22Þ

Ḡð10Þ
2 ¼

	�
−

m2
Zs

2

2ðtu −m2
hm

2
ZÞ3

−
s

4ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ3

þ
�

m2
Zs

ðtu −m2
hm

2
ZÞ2

þ 1

4ðtu −m2
hm

2
ZÞ
�
ðm2
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jÞ2 þ

�
−

3m2
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2ðtu −m2
hm

2
ZÞ2

−
1

2ðtu −m2
hm

2
ZÞ
�
ðm4

i −m2
i m

2
jÞ

−
1

4s
m2

i þ
�
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Z

2ðtu −m2
hm

2
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−
1

4s

�
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j −
ðtu −m2
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2
ZÞ

4s2



Diijj

0 ðt; uÞ: ðE23Þ

3. Ten explicit expressions of ḠðmÞ
3

Ḡð1Þ
3 ¼

�
sðt −m2

ZÞ
ðtu −m2

hm
2
ZÞ2

þ sðsþm2
Z −m2

hÞ
λðm2

h; m
2
Z; sÞðtu −m2

hm
2
ZÞ
�
Bi
0ðsÞ: ðE24Þ

Ḡð2Þ
3 ¼

	
−

s2u
2ðtu −m2
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2
ZÞ2

þ s2ðt −m2
ZÞðt2 þ u2Þ

2ðtu −m2
hm

2
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þ sðt −m2
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2
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i

þ
�
−

s2

2ðtu −m2
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2
ZÞ2

þ s2ðtþ uÞðt −m2
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ðtu −m2
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2
ZÞ3

�
ðm2

i −m2
jÞ þ

s2ðt −m2
ZÞ

ðtu −m2
hm

2
ZÞ3

ðm2
i −m2

jÞ2
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0ðsÞ: ðE25Þ

Ḡð3Þ
3 ¼ stðm2

h − tÞðm2
Z − tÞ

ðtu −m2
hm

2
ZÞ3

�
m2

i −m2
j þ

t
2

�
Ciij
0 ðm2

h; tÞ: ðE26Þ

Ḡð4Þ
3 ¼

	
−

m2
Zsu

2ðtu −m2
hm

2
ZÞ3

þ
�
−

m2
Zs

ðtu −m2
hm

2
ZÞ3

−
1

2ðtu −m2
hm

2
ZÞ2

�
ðm2

i −m2
jÞ


ðm2

h − uÞ2Ciij
0 ðm2

h; uÞ: ðE27Þ

Ḡð5Þ
3 ¼

	
st2
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hm
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þ
�
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2
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ZÞ2

�
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Ḡð6Þ
3 ¼

	
m2

Zuðu −m2
hÞ

2ðtu −m2
hm

2
ZÞ3

þ
�
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Ḡð10Þ
3 ¼

	
s2ðm2

Z − tÞ
2ðtu −m2

hm
2
ZÞ3

ðm2
i −m2

jÞ3 þ
sðm2

Z − tÞ
2ðtu −m2

hm
2
ZÞ2

ð2m4
i −m2

i m
2
j −m4

jÞ þ
ðm2

Z − tÞ
2ðtu −m2

hm
2
ZÞ

m2
i



Diijj

0 ðt; uÞ: ðE33Þ

[1] J. A. Aguilar-Saavedra, R. Benbrik, S. Heinemeyer, and M.
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