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We study a massless Dirac field subjected to two alternative boundary conditions on two parallel thin
walls, in dþ 1 dimensions. The two configurations correspond to the system being even or odd under
reflection about the midplane between the two walls, and lead to qualitatively different behaviors. The even
(symmetric) configuration produces an attractive Casimir force, whereas the odd (antisymmetric) one
yields repulsion, in agreement with a general theorem linking parity to the sign of the fermionic Casimir
effect. We complement this result by studying two phenomena associated with the vacuum fluctuations
responsible for the Casimir interaction, both of which are also sensitive to parity: the correlation between
currents concentrated on the walls, and the induced bulk current under the influence of an external electric
field. For the latter we show that, in 2þ 1 dimensions, an induced transverse (Hall-like) current arises,
whose spatial profile inherits the symmetry of the confining potential.
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I. INTRODUCTION

In the presence of nontrivial boundary conditions, the
vacuum fluctuations of a quantum field may give rise to
macroscopic manifestations, with the Casimir [1,2] and
related effects being among the most distinctive ones.
Except for very special cases, like highly diluted media

[3–5], the Casimir force between two bodies cannot be
obtained as the result of a superposition [6–8]. This, in turn,
implies that the relationship between that force and the
geometry (shapes and positions) of the intervening bodies,
becomes generally rather involved.
In this context, what is perhaps the most relevant property

of the effect is its sign, namely, whether it is an attractive or
repulsive force. An important theoretical result [9] relates
this property to the behavior under a parity transformation
of the system. Indeed, it states that a sufficient condition for
the force between two dielectric or conducting objects to be
attractive is the existence of a reflection symmetry with
respect to a plane. In a recent work [10], we have studied a
Dirac field in the presence of a background having support
on two disconnected spatial regions, interpreted as lumps
of matter that, in appropriate limits, impose bag model
boundary conditions [11–13] on their respective frontiers.
The main result was that if a background is odd under

reflection about the midplane between the two objects,
they repel.
In this work, we provide a concrete study of the

consequences, for some relevant physical observables, of
the system being even or odd under such a reflection.
The model consists of two thin walls, each one of them
imposing boundary conditions on its two faces. Since this
leaves open the possibility of symmetric and antisymmetric
setups, it is natural to compare their physical properties. In
particular, we study the correlator between current oper-
ators concentrated on the walls, and we also study the
vacuum currents, inside the slab, induced by an external,
constant, uniform electric field which is perpendicular to
the planes of the walls.
This paper is organized as follows: in Sec. II, we define the

physical system, including the action, the singular potential,
and the conventions adopted. In Sec. III, we review the form
of the Casimir energy for the two parity configurations and
also show how the Casimir pressure for this system may be
expressed in terms of the vacuum expectation value of a
surface current operator, i.e., concentrated on one of the two
walls. This is indeed even more clear in the case of 2þ 1
dimensions. Based on this feature, in Sec. IV we deal with
the vacuum correlation function between those surface
currents at the two walls, an object which measures the
effect of simultaneous deformations of the two boundaries.
In Sec. V, we compute the current induced by an external
electric field perpendicular to the walls, and discuss its
relation to the parity anomaly in 2þ 1 dimensions. Results
for the full fermionic propagator in the presence of one
and two walls, required for our concrete calculations, are
presented in Appendix A. The generalization of results for

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 113, 125007 (2026)

2470-0010=2026=113(12)=125007(13) 125007-1 Published by the American Physical Society

https://orcid.org/0000-0002-2782-8452
https://orcid.org/0000-0001-5086-0779
https://ror.org/05m802881
https://ror.org/00sx0cd23
https://ror.org/01xz39a70
https://ror.org/05sn8wf81
https://crossmark.crossref.org/dialog/?doi=10.1103/22t8-k1q8&domain=pdf&date_stamp=2026-06-04
https://doi.org/10.1103/22t8-k1q8
https://doi.org/10.1103/22t8-k1q8
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


the Casimir energy to the case of singular potentials
with more general coupling constants is commented in
Appendix B.
Finally, in Sec. VI we present a general discussion of the

results obtained, and our conclusions.

II. THE MODEL

We begin by defining the real-time action we shall
consider in this paper; it describes a Dirac field ψ ; ψ̄ ,
including its coupling to an external gauge field A, and a
“potential” term V, used to impose the boundary conditions

Sðψ ; ψ̄ ;V; AÞ ¼
Z

dnxψ̄ðxÞ½i=D − VðxdÞ�ψðxÞ; ð1Þ

where n ¼ dþ 1 is the number of space-time dimensions,
with x ¼ ðxk; xdÞ denoting the coordinates. Here, we have
used xk as a shorthand notation for x0; x1;…; xd−1, natural
space-time coordinates for the constant-xd planes, where
the boundary conditions are imposed. Indices from the
beginning of the Greek alphabet shall be used for indices
labeling the first d space-time indices.
To that end we shall assume the form of V to be as

follows:

VðxdÞ ¼ gLδðxd − aLÞ þ gRδðxd − aRÞ: ð2Þ

The dimensionless constants gL;R characterize the strength
of the singular interactions and aL;R the positions of the
parallel infinite walls, all perpendicular to the xd axis. This
singular potential is used for imposing MIT bag boundary
conditions on each side of each (zero-width) plane, as we
explain at the end.
The covariant derivative: Dμ ≡ ∂μ þ ieAμ introduces the

minimal coupling with an electric charge e to an electro-
magnetic field, while, in our conventions, the γ-matrices
satisfy ðγμÞ† ¼ γ0γμγ0 and fγμ; γνg ¼ 2gμν, with gμν ¼
diagðþ1;−1;…;−1Þ the inverse metric (we have followed
the general usage of not writing explicitly the 2bn2c × 2bn2c
identity matrix on the right hand side). The fermions are,
for all n, in an irreducible representation of Clifford
algebra.
As a matter of convenience, we shall use a shorter

notation for cases where the external gauge field is absent;
namely, Sðψ ; ψ̄ ;VÞ for Sðψ ; ψ̄ ;V; 0Þ.
Let us now discuss the boundary conditions: as already

mentioned, the system we consider contains fermions, and
there is a slab, defined by two parallel planes which impose
MIT bag boundary conditions. We recall that, for a static
surface Σ, those conditions are usually implemented as
follows:

ð1þ in̂ðxÞ · γ⃗ÞψðxÞjx∈Σ ¼ 0; ð3Þ

where n̂ðxÞ is a unit normal vector to Σ. It is worth noting
that, in the absence of singularities in the field and in the
equations it satisfies, both the inner and outer normal
vectors do the job of leading to the vanishing of the normal
current. Namely,

nμðxÞψ̄ðxÞγμψðxÞjx∈Σ ¼ 0; with nμðxÞ≡ ð0; n̂ðxÞÞ:
ð4Þ

In the case of the bag model, there is usually a natural
choice, corresponding to the normal pointing toward the
exterior of the bag. The reason for that is the following:
assume a bag for a spatial region U is implemented by a
“potential well” VUðxÞ which in the conventions of our
model corresponds to

VUðxÞ≡ V0θUðxÞ; ð5Þ

where θUðxÞ vanishes when x∈U and equals 1 otherwise.
It is then rather straightforward to see that, when V0 → þ∞
the only remaining solutions must satisfy the bag condition
with a normal which points outward of U. Conversely, the
inner normal appears when V0 → −∞. Both lead to a
vanishing current on the boundary, and are both compatible
with the self-adjointness of the Dirac Hamiltonian in the
bag, as explained in [13].
Here, however, we consider surfaces which impose

boundary conditions on both of their faces. These may
be generated by means of a singular potential localized on
the surface. Indeed, for the xd ¼ 0 plane, we consider the
Dirac equation with a potential

VðxdÞ ¼ gδðxdÞ: ð6Þ

By an immediate generalization to d dimensions of the
analysis presented in [14,15], we get

iγd½ψðxk; ϵÞ − ψðxk;−ϵÞ� −
g
2
½ψðxk; ϵÞ þ ψðxk;−ϵÞ� ¼ 0:

ð7Þ

Defining the projectors

P� ≡ 1

2
ð1� iγdÞ; ð8Þ

one gets, in the special cases g ¼ �2, the conditions

P�ψðxk;∓ ϵÞ ¼ 0 if g ¼ 2

P�ψðxk;�ϵÞ ¼ 0 if g ¼ −2; ð9Þ

which correspond to bag boundary conditions with normal
vector n̂ðxÞ ¼ ð0⃗k;�1Þ at xd ¼ �ϵ (with the signs con-
sistently chosen for each side of the wall). This agrees with
the explanation in [13] since, at least for a potential which
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approximates the δ, when considering its two “boundaries”
at �ϵ, one obtains bag boundary conditions with opposite
orientations of the normal vector on each side.
We note that the rather formal derivation we considered,

namely, getting the matching conditions from the integration
of Dirac’s equation, may be related to the more exhaustive
study of different singular potentials for the Dirac equation in
1þ 1 dimensions, considered in [16]. Indeed, the transition
matrix T from the left to the right of square pulse potential
centered on xd ¼ 0, which tends to a δ function of height λ
when its width tends to 0 is

T ¼ e−λPþ þ eλP− ð10Þ
which yields the same conditions we derived, under the
correspondence

eλ ¼ 1þ g=2
1 − g=2

: ð11Þ

In most of this paper, we shall use the special cases
corresponding to bag boundary conditions, where jgL;Rj ¼ 2.
So we will set gL;R ¼ 2ηL;R, with ηL;R ¼ �1, since the sign
choice affects the physics. However, in the next section, we
present a more general result, valid for any real values of
the constants.

III. CASIMIR ENERGY

One of the most immediate consequences of the boun-
dary conditions imposed is in the vacuum energy which,
since it depends on the distance a between the walls, leads
to Casimir forces. The vacuum energy of the confined Dirac
field can be computed via the functional determinant of
the operator appearing in the action (1), with the singular
potential inducing nontrivial boundary conditions at the
walls. The result, after renormalization, depends on the
separation a between the walls and on the signs ηL;R.
For the case of two walls located at xd ¼ aL and

xd ¼ aR ≡ aL þ a, with coupling constants gL and gR,
the Casimir energy per unit area, EðaÞ, may be obtained as
follows: we first define

eiΓðVÞ ¼ ZðVÞ
Z0

ð12Þ

with

ZðVÞ ¼
Z

Dψ̄DψeiSðψ̄ ;ψ ;VÞ and Z0 ≡ ZðVÞjV¼0:

ð13Þ
Since the result of integrating out the fields may be formally
put in terms of functional determinants

ΓðVÞ ¼ −i log
�
detði=∂ − VÞ
detði=∂Þ

�
. ð14Þ

Since VðxdÞ depends only on the perpendicular coordinate,
the system is translation-invariant along the d parallel
space-time directions, so that the effective action factors
as ΓðVÞ ¼ −EðaÞVk, with Vk the (large) parallel space-
time volume and EðaÞ the energy per unit parallel area.
Fourier-decomposing the determinant along these direc-
tions, and dropping an a-independent constant (which
accounts for the self-energy of the walls), we get

EðaÞ ¼ i
Z

ddpk
ð2πÞd log

�
detðiγd∂d þ =pk − VÞ
detðiγd∂d þ =pkÞ

�

¼ i
Z

ddpk
ð2πÞd Tr log½ðiγ

d
∂d þ =pkÞ−1

× ðiγd∂d þ =pk − VÞ�: ð15Þ

Subtracting from EðaÞ its limit when a → ∞ leads to the
interaction Casimir energy. Since V has support on a finite
set of points, the Fredholm determinant in (15) collapses to
that of a spinor wall-index matrix already (see Appendix A).
For arbitrary couplings gL, gR

EðaÞ ¼ i
Z

ddpk
ð2πÞd log det MðpkÞ; ð16Þ

withMðpkÞ given explicitly in Appendix B. Its determinant
evaluates, in any number of dimensions, to

det MðpkÞ

¼
�ð4þ g2LÞð4þ g2RÞ

16

�
2bn=2c−1

½1þ ρL ρR e2iaP�2bn=2c−1 ; ð17Þ

with P≡
ffiffiffiffiffi
p2
k

q
and the “reflection coefficients”

ρi ≡ 4gi
4þ g2i

; i ¼ L;R: ð18Þ

Subtracting an a-independent term, and performing the
Wick rotation, the renormalized Casimir energy becomes

EðaÞ ¼ −2bn=2c−1
Z

ddpk
ð2πÞd log½1þ ρLρRe

−2ajpkj�: ð19Þ

The reflection coefficients satisfy jρij ≤ 1, with the bound
saturated only when jgij ¼ 2; in that limit ρi → ηi and (19)
reduces to

EðaÞ ¼ −2bn=2c−1
Z

ddpk
ð2πÞd log½1þ ηL ηRe

−2ajpkj�: ð20Þ

Equation (20) is therefore the perfect-confinement limit of
the more general expression. For jgij < 2 the magnitude
of the Casimir energy is reduced, while its sign is still
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determined by sgnðρLρRÞ ¼ sgnðgLgRÞ. In particular, for
symmetric couplings gL ¼ gR ¼ g, jEðaÞj reaches its maxi-
mum precisely at jgj ¼ 2; this was shown by explicit
evaluation in 1þ 1 and 3þ 1 dimensions in [17], and is
consistent with (19).
Throughout the rest of the paper we work exclusively in

the bag-condition limit jgL;Rj ¼ 2, where (20) means that
the force is attractive when ηL ¼ ηR and repulsive when
ηL ¼ −ηR. The repulsive case is consistent with the
theorem established in [10], which states that a sufficient
condition for repulsion is that the potential coupling the
fermionic field to the objects be odd under spatial reflec-
tion. A further reason for this restriction is that the surface-
current correlators of Sec. IV and the induced bulk current
of Sec. V depend on the full propagator within the slab,
which factorises only at jgL;Rj ¼ 2 (cf. Appendix A).
Moreover, in this case the Casimir energy is exactly 2bn2c

times the Casimir energy of a scalar field obeying Dirichlet
boundary conditions, but with opposite sign (repulsive
rather than attractive).
A simple way to understand this result is that the odd

version of the potential effectively imposes Dirichlet con-
ditions on half of the 2bn2c spinor components on the inner
sides of the walls, while leaving the remaining components
unconstrained there. This “half” factor is compensated by
the factor of 2 appearing in the power of the determinant in
the fermionic functional integral relative to the bosonic
counterpart.

A. The pressure in terms of a bilinear concentrated
on one of the walls

Let us now explore the relationship between the phe-
nomenon of Casimir interaction and the vacuum expectation
values of fermionic bilinears concentrated on one of the
planes. We know that this must indeed be possible, since one
could calculate a force by evaluating the corresponding flux
of the energy-momentum tensor. But we use here a more
expedite procedure, namely, we derive the Casimir force per
unit area, or pressure PðaÞ, from (15). Indeed, applying the
same kind of procedure as in [15], we derive

PðaÞ ¼ −∂aEðaÞ

¼ −igR
Z

ddpk
ð2πÞd tr½γ

d=pkS̃Fðpk; aR; aRÞ�; ð21Þ

where S̃Fðpk; xd; ydÞ is the fermionic propagator in the
presence of two walls, derived in Appendix A. This already
shows that the pressure depends on a fermionic bilinear,
concentrated on one of the plates. Of course, the opposite
result would have been obtained had we considered the
derivative with respect to aL instead. In the particular case
of n ¼ 2þ 1 dimensions, since γdγα ¼ −iεαβγβ, we can
even refine the previous assertion to saying that the pressure
depends on the fermionic current on the wall.

A remark on the meaning of the propagator at the wall
is in order. The propagator obtained in Appendix A is, in
general, discontinuous across each wall: it contains a piece
carrying a sgnðxd − ydÞ factor, reflecting the well-known
Šeba-type jump in the Dirac wave function induced by a
δ-potential [18]. The trace appearing in (21), however,
projects out exactly the discontinuous components: using
the decomposition of the propagator S̃F ¼ A1þ Bp̂αγ

α þ
Cγd þDp̂αγ

αγd given in Appendix A, together with the
Dirac algebra (with gdd ¼ −1), one finds in any dimension

tr½γd=pkS̃Fðpk; xd; ydÞ� ¼ −2bn=2cDðpk; xd; ydÞ
ffiffiffiffiffi
p2
k

q
: ð22Þ

Of the four scalar coefficients, only the smooth coefficient
D contributes to the pressure. D at coincident points on
the wall is, in turn, continuous. From the explicit expres-
sions in Appendix A,

Dðpk; aR; aRÞ

¼
8<
:

ðη=2Þ tan
� ffiffiffiffiffi

p2
k

q
a
�

ðsymmetric caseÞ

ðη=2Þ cot
� ffiffiffiffiffi

p2
k

q
a
�

ðantisymmetric caseÞ
ð23Þ

neither of which involves any sign function. The choice of
side of the wall at which to evaluate the propagator is also
unambiguous: for jgL;Rj ¼ 2 the wall is impermeable, and
the pressure exerted on the right wall is determined by the
propagator on its inner face, the only one in causal contact
with the slab interior. This realizes the partial cancellation
expected on the grounds that, in the same sense in which a
δ-potential acts on a Dirac field as a δ0-potential would on
a scalar [16,18], the projected combination relevant for the
pressure is well defined.

IV. CORRELATION BETWEEN CURRENTS

As we have just discussed, the Casimir pressure may be
expressed in terms of the vacuum expectation value of a
surface current. Let us now see that the correlation between
the two fermionic currents, each one concentrated on a
wall, also plays a role in the Casimir interaction. Indeed, by
following a procedure which is entirely analogous to the
one of [15], but with time-independent deformations, we
now assume a small deformation of each boundary, in such
a way that L and R correspond to xd ¼ −ða

2
þ ξLðx⃗kÞÞ and

xd ¼ þða
2
þ ξRðx⃗kÞÞ, respectively. Here, x⃗k are the first

d − 1 spatial coordinates. Besides, we assume that the
deformations have zero spatial average. Were such an
average different from zero, it could be removed by a
redefinition of a.
Then, from (12) and (13), we obtain for the lowest order

correction to the vacuum energy involving both deforma-
tions, ELR
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ELR ¼
Z

ddx⃗k

Z
ddy⃗kξLðx⃗kÞγðx⃗k − y⃗kÞξRðy⃗kÞ; ð24Þ

where γðx⃗kÞ ¼
R dd−1k⃗k

ð2πÞd−1 e
ik⃗k·x⃗k

R
dk0
2π γ̃ðk0; k⃗kÞ and

γ̃ðkkÞ ¼ 4iηLηR

Z
ddpk
ð2πÞd tr

�
γdS̃F

�
pk þ kk;−

a
2
;
a
2

�

× ð=pk þ =kkÞγd=pkS̃F

�
pk;

a
2
;−

a
2

��
: ð25Þ

For d ¼ 2, the energy reduces to

ELR ¼ 4iηLηR

Z
dx1

Z
dy1 A0

Lðx1ÞΠ00ðx1 − y1ÞA0
Rðy1Þ;

ð26Þ
where we introduced the vacuum polarization tensor

Π̃αβðkkÞ ¼
Z

ddpk
ð2πÞd tr

�
γαS̃F

�
pk þ kk;−

a
2
;
a
2

�

× γβS̃F

�
pk;

a
2
;−

a
2

��
; ð27Þ

and A0 ¼ ∂1ξ. Note that in this static case, the geometric
gauge field has only temporal component. Besides, it
vanishes when the deformation is constant. A constant
contribution would in turn amount to a change in a, and
therefore cannot appear as a deformation. Thus, the inter-
action between the deformations depends on the correlation
between the surface currents on the two walls: a vacuum
polarization tensor, which will also play an important role
in Sec. V.
We then focus on the correlation between currents at the

walls (xd ¼ − a
2
and yd ¼ a

2
)

Cαβðxk − ykÞ≡
	
Jα
�
xk;−

a
2

�
Jβ
�
yk;

a
2

�

¼ −

Z
=pk=kk

e−iðpk−kkÞ·ðxk−ykÞtr
�
γαS̃F

�
pk;−

a
2
;
a
2

�
γβS̃F

�
kk;

a
2
;−

a
2

��
. ð28Þ

We will mostly consider the equal-time correlator, i.e.,
we set xk − yk ¼ ð0; x⃗kÞ, which isolates the spatial depend-
ence induced by the boundaries and avoids mixing it with
retardation effects. Other time orderings can be obtained by
keeping the full xk − yk dependence and performing the
corresponding analytic continuation.
Using the expressions for the propagator fromAppendix A

and performing the Dirac traces1 the equal-time correlator
between currents at the walls is

Cαβðx⃗kÞ ¼−
2bd−12 c

ð2πa2Þd
�jx⃗kj

a

�
2−d�

δηLηRU
αβId

�
coshð·Þ; jxk

!j
a

�

þδηLηRV
αβðx⃗kÞIdþ2

�
· sinhð·Þ; jxk

!j
a

��
; ð29Þ

where δηLηR is equal to one when ηL ¼ ηR, zero otherwise,
and δηLηR the opposite. We have also defined

Id½Fð·Þ; t� ¼
 Z

∞

0

ds
sd=2Jd−2

2
ðstÞ

FðsÞ

!
2

; ð30Þ

and the tensorial structure is given by

Uαβ ¼ gαβ − δd2ηLϵ
αβ2 ð31Þ

VαβðxÞ ¼ gαβ þ 2
xαxβ

−x2
− δd2ηL

xρxλ
−x2

ðgαρϵβλ2 þ gβρϵαλ2Þ:
ð32Þ

The correlation between charge densities is always negative:
a positive fluctuation at one wall tends to be accompanied
by a negative fluctuation at the other. This reflects the
tendency of the vacuum to balance charge fluctuations
across the boundaries. Regarding the tensorial structure, a
parity-breaking term arises in two spatial dimensions, and
the antisymmetric case introduces an angular dependence.
Let us analyze separately the most relevant cases of d ¼ 2
and d ¼ 3.
In two spatial dimensions with xk ¼ ð0; xÞ the correla-

tion between currents is

CαβðxÞ ¼−
1

ð2πa2Þ2
�
δηLηR

�
1 −ηL
ηL −1

��Z
∞

0

ds
sJ0ðsxa Þ
coshðsÞ

�
2

ð33Þ

þδ̄ηLηR

�
1 ηL

ηL 1

��Z
∞

0

ds
sJ1ðsxa Þ
sinhðsÞ

�
2
�
; ð34Þ

and the behavior of the integrals can be seen in Fig. 1, where
the spatial dependence of the current-current correlation is
shown. One observes that an even potential leads to a
positively correlated response, whereas an odd configuration

1Using that, for n ¼ 2þ 1 dimensions the gamma matrices can
be chosen as γμ ¼ ðσ1; iσ2; iσ3Þ, we have γμγν ¼ gμν1 − iϵμνργρ
for μ; ν; ρ∈ f0; 1; 2g. This gives trðγαγβγ2Þ ¼ −2iϵαβ2 and
trðγαγργβγλγ2Þ ¼ −2iðgαρϵβλ2 þ gβλϵαρ2Þ for α; β; ρ; λ∈ f0; 1g.
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produces a negative correlation. This is consistent with the sign of the Casimir force: in analogy with Ampère’s law, parallel
(antiparallel) currents are associated with attractive (repulsive) interactions.
In three spatial dimensions the integrals can be explicitly computed, so the correlation between currents is, with

xk ¼ ð0; x; yÞ denoting the difference between the coordinates on each plane

Cαβðx; yÞ ¼ −
2

ð2πa2Þ3
a
r

8>><
>>:δηLηR

0
B@

1 0 0

0 −1 0

0 0 −1

1
CA π3a

8r

tanh2ðπr
2aÞ

cosh2ðπr
2aÞ

þδ̄ηLηR

0
BB@

1 0 0

0 x2−y2
r2

2xy
r2

0 2xy
r2

y2−x2
r2

1
CCA πa3

2r3
ðsinhðπra Þ − πr

a Þ2
ð1þ coshðπra ÞÞ2

9>>=
>>;










r¼

ffiffiffiffiffiffiffiffiffi
x2þy2

p
: ð35Þ

Note that, when the potential is odd, there is an interesting
phenomenon involving the spatial dependence of the
correlation function. To that end, it is convenient to choose
an appropriate coordinate system. Since ðx; yÞ and ð−y; xÞ
are eigenvectors of the nondiagonal block in the cor-
relation matrix, introducing polar coordinates on the plane:
r̂ ¼ 1

r ðx; yÞ and ϕ̂ ¼ 1
r ð−y; xÞ we see that

M ¼

0
BB@

1 0 0

0 x2−y2
r2

2xy
r2

0 2xy
r2

y2−x2
r2

1
CCA ð36Þ

becomes diagonal

M0 ¼

0
B@

1 0 0

0 1 0

0 0 −1

1
CA: ð37Þ

This means that the radial components and the tangential
components of the currents are separately correlated. Namely,
in the odd case, the only nonvanishing correlations are

Coddrr ðx; yÞ ¼ −Coddϕϕ ðx; yÞ

¼ −
π

ð2πa2Þ3
�
a
r

�
4
�
sinhðπra Þ − πr

a

1þ coshðπra Þ
�
2

: ð38Þ

One way to have a pictorial representation of the previous
result is that fluctuations that look like a radial flow from
(or toward) a point on a plane are negatively correlated. On
the other hand, fluctuations looking like circular streams have
a positive correlation.

V. INDUCED BULK CURRENT

The induced current is defined as the vacuum expect-
ation value of the fermionic current eψ̄ðxÞγμψðxÞ (with
e < 0 the charge of the electron) in the presence of an
external electromagnetic field Aμ. We are interested in the
lowest order contribution, i.e., the linear response, which
turns out to be

jμðxÞ ¼ heψ̄ðxÞγμψðxÞiAj1st order
¼ ie2

Z
dnyΠμνðx; yÞAνðyÞ; ð39Þ

where Πμνðx; yÞ ¼ trðγμSFðx; yÞγνSFðy; xÞÞ is the vacuum
polarization tensor. For a uniform electric field perpendicular
to the walls E⃗ ¼ ð0⃗k; EÞ, with the gauge choice AμðxÞ ¼
ð−xdE; 0⃗Þ, the induced current takes the form

jμðxdÞ ¼ −ie2E
Z

∞

−∞
dyd ydΠ̃μ0ð0k; xd; ydÞ; ð40Þ

with

Π̃μ0ð0k; xd; ydÞ

¼
Z

ddpk
ð2πÞd tr½γ

μS̃Fðpk; xd; ydÞγ0S̃Fðpk; yd; xdÞ�: ð41Þ

If we are only interested in what happens between the walls,
the limits of (40) can be replaced by ð− a

2
; a
2
Þ. Taking into

FIG. 1. Position dependence of correlation between parallel
current densities at the walls in d ¼ 2.
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account the symmetry properties of the coefficients found in
Appendix A, after performing the Dirac traces2 we get

Π̃μ0ð0k; xd; ydÞ

¼ δμ0tr1
Z

ddpk
ð2πÞd

�
A2 − C2 þ

p2
0 þ p⃗2

k
p2
0 − p⃗2

k
ðB2 −D2Þ

�
ð42Þ

þ4iδμ1δd2
Z

ddpk
ð2πÞd

�
p2
0 þ p2

1

p2
0 − p2

1

BD − AC

�
; ð43Þ

This expression shows that there is only induced spatial
current for the case of 2þ 1 dimensions, and it is transversal
to the electric field. After the Wick rotation p0 → ip0

E, the
first term in (43)—the one involving the product BD—
vanishes by angular integration in the Euclidean parallel-
momentum plane, as we now show. The coefficients B andD

depend on pk only through
ffiffiffiffiffi
p2
k

q
(cf. Appendix A), and

hence become functions of the Euclidean radial variable
pE ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðp0
EÞ2 þ p2

1

p
alone, with no dependence on the

angular variable φ defined by ðp0
E; p1Þ ¼ pEðsinφ; cosφÞ.

The kinematic factor multiplying them, in turn, transforms as

p2
0 þ p2

1

p2
0 − p2

1

⟶
Wick −

p2
1 − ðp0

EÞ2
p2
E

¼ − cosð2φÞ; ð44Þ

and
R
2π
0 cosð2φÞdφ ¼ 0, so its integration over the angular

variable annihilates the BD contribution. TheAC term carries
no analogous angular factor (after Wick rotation, A and C are
also functions of pE only) and is thus unaffected. The
induced spatial current therefore reduces to

j1ðxÞ≡ ηR
e2E
4π

j̃ηLηR

�
x
a

�

¼ ηR
e2E
4π

Z 1
2

−1
2

dt t
Z

∞

0

ds s f

�
s;
x
a
; t; ηLηR

�
; ð45Þ

where now we denote x to the coordinate transversal to the
walls, and with

fðs; z; t;þ1Þ

¼ 2
cosh½sðzþ tÞ�

coshðsÞ
�
sgnðz− tÞe−sjz−tj þ e−s

sinh½sðz− tÞ�
coshðsÞ

�
;

ð46Þ

fðs; z; t;−1Þ

¼ 2
sinh½sðzþ tÞ�

sinhðsÞ
�
sgnðz − tÞe−sjz−tj − e−s

sinh½sðz − tÞ�
sinhðsÞ

�
:

ð47Þ
Evaluating the integrals yields

j̃þ1ðxÞ ¼ −
1

2
−
1

6
log 2þ 6 logAGK þ 1

2
log

�
Γð3−2x

4
ÞΓð3þ2x

4
Þ

Γð1−2x
4
ÞΓð1þ2x

4
Þ
�

þ −
x
4

�
ψ0

�
1 − 2x

4

�
− ψ0

�
1þ 2x

4

�
− ψ0

�
3 − 2x

4

�
þ ψ0

�
3þ 2x

4

��

þ −
1 − 4x2

64

�
ψ1

�
1 − 2x

4

�
þ ψ1

�
1þ 2x

4

�
− ψ1

�
3 − 2x

4

�
− ψ1

�
3þ 2x

4

��
; ð48Þ

j̃−1ðxÞ ¼
1

2
log

�
Γð1þ2x

2
Þ

Γð1−2x
2
Þ
�
−
x
2

�
ψ0

�
1 − 2x

2

�
þ ψ0

�
1þ 2x

2

��
þ −

1 − 4x2

16

�
ψ1

�
1 − 2x

2

�
− ψ1

�
1þ 2x

2

��
; ð49Þ

where AGK ≈ 1.2824… is the Glaisher-Kinkelin constant,
which arises from the regularization of the infinite product
of Γ functions, and ψ0, ψ1 are the polygamma functions of
order 0 and 1 respectively. We can see in Fig. 2 that an even
confining potential produces an even current density, while
an odd confining potential leads to an odd distribution. This
means that an external electric field with an even confining
potential produces a net induced current in the direction
perpendicular to the electric field.
Regarding the charge density, one can verify that in both

configurations the distribution is an odd function of xd for

every dimension, so the total induced charge between the
walls vanishes, as expected.

A. Effective Hall conductivity and the parity anomaly

The results of the previous subsection admit a natural
interpretation in the language of the parity anomaly in 2þ 1
dimensions [19,20]. In this dimensionality, a single massless
Dirac fermion cannot be regularized in a way that preserves
both gauge invariance and parity; the parity anomaly
manifests through a half-integer contribution to the Hall
conductivity. For the contribution to the parity anomaly of
the borders in a four dimensional theory, see [21], where
sign-dependent boundary conditions (analog to our choice
for ηL;R) also appear.2This expression is valid for d ¼ 1, 2, 3.
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In our system, the boundary conditions imposed by the
singular potential project out half of the spinor components
at each wall. For the symmetric configuration (ηL ¼ ηR),
the same projector P� ¼ ð1� iγdÞ=2 is imposed at both
boundaries, effectively breaking parity within the slab.
This is the mechanism behind the nonvanishing transverse
current: the fermionic vacuum in the slab develops a parity-
odd response to the external electric field.
An effective Hall conductivity can be defined by

integrating the current density across the slab

J1 ≡ 1

a

Z
a=2

−a=2
dxd j1ðxdÞ ¼ ηR

e2E
4π

Z
1=2

−1=2
dx j̃ηLηRðxÞ

≡ σH E: ð50Þ

For the antisymmetric case, the odd symmetry of j̃−1ðzÞ
under z → −z guarantees that σH ¼ 0, consistent with the
fact that the odd potential preserves parity.
For the symmetric case, integrating the analytic expres-

sion for j̃1ðzÞ yields

σH ¼ −ηR
e2

4π
; ð51Þ

which is the natural parity anomaly scale, and it results
from the bulk modes inhabiting the slab. The propagator
coefficients in the symmetric configuration (Appendix A)

have poles at cosð
ffiffiffiffiffi
p2
k

q
aÞ ¼ 0, i.e., at p2

k ¼ m2
n with

mn ¼
�
nþ 1

2

�
π

a
; n ¼ 0; 1; 2;…; ð52Þ

which are precisely the effective (2þ 1)-dimensional masses
of the discrete tower of eigenmodes of the perpendicular
Dirac operator under the symmetric bag boundary condi-
tions. Each such mode, viewed in the parallel directions as an
effective (2þ 1)-dimensional massive Dirac fermion, con-
tributes its own parity-anomaly response to the Hall con-
ductivity; with in (51) resulting from the sum of these
contributions, with the regularization implemented implicitly

by the propagator-based derivation through the Wick rota-
tion and the standard iε prescription.
In the antisymmetric configuration the analogous poles

lie at sin
� ffiffiffiffiffi

p2
k

q
a
�
¼ 0, giving the spectrum mn ¼ nπ=a

(n ¼ 1; 2;…); the parity-conjugate boundary conditions of
this case organize the modes in �mn pairs, whose indi-
vidual parity-anomaly contributions cancel pairwise, con-
sistent with σH ¼ 0.
Finally, we note that the divergence of the current density

near the walls is of logarithmic type, similar to the behavior
of the vacuum expectation value of the stress-energy tensor
near boundaries with Dirichlet-type conditions.

VI. DISCUSSION AND CONCLUSIONS

We have studied the vacuum physics of a massless Dirac
field confined between two parallel walls in dþ 1 dimen-
sions, realized through singular potentials with coupling
constants gL;R ¼ �2 that implement MIT bag boundary
conditions. The two physically inequivalent configurations,
corresponding to a confining potential that is even (ηL ¼ ηR)
or odd (ηL ¼ −ηR) under reflection about the midplane,
control the qualitative behavior of all observables.
For the Casimir energy, the even configuration yields an

attractive force proportional to 2bn=2c times the scalar
Dirichlet result, while the odd configuration produces a
repulsive force of the same magnitude.
The vacuum current-current correlator between the walls,

Cαβ, displays a rich tensorial structure. In arbitrary dimen-
sion, a parity-even piece proportional to ηαβ (or the more
involved tensor Vαβ) mediates the standard vacuum-dressed
Coulomb and Ampère interactions between charges and
currents on the walls. In 2þ 1 dimensions, a parity-odd
term proportional to ϵαβ2 appears, reflecting the parity
anomaly of a single Dirac fermion. We showed that this
term generates an effective Chern-Simons-like coupling
between probe gauge fields on the two walls, present only
in the symmetric configuration.
The most striking observable consequence emerges in the

induced current: an external electric field perpendicular to
the walls drives a transverse (Hall) current that flows parallel
to the walls and perpendicular to the applied field, exclu-
sively in 2þ 1 dimensions. For the symmetric configura-
tion, the current density is an even function of position,
yielding a net integrated Hall current characterized by an
effective conductivity σH ¼ −ηR e2

4π. For the antisymmetric
configuration, the current density is odd, giving vanishing
total current in agreement with parity conservation.
Several directions merit further investigation. The inclu-

sion of a fermion mass m would introduce a gap and is
expected to drive the Hall conductivity toward different
quantization values as ma → ∞, interpolating between
different topological regimes when m is finite. The extension
to finite temperature would allow contact with the thermal
Casimir effect and the behavior of the Hall response in a

FIG. 2. Spatial current density in the presence of an external
electric field perpendicular to the walls.
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finite-temperatureDirac system.Finally, the interplay between
the vacuum-mediated inter-wall interaction and the dynamical
electromagnetic field, including the backreaction on the
photon propagator within the slab, could reveal nontrivial
modifications to the effective low-energy theory of the gauge
field in the presence of fermionic boundary conditions.
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APPENDIX A: FERMION PROPAGATOR

In this Appendix we present the explicit form of the Dirac
propagator in the presence of one and two walls.
For a matrix differential operator

Oðx; yÞ ¼ O0ðx − yÞ − VðxÞδðx − yÞ ðA1Þ

¼
Z
z
½δðx − zÞ1 − VðxÞO−1

0 ðx − zÞ�O0ðz − yÞ

ðA2Þ

≡
Z
z
Kðx; zÞO0ðz − yÞ; ðA3Þ

the inverse of Oðx; yÞ is given by

O−1ðx; yÞ ¼
Z
z
O−1

0 ðx − zÞK−1ðz; yÞ: ðA4Þ

For the inverse of K we have

K−1 ¼ 1

1 − VO−1
0

¼
X∞
n¼0

ðVO−1
0 Þn

¼ 1þ
X∞
n¼1

ðVO−1
0 Þn ðA5Þ

¼ 1þ VO−1
0

X∞
n¼0

ðVO−1
0 Þn

¼ 1þ VO−1
0 K−1 ¼ 1þ VO−1 ðA6Þ

so for the inverse of O we get the implicit equation

O−1ðx; yÞ ¼ O−1
0 ðx − yÞ þ

Z
z
O−1

0 ðx − zÞVðzÞO−1ðz; yÞ:

ðA7Þ

The complete propagator is defined as the inverse of the
kinetic operator (up to a factor i)

SFðx; yÞ≡ i½iγμ∂μ − V�−1ðx; yÞ; ðA8Þ

and, as shown in the previous step, it satisfies the implicit
equation

SFðx; yÞ ¼ Sð0ÞF ðx − yÞ − i
Z

dn zSð0ÞF ðx − zÞVðzÞSFðz; yÞ;

ðA9Þ

where

Sð0ÞF ðx − yÞ≡ i½iγμ∂μ�−1ðx − yÞ

¼ i
Z

dnp
ð2πÞn

pμγ
μ

p2 þ iε
e−ip·ðx−yÞ ðA10Þ

is the free propagator for a massless Dirac field. For
the configuration considered in this paper, because of the
translational symmetry in the directions parallel to the walls,
the full propagator can be expressed as

SFðx; yÞ ¼
Z

ddpk
ð2πÞd e

−ipk·ðxk−ykÞS̃Fðpk; xd; ydÞ: ðA11Þ

Inserting the potential (2) in (A9), the (partial) Fourier
transform of the full propagator turns out to be

S̃Fðpk; xd; ydÞ

¼ S̃ð0ÞF ðpk; xd − ydÞ − i
XN
i;j¼1

giS̃
ð0Þ
F ðpk; xd − aiÞ

× TijS̃
ð0Þ
F ðpk; aj − ydÞ; ðA12Þ

where the (partial) Fourier transform of the free propa-
gator is3

S̃ð0ÞF ðpk; zÞ ¼
e
ijzj

ffiffiffiffi
p2
k

p
2

0
@ pαffiffiffiffiffi

p2
k

q γα − sgnðzÞγd
1
A; with

α ¼ 0;…; d − 1 ðA13Þ

and Tij are matrices in the spinor space satisfying

XN
k¼1

Tik½δkj1þ igjS̃
ð0Þ
F ðpk; ak − ajÞ� ¼ δij1: ðA14Þ

3p2
k is implicitly defined with the Feynman prescription,

namely p2
k ≡ p2

k þ iϵ with ϵ → 0þ.
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1. One wall

For one wall placed at xd ¼ a with arbitrary g, the
propagator takes the following form:

(i) When both points are evaluated at the same side of
the wall, satisfying sgnðxd − aÞ ¼ sgnðyd − aÞ, the
propagator is

S̃Fðpk; xd; ydÞ
¼ S̃ð0ÞF ðpk; xd − ydÞ − isgnðxd − aÞ
×

g
1þ ðg

2
Þ2 S̃

ð0Þ
F ðpk; xd þ yd − 2aÞγd: ðA15Þ

(ii) When each point is evaluated at a different side of
the wall, so that sgnðxd − aÞ ¼ −sgnðyd − aÞ, the
propagator is

S̃Fðpk; xd; ydÞ ¼
1 − ðg

2
Þ2

1þ ðg
2
Þ2 S̃

ð0Þ
F ðpk; xd − ydÞ: ðA16Þ

For g ¼ �2, the field cannot propagate from one
side of the wall to the other, so this is another way of
seeing that the singular potential with that particular
choice of the parameter imposes perfect bag boun-
dary conditions.

2. Two walls with jgj= 2
For two walls located at xd ¼ aL and xd ¼ aR > aL,

with coupling constants gL ¼ 2ηL and gR ¼ 2ηR respec-
tively, for ηL;R ¼ �1, we need to find the inverse of a matrix
whose components are given by the bracket of (A14),
which is

 
1þ 2iηLS̃

ð0Þ
F ðpk;0Þ 2iηRS̃

ð0Þ
F ðpk;aL −aRÞ

2iηLS̃
ð0Þ
F ðpk;aR −aLÞ 1þ 2iηRS̃

ð0Þ
F ðpk;0Þ

!
ðA17Þ

Using the expression for the inverse of a block matrix, after
some algebra the full propagator can be expressed as

S̃Fðpk; xd; ydÞ ¼ A1þ Bp̂αγ
α þ Cγd þDp̂αγ

αγd; ðA18Þ

where p̂α ≡ pαffiffiffiffi
p2
k

p , and A, B, C, and D are scalar functions

that make the propagator satisfy the bag boundary con-
ditions at both sides of each wall

lim
ϵ→0þ

ð1� iγdÞS̃Fðpk; ai ∓ ηiϵ; ydÞ ¼ 0; i ¼ L;R:

ðA19Þ

For the sake of symmetry let us take aL ¼ − a
2
and aR ¼ a

2
.

Since we are interested in what happens between the walls,
we will only give the expressions of the coefficients
for xd; yd ∈ ½− a

2
; a
2
�

(i) Symmetric case ηL ¼ ηR ≡ η

Aðpk; xd; ydÞ ¼ −
iη
2

cos
ffiffiffiffiffi
p2
k

q
ðxd þ ydÞ

cos
ffiffiffiffiffi
p2
k

q
a

ðA20Þ

Bðpk; xd; ydÞ ¼
e
i
ffiffiffiffi
p2
k

p
jxd−ydj

2
−
e
i
ffiffiffiffi
p2
k

p
a

2

×
cos

ffiffiffiffiffi
p2
k

q
ðxd − ydÞ

cos
ffiffiffiffiffi
p2
k

q
a

ðA21Þ

Cðpk; xd; ydÞ ¼ −sgnðxd − ydÞ e
i
ffiffiffiffi
p2
k

p
jxd−ydj

2

þ i
e
i
ffiffiffiffi
p2
k

p
a

2

sin
ffiffiffiffiffi
p2
k

q
ðxd − ydÞ

cos
ffiffiffiffiffi
p2
k

q
a

ðA22Þ

Dðpk; xd; ydÞ ¼
η

2

sin
ffiffiffiffiffi
p2
k

q
ðxd þ ydÞ

cos
ffiffiffiffiffi
p2
k

q
a

ðA23Þ

(ii) Antisymmetric case ηL ¼ −ηR ≡ η

Aðpk; xd; ydÞ ¼
iη
2

sin
ffiffiffiffiffi
p2
k

q
ðxd þ ydÞ

sin
ffiffiffiffiffi
p2
k

q
a

ðA24Þ

Bðpk; xd; ydÞ ¼
e
i
ffiffiffiffi
p2
k

p
jxd−ydj

2
þ i

e
i
ffiffiffiffi
p2
k

p
a

2

×
cos

ffiffiffiffiffi
p2
k

q
ðxd − ydÞ

sin
ffiffiffiffiffi
p2
k

q
a

ðA25Þ

Cðpk; xd; ydÞ ¼ −sgnðxd − ydÞ e
i
ffiffiffiffi
p2
k

p
jxd−ydj

2

þ e
i
ffiffiffiffi
p2
k

p
a

2

sin
ffiffiffiffiffi
p2
k

q
ðxd − ydÞ

sin
ffiffiffiffiffi
p2
k

q
a

ðA26Þ

Dðpk; xd; ydÞ ¼
η

2

cos
ffiffiffiffiffi
p2
k

q
ðxd þ ydÞ

sin
ffiffiffiffiffi
p2
k

q
a

ðA27Þ

It can be seen that for both cases A, B, andD are even under
the exchange xd ↔ yd, while C is odd.
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Since a wall with jgj ¼ 2 completely decouples the two sides, when both points lie beyond all the walls the propagator
reduces to that of a single wall

S̃Fðpk; xd; ydÞ ¼
(
S̃ð0ÞF ðpk; xd − ydÞ þ iηLS̃

ð0Þ
F ðpk; xd þ yd − 2aLÞγd if xd; yd < aL

S̃ð0ÞF ðpk; xd − ydÞ − iηRS̃
ð0Þ
F ðpk; xd þ yd − 2aRÞγd if xd; yd > aR

: ðA28Þ

Using the same reasoning, the propagator in the presence of
N > 2 walls can be constructed from the N ¼ 2 case.

APPENDIX B: CASIMIR ENERGY FOR
ARBITRARY COUPLINGS

In this Appendix we provide the detailed derivation of
the closed-form expression for the Casimir energy, valid for
arbitrary values of the coupling constants gL and gR, and
show how the bag-condition limit jgL;Rj ¼ 2 used in the
body of the paper is recovered.
Starting from (15) and using translation invariance along

the d parallel directions, the functional determinant reduces
to that of an operator acting on the xd coordinate alone.
Since VðxdÞ ¼ gLδðxd − aLÞ þ gRδðxd − aRÞ has support
on a finite set of points, the operatorO−1

0 V is of finite rank,
and the Fredholm determinant collapses to that of the
spinor ⊗ wall-index matrix already appearing in (A14),
generalized to arbitrary couplings

MðpkÞ ¼
 
1þ igLS̃

ð0Þ
F ðpk; 0Þ igRS̃

ð0Þ
F ðpk;−aÞ

igLS̃
ð0Þ
F ðpk;þaÞ 1þ igRS̃

ð0Þ
F ðpk; 0Þ

!
;

ðB1Þ

each block being a 2bn=2c × 2bn=2c matrix in spinor space.
Modulo the a-independent self-energies, the energy density
is then

EðaÞ ¼ i
Z

ddpk
ð2πÞd log det MðpkÞ: ðB2Þ

To make the spinor structure manifest, we use the
sgnð0Þ ¼ 0 prescription in the free propagator, so that

S̃ ð0Þ
F ðpk; 0Þ ¼ 1

2
=̂pk, and S̃ ð0Þ

F ðpk;�aÞ ¼ eiaP
2
ð=̂pk ∓ γdÞ, with

the shorthand

=̂pk ≡ pαγ
αffiffiffiffiffi

p2
k

q ; P≡
ffiffiffiffiffi
p2
k

q
: ðB3Þ

The relations

=̂p 2
k ¼ 1; ðγdÞ2 ¼ −1; f=̂pk; γ

dg ¼ 0 ðB4Þ

will be used repeatedly. With this notation, (B1) becomes

M ¼
 

1þ igL
2
=̂pk

igR
2
eiaPð=̂pk þ γdÞ

igL
2
eiaPð=̂pk − γdÞ 1þ igR

2
=̂pk

!
: ðB5Þ

To evaluate det M we use the Schur complement,

det

�
A B

C D

�
¼ det A · detðD − CA−1BÞ; ðB6Þ

with A≡ 1þ ðigL=2Þ=̂pk. From =̂p 2
k ¼ 1, the eigenvalues of

=̂pk are �1, each with multiplicity 2bn=2c−1, hence

det A ¼
�
1þ g2L

4

�
2bn=2c−1

¼
�
4þ g2L

4

�
2bn=2c−1

;

A−1 ¼
1 − ðigL=2Þ=̂pk

1þ g2L=4
: ðB7Þ

The Schur complement involves the product
ð=̂pk − γdÞ½1 − ðigL=2Þ=̂pk�ð=̂pk þ γdÞ. Using (B4) and the

identity γd=̂pkγ
d ¼ −=̂pkðγdÞ2 ¼ =̂pk, the gL-dependent con-

tribution cancels exactly

ð=̂pk − γdÞð=̂pk þ γdÞ ¼ 2ð1þ =̂pkγ
dÞ≡ 4Πþ; ðB8Þ

ð=̂pk − γdÞ=̂pkð=̂pk þ γdÞ ¼ =̂pk − γd=̂pkγ
d ¼ =̂pk − =̂pk ¼ 0;

ðB9Þ
where

Π� ≡ 1

2
ð1� =̂pkγ

dÞ ðB10Þ

are orthogonal projectors associated with the involution
=̂pkγ

d (which squares to −=̂p 2
kðγdÞ2 ¼ 1); each has rank

2bn=2c−1. Therefore

CA−1B ¼ ðigL=2ÞðigR=2Þe2iaP
1þ g2L=4

· 4Πþ

¼ −
gLgRe2iaP

1þ g2L=4
Πþ; ðB11Þ

so that the Schur complement reads

D − CA−1B ¼ 1þ igR
2
=̂pk þ

gLgRe2iaP

1þ g2L=4
Πþ: ðB12Þ
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The operator on the right-hand side of (B12) belongs
to the two-dimensional Clifford algebra generated by =̂pk
and γd. This algebra has a single irreducible representation of
dimension 2; the full spinor space decomposes as 2bn=2c−1
copies of it. In any such irreducible block, the choice

=̂pk → σ3; γd → iσ2; =̂pkγ
d → σ1 ðB13Þ

realises (B4) and yields, for the operator in (B12), the matrix

0
@ 1þ gLgRe2iaP

1þg2L=4
· 1
2
ð1þ 1Þ igR

2

igR
2

1þ gLgRe2iaP

1þg2L=4
· 1
2
ð1 − 1Þ

1
A

ðB14Þ

in the eigenbasis of σ1. Its determinant evaluates to

detðD−CA−1BÞ

¼
�ð1þ g2L=4Þð1þ g2R=4Þ þ gLgRe2iaP

1þ g2L=4

�
2bn=2c−1

: ðB15Þ

Combining (B7) and (B15) we arrive at the closed form

detMðpkÞ

¼
�ð4þ g2LÞð4þ g2RÞ

16

�
2bn=2c−1

½1þ ρLρRe2iaP�2bn=2c−1 ; ðB16Þ

with the “reflection coefficients”

ρi ≡ 4gi
4þ g2i

; i ¼ L;R: ðB17Þ

The first factor in (B16) is a-independent and accounts
for the self-energies of the walls; it is removed by the
standard subtraction of the a → ∞ value of EðaÞ. Inserting
(B16) in (B2) and performing the Wick rotation (p0 → ip0

E,

with the Feynman prescription P ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
k þ iε

q
→ ijpkj and

iddpk → −ddpE
k ), one obtains the renormalized energy for

arbitrary couplings,

EðaÞ ¼ −2bn=2c−1
Z

ddpk
ð2πÞd log½1þ ρLρRe

−2ajpkj�; ðB18Þ

which is the formula quoted in the body of the paper.
The coefficients ρi satisfy jρij ≤ 1, with the upper bound
saturated only when jgij ¼ 2, where ρi → ηi ¼ �1 and
(B18) reduces to the bag-condition expression used through-
out the paper. This realizes the expectation that the bag-
condition value jgj ¼ 2 is the regime of strongest Casimir
interaction, in agreement with the explicit results in 1þ 1
and 3þ 1 dimensions of [17].
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