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Searching for missing direct photons in heavy-ion collisions
with P and CP violation
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We compute synchrotron radiation from a plasma in which P- and CP-violating parameters, a chiral
chemical potential and a chiral gradient, couple to fermions. To do this, we compute exact wave functions
for the fermions in the presence of these parameters and an external constant magnetic field. We find that
these parameters increase the synchrotron radiation emitted by the fermions while also decreasing the
traditionally large synchrotron radiation elliptic flow coefficient v,. We apply these results to the quark-
gluon plasma, where just such a contribution could provide a solution to the missing direct photons puzzle.
We also use our wave functions to give a derivation of the chiral magnetic effect.
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I. INTRODUCTION

The traditional mechanism of direct photon production in
relativistic heavy-ion collisions relies on conventional
perturbation theory to describe short-distance processes
and hydrodynamic approximation to account for the col-
lective behavior of the quark-gluon plasma (QGP). This
approach has proven fairly successful in providing a
phenomenological framework [1-19]. However, it faces
challenges in simultaneously describing the soft part of the
photon spectrum and its variation with the azimuthal angle
around the collision axis [20-23]. The state-of-the-art
theoretical predictions use a combination of initial state
glasma, hydrodynamic, and hadron resonance gas models to
predict the photon spectrum, but fails to predict a sufficient
number of photons and gives too mild a variation with the
azimuthal angle, as quantified by the elliptic flow [24].

Several solutions have been proposed to solve this
problem [25-37]. Among these, one of the most promising
approaches involves incorporating the synchrotron photons
emitted by the QGP due to the presence of a strong magnetic
field. This synchrotron radiation not only provides additional
photons, but also exhibits a highly anisotropic distribution.
As aresult, it significantly enhances the elliptic flow, as most
of the synchrotron radiation is emitted perpendicular to the
magnetic field. In fact, the elliptic flow of photons generated
by the strong magnetic field exceeds the experimental data.
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The situation is further complicated in the presence of
rotation, which tends to amplify the effect of the magnetic
field, as we have recently demonstrated in Refs. [36-39].

In this paper, we argue that the elliptic flow v, strongly
depends on the chiral properties of the QGP. Specifically, it
depends on the transport coefficients associated with the
chiral magnetic and anomalous Hall currents. These currents
are directly associated with the chiral anomaly and, as such,
violate P and CP symmetries. In particular, we find that
nonzero values for either of these parameters significantly
reduces v,. The reason that the chiral magnetic current
reduces the elliptic flow may be that the current flows in the
direction of the magnetic field and the relativistic quarks emit
photons mostly in the forward direction. In contrast, syn-
chrotron radiation is emitted mostly perpendicular to the
magnetic field. A different mechanism of photon production
via the chiral anomaly in the presence of a magnetic field, but
ignoring synchrotron radiation, was previously considered in
Refs. [29,30,32,40-43].

Our objective is to develop a consistent theoretical
framework for computing photon radiation in the presence
of anomalous currents. A powerful approach to accomplish
this goal is to employ an effective field theory which adds
to the standard electromagnetic interaction the following
term [44-48]:

Eanom = a”GjﬂS = bﬂj”57 (1)

which couples the chiral vector current j*> = y*y>y to the
background pseudoscalar field 0. The equations of motion
depend on the vector field b, = 6”9,1 whose time

n this paper, it is convenient to define b, = d,0, consistent
with Refs. [44,45,49]. Another definition, b, = c49,0, is also
often used in the literature, e.g., Refs. [33,50-54].
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component has the physical meaning of a chiral chemical
potential us, while the spatial components are most familiar
as the displacement in momentum space of the Weyl nodes
of a semimetal. The anomalous currents associated with b,
are the chiral magnetic current j = c4byB and the anoma-
lous Hall currentj = c4b x E. Throughout this paper, b, is
assumed to be constant.

Alternatively, the same physics can be described by
coupling the field invariant F' M,,F”” to 6. We have pursued
this method in our previous publications [41,55-57]. The
two effective theories are related to each other in the chiral
limit by a chiral transformation. Therefore, while each
approach offers a different vantage point, in the chiral limit,
the final results must remain independent of the choice of
the effective theory. However, establishing such equiva-
lence in practice may be challenging.

This paper employs the approach based on the effective
term given by Eq. (1). The resulting equation of motion,
including coupling to a background magnetic field, is given
by Eq. (2). Our goal is to solve this equation and utilize its
solutions to investigate the photon production by the QGP.

Recently, Wang and Shovkovy conducted a similar
calculation [58]. They employed a relationship between
the photon production rate and the fermion propagator in a
magnetic field at a finite chiral chemical potential x5, which
is identified with by. Unlike the authors of Ref. [58], we do
not restrict ourselves to the chiral limit and also take into
account b3, associated with the longitudinal component of
the anomalous Hall current.

The paper is structured as follows: in Sec. II, we derive
solutions to the modified Dirac equation given by Eq. (2) in
a constant magnetic field. These spinors, expressed by
Eq. (36), constitute our main theoretical result. We turn to
phenomenology in Sec. III, where we use these spinors to
compute the synchrotron radiation emitted by these fer-
mions. We complete this calculation numerically in Sec. IV.
We conclude in Sec. V. As another application of our wave
functions, we compute the chiral magnetic current using
them in Appendix A.

We employ the natural units 7 = ¢ = kz = 1 and use the
following notations: p* = (E,p), k* = (w,k), b* = (by.b),
with by, = us being the chiral chemical potential. We refer
to b as the chiral gradient.

((E - b3)2 —(p3— bo)z - DfDi
_ZDi(bO - Ub3)

Now, it is known that when by = b3 = 0, the eigen-
functions w(x) are simple harmonic oscillator wave
functions; in that case, the operators Di serve as the
raising and lowering operators. Since by commutes with
DL, these simple harmonic oscillator states will continue

—2D£(b0 + 0b3)
(E+ b3)* = (p3 + by)* = DyD*

I1. DIRAC EQUATION WITH CHIRAL
COUPLINGS

We wish to solve the Dirac equation
(iD= y’b —m)y =0, (2)

where D is the covariant derivative, for a particle of charge ¢

and mass m in the presence of a constant magnetic field B

which points along the 3-axis. The field b, is assumed to be

constant, with only two nonvanishing components: b, and b5.
We use the general gauge choice

A, = (0,aBy,—(1 —a)Bx,0), (3)

with a € [0, 1]. a = 1 corresponds to the symmetric Landau
gauge, which we will use explicitly later when it becomes
useful to choose a gauge.

A. Determination of two-component spinors

To solve Eq. (2), we write

)(—(XL)>’ 4)

X+(x1)

vt = e

with y, two-component spinors. Throughout this paper, we
allow E to be negative. For many cases, this merely means
an antiparticle. However, the dispersion relation we will
derive will not in general give antiparticles with the same
(absolute value of) energy as particles. We use o = £1
throughout this paper to denote chirality. In the Weyl
representation, the Dirac equation (2) gives

(E—b3 —o(p3 — by)

oDt )
oD+ E + by +o(ps + by)
=11, = my_,. (5)

Note as well that b3 = b - Z is the spatial component of b*.
We have defined, for z = +1, the following:

DE = (iD, D). (6)

We can decouple these first-order equations by making
them second order:

);(a =111y, = m%,. (7)

|

to be useful as spatial eigenfunctions. Notice that, had we
allowed b; or b, to be nonzero (equivalent by a change
of coordinates and a gauge transformation), this would
not be the case, and our analysis would be much more
difficult.

056010-2



SEARCHING FOR MISSING DIRECT PHOTONS IN HEAVY-ION ...

PHYS. REV. D 114, 056010 (2026)

To this end, choose an orthonormal basis {¢,(x )}, of
spinor simple harmonic oscillator eigenfunctions appro-
priate to the choice of gauge.2 A straightforward calculation
shows

Drld)n = _\/2qB| (l’l + _21ﬂ> ¢n—‘rﬁ,
S )

where f = sgn(gB). We write yg, in terms of these
eigenfunctions, as follows:

Xpo ::;(c/;”(ﬁn)’ (9)

&,

D} D¢, = 2|qB| (n

where we have introduced a f subscript due to its
appearance in Eq. (8). Using the orthonormality of the
¢,, one finds

E2
0:
2(by—

where we have defined

—AZ-2X

2(b0+0b3)\/2|qB|n> (cg)
obs)\/2lqBln di )’

—-A2+2X
(10)

A2 = p42n|gB|+b*+m? and X = Eby— ps3by. (11)

We have removed the index f# by defining ¢ = ¢, = ¢,
and d§ =d° =d,°
determining 2’ and @2’ decouple into pairs of equations
for ¢° and d/,f'iﬂ
this would not have occurred—this is the difficulty men-
tioned above—and signals that a different spatial basis
should be used. So there are eigenspinors

CU¢ 1-4
(n) ¥ n—()
= . 12

It then remains to solve Eq. (10) for n > 0 and to analyze
the special case of n = 0.

n— 1
, for n > 0. That is, the equations

. Had we allowed b, or b, to be nonzero,

1. Special case: n=0

In the case n = 0, we retain the additional index /. The
same analysis leading to Eq. (10) leads to

*The eigenfunctions ¢, are two-component spinors with two
indices, n and another appropriate to the gauge choice. For a = %,
it is the azimuthal angular momentum j, while for a = 1, itis p;.
We treat these additional points in Appendix B, as they do not

affect the derivation of the wave functions.

(E* — A} —2X)ci” =0, (13)
(E* = A3 +2X)dy° = 0. (14)

All other terms trivially vanish since P = d’ 7 =0, by
definition. Then, for a nonvanishing n =0 spinor,
cg® =dy° =1, and we get the dispersion

(E - pb3)* — (p — pby)* — m* = 0. (15)

The n = 0 spinor is then

145
0 2
2
2. General case: n > 0

For n > 1, Eq. (10) gives the dispersion relation

(E* — A2 —2X)(E* — A2 +2X)
= (E? = A2)? — 4X? = 4b*2n|qB|. (17)

This is a quartic in £ whose solution cannot be succinctly
written. For later use, we write this in another form,

-m?)((p = b)?
2n|gB|, p3).

with the shorthand p* = (E, 0,
Solving Eq. (10) and normalizing ;(g;) gives

((p +b) —m?) = —4b*m?, (18)

(bo+0b3)(E>—A242X) (19)

|2 _ 1
| T2 by(E*-A2)+26b3X

lc

o 1(by — obs)(E? = A2 = 2X)
7> =5 = . (20)
2 bo(EX — A2) + 20b5X

Appealing to Eq. (10) again, we find the relative sign
between ¢ and d7 to be

§7 = —sgn <E2 i - 2TX>

_ 21
bo +O"L'b3 ( )

for either choice of r = 1. We will insert this sign by hand
by choosing ¢4 and d9 to be positive and putting s° in the

second component of ;(/(;(',), 1.e.,

0 Caburp
e = < 6d0¢+/»' ) (22)

n+—p

The two signs are also related, as follows:

E?— A2 -2X

§C = —sgn(bz)sgn (W

) =sgn(b?)s™°. (23)
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Notice that s° is not well defined in the limit by, b3 — 0. In
that limit, the matrix equation for the two-component
spinors becomes diagonal, signaling that we require more
constraints to specify ¢ and df uniquely. This is usually
done by also requiring y to be an eigenspinor of a spinlike
operator.

B. Determination of Dirac spinors

Now we will glue together the )(;;;) to form solutions to

the Dirac equation. We write

(n)

Fory”

(n) p
nX gy

The Dirac equation then gives an equation for the
coefficients,

(E—b3_0(l93—b0) —0+/2nl|qB| )(@i)
—o+/2n|qB| E+by+o(ps+by)/ \d}

PN /o0
() (i) 5
a) \d;
where on the rhs, ¢ is an exponent on the fraction rather

than a label. At this point, it is evident that fﬁ and gﬁ do not
depend on p for n > 0, so we will drop the associated
superscripts.

1. Special case: n=0

We first handle the n = 0 case. Since one of ¢4° and d5”
is 0, we get one equation to solve,

<f€>" _ E—=Pbsy = Po(ps = bo) 26)
a9 m
Normalizing the spinor gives
761 = S5 27)
E—pb; + —pb
|‘¢0f|2 _ pbs + B(ps — B 0)' (28)

2(E - pbs)

An analysis of the n = 0 dispersion relation shows that

P
sgn (%) = sgn(E — fb3). (29)

We choose to define fg, gg as positive and place this relative
sign in the first two components.

2. General case: n > 0

For n > 0, we can use the explicit forms of ¢¢ and d9 as
well as the dispersion relation to find

<&>a _onlbotoby) oo

In 2m
1 by(E? — A2) — 20b3X
X ol 0( 5) ;) o7 P (30)
b b()(E —An)+20b3X
where again p* = (E,0,\/2n|gB|, p3). Normalizing 1//},")
gives
e 4b*(E(E? — A2) — 2b5X) ’
p— b)*> —m?)(bo(E* — A2) + 2b3X
|gn‘2 _ _ ((p ) m )( 0( n) + 3 ) (32)

4b*(E(E* — A2) — 2b3X)
The minus sign in |g,|> may seem alarming, but recall the
second form of the dispersion given by Eq. (18). The
relative sign between f, and g, is

4 o= sgn (f_> - (W) (33)

n by + obs

for either choice of o. As for the n = 0 case, we insert this
factor by hand in the first two components.

3. Summary of Dirac spinors
Looking at Egs. (19), (20), (31) and (32), there is a
simplification that can be made: namely, the denominators
of ¢§ and df can be canceled with part of the numerators of
f, and g,. At the same time, we can consolidate our
notation. Define, for n > 0, as follows:

—s"E? — A? + 21X
C.=y|————, 34
or \/ 2 bo - 61b3 ( )

os” (p—ob)* —m’
4 E(E> =A%) — 20X

G, = (35)

These depend on n, but we suppress this index for brevity;
for our applications, there should be no confusion. The
signs —s? and os° are to avoid careless squaring; absolute
values bars inside the square roots suffice. Then, collecting
our results,

C_.d
uG_( ! +Pup )

s C——¢n——7}

C++¢n—/_i ’
G, + B,

s C+—¢n——[)’

Ypsu = e Bt ipse (36)
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o~ son E*—A*+2tX son (p—ob)>—m?
ST = _— = s
S — PN E(E2—AY)—2byX
(37)
(p+ob)*—m? E*— A% +2X
U=osgn| —— | =S8gn
BN 0 +obs ENEE A —2b,x )
(38)
(E* — A?)? = 4(X? + b*2n|gB)). (39)

We call u and s = s the u— and s—helicity of .
For the n = 0 case, we define

E — pbs + op(ps — Pby)
Gpo = 40
" \/ 2E ) #0)
so that
E - pb;)G Y -
(0) _ ,—iEt+ipsz Sgn( _ﬂ 3) p— 2 n—p
Vo =¢ ' G ® | 1y :
P =2 g
(41)
When n = 0, the dispersion relation is
E? — A2 -2pX =0, (42)

which reduces C,, — 6,3 and G, — Gy, (after using
absolute values to get rid of the s7s).

We have defined the signs s° and u by assuming that
the solution to the dispersion (17) is known. We have
called these the u— and s—helicity above, for good reason.
A straightforward computation yields

1 A3 2X
E/dx"’z VT EE A - 205X
b3_=0 SpP3
E\/p3 + 2n|qB|
bo=0 u

S — (43)

VE*=2n|qB|’

showing that in these cases s and u become helicity and
spin. In Eq. [49], the authors identified

S=-2/°(b-id—mb) (44)

as an operator whose eigenvalues distinguish eigenspi-
nors in the case by = 0. Our spinors are indeed eigenspi-

nors of S, with eigenvalue 2&1/(b - p)*> — m*b*, where

& = sgn(p? + b> — m?). In special cases, we find

b3=0
= sgn(b% — pabo\/ P3 +2nqul)

bgosgn(um). (45)

However, we have been unable to find a pair of operators
which directly gives u# and s (or some product thereof) in
the general setting.

C. Limiting cases

Here, we gather the results of setting b, or b3 to 0. It
should be noted that these operations do not commute, for
the reasons discussed above. We also include the
case m = 0.

1. Chiral chemical potential only: b3 =0

In this case, the dispersion is

E = uy/m? + (Ip| - sbo)* (46)
where |p| = +/p3 + 2n|gB| (and n =0 only allowing

s = f), and the spinor coefficients are

1 [E—-ob
GUZE %ﬂlﬂ? Car:CT: V Ip|+TSp3,

s¢ =5 = —sgn(by(E* = A?)),  u=sgn(E). (47)
These were also derived by the authors of Ref. [48]. Apart

from s, this is well defined in the subsequent limit b, — 0,
where s can be replaced with helicity.

2. Weyl semimetal: by=0

In this case, the dispersion is

2
E::I:\/2n|qB|+(\/m2+P§+”b3) ) (48)

(with n =0 only allowing u = ) and the spinor coef-
ficients are

G L [Vm+pi+oups
© 2V ENmrpt

Cro=Co= \/ [E| + rsgn(E) (b + uy/m? + p3).

u=sgn(by)sgn(E?—A*-2b%). (49)

s° =osgn(E),

These are also well defined when b3 — 0, provided u is
replaced with spin. Notice that the limits by — 0 and b; — 0
do not commute; they recover solutions to the ordinary
Dirac equation that are eigenspinors of different operators.
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3. Massless limit: m=0

In this case, the Dirac equation fully decouples the left
and right chiral parts of the Dirac spinor, leaving I1,y, = 0.
This simplifies the analysis considerably. The resulting
dispersion relation is

E = —oby + r\/(0p3 + b3)? + 2n|qB], (50)

with r = sgn(E + oby). In the special case n =0, only
r=p is allowed. The corresponding eigenspinors (for
any n) are

l=c My ¢ 14
_ ,—iEt+ipsz 7 A= _ ot nt
Yyic=2¢€ I+o ’ Xo = M
T)( ro 5—¢n+#

M. — E+Gb0+’l’(0p3+b3)
o 2(E+oby)

(51)

It should be noted that in these expressions, the only effect
of b, is to shift p, by ob,.

D. Choosing a gauge

We now choose a = 1/2, i.e., the symmetric gauge
A, =1B(0,y,—x,0). This gauge is best treated with
cylindrical coordinates (r,¢,z), though the coordinate
p= @rz is more useful than r. The eigenfunctions ¢,
in this gauge are

e eI 1y,
w= | ~ el L (52
¢ ¢512> _iﬁe”ﬁ/zln—ﬂa ( )
-,
with j = ff(a —n + 1/2) the z-angular momentum quan-

tum number and @ now a non-negative integer. The
functions 7, ,(p) are the Laguerre functions

al n—a . (n—a
In,a(p)=\/;e"’/2pTL§ '(p), (53)

with L™ (p) an associated Laguerre polynomial. In the
previous section, we ignored the two-component nature of
¢, as well as the index j. Rest assured, these take care of
themselves: see Appendix B. The two-component spinors
of the previous section are then

(n)

i ( CO'JFe_i(ﬁ/zln—#,u
Xo — e B

. . 54

—iﬂS”Cg_E’Wzln_ﬂu) ( )
-

The functional form is identical to the b, = O case; the only

difference is in the coefficients C,, and G,. The same
would be true if we had chosen the Landau gauge a = 1.

E. Chiral magnetic current

In Appendix A, we use the solutions to the Dirac
equation with finite by and b3 (56) that we derived in this
section to compute the chiral magnetic current. We verify
that the computed current does not depend on bs3, as
expected.

III. SYNCHROTRON RADIATION
We now move to computing the synchrotron radiation

emitted from the fermions described above. The S-matrix
element we wish to compute is

5= / ) ighmy . (55)

The Dirac spinors, properly normalized, are

C1 €_i¢/211
; i/2
Wiy = e EripsTri [gB|| —ipCye 20,
s 2L | Cye77,
—iﬁC4ei¢/212
L . B
= e_lEt+lp31+l./(/’ ‘Zqﬂ:L| . (56)

We have written

Lip) =1,.2,0). L) =1,:2,0p). (57)

and C; for the coefficients determined in the previous
section (not to be confused with C,,).

The photon wave functions, with helicity A, z-angular
momentum ¢, and momentum k, are

1 .
Ah,f,k (X) = \/T—Vq)h,qu(x)e_m”v
1 o
D, sk (x) = 75 (hT + P)elk;zﬂfd)’
it . )
T:k—Jf(klr)r_Jf(kLr)gb,
r
ik _ Ck, .k )
P= TZJ}(kLr)r - kkjrjf(klr)(ﬁ +7Jb,(kﬂ)z'

(58)

The calculation is the same as in the by = by = 0 case (a
classic reference is Ref. [59]; we recently reviewed the
calculation, with modern notation, in Ref. [39]). A straight-
forward but tedious calculation, whose only nontrivial step
is an integral identity [60], brings us to
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2 P
§ = 208(E — E' = ) 7-8(py = ps = k)31 1 1o (%)

—iq .
X - D), 59
T (j-@) (59)
with
V2(j - ®) = =K, (h — cos )1, v + Ky (h 4 cos O)1,, y_,
+ SIH(Q) (KSIn,n’ - K4In—l.n’—l) (60)
for p=+41;, for p=-1, swittch n<n—-1 and
n’ < n' — 1. The coefficients K; are
Kl — CgC4 - C/ICQ’ K2 — C2C3 - C/2C],
K3 — CgC3 - C/1C11 K4 — C£C4 - C/ZCZ (61)

From here, we compute the differential rate

dw ISP &
L R Y A .
arardar, 1T 2wy 2

2r .
XI‘S(Ps =Py =k )by |G- @), (62)

with 7' a formal symbol to cancel a factor of 2z6(E — E' — w)
(also called the observation time). dI" = < x") kis a phase space
differential for the initial fermion and dI"" and dI'; are the

same for the final fermion and photon. Integrating the photon
spatial volume and final fermion phase spaces, we find

S 621 B)SE - E - o)
dTd’k  4x2ma 4= /770 ’
(63)

with p; = p3 — k_, and we have used the substitution

[antsfs e

appropriate to the Landau level description [61]. A is the area
of the extent of our spatial cylinder, canceled by the
integration [ d*x’ = V. The same will be done for dI" later.
We will use another trick for the photon momentum:

/ Bk j_y =27Y S / dk,dk k|
!
=2r / dkdk k| = / &Pk, (65)

where we have used the azimuthal symmetry of the problem
in the last equality. Then we can use the identity [59]

Y2 =1 (66)

to find the differential photon emission rate:

o
ATk 4nzmz|<’ JFOE ~E — ), (67)

evaluated with p% = p3; —k,. We have suppressed the
potential dependence on the final state’s helicity quantum
numbers, which are not specified by fixing p} and n’. The
photon helicity dependence is also suppressed, but this
dependence is easily computable given the expression for
the matrix elements.

A. Single-particle radiation

Here, we evaluate the radiation intensity W, the radiated
energy per unit time, from a single particle, i.e.,

dw

68
drd’k’ (68)

W(E,n, p3) = /dgka)

for a specified initial state with quantum numbers E, n, ps.
Writing out the rate integral, we obtain

W(E,n,p3) =

Z / dovd cos 00| (j-®)25(E— E' - ),
(69)
[we have dropped dI" in favor of the functional dependence

(E, n, p3)]. The Dirac § can be converted to fix @ with the
factor

_ dlw—an) _

S(E — E' —w) =150 = 8 — wo) |4, (70)
E'(E*—N?)=2b3X'

A= ( ) =2, (71)

(E'— p3'cosO)(E"? = N'?) —2(b3 — bycos )X’
where @y is the solution to E = E’ + w. Multiple solutions
may exist, corresponding to different values of s°' and u’.
The result is

W(E, n, p3)

Z/dcosewow ®)PlAlL (72)

We compute this quantity numerically in Sec. IVA.

B. Plasma radiation

To compute the radiation from a plasma in thermal
equilibrium, we go back to Eq. (62) and apply Fermi-Dirac
statistical weight factors. Since the manipulations leading
to Eq. (67) are not affected by this, we can proceed from
there. We again use the Landau level prescription for the
transverse momentum integration. The Dirac & can be
converted to integrate p; immediately, as follows:
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ol
S(E—E —w) = I;ff 5’2?/) = 8(ps — pl) (73)
P3 p3
(E(E* = A%) = 2b3X)(E'(E™* = N'?) — 2b3X") (74)

B (PaE/ - P3/E)(E2 - Az)(E/z

where pg is a solution to the energy-momentum conserva-
tion. Then the number of photons emitted from the plasma
per unit time per unit volume for given k is

dv___ _ ¢ 1 |4B|
dtdVd’k,dy 4 (27)? 2n
x Y |AIF(E)(=E)|G - ®)P.  (75)
n,n’,pg

We have changed coordinates to those used in heavy-ion
collisions and multiplied by @ in anticipation of the next
section. We are only interested in y = 0, i.e., the plane
perpendicular to the collision axis, where k; = @ and
¢ = — 0. The sum over pg is a sum over solutions to
the energy-momentum conservation condition. When we
consider quarks, we multiply this number by the number of
colors N,.. The integrated quantities we wish to compute are

<dﬁzjfdy > = LAt 21 "dg dzdzdzk dy| (76)
y=0 y=0
1 1 / dN
vy = — dep cos(2¢p) ——— (77)
<d2de) |x O> 0 Jzkldy

Using the rotational symmetry about the B axis, the ¢
integration can be carried out over (—z/2,7/2), then
multiplied by 2. L and Ar are the length of the cylinder
of plasma and the observation time interval, roughly the
longitudinal size and lifetime of the plasma. We compute
these quantities numerically in Sec. IV B

IV. SYNCHROTRON RADIATION BY QGP AT
FINITE b, AND b,

In this section, we present results from the numerical
calculations of synchrotron radiation from a single particle
[Eq. (72)] and for <m )=o) and v, of a plasma of

fermions [Egs. (76) and (77)] in the presence of nonzero
chiral chemical potential b, and chiral gradient b;. The
single-particle radiation is somewhat academic, but hints at
the results for <#ﬁ/dy|y:0>' The plasma radiation is pre-

sented alongside data from the PHENIX detector at the
Relativistic Heavy Ion Collider (RHIC) [20-23]. For a
single fermion, we use a mass of m = 300 MeV, corre-
sponding to the constituent quark mass. In QGP, however,
the quark masses are close to their current values, of order

—AN?)+2(p- bX'(E? — A?)

_ p/ . bX(E/Q _ A/Z)) ’

of a few MeV. Interactions with the medium further modify
the quark dispersion relation through the thermal self-
energy. The resulting thermal mass is not a scalar mass term
in the Dirac equation but arises from a momentum-
dependent self-energy that preserves chiral symmetry while
breaking Lorentz boost invariance due to the preferred rest
frame of the plasma. Importantly, this description is derived
within the hard-thermal-loop framework and applies to soft
fermionic modes with momenta of order g7. Such modes
provide only a limited contribution to photon production in
a strong magnetic field, where harder fermionic modes are
expected to dominate.

For hard modes, a common approach is to employ a
quasiparticle description in which the medium effects are
incorporated through an effective mass parameter, typically
chosen to reproduce the asymptotic thermal dispersion
relation. This presents a modeling ambiguity. Using a
phenomenological effective mass of m = 300 MeV pro-
vides a reasonable estimate of the quasiparticle energy scale
but also introduces explicit chiral symmetry breaking that is
absent for the thermal mass. On the other hand, employing
the current quark mass, m ~ 3 MeV, correctly reflects the
small explicit chiral symmetry breaking of QCD, but
underestimates the quasiparticle energy and, consequently,
modifies the predicted radiation intensity. Since neither
approximation is entirely satisfactory, we present calcu-
lations for both mass values to assess the sensitivity of our
results to this modeling choice. As we will show, increasing
the mass enhances the relative effects of b, and b5, while
reducing the overall photon emission rate.

The chiral chemical potential in relativistic heavy-ion
collisions can be as large as 100 MeV [62—-67]. We assume
that the chiral gradient b3 may have a similar order of
magnitude. The numerical calculations presented in this
section explore a range of parameters.

A. Single-particle radiation

The calculation of Eq. (72) numerically is straightfor-
ward. We choose an initial value of n and ps, specifying the
momentum of the (single) initial particle, then solve the
dispersion relation, Eq. (17), numerically.3 For each n’, we
numerically solve the energy-momentum conservation

The quartic dispersion of course has a solution in terms of
radicals, but it is cumbersome to write out, and solving the energy
conservation condition for w is slower when using these formulas
than doing so numerically.
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condition for the photon energy w, then compute the matrix
element. The sum on n' is finite due to kinematic
constraints. b, and b5 do allow for additional transitions,
but their effect is small. We normalize the intensity W to the
classical result

2 (gB)*E?

Wq(E) = 3T

(78)
It should be noted that the value of B used here, as in our
previous work [38,39], is not small enough that we expect
our results to approach the ratio 1.

Figures 1 and 2 show the single-particle radiation intensity
as a function of the initial particle energy E for fixed values of
p3 =0, m =300 MeV, and ¢B = 0.01m> = 900 MeV>.
This value is sufficiently large to facilitate computations for
high energies (< E =~ 15m = 4500 MeV) while still being in
a regime well described by semiclassical calculations. We
found that changing p; does not affect any qualitative
features of the spectrum.

We note especially the splitting of the radiation from
initial particles of opposite s— or u—helicity. Recall that
these are the parameters which distinguish the energy
eigenvalues, and reduce to ordinary helicity and the sign
of E when either b or bj is set to 0. The splitting is due to
the fact that, even when by = b3 =0, there is a small
difference in radiation when the initial spin is parallel or
antiparallel to gB. Since s and u correspond to spin
eigenvalues in this case, this feature is unsurprising. b
and bj increase this difference due to the broken degen-
eracy. When these parameters are larger, the effect is
greater. We have neglected to show the full extent of the
resulting radiation in the low-energy regime. This enhance-
ment is due to entering a different kinematic regime which
is normally accessible by increasing the magnetic field.

The right panel of Fig. 1 shows the interplay of the two
parameters. Having fixed by = 3 MeV, we can see the
further effect of including b5 in the calculation. However,
there is little that was not covered in the previous
discussion.

o 1Tt ] 151
0.8 b
1.0r
W 0.6+ \.s,ﬁ_.ﬁ - -
W_Cl 04 b W_Cl
s=+1 s=-1 oo s=+1 u=+1 u=-1
0.2 - 0 3 =3 -0 30 =~ 30
ool o =0 b (MeV) = 30 <30 ] sol I bo=3MV by (M)~ 50~ 30 ]
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
E/m E/m
FIG. 1. Single-particle radiation intensity due to a magnetic field gB = 0.01m? = 900 MeV?. Left: The chiral chemical potential

s = by is varied while b3 = 0 is fixed. Right: ys = by = 3 MeV is fixed while b3 varies. The blue curve in the left panel is the
by = by = 0 result, well approximated by standard semiclassical computations [39]. Differences in s— and u—helicity have been made

apparent.

u=—-1 u=+1

-— 0 3 =3

- 30

bp=0 b3 (NIGV) - 30
0.0 C1 1 1 1 1 1 1 1 1 1 1 1 1 1 n 1 n n n n

0 2 4 6 8
E/m

10 12 14

04r u=+4+1 u=-1 ]

02l - 0 -3 - -3 ]
bp=0 b3 (I\/IGV) - —-30 -o —30

00bL % v v v vy P RS |

0 2 4 6 8 10 12 14

E/m

FIG. 2. The same as Fig. 1, but for various values of b3 with ys = by = 3 MeV. The difference due to the sign of b5 is evident.
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FIG. 3. (dzi—% | y:0> per unit time and length and v, for the synchrotron photon spectrum of a plasma of fermions with unit charge of
mass m = T = 300 MeV, three magnetic field strengths, and b, = 0.
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FIG. 4. (#i\'dy |y—o) and v, for the photon spectrum of a plasma of up and down quarks with temperature 7 = m = 300 MeV. by = us
is a chiral chemical potential. The magnetic field is |e|B = m2 = 18000 MeV?. We have estimated L = cAt = 10 fm. The purple
points are 20%—40% centrality results from the PHENIX Collaboration [20-23].

B. Plasma radiation

The calculation of <#ﬂ"dy l,—o) and v, numerically is
done in two steps. We first compute the differential rate
given by Eq. (75) for fixed w as a function of 6, the
spherical polar coordinate, then integrate to get either
quantity. To compute a summand, a single term in the
sum, for given n, n’, w, and @ we solve the dispersions for
the initial and final particles numerically for £ and p; by

imposing energy-momentum conservation on the
dispersion for E’." Then the summand can be computed.

Since the limits of the sum over 7 is in principal infinite,
we have to cut it off. We do this by summing over 100

*Even when by or by are 0, and hence E can be written
succinctly, it is not trivial to write down pg, so we still do this step
numerically in these cases.
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FIG. 5. Same as Fig. 4, but with both by = us and b5 turned on. Left: by = 3 MeV is fixed. Right: b3 = 3 MeV is fixed. We have

estimated L = cAt = 10 fm. The purple points are 20%—40% centrality results from the PHENIX Collaboration [20-23].

initial-state Landau levels at a time, then checking to see if

the sum has converged. We stop when the next 100 levels
. . . dN .

gives less than a 1% difference in <m ly—o)- In practice,

this required no more than the first 1000 initial-state
Landau levels for the magnetic field strengths used. The
sum over n’ for given n terminates, as in the single-particle
case. We again include the additional transitions allowed by
by and b3, but their effect is small, and they do not
contribute any qualitative features to the spectrum of the
thermal plasma.

In Fig. 3, we have plotted <#’fdv

y—o) per unit length and
time and v, for three values of |e|B with by = b; =0 as a
baseline. Both quantities vary slowly with the field strength,
atleast for the values shown. Figure 4 shows (dzl‘f% ly—o) and
v, for a plasma of up and down quarks and antiquarks in a
magnetic field of |e|B = m2 = 18000 MeV2. We have
used m = T = 300 MeV as our mass scale. In computing
(#ivdy ly—0)> wehad to choose alength and time scale to com-
pare with experimental data; we chose L = cAr = 10 fm,
about the length and lifetime of the QGP. The effect of either
parameter on <dzi—ivdy ly—o) is an increase in the number of
photons produced by a factor of about 4, depending on p7.
The effect seems to saturate when either parameter is on

the order 10~2m = 3 MeV. Furthermore, as Fig. 5 shows,
including both parameters gives little appreciable difference
in photons produced when compared to including just one.
The striking result is in v,, where a significant decrease is
observed when either parameter is turned on. Turning on both
parameters only seems to allow one parameter to dominate,
although this may be due to the range of parameters we have
explored. The result for v, is quite promising. First, it does
not depend on the length and time scale multiplying
<#1de ly—o)- Also, traditional hydrodynamics simulations

tend to compute v, to be smaller than what is observed in
experiments [7,68,69]. Could the two results meet in the
middle?

We conclude this section with a discussion of the mass
dependence of the radiation from a plasma. In Fig. 6, we
have plotted the photon yield and v, from unit-charge
fermions of mass m =3 and 300 MeV. We see that
decreasing m increases the photon yield, but does not
otherwise affect the effect of by = p5. On the other hand, v,
is significantly decreased when m is decreased, causing
by = ps to have little effect on the flow coefficient. This
considers the two mass extremes of what we might expect
from the QGP, with a more realistic estimate lying some-
where in between.
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FIG. 6. Dependence of the photon spectrum on quark mass. The magnetic field is |g|B = m2 = 18000 MeV?2, and we have estimated
L = cAt = 10 fm. The purple points are 20%—40% centrality results from the PHENIX Collaboration [22,23].

V. CONCLUSION

We have solved the modified Dirac equation (2) in the
presence of a constant magnetic field, a chiral chemical
potential by, and a chirality gradient b5 in the direction of
the magnetic field. The solution is presented in Eq. (36).
The novel result is the use of b5. We applied this solution to
QGP phenomenology by computing synchrotron radiation
from fermions in a medium with these properties and found
that while the total number of photons <#Tdy |,—o) pro-

duced is only modestly enhanced, the traditionally large
synchrotron v, is significantly reduced to a level compa-
rable to experimental data.

While the decrease in the synchrotron v, is promising, we
should temper our conclusions. As shown in Fig. 4, the
photon yield <#’fdy ly—o) is still about an order of magnitude

smaller than the yield reported by experiments, and this is
assuming that the QGP maintains a magnetic field ~m2 for
the better part of its lifetime. As such, the weight in the v,
contribution from this source will be much smaller than the
weight from the more sophisticated hydrodynamic models,
such as in Ref. [24]. We hope that future hydrodynamic
models will begin to include P- or CP-violating effects to
test whether or not they can contribute to a solution to the
missing photons puzzle (some work has already been done
on this subject [70], but phenomenological work directed at
this problem remains an open problem).

The role of the fermion mass remains subject to a
modeling uncertainty in a thermal medium, where the
dynamically generated thermal mass differs fundamentally
from a Dirac mass by preserving chiral symmetry and
modifying the dispersion relation through the medium-
induced self-energy. We therefore compared calculations
using both current and constituent quark masses, finding
that a larger mass enhances the effects of b, and b3 while
suppressing the overall photon emission intensity.

We have demonstrated in our recent publications that
plasma rotation increases the number of photons

produced [36-39]. Therefore, it is reasonable to expect
that the synchrotron radiation from a rotating plasma in the
presence of a chiral imbalance could solve the direct photon
puzzle. Such a calculation is not prohibitive: taking rotation
into account only requires adding €2 - J to the Hamiltonian.
If the rotation axis is chosen to coincide with B (which is on
average true in the QGP), this operator commutes with the
Hamiltonian associated with the Dirac equation we solved
in this paper. The only difference, then, is the dependence
of E on the angular momentum quantum number j, which
only affects the kinematics [39]. It should be noted that this
introduces certain numerical difficulties and the possibility
of requiring new boundary conditions, but such problems
have been dealt with before, both exactly [35] and with
semiclassical methods [37]. Future phenomenological
applications may also consider any possible changes in
the photon spectrum due to plasma expansion [71,72].
Wang and Shovkovy [58] recently published a similar
calculation of synchrotron radiation emitted from a plasma
of massless fermions with a chiral chemical potential. They
were primarily interested in the differences in the spectra
of different photon polarizations and did not compute
<#ivdv ly—o) or v,. We have not directly compared our

results to theirs because in the massless limit, we find that
the matrix elements for the case with by, = p5 (and bs) are
identical to those for the case without them. Because the
Dirac equation decouples, the only effect on the wave
functions is to shift p, by b,. Since photon emission from
massless fermions cannot induce a chirality change, the
kinematics of the reaction are not affected by this shift. As a
result, we find that the only difference in the photon
spectrum comes from the Fermi-Dirac distribution factors
in Eq. (75). In this context, our inclusion of a fermion mass
makes our work a novel result.

We investigated the role of the chiral transport coeffi-
cients b, and b3 on photon production. It would be
interesting to extend this study to include the transverse
parameters b; and b,. This entails solving the Dirac
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equation for an arbitrary b,, a noble goal that requires a

dedicated study.
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APPENDIX A: CHIRAL MAGNETIC EFFECT

Our results allow us to investigate the effect of b3 on the
chiral magnetic effect (CME). The CME current can be
obtained by computing the velocity expectation value of the
wave functions in Eq. (36). A derivation in the same spirit
was present in the original paper of Fukushima et al. [73]
using formal properties of the wave functions. Our analysis
reduces this argument to a straightforward matrix
multiplication.

The velocity expectation value is

v:/d3xv_/rsyl//rs' (Al)

Inserting the wave function in Eq. (56) and introducing the

notation
Co‘+11 >
Vo = , A2
“ <C6—12 (A2
one finds
B ~
|q | d*x ZGG,,)(,, o't +c*p+c°2)7,.  (A3)

o==+1

The orthonormality of the functions /,, ,(x) makes the 7 and
¢ components vanish and the 2-component integration

trivial, leaving

=v2= > 01GiCkE (A4)
o,r=*x1
Evaluating the sum, one finds
E? —A?)—2byX OE
- p3( ) 0 _ 9= (AS)

E(E2 =A%) =2b,X  0p;’

using the notation of Eq. (11).

The result v = W is hardly surprising, and shows that
the derivation of v (although not necessarily v) requires
only the dispersion relation, namely Eq. (17). Then, one
may take a thermal average,

dps OE;
ZZ/ 2”3 5173 £)

with E; the solutions to the dispersion relation for given n.
We allow negative energies, as when b, and b3 are nonzero,
three solutions to the dispersion relation can be positive (or
negative). The sum over a gives the Landau level degen-
\q L

(A6)

eracy factor
IqBI 1+ exp(—E;(A)/T)
e 22 imb (T amE AT

(A7)

and the integration of p; gives

The CME current J is this quantity times the charge g.
The ordinary setting for the CME has b3 = 0. In this
case, the energies E; are

2
E, = r\/m2 + (\/2n|qB| + p% - sbo) (AB)

for n > 0. Evidently, E, (A) = E,(—=A), so all limits for
n > 0 vanish. When n = 0, we have

E, = r\/m2 + (p3

which does not have the previous symmetry. Instead,

. 1 +exp(—=E,.(A)/T)
Zﬁ‘lllol"g( I T exp(—E, (A >/T>>

— Bby)?, (A9)

1 2pb
= im E, (A) = E.(-A) = —%, (A10)
which gives the familiar expression
2
B
J= ‘21— b (A1)

for the CME current.

We now investigate whether b5 affects the CME current.
We will build up to the massive case slowly. In the setting
by = 0 and m # 0, the dispersion

2
E., = r\/2n|qB| + (\/m2 + pi+ ub3>

has a p; — —p3 symmetry even when n = 0, so the CME
current vanishes. If we allow b, # 0 again, but set m = 0,
the dispersion

(A12)
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E,, = —cby+r\/(ops + by +2nlgB|  (A13)
has the symmetry E,,(p3) = —E_,_.(=p3) for n > 0, so
all of these terms vanish in the sum. For n = 0, we obtain

E, = —oby + f(op; + b3). (Al4)

The sum is more involved in this case, but one finds that all
contributions from b5 cancel, and

q*B

J:2—”2b0

(A15)

With b, b3, and m all nonzero, the lack of a compact
solution £ =--- to the dispersion relation presents a
difficulty. However, we are only interested in the limit
|p3] = o0, so an asymptotic form will suffice. A tedious
analysis shows

m?* + 2n|qB
EV‘[ — r<p3 +ﬁ
2p;

for n > 0. Putting this into Eq. (A7), we find that the n > 0
levels contribute O to the CME current. The n = 0 case is
much more straightforward, as

> —1(by—rby)  (Al6)

E, = pbs +r\/(ps —Pbo)? +m2 (A7)
which goes through in almost the same way as the b; =0
case to yield

q*B

J:2—”2b0

(A18)

Thus b3 does not affect the CME. This result is hardly
surprising, given that it is known that b induces a current
b x E, and we have no electric field in this setting. The
calculation is nonetheless both instructive and reassuring.

APPENDIX B: LANDAU LEVEL WAVE
FUNCTIONS

In this appendix, we show a few details concerning the
spatial eigenfunctions ¢,(x ) used in the main text.

The first item is the fact that D+ = iD; F D, serve as
raising and lowering operators for the functions ¢, in a
constant magnetic field B = BZ. This can be seen from the
fact that

D+, D%] = 2gB, (B1)

which, after relabeling

-1 -1
ap = (iDy - D,) = ——— D1,
V2|¢B] 2lqB] *
~F -1 : -1
ag = (iDy + BD,) Dt (B2)

2 2lgB]

yields [ag, 21;} = 1. This signals the algebra of a simple
harmonic oscillator.

To write a solution to the Dirac equation, we are forced to
choose a gauge: we choose the symmetric gauge, in which
cylindrical coordinates (r,¢,z) are most useful. In this

gauge,

'ﬂfﬁf(za +— a¢+ )

_je-its VP (2@ _—ﬂa -~ 1) (B3)

where p = |gB|r?/2. Since we seek spinor solutions, things
are a bit trickier. Here we only sketch the solutions, but we
recently gave more detail in Ref. [39]. Since y'y b [the term
in the Hamiltonian corresponding to Eq. (2)] commutes
with J,, we expect

e~ 2 f(r)
ei'/)/zfz(”)
e P2 f5(r)
€i¢/2f4(r)

ya(x,) = el — eI (B4)

The resulting differential equation for the f; shows that up
to the constants derived in the main text, f(r) = f3(r) and
f2(r) = f4(r). These solve the differential equations

ayapf(r)==2|qB|f(r). apayf(r)==2|¢B|f(r). (BS)

(which functions solve which equation depends on f),
whose solutions are the Laguerre functions

a' n—a
Lu(p) = \/n—e"’/zp(" A2LE (p),

with a=p8j+n—-1/2 and L{"(p) a generalized
Laguerre polynomial. The recurrence relations of the
Laguerre polynomials imply that

(B6)

DTLei(j—r/2)¢[n_(1_,ﬂ)/2,a (/’)

= itf}\/2n|qB ei(j+7/2)¢ln—(l+rﬂ)/2ﬂ('0)'

This is nearly the statement of Eq. (8), once we assemble
our results properly. The spatial eigenspinors are

(B7)
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SIS

‘(x —eij¢e‘i“3¢/2< > B8
#rix) i) B

The coefficients ¢ and d4 are those derived in the text. The
full wave function is w,, = (f,¢5 gudif)".

The second item is that we did not use the spinor nature
of ¢ to find the coefficients of the Dirac spinor. The main
jump was getting from Egs. (7) to (10). For simplicity, we
set # = —1, and look only at the first row of Eq. (7), applied
to the expansion in the eigenspinors ¢3. Equation (B7)
shows that

DLDL) = 2n|gB|cse 120, (p).  (BY)

and that

DLgi® = DLiggelit1/2eg,
=TV 2n|qB|d;tyei(j_l/2){/)In—l,a
d()'
= —\/2n|qB] c—gg/):i(”.
n

The second row of Eq. (7) proceeds similarly. The indices
are dizzying, but this is exactly what leads to Eq. (10).
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