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We compute the complex, long-distance two-photon-exchange amplitude which contributes to the rare
KL → μþμ− decay from lattice QCD. We use a 243 × 64 physical-pion-mass gauge field ensemble at an
inverse lattice spacing of 1.023 GeV and a QED∞-based formalism. Our implementation strategies for all
five non-SU(3)-flavor-suppressed diagram topologies are given in detail. We achieve a 25% statistical
precision on the dispersive part of this long-distance amplitude. This calculation is carried out with 2þ 1

quark flavors and therefore requires the addition of counterterms to compensate for the absence of the
Glashow-Iliopoulos-Maiani mechanism. These counterterms are not included in the current calculation and
will be the subject of a second paper. Although a direct comparison to experiment cannot yet be made
because of those omitted counterterms, the present exploratory calculation allows one to identify principal
sources of statistical uncertainty in this calculation. The precision of our results is limited by the
reconstruction of the physical contribution of the η intermediate state, for which various strategies are tested
and compared.

DOI: 10.1103/22hn-ymsd

I. INTRODUCTION

The decay of a long-lived kaon into a pair of charged
muons is a rare strangeness-changing neutral current
process which is forbidden at first order in the standard
model. Despite its rarity, clean signals have been obtained
from experiment. In particular, the state-of-the-art meas-
urement from the E871 experiment at the Brookhaven
National Laboratory [1] has achieved a percent-level
precision with the branching ratio [2]

BrðKL → μþμ−Þ ¼ 6.84ð11Þ × 10−9: ð1Þ

Because this decay is forbidden at tree level, it should
provide a precision test of the standard model that is
sensitive to physics from a high-energy scale. At one loop
in the electroweak interaction, this decay results from the
exchange of twoW bosons and from twoW bosons and one
Z boson, entering at OðG2

FÞ, where GF is the Fermi decay
constant. This is a short-distance (SD) contribution that
can be accurately calculated in electroweak and QCD

perturbation theory. Currently, the best estimate from
perturbation theory for this SD part includes the effects
from the charm quark calculated to next-to-next-to-leading
order, which alone leads to a branching ratio of
BrðKL → μþμ−ÞSD ¼ 0.79ð12Þ × 10−9 [3].
However, a direct comparison with experiment is

obscured by a significant contribution to this decay of
order GFα

2, where α is the fine-structure constant. This
third-order electroweak process involves the exchange of a
single W boson and two photons, a process which we will
abbreviate as LD2γ. An accurate determination of this two-
photon-exchange process is required if KL → μþμ− decay
is to be used to test the high-energy structure of the standard
model at one loop. This two-photon-exchange amplitude is
a long-distance (LD) process involving energies at the
1 GeV scale and below. This amplitude is nonperturbative
and its first-principles determination requires a lattice
quantum chromodynamics (LQCD) calculation.
Unlike the OðG2

FÞ SD part, which contributes only to the
dispersive part of the decay amplitude and will be referred
as the SDG2

F amplitude below, the two-photon-exchange
contribution is the sum of dispersive and absorptive parts.
Throughout this work, we adopt the phase convention
where the latter is purely imaginary and its algebraic sign
will be specified later in the context of our lattice
calculation. With this choice, the dispersive part of the
LD2γ decay amplitude is purely real.
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The absorptive part of the LD2γ decay amplitude—and
therefore its imaginary part—can be determined directly by
using the optical theorem and the known KL → γγ decay
rate [4]. This imaginary part alone results in a branching
ratio of BrðKL → μþμ−Þabs ¼ 6.59ð5Þ × 10−9, representing
96% of the experimental KL → μþμ− decay rate. Since to a
good approximation the LD2γ process gives the entire
imaginary part of the decay amplitude, the magnitudes of
both the real and imaginary parts of the KL → μþμ− decay
amplitude AKLμμ are known from experiment,

jReAexpt
KLμμ

j ¼ 1.53ð14Þ × 104 MeV3; ð2Þ

j ImAexpt
KLμμ

j ¼ 7.10ð3Þ × 104 MeV3; ð3Þ

using conventions defined below [Eq. (21)].
In contrast, the real part of the LD2γ amplitude cannot be

determined from other measurable physical processes.
Over many decades there have been attempts to determine
the real part from phenomenological models [5–7]. Very
recently, an analysis of the KL → γ�γ� transition form
factor based on dispersive techniques has been
performed [8], where the authors find a mild tension of
at least 1.7σ between the standard model and experiment
from the real part of the KL → μþμ− decay amplitude.
However, the relative sign between the LD2γ and SDG2

F
amplitudes cannot be resolved by any of these approaches.
In fact, from the available phenomenological estimates, the
real part of the combined LD2γ and SDG2

F amplitudes has a
different sign depending on whether the interference
between these two amplitudes is constructive or destruc-
tive. Thus, a calculation from first principles which
determines the sign of the LD2γ amplitude relative to
the SDG2

F term will be especially valuable in a comparison
between the standard model and experiment.
Fortunately, with major advances in computer technol-

ogy and substantial algorithmic developments, this com-
plex LD2γ process is now accessible to a first-principles,
LQCD calculation. That such a complex process might be
accessible to a LQCD calculation is suggested by the
success of LQCD calculations of the hadronic light-by-
light (HLbL) scattering contribution to the anomalous
magnetic moment (g − 2) of the muon. In this process
the most important Feynman diagram contains a muon
propagator joined to a closed quark loop by three
exchanged photons [9–13], a process similar in complexity
to the LD2γ process being studied here.
As for the entire calculation of g − 2 for the muon, the

HLbL calculation is naturally performed in Euclidean space
and is thus well suited to LQCD. In contrast, the LD2γ
process involves a physical Minkowski-space decay and is
described by a complex amplitude. It is not a process that is
usually studied using LQCD methods. However, since the
imaginary part comes from the two on-shell photons,
particles within the perturbative part of the process, a

LQCD calculation of the full complex amplitude is
possible [14,15] and LQCD calculations of the similar
but less complex π0 → eþe− decay have been successfully
performed [16].
An important purpose of this earlier work was to develop

methods that could be applied to carry out the calculation
presented here. Since QED can be accurately treated in an
infinite-volume spacetime continuum using perturbation
theory, we combine that formulation of QED with the
finite-volume lattice treatment of QCD, a method referred
to as QED∞. This detailed approach to the calculation of
the LD2γ amplitude was proposed and the accompanying
systematic errors analyzed in detail in Ref. [17]. Note that a
salient feature of QED∞ is that, when the photon propa-
gator is treated in this way for the case of exponentially
localized hadronic correlation functions, finite-volume
effects are exponentially suppressed in contrast to the
power-law suppression seen in other finite-volume QED
regularizations such as QEDL [10]. We expect this sub-
stantial advantage to apply here as well, although for the
contribution of the ππγ states, here argued to be negligible,
further study would be needed to see if an advantage
remains for QED∞.
The usual Wick rotation that allows Minkowski-space

quantities to be computed using a Euclidean metric faces
two obstacles in case of the LD2γ amplitude. The first is the
presence of propagator poles in the perturbative part of
the amplitude that obstruct the usual Wick rotation of the
contour over which an explicit integration of an internal
energy variable is performed. As in the case of π0 → eþe−
decay, the contribution of these poles can also be obtained
from Euclidean-space QCD amplitudes, allowing a LQCD
calculation of the entire complex amplitude.
The second difficulty arises from the large-time behavior

of the hadronic Green’s functions when these functions are
analytically continued in time during the Wick rotation of
the integral over time that accompanies the Wick rotation of
the internal loop energy integral. This difficulty can be
treated by evaluating the decay amplitude resulting from
the Schrödinger evolution over a finite time Tmax and then
taking the limit Tmax → ∞. Intermediate states in the decay
process with energy less than the kaon mass, such as a
single intermediate off-shell pion (KL → π0 → μþμ−),
result in a Wick-rotated time contour made up of individual
segments which separately diverge exponentially at large
Tmax, although their sum remains finite.
Specifically, the Wick-rotated time-integration contour

can be divided into two parts. The first is the usual integral
in Euclidean time, t0 ¼ iτ with 0 ≤ τ ≤ Tmax (contour CE in
Fig. 1) which, because of these states, grows exponentially
as Tmax → ∞. The second is the circular arc portion of
the complex t0 integral with a radius Tmax joining the
t0¼ iTmax end point of the rotated contour on the imagi-
nary, Euclidean-time axis to the original t0 ¼ Tmax end
point on the real, Minkowski-time axis (contour Carc in
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Fig. 1). While normally neglected as Tmax → ∞, when
states jni with En < MK are present, this semicircular
contour also grows exponentially as Tmax → ∞, canceling
the exponential growth in the Euclidean-time integration.
In a finite-volume calculation, such QCD energy eigen-

states jni are discrete. Their contributions are simple
exponential functions of t0. As a result, the contributions
from the integrals over these semicircular contours are
simple exponentials in Tmax. These terms can be directly
evaluated from the product of matrix elements that can be
separately calculated using LQCD and then used to remove
the exponentially growing terms from a LQCD calculation
in which such exponential growth appears.
In Ref. [17], the authors identify the intermediate states

which are less energetic than the kaon and require the
special treatment described above. For physical kinematics,
the most important such intermediate states are a single
pion (π0) at rest and a finite-volume two-pion state with
nonzero spatial momentum combined with a photon (ππγ)
whose total energy in the kaon rest system is less thanMK .
The π0 state is straightforward to deal with as in previous
calculations of the KL–KS mass difference, ΔMK [18,19].
The ππγ intermediate state offers more serious chal-

lenges. First, with our QED∞ treatment of electromagnet-
ism, there can be one or more finite-volume ππ states with
nonzero spatial momentum in the kaon rest system with a
recoiling infinite-volume photon carrying the opposite
momentum. (In fact, because of momentum nonconserva-
tion in QED∞, the ππ and photon momenta need not be
equal and opposite, although such terms are suppressed by
powers of 1=L and likely unimportant [17].) For free-
particle kinematics L ≥ 11.8 fm is required if the energy of
a ππγ state is to fall below MK. If momentum non-
conservation is considered then such effects will enter
only for L > 6 fm. Thus, for our L ¼ 4.7 fm volume no
exponentially growing terms resulting from finite-volume

ππγ states will occur. For the future studies of larger
volumes, one may need to deal with multiple ππγ states that
each give exponentially growing behavior.
Once the exponential growing effects of stateswith energy

less than MK have been properly managed, the result is the
desired Minkowski-space LD2γ decay amplitude computed
in finite volume. If the finite-volume hadronic amplitude
being computed using LQCD contains no multiparticle
intermediate states with energy belowMK, then the resulting
position-space amplitude is exponentially localized and our
QED∞ result will have finite-volume errors that decrease
exponentially in the linear size of that volume. However, this
condition is not obeyed by the ππγ state discussed above.
The two pions and photon in the ππγ state with energy

below MK can be described as making up a “propagating”
state with only power-law-suppressed finite-volume effects.
Unlike the propagating two-pion intermediate states which
enter the calculation of ΔMK where a correction for the
finite-volume effects of the ππ intermediate states is
known [20], a correction for the potentially large finite-
volume effects arising from the three-particle ππγ states for
our coordinate-space-based framework is at present
unknown. However, a recent paper of Tuo and Feng [21]
provides a valuable analysis of this problem. Fortunately, for
the limited energy at or belowMK such three-particle states
are expected to be phase-space suppressed and contribute
little to the LD2γ amplitude being studied.
In Ref. [17] a detailed phenomenological estimate of the

size of the low-energy ππγ state contribution is performed,
concluding that these effects are at or below the 10% level.
Thus, in this paper we will neglect the effects of these states
and include a 10% systematic error resulting from this
approximation. There are Green’s functions in the calcu-
lation presented here in which the effects of a ππγ might be
seen. Our failure to observe such effects is consistent the
expectation that they can indeed be neglected.
In this work, we apply the proposed computational

strategy to a 243 × 64, inverse lattice spacing 1=a ¼
1.023 GeVphysical-pion-mass domainwall fermion ensem-
ble (“24ID”) withNf ¼ 2þ 1 dynamical quark flavors from
the RBC/UKQCD Collaboration. In the present work, we
include three quark flavors in the valence sector. In the
absence of the Glashow-Iliopoulos-Maiani (GIM) mecha-
nism, the computed amplitude will contain unphysical,
logarithmically divergent terms [22], which must be cor-
rected by the additionof explicit counterterms.This issuewill
be addressed briefly in Sec. II B, but a complete treatment of
those countertermswill be the subject of a future publication.
In spite of potentially large discretization effects due

to the coarse lattice spacing, such an exploratory study
allows us to develop and demonstrate our numerical
implementation strategies and recognize possible chal-
lenges to overcome.
One such difficulty that is studied at length is the

contribution of an intermediate η meson. Although we do

FIG. 1. The Wick-rotated time-integration contour described in
the text (CE ∪ Carc) and the original Minkowski contour (CM).
Cauchy’s theorem implies that the integrals along both contours
will be the same.
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not have an exponentially growing contribution in the limit of
largeEuclidean time for the case of the η, owing to the typical
temporal extent of the lattice and the expected unfavorable
signal-to-noise ratio froma lattice calculationwith quark-line
disconnected diagrams, any practical truncation in the time
integrationwill leave a large unphysical exponentially falling
η contribution [∝ exp½−ðMη −MKÞTmax�=ðMη −MKÞ],
since the mass of the η is very close to that of the kaon.
This unphysical η contribution needs to be carefully removed
with its physical part preserved.
As will be argued in Sec. II, with exact isospin

symmetry, the electromagnetic (EM) current can be written
as a linear combination of vector currents transforming as
operators with isospin I ¼ 0 and I ¼ 1. Consequently, the
product of two EM currents can be decomposed into
combinations with I ¼ 0 and 2 and I ¼ 1. Since the
I ¼ 1 combination does not couple to the η, this term
can be precisely determined and used to search for the
effects of a possible ππγ intermediate state.
This paper is structured as follows. In Sec. II, the

notation and conventions used will be specified and the
theoretical framework reviewed. The simulation details and
numerical results will be discussed in Sec. III. In particular,
strategies are developed and compared to reconstruct the
physical contribution of the noisier I ¼ 0, 2 operator
product, a contribution which dominates our error budget.
In Sec. IV, we address the relative sign between the
computed LD2γ amplitude and the earlier result for the
SDG2

F amplitude. Finally, we conclude in Sec. V with a
discussion of future plans and the limited conclusions that

can be drawn from our calculation performed at a single,
relatively coarse lattice spacing.
The implementation details of the Wick contractions and

the (approximate) low Dirac eigenmodes which allow us to
improve the quality of the simulated data will be deferred to
Appendixes A and B. The subtleties in obtaining O(a2)-
accurate results while treating the unphysical intermediate
states are explained in Appendix C. A supplementary
investigation of the effects of three-pion intermediate states
is reported in Appendix D. Except where stated otherwise,
all numerical quantities in this paper are expressed in
lattice units.

II. THEORETICAL FRAMEWORK

In our calculation, we neglect CP violation and therefore
treat all Cabibbo-Kobayashi-Maskawa (CKM) matrix ele-
ments as real. Likewise, we also use a KL state with the
definite CP ¼ −1, which then requires the final muon pair
to be in a parity odd and charge conjugation even 1S0 state,
where both the muon and antimuon have the same helicity.
Figure 2, reproduced from Ref. [17], shows the combina-
tion of perturbative muon and photon propagators and
QCD four-point function that must be combined to obtain
the LD2γ decay amplitude. Here and in the remainder of the
paper we will work in the rest system of the kaon.
Although Euclidean-space lattice QCD is being used to

compute this two-photon decay process, the result of this
calculation is presented as a conventional Minkowski-space
amplitude obtained from an expansion of the expression

ALD2γð2πÞ3δ3ðkþ þ k− − PKÞ ¼
�
μþðkþÞμ−ðk−Þ

����T�exp

�
−i

Z
∞

−∞
dtHEMðtÞ

�
HW

�����KLðPKÞ
�

ð4Þ

to fourth order in the EM Hamiltonian HEM. The QCD
energy and momentum eigenstates in Eq. (4) obey the
normalization condition hp0jpi ¼ 2EðpÞð2πÞ3δ3ðp0 − pÞ

and HW is the effective ΔS ¼ �1 weak Hamiltonian. Both
muons have the same helicity, h ¼ � 1

2
.

A. Euclidean-space evaluation of the
two-photon-exchange amplitude

In this section we apply the strategy developed in
Ref. [17] and present the Euclidean-space Green’s func-
tions needed to compute the LD2γ decay amplitude. We
will neglect the effects of the low-energy ππγ intermediate
states but remove the unphysical, exponentially growing
Euclidean-space contribution of the π0.1

FIG. 2. Feynman graph representing the LD2γ amplitude
computed.

1In Appendix D, a supplementary study on the effects of the
three-pion intermediate states is presented. These intermediate
states are often neglected in both phenomenological applications
and in lattice calculations because of phase-space suppression.
Our findings in Appendix D provide numerical evidence to
support the latter statement.
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This calculation can be expressed concretely as the
difference of two amplitudes. The first, Alat, results from
the lattice calculation of the Euclidean-space four-point
function with an upper limit δmax imposed on the time
difference between the smaller time v0 and the time at
which the weak operator HWð0Þ is evaluated. Here we
break the symmetry between the two currents by assuming
the time order u0 ≥ v0. Since at the highest level the two
currents cannot be distinguished, this strategy can be
viewed as a simple relabeling of the currents that allows
us to identify the two operators between which the
unphysical states propagate without affecting the final
result. Of course at the level of our code the two currents
can be distinguished by both their connection to the muon
line and their connection to the quarks. Thus, one current
might be distinguished as that connected to the photon
whose other vertex is the point at which the μþ is emitted.
However, because of the charge conjugation symmetry of
the μþμ− final state and our exact treatment of this QED
portion of the amplitude, the case where this current is
instead coupled to the photon whose second vertex is that at

which the μ− is emitted is identical. Considering the
different possible coupling to the quarks, there are many
diagrams where the topology of the diagrams distinguishes
the two currents and we must include cases where the
current at v0 enters each topology. In the case where both
currents are coupled to the same quark line, charge
conjugation will again imply that their order on this
directed fermion line does not matter. However, this is
only true statistically for the QCD portion of the graph so
we evaluate both orderings to improve the final signal.
The second amplitudeAsub can be computed from three-

point functions and is also a function of δmax. This second
amplitude provides the subtraction that removes the
unphysical exponentially growing part of Alat.
The complete physical LD2γ amplitude can then be

written2 as

ALD2γ ¼ Alat −Asub; ð5Þ

where

Alatðδmax; δmin; Rmax; tsepÞ ¼
Z

δmax

−δmin

dv0

Z
V
d3v

Z
Rmaxþv0

v0

du0

Z
V
d3ueMKðu0þv0Þ=2

× Lμνðu − vÞN eMKtsephTfJμðuÞJνðvÞHWð0ÞKLð−tsepÞgi; ð6Þ

Asubðδmax; δmin; Rmax; tsepÞ ¼
X
n

Z
V
d3v

Z
Rmax

0

dw0

Z
V
d3ueMKw0=2

�
e−ðEn−MKÞδmax

MK − En

�
× Lμνðu − v; w0ÞN eMKtsephTfJμðu; w0ÞJνðv; 0ÞgjnihnjTfHWð0ÞKLð−tsepÞgi: ð7Þ

Here the operators JμðuÞ and JνðvÞ are the EM currents,
HWð0Þ is the weak Hamiltonian, KLð−tsepÞ a kaon inter-
polating operator and N a factor which normalizes that
operator. The calculation is performed in the spatial volume
V with a time extent T.
We refer to the factor Lμνðu − vÞ as the leptonic kernel. It

is obtained from the muon and photon propagators shown in
Fig. 2 after the integral over the loop momentum p is
evaluated using an appropriately deformed contour for the
loop energy p0 so that the latter integral, performed over the
difference of the time coordinatesu0 − v0, converges. This is
discussed at greater length in Refs. [16,17] and the leptonic
kernelLμνðu − vÞ is given explicitly in Eq. (20) in Ref. [17].
Equation (6) provides the details of the spacetime

integrations performed when the lattice four-point function
is evaluated. Both the positionsu and v are integrated overV
and the kaon interpolating operator is separated in time from
the weak Hamiltonian by tsep. We must take care that the
most negative value of v0, −δmin, is sufficiently large to
capture the complete contribution to the decay amplitude but

also small enough that the difference tsep − δmin is suffi-
ciently large to guarantee that only a kaon state can be
produced byKLð−tsepÞ. The quantityRmax is the largest time
separation allowed between the two currents and must be
chosen large enough to capture the full contribution to the
decay amplitude. A failure to observe a plateau as Rmax is
increased may be a sign of an unexpected contribution from
a low-energy ππγ state. A graphic illustration for the relevant
time separations mentioned so far is given in Fig. 3.
Equation (7) provides the unphysical part of Eq. (6)

which grows exponentially with increasing δmax. That
equation can be obtained from Eq. (6) in three steps.
First, a sum over intermediate states jnihnj with En < MK

2The structure of Eqs. (6), (7), and (5) appears similar to that of
Eqs. (16), (18), and (19) in Ref. [17]. However, the details are
different since in the theoretical equation (16) in Ref. [17] all
contributions from states with energy below MK have been
removed, while in the more practical lattice equation (6) no states
have been removed and only an upper limit on the time δmax has
been imposed.
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is inserted between JνðvÞ and HWð0Þ. Second, the integral
over v0 is performed over the interval ½0; δmax� while the
difference w0 ¼ u0 − v0 is held fixed. Third, the factor
resulting from that v0 integration ðe−ðEn−MKÞδmax−1Þ=ðMK−
EnÞ is altered by dropping the physical “−1” term in the
numerator. In our treatment of the states with En < MK

only the intermediate π0 state is introduced.
The result, given in Eq. (7), is the unphysical term which

grows exponentially as δmax is increased. This term must be
subtracted from the lattice result given in Eq. (6) to obtain
the finite physical result. Their combination, given in
Eq. (5), should show a plateau as δmax is increased.
A similar approach can be used to more accurately treat

the η intermediate state. If the η state is included in the
right-hand side of Eq. (7), the unphysical term that results
will decrease slowly with increasing δmax. For practical
values of δmax this unphysical term would be too large to
neglect so that a similar subtraction is required.
The detailed treatment of Eqs. (6) and (7) for the case of

a lattice calculation when the integral over time is replaced
by a sum over discrete time values while avoiding OðaÞ
discretization errors is given in Appendix C.
Henceforth, we will in addition use a more convenient

definition of the Rmax-regulated leptonic kernel on the lattice
which respects the Bose symmetry of the decay amplitude

Kμνðr;RmaxÞ≡
8<:
2LμνðrÞeMKr0=2; if 0<r0≤Rmax;

Lμνðr;0Þ; if r0¼0;

0 otherwise:

ð8Þ

B. Decay amplitude from the lattice

In the continuum, the strangeness-changing ΔS ¼ 1
process can be represented by a weak effective
Hamiltonian obtained by using QCD perturbation theory
and the renormalization group to run down from the100GeV
scale to a scale μ below the charm-quark mass [23]

HW
eff ¼ GFffiffiffi

2
p V�

usVud

X10
i¼1

CiðμÞQMS
i þ H:c: ð9Þ

whereGF is the Fermi decay constant, theVij are elements of
the CKMmatrix, and theCiðμÞ areWilson coefficients at the

scale μ. The operators QMS
i are the ten linearly dependent

four-quarkΔS ¼ 1 operators, which make up the traditional
physical basis and are defined using QCD perturbation
theory in the MS renormalization scheme. Both the

Wilson coefficients and the operators QMS
i depend on the

MS renormalization scale μ.
At energy scales of 1.5 GeV and above where the quark

masses and chiral condensate might be neglected, three-
flavor QCD becomes symmetric under SUð3ÞL × SUð3ÞR
chiral flavor group and it is convenient to work with what is
known as the “chiral basis,” a set of seven linearly
independent four-quark operators each of which transforms
in a specific representation of SUð3ÞL × SUð3ÞR. Specific
equations defining the seven operators in the chiral basis
and for the ten operators in the physical basis can be found
in Ref. [24] where the physical basis used here is referred to
as “basis II.” In order to increase the accuracy of perturba-
tion theory, as in previous RBC/UKQCD work, we will
consider the three-flavor operators Qi and their Wilson
coefficients Ci at energies above the charm scale. When
doing so we keep within the three-flavor theory and do not
include a charm quark.
In order to express the weak HamiltonianHeff

W , written in
the physical basis with Wilson coefficients obtained from
QCD and from electroweak perturbation theory, in terms of
operators defined directly using LQCD we apply the same
renormalization procedure as appears in the RBC/UKQCD
Collaboration paper describing a K → ππ calculation
performed using the same 24ID ensemble [25]. In a series
of steps the physical-basis MS operators given in Eq. (9) is
transformed into an operator written in terms of the
seven chiral-basis operators defined in the lattice formu-
lation of QCD for the specific 24ID ensemble used in our
calculation. These seven lattice operators Q0lat

i are multi-
plied by chiral-basis, lattice-renormalized Wilson coeffi-
cients C0lat

i .
Schematically, the Wilson coefficients multiplying the

seven chiral-basis weak operators defined on the lattice can
be obtained from those computed in the continuum using
the physical basis in the MS scheme at a given high
renormalization scale μh by equating the lattice and
continuum operators,

FIG. 3. Relevant separations involved in our formalism. Here we denote the position of the weak Hamiltonian with x instead of using
the position 0 as in Eqs. (6) and (7). This more general location forHWðxÞ is also used for clarity in some other places in the paper, e.g.,
Appendix A.

BOYLE, CHAO, CHRIST, HU, JIN, and ZHAO PHYS. REV. D 113, 074523 (2026)

074523-6



X10
i¼1

CiðμhÞQMS
i

¼
X10
i¼1

CiðμhÞ
�X7

j¼1

�
T þ αsðμhÞ

4π
ΔT

�
ij

�X7
k¼1

ZMS→RI
jk ðμhÞ

ð10Þ
�X7

l¼1

Sμh→μl
kl

�X7
m¼1

ZRI→lat
lm ðμl; aÞQ0lat

m

����

¼
X7
i¼1

C0lat
i Q0lat

i : ð11Þ

Equating the coefficients of the seven operators Q0lat
i in

these two equations then determines the Wilson coeffi-
cients C0lat

i .
Reading from left to right on the right side of Eq. (10) we

begin with the ten physical-basis MS operators with their
Wilson coefficients defined at the high MS energy scale
μh ¼ 4.006 GeV, chosen sufficiently large that perturba-

tion theory should be reliable. The first matrix T þ αðμhÞ
4π ΔT,

found in Ref. [24], converts those MS operators to the

chiral basis. The second matrix ZðμhÞMS→RI, computed in
perturbation theory in Ref. [24], converts those MS chiral-
basis operators into the regularization-independent (RI)
symmetric momentum subtraction (SMOM) (=q; =q)
scheme [25] at the same high-energy scale μh.
Next the step-scaling matrix Sμh→μl is defined by

Sμh→μl
kl ¼

X7
n¼1

Zðμh; a0ÞRI→lat
k;n

h
ðZðμl; a0ÞRI→latÞ−1

i
n;m

: ð12Þ

This matrix expresses the seven chiral-basis operators
defined at the perturbative scale μh in terms of those same
operators defined at a lower-energy scale μl, accessible
from our coarse 24ID ensemble. The two factors in Eq. (12)
are computed nonperturbatively using a lattice with an
inverse lattice spacing 1=a0 ¼ 3.1 GeV in Ref. [25]. The
intermediate lattice energy scale 1=a0 is chosen to be larger
than the scale of the 24ID ensemble to reduce the
discretization errors associated with the higher RI scale μh.
The final matrix ZRI→lat

lm ðμl; aÞ expresses the SMOM
(=q; =q) operators defined at the scale μl in terms of the lattice
operators whose matrix elements we compute on the 24ID
ensemble. Thus, 1=a ¼ 1.023 GeV, the inverse lattice
spacing of the 24ID ensemble.
Since the precision of our calculation is limited at the

10% level by our lack of control of the finite-volume errors
associated with the ππγ intermediate state, we chose to
compute the matrix elements of only the most important
“current-current” physical-basis operators, Qlat

1 and Qlat
2 .

These should be the lattice operators with the largest

Wilson coefficients. The renormalization procedure out-
lined above provides the Wilson coefficients for the seven
chiral-basis lattice operators Q0lat

i . Because of the linear
dependence of the ten physical-basis operators there is
ambiguity in determining the coefficients of the ten
physical-basis operators in terms of the seven C0lat

i . We
arbitrarily resolve this ambiguity by choosing the ten
physical-basis lattice coefficients of fQlat

i g1≤i≤10 to be
those for which the coefficients of the three operators
Q4, Q9 and Q10 vanish.
We find

Clat
1 ¼ −0.312ð14Þ − i1.34ð33Þ × 10−5;

Clat
2 ¼ 0.718ð14Þ þ i1.68ð33Þ × 10−5;

Clat
3 ¼ 0.018ð14Þ þ i7.5ð3.2Þ × 10−6;

Clat
5 ¼ 0.006ð11Þ − i8.7ð2.3Þ × 10−6;

Clat
6 ¼ −0.009ð9Þ þ i3.27ð17Þ × 10−5;

Clat
7 ¼ 8.40ð1Þ × 10−5 þ i1.318ð5Þ × 10−7;

Clat
8 ¼ −1.074ð3Þ × 10−4 − i3.183ð9Þ × 10−7; ð13Þ

where the uncertainties are purely statistical.3 We will
ignore the imaginary parts of the Wilson coefficients in
this calculation because we are computing the CP even
decay amplitude.
The Wilson coefficients for the QCD and electroweak

penguin operators Qlat
3–10 are much smaller in magnitude

that the current-current operators, which are the only ones
included in this work. However, because of the partial
cancellation between the contributions of Q1 and Q2 that
we found (see Table III), it is important to also estimate the
sizes of the operators Qlat

3–10 to support the neglect of them
as done in this work. A possible target in the near future
would be Q3, as it is the largest of those neglected and
similar computing strategies established in this work could
be easily applied.
To evaluate the matrix elements required in Eqs. (6) and

(7), we use a Coulomb-gauge-fixed wall source for the
kaon interpolating operator to improve the overlap with the
ground state. We use a local operator for the EM current,
which is multiplicatively renormalized,

Jlatν ðvÞ¼ZVðQuūγνuðvÞþQdd̄γνdðvÞþQss̄γνsðvÞÞ; ð14Þ

with physical EM charges

Qu ¼
2

3
; Qd ¼ −

1

3
; Qs ¼ −

1

3
: ð15Þ

3We are grateful to Masaaki Tomii for making the data
generated for Ref. [25] available to us for the determination of
the Wilson coefficients listed here.
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We neglect SUð3Þ-flavor-suppressed diagrams, i.e., those
with a self-contracted loop (“tadpole”) at one of the EM
currents. The contribution of these diagrams is expected to
be small as is the case in the π0 → eþe− calculation [16].
We classify the Feynman diagrams representing the

fermion Wick contractions needed to evaluate the four-
point correlator appearing in Eq. (6) into two categories, the
“connected” diagrams (types 1, 2, 3, 4), where all four
operators in the correlation function are connected to each
other by quark lines, and the “disconnected” diagrams
(type 5) otherwise. The computed contraction classes are
shown in Fig. 4 with one representative diagram per
topology. Note that each type includes several different
flavor combinations and either of the operators Q1 and Q2.
A complete list of Wick contractions can be found in
Appendix A.
Finally, we should recognize the ultraviolet divergences

present in type-1 and type-3 contractions when evaluated in
our 2þ 1 flavor theory, in spite of the renormalization
procedure that has already been applied to the weak
Hamiltonian. The treatment of these divergences is com-
plicated by our use of nonconserved, local electromagnetic
currents which will not obey the standard Ward identities
for internal momenta close to the lattice scale. Since our
ensemble has a lattice spacing too large to allow the
introduction of a valence charm quark, the physical effects
of the charm quark in this 2þ 1 flavor calculation must be
represented by counterterms which can be determined
without reference to perturbation theory as suggested in
Sec. V B of Ref. [26]. The determination of these counter-
terms and their matrix elements which enter this decay will
be the subject of a future paper.

C. Isospin decomposition

Since the π0 and η intermediate states behave very
differently in our calculation it is convenient to have a
mathematical technique to distinguish the amplitudes to
which each contributes. Decomposing the product of the
two EM currents according to their total isospin symmetry
allows us to do that. In this way the statistical fluctuation
from the unphysical π0 does not interfere with the analysis
of the isospin component where the π0 is absent. For three
flavors with the physical charge factors in Eq. (15), we can
decompose the electromagnetic current Jμ into an isovector
part J3μ and an isoscalar part J8μ,

Jμ ¼
1

2
J3μ þ

1

6
J8μ; ð16Þ

where

J3μ ¼ ψ̄λ3ψ ; J8μ ¼
ffiffiffi
3

p
ψ̄λ8ψ : ð17Þ

Here the λi are the conventional Gell-Mann matrices and
ψ ¼ ðu; d; sÞ⊺. We can then decompose the product of the
two EM currents into two isospin components, one with
I ¼ 1 and the other with I ¼ 0 or 2,

JμðuÞJνðvÞ ¼ J I¼1
μν ðu; vÞ þ J I¼0;2

μν ðu; vÞ; ð18Þ

where

J I¼1
μν ðu; vÞ ¼ 1

12
ðJ3μðuÞJ8νðvÞ þ J8μðuÞJ3νðvÞÞ; ð19Þ

FIG. 4. The five types of Wick-contraction topology evaluated in this paper. From left to right, top to bottom: type 1, type 2, type 3,
type 4 and type 5. The vertical dashed line represents the Coulomb-gauge-fixed kaon interpolating operator, the pair of circled crosses
the four-quark weak operator and the vertices labeled u and v the two EM currents.
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J I¼0;2
μν ðu; vÞ ¼ 1

4



J3μðuÞJ3νðvÞ þ

1

9
J8μðuÞJ8νðvÞ

�
: ð20Þ

The amplitudes in Eqs. (6) and (7) can be decomposed
according to this strategy leading to the isospin-specific
amplitudes Alat=sub

I¼1 and Alat=sub
I¼0;2 . The π0 intermediate state

contributes only to Alat=sub
I¼1 while the η contributes only

to Alat=sub
I¼0;2 .

III. NUMERICAL RESULTS

Here we discuss our numerical results for the I ¼ 1 and
I ¼ 0, 2 amplitudes on the 243 × 64, physical quark mass
ensemble (24ID) generated by the RBC-UKQCD
Collaboration in separate subsections. This ensemble is
generated with 2þ 1 flavor Möbius domain wall fermions,
whose simulation parameters can be found in Sec. II of
Ref. [25]. The inverse lattice spacing for this ensemble is
1=a ¼ 1.023 GeV, and the pseudoscalar meson masses are
Mπ ¼ 142 and MK ¼ 515 MeV. The renormalization fac-
tor for the vector current is ZV ¼ 0.72672ð35Þ, determined
in Ref. [27].
The present calculation makes extensive use of propa-

gator data generated as part of the RBC/UKQCD HLbL
project [28]. In particular, 64 Coulomb-gauge-fixed wall-
source and 512 randomly distributed point-source propa-
gators were made available for this work for all of the 110
configurations analyzed. These existing propagators reduce
the computation cost of the current project, where all but
the type-3 diagrams and a portion of the type-5 diagrams
can be calculated without performing further inversions.
See Appendix A for detailed descriptions of the computa-
tional strategy for each diagram.
In both the I ¼ 1 and I ¼ 0, 2 cases, we compute the

total contribution to Eqs. (6), partially summed over the
earliest time v0 up to δmax for 0 ≤ δmax ≤ T=2, and (7) for
several values of the parameters tsep and Rmax. Depending
on the diagram, we collect data for 3–6 values of tsep
ranging from 6 to 16 lattice units and perform an error-
weighted average over the results for all values of tsep that
are computed in order to improve the quality of the signal.
Having different values of Rmax serves two purposes.

First, we need to tune Rmax to achieve a balance between
omitting large values of u0 that contribute to our amplitude
and those that contribute only noise. Since Rmax is the
largest distance separating the two EM currents, we expect
the propagation of a ρ meson to dominate the Rmax
behavior. For physical kinematics, the mass of the ρ meson
in lattice units is about 0.8, hence one would expect a rapid
saturation of the u0 integral. However, having a value for
Rmax that is too large mainly introduces noise into the
calculation.
Second, as discussed in Ref. [17], in a QED∞ calculation

the inequality of QCD and QED volumes leads to the

nonconservation of momentum which allows a residual
exponentially growing contribution in Rmax which is
power-law suppressed in the volume. Having results for
different, sufficiently large values of Rmax should help us
determine if this effect is small enough to be neglected, as
claimed in Ref. [17].
Our implementation of type-3 diagrams utilizes the all-

to-all technique described in Appendix A 3 with 1000
Z-Möbius-approximated low modes with reduced extent in
the fifth direction Ls ¼ 12 (see Ref. [29] and references
therein) and 16 hits for every time-diluted wall source with
Z2 × Z2 noise. For the tadpole term appearing in type 4 and
type 5 [Eq. (A64)], we use a similar technique but with 64
spin-color diluted volume-source random vectors per
configuration.
For the I ¼ 0, 2 case, the contribution of the intermediate

η at rest needs special care. Although formally converging
at the δmax → ∞ limit as Mη > MK , the unphysical con-
tribution, Eq. (7), falls off very slowly due to the small
separation betweenMη andMK . As the I ¼ 0, 2 part of the
amplitude involves disconnected diagrams, the signal
deteriorates well before the integral over the slowly falling
η contribution has become saturated. In Sec. III B, we
discuss several strategies to reconstruct the physical η
contribution.
The numerical results on the decay amplitude A in this

section are related to the physical decay rate ΓKL→μþμ− via

ΓKL→μþμ− ¼
β

8πMK

����e4VudV�
us
GFffiffiffi
2

p A

����2; β¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

4m2
μ

M2
K

s
;

ð21Þ

where e is the fundamental electric charge. All the
numerical values for the constants and parameters appear-
ing above will be taken from Ref. [2]. We compute all
the five types of diagram on the same 110 configurations
separated by at least ten molecular-dynamics units in
order to form the isospin components with the correla-
tion between different types of diagram consistently
accounted for.

A. I = 1 amplitude

We have obtained a very clear signal for the I ¼ 1
channel since it contains only connected diagrams. The
unphysical pion subtraction needs to be done with care. As
explained in detail in Appendix C to avoid OðaÞ errors
while integrating, the trapezoid rule is carefully followed at
the boundary of the integration domain when evaluating the
sum over v0 in Eq. (6). We then subtract the exponentially
growing term given by Eq. (7) (see Fig. 5). This continuum-
determined subtraction is meaningful when the upper limit
δmax for the v0 integral is large. If δmax is one or two lattice
spacings this continuum expression loses meaning. In order
to plot the integrated expression determining the result in
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Eq. (5) even for small δmax we adopt a reasonable but
ad hoc subtraction for each v0. This subtraction under the
sum sign, given in Eq. (C8), is chosen so that when
summed to a large value of δmax an O(a2)-accurate result
is obtained. Note that this subtraction is needed only
when v0 ≥ 0.
The results for the partially integrated amplitudes are

given in Fig. 6 as a function of the upper limit δmax for both
the real and imaginary parts at three different values of Rmax
(7, 10 and 13). We see that plateaus are formed at small
δmax > 0, which indicates the insensitivity to long-distance
physics of this observable. All results with different values
of Rmax are consistent with each other within the quoted
statistical errors, suggesting that our smallest Rmax ¼ 7
should be sufficiently large to capture the nonzero hadronic
contributions. Within the quoted error, we do not see an
obvious change in the central value as Rmax is increased,
confirming the expectation that for the current spatial
volume there are no propagating two-pion states that must

be accommodated, a central assumption of our computa-
tional strategy.
We also do not see any sign of residual linearly or

exponentially growing behavior in the plotted results as
δmax increases. This suggests that only the pion state gives
an unphysical contribution. In particular there is no
suggestion of any contribution from a propagating three-
pion state that is visible above the 10% statistical errors
present for both the real and the imaginary parts when
Rmax ¼ 7 and δmax ¼ 4. We will use these values to obtain
our final results.

B. I = 0, 2 amplitude

1. Type-5 diagrams

The I ¼ 0, 2 channel involves disconnected diagrams
(type 5), which require substantially more measurements
than the other diagrams in order to achieve the same

FIG. 5. The real (left) and imaginary (right) parts of the I ¼ 1 components of Eqs. (6) (“lat”) and (7) (“sub”) as a function of δmax, the
upper limit on the integral over the time separation between the closest EM current and the weak operator.

FIG. 6. The real (left) and imaginary (right) parts of the I ¼ 1 amplitude from Eq. (5) as a function of δmax.
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statistical precision. We use a low-mode-improved method
to calculate the type 5, diagram 1 (T5D1) as described in
Appendix A 5, where the low-mode part is constructed
using the 1000 eigenmodes of the Z-Möbius-approximated
Dirac operator with the smallest eigenvalues.
The high-mode correction [Eq. (A89)] that must be

added to the low-mode contribution is obtained from 2048
measurements per configuration using point-source propa-
gators whose sources are located at the position of one of
the EM currents and whose sink positions are the location
of the second EM current. These propagators are evaluated
with a “sloppy” stopping condition (a relative error of 10−4)
when performing a conjugate gradient inversion of the
Dirac operator. With the Möbius-accelerated domain wall
fermion solver [30], the computational cost of these sloppy
inversions is 3 times less than if a higher precision of 10−10

were chosen. One quarter of these sloppy measurements are
performed using the source positions used for the 512
higher-precision (relative error of 10−8) propagators that
were available. The difference between the results using
these higher-precision and sloppy propagators is used to
correct for the bias present in the sloppy inversions. With
this strategy, the bias correction is about an order of
magnitude smaller than the statistical fluctuations [31],
which makes this an efficient strategy.
By themselves, the type-5 diagrams exhibit exponen-

tially growing behavior due to the π0 pole which is present
in the disconnected amplitude and is canceled after the
proper I ¼ 0, 2 combination with type-3 and type-4
diagrams has been included. With the current statistics,
we see that the final, combined I ¼ 0, 2 amplitude has a
rather clear signal without an unphysical π0 contribution.
(See the data points labeled “η unsub.” in Fig. 10.)

2. Treatment of the η intermediate state

We propose two classes of methods (three different
methods in total) to remove the slowly decreasing unphys-
ical contribution of the η intermediate state. The first class
is referred to as “direct subtraction” and corresponds to a
single method (“method 1”), which is exactly the same
procedure as used to treat the unphysical π0 state in the
I ¼ 1 case.
In the second class the weak Hamiltonian is modified by

subtracting a quark-bilinear operator whose on-shell matrix
element is zero but whose coefficient can be chosen to
make the off-shell hηjH0

WjKLi matrix element vanish,

H0
W ¼ HW þ csðs̄dþ d̄sÞ: ð22Þ

Such a modification of HW will not change the physical
result, but with the η contribution removed will permit
truncating the v0 integral at an early time before the
statistical noise has become unacceptably large.
The on-shell matrix element of the operator s̄dþ d̄s

vanishes because it is the divergence of the vector current

Jsdμ which generates the flavor rotation [32]

d

s

�
→ 1þ εiτ2



d

s

�
; where τ2 ≡



0 −i
i 0

�
ð23Þ

is the conventional Pauli matrix. Using q to represent the
two-component column vector of quark fields on the right-
hand side of Eq. (23), we can write

Jsdμ ¼ q̄γμτ2q: ð24Þ

The usual proof that the on-shell matrix element of the
operator s̄dþ d̄s vanishes exploits the Ward identity
obtained by replacing HWðxÞ in the hadronic Green’s
function given in Eq. (6) with the current Jsdμ and taking
the divergence

∂

∂xλ
h0jTfJaμðuÞJbνðvÞJsdλ ðxÞKLðtKÞgj0i

¼ ðms −mdÞh0jTfJaμðuÞJbνðvÞðs̄dþ d̄sÞðxÞKLðtKÞgj0i
− ih0jTfδ4ðx − uÞ½Qsd; JaμðuÞ�JbνðvÞKðtKÞ
þ δ4ðx − vÞJaμðuÞ½Qsd; JbνðvÞ�KLðtKÞgj0i; ð25Þ

where we have adopted the Hilbert-space expression for the
Ward identity since the two δ function terms can be easily
written in terms of commutators with the conserved charge
operator Qsd ≡ R

d3xJsd0 ðx; x0Þ. We have omitted a third δ
function term involving the kaon interpolating operator
KðtKÞ since in our calculation tsep ¼ x0 − tK is always
strictly greater than zero. Here we have introduced the
labels a and b on the two currents to enable a separation of
the EM current into I ¼ 0 and I ¼ 1 components.
If the two Ji’s are taken to be the full EM currents with

equal charges for the down and the strange quarks, then
½Qsd; Jemμ � ¼ 0 and we will arrive at the usual conclusion
that the combination s̄dþ d̄s is a total derivative (“method
2”). However, if one considers products of the individual
I ¼ 0 and 1 components separately in the product of the
two EM currents in Eq. (25) (“method 3”), one needs to
include additional contact terms due to the nonvanishing
commutators ½Qsd; Jiμ� when i ¼ 3 or 8. Simple algebra
leads to

−i
1

3
½Qsd; J8μ�ðuÞ ¼ i½Qsd; J3μ�ðuÞ ¼ ðs̄γμdþ d̄γμsÞðuÞ

≡ K̃�
μðuÞ: ð26Þ

The rightmost term in Eq. (26) can be viewed as an
interpolating operator for a jK0�i þ jK̄0�i state.
The Ward identity appearing in Eq. (25) is a continuum

equality and may not be obeyed by operators defined in
lattice field theory. However, it is likely that if the
continuum current Jsdμ is replaced by a conserved
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Möbius-fermion lattice current [33], that an analogous
lattice Ward identity could be derived, with the K̃�

μ contact
term possibly becoming nonlocal. We will neglect such
refinements as being of O(a2).
The use of this Ward identity leads to the second

class of η-intermediate-state treatments, referred to as
“s̄d-subtraction”methods, which consist in modifying each
weak operator Qi in our master equations (6) and (7)
according to

Qsub
i ð0Þ ¼ Qið0Þ þ cs;iðs̄dð0Þ þ d̄sð0ÞÞ; ð27Þ

where

cs;i ≡ −
hηjQið0ÞjKLi

hηjs̄dð0Þ þ d̄sð0ÞjKLi
: ð28Þ

In the case that the full EM currents are used, no contact
terms appear in the Ward identity and we do not change the
LD2γ amplitude when replacing the operator Qi with Qsub

i
which will ensure that the η intermediate state does not
contribute.
For the case where we are separating the product of EM

currents into I ¼ 1 and I ¼ 0, 2 components, Eqs. (27) and
(28) are unchanged but the cs;iðs̄dð0Þ þ d̄sð0ÞÞ term added
to Qi in Eq. (27) is no longer equal to a total divergence.
We can still use this strategy to remove the η intermediate
state but must compute and explicitly remove the matrix
element of the contact term that appears in Eq. (25). The
contribution of the contact term can be expressed as a
product of the usual leptonic kernel Lμν, the coefficient csi
and a three-point hadronic Green’s function involving
the kaon interpolating operator and the product of two
currents obtained from the sum of the commutators
½Qsdðu0Þ; JaμðuÞ�JbνðvÞ þ JaμðuÞ½Qsdðv0Þ; JbνðvÞ�, for an
appropriate combination of the indices a and b. The weak
Hamiltonian HWðxÞ does not enter this simpler Green’s
function. In both cases, Eq. (28) determines the coefficients
cs;i so that there will be no physical nor unphysical
contributions from an η intermediate state.
In both classes of η-intermediate-state treatments, we

need to compute matrix elements related to the η, which are
very noisy because of the presence of quark-line discon-
nected diagrams. To address this difficulty, we perform
analyzes using smaller η propagation times where the noise
is less pronounced which requires that we also include the
more massive η0 state. Thus, we will work with two
interpolating operators: an SU(3) octet for the η and an
SU(3) singlet operator for the η0. Extracting the ηmass from
a two-point function now becomes a 2 × 2 generalized
eigenvalue problem (GEVP) [34]. For this purpose, we
consider two operators

Ol ≡ iffiffiffi
2

p ðūγ5uþ d̄γ5dÞ; ð29Þ

Os ≡ is̄γ5s: ð30Þ

The GEVP consists in finding two pairs of eigenvalues and
two-dimensional vectors ðλn; VnÞ for n ¼ 1, 2 with λ1 ≤ λ2
which solve the linear system

CðtÞVnðt; t0Þ ¼ λnðt; t0ÞCðt0ÞVnðt; t0Þ; ð31Þ

where

CðtÞ ¼

0B@
D
OlðtÞO†

l ð0Þ
E D

OsðtÞO†
l ð0Þ

E
D
OlðtÞO†

sð0Þ
E D

OsðtÞO†
sð0Þ

E
1CA: ð32Þ

The solutions V1;2 and λ1;2 provide the linear combinations
of operators with optimal overlap with the η and η0 states and
give their masses respectively.
We obtain the following values for the effective masses

of the η and η0 in lattice units from 519 configurations,
which do not include the 110 configurations used for the
four-point function calculations,

Mη ¼ 0.569ð19Þ; Mη0 ¼ 0.996ð60Þ: ð33Þ

These results were obtained by fitting the time dependence
of the eigenvalues λðt; t − 1Þ over the range t∈ ½4; 8� forMη

and t∈ ½2; 4� for Mη0. The effective-mass plot for the η and
η0 is given in Fig. 7. The 519 configurations used in this
calculation were separated by four molecular-dynamics
time units and we have tested for autocorrelations by also
binning the results into bins of 1, 2 and 3 configurations.
The consistency among results shown in Fig. 7 for different
bin sizes suggests that the autocorrelation is small.
Note that, although the signal is lost for the η0 beyond

the fitted region, including the η0 in the GEVP analysis helps
stabilize the effective mass obtained for the η at larger time

FIG. 7. The effective masses for η and η0 measured by solving
the GEVP with different bin sizes.
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separations. The masses obtained are then used to extract the
matrix elements hηjQ1;2jKLi and hηjðs̄dþ d̄sÞjKLi from the
three-point correlation functions hOl;sðtηÞQ1;2ð0ÞKLð−tKÞi
and hOl;sðtηÞðs̄dð0Þ þ d̄sð0ÞÞKLð−tKÞi. Recognizing that it
is better to take advantage of the much smaller statistical
fluctuations when Os is used alone as the interpolating
operator for the η ground state, we perform a two-state fit to
dependence on time separation tη between the operator and
the sink for each three-point function after projecting to the
kaon ground state at a reasonably large tK ,

AðtηÞ ¼ Aηe−Mηtη þ Aη0e
−Mη0 tη ; ð34Þ

to extract the desired matrix elements Aη and Aη0 .
This procedure is repeated at several different values of

tK . The final quoted value for each three-point function is
determined from a correlated fit to the outcomes from all
these different two-state fits to a constant.4 The same fitting

strategy Eq. (34) is also applied to determine the real and
imaginary parts of

R
d4rKμνðr; RmaxÞh0jJμðrÞJνð0Þjηi fromR

d4rKμνðr; RmaxÞh0jJμðrÞJνð0ÞOsð−tηÞi. This matrix
element is needed for the direct subtraction method 1,
with the difference that one needs to consider only the
separation between the η interpolating operator and the
earliest EM current. The fitting qualities are illustrated in
Figs. 8 and 9 and the results for the matrix elements
summarized in Table I. All the three-point functions are
measured on the same 110 configurations as the four-point
functions so that correlations between the statistical fluc-
tuations arising from the η intermediate state can be
exploited. These results lead to the following values for
the coefficients cs;i [Eq. (28)] needed for s̄d-subtraction
method 2 and method 3:

cs;1 ¼ 0.0097ð32Þ; cs;2 ¼ −0.0020ð11Þ: ð35Þ

The results from the three different treatments of the η
intermediate state and the raw four-point function data
before any treatment for the η are plotted in Fig. 10 for

FIG. 8. Fitting hOsðtηÞOð0ÞjKLi with O ¼ Q1, Q2 and s̄dþ d̄s to the ansatz given in Eq. (34) with tK ¼ 8.

4This fitting strategy differs from that used for the four-point
functions where the average over tsep is performed before fitting.
However, this difference is not important.
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comparison. All three methods are very consistent with
each other in the plateau region starting around δmax ¼ 3,
but the signal begins to deteriorate rapidly when δmax ≥ 6.
The consistency among these different treatments of the η
is a strong and nontrivial check for our numerical
implementation, as a sizable upward shift in the central
values compared to the statistical error after the removal
of the η is observed. This large observed shift also
suggests that the physical contribution of the η could
be important and the pion-pole dominance approximation
commonly considered in the literature might not be
accurate [7,35]. However, such a statement needs to be
supported by a calculation which includes a con-
tinuum limit.

C. Combined results

We combine our I ¼ 1 and I ¼ 0, 2 results from the
three different treatments for the η, including correlations,
and compare them to the SDG2

F result and the experimental

values in Fig. 11. Since the phase of our lattice result for
AKLμμ depends on the unphysical phase of the kaon source,
we adjust that phase so that the absorptive part of AKLμμ is
purely imaginary as stated earlier, and that the imaginary
part of the decay amplitude is positive. Because only the
magnitudes of the experimental values are known, we
arbitrarily choose their signs to agree with our lattice
results.
Using the adopted phase of our kaon source we directly

evaluate the matrix element of the effective Hamiltonian
given in Eq. (110) in Ref. [36] in lattice calculation. The
result, also shown in Fig. 11 and Table II, is given by a
consistent calculation of the SDG2

F amplitude that can be
directly combined with the LD2γ result computed here. A
more detailed discussion of our evaluation of the standard
model result for the SDG2

F amplitude and its sign is given in
Sec. IV, where we conclude that the interference between
the LD2γ and the SDG2

F dispersive parts is destructive, at
least for this calculation in which necessary renormaliza-
tion counterterms have not yet been included.
For each of the three treatments of the η shown in Fig. 11,

we obtain the value by performing a correlated fit to the
data for δmax ∈ ½4; 6�. With this chosen fit range, we expect
that the intermediate-state contributions are well saturated,
as can be seen from the statistical consistency of the results
shown in Fig. 10 as δmax increases from 3 to 8. Here all
three methods are very consistent with comparable stat-
istical errors, but the values obtained for the imaginary part
are about 3σ above the experimental result deduced from
the KL → γγ process. For our final results for each isospin
channel and their total, tabulated in Table II, we quote the
central values and statistical errors from method 3 and take
the standard deviation among the three different methods as
the systematic error from the treatment of the η intermediate
state. Another potential source of systematic error is the
choice of the fit range for δmax, which we do not include in
our analysis in the present calculation as it is subdominant
compared to other sources of uncertainty, such as the

FIG. 9. Fitting WðRmax ¼ 7Þ (cf. Table I) to the ansatz in Eq. (34).

TABLE I. Results for the η-related matrix elements needed for
the various proposed η-subtraction schemes. All the values are
given in lattice units and the states are normalized to unity. Here
WðRmaxÞ≡ðmμα

2
QEDÞ−1

P
r∈ΛKμνðr;RmaxÞh0jJμðrÞJνð0Þjηi with

everything in lattice units.

Quantity Value tη tK χ2=d:o:f:

hηjQ1ð0ÞjKLi −0.0118ð18Þ [3, 8] [6, 17] 0.86
hηjQ2ð0ÞjKLi 0.00243(89) [2, 7] [6, 17] 0.59
hηjs̄dð0Þ þ d̄sð0ÞjKLi 1.22(32) [3, 7] [6, 19] 0.67
RefWð7Þg 0.0103(37) [4, 9] � � � 0.85
RefWð10Þg 0.0094(38) [4, 9] � � � 0.45
RefWð13Þg 0.0122(48) [4, 9] � � � 0.67
ImfWð7Þg 0.0269(75) [4, 9] � � � 1.56
ImfWð10Þg 0.0283(81) [4, 9] � � � 1.70
ImfWð13Þg 0.0268(85) [4, 9] � � � 1.14
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intrinsic statistical noise from the η intermediate state given
the current statistics. For completeness, we also list the
values for the contributions from Q1 and Q2 to the total
LD2γ in Table III. We can notice a large cancellation
between the two contributions.
Finally, it is interesting to remark that the statistical error

of the data from method 1 of the η treatment started out
much larger but increases more slowly than those from
method 2 and method 3 in Fig. 10; however, under a
correlated fit over different δmax, the overall statistical errors
for all three methods are comparable (see Fig. 11). In fact,
as the physical contribution of η is explicitly reconstructed,
the error on the three-point functions needed for the
subtraction—which remains identical as we increase
δmax—dominates at small δmax. As δmax increases, the
uncertainty from the four-point function eventually
becomes larger than the former. This competition in
statistical error and the correlation between data points
are different in the two other cases. As the correlated-fit
results in Fig. 11 show, all three methods give uncertainties

FIG. 10. The I ¼ 0, 2 amplitude as a function of the temporal cutoff δmax.

FIG. 11. Comparison between the real and imaginary parts of the LD2γ decay amplitude computed on the 24ID ensemble to the SDG2
F

part as well as the magnitudes of the real and imaginary parts of the decay amplitude extracted from experiment. See the text for the sign
conventions used here.

TABLE II. Summary table of our results on the 24ID ensemble
compared to the prediction for the short-distance contribution [3]
and the experimental values. Here we have adopted the phase
convention that the absorptive part of the LD2γ amplitude comes
only from the imaginary part of the decay amplitude and that this
imaginary part is positive, which determines our choice for the
phase of the kaon interpolating operator (see Sec. IV for details).
The values for I ¼ 0, 2 and the total are quoted from method 3,
where the rightmost errors are systematic, estimated from the
standard deviation among the results from the three different
treatments of the η. Of course, a physically meaningful com-
parison between the experimental and theoretical results in this
table must await the inclusion of the omitted renormalization
counterterms in the lattice result.

ReA × 10−4 (MeV3) ImA × 10−4 (MeV3)

I ¼ 1 0.69(9) 2.64(21)
I ¼ 0, 2 5.06(1.41)(0.09) 14.31(3.11)(0.22)
Total (LD2γ) 5.27(1.30)(0.17) 16.61(2.96)(0.38)
SDG2

F −2.47ð18Þ � � �
Expt. �1.53ð14Þ �7.10ð3Þ
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with similar sizes. With the present study, we are unable to
conclude which of the three methods is the most
advantageous.
Given the exploratory nature of this first lattice calcu-

lation, a detailed discussion of systematic errors would be
premature. However, there are at least four likely sources of
systematic error. The 24ID ensemble used here with an
inverse lattice spacing of 1=a ¼ 1.023 GeV leads to
uncertain but possibly large discretization errors. For a
similar calculation of the electromagnetic difference
between the πþ and π0 masses [37] the result obtained
from the 24ID ensemble was 20% below the experimental
value. The finite-volume errors associated with low-energy
ππγ states was estimated to be at or below 10% [17] and
errors as large as 10% might result from our omission of all
but two of the seven weak operators present in the ΔS ¼ 1
effective weak Hamiltonian. Finally, the 30% statistical
error present in our treatment of the η intermediate state
could well obscure systematic errors of the same size, in
spite of the agreement between the three different methods
we tried.

IV. INTERFERENCE BETWEEN
THE LD2γ AND SDG2

F AMPLITUDES

We begin this section by discussing our lattice QCD
evaluation of the SDG2

F amplitude based on the earlier
standard model prediction presented in Refs. [3,23,36],
including both its magnitude and sign, using the same
conventions adopted when computing the LD2γ amplitude
which is the subject of this paper. The second part of this
section examines a series of issues that require special
attention when computing the sign of LD2γ amplitude.

A. Lattice QCD evaluation of the SDG2
F amplitude

In order to determine the relative sign between the SD
part and the LD part, we follow closely the conventions of
Buchalla and Buras [36]. Their effective Hamiltonian
describing the OðG2

FÞ contribution to KL → μþμ− provides
an accessible summary of their calculation which we can
easily exploit to determine the sign of this SDG2

F amplitude,

HSD
W ¼ −

GFffiffiffi
2

p αem
2πsin2θW

h
ðV�

csVcdYNL þ V�
tsVtdYðxtÞÞ

× ðs̄dÞV−Aðμ̄μÞV−A þ H:c:
i
: ð36Þ

The quantities YNL and YðxtÞ are known functions which
have been computed with the next-to-next-to-leading order
charm-quark effects included in Ref. [3]. Here αem ¼
αemðMZÞ and sin2 θW are evaluated at the electroweak
scale [38] while xt is the ratio of the squares of the masses
of the top quark and W boson, m2

t =M2
W .

We can now evaluate the matrix element ofHSD
W given in

Eq. (36) between the same perturbative μþμ− and non-
perturbative jKLi states as were used to compute the AKLμμ

in Sec. III, giving the relative sign of these two amplitudes
physical meaning.
While experimentally inaccessible, in the conventional

theoretical framework of our calculation we can also
determine the relative sign between these two KL →
μþμ− amplitudes and fK which appears in the QCD matrix
element h0j½ðs̄dÞV−A þ H:c:�jKLi that enters as a factor in
the matrix element of HSD

W . For this relative sign with
respect to fK to be meaningful, we must describe explicitly
the perturbative μþμ− state used in our calculation
of AKLμμ.
Our μþμ− state can be specified as follows. For

the perturbative QED sector, we choose to work in the
Weyl basis for the γ matrices and use the representation
for the spinor fields with momentum parallel to the z
direction,

u�ðpÞ ¼

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E − pz
p

ϕ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ pz

p
ϕ�

�
;

v�ðpÞ ¼

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

E − pz
p

χ�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eþ pz

p
χ�

�
; ð37Þ

where

ϕþ¼


1

0

�
; ϕ−¼



0

1

�
; χþ¼



0

1

�
; χ−¼



1

0

�
: ð38Þ

With this choice, the SDG2
F matrix element becomes

ASDG2
F
¼ hμþðkþÞμ−ðk−ÞjHSD

W ð0ÞjKLi ð39Þ

¼ 2mμ
GFffiffiffi
2

p αemðMZÞ
2π sin2 θW

ReðV�
csVcdYNL þ V�

tsVtdYðxtÞÞ

× h0j½s̄ð0Þγ0γ5dð0Þ þ H:c:�jKLi; ð40Þ

where the μþ destruction operator appears to the left of that
for the μ− in the matrix elements defined in Eqs. (4) and
(39). Here the rightmost (renormalized) matrix element is
to be computed in a QCD-only background. This matrix
element is proportional to the decay constant of the kaon,
which is necessarily computed, including its sign in our

TABLE III. Individual contributions to the total amplitude in
Table II with their Wilson coefficients included, estimated from
method 3 with Rmax ¼ 7 and values taken at δmax ¼ 4.

Q1 Q2

ReA × 10−4 (MeV3) 13.18(90) −7.57ð87Þ
ImA × 10−4 (MeV3) 36.82(2.06) −20.59ð1.97Þ
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conventions, when Eq. (40) is evaluated. We find

h0j½s̄ð0Þγ0γ5dð0Þ þ H:c:�jKLi ¼ −1.173ð8Þ × 105 MeV2

ð41Þ

¼
ffiffiffi
2

p
MKfK: ð42Þ

Here we have defined the phase of fK [2] as that obtained
from a matrix element with a kaon state whose phase is
chosen to make the imaginary part of the amplitude ALD2γ

positive.

B. Using lattice QCD to compute analytically continued
Minkowski-space Green’s functions

Consider a general Minkowski-space QCD Green’s
function Gðx½N�Þ that depends on N spacetime positions
x½N� ≡ fxjg1≤j≤N . If sums over intermediate QCD energy
eigenstates are inserted between the N operators appearing
in that Green’s function then the individual terms in the
sums over intermediate states depend exponentially on the
time components of those positions. As a result the entire
Green’s function is an analytic function of the times
fðxjÞ0g1≤j≤N if small negative imaginary parts are added
to those N times to ensure that the sums over intermediate
states converge.
If each of these N time variables is analytically con-

tinued from their original real values to negative imagi-
nary values ðxjÞ0 → expf−iϕgx0j with ϕ∶0 → π

2
and

ðxjÞ0 ¼ expf−i π
2
gðxE;jÞ4 then we can define the result as

the Euclidean Green’s function GEðx½N�
E Þ depending on the

N Euclidean four-vectors x½N�
E ≡ fxE;jg1≤j≤N with xE;j ¼

ðx⃗E;j; ðxE;jÞ4Þ ¼ ðx⃗j; iðxjÞ0Þ. Of course, GEðx½N�
E Þ could

have been obtained from a Schrödinger-picture theory by

constructing time-dependent operators OEðx½N�
E Þ using a

Heisenberg representation in which expf−iHQCDx0g is
replaced by expf−HQCDx4g. If that Schrödinger-picture
theory is relativistically invariant then the Gðx½N�Þ will be
Lorentz covariant while GEðx½N�

E Þ will be O(4) covariant.
In the calculation reported here such an analytic con-

tinuation has been performed to transform a Minkowski-
space Green’s function obeying our Minkowski-space
conventions into the Euclidean-space Green’s functions
appearing in Eqs. (6), (7) and (40). We must be careful that
the conventions used in our Euclidean-space lattice calcu-
lation are those that would result from the analytic
continuation that has been performed.
The Green’s functions that must be reproduced in

Euclidean space involve four operators, the electromagnetic
currentJμðxÞ, the effectiveweakHamiltonian densityHWðxÞ,
theΔS ¼ �1 axial current ðJ5sdÞμðxÞ≡ s̄ðxÞγμγ5dðxÞ þ H:c:

and the kaon interpolating KLðtÞ. The operator KLðtÞ
appears linearly in all of the Green’s functions of interest
and does not carry a physically meaningful phase so we
need not be concerned that the operator KLðtÞ may not
even have a familiar Minkowski-space expression. The
Minkowski- and Euclidean-space representations for the
operators JμðxÞ, HWðxÞ and ðJ5sdÞμðxÞ can be easily
compared knowing how the Dirac matrix conventions
are related.
Recall that the Minkowski-space Dirac operator for a

particle of mass m in our conventions can be reexpressed
after the analytic continuation to Euclidean-space as
follows:

D ¼ iγμ
∂

∂xμ
−m ð43Þ

¼ i

�
γ0

∂

∂ð−ix4Þ þ
X3
j¼1

γi
∂

∂xj

�
−m ð44Þ

¼ −
�
γ0

∂

∂x4
− i

X3
i¼1

γj
∂

∂xi

�
−m; ð45Þ

which takes the form used in Euclidean space,

DE ¼
X4
i¼μ

γμE
∂

∂xμE
þm ð46Þ

if we define

γ4E ¼ γ0; γjE ¼ −iγj: ð47Þ

Since only the three spatial γ matrices are changed when
writing the analytically continued Green’s function in
Euclidean notation, both γ0 and γ5 need not be altered.
Adopting this prescription for the γ matrices used in our
lattice calculation, we can reproduce the desired
Minkowski-space matrix elements from the following
formulas:

J0 ¼ J4E; Jj ¼ iJjE; ð48Þ

ðJ5sdÞ0 ¼ ðJ5sd;EÞ4; ðJ5sdÞj ¼ iðJ5sd;EÞj; ð49Þ

ψ̄aγ
μð1 − γ5Þψbψ̄cγμð1 − γ5Þψd

¼ ðψ̄EÞaγμEð1 − γ5EÞðψEÞbðψ̄EÞcγμEð1 − γ5EÞðψEÞd: ð50Þ

Here the ψ i represent different spinor fields. The Euclidean
and Minkowski Grassmann spinor variables are unchanged
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except for their spacetime labels—no rotation of spinor
indices is needed. The validity of these statements can be
readily checked by analytically continuing some simple
position-space Green’s functions in the time.
The Euclidean-space γ matrix conventions derived above

are very close to those used in lattice QCD, for example
those found in Refs. [39,40]. The conventions in those two
references are mathematically similar to those in the
GRID [41,42] lattice code which we use. The GRID con-
vention is shared with the Columbia Physics System [43],
with CHROMA [44], and is as documented in the USQCD
QDP++ documentation on spin conventions [45]. However,
in all these cases the γ5E matrix that is introduced is the
negative of the γ5E matrix that results from the analytic
continuation in the time that we are making. Thus, when
using the result for the matrix element of the axial current
ðJ5sdÞ0 we must introduce an extra minus sign to obtain the
matrix element of interest, in apparent conflict with the
projection operators defined in Eq. (8.11) of Ref. [39]. The
only other sign that must be recognized when interpreting
our lattice matrix element as providing Minkowski-space
results is the product JiJj which appears in Eqs. (6) and (7)
where a minus sign must be introduced, since our lattice
calculation contains the factors ðγiEÞðγjEÞ ¼ −ðγiÞðγjÞ and
the factors þðγiÞðγjÞ are what should occur in our
Minkowski-space calculation.

V. CONCLUSION

The formalism developed in Ref. [17] allows for a first-
principles determination of the long-distance two-photon
contribution to the KL → μþμ− decay amplitude from
lattice QCD. Although our method does not accurately
treat the contribution from low-energy ππγ states, in
Ref. [17] we show that these effects are at or below the
10% level. In addition to the possibility for the systematic
improvement of lattice QCD results, another appealing
aspect of this ab initio treatment of QCD is the ability to
determine the relative sign of the two-photon-exchange
amplitude and the amplitude arising from the one-loop
short-distance electroweak contribution.
In this paper we present our numerical implementation of

the formalism of Ref. [17] and the first result using a 243 ×
64Möbius domain wall fermion ensemble at physical pion
mass and an inverse lattice spacing of 1=a ¼ 1.023 GeV.
We have included all Feynman diagrams with the exception
of SU(3)-flavor-suppressed tadpole terms in which an
electromagnetic current attaches to a closed quark loop.
However, we should emphasize that, while extensive, the
calculation presented in the paper is not complete and
cannot yet be directly compared with experiment.
Additional counterterms needed to represent the effects
of the GIM mechanism have not been included.
This second part of the lattice QCD calculation of the

two-photon contribution to KL → μþμ− will be presented
in a second paper.
In addition to determining the needed renormalization

counterterms, the natural next target for a more accurate
result is the 483 × 96 physical-pion-mass ensemble with
1=a ¼ 1.73 GeV (“48I”) from the RBC/UKQCD
Collaboration [46], a calculation that is now also underway.
Since this ensemble is significantly larger than the current
24ID ensemble, the reconstruction of the η contribution,
which is at present the largest source of statistical error,
should be improved by the average over a larger volume
and, because of the smaller lattice spacing, the increased
number of data points in the region where the η signal can
be seen.
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APPENDIX A: COMPUTATION STRATEGIES

We give the implementation details of the Wick con-
tractions to get Alat [Eq. (6)] considered in this work. For
the ones needed for Asub [Eq. (7)] and the η-removal
described in Sec. III B, we simply follow the strategies
reported in Ref. [47]. We denote the whole set of lattice
sites by Λ and the hyperplane corresponding to the time
slice t by Λ0ðtÞ. The coordinate-space variables u and v
indicate the locations of the EM currents (with time order
v0 ≤ u0), x that of the weak Hamiltonian and tK that of the
kaon wall, in accordance with Sec. II B.
While computing the amplitude, Eq. (6), translational

invariance allows us to set the position of one of the three
local operators to be the reference point and sum over the
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two other positions. The reference point corresponds to the
source location of point-source propagators needed for the
contraction diagram to be evaluated. Calculations will be
repeated for many different reference point to improve

statistics. For each contraction class, we evaluate the
associated “reduced amplitudes” defined as follows on
each gauge configuration. For type-1 and type-2 diagrams,
we find it convenient to set the reference point to x,

ĀD
i ðδmax; Rmax; tsepÞ ¼

X
u;v∈Λ;

d≤δmax ;u0−v0≤Rmax

δv0−x0;de
MKðv0−tKÞKμνðu − v; RmaxÞCDi;μνðu; v; x; tKÞ; ðA1Þ

and to v for type-3 and type-4 diagrams and type-5 diagram 2 (T5D2),

ĀD
i ðδmax; Rmax; tsepÞ ¼

X
u;x∈Λ;

d≤δmax ;u0−v0≤Rmax

δv0−x0;de
MKðv0−tKÞKμνðu − v; RmaxÞCDi;μνðu; v; x; tKÞ: ðA2Þ

The case of T5D1 is a bit different as we use a low-mode-improved version of Eq. (A2), which will be discussed in detail in
Sec. A 5. In the above, the subscript i is the index for the corresponding weak operator and the superscript D indicates the
associated diagram. The contraction functions CD will be given in each dedicated subsection of this appendix. The isospin
components as defined in Sec. II C can be written as linear combinations of the reduced amplitudes, Eqs. (A1) and (A2),

Alat
i ðδmax; Rmax; tsepÞ ¼ N̄

X
i¼1;2

D∈ diagrams

bIiðDÞCihĀD
i ðδmax; Rmax; tsepÞiU; ðA3Þ

where the charge factors bDi are given in Table IV, the Ci’s
are the Wilson coefficients, N̄ is the normalization factor to
get the kaon ground state in the relativistic normalization
and h·iU is the gauge-ensemble average.
The Rmax-regulated kernel Kμνðu − v; RmaxÞ is defined in

Eq. (8). We will keep the Rmax dependence implicit in the
remainder of this appendix. The variable tsep is defined as
the distance between the weak operator and the kaon wall,

tsep ≡ x0 − tK: ðA4Þ

In our calculations, we aim at computing each diagram at
several values of ðtsep; RmaxÞ. For each Rmax, our computer
program constructs a different kernel with points with u0 −
v0 > Rmax set to zero.
In the rest of this appendix, we will use the notations

Γ5
μ ≡ γ5γμ; ΓL

μ ≡ γμð1 − γ5Þ: ðA5Þ

The Lorentz indices μ and ν are associated with the currents
at u and v respectively. A light- (respectively, strange-)
quark point-source propagator with source at y and sink at x
is denoted by Lðx; yÞ [respectively, Hðx; yÞ]. Lðx; tKÞ
[respectively, Hðx; tKÞ] denotes a light- (respectively,
strange-) quark Coulomb-gauge-fixed wall-source propa-
gator which carries zero spatial momenta and has its source
located at time slice tK . Finally, for the naming convention,
a diagram “a” is related to its counterpart “b” by swapping
the locations of the two currents, i.e., ðu; μÞ ↔ ðv; νÞ. For
simplicity, we will make the coordinate-space arguments in
some of the expressions implicit, while keeping them
consistent with Eqs. (A1) and (A2).

1. Type 1

For the type-1 topology, there are four diagrams: T1D1a,
T1D1b, T1D2a, T1D2b, as shown in Fig. 12. The con-
traction functions entering Eq. (A1) are

TABLE IV. The charge factors defined in Eq. (A3).

bI¼1
i T1D1 T1D2 T2D1 T3D1 T4D1 T4D2 T5D1 T5D2

Q1 � � � −1=6 1=6 1=6 −1=6 � � � � � � � � �
Q2 � � � −1=6 −1=6 −1=6 1=6 � � � � � � � � �
bI¼0;2
i

T1D1 T1D2 T2D1 T3D1 T4D1 T4D2 T5D1 T5D2

Q1 −2=9 −1=18 −1=18 5=18, 5=18 1=9 −5=9 −1=9
Q2 −2=9 −1=18 1=18 −5=18 −5=18 −1=9 5=9 1=9
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CT1D1a1;μν ¼ Tr½ΓL
ρLðx; vÞγνLðv; xÞ�Tr½ΓL

ρ fLðx; uÞγμLðu; tKÞγ5HðtK; xÞ þ H:c:g�; ðA6Þ

CT1D2a1;μν ¼ Tr½ΓL
ρLðx; vÞγνLðv; xÞ�Tr½ΓL

ρfLðx; tKÞγ5HðtK; uÞγμHðu; xÞ þ H:c:g�; ðA7Þ

CT1D1a2;μν ¼ TrC
h
TrS½ΓL

ρLðx; vÞγνLðv; xÞ�TrS½ΓL
ρfLðx; uÞγμLðu; tKÞγ5HðtK; xÞ þ H:c:g�

i
; ðA8Þ

CT1D2a2;μν ¼ TrC
h
TrS½ΓL

ρLðx; vÞγνLðv; xÞ�TrS½ΓL
ρ fLðx; tKÞγ5HðtK; uÞγμHðu; xÞ þ H:c:g�

i
; ðA9Þ

plus those for the diagram b’s, obtained with
ðu; μÞ ↔ ðv; νÞ. In the above, TrC (respectively, TrS)
indicates tracing with regard to the color (respectively,
spin) indices, whereas Tr is the trace over both spin and
color indices.
The advantage of adopting the parametrization (A1)

should become clear at this point: by taking the reference
point at x, we only need a pair of wall-source propagators
and a pair of point-source propagators for both the light and
strange quarks per reference point. To get the reduced
amplitude (A1), we convolve the four-point functions with
the leptonic kernel. With this observation, the sum over u
for all v∈Λ can be done efficiently via fast Fourier
transform. We rewrite the four-point functions in blocks
to compute them for different ðtsep; RmaxÞ with reduced
overhead. We define the “bubble” blocks as

Gνρðv;xÞ≡TrS½ΓL
ρAν�; Aν≡L†ðv;xÞΓ5

νLðv;xÞ; ðA10Þ

and the “triangle” blocks as

F1
μρðu; x; tsepÞ ¼ ð−1Þ × TrS

h
ΓL
ρ ðB1ðuÞ þ B†

1ðuÞÞ
i
;

B1 ≡ L†ðu; xÞΓ5
μLðu; tKÞH†ðx; tKÞ; ðA11Þ

F2
μρðu; x; tsepÞ ¼ TrS

h
ΓL
ρ ðB2ðuÞ þ B†

2ðuÞÞ
i
;

B2ðuÞ≡ Lðx; tKÞH†ðu; tKÞΓ5
μHðu; xÞ: ðA12Þ

Our program loops over the kernels first. In each iteration,
we need the kernel-dependent quantities, obtained by
convolving the above quantities with different regulated
kernels

Ĝνρðv; xÞ≡ ðLμν � GμρÞðv; xÞ; ðA13Þ

F̂νρðv; x; tsepÞ≡ ðLμν � FμρÞðv; x; tsepÞ; ðA14Þ

where the convolution � is defined via

ðKμν � FμρÞðvÞ≡
X
u∈Λ

Kμνðu − vÞFμρðuÞ

¼ F−1½F ½Kμν�ð−pÞF ½Fμρ�ðpÞ�; ðA15Þ

with F denoting a Fourier transform. Noting that the
bubble blocks do not depend on tsep, we can reuse the
bubble blocks while looping over tsep’s. Taking the color
trace properly, we get the reduced amplitudes

ĀT1D1a
1 ¼ ð−1Þ ×

X
v∈Λjd≤δmax

δv0−x0;de
MKðv0−tKÞTrC

h
F̂1
νρðv; x; tsepÞ

i
TrC½Gνρðv; xÞ�; ðA16Þ

FIG. 12. Type-1 diagrams. From left to right: T1D1a, T1D1b, T1D2a and T1D2b.
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ĀT1D1b
1 ¼ ð−1Þ ×

X
v∈Λjd≤δmax

δv0−x0;de
MKðv0−tKÞTrC½F1

νρðv; x; tsepÞ�TrC
h
Ĝνρðv; xÞ

i
; ðA17Þ

ĀT1D1a
2 ¼ ð−1Þ ×

X
v∈Λjd≤δmax

δv0−x0;de
MKðv0−tKÞTrC

h
F̂1
νρðv; x; tsepÞGνρðv; xÞ

i
; ðA18Þ

ĀT1D1b
2 ¼ ð−1Þ ×

X
v∈Λjd≤δmax

δv0−x0;de
MKðv0−tKÞTrC

h
F1
νρðv; x; tsepÞĜνρðv; xÞ

i
; ðA19Þ

and the D2 diagrams are obtained by substituting F1 with F2.

2. Type 2

The diagrams for this contraction class are T2D1a and T2D1b as shown in Fig. 13. The four-point functions for this
contraction class are

CT2D1a1;μν ¼ Tr½ΓL
ρLðx; xÞ�Tr½ΓL

ρ fLðx; uÞγμLðu; tKÞγ5HðtK; vÞγνHðv; xÞ − H:c:g�; ðA20Þ

CT2D1a2;μν ¼ Tr

�
ΓL
ρLðx; xÞΓL

ρfLðx; uÞγμLðu; tKÞγ5HðtK; vÞγνHðv; xÞ − H:c:g
�
; ðA21Þ

plus the b diagrams obtained with ðu; μÞ ↔ ðv; νÞ. The parametrization equation (A1) is chosen for the same reason as in
the type-1 case.
Similarly, we can write the quantities to compute in terms of sub-blocks to reduce computation overhead. We define

Fμðu; x; tsepÞ≡ γ5L†ðu; xÞΓ5
μLðu; tKÞ; ðA22Þ

Gνðv; x; tsepÞ≡H†ðv; tKÞΓ5
νHðv; xÞ; ðA23Þ

and their counterparts convolved with the kernel

F̂νðv; x; tsepÞ≡ ðKμν � FμÞðv; x; tsepÞ; ðA24Þ

Ĝνðv; x; tsepÞ≡ ðKμν � GμÞðv; x; tsepÞ: ðA25Þ

With

T1
ρðxÞ≡ ΓL

ρLðx; xÞ; ðA26Þ

T2
ρ½B;C�ðz; x; tsepÞ≡ ΓL

ρ ½Bνðz; x; tsepÞCνðz; x; tsepÞ − H:c:�; ðA27Þ

we then have

FIG. 13. Type-2 diagrams. From left to right: T2D1a and T2D1b.
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ĀT2D1a
1 ¼

X
v∈Λjd≤δmax

δv0−x0;de
MKðv0−tKÞTr½T1

ρðxÞ�Tr
h
T2
ρðF̂; G; v; x; tsepÞ

i
; ðA28Þ

ĀT2D1b
1 ¼

X
v∈Λjd≤δmax

δv0−x0;de
MKðv0−tKÞTr½T1

ρðxÞ�Tr
h
T2
ρðF; Ĝ; v; x; tsepÞ

i
; ðA29Þ

ĀT2D1a
2 ¼

X
v∈Λjd≤δmax

δv0−x0;de
MKðv0−tKÞTr

h
T1
ρðxÞT2

ρðF̂; G; v; x; tsepÞ
i
; ðA30Þ

ĀT2D1b
2 ¼

X
v∈Λjd≤δmax

δv0−x0;de
MKðv0−tKÞTr

h
T1
ρðxÞT2

ρðF; Ĝ; v; x; tsepÞ
i
: ðA31Þ

3. Type 3

The type-3 diagrams are T3D1a and T3D1b, depicted in Fig. 14. The corresponding four-point functions are

CT3D1a1;μν ¼ Tr½ΓL
ρLðx; uÞγμLðu; vÞγνLðv; xÞ�Tr½ΓL

ρfLðx; tKÞγ5HðtK; xÞ − H:c:g�; ðA32Þ

CT3D1a2;μν ¼ Tr
h
ΓL
ρLðx; uÞγμLðu; vÞγνLðv; xÞΓL

ρ fLðx; tKÞγ5HðtK; xÞ − H:c:g
i
; ðA33Þ

plus the b diagrams with ðu; μÞ ↔ ðv; νÞ. We adopt the parametrization (A2) for the type-3 diagrams with reference point at
v so that the “bubble” formed by the kaon wall and the weak operator is summed over the whole spacetime volume,
presumably leading to smaller noise for this part. The reduced amplitudes are then given by

ĀT3D1a
1 ¼

X
u;x∈Λjd≤δmax

δv0−x0;de
MKðtsepþdÞTr½ΓL

ρFðx; vÞ�Tr½ΓL
ρGðx; tKÞ�; ðA34Þ

ĀT3D1b
1 ¼

X
u;x∈Λjd≤δmax

δv0−x0;de
MKðtsepþdÞTr½ΓL

ρF†ðx; vÞ�Tr½ΓL
ρGðx; tKÞ�; ðA35Þ

ĀT3D1a
2 ¼

X
u;x∈Λjd≤δmax

δv0−x0;de
MKðtsepþdÞTr½ΓL

ρFðx; vÞΓL
ρGðx; tKÞ�; ðA36Þ

ĀT3D1b
2 ¼

X
u;x∈Λjd≤δmax

δv0−x0;de
MKðtsepþdÞTr½ΓL

ρF†ðx; vÞΓL
ρGðx; tKÞ�; ðA37Þ

where

Fðx; vÞ≡ Sðx; vÞγ5L†ðx; vÞ; ðA38Þ

Gðx; tKÞ≡ Lðx; t̃KÞH†ðx; t̃KÞγ5 − H:c:; ðA39Þ

Sðx; vÞ≡ Lðx; uÞγμLðu; vÞγνKμνðu − vÞ: ðA40Þ

FIG. 14. Type-3 diagrams. From left to right: T3D1a and T3D1b.
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Compared to the previous cases, extra propagators are
needed in addition to the available point- and wall-source
ones due to the summation over two of the coordinate-
space variables. Instead of using the sequential-propagator
technique, we adopt the all-to-all propagator technique [48]
to reduce the overhead on the inversion of the Dirac
operator while computing with different Rmax-regulated
leptonic kernels. In our implementation, we use a low-
mode-improved stochastic estimator, where the Z-Möbius-
approximated low-mode part of the Dirac operator is
implemented exactly from the eigenvectors of the precon-
ditioned Dirac operator and high-mode part reconstructed
stochastically. The method works as follows. Let ξ be a
random variable satisfying the usual orthonormality con-
dition on the entire spacetime

E½ξðxÞξ†ðyÞ� ¼ δx;y; ðA41Þ

where E is the expectation value over the probability
distribution of ξ. With fξjg1≤j≤Nhits

a set of realizations
of ξ and two sets of spin-color vectors fvig1≤i≤Nev

and
fwig1≤i≤Nev

, we can construct an unbiased estimator for the
light-quark propagator

L̂ðx; yÞ ¼
XNev

i¼1

viðxÞ ⊗ ½wi��ðyÞ

−
1

Nhits

XNev

i¼1

XNhits

j¼1

X
z∈Λ

hwiðzÞ; ξjðzÞiviðxÞ ⊗ ξ�jðyÞ

þ 1

Nhits

XNhits

j¼1

X
z∈Λ

Lðx; zÞξjðzÞ ⊗ ξ�jðyÞ: ðA42Þ

For our setup, we construct the vectors fvig1≤i≤Nev
and

fwig1≤i≤Nev
from the (approximated) low modes of the

preconditioned Dirac operator as explained in Appendix B.
Those will be denoted with a superscript “l” [Eqs. (B9)
and (B10)]. We exploit the following identity valid for two
spin-color vectors V and W and a spin-color matrix B at a
given site

Tr½ðV ⊗ W�ÞB� ¼ hB†W;Vi; ðA43Þ

where h·; ·i is the usual scalar product defined for spin-color
vectors.
Define

Φðu; vÞ≡ γμLðu; vÞγνKμνðu − vÞ; ðA44Þ

and

G1
ρðx; tKÞ≡ Tr½ΓL

ρGðx; tKÞ�; ðA45Þ

G2
ρðx; tKÞ≡ ΓL

ρGðx; tKÞ: ðA46Þ

With Eqs. (A42) and (A43), we can express the reduced
amplitudes (A34)–(A37) as

ĀT3D1a
1 ¼

X
d≤δmax

eMKðtsepþdÞĈa1ðd; tsep; vÞ; ðA47Þ

ĀT3D1a
2 ¼

X
d≤δmax

eMKðtsepþdÞĈa2ðd; tsep; vÞ; ðA48Þ

ĀT3D1b
1 ¼

X
d≤δmax

eMKðtsepþdÞĈb1ðd; tsep; vÞ; ðA49Þ

ĀT3D1b
2 ¼

X
d≤δmax

eMKðtsepþdÞĈb2ðd; tsep; vÞ; ðA50Þ

where

Ĉaqðd; tsep; vÞ

¼
XNev

i¼1

hMiðvÞ; Na
q;iðd; tsep; vÞi

−
1

Nhits

XNev

i¼1

XNhits

j¼1

hwl
iðzÞ; ξjðzÞihPjðvÞ; Na

q;iðd; tsep; vÞi

þ 1

Nhits

XNhits

j¼1

hPjðvÞ; Qa
q;jðd; tsep; vÞi; ðA51Þ

Ĉbqðd; tsep; vÞ

¼
XNev

i¼1

hMiðvÞ; Nb
q;iðd; tsep; vÞi�

−
1

Nhits

XNev

i¼1

XNhits

j¼1

hwl
iðzÞ; ξjðzÞi�hPjðvÞ; Nb

q;iðd; tsep; vÞi�

þ 1

Nhits

XNhits

j¼1

hPjðvÞ; Qb
q;jðd; tsep; vÞi�; ðA52Þ

MiðvÞ≡
X
u∈Λ

Φ†ðu; vÞwl
iðuÞ; ðA53Þ

Na
q;iðd; tsep; vÞ≡

X
x∈Λ

δv0−x0;dγ5L
†ðx; vÞGq

ρðx; tKÞΓL
ρvliðxÞ;

ðA54Þ

Nb
q;iðd; tsep; vÞ≡

X
x∈Λ

δv0−x0;dγ5L
†ðx; vÞ½Gq

ρðx; tKÞΓL
ρ �†vliðxÞ;

ðA55Þ

PjðvÞ≡
X
u∈Λ

Φ†ðu; vÞξjðuÞ; ðA56Þ
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Qa
q;jðd; tsep; vÞ≡

X
x∈Λ

δv0−x0;dγ5L
†ðx; vÞGq

ρðx; tKÞΓL
ρΩjðxÞ;

ðA57Þ

Qb
q;jðd;tsep;vÞ≡

X
x∈Λ

δv0−x0;dγ5L
†ðx;vÞ½Gq

ρðx;tKÞΓL
ρ �†ΩjðxÞ;

ðA58Þ

ΩjðxÞ≡
X
z∈Λ

Lðx; zÞξjðzÞ: ðA59Þ

Among the above quantities, we have a clear separation
between the kernel-dependent quantities and the
tsep-dependent ones. This factorization helps reduce the

overhead for getting results at various ðtsep; RmaxÞ. With
the available precomputed point-source propagators, we can
construct the kernel-dependent quantities MiðvÞ and PjðvÞ
for a fixed reference point v. Although the contraction cost
scales linearlywith the numbers of vectors used, i.e.,Nev and
Nhits, with our typical number of low modes of O(1000), the
calculation is still dominated by the inversion of the Dirac
operator on random vectors to get ΩjðxÞ [Eq. (A59)].

4. Type 4

The diagrams for this contraction class, T4D1a, T4D1b,
T4D2a and T4D2b, are depicted in Fig. 15. The corre-
sponding contraction functions entering Eq. (A2) are
defined as

CT4D1a1 ¼ Tr
h
ΓL
ρLðx; xÞ�Tr½ΓL

ρfLðx; vÞγνLðv; uÞγμLðu; tKÞγ5HðtK; xÞ − H:c:g
i
; ðA60Þ

CT4D1a2 ¼ Tr
h
ΓL
ρLðx; xÞΓL

ρfLðx; vÞγνLðv; uÞγμLðu; tKÞγ5HðtK; xÞ − H:c:g
i
; ðA61Þ

CT4D2a1 ¼ Tr
h
ΓL
ρLðx; xÞ�Tr½ΓL

ρfLðx; tKÞγ5HðtK; uÞγμHðu; vÞγνHðv; xÞ − H:c:g
i
; ðA62Þ

CT4D2a2 ¼ Tr
h
ΓL
ρLðx; xÞΓL

ρ fLðx; tKÞγ5HðtK; uÞγμHðu; vÞγνHðv; xÞ − H:c:g
i
; ðA63Þ

plus the b diagrams with ðμ; uÞ ↔ ðν; vÞ.

We use the parametrization equation (A2) with the
reference point at v (or with u and v swapped for the b
diagrams) so that we can compute these diagrams with
several kernels with different Rmax without involving
sequential propagators. With this parametrization, we need
to know the tadpole Tr½Lðx; xÞ� at the weak Hamiltonian
for all x∈Λ. This can be achieved using a similar low-
mode-improved stochastic estimator (A42) discussed in the
type-3 case,

Tr½Lðx; xÞ� ¼ E
h
Tr
h
L̂ðx; xÞ

ii
: ðA64Þ

For this quantity, we use full spacetime volume sources for
the random vector instead, which is supposed to be more

efficient due to the exponentially suppressed off-diagonal
terms in the propagator. We can decompose the amplitudes
into blocks with explicit tsep or kernel dependence to reduce
the computational overhead.
Define

B1ðv; tKÞ ¼ ð−1Þ ×
X
u∈Λ

Kμνðu − vÞΓ5
μL†ðu; vÞΓ5

νLðu; tKÞ;

ðA65Þ

B2ðv; tKÞ ¼ ð−1Þ ×
X
u∈Λ

H†ðu; tKÞKμνðu − vÞΓ5
μHðu; vÞΓ5

ν;

ðA66Þ

FIG. 15. Type-4 diagrams. From left to right: T4D1a, T4D1b, T4D2a, T4D2b.
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B3ðu;v0;tKÞ¼ð−1Þ×
X
v⃗∈Λ0

Kμνðu−vÞΓ5
μL†ðv;uÞΓ5

νLðv;tKÞ;

ðA67Þ

B4ðu;v0;tKÞ¼ð−1Þ×
X
v⃗∈Λ0

H†ðv;tKÞKμνðu−vÞΓ5
μHðv;uÞΓ5

ν;

ðA68Þ

G1ðxÞ ¼ Tr½ΓL
ρLðx; xÞ�ΓL

ρ ; ðA69Þ

G2ðxÞ ¼ ΓL
ρLðx; xÞΓL

ρ ; ðA70Þ

and for i ¼ 1, 2,

Eð1Þ
i ðx; tKÞ ¼ H†ðx; tKÞγ5GiðxÞ; ðA71Þ

Eð2Þ
i ðx; tKÞ ¼ GiðxÞγ5Hðx; tKÞ; ðA72Þ

Fð1Þ
i ðx; tKÞ ¼ γ5GiðxÞLðx; tKÞ; ðA73Þ

Fð2Þ
i ðx; tKÞ ¼ L†ðx; tKÞGiðxÞγ5: ðA74Þ

We can then write the reduced amplitudes of the type-4 “a”
diagrams as

ĀD
i ¼

X
d≤δmax

X
x∈Λ

δv0−x0;de
MKðtsepþdÞC̃Di ðx; v; tsepÞ; ðA75Þ

with, for i ¼ 1, 2,

C̃T4D1ai ðx; v; tsepÞ ¼ Tr
h
Eð2Þ
i ðx; tKÞB†

1ðv; tKÞL†ðx; vÞ − Eð1Þ
i ðx; tKÞLðx; vÞB1ðv; tkÞ

i
; ðA76Þ

C̃T4D2ai ðx; v; tsepÞ ¼ Tr
h
Fð1Þ
i ðx; tKÞB2ðv; tKÞH†ðx; vÞ − Fð2Þ

i ðx; tKÞHðx; vÞB†
2ðv; tKÞ

i
: ðA77Þ

Similarly, for the b diagrams, we write

ĀD
i ¼

X
d≤δmax

XT−1
v0¼0

X
x∈Λ

δv0−x0;de
MKðtsepþdÞC̃Di ðx; u; tsepÞ; ðA78Þ

where

C̃T4D1bi ðx; u; tsepÞ ¼ Tr
h
Eð1Þ
i ðx; tKÞLðx; uÞB3ðu; v0; tKÞ − Eð2Þ

i ðx; tKÞB†
3ðu; v0; tKÞL†ðx; uÞ

i
; ðA79Þ

C̃T4D2bi ðx; u; tsepÞ ¼ Tr
h
Fð2Þ
i ðx; tKÞHðx; uÞB†

4ðu; v0; tKÞ − Fð1Þ
i ðx; tKÞB4ðu; v0; tKÞH†ðx; uÞ

i
; ðA80Þ

for i ¼ 1, 2.

5. Type 5

The type-5 diagrams, T5D1 and T5D2 are depicted in Fig. 16. The reduced amplitudes (A2) for these diagrams are

ĀT5D1
i ¼

X
d≤δmax

X
u∈Λ

eMKðtsepþdÞFiðtsep; d; v0ÞKμνðu − vÞΠT5D1
μν ðu; vÞ; ðA81Þ

ĀT5D2
i ¼

X
d≤δmax

X
u∈Λ

eMKðtsepþdÞFiðtsep; d; v0ÞKμνðu − vÞΠT5D2
μν ðu; vÞ; ðA82Þ

where

Fiðtsep; d; v0Þ≡
X

x⃗∈Λ0ðx0Þ;x0−tK¼tsep ;
v0−x0¼d

Tr½GiðxÞfHðx; tKÞγ5LðtK; xÞ − H:c:g�; ðA83Þ

G1 ¼ Tr½ΓL
ρLðx; xÞ�ΓL

ρ ; ðA84Þ
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G2 ¼ ΓL
ρLðx; xÞΓL

ρ ; ðA85Þ

ΠT5D1
μν ðu; vÞ≡ Tr½Lðu; vÞγνLðv; uÞγμ�; ðA86Þ

ΠT5D2
μν ðu; vÞ≡ Tr½Hðu; vÞγνHðv; uÞγμ�: ðA87Þ

Because of the quark-disconnected structure, these dia-
grams are intrinsically noisy. For T5D2, we find it sufficient
to sample the reduced amplitude at many different

reference points v as done for the type-3 and type-4
diagrams. T5D1 is much noisier due to the light-quark
propagators. To improve the statistics, we adapt the low-
mode averaging method [49] for our calculation of ΠT5D1.
With the available (Z-Möbius-approximated) low modes,
we decompose a propagator into a low-mode (l) and a high-
mode (h) part, defined according to

Lðx; yÞ ¼ Llðx; yÞ þ Lhðx; yÞ;

Llðx; yÞ≡XNev

i¼1

vliðxÞ ⊗ ½wl
i��ðyÞ; ðA88Þ

where the vectors vli and wl
i are given in Eqs. (B9) and

(B10). We then decompose ΠT5D1 into

ΠT5D1
μν ðu; vÞ ¼ Πl

μνðu; vÞ þ Πh
μνðu; vÞ;

Πl
μνðu; vÞ ¼ Tr½Llðu; vÞγνLlðv; uÞγμ�: ðA89Þ

For the contribution of the low-mode part, we can do an
exact volume average via

AT5D1;l
i ≡ 1

V

X
d≤δmax

X
u;v∈Λ

eMKðtsepþdÞFiðtsep; δ; v0ÞKμνðu − vÞΠl
μνðu; vÞ

¼ 1

V

X
d≤δmax

X
u;v∈Λ

XNev

i;j¼1

eMKðtsepþdÞFiðtsep; δ; v0ÞKμνðu − vÞGði;jÞ
ν ðvÞGðj;iÞ

μ ðuÞ: ðA90Þ

Here V is the spacetime volume and

Gði;jÞ
ν ðuÞ≡ hwl

iðuÞ; γνvljðuÞi: ðA91Þ

We recognize the sum over u in Eq. (A90) is a convolution
with the leptonic kernel, which can be done efficiently with
a fast Fourier transform. On the other hand, while the
contribution of high-mode partΠh to the reduced amplitude
can be sampled using stochastic methods, we find it more
cost efficient to do it with point-source propagators at many
different source positions v.

APPENDIX B: PRECONDITION OF THE DIRAC
OPERATOR AND THE Z-MÖBIUS LOW MODES

For part of the calculations reported in Appendix A,
Z-Möbius-approximated low modes are exploited in order
to improve sampling efficiency. We give some details about
the computation of these low modes in this appendix.
Using the notation of Ref. [46], we solve the precondi-

tioned system with the Möbius domain wall Dirac operator
DMDWF,

Dprecψ ¼ D−η; Dprec ≡D−DMDWF: ðB1Þ

With the even-odd preconditioning

Dprec ¼


Mee Meo

Moe Moo

�
; ðB2Þ

we can Schur decompose the inverse of Dprec as

D−1
prec ¼



1 −M−1

ee Meo

0 1

�
M



1 0

0 D†
oo

�

1 0

−MoeM−1
ee 1

�
;

ðB3Þ

where

M≡


M−1

ee 0

0 ðD†
ooDooÞ−1

�
; ðB4Þ

Doo ≡Moo −MoeM−1
ee Meo: ðB5Þ

We use the SchurDiagTwo scheme defined in the GRID library
[41], which further re-expresses Eq. (B3) in terms of

FIG. 16. T5D1 (left) and T5D2 (right). The point source is put
at v if a point-source propagator is used.
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D0
oo ≡DooM−1

oo : ðB6Þ

We define the low-mode part of the five-dimensional
DMDWF by replacing M in the definition of Dprec with
the first Nev orthonormal eigenvectors fhig of ðD0

ooÞ†D0
oo

with associated eigenvalues fλig1≤i≤Nev
,

Ml ¼


0 0

0 M−1
oo

�

0 0

0
PNev

i¼1 λ
−1
i hi ⊗ h�i

�

0 0

0 ½M−1
oo �†

�
:

ðB7Þ

Denote V45 and U54 the maps projecting to and from the
physical four-dimensional space on the fifth-dimension
boundary, we define the low-mode part of the physical,
four-dimensional propagator as

Llðx; yÞ ¼
XNev

i¼1

vliðxÞ ⊗ ½wl
i��ðyÞ; ðB8Þ

where

vli ¼ V45λ−1i



−M−1

ee MeoM−1
oohi

M−1
oohi

�
; ðB9Þ

wl
i ¼ ½U54�†D†

−



−½M−1

ee �†M†
oeD0

oohi
D0

oohi

�
: ðB10Þ

For this work, the eigenvectors involved are not generated
for the original DMDWF but for its Z-Möbius-approximated
counterpart (see Ref. [29] and references therein) to reduce
computational cost as it has a shorter extent in the fifth
dimension.

APPENDIX C: ELIMINATING THE UNPHYSICAL
INTERMEDIATE-STATE CONTRIBUTION
WITHOUT INTRODUCING OðaÞ ERRORS

In this appendix we describe how the continuum
equations (6) and (7) of Sec. II are implemented in our
lattice calculation in a way that avoids introducing OðaÞ
errors. Since our gauge and fermion actions introduce finite
lattice spacing errors only at O(a2) and above, we must take
care that any spacetime integrals we perform, such as the
integral over v0 in Eq. (6), do not introduce errors of OðaÞ.
This attention to possible OðaÞ errors when removing the
contributions from excited states is part of the larger
question, to be addressed in a later paper, of correcting
unphysical short-distance contributions present in our
three-flavor calculation. For these corrections as well we
must be careful that they do not inadvertently introduce
OðaÞ themselves.
Consider the case of a single state jni with energy

En < MK and represent Eqs. (6) and (7) schematically by
the two equations

AlatðδmaxÞ ¼
Z

δmax

−δmin

fðv0Þdv0; ðC1Þ

AsubðδmaxÞ ¼ An
e−ðEn−MKÞδmax

MK − En
; ðC2Þ

where for large v0 the integrand in Eq. (C1) behaves as

fðv0Þ ∼ Ane−ðEn−MKÞv0 : ðC3Þ

We can avoid introducing errors of OðaÞ if we use the
trapezoidal rule when replacing the integral over v0 in
Eq. (C1) by a sum over lattice times,

AlatðδmaxÞ ¼ þ 1

2
fðδmaxÞ þ

Xδmax−1

v0¼−δmin

fðv0Þ: ðC4Þ

Here v0, δmax and δmin are now integers corresponding to
discrete values of the time variable v0. Note, we have not
replaced the term fð−δminÞ evaluated at the most negative
value of v0 by a term reduced by a factor of 1=2 because we
assume that δmin is sufficiently large that fð−δminÞ ¼ 0. The
lattice version of Eq. (5) can then be written,

ALD2γðδmaxÞ ¼ þ 1

2
fðδmaxÞ

þ
Xδmax−1

v0¼−δmin

fðv0Þ − An
e−ðEn−MKÞδmax

MK − En
: ðC5Þ

Equation (C5) provides the physical result for LD2γ
amplitude by removing the unphysical exponentially grow-
ing contribution from the intermediate state jni from the O
(a2)-accurate sum over lattice four-point Green’s function
results. For the case that more than a single state jni has
energy below MK, the rightmost subtraction term on the
right-hand side of Eq. (C5) must be replaced by a sum over
all such states.
In Eq. (C5) the upper limit δmax must be chosen

sufficiently large that the unphysical, exponentially falling
terms associated with states with energies larger than MK
can be neglected. In the case of the η meson, the noise
associated with the disconnected diagrams does not allow
such a large choice for δmax and the unphysical, exponen-
tially falling contribution of the η should also be included in
the subtraction term on the right-hand side of Eq. (C5).
While Eq. (C5) is all that is needed to obtain a physical

result, it may also be useful to have an expression for the
four-point Green’s function as a function of v0 from which
these unphysical terms have been subtracted. However, for
v0 near zero, specifying such a subtracted Green’s function
is somewhat arbitrary since the subtraction term AsubðδÞ is
meaningful only when δ is large compared to the lattice
spacing. For example when v0 ¼ 0 we encounter the
product Jνðv; 0ÞHWð0; 0Þ. If written in this order we can
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insert a π0 intermediate state while if the factors J andH are
reversed we cannot.
For the purposes of plotting the subtracted Green’s

function as a function of v0, we make the choice

fsubðv0Þ ¼ fðv0Þ − wðv0ÞAne−ðEn−MKÞv0 ðC6Þ

where the subtraction weight function wðv0Þ is given by

ωðv0Þ ¼
8<:

e−ðEn−MKÞv0 if v0 ≥ 1;
1
2

if v0 ¼ 0;

0 if v0 < 0:

ðC7Þ

While this choice of wðv0Þ may be somewhat arbitrary, the
subtracted Green’s function fsubðv0Þ is a reasonable choice
and does obey the necessary requirement that when
summed over v0 the result agrees with the O(a2)-correct
result in Eq. (C5),

ALD2γðδmaxÞ ¼
Xδmax

v0¼−δmin

fsubðv0Þ ðC8Þ

for sufficiently large δmax, up to terms of O(a2).

APPENDIX D: SYSTEMATIC ERROR
FROM THE THREE-PION
INTERMEDIATE STATE

In the framework discussed in Sec. II, we ignored
possible unphysical contributions from three-pion state
in Eq. (7). Depending on the geometry of the lattice,
one might need to subtract the unphysical contributions
from the excited three-pion states in addition to the ground
state as they could be lighter than the kaon. Treating the
pions as noninteracting, unphysical, exponentially growing
contributions from 3π-excited states start to appear at a
spatial lattice extent L≳ 11 fm with physical pion and
kaon. Nonetheless, already as part of our strategy to avoid
the complications associated with ππðγÞ intermediate state,
such a large volume should not be included. As a
consequence, the unphysical contribution from the excited
3π states should not be an issue in our proposed lattice
calculation. On the other hand, as seen in Sec. III A,
subtracting the unphysical π0 contribution seems to result
in a stable plateau in the cutoff δmax, suggesting that the
unphysical contribution from the 3π ground state is
negligible under the achievable precision. However, just
like the case of the η intermediate state described in
Sec. III B, as the energy of the 3π state is fairly close to
the mass of the kaon, the amplitude might still be far from
saturated at the cutoff. The objective of this section is to
estimate the size of the systematic error related to this issue

with the 3π state. To this end, we write schematically the
spectral decomposition of the contribution from the 3π
channel to the KL → μþμ− amplitude as

A3π ≡
�Z

Ecut

3mπ

dE3π þ
Z

∞

Ecut

dE3π

�
AðE3πÞ

E3π −MK − iε
: ðD1Þ

In the above, Ecut is a cutoff energy which we cannot probe
with a restricted spatial lattice extent. The iε prescription is
used here to indicate that we are focusing on the KL →
3π → γ�γ� process where special care is required: analo-
gous to the case of the π0, the unphysical 3π states appear
under Wick rotation with the time ordering where the weak
Hamiltonian is at an earlier time than the two EM currents
[Eq. (7)]. A typical gauge ensemble with physical pion
mass which we would include in our continuum trajectory
would have mπL ≈ 4. On such an ensemble, the first
excited (noninteracting) three-pion state produced by the
initial kaon, comprising two back-to-back pions and a pion
at rest, has an energy around 660 MeV. This provides a
natural energy cutoff Ecut in Eq. (D1). If computed in
Euclidean space, the second integral in the square brack-
ets in Eq. (D1) can be saturated to about 60%–70% if
the data quality allows to reach an Euclidean time of
1.2–1.6 fm. Assuming that the latter is feasible, the main
source of systematic error with the proposed lattice
calculation should come from the first integral in the
square brackets of Eq. (D1).5 To proceed further, we
make the hypothesis that there is no steep enhancement for
AðE3πÞ in the interval E3π ∈ ½3mπ; Ecut� ¼ ½420; 660� MeV
and that it can be approximated by a constant
AðE3πÞ ≈ AðMKÞ. Then,

S ≡
Z

Ecut

3mπ

dE3π
AðMKÞ

E3π −MK − iε

¼ AðMKÞ
�
ln



Ecut −MK

MK − 3mπ

�
þ iπ

�
ðD2Þ

should give a realistic estimate for the systematic
error related to the 3π intermediate state in our lattice
calculation.
Through out this appendix, we will use the convention of

Eq. (4) for the amplitudes. We will use the shorthand
notation j3πi≡ jπa1ðq1Þπa2ðq2Þπa3ðq3Þi, where the
superscripts indicate the charges, which are kept generic
for the moment. In Minkowski space, this contribution
reads

5In the case of our 24ID study, this range corresponds to
δmax ∈ ½6; 8�.

BOYLE, CHAO, CHRIST, HU, JIN, and ZHAO PHYS. REV. D 113, 074523 (2026)

074523-28



A3π ¼
Z

dΠ3π

Z
d4rLμνðrÞeiP·r=2

δ2

e2δAμðrÞδAνð0Þ
h
h0jeiSint j3πi

i
×
h3πjHWð0ÞjKLi
E3π −MK − iε

ð2πÞ3δ3

X3

i¼1

qi

�
¼ −i

mμe2

4096π10MK

Z
dE1dE2d2Ω1d2Ω2jq1jjq2j

E3ðE1 þ E2 þ E3 −MK − iεÞ h3πjHWð0ÞjKLi

×
Z

d4p
ϵμναβpαPβ

gJμJνðpÞ
½ðP − pÞ2 þ iε�ðp2 þ iεÞ½ðp − kþÞ2 −m2

μ þ iε� ; ðD3Þ

where kþ is the momentum of the outgoing μþ, P ¼
ðMK; 0Þ is the four-momentum of the kaon in the rest
frame, Ei ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

πai þ q2
i

p
and Ωi are the energy and the

solid angle of the spatial momentum of the ith pion,

dΠ3π ¼
1

ð2πÞ9
d3q1

2E1

d3q2

2E2

d3q3

2E3

j3πih3πj ðD4Þ

is the Lorentz-invariant phase-space measure of the three
pions and

gJμJνðpÞ≡ Z
d4reipr

δ2

δAμðrÞδAνð0Þ
h
h0jeiSint j3πi

i
; ðD5Þ

with Sint the action from the (effective) interaction
Lagrangian and Aμ a photon field.
The experimental decay amplitude AL

þ−0 ≡
hπþπ−π0jHWð0ÞjKLi admits the following parametrization
[50]6:

AL
þ−0 ¼ ðα1 þ α3Þ − ðβ1 þ β3Þyþ ðζ1 − 2ζ3Þ



ȳ2 þ 1

3
x̄2
�

þ ðξ1 − 2ξ3Þ


ȳ2 −

1

3
x̄2
�
; ðD6Þ

where

ȳ≡ s3 − s0
m2

πþ
; x̄≡ s2 − s1

m2
πþ

; si ≡ ðPK − piÞ2;

s0 ≡ 1

3
ðM2

K þm2
π0
þm2

πþ þm2
π−Þ: ðD7Þ

Note that the coefficients α1;…; ξ3 in Eq. (D6) fitted in
Ref. [50] result in a KL → πþπ−π0 decay rate of 1.57 ×
10−18 GeV—consistent with the experimental value [2]—if
the physical pion masses are used. In the remainder of our

discussion, we will assume isospin symmetry for simplic-
ity. In that limit, Eq. (D6) with the same fitted coefficients
gives a decay rate of 1.30 × 10−18 GeV, suggesting a
correction for the strong isospin-breaking effects at the
10% level on the decay amplitude.
As there is no direct experimental data for the quantity

Eq. (D5), we estimate it in chiral perturbation theory.
Because of charge and parity symmetries, one needs to
include the Wess-Zumino (WZ) term [52,53] for the
coupling of an odd number of pions to two photons. For
simplicity, we will only focus on the pion-pole contribution
from the leading O(p4) WZ term and the O(p2) chiral
Lagrangian as displayed in Fig. 17. The logarithmic
divergence appearing in the 2γμ triangle diagram in
Fig. 17 can be renormalized by adding a π0μþμ− counter-
term in the standard way [54]. Following the conventions of
Ref. [55], where the pion decay constant takes the exper-
imental value of fπ ≈ 93.3 MeV, we get

Aπ0-pole
3π ¼ i

mμMKe4

6144π8f3π

Z
dE1dE2dE3hπþπ−π0jHWjKLi
E1 þ E2 þ E3 −MK − iε

×
ð2M2

K − 6MKE3 þm2
πÞ

M2
K −m2

π
AμðM2

KÞ; ðD8Þ

where, for a lepton l,

FIG. 17. Three-pion contribution from the four-pion and WZ
π0γγ vertices.

6Here the notation is due to Ref. [51], where the third pion is
the “odd” pion, i.e., the first two of them satisfy the Bose-
symmetry constraint.
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Alðq2Þ≡ 2i
π2q2

Z
d4k

q2k2 − ðq · kÞ2
k2ðq − kÞ2½ðp − kÞ2 −m2

l �
× F̃ðk2; ðq − kÞ2Þ; ðD9Þ

with F̃ the π0 → γ�γ� transition form factor normalized to
unity when both photons are on shell. Assuming lepton
universality, we can fix the scale-dependent low-energy
constant χðμÞ using the π0 → eþe− process. Within chiral
perturbation theory,

ReAlðq2ÞjChPT ¼ Li2½−ylðq2Þ� þ 1
4
ln2½ylðq2Þ� þ π2

12

σlðq2Þ

þ 3 ln



ml

μ

�
−
5

2
þ χðμÞ; ðD10Þ

where

ylðq2Þ≡ 1 − σlðq2Þ
1þ σlðq2Þ

; σlðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4m2
l

q2

s
: ðD11Þ

From Ref. [56],

χðμ ¼ 0.77 GeVÞ ¼ 2.69ð10Þ: ðD12Þ

Altogether, we get

S ¼ ð1.84þ i2.32Þ × 10−17 GeV; ðD13Þ

leading to a ratio to the experimentally extracted dispersive
KL → μþμ− decay amplitude of jS=ReAexp

KLμμ
j¼1.3×10−4.

As stated earlier, this estimate is sensitive to the strong
isospin-breaking effects as they affect the KL → πþπ−π0,
but we expect the correction to be minor. Unless
the assumption of AðE3πÞ ≈ AðMKÞ which motivates
Eq. (D2) suffers from further enhancements of O(100) in
the range E3π ∈ ½3mπ; Ecut�, the missing 3π contributions
from our proposed lattice framework should be less than a
percent. Similar calculations can be performed for the case
with a π0π0π0 intermediate state, which lead to an estimate
at the same order of magnitude. Finally, we should note that
the diagrams in Fig. 18, which are both needed to make a
gauge-invariant amplitude, also enter at the same order in
chiral perturbation theory. We found the total contribution
from those diagrams to be about an order of magnitude
smaller than the pion-pole diagram in Fig. 17 and decided
not to report the entire calculation in the present paper to
avoid clutter.
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