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We present results from the first lattice QCD calculation of the two-pion contributions to the light-quark
connected vector-current correlation function obtained from staggered-quark operators. We employ the
MILC Collaboration’s gauge-field ensemble with 2 + 1 + 1 flavors of highly improved staggered sea quarks
at a lattice spacing of a~0.15 fm with a light sea-quark mass at its physical value. The two-pion
contributions allow for a refined determination of the noisy long-distance tail of the vector-current

correlation function, which we use to compute the light-quark connected contribution to hadronic vacuum
polarization (HVP) with improved statistical precision. We compare our results with traditional noise-
reduction techniques used in lattice QCD calculations of the light-quark connected HVP, namely, the so-
called fit and bounding methods. We observe a factor of roughly 3 improvement in the statistical precision in
the determination of the HVP contribution to the muon’s anomalous magnetic moment over these
approaches. We also lay the group theoretical groundwork for extending this calculation to finer lattice
spacings with increased numbers of staggered two-pion taste states.
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I. INTRODUCTION

The final result from the Fermilab muon g — 2 experi-
ment has enabled a world-average determination of the
muon anomalous magnetic moment a, = (g, —2)/2 with
the exquisite precision of 124 ppb [1]. In contrast, the
latest Standard Model (SM) prediction obtained by the
Muon g —2 theory initiative in its 2025 white paper
(WP25) [2] has an uncertainty that is roughly 4 times
larger than the experimental average, underscoring the
need for improved theoretical control over the hadronic
vacuum polarization (HVP) contribution to a,, which is
the dominant source of theoretical uncertainty. Data-driven
dispersive evaluations of the HVP rely on experimental
measurements of the ete~ — hadrons cross sections (the
R ratio), which now have significant unresolved discrep-
ancies in the crucial ztz~ channel [2], making a
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meaningful average to obtain a new, data-driven estimate
for aVP presently impossible.' In light of this situation,
the Muon g — 2 theory initiative instead relied on lattice
quantum chromodynamics (lattice QCD) calculations of
this quantity. Improving the overall precision of lattice
HVP calculations, therefore, continues to be essential, both
for interpreting the muon ¢g—2 measurement and for
clarifying the status of the data-driven dispersive approach.

Lattice QCD offers an ab initio approach to computing
the hadronic corrections and hence allows for an entirely
SM-based evaluation.” Significant progress has been made
in recent years toward a precise lattice-QCD determination

of a,I;IVP’LO [3-19]. The long-distance (LLD) contribution to

al™¥PO has been identified as the dominant source of

uncertainty in lattice calculations and has recently been
the focus of dedicated calculations by the RBC/UKQCD
Collaboration [15], the Mainz group [16], and the Fermilab

"This situation is expected to change in the coming years,
with ongoing and new measurements as well as theoretical work
to improve Monte Carlo generators and radiative corrections [2].

The only external inputs are those required to fix the quark
masses and lattice spacing in the QCD Lagrangian, typically
hadron masses.
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Lattice, HPQCD, and MILC Collaborations [19], all of
which were included in the WP25 lattice average [2]. A
hybrid result combining a lattice QCD calculation with
a data-driven evaluation of the LD contributions was also
presented in Ref. [13], though it was published only
recently, after Ref. [2]. Despite this progress, the LD
contribution remains the dominant bottleneck for reaching
the precision needed to fully exploit the final Fermilab
experimental result. The purpose of this paper is to develop
an improved methodology to better control the systematic
uncertainty of long-distance contributions to HVP, as part of
a larger undertaking by the Fermilab Lattice, HPQCD, and
MILC Collaborations [18-21].

The HVP is typically computed in lattice QCD as an
integral over Euclidean time ¢ of two-point correlation
functions with vector-current operators (representing the
corresponding electromagnetic current) at the source and
sink [22,23]. As is well known, vector-current correlation
functions of light-quark operators suffer from rapidly
increasing statistical uncertainty at large Euclidean times,
which in turn limits statistical precision of the integral.
Noise-reduction methods, such as the truncated solver
method, low-mode averaging or improvement [24-28]
coupled with high-statistics computations have been used
to improve statistical precision at large Euclidean times. In
addition, analysis methods such as the bounding [3] and
fit [20] methods can yield further improvements. However,
to obtain lattice QCD results of aj; ' at the required few
permille level, better control over the LD tail of the
correlation function is needed. In the spectral decomposition
of the vector-current correlation function, the dominant
contributions at large Euclidean times come from two-pion
states (where the pions have back-to-back momenta) with
energies below the p° meson. Hence, a robust strategy is to
compute additional correlation functions to obtain the
energies and amplitudes of all contributing low-energy
two-pion states. This approach, which requires the compu-
tation of two-, three-, and four-point functions, has already
been implemented for order-a-improved Wilson [16,29] and
domain wall fermions [15,30].

In this work, we perform the first such computation for
the case of staggered quarks with the full set of staggered
two-meson operators. First results from this study were
presented in Ref. [31].” The staggered formulation [34-37]
of lattice QCD, which uses the so-called doubling symmetry
of the naively discretized Dirac action to reduce the number
of spin degrees of freedom from 4 to 1, results in a more
complicated group structure with an additional quantum
number which is called “taste.” Hence, careful treatment of
the modified group structure is needed to correctly resolve

3See also Ref. [32] for a detailed description of the group
theoretic derivation, analysis steps, and additional background
information. Preliminary results from a similar effort were
reported in Ref. [33].

the low-lying spectra. This includes obtaining the irreduc-
ible representations of the staggered group, computing the
corresponding Clebsch-Gordan coefficients and construct-
ing the multiparticle two-pion operators. With the staggered
operator basis in hand, the remaining steps are similar to
those in Refs. [29,30]. After computing the correlation
functions on the a ~0.15 fm highly improved staggered
quark (HISQ) ensemble with a light sea-quark mass at its
physical value [38], we obtain the spectrum of the two-pion
energies and amplitudes from a generalized-eigenvalue-
problem (GEVP) analysis and finally use it to reconstruct
the two-point vector-current correlation function at large ¢.

We find a significant reduction in the statistical uncertainty

of the resulting af"""© over the traditional methods of

large- noise reduction, in agreement with the studies using
other discretizations. Hence, we plan to incorporate this
approach into our ongoing effort within the Fermilab
Lattice, HPQCD, and MILC Collaborations [20,21] to
compute a0 at the less than 0.5% level.

The rest of the paper is organized as follows. Section II
introduces the vector-current correlation function and its
relation to aj ' 0. Section III details our calculation
strategy, from constructing our operator basis (Secs. III A
and III C), computing the correlation functions (Secs. 111 B
and III D) and determination of the two-pion energies and
amplitudes from the GEVP (Sec. Il F). In Sec. IV, we
present our final results on the a ~0.15 ensemble, for
the two-pion spectrum (Sec. IVA) and our subsequent
reconstruction of the correlation function and computation

of a,EWP'LO (Sec. IV B). Section V provides a summary and
outlook of the potential impact of this approach. In
Appendixes A—C, we cover the prerequisite details of the
staggered-quark formalism, namely, the notation employed
for the irreducible representations, treatment of staggered
states at nonzero momentum and connection to the con-
tinuum. We include the theoretical details to perform this
calculation at any lattice spacing with any number of two-
pion states. We note that our work builds on the results
presented in Refs. [39-41] and we restate the pertinent parts
using our notation (and include minor corrections).
Appendix D contains tables of the Clebsch-Gordan coef-
ficients and Appendix E discusses the correct weighting of
connected and disconnected diagrams with rooted staggered
quarks. Appendix F details a slight modification made to the
two-pion operators and how it impacts the analysis. Finally,
Appendix G explores an alternative approach to the GEVP
method using a direct multiexponential matrix fit to the
correlator matrix, which serves as a cross-check on our
analysis strategy.

II. PRELIMINARIES

In lattice QCD, the hadronic vacuum polarization con-

tribution to the muon’s anomalous magnetic moment,

a0 s, typically, obtained from weighted integrals
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of Euclidean vector-current correlation functions [22,23],

C(t) = %Z(]"(Ec’, NJK0)), k=1,2,3, (2.1)
JH(x) = ZQfJ’f(x)J’”ll’f(x)’ (2.2)
f

where the electromagnetic current J#(x) is summed over all
quark flavors f = {u,d,s,c,b,t} and qy are the corre-
sponding electric charges in units of e. The rhs of Eq. (2.1)
contains both quark-line connected and disconnected Wick
contractions. The leading-order HVP contribution to a, is
obtained from the following formulas [23]:

llVPLO _ 402 /0 T drc(k (1) (2.3)
K =2 0°° %QKE(QZ) {Q%Z _ 4sin? (%ﬂ . (24)

The integration kernel Kz(Q?) [22], which contains the

muon mass dependence, is given as

m0*Z(1 - 0°2)
1+m,Q*7*

KE(QZ) = (2-5)

where Z = [(Q* +4m20%)"/? — 0%]/(2m20Q?). In lattice-
QCD calculations of af """ the contributions from each
quark flavor and from connected and disconnected Wick
contractions are typically computed separately and then
summed up. Here we focus on the dominant light-quark
connected contribution in the isospin-symmetric limit,
all(conn). Therefore, our electromagnetic vector current
J#(x) includes only the up and down terms with both
masses equal, m; = (m, + my)/2. Additionally, the corre-
lation function C(r) includes only the connected contrac-
tions. This can be straightforwardly related to the pure
isospin 1 contribution. Splitting the flavor components of
the vector-current operator from Eq. (2.2) into isospin 1 and
isospin 0 components, J; = JI=! 4 JI=0, gives

J1.:1 = p? =

i (ﬁ},iu - ayid)’ (26)

1
2

1 -
JI=0 = ¢ (ay;u + dy,d — 25y;s + ...). (2.7)

We note that JI=! has I; =0 and is equivalent to a p°
meson bilinear. (In most of the rest of this work the p°
notation is employed.) Hence, once charge factors are
accounted for, the following linear relationship between the
light-quark connected and / = 1 correlation functions is
obtained,

10

(Ti(0)T1(0))comn = 5 (07 (X)?(0)),

5 (2.8)

= C''(t)(conn) = ECp_w(t).

5 (2.9)

The light-quark connected correlation function, therefore,
has the following spectral representation,

C'(t)(conn) = §Z|<0|p0|n>|ze—ffnf. (2.10)
n=0

The average over the spatial direction in Eq. (2.10) is
implicit. The overlap amplitudes (0]p°|n) select the states
|n) of the Hamiltonian with the same quantum numbers as
the p°.

The signal-to-noise issue discussed in the Introduction
can be traced to the fact that the variance of this correlation
function falls off with an exponent of 2m, [42]

o, o ~ M (0] (1)7(0))%) = (02 (1)p0(0))?

1—00

~ lim { (A ()pR(0))2) ~ e

11— 00

(2.11)

while the signal falls off with the lowest energy / =1,
I3 = 0 state, which is a two-pion state with the smallest
nonzero back-to-back momentum possible in the finite
volume of the lattice,

lim C*(¢) (conn) ~ e~ Fa(P#0)1,

t—00

(2.12)

The noise, the square root of the variance in Eq. (2.11), falls
off more slowly and overwhelms the two-pion signal in the
large-time region.

At present, there are two commonly employed analysis-
based approaches to address the signal-to-noise issue when
computing a'/(conn), namely, the “bounding” and “fit”
methods:

(i) Bounding method [3]: Two series of a!/(conn)

values are obtained by replacing the correlation
function, C"(¢)(conn), with

Chounded(?)
C'(t)(conn)
B { C!"(toy) (conn)e=Foomal=tew) §f ¢ > £
(2.13)

if 1 < o,

for upper and lower bounding energies, resulting in
lower and upper bounds on C"(¢)(conn), respec-
tively. Here, 7., is a free parameter that ranges over
the temporal extent of the lattice. The final result for
all(conn) is obtained at the value of 7., (or range of
values of 7.,,) where the two bounds meet. The lower
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energy bound is taken to be the free, lattice two-pion
energy [3,5], Epouna = 24/ (27/L)* + MZ. The en-
ergy appearing in Eq. (2.12) is the interacting
energy, which is smaller than the free energy due
to the binding energy of the zz state. However, this
approximation is reasonable because the binding
energy is small enough to shift a”/(conn) by only
a small fraction of the total uncertainties currently
achievable [43].* The upper energy bound, usually
taken to be Ey,,ng = ©0, can be improved by, instead,
taking the ground state from a fit to C(¢)(conn). In
the case of staggered fermions, the final choice of 7.,
is complicated by the presence of oscillations in the
correlation function. Compared with direct integra-
tion, the bounding method improves the statistical
precision of aff (conn). However, the improvement is
limited, because the bounds typically meet well into
the noisy part of the tail, at roughly 2.5-3.5 fm for
physical-mass correlators.

(i1) Fit method [19,44]: For this approach, the correlation
function is fit over a time range suitable for determin-
ing the spectrum. The determined spectrum can be
improved via combined fits to, for example, smeared
correlated functions. The energies and C'(t)(conn)
amplitudes are then used to reconstruct it after some
time ¢ > r*. Here, there is a systematic uncertainty
associated with how well the fit correctly parametr-
izes the behavior of the lowest-energy states that
determine C"()(conn) in the region where it is being
replaced. This systematic effect has been studied
extensively in Ref. [19].

In this work, we treat the signal-to-noise problem by
obtaining an accurate spectral representation of the vector-
current correlation function at large Euclidean times. For
this purpose, we generate correlation functions using
suitably constructed two-pion operators, from which the
following matrix of correlation functions is formed,

C(r) = Cormral!) Cppoms()) (2.14)
sz—»/),i)(t) sz—»;m(t)
The upper left 2 x 2 block, C/,,f,_,/,,f,(t), contains the corre-
lation function constructed with the p° operator of Eq. (2.6)
along with additional correlation functions obtained by
including a smeared version of the operator p°. This
smearing improves the overlap with the ground state [20].
The bottom right block consists of the two-pion to two-pion
four-point correlation functions, and the size of the block is
given by the number of two-pion operators included. The
off-diagonal blocks are correlation functions constructed
from the (p°, 5°) and two-pion operators. With this matrix,

*We find that this is true for the differences between interacting
and free energies obtained in this work.

the lowest-lying states for the / = 1, I3 = 0 channel can be
precisely resolved and the tail of C’(f)(conn) can be
reconstructed from this information. A similar approach
was implemented in Ref. [45] in a study of the p resonance
parameters with staggered valence quarks, where, however,
only the simplest case of Goldstone-boson pion operators
was considered. Ours is the first study of this system, to the
best of our knowledge, based on a complete description of
the staggered two-pion operators.

III. METHODOLOGY

In this section, we describe all the steps of the calculation.
Section III A describes the computation of the Clebsch-
Gordan coefficients for the symmetry group of the stag-
gered-fermion transfer matrix and, hence, the construction
of the two-pion operators used here. In Sec. III B, we give
the required Wick contractions corresponding to the corre-
lation functions in the matrix of Eq. (2.14). We tabulate the
complete staggered operator bases on the physical-mass
HISQ ensembles in Sec. III C. Section III D describes the
numerical strategy we employ to compute the Wick con-
tractions of Sec. Il B. In Sec. IIIE, we give our preferred
approach for dealing with finite-time effects in the diagonal
four-point correlation functions of Eq. (2.14). Finally, in
Sec. IIIF, we discuss our GEVP-based approach for
extracting the desired energies and amplitudes from our
matrix using a correlated fit.

A. Operator construction

For the case of staggered quarks, the two-pion states that
couple to the p° need to transform correctly under isospin
and the staggered symmetry group. Under isospin, the two-
pion operators need to transform as I = 1, I3 = 0, where
the single pion operators have the following / = 1 quantum
numbers,

at = —du I;=1, (3.1)
n~ =ud I3 = -1, (3.2)
1 -
7% = — (itu — dd) I; =0, (3.3)
\/E 3
and the two-pion operator then takes the form
(nm)=11=0 = L7t+71_ - L7r‘7r+. (3.4)
V2 V2

The z* states transform into each other under charge
conjugation, so the minus sign on the right-hand side of
Eq. (3.4) ensures that these two-pion states have C = —1,
just like p°. The factors £1/+/2 are SU(2) Clebsch-Gordan
coefficients—the rest of this subsection explains how to set
up the analogous construction for the staggered symmetry
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group, to obtain two-pion operators with the same quantum
numbers as staggered p° states.

Here, “quantum numbers” refer to irreducible represen-
tations (irreps) of the symmetry group of the transfer matrix
of staggered quarks for N3 spatial lattices. This group is

Gr,(Ny) = Z3 ;2L 1x0y), (35)
where T, refers to the two-time-slice transfer matrix [36],
and x denotes semidirect product. The factors are, respec-
tively, two-hop translations, the Clifford group of taste and
charge conjugation, and the symmetry group of a cube.
Eigenstates of translations are labeled by momentum p,
where each component satisfies

2r N N,

=T =D 001,00
Pi=N o + 4

4
(3.6)

for periodic boundary conditions; below it is more conven-
ient to use Z to label irreps. For mesons, taste is denoted by
a four-vector with entries 41 or, equivalently, e,
£,€{0,x}. Similarly, charge conjugation is ec = %1,
The irreps of O, are AF, AT, E*, Ti, Ti, with the
superscript for parity. We denote a general (bosonic) irrep

(£1.62.C3)x[(&0. &1, &2, &3). Ec] %R, (3.7)

where the x is reminder that the formalism of semidirect
groups is needed to construct the irrep; the last factor R
denotes an irrep of Oy, or a so-called little group appropriate

to # and &, Appendixes A-D contain a full discussion of
the staggered group irreps; below we refer to them for
details.

The staggered two-pion operators must transform under
the same irreducible representation as the vector-current
operator. At zero momentum, the 16 tastes are collected into
five irreps; see Appendix C 1. We choose the taste-singlet p°
[see Eq. (C3)] because it couples to a ground two-pion state
of two pseudo-Goldstone-boson pions, the lowest-energy
two-pion state possible for any taste. Furthermore, all two-
pion states which couple to the taste-singlet p° are taste
singlets as well, meaning the two pions in the two-pion state
must be in the same taste irrep. Alongside the taste irreps,
we must also consider the momentum and rotation irreps.
This is achieved by computing the Clebsch-Gordan coef-
ficients (CGs) for G, x Gy, — Gy, as follows:

79(p) ® 7% (=p) — (0,0,0)x[(0,0,0,0), z]xTj,
(3.8)

where 7% (j5) denotes some nonzero-momentum pion irrep,
with the full list of such irreps given in Appendix C 2. The

right-hand side of Eq. (3.8) is the taste-singlet p° irrep
from Eq. (C3).

In order to compute these CGs, the irreps from
Appendix A3 must be constructed. For values of N
typically used in numerical simulations, Gr (N,) is
enormous, but we are interested only in two-pion states
below p° threshold (see Sec. III C). For the MILC HISQ
ensembles with spatial size around 5—6 fm, that means we
can restrict our attention to states with momenta
£; €40, £1}. According to Eq. (3.6), the smallest group
needed to construct these irreps has N, = 6. The corre-
sponding transfer-matrix symmetry group [Eq. (A32)] has
only |Gz, (6)| = 82944 elements.

The nonzero-momentum irreps correspond to matrices of
dimensions between 6 and 24, depending on the taste and
momentum dimension. Happily, one does not need to
construct and store matrices for each of the 82944 elements
of the group. A smaller subset can be used to form the
tensor product representations in Eq. (3.8) and decompose
them into irreps. If this decomposition contains the taste-
singlet irrep of Eq. (3.8), we then compute the CGs.

For the first step, forming the tensor product represen-
tation and decomposing it, one needs only a representative
element for each conjugacy class to perform the character
decomposition [46]. For N, /2 = 3, this corresponds to 404
classes. The second step, computing the CGs, is typically
done by summing over all the group elements. However,
for semidirect product groups, the sum can be reduced by
breaking up the group into subgroups and corresponding
cosets [47]. The Clebsch-Gordan matrix U relates a tensor
product representation to the block-diagonal reduced
matrix Dp,

D (g) ® DV (g) = UDg(9)U", ¥V g€G,  (3.9)
where the two representations on the left correspond to the
two single-pion representations on the lhs of Eq. (3.8). The
approach to obtaining U, given in Ref. [47], is summarized
by the following equation,

U = unitarity: » _[D@(g) ® D?)(g)|ADg(g)",  (3.10)

where A is a matrix of entries to be determined from the
unitarity constraint. As mentioned, the staggered group has
the natural structure (nested semidirect product) to reduce
this sum to one over subgroups and cosets. First, the cosets
of the full staggered group under the subgroup I'; ; X0y, are
obtained. This gives (N,/2)? momentum cosets, with only
one representative element from each coset needed. Then,
the cosets of the group I'y ;| ¥ Oy, under Oy, are obtained, of
which there are 64. So in total, for N,/2 = 3, one needs
only to store 27 4+ 64 + 48 = 139 matrices for this step,
where 48 is the order of Oy, the final subgroup. The sum is
thus reduced as
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U = unitarity: Y D(2)

zeZ3

2

yer,

Ng/2

where the tilde, for example 1:4‘1, denotes the coset
representatives of the corresponding set. Hence, in combi-
nation with the 404 class representative elements, the total
number of essential matrices needed per irrep, for
Ny/2 =3, is around 500. This is a significant storage
and computational cost reduction over the total order of
the group.

To illustrate the steps outlined above, we perform the
procedure for two specific cases of Eq. (3.8). The first is the
case of the staggered pion irreps that are one-dimensional at
zero momentum, i.e., the irreps of Eqgs. (C27)—(C30). As
taste singlets, they have the same CGs as Wilson fermions.
The second case is for the staggered pion irreps that are
three dimensional at zero momentum, i.e., the irreps of
Egs. (C31)—~(C34). As described in Appendix A 3 a, these
irreps can undergo ‘taste-orbit splitting” at nonzero
momentum, typically, into a one- and two-dimensional
taste-orbit irrep. The one-dimensional taste irrep is, again,
akin to Wilson quarks, while the two-dimensional irrep is
unique to staggered quarks.

To help illustrate these examples, we introduce the
familiar notation for a general staggered operator with
momentum and spin and taste quantum numbers ['g and ',
respectively,

O's®lr(¢,,¢,,¢5), (3.12)
which are described in Appendix A4, with the precise
meaning of this notation defined through Eqgs. (A53)—(A57).
The operators excite the states of the staggered irreps of
Eq. (3.7). Hence, just as we label a staggered irrep by a
single representative state of that irrep, as in Eq. (3.7), we
can correspondingly label the irrep by a representative
operator which excites this specific state. The correspon-
dence between staggered irrep states and the operators
which excite them is given by Eqgs. (A58)-(A61). We

(3.11)

ZD JAD' (0

0€ Oy

0)|p'o|ore.

denote this correspondence with the: symbol throughout
the rest of this work, for example O75®75(0,0,1):(0,0, 1)x
(7, 7, =, ), 0]xA, for the irrep with pseudoscalar spin and
taste and one unit of momentum.

a. Example 1. For the first case, we take the above-
mentioned pseudoscalar with one unit of momentum,
Eq. (C38), as the representative example irrep. We have
the following decomposition of the tensor product repre-
sentation into irreps:

Os9rs (0’ 0, ]) ® Ors®rs (0, 0, 1) :
(0,0, 1)x[(z, 7,7, 7),0]xAy ® (0,0, 1)x[(, 7, 7, 7),0]xAq

= (0,0,0)x[(0,0.0,0), 2] A : O"®1(0,0,0)
@ (0.0,0)x((0,0.,0,0), 7] xE}
@ (0,0,0)x[(0,0,0,0), 7]xT5 : O"®1(0,0,0)
@ (0.0,1)x((0,0,0,0), ]><1A0 01:81(0,0,1)
@ (1,1,0)x[(0,0,0,0), z]xA, : O"®(1,1,0)
@ (1,1,0)x[(0,0,0,0), 7]xA,: On7®1(1.1,0).  (3.13)

Here we have implicitly incorporated the form of Eq. (3.4)
in the above direct product to ensure the desired staggered
charge conjugation, £ = z, is obtained in the decomposi-
tion. At zero momentum, there are 16 x 16 = 256 staggered
bilinears and 448 irrep rows (states) in total (see Table VIII).
Hence, some irreps, like the irrep including E above, have
no associated simple staggered bilinear which excite them.
This irrep is instead excited by a more complicated staggered
operator with a derivative insertion.

We are interested in the zero-momentum taste-singlet
vector irrep which is the third irrep in the decomposition on
the right-hand side of Eq. (3.4), with the corresponding
operator O7:®1(0,0,0). The CGs are computed for the
states of this irrep using Eq. (3.10) and are given in Table I.

TABLE 1. Clebsch-Gordan  table for (0,0, 1)x[(%, 7, 7, 7),0]xA) ® (0,0, 1)x[(x, 7, 7, @), 7| xAg =
(0,0,0)x[(0,0,0,0), z]xTy @ - - -. The irreps in the rows and columns are labeled by the corresponding operators.
Tensor product row 0r®1(0,0,0) 0r®1(0,0,0) 0r:®1(0,0,0)
(975@}’5(1 0, ()) O/s@?s( 1,0, ()) \sz 0 0
Ors®rs(-1,0,0) ® Or®15(1,0,0) _JLE 0 0
Ors®rs(0,1,0) @ O7s®5(0,—1,0) 0 \% 0
Ors®rs(0,-1,0) ® Or®15(0,1,0) 0 —% 0
(9)/5®7s(0’() 1) ® O/s@}’s(o 0,-1) 0 0 %
Ors®r5(0,0,-1) ® O®15(0,0,1) 0 0 —%

014523-6



TWO-PION CONTRIBUTION TO THE HADRONIC VACUUM ...

PHYS. REV. D 114, 014523 (2026)

For clarity, we use the more familiar operators instead of
the states to label the rows and columns in the table.

The two-pion operators are constructed from linear
combinations of products of staggered single-pion operators
with the CGs as coefficients. The staggered single-pion and
two-pion operators are defined as

Mgy, (Pit) == N3/2 Zel“ id(n)ys ® yeu(n), (3.14)
”®n 3/2 Zemp "u(n)ys @ yed(n),  (3.15)
Oﬂn’(ﬁl + ﬁ2’ t)
oo !
= Z CGGTO,iso<§1,§2,P1,Pz,lé,lg)ﬂém
51,52,1 J P1:P2
x (P1 l)ﬂém(ﬁz, 7). (3.16)

Combining the results of Table I with Eq. (3.4) we obtained
the normalized’ staggered-isospin two-pion operator, built
from @ y5 taste pions, that couples to the third component
of the taste-singlet p°:

= ®y1.1=1,13=0
[O%;ys (0’ t)i| 7371 3

= 5 (75, ((0.0.1).)75,,((0.0.-1).0

— 15,.((0,0,—1), )78, (0,0, 1), 1)]. (3.17)

=3 73®y1.=1,13=0
[Ogg’s}’#a (0, t)] 371 3

4

b. Example 2. Differences from the Wilson case appear
only when one considers spin-pseudoscalar irreps that have
a larger dimension than one at zero momentum. For
example, starting with the taste pseudovector Eq. (C32),
which is three dimensional, giving it one unit of momentum
and taking the irrep where taste orbit is two dimensional as
our starting point [second line of Eq. (C40)]. Here the taste
vector is orthogonal to the momentum. The tensor product
representation then has the following decomposition,

O1s®rsYizs (() 0, 1) ® Ors®rstizs (0’ 0, 1) .
(0,0, 1)%[(0,0, 7,0),0]A, ® (0,0, 1)%[(0,0, 7, 0), 0] %A,

0]
= (0,0,0)x[(0,0,0,0), 7]xA : O"®1(0,0,0)
@ (0.0,0)x[(0,0,0,0), 7] xES
@ (0.0,0)x[(0,0,0,0), z]xE;
@ (0.0,0)x[(0,0,0,0), z]xE;
@ (0,0,0)x[(0,0,0,0), z]xT5 : O"®1(0,0,0)
D ... (3.18)

where again we use the form of Eq. (3.4) to obtain the desired
charge conjugation in the decomposition. There are now
multiple copies of the same irrep appearing in the tensor
product representation, as it corresponds to a 12 x 12 = 144-
dimensional reducible matrix. The sixth irrep listed is the one
we are after, and the CGs for this are given in Table II. When
combining these results with Eq. (3.4), we obtain the
following normalized two-pion operator which couples to
the third component of the taste-singlet p°,

1
=7 [7g,.,,((0,0,1),1)7g,., ((0,0,=1),7) + 7g,, ((0,0,1), 1)zg, . ((0,0,-1),7)

_”éysh«o 0.-1), )”®rs71 (0,0,1).1) -

When computing the three-point correlation function of
this operator and the p° operator that appear in the matrix of
Eq. (2.14), all four terms in Eq. (3.19) give identical
contributions to the correlation functions, which follows
from the taste and rotation symmetry. However, for the
C(1) zz—nr four-point correlation functions that also appear
in Eq. (2.14), there are cross terms which are not equiv-
alent. The Clebsch-Gordan coefficients for all the other
cases (momentum and taste) are given in Appendix D.

>We are interested only in the overall overlap amplitudes of the
p° operator, so are free to normalize the two-pion operators as we
choose.

”éysyz ((0 O

1), t)zg,.,(0,0,1),7)], (3.19)

|
B. Correlation functions

1. Two points

With the operators in hand, the correlation functions in
Eq. (2.14) can be constructed and the Wick contractions
computed. The p operator, Eq. (2.6), at zero momentum is
given by

P00 = 3 1l @ 1u(n) = A @ 1d(n).
S i
(3.20)

The taste-singlet p° two-point correlation function, in the
isospin-symmetric limit, is

014523-7
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TABLE 1II. Clebsch-Gordan
(0,0,0)x[(0,0,0,0), z|xTy & -

table  for

(0,0, 1)x[(0,0,x,0),
-. The irreps in the rows and columns are labeled by the corresponding operators.

0]xA; ® (0,0, 1)x[(0,0, z,0), 7]xA, =

Tensor product row

01®1(0,0,0)

Or2®l1 Ors®l1 (0,0,0)

—

0.0,0)

Ors®rs2(1,0,0) @ Ors®rsr2(—1,0,0)
Ors®rs13(1,0,0) @ OFs®rs73(—1,0,0)
Ors®rs2(—1,0,0) ® O®rs12(1,0,0)
1,0,0) ® Or:®rs73(1,0,0)
1,0) ® Ors®rs13(0,-1,0)
1,0) ® Ors®rs11(0, —1,0)
—-1,0) ® Or®r513(0,1,0)
—1,0) @ Ors®rs11(0, 1,0)
Ors®rs11(0,0,1) ® Ors®r51(0,0,—1)
Ors®rs12(0,0,1) @ Ors®rs12(0,0,—1)
Ors®rsri (0, 0, _1) ® Ors®rsn (0 0,
Ors®rsr2(0,0, —1) @ Ors®rsr2(0, 0,

_§F§F§F

Os®rsrs

S O O O O o o o
B

O)s®rsr3 0,
Ors®rsr 0,
Ors®rsri(()

(
(=
(-
(
(
Os®rsr3(() (
(3
(
(
(
(

1)
1)

pSFE- o o oo

S O O O
=l

Z pk O t O O)>conn
k
= > [0lp"|m) e~

n

b.)l»—\

t)p—)p

(3.21)

—2><1><1>< !
474N

D; !

ONE -
k

(0,0) Dt (0,1)

(3.22)

1
24N3

>

Jig.diy {£68;}

" ®! (n)te[Dy ! (i + 6"®", O,

+ &® 1)D7 (i1) + 8781, 1|71y, 0)], (3.23)
where Dl‘1 are staggered light-quark propagators. The
formulas for obtaining ¢(n) and & from the spin and taste
structure are given in Egs. (A55) and (A56) with ¢"®!(n),
§7®! given explicitly in Eq. (A62). The {£45;} in the sum is
a symmetrization over all components of each § that appear.
We leave the gauge fields implicit, with the trace just over
the color index. The individual multiplicative factors are
left explicit in the Eq. (3.22) to illustrate the different
sources of normalization. The factor of 2 arises from taking
the isospin-symmetric limit. The first factor ofé—lt is from the
operator normalization in Eq. (2.6), and the 1/N? is from
the Fourier transformation of these operators to momentum
space. The second factor of i comes from the staggered
rooting procedure (Appendix E).

2. Three points

The two-pion operators, Egs. (3.17) and (3.19) and all
others considered here, are built out of Hermitian subop-
erators of the form,

® ~ - — = — - -
Omé(0,1) = Ty, (D) gy (=D.1) = Mgy, (P 1) 7g,, (= P.1).
(3.24)

Hence, all correlation functions containing two-pion oper-
ators can be broken up into a linear combination of
subcorrelation functions each containing an operator of
this form. In following discussions, for simplicity, we just
use Eq. (3.24) when computing the Wick contractions.

The C(t),;,.,, three-point function, in the isospin-sym-
metric limit, is then

mz—>p 32
= Z 0lp°|n)

)OF¥(0,0))

(n|OFE|0yeEnt

(3.25)
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1

NG
ON ™ iy iind+5,)

x tr[Dy ! (i + 87587, 0|71, + 5587, 0) Dy (i1} + 875%7¢,0|it,, 1) D7 (i1, + 6®1, ]ty + 675%7¢,0))].

(p75®7/5 (n0)¢y5®75 (nl )(/)71’@1 (n2)eiaﬁ'(20_ﬁl)

(3.27)

Disconnected Wick contributions cancel in the isospin-symmetric limit. The factor of 4 in the Eq. (3.26) comes from four
connected Wick contractions, of which we only show one, which are all equivalent under isospin and parity. The % is the

normalization from the p° operator, and the i is from the rooting procedure. The factor of 1/N g/ * arises from the Fourier

transform of the three operators. We do not generate the C(?)
with the random-wall source approach used here (see Sec. Il D), and it is equivalent to C(¢)

3. Four points

The zz — zz four-point function, in the isospin-symmetric limit, is

1

6

S o, iz, iis, {£6;}
— tr [D; (g + 0757, 0|7y 4 67, 0) Dy (7dy + 675971, 0|7y, t)

XDl_l(ﬁg + 575@7@’75’53, t)Dl—l(ﬁS + 5’}’5®’Y§2,t’ﬁ0 + 675 0)]
+ tr [D; N(7ig + 675974, 0|7 + 675%71,0) Dy 7y + 6774, 0], t)

C(t) e = (OF (.00 (0.0)) = D (0105 m) (|05 [0)e

(9, 0) (=20

(p’Ys@’Ysl (no)tp%@%l (n1)<,975®752 (nQ)SO’ys,@'yg? (ns)eiaﬁ(ﬁo—m +iig—7i3) [

l

X D (g + 0759 t]iTy, t) Dy (y + 675972 ] 4 67°%7%1, 0)]
+ étr (D (g + 575, 0]y, £) Dy (7 + 6757, t]fig + 6771 0)]

X tr [Dl‘l(ﬁ1 + 6% 0|7, t) Dy (i3 + 672 t]fiy + 5150 0)]
(D (g + 67 0]iis, £) Dy (7 + 69%% t]ily + 6757 0)]

(D! (711 + 67597, 0|y, ) D) (7 + 672, t|iiy + 675974, 0)] }
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The individual factors of 4, 4, 2, 2 in front of the respective
diagrams are independent-diagram multiplicities. The
1115 7¢ are rooting factors (§ for each trace).

The numerical simulation presented here actually employs
time-split two-pion operators instead of Eq. (3.28) to address
a potential Fierz-rearrangement issue discussed in Ref. [48].
This modification and the additional considerations it
introduces are described in Appendix F. It turns out that
the Fierz-rearrangement problem does not arise with the
random-wall sources used in this work, hence our ongoing
studies employ Eq. (3.28).

4. Effective energies and amplitudes

We make use of the following formula for extracting the
effective energy and amplitudes from the correlation func-
tions used in this work. The effective energy is obtained from

C(t+2)+C(r-2)
2C(1) '

1
aEg o (1) = Earccosh (3.30)

where the averaging is performed over time separations of
(t £ 2) to remove staggered oscillatory effects. The effective
amplitude is then given by the following:

C(1)
cosh(Eg(N,/2 = 1))’

Zg (1) = NiFosn/2 (3.31)

where the parameter E . is obtained from Eq. (3.30), once
the function has plateaued.

C. Choosing the operator basis

For the two-pion operators in the matrix, Eq. (2.14), we
choose a range of pion momenta and tastes corresponding
to two-pion energies up to the mass of the p° meson [49].
For this purpose, we construct the noninteracting two-pion

energies using
Efree = 2\/ 1_52 + Mézh

where M, are the measured ground-state masses of pion
correlation functions obtained from Eqgs. (C27)-(C34) and
pi =2r¢;/L, ¢; =0,1.... This spectrum is shown in
Fig. 1 for the four physical-mass HISQ ensembles currently
used in related g —2 work from the Fermilab Lattice,
HPQCD, and MILC Collaborations [21]. Figure 1 does
not account for interactions or the taste-orbit splittings
described in Appendix A 3a, but suffices for deciding
which zz operators to use.

At 0.15 fm, which is the focus of this work, we see there
are four states below or near the threshold. We include the
taste tensor (red cross) even though it is above the p° mass.
We select an eight-operator basis, shown in Table III
From the irreps listed in Egs. (C27)—(C34), we leave out
operators for the taste pseudovector with a temporal taste

(3.32)

] (]
0.80 = " ®
¢ M
0.75
_ ¢
__ 070 ' W o111
3 ¢ Lo
T 0.65 ¢ % [001]
3
0.60 M, PDG
%® Bl
_ b Y5 ® Vu
0.5
2 * L "mz"my
V5 V5V
0.50 * » o
0.06 0.09 0.12 0.15
(545)  (5.62)  (5.84)  (4.85)
~a [fm]
(= L) [fm]
FIG. 1. Continuum, noninteracting energy spectrum for

neme — p case on four physical-mass HISQ ensembles for the
relevant tastes, £ The ensembles’ parameters are given in
Ref. [21]. The tastes of the single pions in the two-pion state
are indicated by the color. The back-to-back momentum is
indicated by the symbol shape. Also given is the p° Particle Data
Group mass (blue band) [50] which is used as the cutoff energy
to select the operator basis.

component, Eq. (C28), and the taste tensors without a
temporal taste component Eq. (C34). This choice is based
on the fact that these operators, in the form of Ors®E have
links in the time direction. Averaging over the forward and
backward time links removes the oscillating contribution,
but results in nonlocal time dependence in the correspond-
ing correlation functions. The time link can be removed by
modifying the operators as (O075®¢ — (r570®¢ which pre-
serves the original quantum numbers [see Eq. (A64)]. We
generate additional correlation functions with these modi-
fied operators to check that the variational basis in Table I11
is complete, i.e., to check that including them does not
resolve any additional states beneath the threshold. This is
expected based on the degeneracies at zero momentum and
confirmed in our analysis. These (7570®¢ operators, how-
ever, are found to have significant overlap with excited
states, resulting in very noisy correlation functions; hence,
they are not included in the main analysis presented here.

TABLE III.  Operator basis on the a = 0.15 fm ensemble. The
single-pion operators in the two-pion states have equal taste and
equal-but-opposite momentum. We indicate the irrep splitting by
listing the operators separately.

Operator Momenta (back to back)
P07

oFrs 0,0, 1), (1, 1, 0)
O, OFT ©, 0. 1)
O™, OfFm ©,0,1)

014523-10
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TABLE IV. Ensemble parameters used in this work; from Ref. [20]. Shown are the approximate lattice spacing in femtometers, the
spatial length L of the lattice in femtometers, the size of the lattice, the sea-quark masses in lattice-spacing units, the gradient-flow scale
wo/a [20,54], the taste-Goldstone pion mass [38], the number of configurations analyzed, the number of loose-residual solves per
configuration used in the truncated solver method [24,25], and the time-slice range computed for the four-point functions. We take

wo = 0.1715(9) fm [55].

~a (fm) L (fm) N3 x N,

sea sea sea
amy®/am$ [ am}

wo/a M, (MeV)

Nconf Nloose tsep

0.15 4.85 323 x 48

0.002426/0.0673/0.8447

1.13215(35) 134.73(71) 3473 16 [3, 17]

D. Numerical setup

The 0.15 fm HISQ ensemble parameters are given in
Table I'V. We use the same numerical strategy as described
in Ref. [21] for the two-point correlation functions in
Egs. (3.23) and (3.29). For the three-point, Eq. (3.27),
and single-trace four-point contractions of Eq. (3.29), we
employ sequential sources [51]. For these four-point
contractions, this approach requires an additional solve
for each time separation in the correlation function. To
reduce computational expense, we generate a subset of the
total possible time separations, which are shown in the last
column of Table IV. The total number of configurations for
which we compute the correlation matrix Eq. (2.14) is
given in the third-to-last column of Table IV. We calculate
two-point correlators Eq. (3.23) on ~6000 additional
configurations, as the reconstructed tail accounts for only
about ~20% of the total value of the integrand, Eq. (2.3),
with the rest coming from the two-point data. We renorm-
alize the vector operator using the results from Ref. [52].
Uncertainties are propagated through the analysis using the
GVAR package [53]. We find that the GVAR uncertainties

|

_ Swnllnlzt (B)a™(=p) — at (=p)a” (p)|m) P H T e~En!

are in excellent agreement with jackknife resampling, while
being computationally faster.

E. Finite-time effects

A complication which must be addressed with the matrix
Eq. (2.14) is the non-negligible wraparound contribution that
arises in the diagonal C(t),_, .. correlation functions due to
the finite temporal size of the lattice employed. In general,
the spectral decomposition of C(r) = (O(¢)O7(0)) is

1

C(1) = Dm0l (n|O e 5aT0, (333
Z=> e, (3.34)
with the states ordered by increasing energy

EO <E1 SEzs
Inserting a general / = 1,/; = 0 Hermitian two-pion
operator, O, = 7' (p)a~(=p) — #" (=p)a~(p), gives

Zne—TE,Z

In order to understand the spectrum excited by this operator
we need the following:

7*(p) = b_j +al, (3.36)
7 (P) = a_s + b, (3.37)

where a; and aj are creation and annihilation operators of
the zt states,

atjo) = | (F)). (3.38)

azlz*(p)) = |0) (3.39)

and likewise with b; and b for 7~ (p). The amplitude in
Eq. (3.35), after normal ordering, becomes

(3.35)
= (n|b_[;a;,|m> + (n|b7_ﬁb_;,|m>
+ <n|a"p;a,~,|m) + <n|a"p;biﬁ|m>
— (n|bza_gz|m) — <n|b;bﬁ|m>
- (n|aiﬁa_1~,|m> — <n|aiﬁb;|m> (3.40)

where the commutator that arises from the second term
cancels with the commutator from the 6th term. For
vacuum initial and final states, |n), |m) = |0), all the terms
are zero. There cannot be an odd combined-total number of
pions in |n) and |m) as the operator has two pions, so the
first nonzero contribution to the correlation function
appears for |n), |m) = |z (£p)). There are 16 possibilities
but only the four cases where |n) = |m) are nonzero. In
particular, the second, third, sixth and seventh terms of
Eq. (3.40) are only each nonzero once for each of the four
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choices, giving

[(ﬂ*(ﬁ)|(9m(5)|fr*(1?5)>2 + (7 (=P)| O (0) |7 (=)

(3.41)
+ (17 (P)| O (0) |7~ (7))
+ <n-<—ﬁ>|om<6>|n-<—ﬁ>>2} (3.42)
= 41t (§)| O (0) |2+ (B)) e, (3.43)

where the symmetry of the operator (squared) under
+ — —and p — —p was used. With the weakly interacting
approximation [56],

(75| O e I2%) 2 (O] |2*) 2, (3.44)
which is valid for diagonal correlation functions where the
first diagram in Eq. (3.29) dominates, the constant term
4(0|z* |z*)[*e E~+T is then the leading wraparound con-
tribution.

The next nonzero contributions are from |n) = |zt (£p)x
7~ (F p)), |m)=10) and |m)=|z"(£p)n"(F p)),
|n) =10). Given the forms of the first and fifth (fourth
and eighth) terms in Eq. (3.40), there are two incoming
(outgoing) states,

20|05 (0) 7" (B (= )2~ 7"

+2{nt (B)a~(~ >|om<*>|o>2e‘E”*” =0
)

= 2(0|0,(0) |7+ ()7~ (~p Eprp (10,

V(e + e
(3.45)

where the symmetries of the operator were again employed to
obtain the first two lines. This is the standard cosh form of the
spectral representation of a correlation function on a periodic
lattice. This is taken into account through Eqgs. (3.30)
and (3.31) and in the fit ansatz of Sec. III F 1.

Going to higher energies, we find repetition of these two
types of finite-time contributions but with both additional
noninteracting states, which are removed by the denomi-
nator of Eq. (3.35), and interacting states which are

-E,.T 1
suppressed by factors of e 7" = 5.

While the leading t-independent term of Eq. (3.43) is
formally small, it is not small in practice in the region of
interest, where ¢ is a bit shorter than 7'/2. This contribution
is especially relevant for this calculation as 7 on the 0.15 fm
physical-mass HISQ ensemble is ~0.8 fm smaller than on
the other HISQ ensembles in Fig. 1.

We explicitly subtract this term from the diagonal
correlators in Eq. (2.14) after obtaining (0|z*|z*) and
E,+ from a fit to the single-pion two-point correlation
functions [third diagram in Eq. (3.29)]. Shown in Fig. 2 is

t (fm)
0909 1.212 1515 1.818 2121 2423

0.46F Fit result
£ Original C(t)nr—nr
0.455F #  Subtracted (6] J—
0.45F s
E 0.44.
o ).445F .
S
0.44}F ]
#
0.435F ' g 983 o
A ®»
0.43 b
0.425 G S 10 12 14 16
t/a

FIG. 2. Effective mass of the correlation function C(7),,_,,:
(0215 (6 1 O%rs (6 0)) uncorrected (empty) and corrected (filled)
purple crosses for the wraparound contribution using the method
described in this section. Also shown is the result of a fit to
corrected correlation function.

the result of applying this procedure to the ground-state
correlation function (07 (0, 1)O%! (0, 0)), where we plot
the effective energy, Eq. (3.30), for the original and
subtracted correlation functions.

In the limit ¢ — co~T/2, the effective energy,
aEg (1), should plateau to the ground-state energy if
there is no constant term. From the plot, one sees this is
indeed the case for the subtracted version. Moreover, the
effective energy of the subtracted correlation function
now agrees with the fit result (purple band), while the
unsubtracted effective energy shows clear contamination
from the wraparound contribution. All following results use
the subtracted version of Eq. (2.14) in which the diagonal
two-pion correlators are replaced with the versions that
have the leading wraparound contribution subtracted.

In Appendix G we determine the subleading finite-time
contributions not accounted for here; namely, the finite-
time effects in the diagonal C,,_, ,(¢) two points and the off-
diagonal correlators of Eq. (2.14), as well as the subleading
constant-in-time contributions not included Eq. (3.43). We
find that, at this level of precision, our results are insensitive
to these effects.

F. The GEVP and optimized operators

To obtain the energies and amplitudes from the matrix,
Eq. (2.14), eigenvectors v, (1, t,) are first extracted through
a generalized eigenvalue problem [57],

C(t)v = AC(19)v. (3.46)
Here, the reference time ¢ is a free parameter, which we
vary later in the analysis to check for stability. A smaller
value of 1, yields eigenvectors and eigenvalues with better
statistical precision, albeit with potentially larger excited-
state contamination. The resulting v,(7) are functions of
Euclidean time. Their asymptotic values, v,, at large
enough ¢ =17 are the coefficients of the “optimized
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Xo[
X1f
X2[
X3[
X4[
X5[
X6[
X7[
-1.0 -05 0.0 0.5 1.0 1.5

 021(0,0,0)

FIG. 3. Qualitative picture of the composition of the optimized
operators y, as constructed from the original operator basis in
Table III for a value of 7y/a = 5. The picture is qualitative, as the
operators all must be normalized to some common value. This is
achieved by setting their corresponding diagonal correlation
functions equal at a reference time ¢. Here #/a = 10 is chosen,
the picture varies slightly depending on the choice of reference
time. The horizontal line divides the negative and positive
contributions to the optimized operators. (The matrix C() is
symmetric and real, hence the eigenvectors are real.).

operators” [58]. We find that at 7 /a = 10 all the v,(r)
appear to have plateaued to constants. The optimized
operators with maximal overlap with the states |n) are then

(3.47)

Figure 3 provides a visual display of the components of v,
for the full operator basis in Table I1I. In the plot, the relative
contributions of the original operators to the y, are shown.
For this purpose, the original operators are first normalized,
so their diagonal correlators are equal at time 7/a = 10. One
observes that the ground-state optimized operator, y,, is
predominantly made up of (’)?,,7 3 with (0, 0, 1) back-to-back
momenta as expected. The first and second excited states
are primarily built out of the taste-pseudovector, one-link
operators, where the first excited state is an additive
combination while the second is subtractive. The third
operator is primarily the O2/* operator with [1,1,0]
momentum, but with significant mixing from the other
taste operators. The fourth and fifth are analogous to the
first and second but for the taste-tensor, two-link operators.
The sixth is primarily the smeared p° operator and the last is
essentially a “junk” operator with the normal and smeared
p° operators almost canceling out.

The lowest energies E,, and overlap amplitudes (0[p°|n),
that appear in Eq. (2.10), are obtained from the following
correlation functions constructed from the optimized oper-
ators:

piC(1), = (1a(11(0) )
= Z2e b

>

n

(1) 2 e Er |, (3.48)

(C(Ow2)o = ()" (0) )
=" [0l lmpe i + (-1

n

X ZI’LOSC <0|p0

(3.49)

n, osc>e‘E"»°SC’} )

The t — T — t terms, from periodic boundary conditions, in
the spectral representation are implicit. In the following
sections, we will also consider variations of the original
operator basis which do not contain the p°, in this case we
simply pad the v, with a zero as the first element so that
these formulas still hold.

1. Extracting the energies and amplitudes

In order to extract the energies and amplitudes from
Egs. (3.48) and (3.49), we perform a combined fit to the
functional forms on the right-hand side of these equations,
including the t — T — t contributions. The sum is truncated
with independent limits for the regular and oscillating
states, Naes and N sares- With a Bayesian fit approach,
we use prior information for the ground-state energies and
overlap amplitudes extracted from the plateaus of the
effective energy, Eq. (3.30), and amplitude, Eq. (3.31).
These effective energies and amplitudes are shown in
Fig. 4. We take the results of these as estimates for the

t (fm)
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FIG. 4. Energies (top), optimized operator overlap amplitudes
(middle) and p° operator overlap amplitudes (bottom) for the two-
pion states, extracted from a generalized eigenvalue analysis on
the ~0.15 fm ensemble with 7,/a = 5. Bands are results from
fits, data points are effective masses and amplitudes. The sixth
state is left out due to the significant oscillations and overlapping
error bands, rendering the plot unclear.

014523-13



SHAUN LAHERT et al.

PHYS. REV. D 114, 014523 (2026)

TABLE V. Fit parameters used to extract energies and amplitudes from Eqgs. (3.48) and (3.49). The D (diagonal) and
OD (oft-diagonal) labels correspond to the first and second equations, respectively. We display the fit quality through
the 2 /d.o.f. value, which does not include the contribution from priors. We also display the BAIC weight [59], which
we use to select these preferred fit parameters over other variations.

State tmin,D/a tmax.D/a [min.OD/a [max,OD/a (Nstales’ Nosc. states) )(Z/d'o,f, BAIC
0 6 17 6 20 2,1 0.51 67.2
1 6 14 6 20 2,1 0.58 2.7
2 6 14 6 20 2,1 1.14 81.4
3 6 17 6 20 2,1 0.55 81.4
4 6 17 6 20 2,1 0.71 70.9
5 6 17 6 19 2,1 0.98 76.6
6 6 17 7 20 2,1 0.62 70.6

prior central values and assign a 20% width. The effective
amplitude for (0|p°|n) is obtained by taking a ratio of the
respective effective amplitudes of Eqs. (3.48) and (3.49).
We use a prior of AE =0.5(0.5) GeV for the energy
splitting to higher states. The higher-state amplitudes are
given the same prior as the ground state but with 100%
widths. These higher-state priors have little effect on the fits
beyond helping with stability in some cases. Fits are
performed up t0 Nyyes <3 and Nog guates < Ntares bUL
we find that states beyond the first excited state and the
first oscillating state are not well determined, even when
including the earliest time slices. Additionally, we vary f;,
and t,,,, independently on the two datasets for Egs. (3.48)
and (3.49). This is beneficial as the two correlation
functions have differing excited-state contamination and
noise-to-signal profiles. The stability of the fit results with
respect to these parameter variations (as well as 7, and
operator basis variation) is discussed in Sec. IVA 1. In
order to select our preferred set of fit parameters, we simply
choose the fit for each n with the highest weight according
to the Bayesian Akaike information criterion (BAIC) [59].
In general, they correspond to what one would obtain from
a more traditional “stability analysis,” i.e., the lowest 7.,
and highest 7,,,,, in the region of fit stability. Applying a full
Bayesian model average (BMA) procedure, discussed in
Ref. [59], yields consistent results. Table V lists the fit
parameters for our preferred reference time f#y/a =5
(reasoning discussed in Sec. IVA 1) as well as correspond-
ing fit-quality measures, namely the y?/d.o.f where d.o.f.
stands for degrees of freedom, and the BAIC value. As an
additional cross-check of the extracted spectrum and the
GEVP method in general, we perform an alternative multi-
exponential matrix (MEM) fit to the full matrix Eq. (2.14)
in Appendix G. Our results for both approaches are
completely consistent.

IV. RESULTS

A. Staggered two-pion spectrum

In Fig. 4 we show the resultant GEVP fit energies and
amplitudes for the first six states as color-coded bands.

We find, as expected, that they agree very well with the
effective mass and effective amplitude plateaus shown in this
plot. We also find similar consistency for the highest well-
determined state, n = 6, which is not shown here® as it renders
the plot unclear. In Fig. 5 we compare the free, continuum
energy spectrum (symbols) with these extracted energies
(bands). We find that the ground-state interacting energy
(purple band) is roughly 2% smaller than that of the free case.
The expected taste-orbit splitting can be seen in the two-pion
states built from the zero-momentum, three-dimensional
single-pion irreps, Egs. (C40) and (C42). We see that these
states, namely, n =1 and 2 and n =4 and 5 are non-
degenerate. Of these, the two-pion states containing pions
that are two dimensional in the taste dimension are strongly
interacting, while the opposite is true for the states that are one
dimensional (see Fig. 3). This enhanced (suppressed) inter-
action results in a larger (smaller) binding energy and larger
(smaller) overlap amplitudes, as seen in Fig. 4 (bottom panel).

1. Stability

There are many choices that need to be made in order to
arrive at a finalized energy spectrum and, hence, recon-
struction of the vector-current correlation function and
value for a!/(conn), namely, the choice the operator basis,
the reference time 7, asymptotic time #, and the fit
parameters for the optimized correlation functions,
Egs. (3.48) and (3.49), of which there are two sets of
tmin and f,,. for each n. Our selections are made as
objectively as possible, using the BAIC weight, and after
checking for stability under reasonable variations, among
other considerations.

We first consider variations in the operator basis by
dropping the p° operators. In Fig. 6, from left to right, we
observe stability in the energies and amplitudes of the first
six states as we drop first the p° operator (middle panel) and
then the ° operator (right panel) from the basis. The energy
and amplitude of the seventh state, n = 6, changes slightly,
albeit well within the uncertainty when the p® is omitted,

®The n = 6 state is included in the displayed spectra of Figs. 6
and 7.
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FIG. 5. Comparison of the free continuum spectrum of Fig. 1
(symbols) with the interacting spectrum of Fig. 4 (bands).
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FIG. 6. GEVP spectrum comparison for three different operator
bases. The first is the full eight-operator basis, the second contains
seven operators with the p° operator dropped, and the third has six
operators with both the p° and 5° omitted.

which is not surprising given that the operator used to
resolve it contains a significant contribution from the p°
(see Fig. 3). As is well known, to obtain a reliable spectral
decomposition of the first n states, at least n + 1 indepen-
dent operators (correlators) are needed. Hence, in our
following reconstructions of the vector current, which
include the n = 7 state, we use the full eight-operator basis.

In the left-hand side of Fig. 7, we show the eigenvector
(top) and corresponding energy, extracted from the eigen-
value for the n = 2 state as function of #,. The full resultant
spectrum for the same values of #; is shown in the right-
hand side of Fig. 7. The spectra are broadly consistent with
each other as 1, is varied with the n = 6 state showing some
fluctuation, although still being comfortably within uncer-
tainties. We choose ty/a = 5 as our preferred choice for
this parameter, as it is consistent with other choices and
results in the best agreement with the raw correlator in the
intermediate time range (see Fig. 9).

Finally, we examine the fit stability, in Fig. 8, for a select
number of states as a function of #,;,p and fy,0ps
the lowest time included in the fit range for Eqgs. (3.48)
and (3.49), respectively. We find that the fit results are
consistent across the values we consider, including the
preferred choices from Table V, which are shown as bands.
We do find for higher values of 7,,;, op, namely, 9a that the
fit to the n = 6 state fails to converge. Overall, all our
stability checks indicate our final analysis choices result in
well-determined energies and overlap amplitudes that are
consistent with respect to reasonable parameter and oper-
ator basis variations.

B. Correlator reconstruction and noise reduction

With the determined energies and overlap amplitudes,
the correlation function is reconstructed using the sum
in Eq. (2.10) truncated to n,,,,. The corresponding recon-
structed integrand of Eq. (2.3) is given in Fig. 9.
Reconstructions as more states are included up to the
maximum at n,,,, = 6 are shown. For visibility, we do not
show the n,,,, = 2 and 5 reconstructions as they lie on top
of the preceding reconstructions, due to the reduced overlap
amplitudes (see bottom panel of Fig. 4). Additionally, we
do not include any oscillating contributions determined
from the fits. The reconstructions are compared to the raw

# 05(0,0,0) 022572(0,0,1) & 02370(0,0,1) 10.7
2.07 & 010000 § 0Fem @01 F OFn(0,0,1) *
= ¥ 080,01 & 0%7(1.1,0
1 | * | <3}
i L0 S & e
3
= 0.0 . . r  x 3
] 0.5
10| bl
. . . ' 410.05 =
€ 054} =
& 0.5395F 2 § ¥
S 0539k . . v w4000
' 4 5 6 4 5 6
to/a to/a

FIG. 7. Left: normalized eigenvector for the n = 2 state as function of f, (top). The eigenvector is selected at #/a = 10. The
corresponding energy (bottom) is obtained by applying the effective mass formula, Eq. (3.30), to the eigenvalue and performing a
correlated average over the data points 7/a > 10. Right: full GEVP spectrum comparison, energies (top) and amplitudes (bottom) for the
same three choices of 7,. See legend of Fig. 6 for state labels. The ground-state energy is omitted to improve the visibility of the rest of
the spectrum, as the gap to the first excited state is large (see Fig. 6).
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FIG. 9. Results for the taste-singlet vector-current two-
point correlation function (orange). Reconstruction of the corre-
lation function from determined parameters for states up to
Nmax = [0,6]. In the region t/a€[7,13], the raw correlation
function results are obscured by the n,,, = 6 reconstruction.

vector-current two-point data (orange open circles), after
applying improved parity averaging [6] to suppress the
oscillatory behavior for better visualization.

For n,,,x =4, there is already good agreement between
the raw data and the reconstruction at #/a > 16. Once the
highest state is included, we have agreement as early as
t/a =17, but the reconstruction is actually noisier than the
raw data here. In order to select a * at which to replace
the vector-current correlator data with the reconstruction,
we examine both the stability of a/! (conn) with respect to 1*
and also the relative error. In Fig. 10, we show the value
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FIG. 10. Top: results for !/ (conn) as r*, the point at which the
correlator is replaced by the reconstruction, is varied. Bottom:
relative error in the determinations of a!/(conn) from the top
figure.
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FIG. 11. Results for aﬁ(conn) from the reconstruction strategy
described in this work, using the 9600 configuration vector-
current dataset. We show results for the variations discussed in
Sec. IVA 1, choosing different values of 7, and also dropping the
p° operator before performing the GEVP. Our final choice of
aff (conn) is given by the full operator basis at #,/a = 5, indicated
by the blue band and filled symbol. Also included are compar-
isons to aff(conn) from the different noise-reduction strategies
discussed in Sec. II, a,(fit) and a, (bound), as well as a,, (direct),
the result obtained by direct integration of the data with no noise-
reduction applied.

i x :
,(conn) as r* is varied for a range of n,,,. We see for

Nmax = 6 we have stability starting around t*/a > 7 in
agreement with visual indication from Fig. 9. In the
bottom panel, the relative error of these determinations
is given. As mentioned, although the result stabilizes at
t*/a =9, precision is lost if the raw correlator data are
replaced this early, as the reconstruction is noisier; hence,
we select t*/a = 13.

Our results for the light-quark connected contribution to

aZIVP‘LO are given in Fig. 11 for the analysis variations

discussed in Sec. IVA 1. Our preferred final result is the
value obtained at the reference time #y/a = 5 using the
full basis (blue band). We make this choice over #y/a = 4
to avoid possible excited-state contamination from the

a
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TABLE VI.  Numerical results for a!/(conn) from the different
noise-reduction strategies discussed in this work. The values for
all(conn) from the two-pion spectrum reconstruction are given in
the column labeled by a, (zzrecon). The results from the fit and
bounding methods discussed in Sec. II are given in the columns
a,(fit) and a,(bound), respectively. Also included is a, (direct),
the results obtained by direct integration of the data with no noise-
reduction applied.

Nconf:

(JEHx)TH0)) comn a,(zmrecon) a,(fit) a,(bound)a, (direct)

3473 476.6(5.3) 479(11) 470(17) 550(41)

9800 480.2(4.0) 480.3  482(12) 510(25)
(7.2)

p° operator at early times. However, we find all variations
give consistent determinations of a;/(conn). The numerical
value for our final result is given in Table VI, second
column, for the case of using the 3473 configurations of
the two-pion data (first row) and also for the case of using
the additional ~6300 additional configurations for the
vector-current two-point function (second row). For com-
parison, shown in the third and fourth columns, respec-
tively, and in Fig. 11 are results from the bounding and fit
methods, discussed at the end of Sec. II. Also given is the
result from direct integration of the raw data, which is in
mild tension with the other results, albeit with a much
larger uncertainty, due to the badly behaved tail of the
correlation function, visible in Fig. 9. We find all noise-
reduction strategies address this issue and indeed are all
consistent; however, we obtain an improvement, from the
two-pion reconstruction, in statistical precision over the
bounding approach of roughly a factor of 2.5.

V. SUMMARY AND OUTLOOK

The last few years have seen great progress in lattice
QCD calculations of a;; "™, culminating in dedicated
long-distance calculations [15,16,19], which fed into the
lattice average of the muon g — 2 theory initiative’s second
white paper [2]. Despite this progress, the long-distance
contribution remains the dominant source of uncertainty in
lattice HVP calculations, and improved methodology will
be essential for reaching the precision needed to fully
exploit the final Fermilab E989 g — 2 result [1].

In this paper, we address this issue by explicitly
computing the contributions from exclusive channel two-
pion states to the vector-current two-point function at large
Euclidean times. Ours is the first study, to the best of our
knowledge, of a staggered multihadron system which
includes the full set of staggered operators. To construct
the two-pion operators, we follow Refs. [39-41] to obtain
the irreducible representations of the staggered group and
compute the Clebsch-Gordan coefficients. The detailed
information needed to construct two-pion operators,

transforming under any staggered vector-current irrep, is
given in the Appendixes. The I = 1 three- and four-point
correlation functions for p — zz, zx — p, and zx — 7w are
generated on the MILC Collaboration’s physical-mass
ensemble at a ~0.15 fm [38]. A GEVP analysis is used
to extract the finite-volume amplitudes and energies of the
interacting two-pion system. As shown in Fig. 10, the
resulting spectral reconstructions of the vector-current
correlation functions are obtained with greatly reduced
statistical errors at large Euclidean times, while correctly
reproducing the original vector-current correlation function
over a range of Euclidean times down to 7 2 0.8 fm. We
find that results, for a/(conn), obtained with the recon-
structed correlation function are consistent with estimates
using the bounding and fit methods, while improving the
statistical precision by roughly a factor of 2.5 (see Table VI
and Fig. 11). In addition, we explore an alternative multi-
exponential matrix fit approach as a cross-check on the
GEVP analysis, finding consistent results. In summary, we
show that the two-pion reconstruction offers a viable path
toward lattice HVP calculations at the few permille level,
also for simulations based on staggered fermions.

The next step is to extend this study to finer lattice
spacings so that the statistical gains survive the continuum
limit. This poses new challenges, because the smaller taste
splittings at finer lattice spacings result in an increasing
number of two-pion operators (see Fig. 1). In particular, for
the MILC Collaboration’s physical-mass ensemble at the
next-finest lattice spacing, a ~ 0.12 fm, a total of 18 two-
pion operators are needed to resolve the spectrum below the
p-meson mass, including two-pion operators made of three-
link (taste vector) and four-link (taste scalar) pions, which
are expected to yield noisier correlation functions. These
challenges will be investigated in a follow-up study on this
ensemble that is already underway.

Finally, the finite-volume amplitudes and energies of an
interacting two-pion system can be related, in the Liischer
formalism [60], to the corresponding zz scattering param-
eters in infinite volume. Utilizing this connection for the case
at hand is, however, not straightforward, because the stag-
gered formulation employed in this work violates unitarity, a
result of the taking the fourth root of the staggered-fermion
determinant to represent one quark flavor in the generation
of the gauge-field ensembles. Since the unitarity violations
enter as O(a?) discretization errors [61], it may be possible
to extend the Liischer formalism to incorporate them. This
question was investigated in Ref. [62] using partially
quenched chiral perturbation theory for a nonunitary setup
involving twisted-mass fermions, while in Ref. [63] an
extension of the Liischer formalism to incorporate discreti-
zation effects was recently presented. Further investigations
into this possibility are underway [64]; if successful, they
could enable ab initio studies of scattering processes and
resonance physics on the large library of HISQ ensembles
generated by the MILC Collaboration.
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APPENDIX A: STAGGERED-QUARK THEORY
PRIMER

As this work involves multiparticle states constructed
from staggered mesons, a topic not often studied in detail,
this appendix serves as a primer on the group theoretical
details and notation used here. We rely primarily on the
methodology introduced in Ref. [39], as it includes a natural
extension for studying states at nonzero momentum. The
construction of the irreducible representations of the stag-
gered group in that work is repeated here, including the
aforementioned decomposition to states at nonzero momen-
tum. Construction of the associated operators and the
connection to continuum states is also repeated, correcting
some examples discussed in that work and expanding on
some pertinent results relevant here.

1. Staggered lattice QCD

The staggered action has one fermion component (per
color) at each site [35-37]. It can be obtained from the four-
component naive action,

Sl U] —a Z S0 (Z RUAGYIG >zau_,,<n>qf<n - ) +mqf<n)> ~
through the Kawamoto-Smit transformation [37],
g(n) = Q(n)q'(n).g(n) = 7' ()& (n), (A2)
Q(n) = (ro)™ (r))" (r2)"(r3)™, (A3)
which diagonalizes the action as
5o 701 =3 - (Z NGRS —;;Z(n - 1)y (n = p) +mq,f(n)>, (a4
with
Ma(n) = QF (), Qn + 1) = (=1) 20", (AS)

The spacetime directions are ordered (¢, x, y, x) as in the MILC code, instead of the (x, y, z, #) order in Ref. [39]. Three of
the four identical spin degrees of freedom are dropped to obtain the staggered-quark action [36,37]
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neAi

3 n n+p)=Ul(n—)y (n—p
Seltrzr Ul = S 3 () (Zm") U, (n)y(n + ) zla]”( s u)+m)(f(n)>’
f u=0

where the y field has one fermion degree of freedom per
site. The reason for the reduction is that the naive action
leads to 16 Dirac fermions in the continuum limit. Now
only four “tastes” survive.

2. Staggered symmetries and group structure

This work employs a lattice with N, = 48 sites in the
temporal direction and Ny = 32 sites in the spatial direc-
tions, and N, > N, holds on the other 2 + 1 + 1-flavor
HISQ ensembles [38] that will be used in the future. Thus,
symmetry between (Euclidean) time and space is absent,’
which is fine, as the objective here is the transformation
properties of eigenstates of the transfer matrix and the
operators that create them. Here, we show how the sym-
metries of staggered fermions combine to form the sym-
metry group of the transfer matrix.

a. Symmetries

The Kawamoto-Smit transformation in Eq. (A2) depends
on n, and hence modifies spin structure, differently at
different spacetime points. Because of this, the original
symmetries from the naive action now have mixed space-
time-spin dependence when applied to ¢’(n). Translations
acting on the fields in the diagonalized action, for example,
become

q'(n) = &u(n)y,q'(n = i), (A7)

where

Gu(n) = Q7 (Q(n £ )y, = (<15, (AB)
It is preferable to have symmetry transformations which are
also diagonal in the spinor index, as these can be associated
with the one-component staggered action in Eq. (A6) and
hence can be used to classify the irreps (states) of the
theory. The spin-diagonal set of transformations are
obtained by combining the original symmetry transforma-
tions of the QCD action, after discretization, with the
doubling transformations of the naive action,

@ B (x) ) —w* B (x) )

q(n) = g(n)e (A9)

q(n) — e q(n),

The generating set B (x) is anti-Hermitian and given by

"The effect of this symmetry breaking is not detectable in the
analysis described here. We find, for example, that the three- and
onefold multiplet of spatial and temporal “one-link” pions are
degenerate.

(A6)
|
B,(n) =y,rs(=1)",  Bs(n)=iyse(n),
B,(n)Bs(n),  B,(n)B,(n)(u<v). (A10)
where
8(7’1) — (_1)n0+n1+n2+n3. (All)

The resultant
are then
(1) Translations x — x —aji or n — n — ji: Choosing
B,(n)Bs(n) results in a spin-diagonal operator,
leading to the staggered ‘“shift”

spin-diagonal symmetry operations

;. {x(m L=

¥(n) = &u(n)x(n - p).
(2) Rotations by z/2 in the uv plane, R,,: Choosing

B,(n)B,(n) leads to the transformation rule for the
staggered field

n) = Sg (R™'n ~In
R,: {)_(() S;,L(R_ ))_((R_ )’ (A13)
x(n) = Sg, (R™'n)z(R™'n)
where
Sk, (R™'n)

1
=3 (L, (R m)n, (R ) (R m) (Riuym)

L, (R n)E, (R n) +n, (Rt n)n, (R, n)].
(A14)

where

Ma(n) = (=1)% e, (A15)
Upon applying R,, four times, the product of the
S, factors yields —1, as it should for a fermion.

(3) Spatial inversion I5: ny — ng, n; = —n;: Choosing
ByBs leads to

. (Al6)

[ x(n) = (=1)mFmtmy(Ign)
s {x(n) -

(=1)mrmtmy(Isn)

so staggered fermions at odd and even spatial sites
have opposite intrinsic parity. For inversion of a
single axis, 1,,: y(n) — (=1)"y(I,n) and similarly
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for y. As discussed below, I = I,1,15 is not quite
the parity operator of the continuum limit.

(4) Charge conjugation: Choosing B,(n)Bs(n) =
iyo(—1)"e(n) gives the transformation rule for
staggered charged conjugation

Gt {F TR
x(n) = —e(n)y(n)
As discussed below, Cj, is not quite continuum-limit
charge conjugation, hence the subscript.

(5) Chiral symmetry: The global chiral flavor sym-
metries also have spinor structure. In going to the
reduced action, a remnant of this symmetry still
exists as

iae(n) iae(n)T;

=Wy ¥ =ze : (A18)

iae(n) =/ Salae(n

r. ¥ =gpe e, (A19)

X =e

where T, is a flavor-symmetry generator, and
Eq. (A19) shows the flavor singlet case, which is
not, however, a taste singlet.

b. Group structure

The symmetry group of the transfer matrix is generated
by {R;;.S,.15.Cy 1.3 It is necessary to know their commu-

tation relations. As always, the rotations R,,, Eq. (A13),
and axis inversions, /,, satisty
R, R;,,l =I,=R,]1, R;#', (A20)
R,I,R, =1, pFE U L. (A21)
The shifts anticommute,
S},S,,S;l =-S5, UV # U (A22)

With N sites (N, must be even) in the spatial directions,
repeating a spatial shift N times yields va = +1, with the
upper (lower) sign for (anti)periodic boundary conditions.
Similarly, SON’ = +1. The shifts and rotation reflections
satisfy

R;DISM R, =S, (A23)

R;UISD R, = —S;l, (A24)
R.S,R, =S, PENTR (A25)
IS5 =-S7,  i=123  (A)

®The temporal-spatial rotations R, ; are not symmetries.

ISS()IEI - S(). (A27)
Charge conjugation commutes with all reflections and
rotations and anticommutes with the shifts,

COSM - _SﬂCO‘

(A28)
The flavor and color symmetries commute with all geo-
metric symmetries and charge conjugation.

The transfer matrix for staggered fermions, Eq. (A6), is a
Hilbert-space operator acting on physical states, evolving
them two temporal spacings forward [36]. It is thus the
Hilbert-space operator corresponding to

Ty = S3. (A29)
T, of course, commutes with S. It is convenient to take the
formal square root
By = T5""*S,. (A30)
i.e., if the eigenvalue of T is e 2£, then T~1/2 = . In the
same vein, it is convenient to introduce the same con-
struction for the spatial directions, T; = 7 and
g =T1;"s, (A31)
where Ti_l/ % s again defined via the eigenvalue of 7;. It is
customary to call the E, taste operators, to distinguish them
from the shifts. They satisfy the same commutation rules as
the S, Eqs. (A23)—(A27). In particular, the =, generate the
Clifford group I'y, or incorporating charge conjugation,
Eq. (A28), I'y; [39].

Thus, ignoring flavor and color, the symmetry group of

the staggered transfer matrix is

Gr, = {Ti}x[{E,, Cop»{Ryj. I5}]

= Z3 jy(T41%0y), (A32)
with the octahedral group O, consisting of the rotation-

reflection symmetries of the cube.

3. Irreducible representations of the staggered group
Classifying the irreps of Eq. (A32) involves applying
Wigner’s method [65] for semidirect products, G = NxH.
Wigner’s method needs to be applied twice, first with the
normal subgroup given by N = Z?Vx P and H =Ty X0y,
and then with N =T, and H = Oy. Only the bosonic
representations are relevant for this work, as meson states
appear exclusively. Considering just the bosonic represen-
tations of I'y; simplifies the construction, as the group
homomorphism I';; — Z3 can be exploited in this case.
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When N is Abelian, Wigner’'s method proceeds as
follows [46]:
(1) Determine all (one-dimensional) irreps “c” of the
normal Abelian subgroup N.
(2) For each irrep o, determine the subgroup H(c) C H
of elements / satisfying the character equation

)(X,y) (hnh=") z)(l(\‘;)(n), VneN, (A33)

where )(5\’,7) denotes the character of ¢ in the normal
subgroup N. The H (o) are the so-called little groups.

(3) Classify the irreps ¢ into orbits (also called “stars”
[41]), which is achieved by breaking H into right
cosets under the little group H(o),

H= H(G)/’ll + H(G)/’lz + -+ H(G)h|H|/‘H(g)|,
(A34)
where h; = E (identity element) and h; & H(o)h;

for all i # j. From Eq. (A34) we can then choose a
set of coset representatives,

{hy hos s o)) - (A35)

The orbit is then the list of irreps, each with the same
little group,

{hi(0) = 0,y (0), ... By (o) (6) ), (A36)
determined from
a7 (n) = 2 (hinhi'), ¥ neN.  (A37)

(4) Determine the irreps p of the little groups H(o).

(5) Form irreps of the semidirect groups G(o) =
NxH (o) for a single representative ¢ in each orbit
as

DEL)(nh) = 2 (m)DY) (h).  (A38)

(6) Induce an irrep for the full group G through the
formula

Dg>(g)it,jr
(hi(0)) D(/’) h‘//l/’l_l if h_hh—l H
v (n) H(g)( ihh7'),. if hihhi' € H(o)
0, if hhh;' & H(o)
(A39)

A complete set of irreps is obtained by preforming the
above step for each orbit.

As mentioned, the approach described above needs to be
applied twice for the nested semidirect products appearing
in Eq. (A32). In the first case, where the normal subgroup is
given by N = Zz3v. /2 and H =TIy ;x0,, the one-dimen-
sional irreps of Zz3v? Jp are given by

2r
=7,
pl aN 1

N

Tilp) = exp (i2p;)[p), (A40)

with £; as specified in Eq. (3.6). In the bosonic case, as
mentioned above, the irreps of I'y ; can be obtained by the
homomorphism to the Abelian group Zg and are

DE,) = e, me = (£0,61.62.83),

(A41)

D(C,) = e'sc, Ec=0,7. (A42)
The elements of I'y ; leave the momentum invariant, hence
orbits consist of the list of momenta obtained through
application of elements of O, to the vector p; The
corresponding little groups are the subgroups of I'y ;| xOy,
which leave the orbit representatives invariant. The com-
plete set of orbits and little groups are listed in Table VII.

To classify irreps of these little groups, Wigner’s
method must be employed again where the normal
subgroup is now N =1, and H are the rotation sub-
groups Oy, Dy, C,y, D3, Z,. From Egs. (A41) and (A42)
there are 2° = 32 one-dimensional bosonic irreps of [y;.
By comparison of Eq. (A40) to Eq. (A41), the spatial part
of the taste irrep vector will behave similar to the
momentum orbits under the momentum little groups in
Table VII. More specifically, labeling the irreps of I'y ; by

(76, &c] = [(60. &1 62, 83). éc. (A43)

the little group H([7;, &¢]) is the group of all elements & of
H such that h:[(&o. &1, 8. 83), Ec] = [(Go. &1, 20 E3), e
And the orbits are then the unique set {[7;,&c]} obtained
from h:[(&y, &1, E0,8).Ec] YV heEH. As & commutes
with everything (there are no Ry;), £ =0 and &y ==
always correspond to different orbits. Similarly, for £ = 0
and £ = 7. Because of the mod2z associated with 7 any
element il in H will be in the little group H([z;, &c]) if h
is. The complete list of bosonic taste orbits and taste little
groups are given in Table VIII. The character tables
defining these bosonic irreps9 are given in Appendix B 1.

These (nonprojective) irreps are labeled bosonic as they result
in staggered bosonic irreps once combined with the Abelian
irreps of I'y ;. Similarly, the non-Abelian irreps of I'y ; combine
with the projective irreps of the rotation little groups to give
fermionic irreps.
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TABLE VIL

Momentum orbits under the staggered rotation group. First column: the list of the momentum orbits

(with 27/ aN , factored out) under the staggered rotation group, given by a representative element and the dimension.
Second column: the corresponding little group given by its group generators and the corresponding group structure

and order.

Orbit representative Size Little group generators and structure Order
(0, 0, O) 1 {_‘ ’RlpIS} %F‘“XIOh 48
(0,0, f) 6 {._ ’R127R13IS} EF4’1>4D4 8
(lxﬂ, f, O) 12 {E ,R%3R21,R%215} = F4.1><1C2\, 4
(¢.2.2) 8 {2, R;3R 1215, R, R 315} = Ty xD;s 6
(l/ﬂ, l/ﬂ, m) 24 {E ’R%ZIS} EF‘LIXZZ 2
(0,2, m) 24 {E,.R5 15} =Ty xZ, 2
(l/ﬂ,m,n) 48 {E‘“} EF‘LI)Q{E} 1

TABLE VIIL

Taste orbits, little groups and irreps for each momentum orbit under the staggered group. The first column is the taste

orbit, indicated by a representative element. The second column lists the orbit size. The third and fourth columns show the taste little
groups (giving their generating elements and conventional name) and order. The final column shows the irreps of these groups. Irreps
labeled A are 1D, E are 2D and T are 3D. Zero-momentum irreps are also labeled by the sign under spatial inversion +. The character
tables defining the irreps of the little groups are given in Appendix B 1. Also given is the total number of staggered group irreps resulting

from these orbits and little group irreps and their dimensions.

Orbit representative (momentum)

Little group

[(taste), Cy] Orbit size total no. irreps (dimensions)p Order Little group irreps
0, 0, 0) 160 irreps (32 1D, 16 2D, 96 3D and 16 6D)
[(£0,0,0,0),&cl[(éo, 7, 7, 7), & 1 {Rij, Is} = Oy 43 AT, AL, EF, TS, T
[(§0,7,0,0),&c][(60, 0,7, 7), & 3 {R12.R3;. I} = Dy, 16 AF, AT, AT, AY, Ey
(0,0,2) 112 irreps (64 1D and 48 2D)
[(£0,0,0,&3),&c][(&o, 7, 7, 83), &c] 1 {R2.R};15} =D, 8 Ap, A1, Ay, As, Ey
[(&.0,7.&3), & 2 {R%,, R, I} = Cy, 4 Ao, Ay, Ay, As
(#,2,0) 80 irreps (64 1D and 16 2D)
[(£0.0,0,83).&cl[(&o, 7. 7, &3). &c] 1 {R%3Rz1,R%21s} = Cy, 4 Ay, Ay, Ay, Az
[(0.0.7,83). &c] 2 {Riplst =7, 2 Ap, Ay
(¢,¢,.¢) 40 irreps (16 1D, 8 2D and 16 3D)

[(0.0.0.0). &c)[(&o. 7. 7, 7). & 1 {R%3R12157R%2R|31s} =D; 6 Ao, Ay, Ey
[(5097[ 0 O) 5 }[(50!07 T, ”)vgc} 3 {R%:’,RIZIS} = Zz 2 Ao, Al

(2,6, m) 40 irreps (32 1D and 8 2D)
[(£0,0,0,&3),&c][(&o, 7, 7, &3), &c] 1 {RLIs} =2, 2 Ap, A

[(50707 , 53)? QEC} 2 {E} 1 AO

0,2, m) 64 irreps (64 1D)

[(60.&1,62,83). &) 1 {R%1s} = 7, 2 Ag, A
(¢,m,n) 32 irreps (32 1D)

[(507 51752» 53)’ éc] 1 {E} 1 AO

Staggered irreps are uniquely labeled by a momentum
orbit representative, a taste-charge conjugation orbit rep-
resentative and a rotation little group irrep. As an example,
a zero-momentum, taste-singlet, rotation-vector irrep, with

negative staggered charge conjugation and negative stag-
gered parity is denoted by
(0,0,0)x[(0,0,0,0),

7|xTy. (A44)
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In Appendix A4, one sees this is excited by a one-link
staggered spatial vector-current operator. This is three
dimensional, which can be seen from the product of the
dimensions of the two orbits and the rotation irrep
dimension,

momentum orbit: {(0,0,0)} — 1D,
taste orbit: {(0,0,0,0)} — 1D,
Oyirrep: Ty — 3D,
giving a total irrep dimension of 1 x 1 x 3. As another
example, a second irrep which also has the quantum
numbers of the vector-current operator is the zero-momen-

tum, taste-vector rotation-singlet irrep with positive charge
conjugation and parity

(0,0,0)x[(x, 0, x, JT),O]XIAg, (A45)

with the dimension breakdown

momentum orbit: {(0,0,0)} — 1D,
taste orbit: {(z,0,7,7),(x,7,0,7),(z,7,7,0)} — 3D,
Dypirrep: A —1D.

This also has the total dimension of 3, but it is now coming
from the taste orbit rather than the rotation irrep. As a
final example, a taste-vector, rotation-singlet irrep with
one component of momentum and negative charge con-
jugation, "’

(0,0,8)%[(7,0, 7, 7), m|XA,, (A46)
with the following breakdown:
momentum orbit: {(0,0,¢) + 5perms.} — 6D,
taste orbit: {(z,0,z,x), (7, 7,0,7)} — 2D,
C,, irrep: A, — 1D, (A47)

giving a total dimension of 12. This irrep corresponds to a
pseudoscalar meson in flight in the continuum, i.e., a pion if
one considers light-quark flavors.

In this work, we employ operators which excite the taste-
singlet vector meson Eq. (A44), for the reasons discussed
in Sec. III A. For each continuum bosonic state, there are
4 x4 =16 staggered states which have all the same
quantum numbers except for the taste. The pseudoscalar
irrep, Eq. (A46), is one of the multiple tastes of pion we
study here, the full set is given in Appendix C 2. Depending
on the taste and the momentum direction, these states can
have degenerate or nondegenerate energies. In this work,

"Parity is not a good quantum number for states in flight.

the multiparticle states are built from single-particle states
with momentum. Hence, understanding the relationship
between staggered states at rest and states in flight is vital.

a. Nonzero-momentum decomposition

In order to decompose a staggered irrep at zero momen-
tum to irrep(s) at nonzero momentum, one needs to
(i) decompose the zero-momentum taste orbit into the
nonzero-momentum taste orbit(s); and
(i1) restrict the zero-momentum little group irrep to the
corresponding nonzero-momentum taste little group
(s) and determine what irrep(s) are contained in the
(now) reducible representation.
To illustrate this, consider giving momentum in the
z-direction to the following zero-momentum state

(0,0.0)x([(7, 7,0,0), z]xA| = 3D; Oy(p. [n. &c]) = Day,-
(A48)

The {(0,0, )} momentum little group only mixes &;, &, in
orbits, so &; becomes independent. Hence, the (0, 0, 0)
momentum taste orbit {(z,0,0,x),(x,0,7,0),(z,7,0,0)}
splits into two parts: a two-dimensional orbit
{(7,0,7,0), (7, 7,0,0)} with little group Oy(p. [z¢. &c]) =
C,, and a one-dimensional orbit {(x,0,0,7)} with little
group Oy (p, [r¢, Ec]) = Dy. One then restricts the original
little group, Dy, to the two new little groups giving the
following irrep decomposition:

A7 Ipy~c,, = 43, (A49)

A;|D4h—>D4 =A;. (ASO)
This restriction is performed by considering the characters
of the conjugacy classes which remain after removing the
elements not contained in the respective subgroups. The
standard character decomposition [46] is employed to
obtain the irreps of the subgroups. In both cases here,
there is only one irrep contained, Ay and A, respectively.
Hence, there are now two (0,0, £) momentum irreps from
the original single zero-momentum irrep

(0,0,£)%[(r, 7,0,0), 1]xA; — 6 x 2D, (A51)

(0,0,2)x[(7,0,0,7), 7|xA; —6 x 1D.  (A52)
This splitting of the taste orbit into separate irreps is
observed in the pion spectrum computed in Sec. Il F.

4. Staggered operators

Following the form of the staggered action in the
hypercubic representation [66,67], one formally writes a
staggered-quark operator in the hypercubic representation
(spin-taste basis) as

014523-23



SHAUN LAHERT et al.

PHYS. REV. D 114, 014523 (2026)

Os®r(h) = g(h)T's @ Trq(h). (AS3)
This operator has a spin quantum number from I'y and
a taste quantum number from FT.“ Numerical simulations,
however, are typically performed in the representation of
Eq. (A6). Recasting the operator in this form results in
“phase-shift” operators,

Ol (p.1) = Y e Pig(n)y(n+8)p(n),  (AS4)

i

where the operator has now also been given a momentum
p. The unbarred field is shifted by a spatial offset 6 and
there is an associated spacetime-dependent staggered phase
¢(n). The relationship between these two representations is
given by

¢(n) = %tr(F;Q(n)*FSQ(n +1t+s)), (A55)

0=t+s mod 2, (A56)
where Q(n) is defined in Eq. (A3) and s and ¢ are four
vectors which specify the spin and taste y structure. In this
work, we use the 'y ® ' labeling to denote the operators,
but the phase-shift form is used in the computation. Only
symmetric-non-time-shift operators are considered,

1

O((pi&)(l_?” 1) = N

2 0% (B.1).
sym "I,

(A57)

with an average over forward and backward directions for
each component of § performed. Symmetrizing in this way
guarantees the operators have well-defined parity and, for
flavor singlets, charge conjugation.

The phase-shift operators can be straightforwardly
related to the rows of the irreps from above by acting on

0@ (5 = 0): ) = (1) 20",

them with the staggered symmetry transformations and
reading off the quantum numbers:

Eii 00 (P) = Ci(®)p() %5 (B).  (ASS)
I5:00, () > (—1)2[@0‘{;5)(—5), (A59)
Ry: 005 (P) = Oy (B), (A60)

Co: (’)‘(”iﬁ)

(B) = eP(=1)2%(8) 005 (B).  (A61)
where ¢’ (p’) is obtained from ¢ (p) via the given rotation.
The momentum is specified through Eq. (A54). As the sum
in Eq. (A54) does not include ¢, the operator is local in time
and hence can excite irreps with any energy. Similarly, this
results in &, not being fixed, hence the operators in
Eq. (A54) excite states with &, = 0 and &, = z—without
a full construction of the transfer matrix, operators of
definite &, cannot be constructed. This is the source of the
well-known issue with local-time staggered operators,
whereby states with both positive and negative continuum
parity are excited, resulting in temporal oscillations in
staggered correlation functions. Under the action of rota-
tion group, Eq. (A60), the transformed operators {(¢’, &)}
form a basis of the taste little group. Constructing the
representation from this basis then allows one to determine
the rotation irrep.

Operators corresponding to the examples considered in
Eqgs. (A44)-(A46) are given by

(i) taste singlet, spin vector, (0,0,0)x[(0,0,0,0),z|xTg

Or®(p=0): pn)=ni(n), 6 =25 (A62)

(ii) taste vector, spin vector, (0,0,0)x[(x,0,7,7),0] %A

(iii) taste vector, spin pseudoscalar, (0,0, ¢)x[(x,0, 7, ), 7| XA,

O (5 = 0.0.0): gl 5

6=1(0,0,0,0); (A63)
—1)m+m (0,0,1,1 ifi=1
SR ST (A64)
(=1)mtmtns (0,1,0,1) if i=2

As mentioned, the first operator corresponds to taste-singlet vector meson; it contains a one-component shift. To preserve
gauge invariance, these operators have gauge links connecting fields on different sites. Hence, this operator is referred to as
a one-link operator for the single link connecting y and y. The second operator is local and is named so. For the last irrep, the
taste-vector pseudoscalar, the operator O07s®7i also excites the same states but contains a shift in the time direction, so we do
not use it.

""The gauge links are left out for simplicity.

014523-24



TWO-PION CONTRIBUTION TO THE HADRONIC VACUUM ...

PHYS. REV. D 114, 014523 (2026)

For the nonzero-momentum example irreps considered above, Eqgs. (A48) and (A52), we have

@) (0,0,0)x[(r,7,0,0), z]xA]

O (F=0): pln). 5=

(i) (0.0.2)x|(z.7.,0,0), z]xAs

o5 = 0.0.0): o). 0=

(i) (0,0,2)x[(x.0,0,7), 7]%A,

051 (5 = [0,0.1]): pln) = (1),

Here, the first operator excites the rows of an irrep which
then splits into two nonzero-momentum irreps which are
excited by the second and third operators.

5. Connecting staggered observables to the continuum

There are two considerations when connecting an
observable computed with staggered quarks to a continuum
observable. The first is the subduction from the states in the
continuum to the states of the staggered lattice group. As
mentioned in Appendix A2b, for staggered quarks a
SU(4), symmetry emerges in the continuum, meaning
all states with the same quantum numbers, but different
tastes, are degenerate and have the same properties as the
same physical state. This degeneracy is lifted at finite lattice
spacing, hence there is a nontrivial spectrum of states for

Continuum Group
SU(4)T X SU(Z)S x PxC

|

[SU(2);, x SU(2)s] % [SU2)r x P x C]

|

Staggered Rest Frame Group
(SW4 X F2’2)
(—-E x —E)
{Rija RjkEkj} x {Co, Zo, Z123, CoZols}

—

(—1)n0+n1+ﬂz, (0,0, 1, l) ifi=1
(=1)mtm (0,1,0,1) ifi=2; (A65)
(—1)"0+nl+"3, (0’ 1, 1’0) ifi=3
—1 n0+n1+n2’ 0’0’1’1 ifi=1
I~ ( ) 1 l ; (A66)
(=1)mtm (0.1,0,1)  ifi=2
6=1(0,1,1,0). (A67)

each physical state. A central part of this work is under-
standing this taste-split spectrum as it pertains to two-pion
states. The second consideration is the contribution of the
four quark tastes to the staggered-fermion determinant.
This is resolved by so-called (fourth) rooting; the effect of
this on the observables computed in this work is discussed
in Appendix E.

a. Continuum decomposition

The decomposition from the continuum symmetry group
irreps to the lattice irreps discussed above is laid out in
Ref. [39]. However, there are some errors in that work, so
we reproduce the full discussion here with corrections.
Ignoring flavor, subduction from the continuum group to
the lattice group is given by the following map:

Staggered Group w/o Translations
F4’1 X Oh
{E, Co} x {Rij, Is}

|

Full Staggered Group: G,
(Z?VS/Q X F4$1) X Oh ’
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where the meaning and role of SW, xI',, is explained
below. The symmetry group in the continuum for a
flavorless state is SU(4); x SU(2)g x P x C."> Here, P
and C are continuum parity and charge conjugation, which
are distinct but related to spatial inversion /¢ and staggered
charge conjugation Cy; SU(2)g is the standard continuum
spin group with integer and half-integer spin representa-
tions; SU(4), is the continuum symmetry group of four
degenerate tastes. We have two bosonic representations of
SU(4), labeled 0 and 15. The SU(4) singlet 0 is one
dimensional and decomposes to the taste singlet,
7z = (0,0,0,0), while the SU(4) fundamental irrep 15
is 15-dimensional and decomposes to all other tastes.

The 15 taste transformations Eﬂ, s, E”Es, EW are
generators of the continuum SU(4), but also exist as a
subgroup inside it as is the case for the doubling symmetry,
Eq. (A10), which has the equivalent group structure. By
examining the action of these transformations in momen-
tum space [40], one finds that Z;; lie in a SU(2), subgroup
while By and E,3 = E|5,E; lie in a commuting SU(2),
subgroup, i.e., SU(2), x SU(2)z € SU(4);. The bosonic
irrep decomposition for this step is given by

SU(4) — SU(2) x SU(2), (A68)
0 - (0,0), (A69)
155 (0,1) @ (1,0) & (1.1), (A70)

where 0 and 1 on the rhs are the familiar one-dimensional
“spin 0” and three-dimensional “spin 1" irreps of SU(2).
For the second step of the decomposition, parity and
charge conjugation correspond to their continuum counter-
parts, with an additional taste transformation. The relation-
ship between spatial inversion and parity is straightforward
to read off from Eq. (A16)
I¢ = PE,. (A71)
Charge conjugation is more complicated, but the process of
extracting it is described in Ref. [39]. It amounts to the
following procedure, first count the zeros in the taste irrep
orbit representative vector z; Then the relationship
between the continuum charge conjugation C and lattice
charge conjugation Cj is

C ¢
O =

—C,
Lattice rotations correspond to simultaneous rotations of

staggered taste and spin, Eq. (A60), and sit inside the
diagonal subgroup of SU(2), x SU(2)s, which is

if 0s=0,3,4

| (A72)
if 0s=1,2

lepaIt from the inconsequential Uy (1) that corresponds to
baryon number conservation.

subduced into the group generated by {Z;.R;}.
Rewriting this generating set as

{Rai R}, (A73)

Ry = RyEy. (A74)
gives a group isomorphic to SWy, the symmetry group of
the hypercube, which appears in the map shown above.
Below, SW, is a useful tool for decomposing continuum
states into staggered irreps.

The group SU(2)r x P x C is subduced into the
group generated by the remaining staggered symmetries
{80, Ei23, 15, Cy}. Using Eqgs. (A71) and (A72), where
again, rewriting generators

{Eo. Ei23. CoBols. Co} (A75)
gives the defining set of mutually anticommuting gener-
ators of 15,

E(2) = (CoZols)* = _C(Z) = _:%23 =1 (A76)

The group

(SWy xTy,)/(—E x —E) (A77)
is the staggered rest frame group and is isomorphic to
the group I'y;x0y in Eq. (A32). The quotient factor
(—E x —E)" ensures only bosonic- and fermionic-type
irreps exist in the direct product, i.e., Abelian irreps of I, ,
are combined with nonprojective irreps of SW,, while the
faithful four-dimensional irrep of I'; , is combined with the
projective irreps of SW,. The irreps and characters of SW,
are given in Refs. [39,68], however, there are some errors in
Table 6 of Ref. [39]. In Ref. [68], Table 3 2a for SW, is
correct, even though it is subduced from Table 3 3b, which
interchanges the characters for (1, 0) and (0, 1). The bosonic
irrep part of the character table is reproduced in Table X VI
with the classes labeled by class representatives corre-
sponding to Eq. (A73). In the case of bosonic (Abelian)
irreps of I'; ,, the homomorphism I'; , — 73 furnishes 16
one-dimensional irreps. These irreps are labeled by
ar = (€. €123 &1- &), taking values O or 7. The characters
are straightforward and are given in Eq. (B1).

The subduction from SU(2), x SU(2)g = O(4) — SW,
is described in Ref. [68]."* One restricts SU(2), x SU(2)
to SW, using the natural mapping with O(4). It is then
straightforward to decompose the representations of the

BE denotes the identity element of the respective group.

"“The ordering of SU(2), x SU(2) is the correct one given
the definitions of the (0, 1) and (1, 0) irreps in Refs. [39,68], but
Ref. [39] subsequently flips the order when carrying out its
subduction analysis.
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TABLE IX. Irreps for the isomorphic groups (SW, x I',,)/(—E x —E) and I'y ; XOy,. The first five rows are the
irreps corresponding to row one in Table VIII, the next five are the irreps in row two of that table.
(SWy x T5,)/(-E x ~E) [y X0y Dimension
EEED@(gOa 51237 glsa fo) [(&o. &1, E2.&3). EC] X]A(gf’s 1
JE1L &), ECIAST 1
®(§07£1237€]57€C> [(50 162 fg) édx 1
EB@ (S0, 123, &1, &) [(0- 1562, 83)s fc]NEff" 2
(0,1) ® (&0, €123, &1+ &) [(‘-?valvfbé)vfcb‘lTSaS
(0,1) ® (o, €123 150 60) [(50,51,52,53)7&})4“5’3
® (&0, €123, €15, €0) (€0, &1. 6. &), EcIAg ™ 3
®(&o, €123, &g, ) ((E0, &1, &5, &3), Ec]0AS™ 3
(1,0) ® (0. €123 &1 E0) [(50’51,52,53)75c}>4145515
(1.0) ® (fo 123, 8155 6c) [(50’51’4:2’4:3)7&})41455'3
6 ® (o, 123, &15.85¢) (o1 E1. £, &), Ec]ES™ 6

restricted group using the standard character vector algebra
(the same process as in Appendix A 3 a). Explicit results for
spin 0, 1, 2 are given here,

(0,0) — T, (A78)

(1,0) = (1,0), (A79)

(0,1) = (0,1), (A80)

(1,1) = H o, (A81)

(0,2) — e ©,1), (A82)

(1,2) —ﬁj@ﬁ@(m)@m. (A83)

The irrep [T 1 1] in Table XVI appears first in the three
subduction.

For SU(2)z x P x C — I';,, one just needs to subduce
SU((2)g = {Ey,E123} = Dy, which is straightforward for
the bosonic case via the homomorphism Dy, — Z, X Z,. C,
and P follow from Egs. (A71) and (A72). The mapping is
given in Ref. [39],

SU(Z)R - Zz X Zz, (A84)

0 - (0,0), (A85)

1 - (7,0)@® (0,7) ® (r,7), (A86)
where the irreps and characters for the group Z, x Z, are
given in Table X VII. This completes the second step of the
continuum decomposition map. The isomorphism between
the rest frame group and Eq. (A32) without translations is
straightforward, as they contain the same generating
elements, just rearranged. One makes the identification
between the classes and matches the character vectors of
the irreps. There are 17 1rreps/classes inI,, and 13 irreps/
classes in SW, giving a total of 221" in the direct product,
however, 58 of them are removed through the Z, x Z,
quotient giving 163 classes corresponding to the 160 zero-
momentum bosonic irreps in Table VIII and the 3 fermionic
irreps which are not considered here. The similarity
between the irreps is given in Table IX.

With this similarity, the first three steps of the decom-
position are completed. The final step just follows what is
described in Appendix A 3 a. To illustrate the full procedure,
the decomposition of the spin-zero meson with P = —1 and
C = 1'° and momentum in the z direction is performed. The
decomposition for other momenta is given in Appendix C 2.
Also given in Appendix C 1 is the decomposition of the
p meson, including the example from Ref. [39] which is
repeated but with a corrected decomposition. The continuum
spin-zero state can be in the taste-singlet irrep 0 or the taste-
15 irrep 15, hence we have

(0,0) —

(0,0) ® 0 — IO ® (0,0),  (A87)

It is a coincidence that the number of irreps/classes coincides
w1th the recurrence of periodical cicadas.
1A pion if the correct isospin is chosen.
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(15,0) = (1,0) @1 (1,0) @0 & (0,0)®1 —
(1,0) ® (m,0) ® (1,0) ® (0,7) ® (1,0) ® (7, 7) & (1,0) ® (0,0) & (A88)
MO (7,0) IO (0,7) @OITIR (7, 7).

Proceeding with the mapping from Table IX, using Egs. (A71) and (A72) with P = —1 and C = 1 and the characters from
Table XVII,

ITO® (0,0) ~ (0,0,0) x [(0,0,0,0),0] x Ay : O%®0,0,0), (A89)
[T ® (m,0) ~ (0,0,0) x [(7,0,0,0),0] x A5 : O?%77°(0,0,0), (A90)
(ITO® (0,7) ~ (0,0,0) x [(0, 7,7, 7), 7] x Ay : O%%7(0,0,0), (A91)
I (71'7 7T) ~ (07 07 O) A [(7’(’, 7T77T>7T)7 O] X AS_ : OVS@A{S(()? 07 0)7 (A92)

(1,0) ® (7,0) ~ (0,0,0)x[(z, , z,0), 7] xAS : Or:®r:(0,0,0), (A93)
(1,0) ® (0,7) ~ (0,0,0)x[(0,0,0, z), 0] xA; : O"s®s71(0, 0, 0), (A94)
(1,0) ® (7, x) ~ (0,0,0)x[(x,0,0, z), 7] xAS : Ors®i10(0,0,0), (A95)
(1,0) ® (0,0) ~ (0,0,0)x[(0, 7, 7, 0), z]xA5 : Ors®71(0,0,0), (A96)

where corresponding operators, using Appendix A 4, are also given. The first four irreps are one dimensional, the last four are
three dimensional, giving 4 4+ 12 = 16 “pion” states, as expected. For nonzero momentum in the continuum, one decomposes
the zero-momentum lattice irreps. For momentum (0,0, p.) one has

(0.0,0)x](0,0,0.,0),0]xA; — {(o, 0,1)x[(0,0,0,0), 0]xA, : O%®1(0,0,1) (A97)
(0,0,0)x[(x.0,0,0),0]xAf — {(0,0, 1)x[(z,0,0,0),0]xAy: O7®0(0,0,1) (A98)
(0,0,0)x[(0, 7, w, 7), | xA; — { (0,0, 1)x[(0, 7, w, ), | @A, : O75®70 (0,0, 1) (A99)
(0,0,0)x[(z, 7w, m, ), 0| xA; — {(0, 0, \)x[(x, 7, m, 7),0]xAy: O®75(0,0,1) (A100)
0,0, 1)x[(z,0, x, Ay: Ors®1%:(0,0, 1
(0,0,0)x[(. 7. 7,0), 2] xAT — {( )2|(x. 0.7 7). 7]l (0.0.1) (A101)
(0,0, 1)x[(7, m, =, 0), ] xA, : O5®3(0,0,1)
0.0, 1)x[(0,0,0,7), 0]xA: O7s®3(0,0, 1
(0,0,0)x[(0,0,0, 7). 0] xA; — {( el 7), OeAo: (0.0.1) (A102)
(0,0,1)x[(0,0, 7,0),0]xA, : OFs®r57(0,0, 1)
0,0, 1)x[(z. 0,0, Az Or8r10(0,0, 1
(0,0,0)x[(z, 0,0, z), 7]AT — {( )2[(.0.0.7). zdy: (0.0.1) (A103)
(0,0, 1)x[(7, 0, 7,0), 7] A5, OFs@%70(0,0, 1)
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(0,0,0)x[(0, z, z,0), 7| xA; — {

Here, again, the last four irreps undergo taste-orbit splitting
at nonzero momentum. It is also important to note that the
operators given will excite states in irreps of both parities
for 50 and 53.

APPENDIX B: CHARACTER TABLES

This appendix contains the character tables used to
construct the irreducible representations in Appendix A.
These are, again, contained in Ref. [39]. However, we
repeat them here to address slight notational differences in
irrep labeling and minor errors in some tables in that work.

1. Character tables for little groups

Here we give the character tables for the little groups of
the taste-orbit under rotations defined in Table VIII. The
two (0, 0, 0) momentum taste little groups, Oy, and Dy, are
given in Tables X and XI. For momentum (0, 0, n), the two
little groups, D, and C,,, are given in Tables XII and XIII.
The remaining unique group character tables, D3 and Z,,
are given in Tables XIV and XV. Where the little group

(0,0,1)x[(0,0, 7, ), | xA5: Ors®7=73(0,0, 1)
(0,0,1)x[(0, z, 7, 0), | xAy: OFs®7=7i%(0,0,1).

(A104)

orbits, we indicate in the caption and include the unique
rotation group elements for each case in the table.

2. Character tables for staggered rest frame groups

The characters for the bosonic irreps of the group SW,
are given in Table XVI. A mapping to the class labeling in
Refs. [39,68] is given in the first column. The first four
irreps are induced from the symmetric group S4. The
irreps, (1, 0) and (0, 1), are subduced from the full four-
dimensional rotation O(4) = SU(2) x SU(2) and remain

irreducible. The penultimate two, (1,0) and (0, 1) are the

product of the previous two with E In the last column, 6 is

a six-dimensional irrep obtained from O(4) [68].

For the bosonic case, any group element g of I'; , can be
represented as a four-vector I which takes values O or 1
depending on what generators g contains. The characters
for the bosonic irreps, labeled by zp, of I';, are then
given by

structure is repeated for different momentum and taste X (g) = et (B1)

TABLE X. Character table for the p = 27(0,0,0)/L, n; = (&, 7, z, ) little group Oy,

Representative element ~ Class size  A] A; A A7 Ej E; Ty Ty T{ Ty

E 1 1 1 1 1 2 2 3 3 3 3

I 1 1 -1 1 -1 2 -2 3 -3 3 -3

Ri,R1, 3 1 1 1 1 2 2 -1 -1 -1 -1

RiaR o s 3 -1 1 -1 2 =2 -1 1 -1 1

Ri 6 1 1 -1 -1 0 0 1 1 -1 -1

Riols 6 1 -1 -1 1 0 0 1 -1 -1 1

RiR Ry 6 1 1 -1 -1 0 0 -1 -1 1 1

Ri>R Ryl 6 1 -1 -1 1 0 0 -1 1 1 -1

RisRys 8 1 1 1 1 -1 -1 0 o 0 0

RiaRysls 8 -1 1 -1 =11 0 0 0 0
TABLE XI. Character table for the p = 27(0,0,0)/L, z; = (&,0, 7, z) little group Dyy.
Representative element Class size Af Ay AT AT AT A5 A3 A3 E; Ey
E 1 1 1 1 1 1 1 1 1 2 2
Ig 1 1 -1 1 -1 1 -1 1 -1 2 -2
Ry 3R3 1 1 1 1 1 1 1 1 1 -2 -2
RysRoslg 1 1 -1 1 -1 1 -1 1 -1 -2 2
Ri,R1 2 1 1 1 1 -1 -1 -1 -1 0 0
RiR ol 2 1 -1 1 -1 -1 1 -1 1 0 0
Ri>R ,Ry3 2 1 1 -1 -1 -1 -1 1 1 0 0
RiRyRysls 2 1 -1 -1 1 -1 1 1 -1 0 0
Ry 2 1 1 -1 -1 1 1 -1 -1 0 0
Ry 2 1 -1 -1 1 1 -1 -1 1 0 0
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TABLE XII. Character table for the p = 27(0,0,7)/L, n; =
(&g, 7w, m, &) little group Dy.

Representative element Class size Ay, A; A, Ay Ej

E 1 1 1 1 1 2
RiR, 1 11 1 1 =2
Ris 2 1 1 -1 -1 0
RixRy3 Ryl 2 1 -1 -1 1 0
RysRosls 2 1 -1 1 -1 0
TABLE XIII.  Character table for the p = 27(0,0,7)/L, n: =

(é0.0,7.&;) and the p =27/ (£,£,0)/L, nz = (&y, 7, m, &) little
group C,,.

Representative element  Class size A, A, Ay, Az

E 1 1 1 1 1
RisR 5 /RpR 0 g 1 1 1 -1 -1
Ry3Ry3 15/ R1nRy3Ry31 1 1 -1 1 -1
R31R3115/R3R3R, 1 1 -1 -1 1

TABLE XIV. Character table for the p = 27(¢,¢,¢)/L, n: =
(&9, 7, 7, 7) little group Ds.

Representative element Class size Ay A E,
E 1 1 1 2
RxRi, 2 1 1 -1

Leaving charge conjugation, C, and spatial inversion, /g,
out of this group gives the corresponding character table for
the bosonic representations of Z, x Z,, Table XVIIL.

|

3. Rest frame groups isomorphism

The staggered lattice group has two useful representa-
tions at zero momentum, the first representation,
(SWy xT,)/(-E x —E), (B2)

is useful for subducing from the continuum. It has the
generating elements

{Rij. Ryj = RjEy;} x {E0. Epoz. CoBols. Co}.  (B3)
{0, B3, CoFols, Co} = {I'1, 15, I3,y (B4)

The second representation of the group,
[y 10y, (B5)

is useful for considering states at nonzero momentum
by the natural extension, T;xI'y;xOy. It has generating
elements

{B0. 81, B2, B3, Co} x{R;;, I} (B6)

The similarity between the irreps is given in Table IX.

APPENDIX C: STAGGERED IRREPS

1. The staggered p
Using the tools described in Appendix A 5 a, the full the
decomposition of the vector meson with negative parity
and negative charge conjugation is given here for zero
momentum,

(0,1) > (0,1) ® 0 = (0,1) ® (0,0) (C1)

(15,1) > (1,)®1 & (L) ®0 & (0,1)®1 —
o @) o He 0.1 @ e (n,7) & H 2 0,0) @
6®(m,0) ® 6 (0,71) ® 6®(m,7) & 6 (0,0) D
0,1)® (1.0) @ (0,1)®(0,7) & (0,1)® (,7).

(€2)

The term (0, 1) ® ((#.0) @ (0, x) @ (#, 7)) was mistakenly written with as (1,0) ® ... in Ref. [39]. Proceeding with the
mapping from Table IX, using Eqgs. (A71) and (A72) with P = —1 and C = —1 and the characters from Table XVII,

TABLE XV. Character table for the p=2x/(£,7.0)/L, =r:=(&.0,7 &), p=2x(¢.¢,¢)/L,
me = (&.0,7,7), p=2n(¢.¢,m)/L, n; = (& 7w, 7w, ) and p = 27(0,£,m)/L, n; = (&, m, m, ) little group Z,.

Representative element Class size Ap Ay
E 1 1 1
RiRols/RipR1pRy3 15/ R1pRy3Rp3 s/ RysRo3 1 1 1 -1
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TABLE XVI. Character table for the bosonic irreps of SW,, in agreement with Ref. [68] but correcting errors in EE] Bjj and ﬁj
of Ref. [39]. ' ’

B g° 5 -

Label  Representative element  Class size [T 1] (1,o) (0,1) (1,0) (0,1) 6

I E 1 1 1 2 3 3 3 3 3 3 6
1 R»R), 6 1 1 2 3 3 -1 -1 -1 -1 =2
11 RiyR1R;3R3 1 1 1 2 3 3 3 3 3 3 6
v Ry, 12 1 -1 0 1 -1 1 1 -1 -1 0
\Y% R,R 1Ry 24 1 -1 0 1 -1 -1 -1 1 1 0
VI RizRpR 1, 12 1 -1 0 1 -1 1 1 -1 -1 0
VII Ri»R»; 32 1 1 -1 0 0 0 0 0 0 0
VIII Ri;3R 1R 15R5; 32 1 [ | 0 0 0 0 0 0 0
IX Ri;Rx3R43 24 1 -1 0 -1 1 1 -1 -1 1 0
X R»R»R 24 1 -1 0 -1 1 -1 1 1 -1 0
XI Ri2R 3R R>; 12 1 1 2 -1 -1 -1 -1 -1 -1 2
XII Ri3R1R1R 5 6 1 1 2 -1 -1 -1 3 -1 3 -2
XIII RioR3 6 1 1 2 -1 -1 3 -1 3 -1 =2

TABLE XVII.  Character table for the Z, x Z, group corresponding to the bosonic representations of {Ey, =53 }.

Representative element Class size ©, 0) (7,0) (0, 7) (7, 7)

E 1 1 1 1 1
=, 1 1 ~1 1 -1
= | 1 1 -1 -1
EoEi3 ! ! 1 —! !

(0,1) ® (0,0) ~ (0,0,0)x[(0,0,0,0), z]xTy : O"®1(0,0,0) (C3)

(0,1) ® (7,0) ~ (0,0,0)x[(x,0,0,0), z|xTg : O":®s70(0,0,0) (C4)

(0,1) ® (0,7) ~ (0,0,0)x[(0, 7, , ), 0]x T : O"®70(0, 0, 0) (C5)

(0,1) ® (m, ) ~(0,0,0)x[(r, , m, ), m|xT§ : O"®75(0,0,0) (Co)

H®(0,0) ~ (0,0,0) x [(0,7,7,0),0] 1 A7+ O"E1%(0,0,0) ()

2 ® (7,0) ~ (0,0,0) % [(x,7,7,0),0] x A+ : O¥%(0,0,0) (C8)

H e (0,7) ~ (0,0,0) x [(0,0,0,7),7] x Ay : OV®57%(0,0,0) (C9)

H % (m,7) ~ (0,0,0) x [(7,0,0,7),0] x Af : OY®%0(0,0,0) (C10)

6 ® (7,0) ~ (0,0,0)x[(r, z, 7, 0), 0]xE] : O"®7i(0, 0, 0) (C11)
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6 ® (0,7) ~ (0,0,0)x[(0,0,0, ), z]xE : O"®7(0,0,0) (C12)
6 Q® (m,7)~(0,0,0)x[(%,0,0,7),0]xE] : O"®ir(0,0,0) (C13)
6 ® (0.0) ~ (0,0,0)x[(0, 7. 7,0, 0]xE; : 710, 0,0). (C14)

In this work, we use the states and operators associated with Eq. (C3), called the one-link or taste-singlet p. Continuing
with the example from Ref. [39], giving the p momentum (0,0, p.) results in

(0.0,0)x[(2.0.0.0). 2]xT — { (0,0, 1)x[(x,0,0,0), z]xA, : Or:®570(0,0, 1) c1s)
o TR T (0,0, 1)x[(7,0,0,0), z]xEy: Or=®7570(0,0, 1)
0.0, 1)x[(0, 7, 7, ), 0] Ay : O7:870(0,0, 1
(0.0.0(0, ). st — {00 R O (c16)
(0,0,1)x[(0, 7, &, ), O] X Ey : OF#®70(0, 0, 1)
0,0, 1)x[(x, 7, 7, 7), 7| xA, : O1®73(0,0, 1
(0,0,0)%[(z, . 7, 7). A]¥TF — {( )3lm, . 7 7). 7] e ®( ) (C17)
(0,0, 1)x[(z, m, m, @), m|XEy: O"#%75(0,0, 1)
(0.0,0)%((0. 7.,7.0). 0]xA: — { (0,0, 1)x[(0, 7, ,0), 0]xA | : O+ i+ (0, 0, 1) c18)
o T (0,0, 1)x[(0,0, 7, z), 0]xA, : Or= 8zt (0,0, 1)
0),0]x4,: O%®7%(0,0, 1
(0,0,0)x[(z, . 7.0), 0]xA; — { ((z. z,2,0).0) o _®<_ ) (C19)
(7,0, 7, 7),0]xAy: O"#®i(0,0,1)
)x[(0,0,0, 7), 2] %A, : O787573(0,0, 1
(0,0,0)x[(0,0,0, ), >4A0—>{ 7). 7] e ( ) (C20)
)x[(0,0, 7, 0), 7]xA, : Or=®1571(0,0, 1)
0,0, 7),0]xA,: O7:8%:10(0,0, 1
(0,0,0)x[(z, 0,0, 7), 0] <A — { (#.0.0.). 0] o ®_( ) (C21)
(ﬂ 0,7,0),0]xA,: O"=®i7 (0,0, 1)

(0,0, 1)x[(0, 7, ,0), 0| R E : O"#®i7%:3(0, 0, 1)
(0,0, 1)x[(0,0, 7, 7). 0] xAy : O"#®":73(0,0, 1) (C22)
(0,0, 1)x[(0,0, 7, 7). 0 xA, : Or:®ix73 (0, 0, 1)

(0,0,0)x[(0, , 7, 0), 0] xE,

E;
(0.0,0)|(z, 7, 7, 0), 0] xE] (0,0, 1)x[(7, 0, 7, ), 0] <A, : O"=®1573 (0,0, 1) (C23)
(0,0, 1)x[(, 0, 7, ), 0]xA5 : 07875 (0,0, 1)

(0,0, 1)x[(0,0,0, 7), 7]xE, : O"#®71373(0,0, 1)
(0,0, 1)x[(0,0, 7, 0), 7] xAy : O"#®7375% (0,0, 1) (C24)
(0,0, 1)x[(0,0, 7,0), 7| xA; : Or:®rs7i+(0,0, 1)

(0,0,0)x[(0,0,0, ), 7|xE;

{ (0,0, 1)x[(x, m, 7, 0), 0]xE,: O=®73(0,0, 1)
+
0 {

(0,0, 1)x[(x,0,0, ), 0| xE, : Or=®r370(0,0, 1)
(0.0,0)x[(7,0,0,7),0]xE; — < (0,0, 1)x[(z,0,7,0),0]xA, : Or=®i=1(0,0,1) (C25)
(0,0, 1)x[(x,0,7,0), 0]xA, : Or3®7%70(0,0, 1)
giving a different breakdown as to what is described in Ref. [39]. The breakdown in that work is likely incorrect due to

the aforementioned issue in footnote 8 of this appendix. Alongside this, there is also a further error in the decomposition
to nonzero momentum which the above breakdown corrects.
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2. The staggered pion

The full decomposition of the pseudoscalar with P = —1 and C = 1 is given here for the range of momentum considered

in this work. Using the results from Appendix A 5 a, the zero-momentum irreps and operators are

(0,0) = (0,0) ® 0 » ITI® (0,0),
(15,0) > (L0)®1 @ (1,00®0 & (0,0)®1 —

(1,0)® (7,0) @ (1,0)® (0,7) @& (1,0)® (m,m) & (1,0)® (0,0) &

MIO® (r,0) & IO® (0,7) & IO (7, 7).

Relating these irreps to the irreps of Eq. (A32),
[TT1® (0,0) ~ (0,0,0) x [(0,0,0,0),0] x A, : (’)75@1(0,0,0),

(IO ® (1, 0) ~ (0,0,0) x [(,0,0,0),0] x AT : ©€15%(0,0,0),
T ® (0,7) ~ (0,0,0) x [(0, 7,7, 7), 7] x Ay : O?%7(0,0,0),

IO (m,7) ~ (0,0,0) x [(7r,7,7,7),0] x A5 : O%73(0,0,0),

(1,0) ® (7,0) ~ (0,0,0)x[(7, , x,0), ] xA; : O"s®7i(0, 0, 0),

(1,0) ® (0,7) ~ (0,0,0)x[(0,0,0,7),0]xA5 : Ors®s71(0,0,0),

(1,0) ® (7, x) ~ (0,0,0)x[(x,0,0, z), 7] xAS : Ors®rir0(0,0,0),

(1,0) ® (0,0) ~ (0,0,0)x[(0, 7, 7, 0), 7| xA; : Or®7i7:(0, 0, 0).
The (0, 0, 1) momentum subduction is given by

(0,0,0)x[(0,0,0,0),0]xA7 0.0, 1)x[(0,0,0,0),0]xA,: 07®(0,0,1)

(0,0, 1)x[(x,0,0,0), 0]xAy: O7s®7570(0,0, 1)
0.0,

(0,0,0)x[(0, 7, , )

0
(0,0,0)x[(.0,0,0),0]xA; —
1)%[(0, 7, 7, 7)., 7] XA, : O75®70(0,0, 1)

.,

(0,0,0)x[(x, 7, w, ), 0] XA (0,0, 1)x[(r, m, &, ), 0]xAq : O5®75(0,0, 1)

(0,0, 1)x[(x,0, w, ), | @A, : O3®7%: (0,0, 1)
0,0, 1)x[(x, 7, 7,0), z]xA, : O5%713(0,0, 1)

at
- {0
4 = {(
-1
(0,0,0)x[(, 7, 7,0), 7] xA] — {

)x[(0,0,0, x), 0]xA, : O7s®7573(0,0, 1)

0,0,0)x((0,0,0, ><1A
( ) 7). - { )[(0,0,7,0),0]xA, : Ors®rs7% (0,0, 1)
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(0,0,0)x[(%,0,0, 7), 7]xAT — {(0, 0.1)x[(7,0,0. ), z]xA; : O"®7:10(0, 0, 1)
,0, .0,0,7), 2 (0,0, 1)x[(7,0,7,0), 7] xAz: Ors®=7(0,0, 1)

(0.0,004((0.7,5,0) £ — { (0.0, 1)((0.0,. 7). Ay 07:®7=7:(0.0, 1)
s Yy 9 Il Il ’ 2

(0,0, 1)x[(0, , 7, 0), 7] xAy : Os®7i75 (0,0, 1).

The (1, 1, 0) momentum momentum subduction is given by

(0,0,0)x[(0,0,0.0),0]xA7 — {(1, 1,0)x[(0,0,0,0),0]xA, : O=®(1,1,0)

(0,0,0)x[(.0.,0,0),0]xA; — { (1,1,0)x[(x,0,0,0),0]xAy: 078770 (1,1,0)

(0,0,0)x[(0, 7, 7, ), m|xAy — < (1,1,0)x[(0, 7, 7, 7), m|xA; : 0@ (1, 1,0)

(0,0,0)x[(7. 7, 7 7). 0] AT — {(1, 1,0)[(7. 7, 7, 7), 0] Ag : O5®5(1, 1,0)

(1,1,0)x[(x,0, z, ), ] xA, : Os®ri% (1, 1,0)

0,0,0)x[(x, z, 7, 0), 7| xAT —
(0.0.0)l(r7.7.0). 042 = {1 | ) {( 2, 1,0). ]y OF5®@(1.1.0)

(1,1,0)x[(0,0,0, x), 0] xA3: Ors®7s73(1,1,0)
(1,1,0)x[(0,0, 7,0),0]xA, : Os®rs7i5 (1, 1,0)

(1,1,0)x[(%,0,0, x), x| xA, : Os®r300 (1, 1,0)

(1,1,0)x[(7,0, 7,0), x| <A, : Ors®=70(1,1,0)

mamﬂmaa@ﬁmgq{
(0,0,0)x[(x,0,0, ), 7|xA; — {

(0,0,0)(0, 7, 7, 0), 2] xA3 — { (1. 1,0)x[(0. 0, 7. x). x]Ag: 07577 (1, 1,0)
s Yy 9 4l Il ’ 2

The (1, 1, 1) momentum subduction is given by

(0.0.0)x[(0,0,0,0), 0]xA; — { (1,1, 1)x[(0,0,0,0), 0]xA, : Os® (1,1, 1)

(0,0,0)x[(x,0,0,0), 0] @A 1, 1)x[(7,0,0,0),0]xA,: O®sr0(1,1, 1)

5= (1,
(0,0,0)x[(0, 7, , ) - < (I, 1, 1)x[(0, 7, 7, x), m|xA, : Os®0 (1,1, 1)
(0,0,0)x[(z, m, m, ), 0| @A — < (1,1, 1)x[(%, 7, 7, ), 0]xAy: 075875 (1,1, 1)

(0.0,0)x[(z, m, 7,0, 2| xA; — { (1,1, 1)x[(z,0, 7, 7), z]xA, : Or®i(1,1, 1)

-
et
-1
t

(0,0,0)x[(0,0,0, ), 0]xA; — {(1, 1,1)x[(0,0,0, ), 0]xAy: O"s®rs7i(1,1,1)
mﬂmw@aawﬂmge{u¢m4maa@ﬂMNWMM@Ln

(0.0,0)x[(0, 7, 7.0), a3 — { (1,1, 1)x[(0, 0,7z, z), a]xg: O<E171(1,1,1).
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APPENDIX D: STAGGERED TWO-PION
CLEBSCH-GORDAN COEFFICIENTS

In this appendix, the CGs for the two cases of staggered
two-pion states which couple to the taste-singlet vector
current are given. These are two-pion states built out of
single-pion states, which are either one or three dimensional
at zero momentum. We only consider the case for momen-
tum p, p; =0, 1 i.e., the irreps and operators described in
Appendix C2 (see Appendix IIIC for an explanation
of this).

1. One-dimensional pion irreps

These irreps correspond to Egs. (C27)—(C30). All these
cases are equivalent and have the same decomposition
as appears with Wilson fermions. We use the pseudo-
Goldstone-boson pion, Eq. (C30), for illustration. The case

TABLE XVIII. Clebsch-Gordan
(0,0,0)x[(0,0,0,0), z|xT; & -

table for

0,0, 1)x[(7, z, =, @),
-. The irreps in the rows and columns are labeled by the corresponding operators.

for one unit of momentum, (0, 0, 1), is given in Sec. Il A
but we give the results again here in Table X VIII, along with
the higher momentum CGs, (1,1,0) and (1,1,1) in
Tables XIX and XX, respectively.

2. Three-dimensional pion irreps

For the case of the irreps which are three dimensional at
zero momentum, Eqs. (C31)-(C34), we use the taste-
pseudovector one-link pion as the representative example.
Again we start with repeating the results from Sec. III A
while including the one-dimensional split irrep here before
the higher-momentum cases. The (0,0,1) momentum
irreps and operators are given in Table XXI for the one-
dimensional case and Table XXII for the two-dimensional
case. For (1, 1,0) momentum, the one- and two-dimen-
sional irrep CGs are given in Tables XXIII and XXIV,
respectively. Finally at (1, 1, 1), we have a restoration of the

0]xA¢ ® (0,0, 1)x[(7, @, 7, @), w| Ay =

Tensor product row 0r®1(0,0,0) 0r®1(0,0,0) 0r®1(0,0,0)
Ors®75(1,0,0) @ O7s®r5(—1,0,0) \/LE 0 0
Ors®r3(—1,0,0) ® 0":®r5(1,0,0) - 0 0
Oys®75(0 1,0) ®(f)y5®y5( -1,0) 0 % 0
Ors®rs(0, -1,0) ® O"®r5(0, 1,0) 0 - 0
0r:®15(0,0,1) ® O7s®75(0,0,-1) 0 0 %
Ors®rs (O7 0, _1) ® Ors®rs (() 0, 1) 0 0 %
TABLE XIX. Clebsch-Gordan table for (1,1,0)x[(z, z, 7, 7),0]xAy ® (1,1,0)x[(x, 7, 7, &), | xA) =

(0,0,0)%[(0,0,0,0), z]xTy @ - - -. The irreps in the rows and columns are labeled by the corresponding operators.
Tensor product row 0®1(0,0,0) 0r®1(0,0,0) 0r®1(0,0,0)
Ors®rs(1,1,0) ® O75®r3(1,1,0) ~ - 0
Ors®rs(— ,—1 0) ® O75®rs(—1,-1,0) -k -k 0
Ors®rs(—1,1,0) @ Ors®rs(-1,1,0) —ﬁ ﬁ 0
Ors®rs(1, -1, 0) ® Ors®rs(1,-1,0) - -k 0
Ors®rs(1,0,1) ® O7s®r3(1,0, 1) _ 0 _
Ors®rs (1,0, -1) @ Ors®s(—1,0,-1) -k 0 -k
Ors®rs(=1,0,1) ® O1®rs(~1,0, 1) - 0 &
0rs®r5(1,0,-1) @ O®75(1,0,—1) ﬁ 0 —ﬁ
Ors®rs(0,1,-1) ® O7®r5(0, 1, 1) 0 & -k
Ors®r5(0,-1,1) @ O®75(0,-1,1) 0 —ﬁ ﬁ
Ors®rs(0,1,1) ® O7®r3(0, 1, 1) 0 & g
Ors®r5(0,-1,-1) ® Ors®5(0, -1, -1) 0 —ﬁ —ﬁ
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TABLE XX. Clebsch-Gordan table for (1,1,1)x[(x, 7,7, 7),0]xAy ® (1,1, 1)x[(%, 7, 7, @), 7| xAg =
(0,0,0)x[(0,0,0,0), z]xTy @ - - -. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row on®l(0,0,0) 0r®1(0,0,0) 0r:®1(0,0,0)
Ors®rs(1,1,1) @ O®rs(1, 1, 1) 1 L 5
Ors®rs(~1, -1, 1) @ OB®rs(=1, -1, —1) aa -1 ~1
O:szis( 11, 1)®Ors?g£ 1,1,1) _lﬁ Lfgl %81
gh@ysgi’_i 1)1) ®Of®73(1(1_1 11) 1) f _f f
T V3 VB VB
Or®rs(~1,1,-1) ® O%®s(~1,1,~1) -1 o ~4
ors®rs(1,1,-1) @ On®rs(1,1, 1) 5 5 -5
Ors®rs(—1,-1,1) @ Or®rs5(—1,-1,1) -1 -1 -

TABLE XXI. Clebsch-Gordan table for (0,0, 1)x][(0,0,0,x),0]xA4, ® (0,0, 1)x][(0,0,0, x), z]xAg =
(0,0,0)x[(0,0,0,0), z]xTy @ - - -. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row on®1(0,0,0) 0r®1(0,0,0) 0r®1(0,0,0)
(975@7571(1 0, ()) ® (975@7571( 1,0, ()) ﬁ 0 0
075®m]( 1,0,0) ® (9}’5®75r1(1 0,0) _ﬁ 0 0
Ors®rsr2 (0, —1,0) ® Ors®rs12(0, 1,0) 0 _ﬁ 0
Ors®rs12(0,1,0) @ Ors®rs72(0, —1,0) 0 \/LZ 0
Ors®rs13(0,0,1) @ Ors®rs13(0,0, —1) 0 0 ﬁ
Ors®rs13(0,0,—1) @ O®r573(0,0, 1) 0 0 ﬁ

TABLE XXII. Clebsch-Gordan table for (0,0, 1)x][(0,0,7,0),0]xA4, ® (0,0, 1)x][(0,0,x,0), z]xA, =
(0,0,0)x[(0,0,0,0), z]xTy @ - - -. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row 0n®1(0,0,0) 0r®1(0,0,0) 0r:®1(0,0,0)
(975®7572(1 0, ()) ® (975®ysyz( 1,0, ()) ﬁ 0 0
Ors®rs13(1,0,0) @ Ors®rsr3(—1,0,0) ﬁ 0 0
(975®7577( 1,0, ()) ® @rs®wz(1 0, ()) _ﬁ 0 0
Ors®rss(—1,0,0) @ Or®rs73(1,0,0) _ﬁ 0 0
Os®rsr3 (0 1, 0) ® O}’s@?s}’z( -1, 0) 0 \/LE 0
Ors®rs11(0,1,0) @ Ors®r71(0,—1,0) 0 \/LZ 0
Ors®rsr3 (0, —1,0) ® Ors®rs13(0,1,0) 0 _ﬁ 0
(975®7571( -1,0) ® Ors®rsr (0,1,0) 0 _ﬁ 0
Ors®rs11(0,0,1) @ Os®rs11(0,0, —1) 0 0 ﬁ
Ors®rsra 0,0,1) ® Ors®rs12 (0, 0, -1) 0 0 ﬁ
Ors®rs11(0,0,—1) @ O®r571(0,0, 1) 0 0 _ﬁ
Ors®rsra (0,0,-1) ® Ors®rsra (0,0,1) 0 0 _ﬁ
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TABLE XXIII. Clebsch-Gordan table for (1,1,0)x][(0,0,0,7),0]xA; ® (1,1,0)x][(0,0,0, n), 7]xA; =
(0,0,0)x[(0,0,0,0), z]xTy @ - - -. The irreps in the rows and columns are labeled by the corresponding operators.
Tensor product row on®l(0,0,0) 0r®1(0,0,0) 0r®1(0,0,0)
Ors®rs(1,1,0) @ Ors®r3(1,1,0) s & 0
Ors®rsrs(—1,-1,0)  Ors®rsr3(—1,-1,0) —\/Lg —% 0
Ors®rsrs (=1,1,0) ® 01513 (—1,1,0) -k X 0
Ors®rsrs (1, -1,0) @ Ors®rsr3(1,-1,0) ﬁ —% 0
Ors®r2(1,0,1) @ Ors®r72(1,0, 1) - 0 x
Ors®rsr2(—1,0,-1) ® Ors®rsr2(—1,0,-1) —\/Lg 0 —ﬁ
Ors®rs(—1,0,1) ® O (=1,0,1) -k 0 1
Ors®rsr2 (1,0, -1) @ Ors®rsr2(1,0,—1) ﬁ 0 —\/Lg
Ors®rsri (0,1, -1) @ Or®rs11(0,1,-1) 0 \/ig —ﬁ
Ors®rs(0,-1,1) ® Or®rs71(0, -1, 1) 0 - .
Ors®rs 0,1,1) ® Ors®rsr 0,1,1) 0 \/ig ﬁ
Ors®rs11 (0, -1, —1) @ Ors®rs71(0, -1, —1) 0 - X -k
TABLE XXIV. Clebsch-Gordan table for (1,1,0)x][(0,0,7,0),0]x4, ® (1,1,0)x[(0,0,r,0), z]xA, =

(0,0,0)x[(0,0,0,0), z]xT; & --

-. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row

On®1(0,0,0)

or@1(0,0,0) Or®1(0,0,0)

075@7571(1 1, 0) ® O}’S@VS}'I( 1,-1,0
Ors®rsr2 (1,1, 0) ® @Vs@;'syz( 1,-1,0

Ors®rsr1 (=1, -1,0) @ Or®rs11(1,1,0

Ors®rsr2(—1, -1, ()) ® O}’s®75/2(1 1,0

Ors®rsn (-1, 1, ) ® Or;@rm(l -1,0

Ors®rsr(—1,1,0) @ Or®rsr2(1,-1,0

Ors®rsri (], _1 0) ® O}'S®7571( 1,1,0
(=

Ors®rsn2(1,-1,0) @ Or®rsr2(~1,1,0
Ors®rs12(1,0,1) @ Ors®rsr2 (-1, 0,—1
Ors®rsrs (1,0, 1) ® OVS@VW?( -1

O)s®rsra 1,0, _1) ® O?s@)’s/z(LO,
Ors®rsrs 1,0, _1) ® O}’s®75/%(1’0
Ors®rsr2(—1,0, 1) ® OVs@VsVz(l 0,-1

Ors®rsrs (=1,0,1) ® Ors®rs73(1,0, -1
Ors®rsr2 (1,0, _1) ® O}’s®7572( 1,0,1
Ors@rsrs (1,0, -1) ® Or®rs73(—1,0, 1
Ors®rsrs(0,1,1) @ Os®rs73(0, -1, —1
Ors®rsn (0, 1, 1) ® OVS@VS}'I( —-1,-1

Ors®rs13 (0, -1, —1) @ O7®573(0, 1, 1

Ors®rsri (0, —1, _1) ® Ors®rsni (0, 1,1

Ors®rs3 (0,1, 1) ® 07515750,

Ors®rsn (0, 1, —1) ® Ors®rni (0, -1, 1

Ors®rsrs (0, —1, ) ® Ors®rsrs (0’ 1,-1
1) (

)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
)
Ors®rsn (0, —1,1) Q@ Ors®rsri(Q, 1,-1)

(
(=
(=
(=
(=
(1
(
(
(
(=
(=
(=
(=
(
(
(
(
(
(
(
(
(
(

[P

Bl i e

S OO OO OO OR=RI—

ES N N N

E NN N

1
1 0
1 0
-4 0
7 0
? 0
11 0
-1 0
1
1 0
0 i
0 ;
0 -3
0 -
0 i
0 %
0 -3
0 -}
1 1
i i
1 1
4 4
_1 _1
i 7
1 1
4 4
1 _1
4 4
1 _1
i 7
1 1
i i
1 1
4 4

three-dimensional symmetry and hence only set of CGs
given in Table XXV. The (1, 1, 0) momentum irreps and
operators are given in Table XXIII for the one-dimensional

case and Table XXIV for the two-dimensional case. The
(1,1,1) momentum irreps and operators are given in
Table XXV for the three-dimensional case.
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TABLE XXV. Clebsch-Gordan
(0,0,0)x[(0,0,0,0), z|xTy & -

table for

(1,1,1)x[(0,0,0, x),
-. The irreps in the rows and columns are labeled by the corresponding operators.

0]xAo ® (1,1, 1)x[(0,0,0, ), 7]xA, =

Tensor product row 0n®1(0,0,0) 0r®1(0,0,0) 0r:®1(0,0,0)
OVS®7571(1 1, 1) ®O}’5®75}’1( 1,-1, _1) 41_1 41% A‘IW
orsz}'m(l 1,1) ®@y52mv( 1,-1,-1) @ %_t 41%
Ors }’573(1 1, 1) Ors Vs}’x( 1,-1, _1) i vl i
(975®7571( 1,—1,-1) ® O®rsri(1,1,1) _% _ﬁ _ﬁi
s®rsr2 —1. - s®sr2 —_1_ 1 — 1
OV®”( 1,-1, 1)®OV®”(1,1,1) W i e
Ors }’57%( 17_17_1) ® Ors }’57%(171’1) ~7 v -3
Ors®rsr(—1,1,1) @ Ors®rsri(1,—1,-1) _% ﬁ ﬁ
®rs 5® —1. - — 1 1 1
(975®}’ 72( 171’1) ® Ors ®7572(1 1, 1) 4\1/5 41‘ 4\1/5
Ors }’:73( 1, ]7]) ® Ors J’s/s(] -1 _]) W, ™, i
Ors®rsn(1,—-1,-1) @ Ors®rsn(—1,1,1) J_l _#5 _#5
5®7s —1. - 5®7rs 1 1 _ 1
0y®wz(1, 1, 1)@0?@%( 1,1,1) ¥ | T
s 7573(17_17_1) ® Ors Vs/%( 171,1) W _Vf _IZ
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APPENDIX E: ROOTING AND STAGGERED Selyras U, C
OBSERVABLES
, , —a“z > Zi(m)Dg[U.Cl(nlm)y (m).  (E2)
In quantum field theory, observables can be obtained T onmeA

through taking functional derivatives of a generating func-
tional. For the case of staggered fermions, the fermion
determinant, det D ([U], describes four tastes of staggered
fermions for each flavor. This is addressed by taking the
fourth root of the fermion determinant. The rooted stag-
gered path integral is then

S EC

Rooting results in additional factors of }‘ that need to be
included when computing physical observables. As illus-
tration, we obtain the vector-current two-point correlation
function using the staggered action, Eq. (A6). Coupling to a
background photon field C*(n), we have

det D ([U]Jre~%e. (E1)

Uﬂ (n)eiaQ/Cﬂ (n)ém.nJrﬁ

—H.c.
2a ¢

+m 511,mv
(E3)

where H.c. is the Hermitian conjugate. The generating
functional is

C] = / DU [ det D4 [U. Cle~5e.
7

(E4)

The vector-current two-point function is obtained by taking
the second derivative with respect to the source field, giving
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8% log Z|C] 1 8Z[C] _ 1 8Z|C] (ES)
5C,(x)6C,(x')| g ZIC(X)]8C,(x)6C,(x)|ry  Z*[C(X)]6C,(x) |
The second term on the right-hand side is zero by the lattice rotation-reflection symmetries. Then using
det M = exp tr log M, (E6)
first without rooting, gives
1 522[(?] o 1 /D[U]C_SGHdet D [U C]
Z[C(x)] 6C,(x)6C,(x') -~ Z[C(x)] 6C,(x) - =
U / iquCﬂ(x’)é -
xtr[ZD (U, C)(x')iQm, (x ){ u2)e . "”””—H.C.H. (E7)

Taking the second derivative and setting C = 0 gives
= /D SGHdeth [U.C] {U[ZD U, C)(x )ij”(x)Djjl[U, C](x’)ij”(x’)]

—tr{;D;,l[U,C]( )0 (x }xtr[ZD U, C)(x ijﬂ(x)” (E8)

where the lattice current operator, j#(x), was introduced

P(6) = 3 () U030~ Hc ] (E9)

The trace on the first line Eq. (E8) is the “connected” Wick contraction while the product of the two traces on the second line
is the “disconnected” contraction, corresponding to the following two diagrams:

(E10)

where the x implies the background fields are set to zero as above. The effect of the four tastes is to add three additional
quark loops for each flavor.
Recomputing Eq. (ES) for the case of a rooted determinant results in

/D dethU ClJs { tr[ZD [U, C|(x)QyJ"(x) ;'[U,C}(x’)QfJ”(x’)]
- 1—6tr {;D;} (U, C] (x)Q}J”(x)} X tr {zf:p;l (U, C](x)Q " (x’)] } (E11)

There is now a factor of % in the connected component and a factor of % in the disconnected component. From this and
Eq. (E10), one can infer the diagrammatic rule that for every fermion loop in a staggered Wick contraction, a factor of i is
added to obtain the corresponding physical observable.
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APPENDIX F: TIME-SPLIT TWO-PION OPERATORS

1. Operator definitions

As mentioned in Sec. III B, the correlation functions used in this work are generated with time-split two-pion operators.
This modification, introduced in Ref. [45] to address possible Fierz rearrangement of pions on the same time slice, is not
actually necessary with the random-wall sources used here.'” Here, for completeness, we describe the additional
considerations these operators require.

The time-split operators, which are non-Hermitian to start with, are defined as

O52(0.1) = 7g, (p. )7g, (=p.t + 1) — g, (=p. ), (p. 1 + 1), (F1)

Oz (0,1) = ng, (p. 1+ Vg, (=p. 1) — ng, (—p, 1+ V)~ (p. 1), (F2)

using the notation of Secs. III A and III B on the right-hand side. To make apparent the effects of these operators on the
correlation functions described in Sec. III B, it is useful to pull out the time dependence,

OI3(0. 1) = M0, (0)e D), (F3)
O (0,1) = HD O, (0)e !, (F4)

with
Oun(05) = 2 (B)n~ (=) — z* (=p)7 (), (Fs)

now Hermitian.

2. Correlation functions

The two-point function, Eq. (2.10), is unchanged. The C(¢) three-point function, Eq. (3.27), is modified as

nR—p

1 0 0 —_ —
Clt)erop = 3 22 (0,007 (0.0)) = B0l ) nl OS¢ 0}

(F6)
_y 1 1 1 1
I RV R A ,
2 4 Ng 3
—1 oo o
=—n Z @15®e (1) p"3®7% (1) ) p"i®1 () P (o=i)
ON§™ | iy iy i £5,)
X tr[Dl_l (ﬁ() + 57/5@75, 0|ﬁ1 s I)Dl_l (ﬁl + 5}’5@7;’ 1|ﬁ2, t)Dl—l (52 + 51i®! ’ t|ﬁ0, 0)] (F7)

with the same normalizations defined in Sec. III B 2. The zz — zz four-point function becomes

"This was not realized at the time of data generation.
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(F8)

T g () ) O (g PR |
N

TiouTiy g s {6, }
— tr[D7 ! (71 + 5%, 0|5y, 1)D7 ! (i) + 85%74 | 1]ii,, 1)
xD7 ity + 8%, t]ii3, t + 1)D; (i3 + 85%2, t + 1]y, 0)]
+ t[Dy (7ig + 675®74, 0|71y, 1) Dy (i) + 8%, 1]iis, t + 1)
xD7! (i3 + 8% t + 1|ity, t) D7 (i1, + 8%, 1]iiy, 0)]
+ éu[a,—l (g + 8771, Olfiy, ()D7 (7 + 575%7%, 1]y, 0)]
x tr[D7(iiy + 8%, 1|5, t + 1) D7 (73 + 6%t + 17y, 1)]

1 - . - .
- gtr[D,‘1 (7ig + 6"5%74 0|73, t + 1)Dy (715 + 85%%, t + 1|1, 0)]

x tr[Dy Y (ii) + 8% 1|iiy, 1) Dy i1y + 85%2, 1|11, 1)]]. (F9)

APPENDIX G: MULTIEXPONENTIAL MATRIX FIT

An alternative approach to the GEVP method discussed in Sec. III F, for extracting spectrum from the correlation
function matrix in Eq. (2.14), is to perform a multiexponential fit directly to the matrix (MEM fit). Fitting to the following fit

ansatz,
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NS‘H‘ES .
Cij(t) = cij+ > Zh Zo(e Bl 4 e EalT0)
n
MS[H(CS X
+(=1) z Z) oL ose (e Enost 4 g Enose(T=0))

(G1)

enables a complete determination of the spectral informa-
tion obtained by the GEVP, as well as a direct determi-
nation of the constant-in-time finite-time contribution, c; i
that was estimated in Sec. III E. In this appendix we provide
results for this approach, which serves as a cross-check on

both the results obtained in Secs. IIl F and IIT E. As this is to
serve solely as a cross-check, we do not perform a full
systematic analysis of this approach, leaving it to a
later work.

In line with the Bayesian fits performed in Sec. III F 1,
we use as priors for the first seven energies E, and
“diagonal” amplitudes, Zi,i = n, the effective energy
and amplitudes estimated from Eqs. (3.30) and (3.31)
applied to the diagonal entries of the correlation matrix.
For the energies, we take the estimated energy as the central
value and apply a 20% prior width as in Sec. III F 1. For the
amplitudes, as we cannot enforce Z, > 0 for each ampli-
tude due to relative sign differences between the operators

F A ; 11 }
P f NI HHITIIIL L
S * 1TTTT“ 1 ‘[ T

0.430 GEVP BMA (Full Basis, to = 5)
052t £ ; & - nasa]
S b *H
S 1
0501 BN Ngtates =9 W Nggages =11 Notates =13 B Nggares =15 A Mst‘ates =8
BN Ntates =10 BB Nggages = 12 Notates =14 W Mggates =7 X Mstates =8
¥
0.540} W ik
o 11 by besy
= TR HH
0.535
0.591
£ 0.58 e et L kit PR 17 L i
S
0.57F
Oz, . )
<0.60F ; i ¥y i
< ‘ !
0.58} H{]H( H
0.621 ’ ar @ATEAT )
h\jﬁ A ;X é‘)'iHj
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FIG. 12. The stability of the extracted energies with respect to ., Niaes> aNd M5 Of the MEM-fit ansatz of Eq. (G1). The GEVP
energies determined in Sec. III F are indicated with blue bands for each of the states.
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FIG. 13.

L2-normalized component

Comparison of the spectrum obtained from the GEVP performed Sec. IIIF with that of the MEM fit described in this

appendix. Left: comparison of the energies obtained from the GEVP (bands) with the energies obtained from the fits (symbols). The
colors correspond to the largest operator in the optimal operator of that state. Right: comparison of the renormalized eigenvectors of the

GEVP C(ty)v, with the overlap amplitudes of the MEM fit.

in Eq. (2.14), we use a prior centered at zero with the width
given by twice the effective amplitude. For the off-diagonal
amplitudes Z', i # n, we use a loose prior of 0(0.5)." For
the states above these, we use the off-diagonal amplitude
prior for all amplitudes, and we use a loose prior for the

energy splitting of AE, = 0.05(15) where the central value
is characteristic of the splitting of the taste-broken spectrum
in lattice units. For the diagonal constant terms, ¢;;,i = j,
we take the estimates of Sec. III E for the central value with
a 100% prior width, allowing for a large subleading
contribution. The priors for the off-diagonal constants
are given by const; ;= 0(A;;), where the width is obtained
using a conservative Cauchy-Schwartz bound from the
diagonal constants,

Aij = C;i C”

(G2)
Here the overline indicates that the central value is taken
from the diagonal priors.

We fix the fit time ranges through the following pro-
cedure: The maximum times for diagonal correlators C;;(1),
Imax.;i are obtained by choosing the largest #,,,, ;; that yields
an acceptable fit quality for fits to just the diagonal C;;(¢).
The off-diagonal 7., ;; are then obtained by taking

ax,ij

(G3)

tmax,ij = min (trnax,iiv tmax.jj)'

For 1, ;; we enforce a common value, 7 ;i = fmin, for all
correlators and perform a stability analysis over a range of

"The width here is larger than the largest diagonal amplitude
prior.

tmin- In addition to ?,,,, we also scan over the numbers of
regular states, Ny, and oscillating states, M g cs-

The results of this scan are shown in Fig. 12, where we
compare with the energies obtained from the GEVP pro-
cedure in Sec. III F. We find the expected behavior, namely,
that the fits at early ¢, require a large number of excited
states N5 = 14 for good fit quality, as indicated by the Q
value in the bottom panel. As we increase f,,;,, we find that
the number of states needed drops to Nes = 9 at i, = 7.
The results are very stable, especially above the ground state.
Our preferred fit corresponds to the following hyperpara-
meters fiin =5, fnacsi = {15,15,17,14,17,17,17, 17},
Naes = 14, M s = 8, indicated by the light-green trian-
gles. The fit quality for this fit is exceptionally good
at y?/d.o.f.[d.o.f] = 0.74[418].

1. Comparison with the GEVP spectrum

In Fig. 13 (left), we compare the first seven energies
obtained from the GEVP approach discussed in Sec. III F
with the spectrum obtained from the MEM approach
discussed above. The results are all consistent within a
standard deviation. We find that for some states the MEM
approach gives more precise results, but we stress we have
not performed a comprehensive estimate of the systematics
in this approach, as it serves only as a cross-check in this
work. In Fig. 13 (right), we compare the renormalized
eigenvectors of the GEVP C(1y)v," (top row) and the
overlap amplitudes (0|O;|n) obtained from the MEM
approach (bottom row) for each of the first seven states.

"The factor C (1) relates eigenvectors of the GEVP equation
with eigenvectors of C(t).
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FIG. 14. Comparison of the finite-time contribution estimated
from procedure described in Sec. III E (x-value) to the constant
term in the MEM fit (y-value). The dashed line indicates
equivalence.

We observe exceptionally good agreement for all states
except for the last two, where there are some differences,
demonstrating that both approaches predict essentially the
same operator-state mixing. The consistency highlights the
validity of both approaches for extracting the desired
spectrum.

2. Finite-time estimate

In addition to providing an alternative approach to
extracting the spectrum, this method enables a more
robust study of the finite-time effects estimated in
Sec. IIIE. By including a constant term c;; in the fit
for each correlator Cy;(¢) in Eq. (2.14), we can estimate

the size of the subleading finite-time effects not included
in the estimates of Sec. IIIE. In Fig. 14, we compare
the estimates of the leading-order finite-time effects of the
diagonal two-pion four-point functions (x-axis) with the
values of the constants obtained from the MEM fit for
these correlators (y-axis). With the dashed line indicating
exact agreement, we find that for the largest contributions
(the ys ® ys Goldstone pion) the estimate is in good
agreement with the value of the constant obtained from the
fit. As we get to the heavier states, the estimate is more of
an underestimate, possibly due to mixing with lighter
states. However, these contributions are almost 2 orders of
magnitude smaller than the dominant well-determined
estimate. Computing the difference between the constant
and the estimate of Sec. IIIE for this dominant ground-
state contribution, we find the subleading contribution to
be roughly 9(5)% of the total.

In addition to the diagonal two-pion four-point functions
of Eq. (2.14), the MEM fit enables determinations of the
finite-time contributions of the other correlators that appear
in the matrix, namely, the diagonal p two-point functions
C,_,(t), which were also estimated in Ref. [19], and the
off-diagonal three- and four-point correlators. The results
for these, along with results discussed above, are shown in
Fig. 15. We find that the next largest finite time contribution
after the ground-state two-pion correlator comes from the p
two-point correlator. The size of this contribution is of the
same order as the subleading contribution not included in
the leading-order estimate of Sec. III E. All other contri-
butions are at least 2 orders of magnitude smaller. Finally,
we note that the Euclidean time extent (7") of the HISQ
ensemble used in this work is approximately 0.8 fm smaller
than that of all the other physical-mass HISQ ensembles
that will be used in future work; hence, these effects will be
significantly reduced at finer lattice spacings.
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All constants obtained from the MEM fit, Eq. (G1). On the left side of the figure we show the diagonal constants including the

p two-point functions. On the right side we show the off-diagonal constants.
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