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We present results from the first lattice QCD calculation of the two-pion contributions to the light-quark
connected vector-current correlation function obtained from staggered-quark operators. We employ the
MILCCollaboration’s gauge-field ensemble with 2þ 1þ 1 flavors of highly improved staggered sea quarks
at a lattice spacing of a ≈ 0.15 fm with a light sea-quark mass at its physical value. The two-pion
contributions allow for a refined determination of the noisy long-distance tail of the vector-current
correlation function, which we use to compute the light-quark connected contribution to hadronic vacuum
polarization (HVP) with improved statistical precision. We compare our results with traditional noise-
reduction techniques used in lattice QCD calculations of the light-quark connected HVP, namely, the so-
called fit and bounding methods. We observe a factor of roughly 3 improvement in the statistical precision in
the determination of the HVP contribution to the muon’s anomalous magnetic moment over these
approaches. We also lay the group theoretical groundwork for extending this calculation to finer lattice
spacings with increased numbers of staggered two-pion taste states.
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I. INTRODUCTION

The final result from the Fermilab muon g − 2 experi-
ment has enabled a world-average determination of the
muon anomalous magnetic moment aμ ≡ ðgμ − 2Þ=2 with
the exquisite precision of 124 ppb [1]. In contrast, the
latest Standard Model (SM) prediction obtained by the
Muon g − 2 theory initiative in its 2025 white paper
(WP25) [2] has an uncertainty that is roughly 4 times
larger than the experimental average, underscoring the
need for improved theoretical control over the hadronic
vacuum polarization (HVP) contribution to aμ, which is
the dominant source of theoretical uncertainty. Data-driven
dispersive evaluations of the HVP rely on experimental
measurements of the eþe− → hadrons cross sections (the
R ratio), which now have significant unresolved discrep-
ancies in the crucial πþπ− channel [2], making a

meaningful average to obtain a new, data-driven estimate
for aHVPμ presently impossible.1 In light of this situation,
the Muon g − 2 theory initiative instead relied on lattice
quantum chromodynamics (lattice QCD) calculations of
this quantity. Improving the overall precision of lattice
HVP calculations, therefore, continues to be essential, both
for interpreting the muon g − 2 measurement and for
clarifying the status of the data-driven dispersive approach.
Lattice QCD offers an ab initio approach to computing

the hadronic corrections and hence allows for an entirely
SM-based evaluation.2 Significant progress has been made
in recent years toward a precise lattice-QCD determination
of aHVP;LOμ [3–19]. The long-distance (LD) contribution to
aHVP;LOμ has been identified as the dominant source of
uncertainty in lattice calculations and has recently been
the focus of dedicated calculations by the RBC/UKQCD
Collaboration [15], the Mainz group [16], and the Fermilab
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1This situation is expected to change in the coming years,
with ongoing and new measurements as well as theoretical work
to improve Monte Carlo generators and radiative corrections [2].

2The only external inputs are those required to fix the quark
masses and lattice spacing in the QCD Lagrangian, typically
hadron masses.
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Lattice, HPQCD, and MILC Collaborations [19], all of
which were included in the WP25 lattice average [2]. A
hybrid result combining a lattice QCD calculation with
a data-driven evaluation of the LD contributions was also
presented in Ref. [13], though it was published only
recently, after Ref. [2]. Despite this progress, the LD
contribution remains the dominant bottleneck for reaching
the precision needed to fully exploit the final Fermilab
experimental result. The purpose of this paper is to develop
an improved methodology to better control the systematic
uncertainty of long-distance contributions to HVP, as part of
a larger undertaking by the Fermilab Lattice, HPQCD, and
MILC Collaborations [18–21].
The HVP is typically computed in lattice QCD as an

integral over Euclidean time t of two-point correlation
functions with vector-current operators (representing the
corresponding electromagnetic current) at the source and
sink [22,23]. As is well known, vector-current correlation
functions of light-quark operators suffer from rapidly
increasing statistical uncertainty at large Euclidean times,
which in turn limits statistical precision of the integral.
Noise-reduction methods, such as the truncated solver
method, low-mode averaging or improvement [24–28]
coupled with high-statistics computations have been used
to improve statistical precision at large Euclidean times. In
addition, analysis methods such as the bounding [3] and
fit [20] methods can yield further improvements. However,
to obtain lattice QCD results of aHVP;LOμ at the required few
permille level, better control over the LD tail of the
correlation function is needed. In the spectral decomposition
of the vector-current correlation function, the dominant
contributions at large Euclidean times come from two-pion
states (where the pions have back-to-back momenta) with
energies below the ρ0 meson. Hence, a robust strategy is to
compute additional correlation functions to obtain the
energies and amplitudes of all contributing low-energy
two-pion states. This approach, which requires the compu-
tation of two-, three-, and four-point functions, has already
been implemented for order-a-improvedWilson [16,29] and
domain wall fermions [15,30].
In this work, we perform the first such computation for

the case of staggered quarks with the full set of staggered
two-meson operators. First results from this study were
presented in Ref. [31].3 The staggered formulation [34–37]
of lattice QCD, which uses the so-called doubling symmetry
of the naively discretized Dirac action to reduce the number
of spin degrees of freedom from 4 to 1, results in a more
complicated group structure with an additional quantum
number which is called “taste.” Hence, careful treatment of
the modified group structure is needed to correctly resolve

the low-lying spectra. This includes obtaining the irreduc-
ible representations of the staggered group, computing the
corresponding Clebsch-Gordan coefficients and construct-
ing the multiparticle two-pion operators. With the staggered
operator basis in hand, the remaining steps are similar to
those in Refs. [29,30]. After computing the correlation
functions on the a ≈ 0.15 fm highly improved staggered
quark (HISQ) ensemble with a light sea-quark mass at its
physical value [38], we obtain the spectrum of the two-pion
energies and amplitudes from a generalized-eigenvalue-
problem (GEVP) analysis and finally use it to reconstruct
the two-point vector-current correlation function at large t.
We find a significant reduction in the statistical uncertainty
of the resulting aHVP;LOμ over the traditional methods of
large-t noise reduction, in agreement with the studies using
other discretizations. Hence, we plan to incorporate this
approach into our ongoing effort within the Fermilab
Lattice, HPQCD, and MILC Collaborations [20,21] to
compute aHVP;LOμ at the less than 0.5% level.
The rest of the paper is organized as follows. Section II

introduces the vector-current correlation function and its
relation to aHVP;LOμ . Section III details our calculation
strategy, from constructing our operator basis (Secs. III A
and III C), computing the correlation functions (Secs. III B
and III D) and determination of the two-pion energies and
amplitudes from the GEVP (Sec. III F). In Sec. IV, we
present our final results on the a ≈ 0.15 ensemble, for
the two-pion spectrum (Sec. IVA) and our subsequent
reconstruction of the correlation function and computation
of aHVP;LOμ (Sec. IV B). Section V provides a summary and
outlook of the potential impact of this approach. In
Appendixes A–C, we cover the prerequisite details of the
staggered-quark formalism, namely, the notation employed
for the irreducible representations, treatment of staggered
states at nonzero momentum and connection to the con-
tinuum. We include the theoretical details to perform this
calculation at any lattice spacing with any number of two-
pion states. We note that our work builds on the results
presented in Refs. [39–41] and we restate the pertinent parts
using our notation (and include minor corrections).
Appendix D contains tables of the Clebsch-Gordan coef-
ficients and Appendix E discusses the correct weighting of
connected and disconnected diagrams with rooted staggered
quarks. Appendix F details a slight modification made to the
two-pion operators and how it impacts the analysis. Finally,
Appendix G explores an alternative approach to the GEVP
method using a direct multiexponential matrix fit to the
correlator matrix, which serves as a cross-check on our
analysis strategy.

II. PRELIMINARIES

In lattice QCD, the hadronic vacuum polarization con-
tribution to the muon’s anomalous magnetic moment,
aHVP;LOμ , is, typically, obtained from weighted integrals

3See also Ref. [32] for a detailed description of the group
theoretic derivation, analysis steps, and additional background
information. Preliminary results from a similar effort were
reported in Ref. [33].
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of Euclidean vector-current correlation functions [22,23],

CðtÞ ¼ 1

3

X
x⃗;k

hJkðx⃗; tÞJkð0Þi; k ¼ 1; 2; 3; ð2:1Þ

JμðxÞ ¼
X
f

qfψ̄fðxÞγμψfðxÞ; ð2:2Þ

where the electromagnetic current JμðxÞ is summed over all
quark flavors f ¼ fu; d; s; c; b; tg and qf are the corre-
sponding electric charges in units of e. The rhs of Eq. (2.1)
contains both quark-line connected and disconnected Wick
contractions. The leading-order HVP contribution to aμ is
obtained from the following formulas [23]:

aHVP;LOμ ¼ 4α2
Z

∞

0

dt CðtÞK̃ðtÞ ð2:3Þ

K̃ðtÞ ¼ 2

Z
∞

0

dQ
Q

KEðQ2Þ
�
Q2t2 − 4sin2

�
Qt
2

��
: ð2:4Þ

The integration kernel KEðQ2Þ [22], which contains the
muon mass dependence, is given as

KEðQ2Þ ¼ m2
μQ2Z3ð1 −Q2ZÞ
1þm2

μQ2Z2
; ð2:5Þ

where Z ¼ ½ðQ4 þ 4m2
μQ2Þ1=2 −Q2�=ð2m2

μQ2Þ. In lattice-
QCD calculations of aHVP;LOμ the contributions from each
quark flavor and from connected and disconnected Wick
contractions are typically computed separately and then
summed up. Here we focus on the dominant light-quark
connected contribution in the isospin-symmetric limit,
allμ ðconnÞ. Therefore, our electromagnetic vector current
JμðxÞ includes only the up and down terms with both
masses equal, ml ¼ ðmu þmdÞ=2. Additionally, the corre-
lation function CðtÞ includes only the connected contrac-
tions. This can be straightforwardly related to the pure
isospin 1 contribution. Splitting the flavor components of
the vector-current operator from Eq. (2.2) into isospin 1 and
isospin 0 components, Ji ¼ JI¼1

i þ JI¼0
i , gives

JI¼1
i ¼ ρ0i ¼

1

2
ðūγiu − d̄γidÞ; ð2:6Þ

JI¼0
i ¼ 1

6
ðūγiuþ d̄γid − 2s̄γisþ…Þ: ð2:7Þ

We note that JI¼1
i has I3 ¼ 0 and is equivalent to a ρ0

meson bilinear. (In most of the rest of this work the ρ0

notation is employed.) Hence, once charge factors are
accounted for, the following linear relationship between the
light-quark connected and I ¼ 1 correlation functions is
obtained,

hJliðxÞJlið0Þiconn ¼
10

9
hρ0i ðxÞρ0i ð0Þi; ð2:8Þ

⇒ CllðtÞðconnÞ ¼ 10

9
Cρ→ρðtÞ: ð2:9Þ

The light-quark connected correlation function, therefore,
has the following spectral representation,

CllðtÞðconnÞ ¼ 10

9

X
n¼0

jh0jρ0jnij2e−Ent: ð2:10Þ

The average over the spatial direction in Eq. (2.10) is
implicit. The overlap amplitudes h0jρ0jni select the states
jni of the Hamiltonian with the same quantum numbers as
the ρ0.
The signal-to-noise issue discussed in the Introduction

can be traced to the fact that the variance of this correlation
function falls off with an exponent of 2mπ [42]

lim
t→∞

σ2CllðtÞðconnÞ ∼ lim
t→∞

�
hðρ0i ðtÞρ0i ð0ÞÞ2i − hρ0i ðtÞρ0i ð0Þi2

�
∼ lim

t→∞
hðρ0i ðtÞρ0i ð0ÞÞ2i ∼ e−2mπ t; ð2:11Þ

while the signal falls off with the lowest energy I ¼ 1,
I3 ¼ 0 state, which is a two-pion state with the smallest
nonzero back-to-back momentum possible in the finite
volume of the lattice,

lim
t→∞

CllðtÞðconnÞ ∼ e−E
0
ππðp≠0Þt: ð2:12Þ

The noise, the square root of the variance in Eq. (2.11), falls
off more slowly and overwhelms the two-pion signal in the
large-time region.
At present, there are two commonly employed analysis-

based approaches to address the signal-to-noise issue when
computing allμ ðconnÞ, namely, the “bounding” and “fit”
methods:

(i) Bounding method [3]: Two series of allμ ðconnÞ
values are obtained by replacing the correlation
function, CllðtÞðconnÞ, with

CboundedðtÞ

¼
�
CllðtÞðconnÞ if t ≤ tcut;

CllðtcutÞðconnÞe−Eboundðt−tcutÞ if t > tcut;

ð2:13Þ

for upper and lower bounding energies, resulting in
lower and upper bounds on CllðtÞðconnÞ, respec-
tively. Here, tcut is a free parameter that ranges over
the temporal extent of the lattice. The final result for
allμ ðconnÞ is obtained at the value of tcut (or range of
values of tcut) where the two bounds meet. The lower
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energy bound is taken to be the free, lattice two-pion
energy [3,5], Ebound ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2π=LÞ2 þM2

π

p
. The en-

ergy appearing in Eq. (2.12) is the interacting
energy, which is smaller than the free energy due
to the binding energy of the ππ state. However, this
approximation is reasonable because the binding
energy is small enough to shift allμ ðconnÞ by only
a small fraction of the total uncertainties currently
achievable [43].4 The upper energy bound, usually
taken to be Ebound ¼ ∞, can be improved by, instead,
taking the ground state from a fit to CllðtÞðconnÞ. In
the case of staggered fermions, the final choice of tcut
is complicated by the presence of oscillations in the
correlation function. Compared with direct integra-
tion, the bounding method improves the statistical
precision of allμ ðconnÞ. However, the improvement is
limited, because the bounds typically meet well into
the noisy part of the tail, at roughly 2.5–3.5 fm for
physical-mass correlators.

(ii) Fit method [19,44]: For this approach, the correlation
function is fit over a time range suitable for determin-
ing the spectrum. The determined spectrum can be
improved via combined fits to, for example, smeared
correlated functions. The energies and CllðtÞðconnÞ
amplitudes are then used to reconstruct it after some
time t ≥ t⋆. Here, there is a systematic uncertainty
associated with how well the fit correctly parametr-
izes the behavior of the lowest-energy states that
determine CllðtÞðconnÞ in the region where it is being
replaced. This systematic effect has been studied
extensively in Ref. [19].

In this work, we treat the signal-to-noise problem by
obtaining an accurate spectral representation of the vector-
current correlation function at large Euclidean times. For
this purpose, we generate correlation functions using
suitably constructed two-pion operators, from which the
following matrix of correlation functions is formed,

CðtÞ ¼
 
Cρ;ρ̃→ρ;ρ̃ðtÞ Cρ;ρ̃→ππðtÞ
Cππ→ρ;ρ̃ðtÞ Cππ→ππðtÞ

!
: ð2:14Þ

The upper left 2 × 2 block, Cρ;ρ̃→ρ;ρ̃ðtÞ, contains the corre-
lation function constructed with the ρ0 operator of Eq. (2.6)
along with additional correlation functions obtained by
including a smeared version of the operator ρ̃0. This
smearing improves the overlap with the ground state [20].
The bottom right block consists of the two-pion to two-pion
four-point correlation functions, and the size of the block is
given by the number of two-pion operators included. The
off-diagonal blocks are correlation functions constructed
from the (ρ0, ρ̃0) and two-pion operators. With this matrix,

the lowest-lying states for the I ¼ 1, I3 ¼ 0 channel can be
precisely resolved and the tail of CllðtÞðconnÞ can be
reconstructed from this information. A similar approach
was implemented in Ref. [45] in a study of the ρ resonance
parameters with staggered valence quarks, where, however,
only the simplest case of Goldstone-boson pion operators
was considered. Ours is the first study of this system, to the
best of our knowledge, based on a complete description of
the staggered two-pion operators.

III. METHODOLOGY

In this section, we describe all the steps of the calculation.
Section III A describes the computation of the Clebsch-
Gordan coefficients for the symmetry group of the stag-
gered-fermion transfer matrix and, hence, the construction
of the two-pion operators used here. In Sec. III B, we give
the required Wick contractions corresponding to the corre-
lation functions in the matrix of Eq. (2.14). We tabulate the
complete staggered operator bases on the physical-mass
HISQ ensembles in Sec. III C. Section III D describes the
numerical strategy we employ to compute the Wick con-
tractions of Sec. III B. In Sec. III E, we give our preferred
approach for dealing with finite-time effects in the diagonal
four-point correlation functions of Eq. (2.14). Finally, in
Sec. III F, we discuss our GEVP-based approach for
extracting the desired energies and amplitudes from our
matrix using a correlated fit.

A. Operator construction

For the case of staggered quarks, the two-pion states that
couple to the ρ0 need to transform correctly under isospin
and the staggered symmetry group. Under isospin, the two-
pion operators need to transform as I ¼ 1, I3 ¼ 0, where
the single pion operators have the following I ¼ 1 quantum
numbers,

πþ ¼ −d̄u I3 ¼ 1; ð3:1Þ

π− ¼ ūd I3 ¼ −1; ð3:2Þ

π0 ¼ 1ffiffiffi
2

p ðūu − d̄dÞ I3 ¼ 0; ð3:3Þ

and the two-pion operator then takes the form

ðππÞI¼1;I3¼0 ¼ 1ffiffiffi
2

p πþπ− −
1ffiffiffi
2

p π−πþ: ð3:4Þ

The π� states transform into each other under charge
conjugation, so the minus sign on the right-hand side of
Eq. (3.4) ensures that these two-pion states have C ¼ −1,
just like ρ0. The factors �1=

ffiffiffi
2

p
are SU(2) Clebsch-Gordan

coefficients—the rest of this subsection explains how to set
up the analogous construction for the staggered symmetry

4We find that this is true for the differences between interacting
and free energies obtained in this work.
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group, to obtain two-pion operators with the same quantum
numbers as staggered ρ0 states.
Here, “quantum numbers” refer to irreducible represen-

tations (irreps) of the symmetry group of the transfer matrix
of staggered quarks for N3

s spatial lattices. This group is

GT0
ðNsÞ ¼ Z3

Ns=2
⋊ðΓ4;1⋊OhÞ; ð3:5Þ

where T0 refers to the two-time-slice transfer matrix [36],
and ⋊ denotes semidirect product. The factors are, respec-
tively, two-hop translations, the Clifford group of taste and
charge conjugation, and the symmetry group of a cube.
Eigenstates of translations are labeled by momentum p⃗,
where each component satisfies

pi ¼
2π

aNs
li; li ¼ −

Ns

4
þ 1;…;−1; 0; 1;…;

Ns

4
;

ð3:6Þ

for periodic boundary conditions; below it is more conven-

ient to use l
!

to label irreps. For mesons, taste is denoted by
a four-vector with entries �1 or, equivalently, eiξμ ,
ξμ ∈ f0; πg. Similarly, charge conjugation is eiξC ¼ �1.
The irreps of Oh are A�

0 , A�
1 , E�, T�

0 , T�
1 , with the

superscript for parity. We denote a general (bosonic) irrep

ðl1;l2;l3Þ⋊½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊R; ð3:7Þ

where the ⋊ is reminder that the formalism of semidirect
groups is needed to construct the irrep; the last factor R
denotes an irrep ofOh or a so-called little group appropriate

to l
!

and ξμ. Appendixes A–D contain a full discussion of
the staggered group irreps; below we refer to them for
details.
The staggered two-pion operators must transform under

the same irreducible representation as the vector-current
operator. At zero momentum, the 16 tastes are collected into
five irreps; see Appendix C 1. We choose the taste-singlet ρ0

[see Eq. (C3)] because it couples to a ground two-pion state
of two pseudo-Goldstone-boson pions, the lowest-energy
two-pion state possible for any taste. Furthermore, all two-
pion states which couple to the taste-singlet ρ0 are taste
singlets as well, meaning the two pions in the two-pion state
must be in the same taste irrep. Alongside the taste irreps,
we must also consider the momentum and rotation irreps.
This is achieved by computing the Clebsch-Gordan coef-
ficients (CGs) for GT0

×GT0
→ GT0

as follows:

πðαÞðp⃗Þ ⊗ πðα0Þð−p⃗Þ → ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−
0 ;

ð3:8Þ

where πðαÞðp⃗Þ denotes some nonzero-momentum pion irrep,
with the full list of such irreps given in Appendix C 2. The

right-hand side of Eq. (3.8) is the taste-singlet ρ0 irrep
from Eq. (C3).
In order to compute these CGs, the irreps from

Appendix A 3 must be constructed. For values of Ns
typically used in numerical simulations, GT0

ðNsÞ is
enormous, but we are interested only in two-pion states
below ρ0 threshold (see Sec. III C). For the MILC HISQ
ensembles with spatial size around 5–6 fm, that means we
can restrict our attention to states with momenta
li ∈ f0;�1g. According to Eq. (3.6), the smallest group
needed to construct these irreps has Ns ¼ 6. The corre-
sponding transfer-matrix symmetry group [Eq. (A32)] has
only jGT0

ð6Þj ¼ 82944 elements.
The nonzero-momentum irreps correspond to matrices of

dimensions between 6 and 24, depending on the taste and
momentum dimension. Happily, one does not need to
construct and store matrices for each of the 82944 elements
of the group. A smaller subset can be used to form the
tensor product representations in Eq. (3.8) and decompose
them into irreps. If this decomposition contains the taste-
singlet irrep of Eq. (3.8), we then compute the CGs.
For the first step, forming the tensor product represen-

tation and decomposing it, one needs only a representative
element for each conjugacy class to perform the character
decomposition [46]. For Ns=2 ¼ 3, this corresponds to 404
classes. The second step, computing the CGs, is typically
done by summing over all the group elements. However,
for semidirect product groups, the sum can be reduced by
breaking up the group into subgroups and corresponding
cosets [47]. The Clebsch-Gordan matrix U relates a tensor
product representation to the block-diagonal reduced
matrix DR,

DðαÞðgÞ ⊗ DðβÞðgÞ ¼ UDRðgÞU†; ∀ g∈G; ð3:9Þ

where the two representations on the left correspond to the
two single-pion representations on the lhs of Eq. (3.8). The
approach to obtaining U, given in Ref. [47], is summarized
by the following equation,

U ¼ unitarity∶
X
g∈G

½DðαÞðgÞ ⊗ DðβÞðgÞ�ADRðgÞ†; ð3:10Þ

where A is a matrix of entries to be determined from the
unitarity constraint. As mentioned, the staggered group has
the natural structure (nested semidirect product) to reduce
this sum to one over subgroups and cosets. First, the cosets
of the full staggered group under the subgroup Γ4;1⋊Oh are
obtained. This gives ðNs=2Þ3 momentum cosets, with only
one representative element from each coset needed. Then,
the cosets of the group Γ4;1⋊Oh under Oh are obtained, of
which there are 64. So in total, for Ns=2 ¼ 3, one needs
only to store 27þ 64þ 48 ¼ 139 matrices for this step,
where 48 is the order of Oh, the final subgroup. The sum is
thus reduced as
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U ¼ unitarity∶
X

z̃∈ Z̃3
Ns=2

Dðz̃Þ
" X
γ̃ ∈ Γ̃4;1

Dðγ̃Þ
"X
o∈Oh

DðoÞAD†ðoÞ
�
D†ðγ̃Þ

�
D†ðz̃Þ; ð3:11Þ

where the tilde, for example Γ̃4;1, denotes the coset
representatives of the corresponding set. Hence, in combi-
nation with the 404 class representative elements, the total
number of essential matrices needed per irrep, for
Ns=2 ¼ 3, is around 500. This is a significant storage
and computational cost reduction over the total order of
the group.
To illustrate the steps outlined above, we perform the

procedure for two specific cases of Eq. (3.8). The first is the
case of the staggered pion irreps that are one-dimensional at
zero momentum, i.e., the irreps of Eqs. (C27)–(C30). As
taste singlets, they have the same CGs as Wilson fermions.
The second case is for the staggered pion irreps that are
three dimensional at zero momentum, i.e., the irreps of
Eqs. (C31)–(C34). As described in Appendix A 3 a, these
irreps can undergo “taste-orbit splitting” at nonzero
momentum, typically, into a one- and two-dimensional
taste-orbit irrep. The one-dimensional taste irrep is, again,
akin to Wilson quarks, while the two-dimensional irrep is
unique to staggered quarks.
To help illustrate these examples, we introduce the

familiar notation for a general staggered operator with
momentum and spin and taste quantum numbers ΓS and ΓT ,
respectively,

OΓS⊗ΓT ðl1;l2;l3Þ; ð3:12Þ

which are described in Appendix A 4, with the precise
meaning of this notation defined through Eqs. (A53)–(A57).
The operators excite the states of the staggered irreps of
Eq. (3.7). Hence, just as we label a staggered irrep by a
single representative state of that irrep, as in Eq. (3.7), we
can correspondingly label the irrep by a representative
operator which excites this specific state. The correspon-
dence between staggered irrep states and the operators
which excite them is given by Eqs. (A58)–(A61). We

denote this correspondence with the: symbol throughout
the rest of this work, for exampleOγ5⊗γ5ð0; 0; 1Þ∶ð0; 0; 1Þ⋊
½ðπ; π; π; πÞ; 0�⋊A0 for the irrep with pseudoscalar spin and
taste and one unit of momentum.
a. Example 1. For the first case, we take the above-

mentioned pseudoscalar with one unit of momentum,
Eq. (C38), as the representative example irrep. We have
the following decomposition of the tensor product repre-
sentation into irreps:

Oγ5⊗γ5ð0;0;1Þ⊗Oγ5⊗γ5ð0;0;1Þ∶
ð0;0;1Þ⋊½ðπ;π;π;πÞ;0�⋊A0 ⊗ ð0;0;1Þ⋊½ðπ;π;π;πÞ;0�⋊A0

¼ ð0;0;0Þ⋊½ð0;0;0;0Þ;π�⋊Aþ
0 ∶Oγ0⊗1ð0;0;0Þ

⊕ ð0;0;0Þ⋊½ð0;0;0;0Þ;π�⋊Eþ
0 ∶

⊕ ð0;0;0Þ⋊½ð0;0;0;0Þ;π�⋊T−
0 ∶Oγi⊗1ð0;0;0Þ

⊕ ð0;0;1Þ⋊½ð0;0;0;0Þ;π�⋊A0∶Oγ3⊗1ð0;0;1Þ
⊕ ð1;1;0Þ⋊½ð0;0;0;0Þ;π�⋊A0∶Oγ0⊗1ð1;1;0Þ
⊕ ð1;1;0Þ⋊½ð0;0;0;0Þ;π�⋊A2∶Oγ1γ2⊗1ð1;1;0Þ: ð3:13Þ

Herewe have implicitly incorporated the form of Eq. (3.4)
in the above direct product to ensure the desired staggered
charge conjugation, ξC ¼ π, is obtained in the decomposi-
tion. At zero momentum, there are 16 × 16 ¼ 256 staggered
bilinears and 448 irrep rows (states) in total (see Table VIII).
Hence, some irreps, like the irrep including Eþ

0 above, have
no associated simple staggered bilinear which excite them.
This irrep is instead excited by a more complicated staggered
operator with a derivative insertion.
We are interested in the zero-momentum taste-singlet

vector irrep which is the third irrep in the decomposition on
the right-hand side of Eq. (3.4), with the corresponding
operator Oγi⊗1ð0; 0; 0Þ. The CGs are computed for the
states of this irrep using Eq. (3.10) and are given in Table I.

TABLE I. Clebsch-Gordan table for ð0; 0; 1Þ⋊½ðπ; π; π; πÞ; 0�⋊A0 ⊗ ð0; 0; 1Þ⋊½ðπ; π; π; πÞ; π�⋊A0 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5ð1; 0; 0Þ ⊗ Oγ5⊗γ5ð−1; 0; 0Þ 1ffiffi

2
p 0 0

Oγ5⊗γ5ð−1; 0; 0Þ ⊗ Oγ5⊗γ5ð1; 0; 0Þ − 1ffiffi
2

p 0 0

Oγ5⊗γ5ð0; 1; 0Þ ⊗ Oγ5⊗γ5ð0;−1; 0Þ 0 1ffiffi
2

p 0

Oγ5⊗γ5ð0;−1; 0Þ ⊗ Oγ5⊗γ5ð0; 1; 0Þ 0 − 1ffiffi
2

p 0

Oγ5⊗γ5ð0; 0; 1Þ ⊗ Oγ5⊗γ5ð0; 0;−1Þ 0 0 1ffiffi
2

p

Oγ5⊗γ5ð0; 0;−1Þ ⊗ Oγ5⊗γ5ð0; 0; 1Þ 0 0 − 1ffiffi
2

p
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For clarity, we use the more familiar operators instead of
the states to label the rows and columns in the table.
The two-pion operators are constructed from linear

combinations of products of staggered single-pion operators
with the CGs as coefficients. The staggered single-pion and
two-pion operators are defined as

πþ⊗γξ
ðp⃗; tÞ≡ −

1

N3=2
S

X
n⃗

eiap⃗·n⃗d̄ðnÞγ5 ⊗ γξuðnÞ; ð3:14Þ

π−⊗γξ
ðp⃗; tÞ≡ 1

N3=2
S

X
n⃗

eiap⃗·n⃗ūðnÞγ5 ⊗ γξdðnÞ; ð3:15Þ

Oππðp⃗1 þ p⃗2; tÞ
≡ X

ξ1;ξ2;I13;I
2
3
;p⃗1;p⃗2

CGGT0
;isoðξ1; ξ2; p⃗1; p⃗2; I13; I

2
3Þπ

I1
3

⊗γξ1

× ðp⃗1; tÞπI
2
3

⊗γξ2
ðp⃗2; tÞ: ð3:16Þ

Combining the results of Table I with Eq. (3.4) we obtained
the normalized5 staggered-isospin two-pion operator, built
from ⊗ γ5 taste pions, that couples to the third component
of the taste-singlet ρ0:h

O⊗γ5
ππ ð0⃗; tÞ

i
γ3⊗γ1;I¼1;I3¼0

¼ 1ffiffiffi
2

p ½πþ⊗γ5
ðð0; 0; 1Þ; tÞπ−⊗γ5

ðð0; 0;−1Þ; tÞ

− π−⊗γ5
ðð0; 0;−1Þ; tÞπþ⊗γ5

ð0; 0; 1Þ; tÞ�: ð3:17Þ

b. Example 2. Differences from the Wilson case appear
only when one considers spin-pseudoscalar irreps that have
a larger dimension than one at zero momentum. For
example, starting with the taste pseudovector Eq. (C32),
which is three dimensional, giving it one unit of momentum
and taking the irrep where taste orbit is two dimensional as
our starting point [second line of Eq. (C40)]. Here the taste
vector is orthogonal to the momentum. The tensor product
representation then has the following decomposition,

Oγ5⊗γ5γi≠3ð0;0;1Þ⊗Oγ5⊗γ5γi≠3ð0;0;1Þ∶
ð0;0;1Þ⋊½ð0;0;π;0Þ;0�⋊A2 ⊗ ð0;0;1Þ⋊½ð0;0;π;0Þ;0�⋊A2

¼ ð0;0;0Þ⋊½ð0;0;0;0Þ;π�⋊Aþ
0 ∶ Oγ0⊗1ð0;0;0Þ

⊕ ð0;0;0Þ⋊½ð0;0;0;0Þ;π�⋊Eþ
0

⊕ ð0;0;0Þ⋊½ð0;0;0;0Þ;π�⋊Eþ
0

⊕ ð0;0;0Þ⋊½ð0;0;0;0Þ;π�⋊Eþ
0

⊕ ð0;0;0Þ⋊½ð0;0;0;0Þ;π�⋊T−
0 ∶Oγi⊗1ð0;0;0Þ

⊕…; ð3:18Þ

where again we use the form of Eq. (3.4) to obtain the desired
charge conjugation in the decomposition. There are now
multiple copies of the same irrep appearing in the tensor
product representation, as it corresponds to a 12 × 12 ¼ 144-
dimensional reducible matrix. The sixth irrep listed is the one
we are after, and the CGs for this are given in Table II. When
combining these results with Eq. (3.4), we obtain the
following normalized two-pion operator which couples to
the third component of the taste-singlet ρ0,

h
O⊗γ5γi≠3

ππ ð0⃗; tÞ
i
γ3⊗γ1;I¼1;I3¼0

¼ 1ffiffiffi
4

p ½πþ⊗γ5γ1
ðð0; 0; 1Þ; tÞπ−⊗γ5γ1

ðð0; 0;−1Þ; tÞ þ πþ⊗γ5γ2
ðð0; 0; 1Þ; tÞπ−⊗γ5γ2

ðð0; 0;−1Þ; tÞ

−π−⊗γ5γ1
ðð0; 0;−1Þ; tÞπþ⊗γ5γ1

ð0; 0; 1Þ; tÞ − π−⊗γ5γ2
ðð0; 0;−1Þ; tÞπþ⊗γ5γ2

ð0; 0; 1Þ; tÞ�; ð3:19Þ

When computing the three-point correlation function of
this operator and the ρ0 operator that appear in the matrix of
Eq. (2.14), all four terms in Eq. (3.19) give identical
contributions to the correlation functions, which follows
from the taste and rotation symmetry. However, for the
CðtÞππ→ππ four-point correlation functions that also appear
in Eq. (2.14), there are cross terms which are not equiv-
alent. The Clebsch-Gordan coefficients for all the other
cases (momentum and taste) are given in Appendix D.

B. Correlation functions

1. Two points

With the operators in hand, the correlation functions in
Eq. (2.14) can be constructed and the Wick contractions
computed. The ρ operator, Eq. (2.6), at zero momentum is
given by

ρ0kð0⃗; tÞ ¼
1

2N3=2
S

X
n⃗

ūðnÞγk ⊗ 1uðnÞ − d̄ðnÞγk ⊗ 1dðnÞ:

ð3:20Þ

The taste-singlet ρ0 two-point correlation function, in the
isospin-symmetric limit, is

5We are interested only in the overall overlap amplitudes of the
ρ0 operator, so are free to normalize the two-pion operators as we
choose.
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CðtÞρ→ρ ¼
1

3

X
k

hρ0kð0⃗; tÞρ0†k ð0⃗; 0Þiconn

¼
X
n

jh0jρ0jnij2e−Ent ð3:21Þ

ð3:22Þ

¼ 1

24N3
S

X
k;n⃗0;n⃗1;f�δjg

φγi⊗1ðnÞtr½D−1
l ðn⃗0 þ δγi⊗1; 0jn⃗1

þ δγi⊗1; tÞD−1
l ðn⃗1 þ δγi⊗1; tjn⃗0; 0Þ�; ð3:23Þ

where D−1
l are staggered light-quark propagators. The

formulas for obtaining φðnÞ and δ from the spin and taste
structure are given in Eqs. (A55) and (A56) with φγi⊗1ðnÞ,
δγi⊗1 given explicitly in Eq. (A62). The f�δjg in the sum is
a symmetrization over all components of each δ that appear.
We leave the gauge fields implicit, with the trace just over
the color index. The individual multiplicative factors are
left explicit in the Eq. (3.22) to illustrate the different
sources of normalization. The factor of 2 arises from taking
the isospin-symmetric limit. The first factor of 1

4
is from the

operator normalization in Eq. (2.6), and the 1=N3
S is from

the Fourier transformation of these operators to momentum
space. The second factor of 1

4
comes from the staggered

rooting procedure (Appendix E).

2. Three points

The two-pion operators, Eqs. (3.17) and (3.19) and all
others considered here, are built out of Hermitian subop-
erators of the form,

O
⊗γξ
ππ ð0⃗; tÞ¼ πþ⊗γξ

ðp⃗; tÞπ−⊗γξ
ð−p⃗; tÞ−π−⊗γξ

ðp⃗; tÞπþ⊗γξ
ð−p⃗; tÞ:
ð3:24Þ

Hence, all correlation functions containing two-pion oper-
ators can be broken up into a linear combination of
subcorrelation functions each containing an operator of
this form. In following discussions, for simplicity, we just
use Eq. (3.24) when computing the Wick contractions.
The CðtÞππ→ρ three-point function, in the isospin-sym-

metric limit, is then

CðtÞππ→ρ ¼
1

3

X
k

hρ0kð0⃗; tÞO⊗γξ
ππ ð0⃗; 0Þi

¼
X
n

h0jρ0jnihnjO⊗γξ
ππ j0ie−Ent ð3:25Þ

ð3:26Þ

TABLE II. Clebsch-Gordan table for ð0; 0; 1Þ⋊½ð0; 0; π; 0Þ; 0�⋊A2 ⊗ ð0; 0; 1Þ⋊½ð0; 0; π; 0Þ; π�⋊A2 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5γ2ð1; 0; 0Þ ⊗ Oγ5⊗γ5γ2ð−1; 0; 0Þ 1ffiffi

4
p 0 0

Oγ5⊗γ5γ3ð1; 0; 0Þ ⊗ Oγ5⊗γ5γ3ð−1; 0; 0Þ 1ffiffi
4

p 0 0

Oγ5⊗γ5γ2ð−1; 0; 0Þ ⊗ Oγ5⊗γ5γ2ð1; 0; 0Þ − 1ffiffi
4

p 0 0

Oγ5⊗γ5γ3ð−1; 0; 0Þ ⊗ Oγ5⊗γ5γ3ð1; 0; 0Þ − 1ffiffi
4

p 0 0

Oγ5⊗γ5γ3ð0; 1; 0Þ ⊗ Oγ5⊗γ5γ3ð0;−1; 0Þ 0 1ffiffi
4

p 0

Oγ5⊗γ5γ1ð0; 1; 0Þ ⊗ Oγ5⊗γ5γ1ð0;−1; 0Þ 0 1ffiffi
4

p 0

Oγ5⊗γ5γ3ð0;−1; 0Þ ⊗ Oγ5⊗γ5γ3ð0; 1; 0Þ 0 − 1ffiffi
4

p 0

Oγ5⊗γ5γ1ð0;−1; 0Þ ⊗ Oγ5⊗γ5γ1ð0; 1; 0Þ 0 − 1ffiffi
4

p 0

Oγ5⊗γ5γ1ð0; 0; 1Þ ⊗ Oγ5⊗γ5γ1ð0; 0;−1Þ 0 0 1ffiffi
4

p

Oγ5⊗γ5γ2ð0; 0; 1Þ ⊗ Oγ5⊗γ5γ2ð0; 0;−1Þ 0 0 1ffiffi
4

p

Oγ5⊗γ5γ1ð0; 0;−1Þ ⊗ Oγ5⊗γ5γ1ð0; 0; 1Þ 0 0 − 1ffiffi
4

p

Oγ5⊗γ5γ2ð0; 0;−1Þ ⊗ Oγ5⊗γ5γ2ð0; 0; 1Þ 0 0 − 1ffiffi
4

p
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¼ 1

6N9=2
S

X
k;n⃗0;n⃗1;n⃗2;f�δjg

φγ5⊗γξðn0Þφγ5⊗γξðn1Þφγi⊗1ðn2Þeiap⃗·ðn⃗0−n⃗1Þ

× tr½D−1
l ðn⃗0 þ δγ5⊗γξ ; 0jn⃗1 þ δγ5⊗γξ ; 0ÞD−1

l ðn⃗1 þ δγ5⊗γξ ; 0jn⃗2; tÞD−1
l ðn⃗2 þ δγi⊗1; tjn⃗0 þ δγ5⊗γξ ; 0Þ�: ð3:27Þ

Disconnected Wick contributions cancel in the isospin-symmetric limit. The factor of 4 in the Eq. (3.26) comes from four
connected Wick contractions, of which we only show one, which are all equivalent under isospin and parity. The 1

2
is the

normalization from the ρ0 operator, and the 1
4
is from the rooting procedure. The factor of 1=N9=2

S arises from the Fourier
transform of the three operators. We do not generate the CðtÞρ→ππ correlation functions, because they are significantly noisier
with the random-wall source approach used here (see Sec. III D), and it is equivalent toCðtÞππ→ρ under time-reversal symmetry.

3. Four points

The ππ → ππ four-point function, in the isospin-symmetric limit, is

CðtÞππ→ππ ¼
D
O

⊗γξ2
ππ ð0⃗; tÞO⊗γξ1 ;†

ππ ð0⃗; 0Þ
E
¼
X
n

h0jO⊗γξ2
ππ jnihnjO⊗γξ1

ππ j0ie−Ent ð3:28Þ

ð3:29Þ
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The individual factors of 4, 4, 2, 2 in front of the respective
diagrams are independent-diagram multiplicities. The
1
4
; 1
4
; 1
16
; 1
16

are rooting factors (1
4
for each trace).

The numerical simulation presented here actually employs
time-split two-pion operators instead of Eq. (3.28) to address
a potential Fierz-rearrangement issue discussed in Ref. [48].
This modification and the additional considerations it
introduces are described in Appendix F. It turns out that
the Fierz-rearrangement problem does not arise with the
random-wall sources used in this work, hence our ongoing
studies employ Eq. (3.28).

4. Effective energies and amplitudes

We make use of the following formula for extracting the
effective energy and amplitudes from the correlation func-
tions used in this work. The effective energy is obtained from

aE0;effðtÞ ¼
1

2
arccosh

�
Cðtþ 2Þ þ Cðt − 2Þ

2CðtÞ
�
; ð3:30Þ

where the averaging is performed over time separations of
(t� 2) to remove staggered oscillatory effects. The effective
amplitude is then given by the following:

Z2
0;effðtÞ ¼ eNtE0;eff=2

CðtÞ
coshðE0;effðNt=2 − tÞÞ ; ð3:31Þ

where the parameter E0;eff is obtained from Eq. (3.30), once
the function has plateaued.

C. Choosing the operator basis

For the two-pion operators in the matrix, Eq. (2.14), we
choose a range of pion momenta and tastes corresponding
to two-pion energies up to the mass of the ρ0 meson [49].
For this purpose, we construct the noninteracting two-pion
energies using

Efree ¼ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p⃗2 þM2

ξ

q
; ð3:32Þ

where Mξ are the measured ground-state masses of pion
correlation functions obtained from Eqs. (C27)–(C34) and
pi ¼ 2πli=L, li ¼ 0; 1…. This spectrum is shown in
Fig. 1 for the four physical-mass HISQ ensembles currently
used in related g − 2 work from the Fermilab Lattice,
HPQCD, and MILC Collaborations [21]. Figure 1 does
not account for interactions or the taste-orbit splittings
described in Appendix A 3 a, but suffices for deciding
which ππ operators to use.
At 0.15 fm, which is the focus of this work, we see there

are four states below or near the threshold. We include the
taste tensor (red cross) even though it is above the ρ0 mass.
We select an eight-operator basis, shown in Table III.
From the irreps listed in Eqs. (C27)–(C34), we leave out
operators for the taste pseudovector with a temporal taste

component, Eq. (C28), and the taste tensors without a
temporal taste component Eq. (C34). This choice is based
on the fact that these operators, in the form of Oγ5⊗ξ, have
links in the time direction. Averaging over the forward and
backward time links removes the oscillating contribution,
but results in nonlocal time dependence in the correspond-
ing correlation functions. The time link can be removed by
modifying the operators as Oγ5⊗ξ → Oγ5γ0⊗ξ, which pre-
serves the original quantum numbers [see Eq. (A64)]. We
generate additional correlation functions with these modi-
fied operators to check that the variational basis in Table III
is complete, i.e., to check that including them does not
resolve any additional states beneath the threshold. This is
expected based on the degeneracies at zero momentum and
confirmed in our analysis. These Oγ5γ0⊗ξ operators, how-
ever, are found to have significant overlap with excited
states, resulting in very noisy correlation functions; hence,
they are not included in the main analysis presented here.

FIG. 1. Continuum, noninteracting energy spectrum for
πξπξ → ρ case on four physical-mass HISQ ensembles for the
relevant tastes, ξ. The ensembles’ parameters are given in
Ref. [21]. The tastes of the single pions in the two-pion state
are indicated by the color. The back-to-back momentum is
indicated by the symbol shape. Also given is the ρ0 Particle Data
Group mass (blue band) [50] which is used as the cutoff energy
to select the operator basis.

TABLE III. Operator basis on the a ≈ 0.15 fm ensemble. The
single-pion operators in the two-pion states have equal taste and
equal-but-opposite momentum. We indicate the irrep splitting by
listing the operators separately.

Operator Momenta (back to back)

ρ0; ρ̃0

O⊗γ5
ππ (0, 0, 1), (1, 1, 0)

O
⊗γ5γ1=2
ππ , O⊗γ5γ3

ππ
(0, 0, 1)

O
⊗γ1=2γ0
ππ , O⊗γ3γ0

ππ
(0, 0, 1)
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D. Numerical setup

The 0.15 fm HISQ ensemble parameters are given in
Table IV. We use the same numerical strategy as described
in Ref. [21] for the two-point correlation functions in
Eqs. (3.23) and (3.29). For the three-point, Eq. (3.27),
and single-trace four-point contractions of Eq. (3.29), we
employ sequential sources [51]. For these four-point
contractions, this approach requires an additional solve
for each time separation in the correlation function. To
reduce computational expense, we generate a subset of the
total possible time separations, which are shown in the last
column of Table IV. The total number of configurations for
which we compute the correlation matrix Eq. (2.14) is
given in the third-to-last column of Table IV. We calculate
two-point correlators Eq. (3.23) on ≈6000 additional
configurations, as the reconstructed tail accounts for only
about ≈20% of the total value of the integrand, Eq. (2.3),
with the rest coming from the two-point data. We renorm-
alize the vector operator using the results from Ref. [52].
Uncertainties are propagated through the analysis using the
GVAR package [53]. We find that the GVAR uncertainties

are in excellent agreement with jackknife resampling, while
being computationally faster.

E. Finite-time effects

A complication which must be addressed with the matrix
Eq. (2.14) is the non-negligible wraparound contribution that
arises in the diagonal CðtÞππ→ππ correlation functions due to
the finite temporal size of the lattice employed. In general,
the spectral decomposition of CðtÞ ¼ hOðtÞO†ð0Þi is

CðtÞ ¼ 1

Z

X
mn

hmjÔjnihnjÔ†jmie−Ent−EmðT−tÞ; ð3:33Þ

Z ¼
X
n

e−EnT; ð3:34Þ

with the states ordered by increasing energy
E0 < E1 ≤ E2 ≤ � � �.
Inserting a general I ¼ 1; IZ ¼ 0 Hermitian two-pion

operator, Oππ ¼ πþðp⃗Þπ−ð−p⃗Þ − πþð−p⃗Þπ−ðp⃗Þ, gives

¼
P

n;mjhnjπþðp⃗Þπ−ð−p⃗Þ − πþð−p⃗Þπ−ðp⃗Þjmij2e−EnðT−tÞe−EmtP
ne

−TEn
: ð3:35Þ

In order to understand the spectrum excited by this operator
we need the following:

πþðp⃗Þ ¼ b−p⃗ þ a†p⃗; ð3:36Þ

π−ðp⃗Þ ¼ a−p⃗ þ b†p⃗; ð3:37Þ

where a†p⃗ and ap⃗ are creation and annihilation operators of
the πþ states,

a†p⃗j0i ¼ jπþðp⃗Þi; ð3:38Þ

ap⃗jπþðp⃗Þi ¼ j0i ð3:39Þ

and likewise with b†p⃗ and bp⃗ for π−ðp⃗Þ. The amplitude in
Eq. (3.35), after normal ordering, becomes

¼ hnjb−p⃗ap⃗jmi þ hnjb†−p⃗b−p⃗jmi
þ hnja†p⃗ap⃗jmi þ hnja†p⃗b†−p⃗jmi
− hnjbp⃗a−p⃗jmi − hnjb†p⃗bp⃗jmi
− hnja†−p⃗a−p⃗jmi − hnja†−p⃗b†p⃗jmi ð3:40Þ

where the commutator that arises from the second term
cancels with the commutator from the 6th term. For
vacuum initial and final states, jni; jmi ¼ j0i, all the terms
are zero. There cannot be an odd combined-total number of
pions in jni and jmi as the operator has two pions, so the
first nonzero contribution to the correlation function
appears for jni; jmi ¼ jπ�ð�p⃗Þi. There are 16 possibilities
but only the four cases where jni ¼ jmi are nonzero. In
particular, the second, third, sixth and seventh terms of
Eq. (3.40) are only each nonzero once for each of the four

TABLE IV. Ensemble parameters used in this work; from Ref. [20]. Shown are the approximate lattice spacing in femtometers, the
spatial length L of the lattice in femtometers, the size of the lattice, the sea-quark masses in lattice-spacing units, the gradient-flow scale
w0=a [20,54], the taste-Goldstone pion mass [38], the number of configurations analyzed, the number of loose-residual solves per
configuration used in the truncated solver method [24,25], and the time-slice range computed for the four-point functions. We take
w0 ¼ 0.1715ð9Þ fm [55].

≈a (fm) L (fm) N3
s × Nt amsea

l =amsea
s =amsea

c w0=a Mπ5 (MeV) Nconf Nloose tsep

0.15 4.85 323 × 48 0.002426=0.0673=0.8447 1.13215(35) 134.73(71) 3473 16 [3, 17]
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choices, givingh
hπþðp⃗ÞjOππð0⃗Þjπþðp⃗Þi2 þ hπþð−p⃗ÞjOππð0⃗Þjπþð−p⃗Þi2

ð3:41Þ

þ hπ−ðp⃗ÞjOππð0⃗Þjπ−ðp⃗Þi2

þ hπ−ð−p⃗ÞjOππð0⃗Þjπ−ð−p⃗Þi2
i
e−Eπp⃗

T ð3:42Þ

¼ 4hπþðp⃗ÞjOππð0⃗Þjπþðp⃗Þi2e−Eπp⃗
T ; ð3:43Þ

where the symmetry of the operator (squared) under
þ → − and p⃗ → −p⃗ was used. With the weakly interacting
approximation [56],

hπ�jÔπþπ− jπ�i ≈ jh0jπ�jπ�ij2; ð3:44Þ

which is valid for diagonal correlation functions where the
first diagram in Eq. (3.29) dominates, the constant term
4jh0jπ�jπ�ij4e−Eπ�T is then the leading wraparound con-
tribution.
The next nonzero contributions are from jni ¼ jπþð�p⃗Þ×

π−ð∓ p⃗Þi, jmi ¼ j0i and jmi ¼ jπþð�p⃗Þπ−ð∓ p⃗Þi,
jni ¼ j0i. Given the forms of the first and fifth (fourth
and eighth) terms in Eq. (3.40), there are two incoming
(outgoing) states,

2h0jOππð0⃗Þjπþðp⃗Þπ−ð−p⃗Þi2e−Eπp⃗πp⃗
t

þ 2hπþðp⃗Þπ−ð−p⃗ÞjOππð0⃗Þj0i2e−Eπp⃗πp⃗
ðT−tÞ

¼ 2h0jOππð0⃗Þjπþðp⃗Þπ−ð−p⃗Þi2ðe−Eπp⃗πp⃗
t þ e−Eπp⃗πp⃗

ðT−tÞÞ;
ð3:45Þ

where the symmetries of the operator were again employed to
obtain the first two lines. This is the standard cosh form of the
spectral representation of a correlation function on a periodic
lattice. This is taken into account through Eqs. (3.30)
and (3.31) and in the fit ansatz of Sec. III F 1.
Going to higher energies, we find repetition of these two

types of finite-time contributions but with both additional
noninteracting states, which are removed by the denomi-
nator of Eq. (3.35), and interacting states which are

suppressed by factors of e−Eπp⃗
T ≈ 1

30
.

While the leading t-independent term of Eq. (3.43) is
formally small, it is not small in practice in the region of
interest, where t is a bit shorter than T=2. This contribution
is especially relevant for this calculation as T on the 0.15 fm
physical-mass HISQ ensemble is ≈0.8 fm smaller than on
the other HISQ ensembles in Fig. 1.
We explicitly subtract this term from the diagonal

correlators in Eq. (2.14) after obtaining h0jπ�jπ�i and
Eπ� from a fit to the single-pion two-point correlation
functions [third diagram in Eq. (3.29)]. Shown in Fig. 2 is

the result of applying this procedure to the ground-state
correlation function hO⊗γ5

ππ ð0⃗; tÞO⊗γ5
ππ ð0⃗; 0Þi, where we plot

the effective energy, Eq. (3.30), for the original and
subtracted correlation functions.
In the limit t → ∞∼ T=2, the effective energy,

aE0;effðtÞ, should plateau to the ground-state energy if
there is no constant term. From the plot, one sees this is
indeed the case for the subtracted version. Moreover, the
effective energy of the subtracted correlation function
now agrees with the fit result (purple band), while the
unsubtracted effective energy shows clear contamination
from the wraparound contribution. All following results use
the subtracted version of Eq. (2.14) in which the diagonal
two-pion correlators are replaced with the versions that
have the leading wraparound contribution subtracted.
In Appendix G we determine the subleading finite-time

contributions not accounted for here; namely, the finite-
time effects in the diagonal Cρ→ρðtÞ two points and the off-
diagonal correlators of Eq. (2.14), as well as the subleading
constant-in-time contributions not included Eq. (3.43). We
find that, at this level of precision, our results are insensitive
to these effects.

F. The GEVP and optimized operators

To obtain the energies and amplitudes from the matrix,
Eq. (2.14), eigenvectors vnðt; t0Þ are first extracted through
a generalized eigenvalue problem [57],

CðtÞv ¼ λCðt0Þv: ð3:46Þ

Here, the reference time t0 is a free parameter, which we
vary later in the analysis to check for stability. A smaller
value of t0 yields eigenvectors and eigenvalues with better
statistical precision, albeit with potentially larger excited-
state contamination. The resulting vnðtÞ are functions of
Euclidean time. Their asymptotic values, vn, at large
enough t ¼ t0 are the coefficients of the “optimized

FIG. 2. Effective mass of the correlation function CðtÞππ→ππ∶
hO⊗γ5

ππ ð0⃗; tÞO⊗γ5
ππ ð0⃗; 0Þi uncorrected (empty) and corrected (filled)

purple crosses for the wraparound contribution using the method
described in this section. Also shown is the result of a fit to
corrected correlation function.
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operators” [58]. We find that at t0=a ¼ 10 all the vnðtÞ
appear to have plateaued to constants. The optimized
operators with maximal overlap with the states jni are then

χnðtÞ ¼
X
i

ðvnÞiOiðtÞ: ð3:47Þ

Figure 3 provides a visual display of the components of vn
for the full operator basis in Table III. In the plot, the relative
contributions of the original operators to the χn are shown.
For this purpose, the original operators are first normalized,
so their diagonal correlators are equal at time t=a ¼ 10. One
observes that the ground-state optimized operator, χ0, is
predominantly made up ofO⊗γ5

ππ with (0, 0, 1) back-to-back
momenta as expected. The first and second excited states
are primarily built out of the taste-pseudovector, one-link
operators, where the first excited state is an additive
combination while the second is subtractive. The third
operator is primarily the O⊗γ5

ππ operator with ½1; 1; 0�
momentum, but with significant mixing from the other
taste operators. The fourth and fifth are analogous to the
first and second but for the taste-tensor, two-link operators.
The sixth is primarily the smeared ρ0 operator and the last is
essentially a “junk” operator with the normal and smeared
ρ0 operators almost canceling out.
The lowest energies En and overlap amplitudes h0jρ0jni,

that appear in Eq. (2.10), are obtained from the following
correlation functions constructed from the optimized oper-
ators:

v†nCðtÞvn ¼
D
χnðtÞχ†nð0Þ

E
¼
X
n

h
Z2
ne−Ent þ ð−1ÞtZ2

n;osce−En;osct
i
; ð3:48Þ

ðCðtÞvnÞ0 ¼
D
χnðtÞρ0†ð0Þ

E
¼
X
n

h
Znh0jρ0jnie−Ent þ ð−1Þt

× Zn;osch0jρ0jn; oscie−En;osct
i
: ð3:49Þ

The t → T − t terms, from periodic boundary conditions, in
the spectral representation are implicit. In the following
sections, we will also consider variations of the original
operator basis which do not contain the ρ0, in this case we
simply pad the vn with a zero as the first element so that
these formulas still hold.

1. Extracting the energies and amplitudes

In order to extract the energies and amplitudes from
Eqs. (3.48) and (3.49), we perform a combined fit to the
functional forms on the right-hand side of these equations,
including the t → T − t contributions. The sum is truncated
with independent limits for the regular and oscillating
states, Nstates and Nosc: states. With a Bayesian fit approach,
we use prior information for the ground-state energies and
overlap amplitudes extracted from the plateaus of the
effective energy, Eq. (3.30), and amplitude, Eq. (3.31).
These effective energies and amplitudes are shown in
Fig. 4. We take the results of these as estimates for the

FIG. 3. Qualitative picture of the composition of the optimized
operators χn as constructed from the original operator basis in
Table III for a value of t0=a ¼ 5. The picture is qualitative, as the
operators all must be normalized to some common value. This is
achieved by setting their corresponding diagonal correlation
functions equal at a reference time t. Here t=a ¼ 10 is chosen,
the picture varies slightly depending on the choice of reference
time. The horizontal line divides the negative and positive
contributions to the optimized operators. (The matrix CðtÞ is
symmetric and real, hence the eigenvectors are real.).

FIG. 4. Energies (top), optimized operator overlap amplitudes
(middle) and ρ0 operator overlap amplitudes (bottom) for the two-
pion states, extracted from a generalized eigenvalue analysis on
the ≈0.15 fm ensemble with t0=a ¼ 5. Bands are results from
fits, data points are effective masses and amplitudes. The sixth
state is left out due to the significant oscillations and overlapping
error bands, rendering the plot unclear.
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prior central values and assign a 20% width. The effective
amplitude for h0jρ0jni is obtained by taking a ratio of the
respective effective amplitudes of Eqs. (3.48) and (3.49).
We use a prior of ΔE ¼ 0.5ð0.5Þ GeV for the energy
splitting to higher states. The higher-state amplitudes are
given the same prior as the ground state but with 100%
widths. These higher-state priors have little effect on the fits
beyond helping with stability in some cases. Fits are
performed up to Nstates ≤ 3 and Nosc: states ≤ Nstates but
we find that states beyond the first excited state and the
first oscillating state are not well determined, even when
including the earliest time slices. Additionally, we vary tmin
and tmax independently on the two datasets for Eqs. (3.48)
and (3.49). This is beneficial as the two correlation
functions have differing excited-state contamination and
noise-to-signal profiles. The stability of the fit results with
respect to these parameter variations (as well as t0 and
operator basis variation) is discussed in Sec. IVA 1. In
order to select our preferred set of fit parameters, we simply
choose the fit for each n with the highest weight according
to the Bayesian Akaike information criterion (BAIC) [59].
In general, they correspond to what one would obtain from
a more traditional “stability analysis,” i.e., the lowest tmin
and highest tmax in the region of fit stability. Applying a full
Bayesian model average (BMA) procedure, discussed in
Ref. [59], yields consistent results. Table V lists the fit
parameters for our preferred reference time t0=a ¼ 5
(reasoning discussed in Sec. IVA 1) as well as correspond-
ing fit-quality measures, namely the χ2=d:o:f where d.o.f.
stands for degrees of freedom, and the BAIC value. As an
additional cross-check of the extracted spectrum and the
GEVP method in general, we perform an alternative multi-
exponential matrix (MEM) fit to the full matrix Eq. (2.14)
in Appendix G. Our results for both approaches are
completely consistent.

IV. RESULTS

A. Staggered two-pion spectrum

In Fig. 4 we show the resultant GEVP fit energies and
amplitudes for the first six states as color-coded bands.

We find, as expected, that they agree very well with the
effective mass and effective amplitude plateaus shown in this
plot. We also find similar consistency for the highest well-
determined state,n ¼ 6, which is not shownhere6 as it renders
the plot unclear. In Fig. 5 we compare the free, continuum
energy spectrum (symbols) with these extracted energies
(bands). We find that the ground-state interacting energy
(purple band) is roughly 2% smaller than that of the free case.
The expected taste-orbit splitting can be seen in the two-pion
states built from the zero-momentum, three-dimensional
single-pion irreps, Eqs. (C40) and (C42). We see that these
states, namely, n ¼ 1 and 2 and n ¼ 4 and 5 are non-
degenerate. Of these, the two-pion states containing pions
that are two dimensional in the taste dimension are strongly
interacting, while the opposite is true for the states that are one
dimensional (see Fig. 3). This enhanced (suppressed) inter-
action results in a larger (smaller) binding energy and larger
(smaller) overlap amplitudes, as seen in Fig. 4 (bottom panel).

1. Stability

There are many choices that need to be made in order to
arrive at a finalized energy spectrum and, hence, recon-
struction of the vector-current correlation function and
value for allμ ðconnÞ, namely, the choice the operator basis,
the reference time t0, asymptotic time t0, and the fit
parameters for the optimized correlation functions,
Eqs. (3.48) and (3.49), of which there are two sets of
tmin and tmax for each n. Our selections are made as
objectively as possible, using the BAIC weight, and after
checking for stability under reasonable variations, among
other considerations.
We first consider variations in the operator basis by

dropping the ρ0 operators. In Fig. 6, from left to right, we
observe stability in the energies and amplitudes of the first
six states as we drop first the ρ0 operator (middle panel) and
then the ρ̃0 operator (right panel) from the basis. The energy
and amplitude of the seventh state, n ¼ 6, changes slightly,
albeit well within the uncertainty when the ρ0 is omitted,

TABLE V. Fit parameters used to extract energies and amplitudes from Eqs. (3.48) and (3.49). The D (diagonal) and
OD (off-diagonal) labels correspond to the first and second equations, respectively. We display the fit quality through
the χ2=d:o:f: value, which does not include the contribution from priors. We also display the BAIC weight [59], which
we use to select these preferred fit parameters over other variations.

State tmin;D=a tmax;D=a tmin;OD=a tmax;OD=a (Nstates, Nosc: states) χ2=d:o:f: BAIC

0 6 17 6 20 (2, 1) 0.51 67.2
1 6 14 6 20 (2, 1) 0.58 72.7
2 6 14 6 20 (2, 1) 1.14 81.4
3 6 17 6 20 (2, 1) 0.55 81.4
4 6 17 6 20 (2, 1) 0.71 70.9
5 6 17 6 19 (2, 1) 0.98 76.6
6 6 17 7 20 (2, 1) 0.62 70.6

6The n ¼ 6 state is included in the displayed spectra of Figs. 6
and 7.
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which is not surprising given that the operator used to
resolve it contains a significant contribution from the ρ0

(see Fig. 3). As is well known, to obtain a reliable spectral
decomposition of the first n states, at least nþ 1 indepen-
dent operators (correlators) are needed. Hence, in our
following reconstructions of the vector current, which
include the n ¼ 7 state, we use the full eight-operator basis.

In the left-hand side of Fig. 7, we show the eigenvector
(top) and corresponding energy, extracted from the eigen-
value for the n ¼ 2 state as function of t0. The full resultant
spectrum for the same values of t0 is shown in the right-
hand side of Fig. 7. The spectra are broadly consistent with
each other as t0 is varied with the n ¼ 6 state showing some
fluctuation, although still being comfortably within uncer-
tainties. We choose t0=a ¼ 5 as our preferred choice for
this parameter, as it is consistent with other choices and
results in the best agreement with the raw correlator in the
intermediate time range (see Fig. 9).
Finally, we examine the fit stability, in Fig. 8, for a select

number of states as a function of tmin;D and tmin;OD,
the lowest time included in the fit range for Eqs. (3.48)
and (3.49), respectively. We find that the fit results are
consistent across the values we consider, including the
preferred choices from Table V, which are shown as bands.
We do find for higher values of tmin;OD, namely, 9a that the
fit to the n ¼ 6 state fails to converge. Overall, all our
stability checks indicate our final analysis choices result in
well-determined energies and overlap amplitudes that are
consistent with respect to reasonable parameter and oper-
ator basis variations.

B. Correlator reconstruction and noise reduction

With the determined energies and overlap amplitudes,
the correlation function is reconstructed using the sum
in Eq. (2.10) truncated to nmax. The corresponding recon-
structed integrand of Eq. (2.3) is given in Fig. 9.
Reconstructions as more states are included up to the
maximum at nmax ¼ 6 are shown. For visibility, we do not
show the nmax ¼ 2 and 5 reconstructions as they lie on top
of the preceding reconstructions, due to the reduced overlap
amplitudes (see bottom panel of Fig. 4). Additionally, we
do not include any oscillating contributions determined
from the fits. The reconstructions are compared to the raw

FIG. 5. Comparison of the free continuum spectrum of Fig. 1
(symbols) with the interacting spectrum of Fig. 4 (bands).

FIG. 6. GEVP spectrum comparison for three different operator
bases. The first is the full eight-operator basis, the second contains
seven operators with the ρ0 operator dropped, and the third has six
operators with both the ρ0 and ρ̃0 omitted.

FIG. 7. Left: normalized eigenvector for the n ¼ 2 state as function of t0 (top). The eigenvector is selected at t0=a ¼ 10. The
corresponding energy (bottom) is obtained by applying the effective mass formula, Eq. (3.30), to the eigenvalue and performing a
correlated average over the data points t=a > 10. Right: full GEVP spectrum comparison, energies (top) and amplitudes (bottom) for the
same three choices of t0. See legend of Fig. 6 for state labels. The ground-state energy is omitted to improve the visibility of the rest of
the spectrum, as the gap to the first excited state is large (see Fig. 6).
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vector-current two-point data (orange open circles), after
applying improved parity averaging [6] to suppress the
oscillatory behavior for better visualization.
For nmax ¼ 4, there is already good agreement between

the raw data and the reconstruction at t=a > 16. Once the
highest state is included, we have agreement as early as
t=a ¼ 7, but the reconstruction is actually noisier than the
raw data here. In order to select a t⋆ at which to replace
the vector-current correlator data with the reconstruction,
we examine both the stability of allμ ðconnÞ with respect to t⋆
and also the relative error. In Fig. 10, we show the value

allμ ðconnÞ as t⋆ is varied for a range of nmax. We see for
nmax ¼ 6 we have stability starting around t⋆=a > 7 in
agreement with visual indication from Fig. 9. In the
bottom panel, the relative error of these determinations
is given. As mentioned, although the result stabilizes at
t⋆=a ≈ 9, precision is lost if the raw correlator data are
replaced this early, as the reconstruction is noisier; hence,
we select t⋆=a ¼ 13.
Our results for the light-quark connected contribution to

aHVP;LOμ are given in Fig. 11 for the analysis variations
discussed in Sec. IVA 1. Our preferred final result is the
value obtained at the reference time t0=a ¼ 5 using the
full basis (blue band). We make this choice over t0=a ¼ 4
to avoid possible excited-state contamination from the

FIG. 8. Stability of fit results with respect to tmin;D=a and
tmin;OD=a for the n ¼ ½1; 3; 6� states. All fits contain 2þ 1

exponentials and tmax;D=a and tmax;OD=a are fixed to 18 and
20 which corresponds to the maximum available time slice for
tmax;D=a. Bands represent the fits from the preferred values listed
in Table V. Top: ground-state energy. Middle: overlap amplitude.
Bottom: quality of fit as measured by the p value, excluding the
prior contribution.

FIG. 9. Results for the taste-singlet vector-current two-
point correlation function (orange). Reconstruction of the corre-
lation function from determined parameters for states up to
nmax ¼ ½0; 6�. In the region t=a∈ ½7; 13�, the raw correlation
function results are obscured by the nmax ¼ 6 reconstruction.

FIG. 10. Top: results for allμ ðconnÞ as t⋆, the point at which the
correlator is replaced by the reconstruction, is varied. Bottom:
relative error in the determinations of allμ ðconnÞ from the top
figure.

FIG. 11. Results for allμ ðconnÞ from the reconstruction strategy
described in this work, using the 9600 configuration vector-
current dataset. We show results for the variations discussed in
Sec. IVA 1, choosing different values of t0 and also dropping the
ρ0 operator before performing the GEVP. Our final choice of
allμ ðconnÞ is given by the full operator basis at t0=a ¼ 5, indicated
by the blue band and filled symbol. Also included are compar-
isons to allμ ðconnÞ from the different noise-reduction strategies
discussed in Sec. II, aμðfitÞ and aμðboundÞ, as well as aμðdirectÞ,
the result obtained by direct integration of the data with no noise-
reduction applied.
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ρ0 operator at early times. However, we find all variations
give consistent determinations of allμ ðconnÞ. The numerical
value for our final result is given in Table VI, second
column, for the case of using the 3473 configurations of
the two-pion data (first row) and also for the case of using
the additional ≈6300 additional configurations for the
vector-current two-point function (second row). For com-
parison, shown in the third and fourth columns, respec-
tively, and in Fig. 11 are results from the bounding and fit
methods, discussed at the end of Sec. II. Also given is the
result from direct integration of the raw data, which is in
mild tension with the other results, albeit with a much
larger uncertainty, due to the badly behaved tail of the
correlation function, visible in Fig. 9. We find all noise-
reduction strategies address this issue and indeed are all
consistent; however, we obtain an improvement, from the
two-pion reconstruction, in statistical precision over the
bounding approach of roughly a factor of 2.5.

V. SUMMARY AND OUTLOOK

The last few years have seen great progress in lattice
QCD calculations of aHVP;LOμ , culminating in dedicated
long-distance calculations [15,16,19], which fed into the
lattice average of the muon g − 2 theory initiative’s second
white paper [2]. Despite this progress, the long-distance
contribution remains the dominant source of uncertainty in
lattice HVP calculations, and improved methodology will
be essential for reaching the precision needed to fully
exploit the final Fermilab E989 g − 2 result [1].
In this paper, we address this issue by explicitly

computing the contributions from exclusive channel two-
pion states to the vector-current two-point function at large
Euclidean times. Ours is the first study, to the best of our
knowledge, of a staggered multihadron system which
includes the full set of staggered operators. To construct
the two-pion operators, we follow Refs. [39–41] to obtain
the irreducible representations of the staggered group and
compute the Clebsch-Gordan coefficients. The detailed
information needed to construct two-pion operators,

transforming under any staggered vector-current irrep, is
given in the Appendixes. The I ¼ 1 three- and four-point
correlation functions for ρ → ππ, ππ → ρ, and ππ → ππ are
generated on the MILC Collaboration’s physical-mass
ensemble at a ≈ 0.15 fm [38]. A GEVP analysis is used
to extract the finite-volume amplitudes and energies of the
interacting two-pion system. As shown in Fig. 10, the
resulting spectral reconstructions of the vector-current
correlation functions are obtained with greatly reduced
statistical errors at large Euclidean times, while correctly
reproducing the original vector-current correlation function
over a range of Euclidean times down to t≳ 0.8 fm. We
find that results, for allμ ðconnÞ, obtained with the recon-
structed correlation function are consistent with estimates
using the bounding and fit methods, while improving the
statistical precision by roughly a factor of 2.5 (see Table VI
and Fig. 11). In addition, we explore an alternative multi-
exponential matrix fit approach as a cross-check on the
GEVP analysis, finding consistent results. In summary, we
show that the two-pion reconstruction offers a viable path
toward lattice HVP calculations at the few permille level,
also for simulations based on staggered fermions.
The next step is to extend this study to finer lattice

spacings so that the statistical gains survive the continuum
limit. This poses new challenges, because the smaller taste
splittings at finer lattice spacings result in an increasing
number of two-pion operators (see Fig. 1). In particular, for
the MILC Collaboration’s physical-mass ensemble at the
next-finest lattice spacing, a ≈ 0.12 fm, a total of 18 two-
pion operators are needed to resolve the spectrum below the
ρ-meson mass, including two-pion operators made of three-
link (taste vector) and four-link (taste scalar) pions, which
are expected to yield noisier correlation functions. These
challenges will be investigated in a follow-up study on this
ensemble that is already underway.
Finally, the finite-volume amplitudes and energies of an

interacting two-pion system can be related, in the Lüscher
formalism [60], to the corresponding ππ scattering param-
eters in infinite volume. Utilizing this connection for the case
at hand is, however, not straightforward, because the stag-
gered formulation employed in this work violates unitarity, a
result of the taking the fourth root of the staggered-fermion
determinant to represent one quark flavor in the generation
of the gauge-field ensembles. Since the unitarity violations
enter as Oða2Þ discretization errors [61], it may be possible
to extend the Lüscher formalism to incorporate them. This
question was investigated in Ref. [62] using partially
quenched chiral perturbation theory for a nonunitary setup
involving twisted-mass fermions, while in Ref. [63] an
extension of the Lüscher formalism to incorporate discreti-
zation effects was recently presented. Further investigations
into this possibility are underway [64]; if successful, they
could enable ab initio studies of scattering processes and
resonance physics on the large library of HISQ ensembles
generated by the MILC Collaboration.

TABLE VI. Numerical results for allμ ðconnÞ from the different
noise-reduction strategies discussed in this work. The values for
allμ ðconnÞ from the two-pion spectrum reconstruction are given in
the column labeled by aμðππreconÞ. The results from the fit and
bounding methods discussed in Sec. II are given in the columns
aμðfitÞ and aμðboundÞ, respectively. Also included is aμðdirectÞ,
the results obtained by direct integration of the data with no noise-
reduction applied.

Nconf :
hJliðxÞJlið0Þiconn aμðππreconÞ aμðfitÞ aμðboundÞaμðdirectÞ
3473 476.6(5.3) 479(11) 470(17) 550(41)
9800 480.2(4.0) 480.3

(7.2)
482(12) 510(25)
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APPENDIX A: STAGGERED-QUARK THEORY
PRIMER

As this work involves multiparticle states constructed
from staggered mesons, a topic not often studied in detail,
this appendix serves as a primer on the group theoretical
details and notation used here. We rely primarily on the
methodology introduced in Ref. [39], as it includes a natural
extension for studying states at nonzero momentum. The
construction of the irreducible representations of the stag-
gered group in that work is repeated here, including the
aforementioned decomposition to states at nonzero momen-
tum. Construction of the associated operators and the
connection to continuum states is also repeated, correcting
some examples discussed in that work and expanding on
some pertinent results relevant here.

1. Staggered lattice QCD

The staggered action has one fermion component (per
color) at each site [35–37]. It can be obtained from the four-
component naive action,

SF½qf; q̄f; U� ¼ a4
X
f

X
n∈Λ

q̄fðnÞ
 X3

μ¼0

γμ
UμðnÞqfðnþ μ̂Þ − U−μðnÞqfðn − μ̂Þ

2a
þmqfðnÞ

!
ðA1Þ

through the Kawamoto-Smit transformation [37],

qðnÞ ¼ ΩðnÞq0ðnÞ; q̄ðnÞ ¼ q̄0ðnÞΩ†ðnÞ; ðA2Þ

ΩðnÞ≡ ðγ0Þn0ðγ1Þn1ðγ2Þn2ðγ3Þn3 ; ðA3Þ
which diagonalizes the action as

SF½q0f; q̄0f; U� ¼ a4
X
f

X
n∈Λ

q̄0fðnÞ
 X3

μ¼0

ημðnÞ
UμðnÞq0fðnþ μ̂Þ − U†

μðn − μ̂Þq0fðn − μ̂Þ
2a

þmq0fðnÞ
!
; ðA4Þ

with

ημðnÞ≡Ω†ðnÞγμΩðn� μ̂Þ ¼ ð−1Þ
P

ρ<μ
nρ : ðA5Þ

The spacetime directions are ordered ðt; x; y; xÞ as in the MILC code, instead of the ðx; y; z; tÞ order in Ref. [39]. Three of
the four identical spin degrees of freedom are dropped to obtain the staggered-quark action [36,37]
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SF½χf; χ̄f; U� ¼ a4
X
f

X
n∈Λ

χ̄fðnÞ
 X3

μ¼0

ημðnÞ
UμðnÞχfðnþ μ̂Þ −U†

μðn − μ̂Þχfðn − μ̂Þ
2a

þmχfðnÞ
!
; ðA6Þ

where the χ field has one fermion degree of freedom per
site. The reason for the reduction is that the naive action
leads to 16 Dirac fermions in the continuum limit. Now
only four “tastes” survive.

2. Staggered symmetries and group structure

This work employs a lattice with Nt ¼ 48 sites in the
temporal direction and Ns ¼ 32 sites in the spatial direc-
tions, and Nt > Ns holds on the other 2þ 1þ 1-flavor
HISQ ensembles [38] that will be used in the future. Thus,
symmetry between (Euclidean) time and space is absent,7

which is fine, as the objective here is the transformation
properties of eigenstates of the transfer matrix and the
operators that create them. Here, we show how the sym-
metries of staggered fermions combine to form the sym-
metry group of the transfer matrix.

a. Symmetries

The Kawamoto-Smit transformation in Eq. (A2) depends
on nμ and hence modifies spin structure, differently at
different spacetime points. Because of this, the original
symmetries from the naive action now have mixed space-
time-spin dependence when applied to q0ðnÞ. Translations
acting on the fields in the diagonalized action, for example,
become

q0ðnÞ → ζμðnÞγμq0ðn − μ̂Þ; ðA7Þ

where

ζμðnÞ≡Ω−1ðnÞΩðn� μ̂Þγμ ¼ ð−1ÞΣσ>μnσ : ðA8Þ

It is preferable to have symmetry transformations which are
also diagonal in the spinor index, as these can be associated
with the one-component staggered action in Eq. (A6) and
hence can be used to classify the irreps (states) of the
theory. The spin-diagonal set of transformations are
obtained by combining the original symmetry transforma-
tions of the QCD action, after discretization, with the
doubling transformations of the naive action,

qðnÞ → eω
ABAðxÞqðnÞ; q̄ðnÞ → q̄ðnÞe−ωABAðxÞ: ðA9Þ

The generating set BAðxÞ is anti-Hermitian and given by

BμðnÞ ¼ γμγ5ð−1Þnμ ; B5ðnÞ ¼ iγ5εðnÞ;
BμðnÞB5ðnÞ; BμðnÞBνðnÞðμ< νÞ; ðA10Þ

where

εðnÞ ¼ ð−1Þn0þn1þn2þn3 : ðA11Þ

The resultant spin-diagonal symmetry operations
are then
(1) Translations x → x − aμ̂ or n → n − μ̂: Choosing

BμðnÞB5ðnÞ results in a spin-diagonal operator,
leading to the staggered “shift”

Sμ∶
�
χðnÞ → ζμðnÞχðn − μ̂Þ;
χ̄ðnÞ → ζμðnÞχ̄ðn − μ̂Þ: ðA12Þ

(2) Rotations by π=2 in the μν plane, Rμν: Choosing
BμðnÞBνðnÞ leads to the transformation rule for the
staggered field

Rμν∶
� χðnÞ → SRμν

ðR−1nÞχðR−1nÞ
χ̄ðnÞ → SRμν

ðR−1nÞχ̄ðR−1nÞ ; ðA13Þ

where

SRμν
ðR−1nÞ

¼ 1

2
½1þ ημðR−1

μν nÞηνðR−1
μν nÞζμðR−1

μν nÞζνðR−1
μν nÞ

−ζμðR−1
μν nÞζνðR−1

μν nÞ þ ημðR−1
μν nÞηνðR−1

μν nÞ�;
ðA14Þ

where

ημðnÞ≡ ð−1ÞΣσ<μnσ : ðA15Þ

Upon applying Rμν four times, the product of the
SRμν

factors yields −1, as it should for a fermion.
(3) Spatial inversion IS∶ n0 → n0; ni → −ni: Choosing

B0B5 leads to

IS∶
�
χðnÞ → ð−1Þn1þn2þn3χðISnÞ
χ̄ðnÞ → ð−1Þn1þn2þn3 χ̄ðISnÞ

; ðA16Þ

so staggered fermions at odd and even spatial sites
have opposite intrinsic parity. For inversion of a
single axis, Iμ∶ χðnÞ → ð−1ÞnμχðIμnÞ and similarly

7The effect of this symmetry breaking is not detectable in the
analysis described here. We find, for example, that the three- and
onefold multiplet of spatial and temporal “one-link” pions are
degenerate.
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for χ̄. As discussed below, IS ¼ I1I2I3 is not quite
the parity operator of the continuum limit.

(4) Charge conjugation: Choosing B2ðnÞB5ðnÞ ¼
iγ2ð−1Þn2εðnÞ gives the transformation rule for
staggered charged conjugation

C0∶
�
χðnÞ → εðnÞχ̄ðnÞ
χ̄ðnÞ → −εðnÞχðnÞ : ðA17Þ

As discussed below, C0 is not quite continuum-limit
charge conjugation, hence the subscript.

(5) Chiral symmetry: The global chiral flavor sym-
metries also have spinor structure. In going to the
reduced action, a remnant of this symmetry still
exists as

χ0 ¼ eiαεðnÞTiχ; χ̄0 ¼ χ̄eiαεðnÞTi ; ðA18Þ

χ0 ¼ eiαεðnÞχ; χ̄0 ¼ χ̄eiαεðnÞ; ðA19Þ

where Ti is a flavor-symmetry generator, and
Eq. (A19) shows the flavor singlet case, which is
not, however, a taste singlet.

b. Group structure

The symmetry group of the transfer matrix is generated
by fRij; Sμ; IS; C0g.8 It is necessary to know their commu-
tation relations. As always, the rotations Rμν, Eq. (A13),
and axis inversions, Iμ, satisfy

RμνIμ R−1
μν ¼ Iν ¼ Rνμ Iμ R−1

νμ ; ðA20Þ

Rμν Iρ R−1
μν ¼ Iρ; ρ ≠ μ; ν: ðA21Þ

The shifts anticommute,

SμSνS−1μ ¼ −Sν; ν ≠ μ: ðA22Þ

With Ns sites (Ns must be even) in the spatial directions,
repeating a spatial shift Ns times yields SNs

i ¼ �1, with the
upper (lower) sign for (anti)periodic boundary conditions.
Similarly, SNt

0 ¼ �1. The shifts and rotation reflections
satisfy

R−1
μν Sμ Rμν ¼ Sν; ðA23Þ

R−1
μν Sν Rμν ¼ −S−1μ ; ðA24Þ

R−1
μν Sρ Rμν ¼ Sρ; ρ ≠ μ; ν; ðA25Þ

ISSiI−1S ¼ −S−1i ; i ¼ 1; 2; 3; ðA26Þ

ISS0I−1S ¼ S0: ðA27Þ

Charge conjugation commutes with all reflections and
rotations and anticommutes with the shifts,

C0Sμ ¼ −SμC0: ðA28Þ

The flavor and color symmetries commute with all geo-
metric symmetries and charge conjugation.
The transfer matrix for staggered fermions, Eq. (A6), is a

Hilbert-space operator acting on physical states, evolving
them two temporal spacings forward [36]. It is thus the
Hilbert-space operator corresponding to

T0 ¼ S20: ðA29Þ

T0, of course, commutes with S0. It is convenient to take the
formal square root

Ξ0 ¼ T−1=2
0 S0; ðA30Þ

i.e., if the eigenvalue of T̂0 is e−2E, then T−1=2 ¼ eE. In the
same vein, it is convenient to introduce the same con-
struction for the spatial directions, Ti ¼ S2i and

Ξi ¼ T−1=2
i Si; ðA31Þ

where T−1=2
i is again defined via the eigenvalue of Ti. It is

customary to call the Ξμ taste operators, to distinguish them
from the shifts. They satisfy the same commutation rules as
the Sμ, Eqs. (A23)–(A27). In particular, the Ξμ generate the
Clifford group Γ4, or incorporating charge conjugation,
Eq. (A28), Γ4;1 [39].
Thus, ignoring flavor and color, the symmetry group of

the staggered transfer matrix is

GT0
¼ fTig⋊½fΞμ; C0g⋊fRij; ISg�
¼ Z3

Ns=2
⋊ðΓ4;1⋊OhÞ; ðA32Þ

with the octahedral group Oh consisting of the rotation-
reflection symmetries of the cube.

3. Irreducible representations of the staggered group

Classifying the irreps of Eq. (A32) involves applying
Wigner’s method [65] for semidirect products, G ¼ N⋊H.
Wigner’s method needs to be applied twice, first with the
normal subgroup given by N ¼ Z3

Ns=2
and H ¼ Γ4;1⋊Oh,

and then with N ¼ Γ4;1 and H ¼ Oh. Only the bosonic
representations are relevant for this work, as meson states
appear exclusively. Considering just the bosonic represen-
tations of Γ4;1 simplifies the construction, as the group
homomorphism Γ4;1 → Z5

2 can be exploited in this case.8The temporal-spatial rotations R0j are not symmetries.
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When N is Abelian, Wigner’s method proceeds as
follows [46]:
(1) Determine all (one-dimensional) irreps “σ” of the

normal Abelian subgroup N.
(2) For each irrep σ, determine the subgroup HðσÞ ⊆ H

of elements h satisfying the character equation

χðσÞN ðhnh−1Þ ¼ χðσÞN ðnÞ; ∀ n∈N; ðA33Þ

where χðσÞN denotes the character of σ in the normal
subgroupN. TheHðσÞ are the so-called little groups.

(3) Classify the irreps σ into orbits (also called “stars”
[41]), which is achieved by breaking H into right
cosets under the little group HðσÞ,

H ¼ HðσÞh1 þHðσÞh2 þ � � � þHðσÞhjHj=jHðσÞj;

ðA34Þ

where h1 ¼ E (identity element) and hi ∉ HðσÞhj
for all i ≠ j. From Eq. (A34) we can then choose a
set of coset representatives,

fh1; h2;…; hjHj=jHðσÞjg: ðA35Þ

The orbit is then the list of irreps, each with the same
little group,

fh1ðσÞ ¼ σ; h2ðσÞ;…; hjHj=jHðσÞjðσÞg; ðA36Þ

determined from

χðhiðσÞÞN ðnÞ ¼ χðσÞN ðhinh−1i Þ; ∀ n∈N: ðA37Þ

(4) Determine the irreps ρ of the little groups HðσÞ.
(5) Form irreps of the semidirect groups GðσÞ ¼

N⋊HðσÞ for a single representative σ in each orbit
as

Dðσ;ρÞ
GðσÞðnhÞ ¼ χðσÞN ðnÞDðρÞ

HðσÞðhÞ: ðA38Þ

(6) Induce an irrep for the full group G through the
formula

DðγÞ
G ðgÞit;jr

¼
(
χðhiðσÞÞN ðnÞDðρÞ

HðσÞðhihh−1j Þtr; if hihh−1j ∈HðσÞ
0; if hihh−1j ∉HðσÞ

:

ðA39Þ

A complete set of irreps is obtained by preforming the
above step for each orbit.

As mentioned, the approach described above needs to be
applied twice for the nested semidirect products appearing
in Eq. (A32). In the first case, where the normal subgroup is
given by N ¼ Z3

Ns=2
, and H ¼ Γ4;1⋊Oh, the one-dimen-

sional irreps of Z3
Ns=2

are given by

Tijp⃗i ¼ exp ði2piÞjp⃗i; pi ¼
2π

aNs
li; ðA40Þ

with li as specified in Eq. (3.6). In the bosonic case, as
mentioned above, the irreps of Γ4;1 can be obtained by the
homomorphism to the Abelian group Z5

2 and are

DðΞμÞ ¼ eiðπξÞμ ; πξ ≡ ðξ0; ξ1; ξ2; ξ3Þ;
ξμ ¼ 0; π; ðA41Þ

DðC0Þ ¼ eiξC ; ξC ¼ 0; π: ðA42Þ

The elements of Γ4;1 leave the momentum invariant, hence
orbits consist of the list of momenta obtained through
application of elements of Oh to the vector pi. The
corresponding little groups are the subgroups of Γ4;1⋊Oh

which leave the orbit representatives invariant. The com-
plete set of orbits and little groups are listed in Table VII.
To classify irreps of these little groups, Wigner’s

method must be employed again where the normal
subgroup is now N ¼ Γ4;1 and H are the rotation sub-
groups Oh, D4, C2v, D3, Z2. From Eqs. (A41) and (A42)
there are 25 ¼ 32 one-dimensional bosonic irreps of Γ4;1.
By comparison of Eq. (A40) to Eq. (A41), the spatial part
of the taste irrep vector will behave similar to the
momentum orbits under the momentum little groups in
Table VII. More specifically, labeling the irreps of Γ4;1 by

½πξ; ξC� ¼ ½ðξ0; ξ1; ξ2; ξ3Þ; ξC�; ðA43Þ

the little group Hð½πξ; ξC�Þ is the group of all elements h of
H such that h∶½ðξ0; ξ1; ξ2; ξ3Þ; ξC� → ½ðξ0; ξ1; ξ2; ξ3Þ; ξC�.
And the orbits are then the unique set f½πξ; ξC�g obtained
from h∶½ðξ0; ξ1; ξ2; ξ3Þ; ξC� ∀ h∈H. As ξ0 commutes
with everything (there are no R0i), ξ0 ¼ 0 and ξ0 ¼ π
always correspond to different orbits. Similarly, for ξC ¼ 0
and ξC ¼ π. Because of the mod2π associated with πξ any
element hIS in H will be in the little group Hð½πξ; ξC�Þ if h
is. The complete list of bosonic taste orbits and taste little
groups are given in Table VIII. The character tables
defining these bosonic irreps9 are given in Appendix B 1.

9These (nonprojective) irreps are labeled bosonic as they result
in staggered bosonic irreps once combined with the Abelian
irreps of Γ4;1. Similarly, the non-Abelian irreps of Γ4;1 combine
with the projective irreps of the rotation little groups to give
fermionic irreps.
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Staggered irreps are uniquely labeled by a momentum
orbit representative, a taste-charge conjugation orbit rep-
resentative and a rotation little group irrep. As an example,
a zero-momentum, taste-singlet, rotation-vector irrep, with

negative staggered charge conjugation and negative stag-
gered parity is denoted by

ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−
0 : ðA44Þ

TABLE VII. Momentum orbits under the staggered rotation group. First column: the list of the momentum orbits
(with 2π=aNs factored out) under the staggered rotation group, given by a representative element and the dimension.
Second column: the corresponding little group given by its group generators and the corresponding group structure
and order.

Orbit representative Size Little group generators and structure Order

(0, 0, 0) 1 fΞμ; Rij; ISg ≅ Γ4;1⋊Oh 48
ð0; 0;lÞ 6 fΞμ; R12; R2

13ISg ≅ Γ4;1⋊D4 8
ðl;l; 0Þ 12 fΞμ; R2

13R21; R2
12ISg ≅ Γ4;1⋊C2v 4

ðl;l;lÞ 8 fΞμ; R2
13R12IS; R2

12R13ISg ≅ Γ4;1⋊D3 6
ðl;l; mÞ 24 fΞμ; R2

12ISg ≅ Γ4;1⋊Z2 2
ð0;l; mÞ 24 fΞμ; R2

23ISg ≅ Γ4;1⋊Z2 2
ðl; m; nÞ 48 fΞμg ≅ Γ4;1⋊fEg 1

TABLE VIII. Taste orbits, little groups and irreps for each momentum orbit under the staggered group. The first column is the taste
orbit, indicated by a representative element. The second column lists the orbit size. The third and fourth columns show the taste little
groups (giving their generating elements and conventional name) and order. The final column shows the irreps of these groups. Irreps
labeled A are 1D, E are 2D and T are 3D. Zero-momentum irreps are also labeled by the sign under spatial inversion �. The character
tables defining the irreps of the little groups are given in Appendix B 1. Also given is the total number of staggered group irreps resulting
from these orbits and little group irreps and their dimensions.

Orbit representative (momentum)
[(taste), C0] Orbit size

Little group
total no. irreps (dimensions)p Order Little group irreps

(0, 0, 0) 160 irreps (32 1D, 16 2D, 96 3D and 16 6D)

½ðξ0; 0; 0; 0Þ; ξC�½ðξ0; π; π; πÞ; ξC� 1 fRij; ISg ≅ Oh 48 A�
0 , A

�
1 , E

�
0 , T

�
0 , T

�
1

½ðξ0; π; 0; 0Þ; ξC�½ðξ0; 0; π; πÞ; ξC� 3 fR12; R2
13; ISg ≅ D4h 16 A�

0 , A
�
1 , A

�
2 , A

�
3 , E

�
0

ð0; 0;lÞ 112 irreps (64 1D and 48 2D)

½ðξ0; 0; 0; ξ3Þ; ξC�½ðξ0; π; π; ξ3Þ; ξC� 1 fR12; R2
13ISg ≅ D4 8 A0, A1, A2, A3, E0

½ðξ0; 0; π; ξ3Þ; ξC� 2 fR2
12; R

2
13ISg ≅ C2v 4 A0, A1, A2, A3

ðl;l; 0Þ 80 irreps (64 1D and 16 2D)

½ðξ0; 0; 0; ξ3Þ; ξC�½ðξ0; π; π; ξ3Þ; ξC� 1 fR2
13R21; R2

12ISg ≅ C2v 4 A0, A1, A2, A3

½ðξ0; 0; π; ξ3Þ; ξC� 2 fR12ISg ≅ Z2 2 A0, A1

ðl;l;lÞ 40 irreps (16 1D, 8 2D and 16 3D)

½ðξ0; 0; 0; 0Þ; ξC�½ðξ0; π; π; πÞ; ξC� 1 fR2
13R12IS; R2

12R13ISg ≅ D3 6 A0, A1, E0

½ðξ0; π; 0; 0Þ; ξC�½ðξ0; 0; π; πÞ; ξC� 3 fR2
13R12ISg ≅ Z2 2 A0, A1

ðl;l; mÞ 40 irreps (32 1D and 8 2D)

½ðξ0; 0; 0; ξ3Þ; ξC�½ðξ0; π; π; ξ3Þ; ξC� 1 fR2
12ISg ≅ Z2 2 A0, A1

½ðξ0; 0; π; ξ3Þ; ξC� 2 fEg 1 A0

ð0;l; mÞ 64 irreps (64 1D)

½ðξ0; ξ1; ξ2; ξ3Þ; ξC� 1 fR2
23ISg ≅ Z2 2 A0, A1

ðl; m; nÞ 32 irreps (32 1D)

½ðξ0; ξ1; ξ2; ξ3Þ; ξC� 1 fEg 1 A0
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In Appendix A 4, one sees this is excited by a one-link
staggered spatial vector-current operator. This is three
dimensional, which can be seen from the product of the
dimensions of the two orbits and the rotation irrep
dimension,

momentum orbit∶ fð0; 0; 0Þg − 1D;

taste orbit∶ fð0; 0; 0; 0Þg − 1D;

Oh irrep∶ T−
0 − 3D;

giving a total irrep dimension of 1 × 1 × 3. As another
example, a second irrep which also has the quantum
numbers of the vector-current operator is the zero-momen-
tum, taste-vector rotation-singlet irrep with positive charge
conjugation and parity

ð0; 0; 0Þ⋊½ðπ; 0; π; πÞ; 0�⋊Aþ
0 ; ðA45Þ

with the dimension breakdown

momentum orbit∶ fð0;0;0Þg−1D;

taste orbit∶ fðπ;0;π;πÞ;ðπ;π;0;πÞ;ðπ;π;π;0Þg−3D;

D4h irrep∶Aþ
0 −1D:

This also has the total dimension of 3, but it is now coming
from the taste orbit rather than the rotation irrep. As a
final example, a taste-vector, rotation-singlet irrep with
one component of momentum and negative charge con-
jugation,10

ð0; 0;lÞ⋊½ðπ; 0; π; πÞ; π�⋊A2; ðA46Þ

with the following breakdown:

momentum orbit∶ fð0; 0;lÞ þ 5 perms:g − 6D;

taste orbit∶ fðπ; 0; π; πÞ; ðπ; π; 0; πÞg − 2D;

C2v irrep∶ A2 − 1D; ðA47Þ

giving a total dimension of 12. This irrep corresponds to a
pseudoscalar meson in flight in the continuum, i.e., a pion if
one considers light-quark flavors.
In this work, we employ operators which excite the taste-

singlet vector meson Eq. (A44), for the reasons discussed
in Sec. III A. For each continuum bosonic state, there are
4 × 4 ¼ 16 staggered states which have all the same
quantum numbers except for the taste. The pseudoscalar
irrep, Eq. (A46), is one of the multiple tastes of pion we
study here, the full set is given in Appendix C 2. Depending
on the taste and the momentum direction, these states can
have degenerate or nondegenerate energies. In this work,

the multiparticle states are built from single-particle states
with momentum. Hence, understanding the relationship
between staggered states at rest and states in flight is vital.

a. Nonzero-momentum decomposition

In order to decompose a staggered irrep at zero momen-
tum to irrep(s) at nonzero momentum, one needs to

(i) decompose the zero-momentum taste orbit into the
nonzero-momentum taste orbit(s); and

(ii) restrict the zero-momentum little group irrep to the
corresponding nonzero-momentum taste little group
(s) and determine what irrep(s) are contained in the
(now) reducible representation.

To illustrate this, consider giving momentum in the
z-direction to the following zero-momentum state

ð0; 0; 0Þ⋊½ðπ; π; 0; 0Þ; π�⋊Aþ
1 − 3D;Ohðp⃗; ½πξ; ξC�Þ ¼ D4h:

ðA48Þ

The fð0; 0;lÞg momentum little group only mixes ξ1, ξ2 in
orbits, so ξ3 becomes independent. Hence, the (0, 0, 0)
momentum taste orbit fðπ;0;0;πÞ;ðπ;0;π;0Þ;ðπ;π;0;0Þg
splits into two parts: a two-dimensional orbit
fðπ; 0; π; 0Þ; ðπ; π; 0; 0Þg with little group Ohðp⃗; ½πξ; ξC�Þ ≅
C2v and a one-dimensional orbit fðπ; 0; 0; πÞg with little
group Ohðp⃗; ½πξ; ξC�Þ ≅ D4. One then restricts the original
little group, D4h, to the two new little groups giving the
following irrep decomposition:

Aþ
2 jD4h→C2v

¼ A3; ðA49Þ

Aþ
2 jD4h→D4

¼ A1: ðA50Þ

This restriction is performed by considering the characters
of the conjugacy classes which remain after removing the
elements not contained in the respective subgroups. The
standard character decomposition [46] is employed to
obtain the irreps of the subgroups. In both cases here,
there is only one irrep contained, A3 and A1, respectively.
Hence, there are now two ð0; 0;lÞ momentum irreps from
the original single zero-momentum irrep

ð0; 0;lÞ⋊½ðπ; π; 0; 0Þ; π�⋊A3 − 6 × 2D; ðA51Þ

ð0; 0;lÞ⋊½ðπ; 0; 0; πÞ; π�⋊A1 − 6 × 1D: ðA52Þ

This splitting of the taste orbit into separate irreps is
observed in the pion spectrum computed in Sec. III F.

4. Staggered operators

Following the form of the staggered action in the
hypercubic representation [66,67], one formally writes a
staggered-quark operator in the hypercubic representation
(spin-taste basis) as10Parity is not a good quantum number for states in flight.
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OΓS⊗ΓT ðhÞ ¼ q̄ðhÞΓS ⊗ ΓTqðhÞ: ðA53Þ

This operator has a spin quantum number from ΓS and
a taste quantum number from ΓT .

11 Numerical simulations,
however, are typically performed in the representation of
Eq. (A6). Recasting the operator in this form results in
“phase-shift” operators,

Oφ
ðδÞðp⃗; tÞ ¼

X
n⃗

e−iap⃗·n⃗χ̄ðnÞχðnþ δÞφðnÞ; ðA54Þ

where the operator has now also been given a momentum
p. The unbarred field is shifted by a spatial offset δ and
there is an associated spacetime-dependent staggered phase
φðnÞ. The relationship between these two representations is
given by

φðnÞ ¼ 1

4
trðΓ†

TΩðnÞ†ΓSΩðnþ tþ sÞÞ; ðA55Þ

δ ¼ tþ s mod 2; ðA56Þ

where ΩðnÞ is defined in Eq. (A3) and s and t are four
vectors which specify the spin and taste γ structure. In this
work, we use the ΓS ⊗ ΓT labeling to denote the operators,
but the phase-shift form is used in the computation. Only
symmetric-non-time-shift operators are considered,

Oφ
ð�δÞðp⃗; tÞ ¼

1

Nsym

X
�δi

Oφ
ðδÞðp⃗; tÞ; ðA57Þ

with an average over forward and backward directions for
each component of δ performed. Symmetrizing in this way
guarantees the operators have well-defined parity and, for
flavor singlets, charge conjugation.
The phase-shift operators can be straightforwardly

related to the rows of the irreps from above by acting on

them with the staggered symmetry transformations and
reading off the quantum numbers:

Ξi∶ Oφ
ð�δÞðp⃗Þ → ζiðδÞφð{̂ÞOφ

ð�δÞðp⃗Þ; ðA58Þ

IS∶O
φ
ð�δÞðp⃗Þ → ð−1Þ

P
i
δiOφ

ð∓δÞð−p⃗Þ; ðA59Þ

Rij∶O
φ
ð�δÞðp⃗Þ → Oφ0

ð�δ0Þðp⃗0Þ; ðA60Þ

C0∶O
φ
ð�δÞðp⃗Þ → eip⃗·δ⃗ð−1Þ

P
i
δiφðδÞOφ

ð∓δÞðp⃗Þ; ðA61Þ

where φ0 (p⃗0) is obtained from φ (p⃗) via the given rotation.
The momentum is specified through Eq. (A54). As the sum
in Eq. (A54) does not include t, the operator is local in time
and hence can excite irreps with any energy. Similarly, this
results in ξ0 not being fixed, hence the operators in
Eq. (A54) excite states with ξ0 ¼ 0 and ξ0 ¼ π—without
a full construction of the transfer matrix, operators of
definite ξ0 cannot be constructed. This is the source of the
well-known issue with local-time staggered operators,
whereby states with both positive and negative continuum
parity are excited, resulting in temporal oscillations in
staggered correlation functions. Under the action of rota-
tion group, Eq. (A60), the transformed operators fðφ0

i; δ
0
iÞg

form a basis of the taste little group. Constructing the
representation from this basis then allows one to determine
the rotation irrep.
Operators corresponding to the examples considered in

Eqs. (A44)–(A46) are given by
(i) taste singlet, spin vector, ð0;0;0Þ⋊½ð0;0;0;0Þ;π�⋊T−

0

Oγi⊗1ðp⃗ ¼ 0Þ∶ φðnÞ ¼ ηiðnÞ; δj ¼ δj;i; ðA62Þ

(ii) taste vector, spin vector, ð0;0;0Þ⋊½ðπ;0;π;πÞ;0�⋊Aþ
0

Oγi⊗γiðp⃗ ¼ 0Þ∶ φðnÞ ¼ ð−1Þ
P

ρ≠i
nρ ; δ ¼ ð0; 0; 0; 0Þ; ðA63Þ

(iii) taste vector, spin pseudoscalar, ð0; 0;lÞ⋊½ðπ; 0; π; πÞ; π�⋊A2

Oγ5γ0⊗γiðp⃗ ¼ ½0; 0; l�Þ∶ φðnÞ; δ ¼
� ð−1Þn0þn3 ; ð0; 0; 1; 1Þ if i ¼ 1

ð−1Þn0þn2þn3 ; ð0; 1; 0; 1Þ if i ¼ 2
: ðA64Þ

As mentioned, the first operator corresponds to taste-singlet vector meson; it contains a one-component shift. To preserve
gauge invariance, these operators have gauge links connecting fields on different sites. Hence, this operator is referred to as
a one-link operator for the single link connecting χ̄ and χ. The second operator is local and is named so. For the last irrep, the
taste-vector pseudoscalar, the operatorOγ5⊗γi also excites the same states but contains a shift in the time direction, so we do
not use it.

11The gauge links are left out for simplicity.

SHAUN LAHERT et al. PHYS. REV. D 114, 014523 (2026)

014523-24



For the nonzero-momentum example irreps considered above, Eqs. (A48) and (A52), we have
(i) ð0; 0; 0Þ⋊½ðπ; π; 0; 0Þ; π�⋊Aþ

1

Oγ5⊗γiðp⃗ ¼ 0Þ∶ φðnÞ; δ ¼

8><>:
ð−1Þn0þn1þn2 ; ð0; 0; 1; 1Þ if i ¼ 1

ð−1Þn0þn1 ; ð0; 1; 0; 1Þ if i ¼ 2

ð−1Þn0þn1þn3 ; ð0; 1; 1; 0Þ if i ¼ 3

; ðA65Þ

(ii) ð0; 0;lÞ⋊½ðπ; π; 0; 0Þ; π�⋊A3

Oγ5⊗γiðp⃗ ¼ ½0; 0; l�Þ∶ φðnÞ; δ ¼
� ð−1Þn0þn1þn2 ; ð0; 0; 1; 1Þ if i ¼ 1

ð−1Þn0þn1 ; ð0; 1; 0; 1Þ if i ¼ 2
; ðA66Þ

(iii) ð0; 0;lÞ⋊½ðπ; 0; 0; πÞ; π�⋊A1

Oγ5⊗γ3ðp⃗ ¼ ½0; 0; l�Þ∶ φðnÞ ¼ ð−1Þn0þn1þn3 ; δ ¼ ð0; 1; 1; 0Þ: ðA67Þ

Here, the first operator excites the rows of an irrep which
then splits into two nonzero-momentum irreps which are
excited by the second and third operators.

5. Connecting staggered observables to the continuum

There are two considerations when connecting an
observable computed with staggered quarks to a continuum
observable. The first is the subduction from the states in the
continuum to the states of the staggered lattice group. As
mentioned in Appendix A 2 b, for staggered quarks a
SUð4ÞT symmetry emerges in the continuum, meaning
all states with the same quantum numbers, but different
tastes, are degenerate and have the same properties as the
same physical state. This degeneracy is lifted at finite lattice
spacing, hence there is a nontrivial spectrum of states for

each physical state. A central part of this work is under-
standing this taste-split spectrum as it pertains to two-pion
states. The second consideration is the contribution of the
four quark tastes to the staggered-fermion determinant.
This is resolved by so-called (fourth) rooting; the effect of
this on the observables computed in this work is discussed
in Appendix E.

a. Continuum decomposition

The decomposition from the continuum symmetry group
irreps to the lattice irreps discussed above is laid out in
Ref. [39]. However, there are some errors in that work, so
we reproduce the full discussion here with corrections.
Ignoring flavor, subduction from the continuum group to
the lattice group is given by the following map:
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where the meaning and role of SW4 × Γ2;2 is explained
below. The symmetry group in the continuum for a
flavorless state is SUð4ÞT × SUð2ÞS × P × C.12 Here, P
and C are continuum parity and charge conjugation, which
are distinct but related to spatial inversion IS and staggered
charge conjugation C0; SUð2ÞS is the standard continuum
spin group with integer and half-integer spin representa-
tions; SUð4ÞT is the continuum symmetry group of four
degenerate tastes. We have two bosonic representations of
SUð4ÞT labeled 0 and 15. The SU(4) singlet 0 is one
dimensional and decomposes to the taste singlet,
πξ ¼ ð0; 0; 0; 0Þ, while the SU(4) fundamental irrep 15
is 15-dimensional and decomposes to all other tastes.
The 15 taste transformations Ξμ, Ξ5, ΞμΞ5, Ξμν are

generators of the continuum SUð4ÞT but also exist as a
subgroup inside it as is the case for the doubling symmetry,
Eq. (A10), which has the equivalent group structure. By
examining the action of these transformations in momen-
tum space [40], one finds that Ξij lie in a SUð2ÞL subgroup
while Ξ0 and Ξ123 ≡ Ξ1Ξ2Ξ3 lie in a commuting SUð2ÞR
subgroup, i.e., SUð2ÞL × SUð2ÞR ⊂ SUð4ÞT . The bosonic
irrep decomposition for this step is given by

SUð4Þ → SUð2Þ × SUð2Þ; ðA68Þ

0 → ð0; 0Þ; ðA69Þ

15 → ð0; 1Þ ⊕ ð1; 0Þ ⊕ ð1; 1Þ; ðA70Þ

where 0 and 1 on the rhs are the familiar one-dimensional
“spin 0” and three-dimensional “spin 1” irreps of SU(2).
For the second step of the decomposition, parity and

charge conjugation correspond to their continuum counter-
parts, with an additional taste transformation. The relation-
ship between spatial inversion and parity is straightforward
to read off from Eq. (A16)

IS ¼ PΞ0: ðA71Þ

Charge conjugation is more complicated, but the process of
extracting it is described in Ref. [39]. It amounts to the
following procedure, first count the zeros in the taste irrep
orbit representative vector πξ. Then the relationship
between the continuum charge conjugation C and lattice
charge conjugation C0 is

C0 ¼
�
C; if 0 s ¼ 0; 3; 4

−C; if 0 s ¼ 1; 2
: ðA72Þ

Lattice rotations correspond to simultaneous rotations of
staggered taste and spin, Eq. (A60), and sit inside the
diagonal subgroup of SUð2ÞL × SUð2ÞS, which is

subduced into the group generated by fΞkj; Rijg.
Rewriting this generating set as

fR̃4i; Rijg; ðA73Þ

R̃4i ≡ RjkΞkj; ðA74Þ

gives a group isomorphic to SW4, the symmetry group of
the hypercube, which appears in the map shown above.
Below, SW4 is a useful tool for decomposing continuum
states into staggered irreps.
The group SUð2ÞR × P × C is subduced into the

group generated by the remaining staggered symmetries
fΞ0;Ξ123; IS; C0g. Using Eqs. (A71) and (A72), where
again, rewriting generators

fΞ0;Ξ123; C0Ξ0IS; C0g ðA75Þ

gives the defining set of mutually anticommuting gener-
ators of Γ2;2,

Ξ2
0 ¼ ðC0Ξ0ISÞ2 ¼ −C2

0 ¼ −Ξ2
123 ¼ 1: ðA76Þ

The group

ðSW4 × Γ2;2Þ=ð−E × −EÞ ðA77Þ

is the staggered rest frame group and is isomorphic to
the group Γ4;1⋊Oh in Eq. (A32). The quotient factor
ð−E × −EÞ13 ensures only bosonic- and fermionic-type
irreps exist in the direct product, i.e., Abelian irreps of Γ2;2

are combined with nonprojective irreps of SW4, while the
faithful four-dimensional irrep of Γ2;2 is combined with the
projective irreps of SW4. The irreps and characters of SW4
are given in Refs. [39,68], however, there are some errors in
Table 6 of Ref. [39]. In Ref. [68], Table 3 2a for SW4 is
correct, even though it is subduced from Table 3 3b, which
interchanges the characters for (1, 0) and (0,1). The bosonic
irrep part of the character table is reproduced in Table XVI
with the classes labeled by class representatives corre-
sponding to Eq. (A73). In the case of bosonic (Abelian)
irreps of Γ2;2, the homomorphism Γ2;2 → Z4

2 furnishes 16
one-dimensional irreps. These irreps are labeled by
πΓ ¼ ðξ0; ξ123; ξIS ; ξCÞ, taking values 0 or π. The characters
are straightforward and are given in Eq. (B1).
The subduction from SUð2ÞL × SUð2ÞS ≅ Oð4Þ → SW4

is described in Ref. [68].14 One restricts SUð2ÞL × SUð2ÞS
to SW4 using the natural mapping with Oð4Þ. It is then
straightforward to decompose the representations of the

12Apart from the inconsequential UVð1Þ that corresponds to
baryon number conservation.

13E denotes the identity element of the respective group.
14The ordering of SUð2ÞL × SUð2ÞS is the correct one given

the definitions of the (0, 1) and (1, 0) irreps in Refs. [39,68], but
Ref. [39] subsequently flips the order when carrying out its
subduction analysis.
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restricted group using the standard character vector algebra
(the same process as in Appendix A 3 a). Explicit results for
spin 0, 1, 2 are given here,

ðA78Þ

ð1; 0Þ → ð1; 0Þ; ðA79Þ

ð0; 1Þ → ð0; 1Þ; ðA80Þ

ðA81Þ

ðA82Þ

ðA83Þ

The irrep in Table XVI appears first in the three
subduction.
For SUð2ÞR × P × C → Γ2;2, one just needs to subduce

SUð2ÞR → fΞ0;Ξ123g ≅ D4, which is straightforward for
the bosonic case via the homomorphism D4 → Z2 × Z2. C0

and P follow from Eqs. (A71) and (A72). The mapping is
given in Ref. [39],

SUð2ÞR → Z2 × Z2; ðA84Þ

0 → ð0; 0Þ; ðA85Þ

1 → ðπ; 0Þ ⊕ ð0; πÞ ⊕ ðπ; πÞ; ðA86Þ

where the irreps and characters for the group Z2 × Z2 are
given in Table XVII. This completes the second step of the
continuum decomposition map. The isomorphism between
the rest frame group and Eq. (A32) without translations is
straightforward, as they contain the same generating
elements, just rearranged. One makes the identification
between the classes and matches the character vectors of
the irreps. There are 17 irreps/classes in Γ2;2 and 13 irreps/
classes in SW4 giving a total of 221

15 in the direct product,
however, 58 of them are removed through the Z2 × Z2

quotient giving 163 classes corresponding to the 160 zero-
momentum bosonic irreps in Table VIII and the 3 fermionic
irreps which are not considered here. The similarity
between the irreps is given in Table IX.
With this similarity, the first three steps of the decom-

position are completed. The final step just follows what is
described in Appendix A 3 a. To illustrate the full procedure,
the decomposition of the spin-zero meson with P ¼ −1 and
C ¼ 1

16 and momentum in the z direction is performed. The
decomposition for other momenta is given in Appendix C 2.
Also given in Appendix C 1 is the decomposition of the
ρ meson, including the example from Ref. [39] which is
repeated but with a corrected decomposition. The continuum
spin-zero state can be in the taste-singlet irrep 0 or the taste-
15 irrep 15, hence we have

ðA87Þ

TABLE IX. Irreps for the isomorphic groups ðSW4 × Γ2;2Þ=ð−E × −EÞ and Γ4;1⋊Oh. The first five rows are the
irreps corresponding to row one in Table VIII, the next five are the irreps in row two of that table.

ðSW4 × Γ2;2Þ=ð−E × −EÞ Γ4;1⋊Oh Dimension

½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊AeξIS
0

1

½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊Ae
ξIS

1
1

½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊Ee
ξIS

0
2

ð0; 1Þ ⊗ ðξ0; ξ123; ξIS ; ξCÞ ½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊TeξIS
0

3

ð0; 1Þ ⊗ ðξ0; ξ123; ξIS ; ξCÞ ½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊Te
ξIS

1
3

½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊AeξIS
0

3

½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊Ae
ξIS

1
3

ð1; 0Þ ⊗ ðξ0; ξ123; ξIS ; ξCÞ ½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊AeξIS
2

3

ð1; 0Þ ⊗ ðξ0; ξ123; ξIS ; ξCÞ ½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊AeξIS
3

3

6 ⊗ ðξ0; ξ123; ξIS;ξCÞ ½ðξ0; ξ1; ξ2; ξ3Þ; ξC�⋊Ee
ξIS

0
6

15It is a coincidence that the number of irreps/classes coincides
with the recurrence of periodical cicadas.

16A pion if the correct isospin is chosen.
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ðA88Þ

Proceeding with the mapping from Table IX, using Eqs. (A71) and (A72) with P ¼ −1 and C ¼ 1 and the characters from
Table XVII,

ðA89Þ

ðA90Þ

ðA91Þ

ðA92Þ

ð1; 0Þ ⊗ ðπ; 0Þ ∼ ð0; 0; 0Þ⋊½ðπ; π; π; 0Þ; π�⋊Aþ
2 ∶ Oγ5⊗γið0; 0; 0Þ; ðA93Þ

ð1; 0Þ ⊗ ð0; πÞ ∼ ð0; 0; 0Þ⋊½ð0; 0; 0; πÞ; 0�⋊A−
2 ∶Oγ5⊗γ5γið0; 0; 0Þ; ðA94Þ

ð1; 0Þ ⊗ ðπ; πÞ ∼ ð0; 0; 0Þ⋊½ðπ; 0; 0; πÞ; π�⋊Aþ
2 ∶Oγ5⊗γiγ0ð0; 0; 0Þ; ðA95Þ

ð1; 0Þ ⊗ ð0; 0Þ ∼ ð0; 0; 0Þ⋊½ð0; π; π; 0Þ; π�⋊A−
2 ∶Oγ5⊗γiγjð0; 0; 0Þ; ðA96Þ

where corresponding operators, using Appendix A 4, are also given. The first four irreps are one dimensional, the last four are
three dimensional, giving 4þ 12 ¼ 16 “pion” states, as expected. For nonzero momentum in the continuum, one decomposes
the zero-momentum lattice irreps. For momentum ð0; 0; pzÞ one has

ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; 0�⋊A−
0 →

n
ð0; 0; 1Þ⋊½ð0; 0; 0; 0Þ; 0�⋊A1∶ Oγ5⊗1ð0; 0; 1Þ ðA97Þ

ð0; 0; 0Þ⋊½ðπ; 0; 0; 0Þ; 0�⋊Aþ
0 →

n
ð0; 0; 1Þ⋊½ðπ; 0; 0; 0Þ; 0�⋊A0∶ Oγ5⊗γ5γ0ð0; 0; 1Þ ðA98Þ

ð0; 0; 0Þ⋊½ð0; π; π; πÞ; π�⋊A−
0 →

n
ð0; 0; 1Þ⋊½ð0; π; π; πÞ; π�⋊A1∶Oγ5⊗γ0ð0; 0; 1Þ ðA99Þ

ð0; 0; 0Þ⋊½ðπ; π; π; πÞ; 0�⋊Aþ
0 →

n
ð0; 0; 1Þ⋊½ðπ; π; π; πÞ; 0�⋊A0∶ Oγ5⊗γ5ð0; 0; 1Þ ðA100Þ

ð0; 0; 0Þ⋊½ðπ; π; π; 0Þ; π�⋊Aþ
2 →

� ð0; 0; 1Þ⋊½ðπ; 0; π; πÞ; π�⋊A2∶ Oγ5⊗γi≠3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; π; π; 0Þ; π�⋊A1∶ Oγ5⊗γ3ð0; 0; 1Þ ðA101Þ

ð0; 0; 0Þ⋊½ð0; 0; 0; πÞ; 0�⋊A−
2 →

� ð0; 0; 1Þ⋊½ð0; 0; 0; πÞ; 0�⋊A0∶ Oγ5⊗γ5γ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; 0; π; 0Þ; 0�⋊A2∶ Oγ5⊗γ5γi≠3ð0; 0; 1Þ ðA102Þ

ð0; 0; 0Þ⋊½ðπ; 0; 0; πÞ; π�⋊Aþ
2 →

� ð0; 0; 1Þ⋊½ðπ; 0; 0; πÞ; π�⋊A1∶ Oγ5⊗γ3γ0ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; 0; π; 0Þ; π�⋊A3; Oγ5⊗γi≠3γ0ð0; 0; 1Þ ðA103Þ
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ð0; 0; 0Þ⋊½ð0; π; π; 0Þ; π�⋊A−
2 →

� ð0; 0; 1Þ⋊½ð0; 0; π; πÞ; π�⋊A3∶ Oγ5⊗γi≠3γ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; π; π; 0Þ; π�⋊A0∶ Oγ5⊗γi≠3γj≠3ð0; 0; 1Þ: ðA104Þ

Here, again, the last four irreps undergo taste-orbit splitting
at nonzero momentum. It is also important to note that the
operators given will excite states in irreps of both parities
for ξ0 and ξ3.

APPENDIX B: CHARACTER TABLES

This appendix contains the character tables used to
construct the irreducible representations in Appendix A.
These are, again, contained in Ref. [39]. However, we
repeat them here to address slight notational differences in
irrep labeling and minor errors in some tables in that work.

1. Character tables for little groups

Here we give the character tables for the little groups of
the taste-orbit under rotations defined in Table VIII. The
two (0, 0, 0) momentum taste little groups, Oh and D4h, are
given in Tables X and XI. For momentum ð0; 0; nÞ, the two
little groups, D4 and C2v, are given in Tables XII and XIII.
The remaining unique group character tables, D3 and Z2,
are given in Tables XIV and XV. Where the little group
structure is repeated for different momentum and taste

orbits, we indicate in the caption and include the unique
rotation group elements for each case in the table.

2. Character tables for staggered rest frame groups

The characters for the bosonic irreps of the group SW4
are given in Table XVI. A mapping to the class labeling in
Refs. [39,68] is given in the first column. The first four
irreps are induced from the symmetric group S4. The
irreps, (1, 0) and (0, 1), are subduced from the full four-
dimensional rotation Oð4Þ ≅ SUð2Þ × SUð2Þ and remain
irreducible. The penultimate two, ð1; 0Þ and ð0; 1Þ are the

product of the previous two with . In the last column, 6 is

a six-dimensional irrep obtained from Oð4Þ [68].
For the bosonic case, any group element g of Γ2;2 can be

represented as a four-vector Γ which takes values 0 or 1
depending on what generators g contains. The characters
for the bosonic irreps, labeled by πΓ, of Γ2;2 are then
given by

χπΓðgÞ ¼ eiπΓ·Γ: ðB1Þ

TABLE X. Character table for the p⃗ ¼ 2πð0; 0; 0Þ=L, πξ ¼ ðξ0; π; π; πÞ little group Oh.

Representative element Class size Aþ
0 A−

0 Aþ
1 A−

1 Eþ
0 E−

0 Tþ
0 T−

0 Tþ
1 T−

1

E 1 1 1 1 1 2 2 3 3 3 3
IS 1 1 −1 1 −1 2 −2 3 −3 3 −3
R12R12 3 1 1 1 1 2 2 −1 −1 −1 −1
R12R12IS 3 1 −1 1 −1 2 −2 −1 1 −1 1
R12 6 1 1 −1 −1 0 0 1 1 −1 −1
R12IS 6 1 −1 −1 1 0 0 1 −1 −1 1
R12R12R23 6 1 1 −1 −1 0 0 −1 −1 1 1
R12R12R23IS 6 1 −1 −1 1 0 0 −1 1 1 −1
R12R23 8 1 1 1 1 −1 −1 0 0 0 0
R12R23IS 8 1 −1 1 −1 −1 1 0 0 0 0

TABLE XI. Character table for the p⃗ ¼ 2πð0; 0; 0Þ=L, πξ ¼ ðξ0; 0; π; πÞ little group D4h.

Representative element Class size Aþ
0 A−

0 Aþ
1 A−

1 Aþ
2 A−

2 Aþ
3 A−

3 Eþ
0 E−

0

E 1 1 1 1 1 1 1 1 1 2 2
IS 1 1 −1 1 −1 1 −1 1 −1 2 −2
R23R23 1 1 1 1 1 1 1 1 1 −2 −2
R23R23IS 1 1 −1 1 −1 1 −1 1 −1 −2 2
R12R12 2 1 1 1 1 −1 −1 −1 −1 0 0
R12R12IS 2 1 −1 1 −1 −1 1 −1 1 0 0
R12R12R23 2 1 1 −1 −1 −1 −1 1 1 0 0
R12R12R23IS 2 1 −1 −1 1 −1 1 1 −1 0 0
R23 2 1 1 −1 −1 1 1 −1 −1 0 0
R23IS 2 1 −1 −1 1 1 −1 −1 1 0 0
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Leaving charge conjugation, C0, and spatial inversion, IS,
out of this group gives the corresponding character table for
the bosonic representations of Z2 × Z2, Table XVII.

3. Rest frame groups isomorphism

The staggered lattice group has two useful representa-
tions at zero momentum, the first representation,

ðSW4 × Γ2;2Þ=ð−E × −EÞ; ðB2Þ

is useful for subducing from the continuum. It has the
generating elements

fRij; R̃4i ≡ RjkΞkjg × fΞ0;Ξ123; C0Ξ0IS; C0g; ðB3Þ

fΞ0;Ξ123; C0Ξ0IS; C0g≡ fΓ1;Γ2;Γ3;Γ4g: ðB4Þ

The second representation of the group,

Γ4;1⋊Oh; ðB5Þ

is useful for considering states at nonzero momentum
by the natural extension, Ti⋊Γ4;1⋊Oh. It has generating
elements

fΞ0;Ξ1;Ξ2;Ξ3; C0g⋊fRij; Isg: ðB6Þ

The similarity between the irreps is given in Table IX.

APPENDIX C: STAGGERED IRREPS

1. The staggered ρ

Using the tools described in Appendix A 5 a, the full the
decomposition of the vector meson with negative parity
and negative charge conjugation is given here for zero
momentum,

ð0; 1Þ → ð0; 1Þ ⊗ 0 → ð0; 1Þ ⊗ ð0; 0Þ ðC1Þ

ðC2Þ

The term ð0; 1Þ ⊗ ððπ; 0Þ ⊕ ð0; πÞ ⊕ ðπ; πÞÞ was mistakenly written with as ð1; 0Þ ⊗ … in Ref. [39]. Proceeding with the
mapping from Table IX, using Eqs. (A71) and (A72) with P ¼ −1 and C ¼ −1 and the characters from Table XVII,

TABLE XII. Character table for the p⃗ ¼ 2πð0; 0;lÞ=L, πξ ¼
ðξ0; π; π; ξ3Þ little group D4.

Representative element Class size A0 A1 A2 A3 E0

E 1 1 1 1 1 2
R12R12 1 1 1 1 1 −2
R12 2 1 1 −1 −1 0
R12R23R23IS 2 1 −1 −1 1 0
R23R23IS 2 1 −1 1 −1 0

TABLE XIII. Character table for the p⃗ ¼ 2πð0; 0;lÞ=L, πξ ¼
ðξ0; 0; π; ξ3Þ and the p⃗ ¼ 2π=ðl;l; 0Þ=L, πξ ¼ ðξ0; π; π; ξ3Þ little
group C2v.

Representative element Class size A0 A1 A2 A3

E 1 1 1 1 1
R12R12=R12R12IS 1 1 1 −1 −1
R23R23IS=R12R23R23IS 1 1 −1 1 −1
R31R31IS=R23R23R12 1 1 −1 −1 1

TABLE XIV. Character table for the p⃗ ¼ 2πðl;l;lÞ=L, πξ ¼
ðξ0; π; π; πÞ little group D3.

Representative element Class size A0 A1 E0

E 1 1 1 2
R23R12 2 1 1 −1
R12R12R23IS 3 1 −1 0

TABLE XV. Character table for the p⃗ ¼ 2π=ðl;l; 0Þ=L, πξ ¼ ðξ0; 0; π; ξ3Þ, p⃗ ¼ 2πðl;l;lÞ=L,
πξ ¼ ðξ0; 0; π; πÞ, p⃗ ¼ 2πðl;l; mÞ=L, πξ ¼ ðξ0; π; π; πÞ and p⃗ ¼ 2πð0;l; mÞ=L, πξ ¼ ðξ0; π; π; πÞ little group Z2.

Representative element Class size A0 A1

E 1 1 1
R12R12IS=R12R12R23IS=R12R23R23IS=R23R23IS 1 1 −1
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ð0; 1Þ ⊗ ð0; 0Þ ∼ ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−
0 ∶ Oγi⊗1ð0; 0; 0Þ ðC3Þ

ð0; 1Þ ⊗ ðπ; 0Þ ∼ ð0; 0; 0Þ⋊½ðπ; 0; 0; 0Þ; π�⋊Tþ
0 ∶Oγi⊗γ5γ0ð0; 0; 0Þ ðC4Þ

ð0; 1Þ ⊗ ð0; πÞ ∼ ð0; 0; 0Þ⋊½ð0; π; π; πÞ; 0�⋊T−
0 ∶Oγi⊗γ0ð0; 0; 0Þ ðC5Þ

ð0; 1Þ ⊗ ðπ; πÞ ∼ ð0; 0; 0Þ⋊½ðπ; π; π; πÞ; π�⋊Tþ
0 ∶Oγi⊗γ5ð0; 0; 0Þ ðC6Þ

ðC7Þ

ðC8Þ

ðC9Þ

ðC10Þ

6 ⊗ ðπ; 0Þ ∼ ð0; 0; 0Þ⋊½ðπ; π; π; 0Þ; 0�⋊Eþ
0 ∶Oγi⊗γjð0; 0; 0Þ ðC11Þ

TABLE XVI. Character table for the bosonic irreps of SW4, in agreement with Ref. [68] but correcting errors in and
of Ref. [39].

Label Representative element Class size (1, 0) (0, 1) ð1; 0Þ ð0; 1Þ 6

I E 1 1 1 2 3 3 3 3 3 3 6
II R12R12 6 1 1 2 3 3 −1 −1 −1 −1 −2
III R12R12R̃43R̃43 1 1 1 2 3 3 3 3 3 3 6
IV R12 12 1 −1 0 1 −1 1 1 −1 −1 0
V R12R12R23 24 1 −1 0 1 −1 −1 −1 1 1 0
VI R̃43R12R12 12 1 −1 0 1 −1 1 1 −1 −1 0
VII R12R23 32 1 1 −1 0 0 0 0 0 0 0
VIII R̃43R12R12R23 32 1 1 −1 0 0 0 0 0 0 0
IX R12R23R̃43 24 1 −1 0 −1 1 1 −1 −1 1 0
X R12R23R̃42 24 1 −1 0 −1 1 −1 1 1 −1 0
XI R12R̃43R23R23 12 1 1 2 −1 −1 −1 −1 −1 −1 2
XII R̃43R12R12R12 6 1 1 2 −1 −1 −1 3 −1 3 −2
XIII R12R̃43 6 1 1 2 −1 −1 3 −1 3 −1 −2

TABLE XVII. Character table for the Z2 × Z2 group corresponding to the bosonic representations of fΞ0;Ξ123g.
Representative element Class size (0, 0) ðπ; 0Þ ð0; πÞ ðπ; πÞ
E 1 1 1 1 1
Ξ0 1 1 −1 1 −1
Ξ123 1 1 1 −1 −1
Ξ0Ξ123 1 1 −1 −1 1
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6 ⊗ ð0; πÞ ∼ ð0; 0; 0Þ⋊½ð0; 0; 0; πÞ; π�⋊E−
0 ∶Oγi⊗γ5γjð0; 0; 0Þ ðC12Þ

6 ⊗ ðπ; πÞ ∼ ð0; 0; 0Þ⋊½ðπ; 0; 0; πÞ; 0�⋊Eþ
0 ∶Oγi⊗γjγ0ð0; 0; 0Þ ðC13Þ

6 ⊗ ð0; 0Þ ∼ ð0; 0; 0Þ⋊½ð0; π; π; 0Þ; 0�⋊E−
0 ∶Oγi⊗γiγjð0; 0; 0Þ: ðC14Þ

In this work, we use the states and operators associated with Eq. (C3), called the one-link or taste-singlet ρ. Continuing
with the example from Ref. [39], giving the ρ momentum ð0; 0; pzÞ results in

ð0; 0; 0Þ⋊½ðπ; 0; 0; 0Þ; π�⋊Tþ
0 →

� ð0; 0; 1Þ⋊½ðπ; 0; 0; 0Þ; π�⋊A1∶Oγ3⊗γ5γ0ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; 0; 0; 0Þ; π�⋊E0∶Oγi≠3⊗γ5γ0ð0; 0; 1Þ ðC15Þ

ð0; 0; 0Þ⋊½ð0; π; π; πÞ; 0�⋊T−
0 →

� ð0; 0; 1Þ⋊½ð0; π; π; πÞ; 0�⋊A0∶Oγ3⊗γ0ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; π; π; πÞ; 0�⋊E0∶Oγi≠3⊗γ0ð0; 0; 1Þ ðC16Þ

ð0; 0; 0Þ⋊½ðπ; π; π; πÞ; π�⋊Tþ
0 →

� ð0; 0; 1Þ⋊½ðπ; π; π; πÞ; π�⋊A1∶Oγ3⊗γ5ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; π; π; πÞ; π�⋊E0∶Oγi≠3⊗γ5ð0; 0; 1Þ ðC17Þ

ð0; 0; 0Þ⋊½ð0; π; π; 0Þ; 0�⋊A−
0 →

� ð0; 0; 1Þ⋊½ð0; π; π; 0Þ; 0�⋊A1∶Oγ3⊗γj≠iγk≠ið0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; 0; π; πÞ; 0�⋊A1∶Oγi≠3⊗γj≠iγk≠ið0; 0; 1Þ ðC18Þ

ð0; 0; 0Þ⋊½ðπ; π; π; 0Þ; 0�⋊Aþ
0 →

� ð0; 0; 1Þ⋊½ðπ; π; π; 0Þ; 0�⋊A0∶Oγ3⊗γ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; 0; π; πÞ; 0�⋊A0∶Oγi≠3⊗γið0; 0; 1Þ ðC19Þ

ð0; 0; 0Þ⋊½ð0; 0; 0; πÞ; π�⋊A−
0 →

� ð0; 0; 1Þ⋊½ð0; 0; 0; πÞ; π�⋊A1∶Oγ3⊗γ5γ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; 0; π; 0Þ; π�⋊A1∶Oγi≠3⊗γ5γið0; 0; 1Þ ðC20Þ

ð0; 0; 0Þ⋊½ðπ; 0; 0; πÞ; 0�⋊Aþ
0 →

� ð0; 0; 1Þ⋊½ðπ; 0; 0; πÞ; 0�⋊A0∶Oγ3⊗γ3γ0ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; 0; π; 0Þ; 0�⋊A0∶Oγi≠3⊗γiγ0ð0; 0; 1Þ ðC21Þ

ð0; 0; 0Þ⋊½ð0; π; π; 0Þ; 0�⋊E−
0 →

8><>:
ð0; 0; 1Þ⋊½ð0; π; π; 0Þ; 0�⋊E0∶Oγi≠3⊗γiγj≠i;3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; 0; π; πÞ; 0�⋊A0∶Oγi≠3⊗γiγ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; 0; π; πÞ; 0�⋊A2∶Oγ3⊗γi≠3γ3ð0; 0; 1Þ

ðC22Þ

ð0; 0; 0Þ⋊½ðπ; π; π; 0Þ; 0�⋊Eþ
0 →

8><>:
ð0; 0; 1Þ⋊½ðπ; π; π; 0Þ; 0�⋊E0∶Oγi≠3⊗γ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; 0; π; πÞ; 0�⋊A1∶Oγi≠3⊗γj≠3γ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; 0; π; πÞ; 0�⋊A3∶Oγ3⊗γj≠3ð0; 0; 1Þ

ðC23Þ

ð0; 0; 0Þ⋊½ð0; 0; 0; πÞ; π�⋊E−
0 →

8><>:
ð0; 0; 1Þ⋊½ð0; 0; 0; πÞ; π�⋊E0∶Oγi≠3⊗γ5γ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; 0; π; 0Þ; π�⋊A0∶Oγi≠3⊗γ5γj≠3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; 0; π; 0Þ; π�⋊A3∶Oγ3⊗γ5γj≠3ð0; 0; 1Þ

ðC24Þ

ð0; 0; 0Þ⋊½ðπ; 0; 0; πÞ; 0�⋊Eþ
0 →

8><>:
ð0; 0; 1Þ⋊½ðπ; 0; 0; πÞ; 0�⋊E0∶Oγi≠3⊗γ3γ0ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; 0; π; 0Þ; 0�⋊A1∶Oγi≠3⊗γj≠3γ0ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; 0; π; 0Þ; 0�⋊A2∶Oγ3⊗γj≠3γ0ð0; 0; 1Þ

ðC25Þ

giving a different breakdown as to what is described in Ref. [39]. The breakdown in that work is likely incorrect due to
the aforementioned issue in footnote 8 of this appendix. Alongside this, there is also a further error in the decomposition
to nonzero momentum which the above breakdown corrects.
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2. The staggered pion

The full decomposition of the pseudoscalar with P ¼ −1 and C ¼ 1 is given here for the range of momentum considered
in this work. Using the results from Appendix A 5 a, the zero-momentum irreps and operators are

ðC26Þ

Relating these irreps to the irreps of Eq. (A32),

ðC27Þ

ðC28Þ

ðC29Þ

ðC30Þ

ð1; 0Þ ⊗ ðπ; 0Þ ∼ ð0; 0; 0Þ⋊½ðπ; π; π; 0Þ; π�⋊Aþ
2 ∶Oγ5⊗γið0; 0; 0Þ; ðC31Þ

ð1; 0Þ ⊗ ð0; πÞ ∼ ð0; 0; 0Þ⋊½ð0; 0; 0; πÞ; 0�⋊A−
2 ∶Oγ5⊗γ5γið0; 0; 0Þ; ðC32Þ

ð1; 0Þ ⊗ ðπ; πÞ ∼ ð0; 0; 0Þ⋊½ðπ; 0; 0; πÞ; π�⋊Aþ
2 ∶Oγ5⊗γiγ0ð0; 0; 0Þ; ðC33Þ

ð1; 0Þ ⊗ ð0; 0Þ ∼ ð0; 0; 0Þ⋊½ð0; π; π; 0Þ; π�⋊A−
2 ∶Oγ5⊗γiγjð0; 0; 0Þ: ðC34Þ

The (0, 0, 1) momentum subduction is given by

ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; 0�⋊A−
0 →

n
ð0; 0; 1Þ⋊½ð0; 0; 0; 0Þ; 0�⋊A1∶ Oγ5⊗1ð0; 0; 1Þ ðC35Þ

ð0; 0; 0Þ⋊½ðπ; 0; 0; 0Þ; 0�⋊Aþ
0 →

n
ð0; 0; 1Þ⋊½ðπ; 0; 0; 0Þ; 0�⋊A0∶Oγ5⊗γ5γ0ð0; 0; 1Þ ðC36Þ

ð0; 0; 0Þ⋊½ð0; π; π; πÞ; π�⋊A−
0 →

n
ð0; 0; 1Þ⋊½ð0; π; π; πÞ; π�⋊A1∶Oγ5⊗γ0ð0; 0; 1Þ ðC37Þ

ð0; 0; 0Þ⋊½ðπ; π; π; πÞ; 0�⋊Aþ
0 →

n
ð0; 0; 1Þ⋊½ðπ; π; π; πÞ; 0�⋊A0∶Oγ5⊗γ5ð0; 0; 1Þ ðC38Þ

ð0; 0; 0Þ⋊½ðπ; π; π; 0Þ; π�⋊Aþ
2 →

� ð0; 0; 1Þ⋊½ðπ; 0; π; πÞ; π�⋊A2∶Oγ5⊗γi≠3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; π; π; 0Þ; π�⋊A1∶Oγ5⊗γ3ð0; 0; 1Þ ðC39Þ

ð0; 0; 0Þ⋊½ð0; 0; 0; πÞ; 0�⋊A−
2 →

� ð0; 0; 1Þ⋊½ð0; 0; 0; πÞ; 0�⋊A0∶Oγ5⊗γ5γ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; 0; π; 0Þ; 0�⋊A2∶Oγ5⊗γ5γi≠3ð0; 0; 1Þ ðC40Þ
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ð0; 0; 0Þ⋊½ðπ; 0; 0; πÞ; π�⋊Aþ
2 →

� ð0; 0; 1Þ⋊½ðπ; 0; 0; πÞ; π�⋊A1∶Oγ5⊗γ3γ0ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ðπ; 0; π; 0Þ; π�⋊A3∶Oγ5⊗γi≠3γ0ð0; 0; 1Þ ðC41Þ

ð0; 0; 0Þ⋊½ð0; π; π; 0Þ; π�⋊A−
2 →

� ð0; 0; 1Þ⋊½ð0; 0; π; πÞ; π�⋊A3∶Oγ5⊗γi≠3γ3ð0; 0; 1Þ
ð0; 0; 1Þ⋊½ð0; π; π; 0Þ; π�⋊A0∶Oγ5⊗γi≠3γj≠3ð0; 0; 1Þ: ðC42Þ

The (1, 1, 0) momentum momentum subduction is given by

ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; 0�⋊A−
0 →

n
ð1; 1; 0Þ⋊½ð0; 0; 0; 0Þ; 0�⋊A1∶ Oγ5⊗1ð1; 1; 0Þ ðC43Þ

ð0; 0; 0Þ⋊½ðπ; 0; 0; 0Þ; 0�⋊Aþ
0 →

n
ð1; 1; 0Þ⋊½ðπ; 0; 0; 0Þ; 0�⋊A0∶Oγ5⊗γ5γ0ð1; 1; 0Þ ðC44Þ

ð0; 0; 0Þ⋊½ð0; π; π; πÞ; π�⋊A−
0 →

n
ð1; 1; 0Þ⋊½ð0; π; π; πÞ; π�⋊A1∶Oγ5⊗γ0ð1; 1; 0Þ ðC45Þ

ð0; 0; 0Þ⋊½ðπ; π; π; πÞ; 0�⋊Aþ
0 →

n
ð1; 1; 0Þ⋊½ðπ; π; π; πÞ; 0�⋊A0∶Oγ5⊗γ5ð1; 1; 0Þ ðC46Þ

ð0; 0; 0Þ⋊½ðπ; π; π; 0Þ; π�⋊Aþ
2 →

� ð1; 1; 0Þ⋊½ðπ; 0; π; πÞ; π�⋊A1∶Oγ5⊗γi≠3ð1; 1; 0Þ
ð1; 1; 0Þ⋊½ðπ; π; π; 0Þ; π�⋊A2∶Oγ5⊗γ3ð1; 1; 0Þ ðC47Þ

ð0; 0; 0Þ⋊½ð0; 0; 0; πÞ; 0�⋊A−
2 →

� ð1; 1; 0Þ⋊½ð0; 0; 0; πÞ; 0�⋊A3∶Oγ5⊗γ5γ3ð1; 1; 0Þ
ð1; 1; 0Þ⋊½ð0; 0; π; 0Þ; 0�⋊A0∶Oγ5⊗γ5γi≠3ð1; 1; 0Þ ðC48Þ

ð0; 0; 0Þ⋊½ðπ; 0; 0; πÞ; π�⋊Aþ
2 →

� ð1; 1; 0Þ⋊½ðπ; 0; 0; πÞ; π�⋊A2∶Oγ5⊗γ3γ0ð1; 1; 0Þ
ð1; 1; 0Þ⋊½ðπ; 0; π; 0Þ; π�⋊A1∶Oγ5⊗γi≠3γ0ð1; 1; 0Þ ðC49Þ

ð0; 0; 0Þ⋊½ð0; π; π; 0Þ; π�⋊A−
2 →

� ð1; 1; 0Þ⋊½ð0; 0; π; πÞ; π�⋊A0∶Oγ5⊗γi≠3γ3ð1; 1; 0Þ
ð1; 1; 0Þ⋊½ð0; π; π; 0Þ; π�⋊A3∶Oγ5⊗γi≠3γj≠3ð1; 1; 0Þ: ðC50Þ

The (1, 1, 1) momentum subduction is given by

ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; 0�⋊A−
0 →

n
ð1; 1; 1Þ⋊½ð0; 0; 0; 0Þ; 0�⋊A1∶Oγ5⊗1ð1; 1; 1Þ ðC51Þ

ð0; 0; 0Þ⋊½ðπ; 0; 0; 0Þ; 0�⋊Aþ
0 →

n
ð1; 1; 1Þ⋊½ðπ; 0; 0; 0Þ; 0�⋊A0∶Oγ5⊗γ5γ0ð1; 1; 1Þ ðC52Þ

ð0; 0; 0Þ⋊½ð0; π; π; πÞ; π�⋊A−
0 →

n
ð1; 1; 1Þ⋊½ð0; π; π; πÞ; π�⋊A1∶Oγ5⊗γ0ð1; 1; 1Þ ðC53Þ

ð0; 0; 0Þ⋊½ðπ; π; π; πÞ; 0�⋊Aþ
0 →

n
ð1; 1; 1Þ⋊½ðπ; π; π; πÞ; 0�⋊A0∶Oγ5⊗γ5ð1; 1; 1Þ ðC54Þ

ð0; 0; 0Þ⋊½ðπ; π; π; 0Þ; π�⋊Aþ
2 →

n
ð1; 1; 1Þ⋊½ðπ; 0; π; πÞ; π�⋊A1∶Oγ5⊗γið1; 1; 1Þ ðC55Þ

ð0; 0; 0Þ⋊½ð0; 0; 0; πÞ; 0�⋊A−
2 →

n
ð1; 1; 1Þ⋊½ð0; 0; 0; πÞ; 0�⋊A0∶Oγ5⊗γ5γið1; 1; 1Þ ðC56Þ

ð0; 0; 0Þ⋊½ðπ; 0; 0; πÞ; π�⋊Aþ
2 →

n
ð1; 1; 1Þ⋊½ðπ; 0; 0; πÞ; π�⋊A1∶Oγ5⊗γiγ0ð1; 1; 1Þ ðC57Þ

ð0; 0; 0Þ⋊½ð0; π; π; 0Þ; π�⋊A−
2 →

n
ð1; 1; 1Þ⋊½ð0; 0; π; πÞ; π�⋊A0∶Oγ5⊗γiγjð1; 1; 1Þ: ðC58Þ
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APPENDIX D: STAGGERED TWO-PION
CLEBSCH-GORDAN COEFFICIENTS

In this appendix, the CGs for the two cases of staggered
two-pion states which couple to the taste-singlet vector
current are given. These are two-pion states built out of
single-pion states, which are either one or three dimensional
at zero momentum. We only consider the case for momen-
tum p⃗, pi ¼ 0, 1 i.e., the irreps and operators described in
Appendix C 2 (see Appendix III C for an explanation
of this).

1. One-dimensional pion irreps

These irreps correspond to Eqs. (C27)–(C30). All these
cases are equivalent and have the same decomposition
as appears with Wilson fermions. We use the pseudo-
Goldstone-boson pion, Eq. (C30), for illustration. The case

for one unit of momentum, (0, 0, 1), is given in Sec. III A
but we give the results again here in Table XVIII, along with
the higher momentum CGs, (1, 1, 0) and (1, 1, 1) in
Tables XIX and XX, respectively.

2. Three-dimensional pion irreps

For the case of the irreps which are three dimensional at
zero momentum, Eqs. (C31)–(C34), we use the taste-
pseudovector one-link pion as the representative example.
Again we start with repeating the results from Sec. III A
while including the one-dimensional split irrep here before
the higher-momentum cases. The (0, 0, 1) momentum
irreps and operators are given in Table XXI for the one-
dimensional case and Table XXII for the two-dimensional
case. For (1, 1, 0) momentum, the one- and two-dimen-
sional irrep CGs are given in Tables XXIII and XXIV,
respectively. Finally at (1, 1, 1), we have a restoration of the

TABLE XVIII. Clebsch-Gordan table for ð0; 0; 1Þ⋊½ðπ; π; π; πÞ; 0�⋊A0 ⊗ ð0; 0; 1Þ⋊½ðπ; π; π; πÞ; π�⋊A0 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5ð1; 0; 0Þ ⊗ Oγ5⊗γ5ð−1; 0; 0Þ 1ffiffi

2
p 0 0

Oγ5⊗γ5ð−1; 0; 0Þ ⊗ Oγ5⊗γ5ð1; 0; 0Þ − 1ffiffi
2

p 0 0

Oγ5⊗γ5ð0; 1; 0Þ ⊗ Oγ5⊗γ5ð0;−1; 0Þ 0 1ffiffi
2

p 0

Oγ5⊗γ5ð0;−1; 0Þ ⊗ Oγ5⊗γ5ð0; 1; 0Þ 0 − 1ffiffi
2

p 0

Oγ5⊗γ5ð0; 0; 1Þ ⊗ Oγ5⊗γ5ð0; 0;−1Þ 0 0 1ffiffi
2

p

Oγ5⊗γ5ð0; 0;−1Þ ⊗ Oγ5⊗γ5ð0; 0; 1Þ 0 0 − 1ffiffi
2

p

TABLE XIX. Clebsch-Gordan table for ð1; 1; 0Þ⋊½ðπ; π; π; πÞ; 0�⋊A0 ⊗ ð1; 1; 0Þ⋊½ðπ; π; π; πÞ; π�⋊A0 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5ð1; 1; 0Þ ⊗ Oγ5⊗γ5ð1; 1; 0Þ 1ffiffi

8
p 1ffiffi

8
p 0

Oγ5⊗γ5ð−1;−1; 0Þ ⊗ Oγ5⊗γ5ð−1;−1; 0Þ − 1ffiffi
8

p − 1ffiffi
8

p 0

Oγ5⊗γ5ð−1; 1; 0Þ ⊗ Oγ5⊗γ5ð−1; 1; 0Þ − 1ffiffi
8

p 1ffiffi
8

p 0

Oγ5⊗γ5ð1;−1; 0Þ ⊗ Oγ5⊗γ5ð1;−1; 0Þ 1ffiffi
8

p − 1ffiffi
8

p 0

Oγ5⊗γ5ð1; 0; 1Þ ⊗ Oγ5⊗γ5ð1; 0; 1Þ 1ffiffi
8

p 0 1ffiffi
8

p

Oγ5⊗γ5ð−1; 0;−1Þ ⊗ Oγ5⊗γ5ð−1; 0;−1Þ − 1ffiffi
8

p 0 − 1ffiffi
8

p

Oγ5⊗γ5ð−1; 0; 1Þ ⊗ Oγ5⊗γ5ð−1; 0; 1Þ − 1ffiffi
8

p 0 1ffiffi
8

p

Oγ5⊗γ5ð1; 0;−1Þ ⊗ Oγ5⊗γ5ð1; 0;−1Þ 1ffiffi
8

p 0 − 1ffiffi
8

p

Oγ5⊗γ5ð0; 1;−1Þ ⊗ Oγ5⊗γ5ð0; 1;−1Þ 0 1ffiffi
8

p − 1ffiffi
8

p

Oγ5⊗γ5ð0;−1; 1Þ ⊗ Oγ5⊗γ5ð0;−1; 1Þ 0 − 1ffiffi
8

p 1ffiffi
8

p

Oγ5⊗γ5ð0; 1; 1Þ ⊗ Oγ5⊗γ5ð0; 1; 1Þ 0 1ffiffi
8

p 1ffiffi
8

p

Oγ5⊗γ5ð0;−1;−1Þ ⊗ Oγ5⊗γ5ð0;−1;−1Þ 0 − 1ffiffi
8

p − 1ffiffi
8

p
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TABLE XX. Clebsch-Gordan table for ð1; 1; 1Þ⋊½ðπ; π; π; πÞ; 0�⋊A0 ⊗ ð1; 1; 1Þ⋊½ðπ; π; π; πÞ; π�⋊A0 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5ð1; 1; 1Þ ⊗ Oγ5⊗γ5ð1; 1; 1Þ 1ffiffi

8
p 1ffiffi

8
p 1ffiffi

8
p

Oγ5⊗γ5ð−1;−1;−1Þ ⊗ Oγ5⊗γ5ð−1;−1;−1Þ − 1ffiffi
8

p − 1ffiffi
8

p − 1ffiffi
8

p

Oγ5⊗γ5ð−1; 1; 1Þ ⊗ Oγ5⊗γ5ð−1; 1; 1Þ − 1ffiffi
8

p 1ffiffi
8

p 1ffiffi
8

p

Oγ5⊗γ5ð1;−1;−1Þ ⊗ Oγ5⊗γ5ð1;−1;−1Þ 1ffiffi
8

p − 1ffiffi
8

p − 1ffiffi
8

p

Oγ5⊗γ5ð1;−1; 1Þ ⊗ Oγ5⊗γ5ð1;−1; 1Þ 1ffiffi
8

p − 1ffiffi
8

p 1ffiffi
8

p

Oγ5⊗γ5ð−1; 1;−1Þ ⊗ Oγ5⊗γ5ð−1; 1;−1Þ − 1ffiffi
8

p 1ffiffi
8

p − 1ffiffi
8

p

Oγ5⊗γ5ð1; 1;−1Þ ⊗ Oγ5⊗γ5ð1; 1;−1Þ 1ffiffi
8

p 1ffiffi
8

p − 1ffiffi
8

p

Oγ5⊗γ5ð−1;−1; 1Þ ⊗ Oγ5⊗γ5ð−1;−1; 1Þ − 1ffiffi
8

p − 1ffiffi
8

p 1ffiffi
8

p

TABLE XXI. Clebsch-Gordan table for ð0; 0; 1Þ⋊½ð0; 0; 0; πÞ; 0�⋊A0 ⊗ ð0; 0; 1Þ⋊½ð0; 0; 0; πÞ; π�⋊A0 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5γ1ð1; 0; 0Þ ⊗ Oγ5⊗γ5γ1ð−1; 0; 0Þ 1ffiffi

4
p 0 0

Oγ5⊗γ5γ1ð−1; 0; 0Þ ⊗ Oγ5⊗γ5γ1ð1; 0; 0Þ − 1ffiffi
4

p 0 0

Oγ5⊗γ5γ2ð0;−1; 0Þ ⊗ Oγ5⊗γ5γ2ð0; 1; 0Þ 0 − 1ffiffi
4

p 0

Oγ5⊗γ5γ2ð0; 1; 0Þ ⊗ Oγ5⊗γ5γ2ð0;−1; 0Þ 0 1ffiffi
4

p 0

Oγ5⊗γ5γ3ð0; 0; 1Þ ⊗ Oγ5⊗γ5γ3ð0; 0;−1Þ 0 0 1ffiffi
4

p

Oγ5⊗γ5γ3ð0; 0;−1Þ ⊗ Oγ5⊗γ5γ3ð0; 0; 1Þ 0 0 − 1ffiffi
4

p

TABLE XXII. Clebsch-Gordan table for ð0; 0; 1Þ⋊½ð0; 0; π; 0Þ; 0�⋊A2 ⊗ ð0; 0; 1Þ⋊½ð0; 0; π; 0Þ; π�⋊A2 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5γ2ð1; 0; 0Þ ⊗ Oγ5⊗γ5γ2ð−1; 0; 0Þ 1ffiffi

4
p 0 0

Oγ5⊗γ5γ3ð1; 0; 0Þ ⊗ Oγ5⊗γ5γ3ð−1; 0; 0Þ 1ffiffi
4

p 0 0

Oγ5⊗γ5γ2ð−1; 0; 0Þ ⊗ Oγ5⊗γ5γ2ð1; 0; 0Þ − 1ffiffi
4

p 0 0

Oγ5⊗γ5γ3ð−1; 0; 0Þ ⊗ Oγ5⊗γ5γ3ð1; 0; 0Þ − 1ffiffi
4

p 0 0

Oγ5⊗γ5γ3ð0; 1; 0Þ ⊗ Oγ5⊗γ5γ3ð0;−1; 0Þ 0 1ffiffi
4

p 0

Oγ5⊗γ5γ1ð0; 1; 0Þ ⊗ Oγ5⊗γ5γ1ð0;−1; 0Þ 0 1ffiffi
4

p 0

Oγ5⊗γ5γ3ð0;−1; 0Þ ⊗ Oγ5⊗γ5γ3ð0; 1; 0Þ 0 − 1ffiffi
4

p 0

Oγ5⊗γ5γ1ð0;−1; 0Þ ⊗ Oγ5⊗γ5γ1ð0; 1; 0Þ 0 − 1ffiffi
4

p 0

Oγ5⊗γ5γ1ð0; 0; 1Þ ⊗ Oγ5⊗γ5γ1ð0; 0;−1Þ 0 0 1ffiffi
4

p

Oγ5⊗γ5γ2ð0; 0; 1Þ ⊗ Oγ5⊗γ5γ2ð0; 0;−1Þ 0 0 1ffiffi
4

p

Oγ5⊗γ5γ1ð0; 0;−1Þ ⊗ Oγ5⊗γ5γ1ð0; 0; 1Þ 0 0 − 1ffiffi
4

p

Oγ5⊗γ5γ2ð0; 0;−1Þ ⊗ Oγ5⊗γ5γ2ð0; 0; 1Þ 0 0 − 1ffiffi
4

p
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three-dimensional symmetry and hence only set of CGs
given in Table XXV. The (1, 1, 0) momentum irreps and
operators are given in Table XXIII for the one-dimensional

case and Table XXIV for the two-dimensional case. The
(1, 1, 1) momentum irreps and operators are given in
Table XXV for the three-dimensional case.

TABLE XXIII. Clebsch-Gordan table for ð1; 1; 0Þ⋊½ð0; 0; 0; πÞ; 0�⋊A3 ⊗ ð1; 1; 0Þ⋊½ð0; 0; 0; πÞ; π�⋊A3 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5γ3ð1; 1; 0Þ ⊗ Oγ5⊗γ5γ3ð1; 1; 0Þ 1ffiffi

8
p 1ffiffi

8
p 0

Oγ5⊗γ5γ3ð−1;−1; 0Þ ⊗ Oγ5⊗γ5γ3ð−1;−1; 0Þ − 1ffiffi
8

p − 1ffiffi
8

p 0

Oγ5⊗γ5γ3ð−1; 1; 0Þ ⊗ Oγ5⊗γ5γ3ð−1; 1; 0Þ − 1ffiffi
8

p 1ffiffi
8

p 0

Oγ5⊗γ5γ3ð1;−1; 0Þ ⊗ Oγ5⊗γ5γ3ð1;−1; 0Þ 1ffiffi
8

p − 1ffiffi
8

p 0

Oγ5⊗γ5γ2ð1; 0; 1Þ ⊗ Oγ5⊗γ5γ2ð1; 0; 1Þ 1ffiffi
8

p 0 1ffiffi
8

p

Oγ5⊗γ5γ2ð−1; 0;−1Þ ⊗ Oγ5⊗γ5γ2ð−1; 0;−1Þ − 1ffiffi
8

p 0 − 1ffiffi
8

p

Oγ5⊗γ5γ2ð−1; 0; 1Þ ⊗ Oγ5⊗γ5γ2ð−1; 0; 1Þ − 1ffiffi
8

p 0 1ffiffi
8

p

Oγ5⊗γ5γ2ð1; 0;−1Þ ⊗ Oγ5⊗γ5γ2ð1; 0;−1Þ 1ffiffi
8

p 0 − 1ffiffi
8

p

Oγ5⊗γ5γ1ð0; 1;−1Þ ⊗ Oγ5⊗γ5γ1ð0; 1;−1Þ 0 1ffiffi
8

p − 1ffiffi
8

p

Oγ5⊗γ5γ1ð0;−1; 1Þ ⊗ Oγ5⊗γ5γ1ð0;−1; 1Þ 0 − 1ffiffi
8

p 1ffiffi
8

p

Oγ5⊗γ5γ1ð0; 1; 1Þ ⊗ Oγ5⊗γ5γ1ð0; 1; 1Þ 0 1ffiffi
8

p 1ffiffi
8

p

Oγ5⊗γ5γ1ð0;−1;−1Þ ⊗ Oγ5⊗γ5γ1ð0;−1;−1Þ 0 − 1ffiffi
8

p − 1ffiffi
8

p

TABLE XXIV. Clebsch-Gordan table for ð1; 1; 0Þ⋊½ð0; 0; π; 0Þ; 0�⋊A0 ⊗ ð1; 1; 0Þ⋊½ð0; 0; π; 0Þ; π�⋊A0 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5γ1ð1; 1; 0Þ ⊗ Oγ5⊗γ5γ1ð−1;−1; 0Þ 1

4
1
4

0
Oγ5⊗γ5γ2ð1; 1; 0Þ ⊗ Oγ5⊗γ5γ2ð−1;−1; 0Þ 1

4
1
4

0
Oγ5⊗γ5γ1ð−1;−1; 0Þ ⊗ Oγ5⊗γ5γ1ð1; 1; 0Þ − 1

4
− 1

4
0

Oγ5⊗γ5γ2ð−1;−1; 0Þ ⊗ Oγ5⊗γ5γ2ð1; 1; 0Þ − 1
4

− 1
4

0
Oγ5⊗γ5γ1ð−1; 1; 0Þ ⊗ Oγ5⊗γ5γ1ð1;−1; 0Þ − 1

4
1
4

0
Oγ5⊗γ5γ2ð−1; 1; 0Þ ⊗ Oγ5⊗γ5γ2ð1;−1; 0Þ − 1

4
1
4

0
Oγ5⊗γ5γ1ð1;−1; 0Þ ⊗ Oγ5⊗γ5γ1ð−1; 1; 0Þ 1

4
− 1

4
0

Oγ5⊗γ5γ2ð1;−1; 0Þ ⊗ Oγ5⊗γ5γ2ð−1; 1; 0Þ 1
4

− 1
4

0
Oγ5⊗γ5γ2ð1; 0; 1Þ ⊗ Oγ5⊗γ5γ2ð−1; 0;−1Þ 1

4
0 1

4

Oγ5⊗γ5γ3ð1; 0; 1Þ ⊗ Oγ5⊗γ5γ3ð−1; 0;−1Þ 1
4

0 1
4

Oγ5⊗γ5γ2ð−1; 0;−1Þ ⊗ Oγ5⊗γ5γ2ð1; 0; 1Þ − 1
4

0 − 1
4

Oγ5⊗γ5γ3ð−1; 0;−1Þ ⊗ Oγ5⊗γ5γ3ð1; 0; 1Þ − 1
4

0 − 1
4

Oγ5⊗γ5γ2ð−1; 0; 1Þ ⊗ Oγ5⊗γ5γ2ð1; 0;−1Þ − 1
4

0 1
4

Oγ5⊗γ5γ3ð−1; 0; 1Þ ⊗ Oγ5⊗γ5γ3ð1; 0;−1Þ − 1
4

0 1
4

Oγ5⊗γ5γ2ð1; 0;−1Þ ⊗ Oγ5⊗γ5γ2ð−1; 0; 1Þ 1
4

0 − 1
4

Oγ5⊗γ5γ3ð1; 0;−1Þ ⊗ Oγ5⊗γ5γ3ð−1; 0; 1Þ 1
4

0 − 1
4

Oγ5⊗γ5γ3ð0; 1; 1Þ ⊗ Oγ5⊗γ5γ3ð0;−1;−1Þ 0 1
4

1
4

Oγ5⊗γ5γ1ð0; 1; 1Þ ⊗ Oγ5⊗γ5γ1ð0;−1;−1Þ 0 1
4

1
4

Oγ5⊗γ5γ3ð0;−1;−1Þ ⊗ Oγ5⊗γ5γ3ð0; 1; 1Þ 0 − 1
4

− 1
4

Oγ5⊗γ5γ1ð0;−1;−1Þ ⊗ Oγ5⊗γ5γ1ð0; 1; 1Þ 0 − 1
4

− 1
4

Oγ5⊗γ5γ3ð0; 1;−1Þ ⊗ Oγ5⊗γ5γ3ð0;−1; 1Þ 0 1
4

− 1
4

Oγ5⊗γ5γ1ð0; 1;−1Þ ⊗ Oγ5⊗γ5γ1ð0;−1; 1Þ 0 1
4

− 1
4

Oγ5⊗γ5γ3ð0;−1; 1Þ ⊗ Oγ5⊗γ5γ3ð0; 1;−1Þ 0 − 1
4

1
4

Oγ5⊗γ5γ1ð0;−1; 1Þ ⊗ Oγ5⊗γ5γ1ð0; 1;−1Þ 0 − 1
4

1
4
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APPENDIX E: ROOTING AND STAGGERED
OBSERVABLES

In quantum field theory, observables can be obtained
through taking functional derivatives of a generating func-
tional. For the case of staggered fermions, the fermion
determinant, detDf½U�, describes four tastes of staggered
fermions for each flavor. This is addressed by taking the
fourth root of the fermion determinant. The rooted stag-
gered path integral is then

Z ¼
Z

D½U�
Y
f

½detDf½U��14 e−SG: ðE1Þ

Rooting results in additional factors of 1
4
that need to be

included when computing physical observables. As illus-
tration, we obtain the vector-current two-point correlation
function using the staggered action, Eq. (A6). Coupling to a
background photon field CμðnÞ, we have

SF½χf; χ̄f; U; C�
¼ a4

X
f

X
n;m∈Λ

χ̄fðnÞDf½U;C�ðnjmÞχfðmÞ; ðE2Þ

Df½U;C�ðnjmÞ

¼
X
μ

ημðnÞ
�
UμðnÞeiaQfCμðnÞδm;nþμ̂

2a
− H:c:

�
þm δn;m;

ðE3Þ

where H.c. is the Hermitian conjugate. The generating
functional is

Z½C� ¼
Z

D½U�
Y
f

detDf½U;C�e−SG: ðE4Þ

The vector-current two-point function is obtained by taking
the second derivative with respect to the source field, giving

TABLE XXV. Clebsch-Gordan table for ð1; 1; 1Þ⋊½ð0; 0; 0; πÞ; 0�⋊A0 ⊗ ð1; 1; 1Þ⋊½ð0; 0; 0; πÞ; π�⋊A0 ¼
ð0; 0; 0Þ⋊½ð0; 0; 0; 0Þ; π�⋊T−

0 ⊕ � � �. The irreps in the rows and columns are labeled by the corresponding operators.

Tensor product row Oγ1⊗1ð0; 0; 0Þ Oγ2⊗1ð0; 0; 0Þ Oγ3⊗1ð0; 0; 0Þ
Oγ5⊗γ5γ1ð1; 1; 1Þ ⊗ Oγ5⊗γ5γ1ð−1;−1;−1Þ 1

4
1

4
ffiffi
2

p 1

4
ffiffi
2

p

Oγ5⊗γ5γ2ð1; 1; 1Þ ⊗ Oγ5⊗γ5γ2ð−1;−1;−1Þ 1

4
ffiffi
2

p 1
4

1

4
ffiffi
2

p

Oγ5⊗γ5γ3ð1; 1; 1Þ ⊗ Oγ5⊗γ5γ3ð−1;−1;−1Þ 1

4
ffiffi
2

p 1

4
ffiffi
2

p 1
4

Oγ5⊗γ5γ1ð−1;−1;−1Þ ⊗ Oγ5⊗γ5γ1ð1; 1; 1Þ − 1
4

− 1

4
ffiffi
2

p − 1

4
ffiffi
2

p

Oγ5⊗γ5γ2ð−1;−1;−1Þ ⊗ Oγ5⊗γ5γ2ð1; 1; 1Þ − 1

4
ffiffi
2

p − 1
4

− 1

4
ffiffi
2

p

Oγ5⊗γ5γ3ð−1;−1;−1Þ ⊗ Oγ5⊗γ5γ3ð1; 1; 1Þ − 1

4
ffiffi
2

p − 1

4
ffiffi
2

p − 1
4

Oγ5⊗γ5γ1ð−1; 1; 1Þ ⊗ Oγ5⊗γ5γ1ð1;−1;−1Þ − 1
4

1

4
ffiffi
2

p 1

4
ffiffi
2

p
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δ2 logZ½C�
δCμðxÞδCμðx0Þ

����
C¼0

¼ 1

Z½Cðx0Þ�
δ2Z½C�

δCμðxÞδCμðx0Þ
����
C¼0

−
1

Z2½Cðx0Þ�
δZ½C�
δCμðxÞ

����
C¼0

: ðE5Þ

The second term on the right-hand side is zero by the lattice rotation-reflection symmetries. Then using

det M ¼ exp tr log M; ðE6Þ

first without rooting, gives

1

Z½Cðx0Þ�
δ2Z½C�

δCμðxÞδCμðx0Þ
¼ 1

Z½Cðx0Þ�
δ

δCμðxÞ
Z

D½U�e−SG
Y
f

det Df½U;C�

× tr

�X
f

D−1
f ½U;C�ðx0ÞiQfημðx0Þ

�
Uμðx0ÞeiaQfCμðx0Þδm;x0þμ̂

2
− H:c:

��
: ðE7Þ

Taking the second derivative and setting C ¼ 0 gives

¼
Z

D½U�e−SG
Y
f

detDf½U;C�
�
tr
�X

f

D−1
f ½U;C�ðxÞQfjμðxÞD−1

f ½U;C�ðx0ÞQfjμðx0Þ
�

− tr

�X
f0
D−1

f0 ½U;C�ðxÞQ0
fj

μðxÞ
�
× tr

�X
f

D−1
f ½U;C�ðx0ÞQfjμðx0Þ

�	
; ðE8Þ

where the lattice current operator, jμðxÞ, was introduced

JμðxÞ≡ 1

2
½ημðxÞUμðxÞδm;xþμ̂ − H:c:�: ðE9Þ

The trace on the first line Eq. (E8) is the “connected”Wick contraction while the product of the two traces on the second line
is the “disconnected” contraction, corresponding to the following two diagrams:

ðE10Þ

where the × implies the background fields are set to zero as above. The effect of the four tastes is to add three additional
quark loops for each flavor.
Recomputing Eq. (E8) for the case of a rooted determinant results in

¼
Z

D½U�e−SG
Y
f

½detDf½U;C��14
�
1

4
tr

�X
f

D−1
f ½U;C�ðxÞQfJμðxÞD−1

f ½U;C�ðx0ÞQfJμðx0Þ
�

−
1

16
tr

�X
f0
D−1

f0 ½U;C�ðxÞQ0
fJ

μðxÞ
�
× tr

�X
f

D−1
f ½U;C�ðx0ÞQfJμðx0Þ

�	
: ðE11Þ

There is now a factor of 1
4
in the connected component and a factor of 1

16
in the disconnected component. From this and

Eq. (E10), one can infer the diagrammatic rule that for every fermion loop in a staggered Wick contraction, a factor of 1
4
is

added to obtain the corresponding physical observable.
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APPENDIX F: TIME-SPLIT TWO-PION OPERATORS

1. Operator definitions

As mentioned in Sec. III B, the correlation functions used in this work are generated with time-split two-pion operators.
This modification, introduced in Ref. [45] to address possible Fierz rearrangement of pions on the same time slice, is not
actually necessary with the random-wall sources used here.17 Here, for completeness, we describe the additional
considerations these operators require.
The time-split operators, which are non-Hermitian to start with, are defined as

OTS
ππ ð0⃗; tÞ≡ πþ⊗γξ

ðp; tÞπ−⊗γξ
ð−p; tþ 1Þ − πþ⊗γξ

ð−p; tÞπ−⊗γξ
ðp; tþ 1Þ; ðF1Þ

OTS†
ππ ð0⃗; tÞ≡ πþ⊗γξ

ðp; tþ 1Þπ−⊗γξ
ð−p; tÞ − πþ⊗γξ

ð−p; tþ 1Þπ−ðp; tÞ; ðF2Þ

using the notation of Secs. III A and III B on the right-hand side. To make apparent the effects of these operators on the
correlation functions described in Sec. III B, it is useful to pull out the time dependence,

OTS
ππ ð0⃗; tÞ≡ eHtOππð0⃗Þe−Hðtþ1Þ; ðF3Þ

OTS†
ππ ð0⃗; tÞ≡ eHðtþ1ÞOππð0⃗Þe−Ht; ðF4Þ

with

Oππð0⃗p⃗Þ ¼ πþðp⃗Þπ−ð−p⃗Þ − πþð−p⃗Þπ−ðp⃗Þ; ðF5Þ

now Hermitian.

2. Correlation functions

The two-point function, Eq. (2.10), is unchanged. The CðtÞππ→ρ three-point function, Eq. (3.27), is modified as

ðF6Þ

¼ 1

6N9=2
S

X
i;n⃗0;n⃗1;n⃗2;f�δjg

φγ5⊗γξðn0Þφγ5⊗γξðn1Þφγi⊗1ðn2Þeip⃗·ðn⃗0−n⃗1Þ

× tr½D−1
l ðn⃗0 þ δγ5⊗γξ ; 0jn⃗1; 1ÞD−1

l ðn⃗1 þ δγ5⊗γξ ; 1jn⃗2; tÞD−1
l ðn⃗2 þ δγi⊗1; tjn⃗0; 0Þ� ðF7Þ

with the same normalizations defined in Sec. III B 2. The ππ → ππ four-point function becomes

17This was not realized at the time of data generation.
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ðF8Þ

¼ 1

N6
S

X
n⃗0;n⃗1;n⃗2;n⃗3;f�δjg

φγ5⊗γξ1 ðn0Þφγ5⊗γξ1 ðn1Þφγ5⊗γξ2 ðn2Þφγ5⊗γξ2 ðn3Þeip⃗·ðn⃗0−n⃗1þn⃗2−n⃗3Þ
�

− tr½D−1
l ðn⃗0 þ δγ5⊗γξ1 ; 0jn⃗1; 1ÞD−1

l ðn⃗1 þ δγ5⊗γξ1 ; 1jn⃗2; tÞ
×D−1

l ðn⃗2 þ δγ5⊗γξ2 ; tjn⃗3; tþ 1ÞD−1
l ðn⃗3 þ δγ5⊗γξ2 ; tþ 1jn⃗0; 0Þ�

þ tr½D−1
l ðn⃗0 þ δγ5⊗γξ1 ; 0jn⃗1; 1ÞD−1

l ðn⃗1 þ δγ5⊗γξ1 ; 1jn⃗3; tþ 1Þ
×D−1

l ðn⃗3 þ δγ5⊗γξ2 ; tþ 1jn⃗2; tÞD−1
l ðn⃗2 þ δγ5⊗γξ2 ; tjn⃗0; 0Þ�

þ 1

8
tr½D−1

l ðn⃗0 þ δγ5⊗γξ1 ; 0jn⃗2; tÞD−1
l ðn⃗2 þ δγ5⊗γξ2 ; tjn⃗0; 0Þ�

× tr½D−1
l ðn⃗1 þ δγ5⊗γξ1 ; 1jn⃗3; tþ 1ÞD−1

l ðn⃗3 þ δγ5⊗γξ2 ; tþ 1jn⃗1; 1Þ�

−
1

8
tr½D−1

l ðn⃗0 þ δγ5⊗γξ1 ; 0jn⃗3; tþ 1ÞD−1
l ðn⃗3 þ δγ5⊗γξ2 ; tþ 1jn⃗0; 0Þ�

× tr½D−1
l ðn⃗1 þ δγ5⊗γξ1 ; 1jn⃗2; tÞD−1

l ðn⃗2 þ δγ5⊗γξ2 ; tjn⃗1; 1Þ�
�
: ðF9Þ

APPENDIX G: MULTIEXPONENTIAL MATRIX FIT

An alternative approach to the GEVP method discussed in Sec. III F, for extracting spectrum from the correlation
function matrix in Eq. (2.14), is to perform a multiexponential fit directly to the matrix (MEM fit). Fitting to the following fit
ansatz,
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CijðtÞ ¼ cij þ
XNstates

n

Zi
n Z

j
nðe−Ent þ e−EnðT−tÞÞ

þ ð−1Þt
XMstates

m

Zi
m;oscZ

j
m;oscðe−En;osct þ e−En;oscðT−tÞÞ;

ðG1Þ

enables a complete determination of the spectral informa-
tion obtained by the GEVP, as well as a direct determi-
nation of the constant-in-time finite-time contribution, cij,
that was estimated in Sec. III E. In this appendix we provide
results for this approach, which serves as a cross-check on

both the results obtained in Secs. III F and III E. As this is to
serve solely as a cross-check, we do not perform a full
systematic analysis of this approach, leaving it to a
later work.
In line with the Bayesian fits performed in Sec. III F 1,

we use as priors for the first seven energies En and
“diagonal” amplitudes, Zi

n; i ¼ n, the effective energy
and amplitudes estimated from Eqs. (3.30) and (3.31)
applied to the diagonal entries of the correlation matrix.
For the energies, we take the estimated energy as the central
value and apply a 20% prior width as in Sec. III F 1. For the
amplitudes, as we cannot enforce Zi

n > 0 for each ampli-
tude due to relative sign differences between the operators

FIG. 12. The stability of the extracted energies with respect to tmin, Nstates, and Mstates of the MEM-fit ansatz of Eq. (G1). The GEVP
energies determined in Sec. III F are indicated with blue bands for each of the states.
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in Eq. (2.14), we use a prior centered at zero with the width
given by twice the effective amplitude. For the off-diagonal
amplitudes Zi

n; i ≠ n, we use a loose prior of 0(0.5).18 For
the states above these, we use the off-diagonal amplitude
prior for all amplitudes, and we use a loose prior for the
energy splitting of gΔEn ¼ 0.05ð15Þ where the central value
is characteristic of the splitting of the taste-broken spectrum
in lattice units. For the diagonal constant terms, cij; i ¼ j,
we take the estimates of Sec. III E for the central value with
a 100% prior width, allowing for a large subleading
contribution. The priors for the off-diagonal constants
are given by gconstij ¼ 0ðAijÞ, where the width is obtained
using a conservative Cauchy-Schwartz bound from the
diagonal constants,

Aij ¼
ffiffiffiffiffiffiffiffiffiffiffi
c̃ii c̃jj

q
: ðG2Þ

Here the overline indicates that the central value is taken
from the diagonal priors.
We fix the fit time ranges through the following pro-

cedure: The maximum times for diagonal correlators CiiðtÞ,
tmax;ii are obtained by choosing the largest tmax;ii that yields
an acceptable fit quality for fits to just the diagonal CiiðtÞ.
The off-diagonal tmax;ij are then obtained by taking

tmax;ij ¼ min ðtmax;ii; tmax;jjÞ: ðG3Þ

For tmin;ij we enforce a common value, tmin;ij ¼ tmin, for all
correlators and perform a stability analysis over a range of

tmin. In addition to tmin, we also scan over the numbers of
regular states, Nstates, and oscillating states, Mstates.
The results of this scan are shown in Fig. 12, where we

compare with the energies obtained from the GEVP pro-
cedure in Sec. III F. We find the expected behavior, namely,
that the fits at early tmin require a large number of excited
states Nstates ≥ 14 for good fit quality, as indicated by the Q
value in the bottom panel. As we increase tmin, we find that
the number of states needed drops to Nstates ¼ 9 at tmin ¼ 7.
The results are very stable, especially above the ground state.
Our preferred fit corresponds to the following hyperpara-
meters tmin ¼ 5, tmax;ii ¼ f15; 15; 17; 14; 17; 17; 17; 17g,
Nstates ¼ 14, Mstates ¼ 8, indicated by the light-green trian-
gles. The fit quality for this fit is exceptionally good
at χ2=d:o:f:½d:o:f� ¼ 0.74½418�.

1. Comparison with the GEVP spectrum

In Fig. 13 (left), we compare the first seven energies
obtained from the GEVP approach discussed in Sec. III F
with the spectrum obtained from the MEM approach
discussed above. The results are all consistent within a
standard deviation. We find that for some states the MEM
approach gives more precise results, but we stress we have
not performed a comprehensive estimate of the systematics
in this approach, as it serves only as a cross-check in this
work. In Fig. 13 (right), we compare the renormalized
eigenvectors of the GEVP Cðt0Þvn19 (top row) and the
overlap amplitudes h0jOijni obtained from the MEM
approach (bottom row) for each of the first seven states.

FIG. 13. Comparison of the spectrum obtained from the GEVP performed Sec. III F with that of the MEM fit described in this
appendix. Left: comparison of the energies obtained from the GEVP (bands) with the energies obtained from the fits (symbols). The
colors correspond to the largest operator in the optimal operator of that state. Right: comparison of the renormalized eigenvectors of the
GEVP Cðt0Þvn with the overlap amplitudes of the MEM fit.

18The width here is larger than the largest diagonal amplitude
prior.

19The factor Cðt0Þ relates eigenvectors of the GEVP equation
with eigenvectors of CðtÞ.
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We observe exceptionally good agreement for all states
except for the last two, where there are some differences,
demonstrating that both approaches predict essentially the
same operator-state mixing. The consistency highlights the
validity of both approaches for extracting the desired
spectrum.

2. Finite-time estimate

In addition to providing an alternative approach to
extracting the spectrum, this method enables a more
robust study of the finite-time effects estimated in
Sec. III E. By including a constant term cij in the fit
for each correlator CijðtÞ in Eq. (2.14), we can estimate

the size of the subleading finite-time effects not included
in the estimates of Sec. III E. In Fig. 14, we compare
the estimates of the leading-order finite-time effects of the
diagonal two-pion four-point functions (x-axis) with the
values of the constants obtained from the MEM fit for
these correlators (y-axis). With the dashed line indicating
exact agreement, we find that for the largest contributions
(the γ5 ⊗ γ5 Goldstone pion) the estimate is in good
agreement with the value of the constant obtained from the
fit. As we get to the heavier states, the estimate is more of
an underestimate, possibly due to mixing with lighter
states. However, these contributions are almost 2 orders of
magnitude smaller than the dominant well-determined
estimate. Computing the difference between the constant
and the estimate of Sec. III E for this dominant ground-
state contribution, we find the subleading contribution to
be roughly 9(5)% of the total.
In addition to the diagonal two-pion four-point functions

of Eq. (2.14), the MEM fit enables determinations of the
finite-time contributions of the other correlators that appear
in the matrix, namely, the diagonal ρ two-point functions
Cρ→ρðtÞ, which were also estimated in Ref. [19], and the
off-diagonal three- and four-point correlators. The results
for these, along with results discussed above, are shown in
Fig. 15. We find that the next largest finite time contribution
after the ground-state two-pion correlator comes from the ρ
two-point correlator. The size of this contribution is of the
same order as the subleading contribution not included in
the leading-order estimate of Sec. III E. All other contri-
butions are at least 2 orders of magnitude smaller. Finally,
we note that the Euclidean time extent (T) of the HISQ
ensemble used in this work is approximately 0.8 fm smaller
than that of all the other physical-mass HISQ ensembles
that will be used in future work; hence, these effects will be
significantly reduced at finer lattice spacings.

FIG. 14. Comparison of the finite-time contribution estimated
from procedure described in Sec. III E (x-value) to the constant
term in the MEM fit (y-value). The dashed line indicates
equivalence.

FIG. 15. All constants obtained from the MEM fit, Eq. (G1). On the left side of the figure we show the diagonal constants including the
ρ two-point functions. On the right side we show the off-diagonal constants.
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