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We revisit the general analytic solution space for relativistic (1 4 1)-dimensional hydrodynamics for a
perfect fluid flowing along the longitudinal direction. We work out the explicit one-parameter family of
interpolating flows between boost-invariant and boost-noninvariant regimes, where a direct and simple
dialing of the parameter at the level of solutions is possible. We also discuss the construction of generalized
rapidity distribution of entropy for such interpolating flows at the level of potentials.
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I. INTRODUCTION

Relativistic hydrodynamics has been widely successful
in describing collective phenomena in high energy QCD
and early universe physics. Based on experimental data
obtained from relativistic heavy ion collisions (HICs)
conducted both at the RHIC and LHC, we can confirm
that a hot and dense nuclear matter is generated during the
initial stages of these collisions, commonly referred to as
quark-gluon plasma (QGP). It is astonishing that many
physical phenomena associated to QGP is well approxi-
mated by the almost perfect, strongly coupled fluid picture
of high energy particle processes in these regimes. The
problem of solving hydrodynamics in (1 + 1) dimensions
has subsequently received particular attention since for very
high energy particles, rotational invariance is approxi-
mately preserved along the transverse directions.'
Depending on the rapidity dependence of such a flow,
one could classify the associated heavy-ion collision
processes.

In general, there are two broad classes of solutions
deemed most important in this regime, namely the ones
with and without manifest boost invariance. The boost-
invariant regime for a perfect fluid was developed by
Bjorken [1] (see also [2]) in his seminal work, which
applies beautifully to the central rapidity region of high
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'However, rotational symmetry, while keeping the motion
independent of azimuthal coordinates, can still allow radial
expansions, making the actual system (1 4 2) dimensional.
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energy collisions of relativistic heavy ions. Due to the
symmetry protected nature, one can easily determine the
four-velocity profile for the beam in question. Although
elegant in formulation, the Bjorken boost-invariant pre-
dictions are hardly ever important for experiments. In such
cases, still considering a highly idealized situation,
Gaussian rapidity distributions are thought to dominate
the data for the dense hot matter produced in high energy
collisions, giving rise to what is known as the Landau flow
[3]. This has been experimentally observed in high energy
scattering events [4-9].7 However lucrative, exact analytic
solutions of fluid equations in (1 + 1) dimensions remain
scarce, and general solutions spanning all parameter space
is still hard to find even for benchmarking purposes.

Although given by very different regimes of parameter
space in the fluid theory, both Bjorken and Landau flow
share something unique, in the sense they are obtained
assuming the rapidity y for the flow satisfies a harmonic
equation for the light cone kinematic variables, giving them
the epithet “harmonic flows.” Using this connection, a
family of solutions interpolating between Bjorken and
Landau regime (a generalized “in-out ansatz”) was put
forward in [17]. In this work the authors found out a way to
write a solution for the (1 + 1) perfect fluid theory with
arbitrary speed of sound, that is valid in boost-noninvariant
regimes, but the invariance can be restored in a particular
limit. This structure is the main focus of the current
manuscript.

In this work, we revisit the interpolating solution
between the Bjorken and Landau regime, taking extra care
to provide a dialing parameter that seamlessly transforms
observables between the two. We explicitly derive the one

*More extensive discussions on Landau flows appear in a
number of works, including [10-16]. This list is by no means
exhaustive and the interested reader is requested to look at the
references of these.

Published by the American Physical Society


https://orcid.org/0000-0002-9619-7682
https://orcid.org/0009-0008-4951-7234
https://ror.org/001p3jz28
https://ror.org/04dese585
https://crossmark.crossref.org/dialog/?doi=10.1103/21wp-tl1z&domain=pdf&date_stamp=2025-08-26
https://doi.org/10.1103/21wp-tl1z
https://doi.org/10.1103/21wp-tl1z
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

ARITRA BANERIJEE and ABIR GHOSH

PHYS. REV. D 112, 045011 (2025)

parameter dependent ansatz for the general solution which
works in both regimes. Further, we construct an exact
interpolating entropy flow valid for both regimes by using
the formalism of the Khalatnikov potential [18]. The
Khalatnikov formalism allows one to replace the nonlinear
problem of hydrodynamic evolution with linear differential
equations for a suitably defined scalar potential. This gives
us analytic control over the solution space in terms of
temperature and rapidity, which we then show can be
used to define physical observables over a larger param-
eter space.

The rest of the discussion is structured as follows: In
Sec. II we discuss some background material on hydro-
dynamic equation in light cone coordinates. In Sec. III we
rework the construction of the interpolating ansatz from the
solution of these equations, which depends on a parameter
that appears as an integration constant. In Sec. IV we use
this ansatz to find out the entropy flow as a function of the
freeze-out temperature. In Sec. V we further extend the
parameter space of our ansatz to take care of other classes
of harmonic flow solutions. We end with some discussions
in Sec. VL

II. THE SETUP: HYDRODYNAMIC EQUATIONS

Let us first review the basics of the formulation in a two-
dimensional (7,z) plane. We start by setting up the basic
hydrodynamic equations in the light cone variables given
by z4+ = t &£ z, a coordinate choice appropriate for particles
moving with speeds comparable to ¢, which we will set in
our convention to be fixed at 1 for the rest of the manu-
script. The perfect fluid energy-momentum tensor is
given by

™ = (e + p)utu’ + pn*, (1)

where € is the energy density, p is the pressure of the
fluid, and " is the four-velocity with w*u, = —1. We also
assume a linear equation of state connecting the two
given by

e=gp (2)

where 1/,/g1is the speed of sound in the fluid, and not to be
confused with the metric tensor. Finally, the hydrodynamic
equation is nothing but the local conservation laws,

9,T" = 0. (3)
With the light cone coordinates the partial derivatives
become 0, = é =1(2+2) and the hydrodynamic

equation takes the form

1 1
0, T + 50+ (T + T) — 50-(T" F T%) =0. (4)

We also express the velocities in the light cone coordinate
as ut = u® + u' = e, where y is the rapidity, defined as

1 €e+p 1 1+
=-1 L) =<1 , 5
() () o
where p, is the momentum along the z direction (direction

of the flow). Substituting the definition of velocity in (2)
and (4) we get

g+1)° g-1_
gd+lnp=—( 5 ) 0y —=5—e ¥y (6a)
+1)2 -1
ga_lnp:(g 7 ) 6_y+g22 e¥a,y. (6b)

Notice that these two equations are enough to fix all
physical variables associated to the state of the fluid. In
general these sets of equations could be highly nonlinear,
but we may still be able to get some exact solutions.
Eliminating p using the above equations, we get a con-
sistency condition for y,

-1
h{a_a_[e—zw ~0.0.[e™]) (7)
which in general can be thought of as a wave equation for
the rapidity with a source term. This consistency condition
will give us the differential equation for finding out a
general fluid flow profile. These sets of Egs. (6) and (7) will
be our main focus in this manuscript.

0,0_y =

III. INTERPOLATING FLOWS:
BOOST AND BEYOND

Before jumping to the general interpolating ansatz we
will look at the Bjorken flow which could help us build
some intuition for the ansatz. Bjorken flow [1] is a
statement about the velocity profile of the fluid flow.
The Bjorken flow fluid profile is given by

v(z. 1) :§ (8)

where v(z, 1) is the velocity of the fluid at the point (z, 7).
We urge the readers to be mindful that (8) is the definition
of Bjorken flow and is slightly different from (5). The later
is true for any relativistic particle with velocity w.
Substituting the above fluid profile in (5) we get

1 1 t
y— ol EEP2) 2y (L2, (9)
2 €—p, 2 1—z
People often rewrite the above equation as y =7 and

use this as the definition of Bjorken flow. Here, 7 is the
“space-time rapidity” and defined as
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1 t+z
=—In|{—— . 10
1=y (t5) (10)

In the light cone velocity variables the equation looks like
2y=Inu, —Inu_=1Inz, —Inz_ (11)

which signifies the equivalence of rapidity and space-time
rapidity of the fluid flow. This simple ansatz makes sure
that the system is manifestly boost invariant, i.e., put
into (6) the pressure of the flow and other thermodynamic
quantities do not depend on the rapidity. The form of the
above equation naturally motivates the generalized ansatz
given by the following equation:

2y=Inu, —Inu_=Inf, (z,)-Inf_(z_) (12)

where f, are arbitrary functions of the light cone coor-
dinates. Note that this is essentially a more general state-
ment about the fluid flow profile. With f, =z, we get
back the Bjorken flow. It should be immediately clear that a
generic f, will break the boost invariance associated to
Bjorken ansatz. This nonboost-invariant regime is some-
times called Landau flow [3] as discussed in the
Introduction.

What remains to be done is to constrain forms
of f, via the hydrodynamic equations. Substituting this
ansatz in the consistency equation (7) we get for the
functions f,

fo0-0_(f2) = f10,0,(f) = A2 (13)

Thus both f, and f_ satisfy the identical equation,3

[ =A%/2, (14)

and A is a constant parameter. This in turn can be written as
(")) = A%[In f) (15a)

= f'=/A’Inf+C (15b)

One can easily see that in the limit A — O the function f
becomes linear in z, which is evident from the differential
equation (14) as well. This is our first encounter with an
interpolating solution, that reduces down to Bjorken flow.

Now we arrive at a crucial juncture in our computation.
Since we want the solution for f to go to Eq. (11) explicitly
as we dial A to zero, we will set C = 1. Note that this is
where we differ with the authors as discussed in the original
paper [17], as for their case, a smooth interpolation by

We drop the + subscript of f whenever the equations are
separately true for both. Primes would now only denote deriv-
atives with respect to z. as per the case.

dialing A only seems not possible.4 So we finally have a
new implicit form for the solution,

‘ /\/A2lnf+1' (17)

This integral can be solved by brute force which gives us a
complicated function which we will present later. One can
also expand the integrand in orders of A and then integrate
to get results perturbatively away from the Bjorken regime.
Doing that we get

2= f =3 f(In(f) - A2
+ %f(lnz(f) —21In(f) +2)A* + 0(A%), (18)

which reconfirms that in the A — 0 limit we do get back the
linear term.” Another point to be made here is about the
dimensionality of A. Since rapidity y is a dimensionless
parameter, Eq. (12) tells us that we have freedom to choose
the dimensions of the function f.° Consequently the
dimensions of A from (13) are [A] = [f][L~!]. Since for
Bjorken flow the ansatz is simply f = z., a natural choice
is to set f to be of the dimensions of length which makes
our interpolation parameter to be dimensionless, which is
also intuitive to some extent since the A gives us an
effective dial. All in all, we now have a one-parameter
family of hydrodynamic solutions that should interpolate,
according to the value of A, between boost-invariant and
noninvariant regimes.

Now that we have an idea about the explicit form of f we
can go ahead with calculating the thermodynamic proper-
ties of the fluid.” Substituting the ansatz (12) in (6) we get

(1+9)°f
4 fy

g-1f
4 fy

g0, [Inp] = — + (19)

*The authors of [17] set C = A2 log(H), where H is some
arbitrary constant and get

A m(g). (16)

One can immediately see that we cannot recover the Bjorken
flow at the level of solutions because as A — 0 the integration
constant C also vanishes and instead of Eq. (11) we end up with a
constant f.

Interested readers can check that the above is the expansion
one gets if one expands the exact solution.

If we are being stringent then in (17) we need to add
another term to make it dimensionally correct. That is,

z= [(v/A*In(f/fy) + 1)"/2df. Or one can also just work

with a dimensionless f to begin with.
"One can also get the functional form by just integrating (17).
The function is presented later in (28).
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go_inp] = -+ . 9y ;_ﬂ;l%. (20)

From this we get by integrating

(1+ g)zlnf_ N g - f’ dz_

4 fo

+ A, (zy),

(21b)

glnp =—

@ + 9)* dz
glnp = Inf, + = + A_(z- with A (z.) being undetermined functions. The integrals
on the right-hand side can be evaluated using the explicit
(21a) form of the function in (15b). Indeed,
|
dz af 1 d(In(f)) 2\/A?Inf +1 2(vA’Inf+1-1)
- = = = 2 +K = B (22)
f rr VATInf + 1 A A
for the integral to be finite® as A — 0 we set the value of integration constant K = —2/A2. Substituting this we get
1+ g)? 21 (VA Inf_+1\/A’Inf, +1—/A’Inf_+1
ginp= LD e L9 (vVATInf_+1v fj VAZIng )+A_(z_), (23a)
4 2 A
1+ —1(\/A*Inf, + 1\/A’Inf_+1—+/A’Inf, +1
glnp = — ( 49) In f_ +9 : (\/ I+ \/ 1{:2 \/ S+ )+A+(Z+). (23b)

Comparing these to the expressions in (21) we can fix Ay (z.):

Ai(zy) =— Inf.

> —1+/A%1 2-11

(149)*
4

A? 2 A%

which also has the explicit information of A. Finally collecting all the terms gives us

P =1 (/A2 Inf_+ 1\/A> Inf  +

1-1)

(1+9)?
glnp =———M(ff )+ e (25)
Using all of this, we can solve for the pressure and the rapidity in terms of the light cone variables,
l+g g—l A’Inf_+1\/A’Inf, +1-1
plevez) = mexp { Dy ) O 1Y VARLFIEDL o
4g A
f
vz, zo) = Eln <fi’ (26b)

The general solution of course depends on the rapidity
variables. However the solution for pressure in the limit
A — 0 goes to’

—(g+1)/g
p(z4.22) = polzyz-)~o+D/2 = p, (_> 27)

70

with 7 as proper time; this is nothing but the solution for the
Bjorken ansatz, as the boost invariance of physical quan-
tities is evident.

¥This can be easily seen by expanding the expression in orders
of A.

*We have explicitly added the 7, term for dimensional correct-
ness in the expression for pressure.

Now note that the generic form of functions f, can be
integrated to get the following form:

fi=exp { <erﬁ— Gj}i; ﬁ))z - f%} (28)

Here erfi~! signifies an inverse imaginary error function.'
Even though not obvious at first, we can see these functions
[ are staggeringly difficult to expand near A = 0, but
the behavior becomes more understandable from the

""This is defined as the negative imaginary part of the regular
real error function evaluated at an imaginary argument. Despite
the name the function is real when the argument is real.
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k4
n
1.4} 1
n=-
— 2
1.2}
n=1
1.0¢ n=2
0.8} n=4
0.6
0.4}
0.2
2 4 6 8 !
FIG.1. Theratio of y/n has been plotted against the proper time

7 for a constant A and varying rapidity 7. One can see that for
large proper time all graphs show boost invariance as y/n
asymptotically goes to one.

expansion (18): the presence of In(f) terms at every order
makes inverting the series very difficult as the equations
become transcendental, but at the leading order we just
have f = z near A = 0. This fact can be checked by direct
plotting of the generic solution as well. Note that on the

light cones, i.e., z4 = 0, this function is just e_ALZ. This
means the pressure becomes a pure constant on the light
cones and the flow becomes stationary.

Finally we present the solution in a form often used in
literature,

1 [ (1+g)?
p(zy.2-) = po eXP{Az [—49 (E+1)

(29a)

1
y(zpz) = W(li - 2), (29b)

where [, = \/A%In f, + 1. Here, we have tried to keep the
form of the expressions similar to the original work [17];
but, note that the definition of /. is different here, and so is

1 . .
the extra % in the expression of pressure. But more

importantly, these expressions can be seamlessly interpo-
lated to the boost-invariant regime. To round out this
discussion, we show how the general solution based
on (28) is different from the boost-invariant regime, via
plotting the value of y/n for varying proper time and
varying A in Figs. 1 and 2.

With the explicit form of the function f in (28) we can
now also write down the explicit velocity profile of the
interpolating flow; but, since the form of f, is not pretty,
consequently the functional form of the velocity profile is
not very enlightening and we refrain from mentioning
it here.

y
n
1.4+
A=5
1.2 A=10
A=0.5
1.0 A=0.35
08 A=0.05
0.6
0.4
0.2
5 i 5 T

FIG.2. Theratio of y/n has been plotted against the proper time
7 for a constant # and varying interpolation parameter A. So we
see that for smaller and smaller A values the graph becomes flatter
around 1 which is what we expect since we move toward the
Bjorken flow limit.

IV. ENTROPY FLOW

Now that we have the pressure in terms of the light cone
variables and f., one can calculate other thermodynamic
quantities using the standard relations, !

p+e=Ts; de = Tds; dp = sdT  (30)
where, p, €, and s are pressure, energy density, and entropy
density, respectively. The thermodynamic relations here are
closed using the equation of state (2); which essentially
means that the speed of sound is held constant in the
analysis,

dp sdl'  ,
T T T g5 = ¢ = const. (31)

Throughout the calculation the quantities p, ¢ and s are
considered in the rest frame of the fluid. With the above
equations one gets the following thermodynamic relations

between the variables. The constant speed of sound is as
mentioned before: ¢ = £= é We also define the quantity

0, related to the temperature profile as

T |
0=log(2) = log( 0 (32)
T g+1 )4

where p, = %0 T(g)+1. In this language the energy density is

T\ 9+1
€=gp=¢ (T_0> = gpe (o0 (33)

and for entropy we get

""We have assumed vanishing chemical potential.
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T\ 9
s =5 <T0) = spe7?. (34)

One is generally interested in the distribution of entropy per
unit rapidity ds/dy as it is a relatively easily measurable
quantity and further, it may be related to the multiplicity
distribution of particles. Since we have already found a one-
parameter interpolating flow in the last section, it would be
only natural to look for a general interpolating formula for
entropy distribution as well.

This “hydrodynamic observable” depends on the pre-
sumed (1 4 1) dimensional hypersurface through which the
flow is considered. One can consider all sorts of surfaces
such as a fixed proper time surface or fixed time surface. A
particularly interesting hypersurface is the one correspond-
ing to a fixed temperature. It allows us to follow the
evolution of the fluid from a high temperature initial state
toward a final low temperature state which is often
associated to the freeze-out temperature. It essentially is
the temperature/surface where the system starts to lose its
fluid nature and starts behaving more like particles.

We go about calculating the entropy dlStI‘lbuthIl using
the method of Khalatnikov potentials [18] as the calcu-
lations are much simpler in this case, and further allows us
to devise exact solutions for entropy flow in (1 + 1)
hydrodynamics. We start from (4) and using the thermo-
dynamic relations in (30), we can write

9, (e ) =9 (e79)=0,0.®(z,.2.). (35

The first equality above can be seen as a curl of the quantity

é — (e—ﬁ—y e_6+,V)
Therefore, é can be written as a divergence of a scalar
potential @ as above. The consistency relation then dictates

= (uT,u"T) being put equal to zero.

0.9(zy,2.) =uTT =Tpe P, (36)

This scalar @ can be related to another potential via a
Legendre transformation, called the Khalatnikov potential.
|

However, as argued in [20,21], one can derive all physical
quantities from @ itself. Substituting p from our interpolat-
ing solution (29) we get in the (6, y) variables

1 [(1+9) g—1 1

0=— P+P)—"—11,——|, 37
A2 4g ( + +) 29 + g ( a’)
y= ! (= 12). (37b)
2A2
To calculate the scalar potential @ we write
o0 0z, 0@ 2T, A-1
—=— =——-0 38
o, ol oz, A2 ( o T0Fy) (38
2T0 g— 1
= oXp <4A2 (I, +1.)* - Azg) (38b)

where we have used (17) and (29). This gives us a
differential equation which can be easily solved to get
an interpolating version of the potential, again in terms of
imaginary error functions:

Ty [T 1 o]
®=2\/ne g—lerﬁ[ZA 7 (l+—|—l_)]. (39)

[, + [_ in the above equation can be calculated from (37)
to be

1 12
I, +1_= \/Zg(A26’+—+ \/<A29+—> -
9

1/2

(A%y)?
) -
(40)

Finally, as discussed in [20], one can substitute the potential
into the following relation to get entropy per unit rapidity as
a function of the temperature,

ds s ol 0> ol o0
—(0,y) = ~(9-D09,®(0, y) = ~(g-no [ =2
ay 0¥ = g1, ¢ e 00 oL, ' 00 ol
()
V29 24 \\y g g
1 1 2 A2\ -1/2
(1+<—+A29><<—+A29> ——y> ) (41)
9 9 9

Note that this is in general a Gaussian Landau-like
distribution in rapidity. The evolution of this entropy flow

"See the English translation of the original paper [19].

|
for different times and different A’s have been shown in
Figs. 3 and 4 respectively.

With this we have derived a one parameter expression
of entropy flow over a constant temperature surface that
interpolates between Bjorken and Landau regimes. Taking
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40000 | e

30000 - /
ds

Y 20000} ’// =8
/ t=10
10000 [ ) / / B
e
B / t=12
of —— l/
0 2 4 6 8 10 12 14
z

FIG. 3. Plot of the entropy flow distribution for a nonboost-

invariant flow in (41) at different time instances, keeping other
parameters fixed. The red curves are the plots for later time. We
see that the distribution flattens as the fluid flow evolves.

an A — 0 limit of this expression is not trivial. But, an easier
way is to take the limit earlier in the derivation [say (37)];
with this one gets the following expression for the potential
at the Bjorken regime:

o = Tofo(gz_—gl)exp (g-1)0).  (#2)

And the entropy flow as expected is constant in this limit,

ds

@ (0,y) = so70. (43)

This serves as a check for our calculation for the general
potential.

V. GENERAL HARMONIC FLOW SOLUTIONS

As discussed in the preceding sections, the solutions (26)
and (28) are one parameter solutions for Eq. (7). But we can
actually do better. The anstaz (12) solves Eq. (7) but a

|

(149)°

1
p(z4,2-) = poexp el i

1
¥(z4,22) = A2 (li - l%),

2-1 1
(1%+li)+g l_l++CgJ;]},

A=10

2.0x107
15%107 A=9

ds

W oxr0? . A=8
A=7

5.0x10°
- A=5

— —_— A=025
0 2 4 6 8 10 12 14

FIG. 4. Plot of the entropy flow distribution in (41) for a
nonboost-invariant flow for different values of A, keeping other
parameters fixed. The red curves are the plots for smaller A
values. We see that the distribution flattens for small values of A,
as expected.

homogeneous version thereof,
0,0_y = (2 — )y =0. (44)

Such family of flows, as alluded to in the Introduction, are
called “Harmonic flows” as physical rapidity is a harmonic
function of the light cone kinematic variables. Note that in
our setup both /. (z.) are harmonic functions and so is y by
consequence. If we keep the integration constant C in (15)
instead of fixing it, we could get a bigger family of
solutions parametrized by both A and C values. With the
constant C explicitly carried along, Egs. (28) and (29)
become

fi=exp { (erfi“ <% efz>>2 —%}, (45)

and similarly for other quantities:

2 (46a)

(46b)

where we use new variables [, = \/A%In f, + C. Note immediately that if we could put C = 0, the %1 term in the pressure

goes away.

One can also calculate the entropy flow with these larger families of harmonic flow solutions. Using the above equations

we get

0P 00 2T, (

a, o A2

?Ai((l* LY —4C)>. (47)

Finally, one can use this to get entropy per unit rapidity as a function of the temperature,

045011-7
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dS So

—(0,y) = —2— =00, (0, y) =
dy( y) 29T ¢ b ®(0,y)

So g—1 c .,
= — | |——A%0
e e (G

(o (5ow) (5

29T

)« (o) =55) =)

o-lg-tjo O+ 9P I 0P
90 ol

dl_ oD
20 ol

(48)

) 2 A4y2> —1/2>
; .

One can now reproduce the solutions presented in [17,20] by setting A =1 and C = 0,"

ds -1
—(0,y) = S—Oexp [g_ <—t9 +

In fact, in this limit, one notes that

/
L4 = \/Tg(9+ \/92—y2/g)1 2,

which leads to the so-called singular behavior aty — £c,6.
We must note here that this is a very special instance in the
solution space. In general any flow derived from (47)
would be a Harmonic flow solution.

(50)

VI. DISCUSSIONS AND CONCLUSIONS

In this work, we discussed a refinement of the gener-
alized fluid ansatz that unifies the Landau and Bjorken
approaches to studying relativistic hydrodynamics. The full
equations of motion can be solved for longitudinal flows
effectively in (1 4 1) dimensions, including free parameters
which act as dials between different regimes of physical
flows. We found out explicit expressions with arbitrary
speed of sound for the physical observables in this case, and
also worked out the entropy distribution in rapidity evalu-
ated at different freeze-out temperatures. The harmonic
property of the rapidity in the hydrodynamic regime gives a
large parameter space for viable solutions in this case.

This paper was merely to clarify the construction of the
interpolating ansatz between boost-invariant and noninvar-
iant regimes. There are various questions and intricacies
that remain in the discussion of exact solutions in (1 + 1)
hydrodynamics. An immediate question, for example, is the
nature of the free parameter A. Equations (8), (14), and (26)
do not directly associate A with a specific physical quantity.
However, the plots in Figs. 2 and 4 where physical
quantities vary with A provide valuable insight into its
physical interpretation. In principle this parameter mea-
sures the distance between the space-time rapidity and the
kinematical rapidity, which coincide in the case of boost
invariance. As A increases, the flow increasingly deviates

Bwe emphasize this once again that with C = 0 one cannot go
to the Bjorken regime in any limit, not at least just by dialing
parameters.

(2 eeoe-2))

(49)

|

from the Bjorken regime, indicating a breakdown of boost
invariance. This could also be thought of in terms of the
rapidity width of the beam in question, since this quantity
diverges at the Bjorken limit, which is uniform in rapidity.
The more we add finite width corrections, the more we
break boost invariance. In this sense A could be thought of
as a quantity related (perhaps inversely) to rapidity widths
as well; however, one needs to investigate this in a
better way.

A very interesting recent geometric perspective into the
problem of Bjorken physics comes from Carrollian sym-
metries [22], which are basically the speed of light going to
the zero limit of the relativistic cousin thereof [23,24]. The
highly ultrarelativistic nature of heavy-ion flows can be
approximated as an effective ¢ — 0 expansion of relativ-
istic hydrodynamics, where Bjorken flow has been shown
to emerge at the leading order. In their derivation, the
authors implement specific gauge choices for their frame
fields and connections, that could be speculated to play a
role analogous to the interpolation introduced by our
parameter A. This connection suggests that A may encode
an effective velocity parameter, related to the geometric
structures, thereby offering a richer interpretation beyond
simple interpolation. This effective emergence of boost-
invariant flows from Carroll manifolds has also been
extended to 3 4+ 1 dimensional Gubser flows in [25,26].
However, it is beyond the scope of the current work to
connect these two disparate situations, both of which lead
to Bjorken scalings in the limit.

Outside of mathematical intrigues, nonboost-invariant
exact solutions are very important to construct. As we saw
in this work, for the nonboost-invariant regime, a generic
ansatz for the f,. could be solved for; however, not all
corners of the parameter space have been explored in the
literature. The full solution works out as an imaginary error
function, and one could find out other physically interesting
regimes for the parameter space of the solution, for example
the ones found in [27]. Further, one may be able to connect
to the discussion in [21], where the authors found an
infinite-dimensional linear basis of exact solutions that
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potentially classifies all families of solutions in (1 4 1)
dimensions. We hope to come back to some of these
questions in future work.
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