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We compute the classical one-loop gravitational Compton amplitude describing the scattering of a
graviton off a massive spinning compact object at the second post-Minkowskian order, including terms
through the quartic order in spin. Our analysis includes spin-induced finite-size effects up to the
hexadecapolar order and extends recent results obtained for minimal couplings at the quadratic order in
spin. From the amplitude, we determine the scattering phase in momentum space, applicable in both the
eikonal and wave regimes. In the eikonal limit, we then isolate the spin-independent contribution of
the graviton field, explicitly linking it to the dynamics of a massless scalar probe in a Kerr background.
This constitutes the first complete description of classical one-loop Compton scattering for generic
spinning compact objects at the second post-Minkowskian and hexadecapolar orders.
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I. INTRODUCTION

Following the monumental detection of gravitational
waves by the LIGO-Virgo-KAGRA Collaboration [1,2], an
unprecedented observational window into the Universe has
opened, enabling high-precision studies of binary systems
composed of massive, compact astrophysical objects
like neutron stars and black holes. The advent of next-
generation detectors demands corresponding theoretical
progress—not only in precision, but also in our under-
standing of the fundamental aspects of classical two-body
dynamics [3–7].
Over the past several years, methods inspired by quantum

field theory have driven remarkable advances in computing
classical gravitational observables. Among these, the post-
Minkowskian (PM) expansion—a perturbative expansion in
Newton’s constantG—has proven particularly powerful. For
spinless binaries, substantial progress has been made using
both on-shell scattering amplitude approaches [8–19] and
worldline methods [20–35]. Including spin effects, however,
is essential for accurately modeling astrophysical systems,
motivating extensive efforts in both amplitude- and world-
line-based formulations [36–105].
Within this context, a particularly significant quantity

is the gravitational Compton amplitude, which describes
the scattering of gravitons off a massive compact object.

These amplitudes not only serve as fundamental building
blocks in PM computations, but also encode information
about the finite-size structure of generic compact bodies.
In light of this, a natural direction is to systematically
describe graviton scattering off generic massive compact
objects through the inclusion of nonminimal couplings,
which deform the minimal/Kerr dynamics. In particular,
our focus will be on spin-induced nonminimal couplings,
which have already been characterized through the quartic
order in spin [57,97].
While a substantial body of existing work has concen-

trated on Kerr black holes at the first post-Minkowskian
(1PM) order [44,45,57,62,64,66,106–110], comparatively
fewer studies have explored the dynamics of generic
spinning compact objects [111–114]. Moreover, the full
classical gravitational Compton amplitude at the second
post-Minkowskian (2PM) order has only very recently
been computed for Schwarzschild black holes [115,116]1

and for Kerr black holes through the quadratic order in
spin [99]. In fact, generic spinning bodies at this order have
also previously been studied, but only within the eikonal
limit [118]. In this paper, we report the full classical one-
loop gravitational Compton amplitude describing the scat-
tering of a graviton off a generic massive spinning compact
object at 2PM, OðG2Þ, including terms up to the quartic
order in spin. This extends the recent 2PM results [99,115]
to higher orders in spin, including spin-induced nonmini-
mal couplings. From this result we extract the gauge-
invariant scattering phase in momentum space—valid in
the eikonal and wave regimes—whose position space

*Contact author: dogan.akpinar@ed.ac.uk

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

1The full classical spinless one-loop Compton amplitude in
electrodynamics has been computed in Ref. [117].
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representation in the eikonal regime serves as a generator of
observables [119–123]. Invoking the classical equivalence
principle of general relativity, we extract the eikonal-regime
graviton monopole contribution in position space and
identify it with the dynamics of a massless scalar probe
in a Kerr background for aligned-spin configurations. The
monopole term—proportional to the squared Lorentz
product of the graviton polarizations—encodes the spin-
independent information of the massless field.
The organization of the paper is as follows. As our

construction requires the regularization of loops, we begin
with an outline of the different dimensional regularization
schemes considered throughout. Then, we overview the
relevant tree-level amplitudes required for the generalized
unitarity framework, focusing first on the Kerr dynamics.
Following this, we describe the detailed computation of the
classical one-loop Compton amplitude, providing a work-
flow agnostic as to whether the dynamics are minimal or
nonminimal. In fact, several properties arising purely from
quantum field theory considerations, such as Weinberg’s
infrared factorization, serve as strong consistency checks
of our results. Equipped with this knowledge, we obtain
the classical one-loop Compton amplitude that describes
the scattering of a graviton off a Kerr black hole through the
quartic order in spin, thereby extending the results of
Refs. [99,115,116]. In doing so, we find that the amplitude
is dependent on the dimensional regularization schemes
that we consider in this paper at the finite order of the
dimensional regularization parameter, i.e., at Oðϵ0Þ, start-
ing at the quadratic order in spin. Such contributions,
however, do not play a role in the scattering phase, which
follows by subtracting the tree iteration from the one-loop
amplitude. Within the eikonal regime, we find that the
scattering phase for the graviton monopole contribution
exhibits the anticipated spin-shift symmetry through the
quartic order in spin [99,118]. Furthermore, in position
space we find an exact agreement with the dynamics of a
massless scalar probe in a Kerr background for aligned-spin
configurations. Incorporating spin-induced nonminimal
couplings [97], we further calculate the nonminimal
classical one-loop Compton amplitude through the quartic
order in spin. As before, we obtain the momentum space
scattering phase, valid in both the eikonal and wave
regimes, as well as the eikonal-regime monopole contri-
bution to the scattering phase in position space. To
conclude, we summarize our work and discuss future
directions that build upon these results.

II. CONVENTIONS

Throughout this paper we work in the negative signature
with ϵ0123 ¼ 1, κ2 ¼ 32πG and c ¼ 1. We adopt the
convention in which factors of 2π are hidden as δ̂ðDÞð·Þ ¼
ð2πÞDδðDÞð·Þ and d̂Dk ¼ dDk=ð2πÞD. Averaged index sym-
metrization and antisymmetrization are denoted as xðμyνÞ

and x½μyν�, respectively. All external legs in amplitudes are
taken to be incoming unless stated otherwise. Finally, to
regularize loop divergences we use dimensional regulari-
zation, in which the dimensions are taken to beD ¼ 4 − 2ϵ.

III. A NOTE ON REGULARIZATION SCHEMES

Before diving into the details of the classical one-loop
Compton amplitude, it is important to discuss the regu-
larization schemes employed in this work. We consider
three schemes:

(i) ’t Hooft-Veltman (THV): external states are taken to
be in four dimensions, while internal states and loop
momenta are in D ¼ 4 − 2ϵ dimensions [124].

(ii) Dimensional reduction (DR): both external and
internal states are in four dimensions, while loop
momenta are in D ¼ 4 − 2ϵ dimensions [125].

(iii) Conventional dimensional regularization (CDR):
all dimensional dependence is in D ¼ 4 − 2ϵ di-
mensions.

The THVand DR schemes produce identical results for the
classical one-loop Compton amplitude, while the CDR
scheme differs starting at the ϵ0 order for quadratic and
higher orders in spin. This difference stems from explicit
factors of D appearing in contractions of the spin tensor in
tree-level amplitudes. We will revisit this point later.

IV. TREE-LEVEL INGREDIENTS

Our goal is to construct the one-loop Compton amplitude
using a generalized unitarity framework [126–129]. The
advantage of such an approach is that the integrand of loop-
level amplitudes are entirely determined—up to contact
terms—directly from products of tree-level amplitudes. As
a result, tree-level amplitudes serve as the fundamental
building blocks in this program. In practice we work with
heavy-mass expanded tree-level amplitudes to streamline
the extraction of classical information [14,49,50].
Obtaining the desired classical one-loop Compton ampli-

tude requires the classical, gauge-invariant three-point and
tree-level Compton amplitudes through the quartic order in
spin. The former is readily available within the literature in
an exponentiated form [44–46], which we can be expanded
to the desired order using the three-point kinematics [106]

Mð0Þ
3;cl ¼ −κm2ðv · εÞ

�
ðv · εÞ þ iðε · S · kÞ

−
1

2!
ðk · S · S · kÞ þ i

3!
ðε · S · kÞðk · S · S · kÞ

þ 1

4!
ðk · S · S · kÞ2 þOðS5Þ

�
: ð1Þ

Here the massive particle of mass m has classical velocity
vμ, while the graviton has momentum kμ and polarization
tensor εμν ¼ εμεν. The spin of the massive particle is
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encoded in the mass-normalized spin tensor Sμν, which is
related to the Pauli-Lubanski pseudovector aμ via

Sμν ¼ ϵμνρσvρaσ; aμ ¼ 1

2
ϵμνρσvνSρσ: ð2Þ

Crucially, the three-point kinematics in four dimensions
allows for the simplification ðk · S · S · kÞ ¼ −ðk · aÞ2.
The four-point classical tree-level Compton amplitude

can be expressed compactly as [69]

Mð0Þ
4;cl ¼

κ2m2

8ðk1 · k2Þðv · k1Þ2
�
J 0

X2
n¼0

J n

þ J 1J 2

3
þ J 2

2

6
þOðS5Þ

�
; ð3Þ

together with

J 0 ¼ −2v · F1 · F2 · v; ð4Þ
2iJ 1 ¼ −2ðk1 · F2 · vÞTrðS · F1Þ

þ TrðS · F1 · F2Þðk1 − k2Þ · vþ ð1 ↔ 2Þ; ð5Þ
2J 2 ¼ ðk1 · k2Þ½TrðS · SÞðTrðF1 · F2Þ þ J 0Þ

− 4TrðS · S · F1 · F2Þ�
− J 0ðk1 þ k2Þ · S · S · ðk1 þ k2Þ; ð6Þ

written in terms of the field strength Fμν
i ¼ 2k½μi ε

ν�
i asso-

ciated with each graviton leg. Here the trace products are
defined as, for example, TrðA · BÞ ¼ AαμBμα for any tensor
A and B. In addition to these amplitudes, we require the
pure graviton four-point tree-level amplitude [130],
denoted as Mh;4. This will enter the generalized unitarity
cuts used to assemble the classical one-loop Compton
amplitude in the subsequent section.
It should be noted that the tree-level amplitudes dis-

cussed in this section are manifestly D-dimensional, since
they are written in terms of spin tensors. Thus, strings of
spin tensor contractions—particularly at the quadratic in
spin and beyond—produce explicit factors of D in the
amplitude. These factors have consequences when choos-
ing the dimensional regularization scheme, which we will
outline when presenting results.

V. THE CLASSICAL COMPTON AMPLITUDE

All relevant contributions to the classical one-loop
Compton amplitude are fixed by the t-channel and s-channel
cut configurations; see Fig. 1. Within the generalized
unitarity framework, the product of tree-level amplitudes
requires a summation over physical states that can cross the
unitarity cut. For massive legs, no such summation arises
since the heavy-mass expansion enforces that all massive
matter propagators are on shell. For the massless legs,
however, one requires theD-dimensional transverse graviton
projector

Pμνρσ ¼ 1

2
ðημρηνσ þ ημσηνρÞ − 1

D − 2
ημνηρσ; ð7Þ

which we express in terms of the flat metric. This form, as
opposed to the form with transverse spin-1 projectors, is
appropriate since the tree-level amplitudes obey the gener-
alized Ward identities (GWI) [131].
Concretely, the amplitude takes the form

ð8Þ

where denote the cut box, cut triangle, and cut
bubble master integrals.2 Importantly, the pair of coeffi-
cients c□; c△ and and are fixed by the t-channel and
s-channel cuts, respectively. Once the cuts are computed we
project the result into the form of (8) using the FIRE6

program [132]. To do so, we organize all contributions
into the single integral family discussed in Ref. [115]
alongside irreducible scalar products involving spin. Note
that since c□ is determined by both cut configurations, this
provides a nontrivial consistency check of our construction.
The integrals appearing in (8) are readily evaluated in

D ¼ 4 − 2ϵ [115],

ð9Þ

FIG. 1. The t-channel (left) and s-channel (right) cut configu-
rations contributing to the classical one-loop Compton amplitude.
The solid and wavy lines denote the heavy massive spinning
particle and graviton, respectively. The red dashed lines are
unitarity cuts.

2Here “cut” refers to the massive propagator being on shell.
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where q ¼ k1 þ k2, q2 ¼ −jqj2, and μ̄2 ¼ μ2eγE=4π defines
the usual modified subtraction scheme when performing
dimensional regularization. Substituting the master integral
values and discarding higher-order OðϵÞ terms yields the
final classical one-loop Compton amplitude,

Mð1Þ
4;cl ¼

dIR
ϵ

þ d1 log
4ω2

μ2
þ d2 log

q2

μ2
þ dImiþ

dq
jqj þ dR;

ð10Þ

where ω ¼ v · k1 ¼ −v · k2 is the energy of the external
gravitons and v · q ¼ 0. In this form, we first note that the
amplitude exhibits the expected infrared divergence.
Moreover, the coefficients appearing in (10) satisfy several
important relations [115],

dIR þ d1 þ d2 ¼ 0; dR þ iπd1 ¼ 0: ð11Þ

A further nontrivial check is provided by the Weinberg
infrared factorization theorem, which states that the coef-
ficient of the infrared divergence must be proportional to the
tree-level amplitude [133]; see also Refs. [116,134–137] for
discussions of the five-point amplitude relevant for wave-
form computations. Explicitly, we will find the following
relation through the quartic order in spin:

dIR ¼ −
iκ2mω

16π
Mð0Þ

4;cl: ð12Þ

For convenience, we further introduce the dimensionless
parameter y ¼ −q2=4ω2 [115], which will streamline the
presentation of the result.

VI. KERR DYNAMICS

Using the tree-level amplitudes in (1) and (3) as our
building blocks, we now construct the classical one-loop
Compton amplitude with minimal couplings. This ampli-
tude is expected to describe the scattering of a graviton
off a Kerr black hole; although this still remains to be
confirmed by matching to black hole perturbation theory
(BHPT) [64,138].
Since the spin-dependent structures through the quartic

order in spin become increasingly intricate, it is indeed
important to emphasize that nontrivial four-dimensional
identities relate otherwise distinct structures. Before select-
ing a minimal basis for these structures, we first adopt
a symmetric kinematic parametrization for the external
graviton momenta,

k1 ¼ kþ q
2
; k2 ¼ −kþ q

2
; ð13Þ

such that

k · q¼ 0; 2k · ε1 ¼ −q · ε1; 2k · ε2 ¼ q · ε2: ð14Þ

Then, choosing the basis fvμ; kμ; qμ; nμ ¼ ϵμνρσqνvρkσg,
we proceed by decomposing all remaining vectors onto this
basis; see Appendix A for more details. The coefficients
of (10) for the classical minimally coupled one-loop
Compton amplitude through the quartic order in spin are
provided in the ancillary file ComptonAmpsAndObs.m
[139]. These coefficients indeed satisfy the infrared fac-
torization, the expected consistency relations, as well as
gauge invariance through the quartic order in spin.
At this stage, we should discuss how the dimensional

regularization scheme affects (10). The first point is that c□
and are sensitive to the dimensional regularization
scheme choice at the subleading ϵ order, that is at OðϵÞ
and Oðϵ0Þ, respectively. On the one hand, substituting the
master integral values reveals that these differences do not
appear in dIR; d1; d2; dq and dR for all three schemes; these
terms receive contributions only from the leading ϵ expan-
sion of the master coefficients, which are dimensional
regularization scheme independent. On the other hand, dIm
is directly affected by the subleading ϵ. Interestingly, it
turns out that any differences at the subleading order in ϵ for
the THVand DR schemes cancel to give an identical result.
However, the CDR scheme gives a different coefficient
altogether starting at the quadratic order in spin. Although
one might initially be skeptical of this scheme dependence,
it is important to note that dIR; d1; d2; dq and dR follow
from the leading ϵ expansions of the master coefficients,
yielding the consistency relations: dIR þ d1 þ d2 ¼ 0 and
dR þ iπd1 ¼ 0. As such, dIm is the only contribution which
is unconstrained, so it is somewhat unsurprising that it is
sensitive to regularization-scheme-dependent effects.
In light of this observation, an important question

becomes: are physical observables affected by regulariza-
tion scheme dependences? It has recently been pointed out
in Ref. [140] that the spinless waveform at one loop is
dimensional regularization scheme dependent. As our
discussion has revealed that the cut box and cut bubble
master coefficients are dimensional regularization scheme
dependent in the presence of spin, paired with the fact that
the one-loop Compton amplitude plays a pivotal role in loop-
level computations of the waveform, this highlights one
source of scheme dependence that must be tracked con-
sistently. It would be interesting to see exactly how this
dimensional regularization scheme dependence affects the
one-loop waveform, but we leave such a tantalizing
endeavor to future work. If we restrict ourselves to non-
radiative observables, however, then any scheme dependence
is expected to drop out. This is the focus of the next section.

VII. OBSERVABLES

As an application of our discussion, we now provide
a connection with nonradiative observables. In particular,
the scattering phase is related to the scattering amplitude
through the exponential representation of the S-matrix
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[120,122,123,141–145]. In light of this, our starting point is
the exponential form of the S-matrix

S ¼ 1þ iT ¼ eiΔ; ð15Þ

where S is expressed in terms of the T-matrix, which is
ultimately related to the scattering amplitude, whereas Δ
will be related to the momentum space scattering phase.
Within the context of perturbation theory, we proceed by
expanding T and Δ perturbatively in Newton’s constant

T ¼
X∞
n¼0

Gnþ1TðnÞ; Δ ¼
X∞
n¼0

Gnþ1ΔðnÞ; ð16Þ

such that at 2PM (15) gives

Tð0Þ ¼ Δð0Þ; Tð1Þ ¼ Δð1Þ þ i
2
Δð0ÞΔð0Þ: ð17Þ

Using the unitarity of the S-matrix

1 ¼ ð1þ iTÞ†ð1þ iTÞ ¼ 1 − iT† þ iT þ T†T ð18Þ

gives T ¼ T† þ iT†T. Inverting the relation for Tð1Þ in
favor of Δð1Þ yields

Δð1Þ ¼ Tð1Þ −
i
2
ðTð0ÞÞ†Tð0Þ; ð19Þ

where we have used the relation following from unitarity.
From this, we may acquire a form applicable to scattering
amplitudes by taking an expectation value with respect to
external states. Doing this explicitly involves inserting a
complete set of states between T†T, resulting in a two-
particle cut contribution. More specifically, this subtracts
off the imaginary part of the one-loop amplitude coming
from the cut box and cut bubble masters for even orders in
spin, which leaves behind the real finite part. For odd orders
in spin, however, the spin structures carry an extra factor of
imaginary unit such that the real parts (which are imaginary
for the even in spin orders) cancel to leave behind the finite
imaginary part (which are real for the even in spin orders).
This is essentially the optical theorem. Thus, we find that
the expectation value of Δ at one loop reads

hΔð1Þi ¼ dq
jqj þ dR: ð20Þ

Consequently, the infrared divergence, the superclassical
piece, and the dimensional regularization scheme depend-
ence all cancel. It is important to stress that (20) is now
interpreted as the scattering phase in momentum space,
which is valid both in the eikonal and wave regimes.
Through the classical equivalence principle in general

relativity, it is expected that the monopole contribution of

the graviton reproduces the dynamics of a massless scalar
probe propagating in a Kerr background. In order to make a
connection with this, we extract the ðε1 · ε2Þ2 contribution
[146] and restrict ourselves to the eikonal—or, in other
words, the geometric optics—regime

jqj ≪ ω ≪ m; ð21Þ

to find

hΔð1Þijðε1·ε2Þ2 ¼
G2m3

jqj
X4
j¼0

αðjÞ: ð22Þ

In this limit, the finite part coming from the bubble dR is
quantum suppressed as compared to the triangle dq, such
that only the latter contributes in the classical limit. Indeed
the coefficients in (22) exhibit spin-shift symmetry through
the quartic order in spin,3 as previously observed in
Refs. [99,118]. Explicitly, the coefficients read

αð0Þ ¼ 30π2ω2; αð1Þ ¼ −40iπ2ωðn · aÞ;
4αð2Þ ¼ 130π2jqj2ðk · aÞ2 þ 95π2ω2

h
ðq · aÞ2 þ jqj2a2

i
;

ωαð3Þ ¼ −16iπ2jqj2ðn · aÞðk · aÞ2
− 9iπ2ω2

h
ðq · aÞ2 þ jqj2a2

i
;

96ω2αð4Þ ¼ 512π2jqj4ðk · aÞ4

þ 772π2ω2jqj2ðk · aÞ2
h
ðq · aÞ2 þ jqj2a2

i

þ 239π2ω4
h
ðq · aÞ2 þ jqj2a2

i
: ð23Þ

The first step to compute observables is obtaining the
scattering phase in position space. Focusing on the graviton
monopole contribution, we perform the Fourier transform
of (22)

δð1Þ ¼
Z

d̂4q δ̂ð2mv · qÞδ̂ð2k · qÞeib·qhΔð1Þijðε1·ε2Þ2 ; ð24Þ

where b is the impact parameter, which is conjugate to the
momentum transfer q. As the rank of the integral we must
evaluate grows with the power of spin, we will start with the
scalar integral

Iα ¼
Z

d̂4 q δ̂ð2mv · qÞδ̂ð2k · qÞeib·qð−q2Þ−α

¼ 1

4m

Z
d̂4 q δ̂ðv · qÞδ̂ðk · qÞeib·qð−q2Þ−α: ð25Þ

3Note that spin-shift symmetry is not present beyond the
eikonal limit, nor is it present beyond the monopole contribution
of the graviton.
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This can be performed by noticing that vμ ¼ ð1; 0; 0; 0Þ
and choosing to align the graviton momentum with the
z-axis: kμ ¼ ðω; 0; 0;ωÞ [147]. Although the parametriza-
tion in (13) enforces 4k2 ¼ −q2, in the eikonal regime
jqj ≪ ω we have k2 ¼ 0. This yields [148,149]

Iα ¼
1

4mω

Z
d̂4 q δ̂ðq0Þδ̂ðq0 − q3Þeib·qð−q2Þ−α

¼ 1

4mω

Z
d̂2 q e−ib·qðq2Þ−α

¼ 1

mω

Γð1 − αÞ
22αþ2πΓðαÞ

1

jbj2−2α ; ð26Þ

where we define b2 ¼ −b2 ≡ jbj2. To evaluate higher rank
integrals we simply perform differentiation with respect to
bμ since the scalar integral is solely a function of b2,

Iμ1…μn
α ðb2Þ ¼ −i

∂

∂bμn
Iμ1…μn−1
α ðb2Þ: ð27Þ

The relevant integrals to n ¼ 4 are in Appendix C, while
the monopole contribution to the scattering phase in
position space can be found in the ancillary file
ComptonAmpsAndObs.m [139]. Note that we do not
include the full momentum space scattering phase (which is
also valid in the wave regime), as the coefficients of the
classical one-loop Compton amplitude are readily found in
the file.
In the presence of spin the scattering process is non-

planar, i.e., it is not confined to a plane, meaning that
the dynamics is parametrized by several angles. For our
purposes, we are interested in computing the scattering on
the equatorial plane, which we achieve with an aligned-spin
configuration. The aligned-spin dynamics follows by align-
ing the spin vector with the angular momentum

a · k ¼ a · b̂ ¼ 0; a · a ¼ −jaj2;
ϵμνρσ vνkρaσ ¼ ωjajb̂μ; ð28Þ

with normalized impact parameter b̂μ ¼ bμ=jbj. In this
scenario, we find that the scattering phase takes the form

δð1Þ

G2πm2ω
¼ 15ω

4J
−
5ω2

J2
jaj þ 95ω3

16J3
jaj2

−
27ω4

4J4
jaj3 þ 239ω5

32J5
jaj4 þOðjaj5Þ; ð29Þ

in exact agreement with Ref. [138]. The scattering angle
follows from the derivative of the scattering phase with
respect to the angular momentum in the asymptotic past
J ¼ ωjbj,

χ ¼ −
∂δ

∂J
¼ −

1

ω

bμ
jbj

∂δ

∂bμ
: ð30Þ

Thus, we obtain

χð1Þ

G2πm2ω
¼ 15

4J2
−
10ω

J3
jaj þ 285ω2

16J4
jaj2

−
27ω3

J5
jaj3 þ 1195ω4

32J6
jaj4 þOðjaj5Þ: ð31Þ

VIII. BEYOND KERR DYNAMICS

To deform the classical one-loop Compton amplitude
beyond the Kerr black hole case and thereby describe the
dynamics of a generic spinning compact object, we must
incorporate spin-induced nonminimal effects from the
quadratic order in spin onward. Our starting point is the
bosonic worldline model of Ref. [97], which includes such
deformations through linear-curvature and leading higher-
curvature couplings. Within this framework, the worldline
action describing a massive spinning point particle with
spin-induced nonminimal couplings reads

S ¼ −m
Z

dτ

�
1

2
gμνẋμẋν − iᾱb

Dαb

dτ
− L≤4

nm

�
; ð32Þ

where τ is the proper time, m is the mass, and xμðτÞ is the
particle trajectory. The spinning degrees of freedom are
captured by a conjugate pair of commuting complex
vectors ðᾱbðτÞ; αbðτÞÞ—known as bosonic oscillators—that
are defined in a locally flat spacetime.4 These objects
are embedded into the globally curved spacetime through
the action of a vielbein eμbðxÞ. Indeed one obtains the
non-mass-renormalized spin tensor from the bosonic
oscillator as

Sμν ¼ −2imᾱ½μαν�: ð33Þ

The second term in (32) involves the spin connection ωbc
μ in

the definition of the derivative

Dαb

dτ
¼ α̇b þ ẋμωbc

μ αc: ð34Þ

The important part that describes the nonminimal coupling
information is contained in L≤4

nm. Here the superscript ≤ 4
indicates that we only concern ourselves with spin-induced
nonminimal couplings through the quartic order in spin. In
this case there are six operators, which are organized into
two types of contributions [97,121]

L≤4
nm ¼ LðaÞ

nm þ LðZÞ
nm : ð35Þ

4Global spacetime indices are denoted with Greek letters,
whereas the local spacetime indices are denoted with Latin letters.
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The right-hand side is understood to solely contain the
nonminimal coupling terms appearing through the quartic
order in spin. More explicitly, these terms read

LðaÞ
nm ¼ CES2

2!
Eaa −

iCBS3

3!
∇aBaa þ

CES4

4!
ð∇aÞ2Eaa; ð36Þ

LðZÞ
nm ¼ CZ2

2
Baz −

∇z

jẋj
�
iCZ3

3!
Eaa þ

CZ4

4!
∇aBaa

�
; ð37Þ

where Eμν and Bμν are electric/magnetic curvature tensors
evaluated on the background trajectory, and ∇μ is the usual
covariant derivative. They are contracted with

aμ ¼ 1

jẋj ϵ
μẋ ᾱ α; zμ ¼ 2ᾱ½μαν�ẋν

jẋj ; ð38Þ

using Schoonschip notation, e.g., ∇a ¼ aμ∇μ [150,151].
Here CESn and CBSn are electric-type and magnetic-type
Wilson coefficients, while CZn are constrained to take the
following values [97]:

CZ2 ¼ 2; CZ3 ¼ 3CES2 CZ4 ¼ 4CBS3 ; ð39Þ

such that the dynamics preserves the spin-supplementary
condition vμSμν ¼ 0where vμ ¼ ẋμ. One can then go ahead
and derive Feynman rules via a weak-field expansion
gμν ¼ ημν þ κhμν where hμν is graviton field. At the same
time, one must perturb the trajectory and bosonic oscil-
lators around their background values; see Ref. [97] for
more details. Importantly, we should note that the Feynman
rules obtained from this model is valid in four dimensions
only, meaning that for the nonminimal computation we
employ the THV and DR schemes.
We then proceed with computing the tree-level three- and

four-point amplitudes involving nonminimal couplings. It
is important to note the difference in convention between
the worldline and amplitude approaches, whereby the
conventional amplitude is obtained from the on-shell
worldline amplitude multiplied by an additional factor
of 2m [121]. In what follows we will always convert to
the conventional amplitude form to be consistent with
previous discussions. To this end, the nonminimal classical
three-point amplitude follows from the single graviton
emission from the worldline evaluated on shell,

Mð0Þ
3;nm ¼ −κm2ðv · εÞ

�
ðv · εÞ þ iðε · S · kÞ

þ CES2

2!
ðk · aÞ2 þ iCBS3

3!
ðε · S · kÞðk · aÞ2

þ CES4

4!
ðk · aÞ4 þOðS5Þ

�
: ð40Þ

Obtaining the nonminimal classical four-point Compton
amplitude follows by construct all possible diagrams with
two graviton emissions from the worldline. Specifically, we
need the diagrams with no external deflections and, at most,
a single internal deflection. There are three contributions to
this amplitude: the t-channel diagram, which comes from
the contraction of the single graviton emission from the
worldline with the three-graviton vertex; the diagrams
involving propagating worldline and oscillator deflections;
and contact terms coming from the double graviton
emission from the worldline.
One must actually take care when using the tree-level

Compton amplitude acquired here within the generalized
unitarity framework, since Ref. [121] pointed out that the
cubic in spin and quartic in spin contributions do not satisfy
GWI. Here we find that only the cubic in spin terms do not
satisfy this property, unless we impose four-dimensional
identities; practically speaking, this is done by substituting
a general frame valid in four dimensions to make this
property manifest. It seems that the cubic in spin structures
also do not satisfy the expected Ward identity (WI) unless
the four-dimensional identities are imposed. Of course, if
we wish to use this amplitude in the generalized unitarity
framework, GWI (or even WI) must be manifest. The
standard way to remedy this would be to impose all four-
dimensional identities by choosing a basis. In practice,
however, this is complicated by the external graviton legs,
which lead to many different Levi-Civita structures and
momentum-dependent denominators. By diagnosing the
amplitude in detail, we find that contributions proportional
to CBS3 break this property. To circumvent this problem we
simply add a Gram determinant—which vanishes in four
dimensions—to restore the expected property, without
affecting the amplitude itself, at least in four dimensions.5

One can think of this as simply adding a zero in four
dimensions. Once this has been done, the WI and GWI are
indeed manifestly restored. For total transparency, both
versions of the amplitude can be found in the ancillary file
ComptonAmpsAndObs.m [139].
As a nice check, in Appendix B we evaluate this

amplitude in an arbitrary four-dimensional basis and for
Kerr values CESn ¼ CBSn ¼ 1. In this case, we notice that
the amplitude takes a compact form wherein the OðanÞ
terms are proportional to the spinless contribution [64,138].
Using these nonminimal tree-level amplitudes as the

ingredients of our generalized unitarity pipeline yields
the nonminimal classical one-loop Compton amplitude.
Importantly, we find that the usual Kerr values
(CESn ¼ CBSn ¼ 1) reproduce the minimally coupled
amplitude. A crucial and immediate check is the agreement
of the cut box coefficient obtained via the t- and s-channel

5This was determined by simply taking the difference of the
nonminimal tree-level amplitude with Kerr values and minimal
tree-level amplitude.
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cut configurations. In fact, this is a nontrivial check since
the nonminimal information is encoded very differently in
the three- and four-point tree-level amplitudes. Moreover,
we find that the amplitude satisfies the expected infrared
factorization (12), relation between coefficients, and gauge
invariance. On the note of scheme dependence, we indeed
find that the cut box and bubble master values are scheme
dependent, but this dependence drops out after substituting
masters, since we only use the THV and DR schemes.
Finally, we compute the momentum space scattering phase
and extract the monopole contribution to the graviton in the
eikonal regime, which we Fourier transform into position
space. As expected, we find that spin-shift symmetry is
only satisfied by the eikonal-regime monopole contribution
in momentum space for the Kerr values of the Wilson
coefficients [54,103,118,152]. Finally, we compute the
aligned-spin scattering angle.
As before, the nonminimal classical one-loop

Compton amplitude through the quartic order in spin,
as well as the monopole contribution to the scattering
phase in position space and scattering angle, can be found
in ComptonAmpsAndObs.m [139].

IX. CONCLUSION

In this paper, we computed the classical one-loop
Compton amplitude describing the scattering of a graviton
off a generic massive spinning compact object through the
quartic order in spin. This result provides the complete
2PM contribution to the dynamics of generic spinning
bodies, extending previous analyses that were limited to
minimal couplings, lower spin orders, or the eikonal limit.
Our construction here incorporates both minimal and

spin-induced nonminimal interactions, thereby capturing
spin-induced finite-size effects associated with generic
compact objects beyond the Kerr solution. The resulting
amplitude satisfies several nontrivial consistency checks,
including the Weinberg infrared factorization, expected
relations among coefficients, as well as gauge invariance.
Interestingly, we found that the one-loop Compton ampli-
tude seems to be dimensional regularization scheme depen-
dent in the presence of spin, which we anticipate to be a
source of scheme dependence appearing in waveform
computations [140]. The one-loop Compton amplitude is
indeed an essential ingredient in, for example, computations
of the loop-level waveform [71,100,116,117,134–137].
To study nonradiative observables we extracted the

scattering phase, which we found to be independent of
the infrared divergence, the superclassical contributions, and
the dimensional regularization scheme. In fact, this con-
stitutes the momentum space scattering phase which is valid
in the eikonal and wave regimes. By analyzing the monopole
contribution of the graviton in the eikonal regime in position
space—with and without nonminimal couplings—we found
exact agreement with the dynamics of a massless scalar
probe in a Kerr background, for Kerr values of Wilson

coefficients. As anticipated, we found that this contribution
to the scattering phase in momentum space exhibits spin-
shift symmetry for Kerr values of the Wilson coefficients
[99,118]. Finally, from the position space scattering phase
we further extracted the aligned-spin scattering angle.
The results here not only deepen our understanding of the

structure of classical gravitational scattering, but also provide
essential input for precision modeling of spinning binary
dynamics and gravitational-wave observables. In light of all
of this, future directions include extending this analysis to
higher PM orders, incorporating dissipative effects, and
including higher orders in spin. An essential endeavor would
be a detailed matching with BHPT to confirm that minimal
coupling really captures the dynamics of Kerr beyond the
1PM order. This thereby paves the way for a more complete
description of the interactions of compact object within the
modern amplitude/worldline framework.
The Mathematica package FeynCalc [153] was used

extensively for some of these calculations.
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DATA AVAILABILITY

We provide a computer-readable file,
ComptonAmpsAndObs.m [139], which contains: the
master integral coefficients for all dimensional regulariza-
tion schemes where available; the coefficients of the
classical one-loop amplitude; the position space scattering
phase for the monopole contribution, together with the
aligned spin scattering angle; and, finally, the nonminimal
tree level Compton amplitude, including both forms that
violate and satisfy generalized Ward identities.

APPENDIX A: DECOMPOSING ONTO A
CONVENIENT BASIS

Having chosen the basis discussed in the main text, we
proceed by decomposing all other vectors as follows:

εμ1 ¼ λ1 vμ þ λ2kμ þ λ3qμ þ λ4nμ; ðA1Þ

εμ2 ¼ ξ1 vμ þ ξ2kμ þ ξ3qμ þ ξ4nμ; ðA2Þ

aμ ¼ ζ1 vμ þ ζ2kμ þ ζ3qμ þ ζ4nμ: ðA3Þ

To fix these coefficients we construct the Gram matrix
Gij ¼ pi · pj for pμ

i ∈ fvμ; kμ; qμ; nμg. Explicitly, we find
in four dimensions
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Gij ¼

0
BBB@

1 ω 0 0

ω −q2=4 0 0

0 0 q2 0

0 0 0 q2ðq2 þ 4ω2Þ=4

1
CCCA;

G−1
ij ¼ 1

q2 þ 4ω2

0
BBB@

q2 4ω 0 0

4ω −4 0 0

0 0 ðq2 þ 4ω2Þ=q2 0

0 0 0 4=q2

1
CCCA:

ðA4Þ

Then, we obtain the coefficients (A1)–(A3) using the
inverse Gram matrix. In four dimensions we find the
following values:

ðq2 þ 4ω2Þλ1 ¼ 4ωðk · ε1Þ þ q2ðv · ε1Þ; ðA5Þ

ðq2 þ 4ω2Þλ2 ¼ −4ðk · ε1Þ þ 4ωðv · ε1Þ; ðA6Þ

q2λ3 ¼ −2ðk · ε1Þ; ðA7Þ

q2ðq2 þ 4ω2Þλ4 ¼ 4ðn · ε1Þ; ðA8Þ

ðq2 þ 4ω2Þξ1 ¼ 4ωðk · ε2Þ þ q2ðv · ε2Þ; ðA9Þ

ðq2 þ 4ω2Þξ2 ¼ −4ðk · ε2Þ þ 4ωðv · ε2Þ; ðA10Þ

q2ξ3 ¼ 2ðk · ε2Þ; ðA11Þ

q2ðq2 þ 4ω2Þξ4 ¼ 4ðn · ε2Þ; ðA12Þ

ðq2 þ 4ω2Þζ1 ¼ 4ωðk · aÞ; ðA13Þ

ðq2 þ 4ω2Þζ2 ¼ −4ðk · aÞ; ðA14Þ

q2ζ3 ¼ 2ðq · aÞ; ðA15Þ

q2ðq2 þ 4ω2Þζ4 ¼ 4ðn · aÞ: ðA16Þ

APPENDIX B: THE COMPTON AMPLITUDE
IN A GENERAL FRAME

To compare the nonminimal results with Kerr values of
Wilson coefficients to the minimal results, it is convenient
to choose an explicit frame. This will automatically impose
four-dimensional identities. Without loss of generality,
and satisfying the various on-shell constraints, we may
choose the frame

vμ ¼ ð1; 0; 0; 0Þ; aμ ¼ ð0; 0; 0; aÞ; ðB1Þ

kμ1 ¼ ωrμ1; rμ1 ¼ ð1; sin θ1 cosϕ1; sin θ1 sinϕ1; cos θ1Þ;
ðB2Þ

kμ2 ¼ −ωrμ2; rμ2 ¼ ð1; sinθ2 cosϕ2; sinθ2 sinϕ2;cosθ2Þ;
ðB3Þ

with polarizations

ε�j ¼ 1ffiffiffi
2

p
�
∂θjr

μ
j �

i
sinϕj

∂ϕj
rμj

�
: ðB4Þ

Note that here we have used the rotational freedom to align
the spin vector with the z-axis. Evaluating the minimal
four-point Compton amplitude in this frame with positive
helicity yields

Mð0Þ
4;clða;ω; θ1;ϕ1; θ2;ϕ2Þ ¼ Mð0Þ

s¼0

X4
i¼0

ðωaÞnðcos θ1 − cos θ2Þn
n!

; ðB5Þ

where

Mð0Þ
s¼0 ¼ m2κ2

cos½1
2
ðθ1 þ θ2 þ ϕ1 − ϕ2Þ� − cos½1

2
ðθ1 þ θ2 − ϕ1 þ ϕ2Þ� þ 2i cos½1

2
ðϕ1 − ϕ2Þ� cos½12 ðθ1 − θ2Þ�

32ð−1þ cos θ1 cos θ2 þ cosðϕ1 − ϕ2Þ sin θ1 sin θ2Þ
: ðB6Þ

This yields a compact form of the tree-level amplitude for comparisons [64,138]. The same can be done with nonminimal
values of Wilson coefficients, even at the one-loop level.

APPENDIX C: RANKED FOURIER INTEGRALS

As discussed in the main text, to obtain the ranked Fourier integral we start with the scalar Fourier integral

Iαðb2Þ ¼
Z

d̂4qδ̂ð2mv · qÞδ̂ð2k · qÞeib·qð−q2Þ−α ¼ 1

mω

Γð1 − αÞ
22αþ2πΓðαÞ

1

jbj2−2α ðC1Þ
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and take derivatives with respect to bμ. Up to the rank 4 integral, we find

Iμαðb2Þ ¼ −i
∂Iαðb2Þ
∂bμ

¼ −
i

mω

Γð2 − αÞ
22αþ1πΓðαÞ

bμ

jbj4−2α ; ðC2Þ

Iμνα ðb2Þ ¼ −i
∂Iμαðb2Þ
∂bν

¼ −
1

mω

Γð2 − αÞ
22αþ1πΓðαÞ

1

jbj6−2α
h
jbj2Πμν þ ð4 − 2αÞbμbν

i
; ðC3Þ

Iμνγα ðb2Þ ¼ −i
∂Iμνα ðb2Þ
∂bγ

¼ i
mω

Γð2 − αÞ
22αþ1πΓðαÞ

ð4 − 2αÞ
jbj8−2α

h
jbj2ðbμΠνγ þ bνΠγμ þ bγΠμνÞ þ ð6 − 2αÞbμbνbγ

i
; ðC4Þ

Iμνγρα ðb2Þ ¼ −i
∂Iμνγα ðb2Þ

∂bρ
¼ 1

mω

Γð2 − αÞ
22αþ1πΓðαÞ

ð4 − 2αÞ
jbj10−2α

h
jbj4ðΠμρΠνγ þ ΠνρΠγμ þ ΠγρΠμνÞ þ ð8 − 2αÞð6 − 2αÞbμbνbγbρ

þ ð6 − 2αÞjbj2ðbμbρΠνγ þ bνbρΠγμ þ bγbρΠμν þ bμbγΠνρ þ bνbγΠμρ þ bμbνΠγρÞ
i
: ðC5Þ

In these expressions we replace all instances of the metric with the transverse projector

Πμν ¼ ημν −
vμkν þ kμvν

ω
þ kμkν

ω2
; ðC6Þ

which takes us to the plane orthogonal to vμ and kμ.
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