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Four inequivalent paths to thermality in Minkowski spacetime
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In this article, we explore the answer to an inverse question to the Unruh effect. Given a two-dimensional
Rindler wedge R with a thermal distribution of massless scalar particles, we explore the supersets of R,
whose reduced state yields the observed particle content in R. If we restrict our analysis to particle content
close to the Rindler horizon in R, we show that the answer to the inverse question is not unique. The
analysis is done using two methods, the first uses Bogolibov coefficients and the second method uses
Virasoro anomaly. We identify four inequivalent paths with various “parent” spacetimes of R from which
we can arrive at the given particle content in R. We show that the supersets are Minkowski spacetime, a
Rindler wedge in vacuum, a Rindler wedge with a thermal flux of left-moving particles and lastly a Rindler
wedge with a thermal flux of right moving flux of particles. We also show an interesting phenomenon; flux
to density conversion, wherein a thermal flux of either left-moving or right-moving particles can be
converted to thermal density of particles involving both left-moving and right-moving particles. The
analysis presents a natural possibility to define the information entropy for a given Rindler wedge. This
stems from the fact that a given Rindler wedge with its particle content could have originated from various
supersets found in the article. Based on the analysis done in the article, we present qualitative arguments
regarding the possibility that the continuous evaporation of a black hole might be punctuated by a series of

pauses and bursts of radiation.

DOI: 10.1103/1ypz-kv{8

I. INTRODUCTION

The Unruh-Davies effect is a well-studied and well-
understood phenomenon. When we consider a two-dimen-
sional Minkowski spacetime with a quantum field in its
vacuum state, a uniformly accelerating observer perceives
the field in vacuum as an excited state with a thermal
distribution of particles [1]. A Rindler spacetime is a static
spacetime constructed by considering a continuum of
accelerating observers. It is a subset of Minkowski space-
time, and when a Minkowski spacetime contains a quantum
field in a vacuum state, it appears as a thermal state in
Rindler spacetime. A related idea is that of Hawking
radiation. An astrophysical black hole is predicted to
radiate a thermal flux of radiation known as Hawking
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radiation with a temperature roughly proportional to the
inverse of black hole mass [2]. Rindler spacetime offers a
simpler setting in which black hole radiation can be studied
and understood.

Nested and shifted Rindler wedges provide a rigorous
geometric framework for exploring observer-dependent
thermodynamics and subsystem entanglement in quantum
field theory. Exploring the kinematic consequences of
nesting, Lochan and Padmanabhan showed that sequences
of spatially shifted wedges exhibit “relic thermality”; the
vacuum of an enveloping wedge appears universally
thermal to any strictly nested observer, regardless of the
spatial shift’s magnitude [3]. A shifted Rindler model was
also used in Ref. [4], who demonstrated that tracing out
degrees of freedom across nested regions (e.g., R, C R)
can be path-dependent. Furthermore, extensions to null-
shifted wedges by the authors in Ref. [5] revealed “selective
particle excitations”, a geometric consequence where only
specific momentum modes or chiralities are thermally
excited. Ultimately, these works demonstrate that the
precise causal nesting of Rindler wedges can be used as
toy models to study the dynamical evolution of the black
hole apparent horizon. In this article, we are interested in
the converse question to the Unruh effect. We have a
Rindler wedge R; with a massless scalar field with particle
distribution in a thermal state. What are the supersets .4 of
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R; (R C A) whose reduced state yields a thermal state in
R3? Stated differently, if we have a uniformly accelerating
observer in Minkowski spacetime who detects a thermal
bath of scalar particles, what can he/she deduce about the
spacetime beyond his/her horizon? Since he/she is a
uniformly accelerating observer, he/she has a future and
past horizon, and he/she is therefore restricted to a Rindler
wedge. We ask a converse question. What are the possible
supersets of his/her Rindler wedge whose reduced state
yields the observed particle distribution? One obvious
answer is, of course, Minkowski spacetime with the scalar
field in vacuum. But is the answer unique? We justify in this
paper that the answer is not unique by showing that
thermality in a given Rindler wedge can occur along four
inequivalent paths; therefore, we argue that the converse
question has multiple answers.

Path 1, as stated before, is from a Minkowski spacetime
with the scalar field in a vacuum state. Path 2 involves a
Rindler wedge R; with the scalar field in vacuum (the
Rindler wedge R; is located such that R; C Ry, such that
the bifurcation point of R; and R; are separated by a
spacelike interval). Path 3 starts with a Rindler wedge R,
(with Ry C R,) with an inward flux of scalar particles. R5 is
a wedge shifted from R, along a null ray as explained in
later sections. Path 4 starts with a Rindler wedge R, again
(with Ry C R4), and in contrast with Path 3, there is an
outward thermal flux of scalar particles. R; is a wedge
shifted along a null ray from R, as illustrated in later
sections.

We also show a new interesting effect; flux-to-density
conversion. We consider a Rindler wedge with either an
outgoing or an ingoing particle flux and show how to
convert it to a particle density in a Rindler wedge that is a
subset of the previous wedge. The Paths 3 and 4 in the
previous paragraph illustrate this effect.

We mention a few aspects and assumptions followed in
this work. The analysis is done using two methods. One is
via mode functions and the explicit evaluation of the
Bogoliubov coefficients. The Bogoliubov transformation
approach operates at the level of mode expansions, mixing
creation and annihilation operators to relate distinct vacua
and thereby connect asymptotic particle states. The other
method uses the Virasoro anomaly in two-dimensional
conformal field theory (CFT). Since we consider a massless
scalar field in 2D for this work, the techniques of 2D
conformal field theory are applicable. We use the Virasoro
anomaly to evaluate the stress tensor and thereby determine
the particle content in various Rindler wedges. By contrast
to the Bogoliubov approach, the stress tensor and con-
formal anomaly method evaluate renormalized local oper-
ator expectation values, such as energy fluxes, and reveal
how anomalies encode radiation and particle production.
While the Bogoliubov method emphasizes the relation
between asymptotic states, the stress tensor method pro-
vides a local field-theoretic account of fluxes and

anomalies. Both approaches ultimately describe the same
physical phenomenon, but from different calculational
perspectives. In the analysis presented in this article, we
take the assumption that the frequencies involved are large
and that the calculations are applicable near the horizon of
the uniformly accelerating observer.

As mentioned before, the starting point of Path 2 is the
Rindler spacetime with a scalar field in the Rindler vacuum.
Now, the Rindler vacuum is not a physically well-defined
state in the context of Minkowski spacetime, since the local
stress tensor with respect to the Rindler vacuum diverges on
the horizon. As demonstrated in past literature [6], the
Boulware vacuum (in the near-horizon limit, the Boulware
vacuum behaves like the Rindler vacuum, as the Boulware
vacuum is defined in curved spacetime and globally differs
from the Rindler vacuum, whereas the Rindler vacuum
lives in flat spacetime and only covers part of it) in the
context of black holes. The Rindler spacetime and the
analysis done in the article serve as a toy model for
the realistic case involving evolving black holes and the
possible signatures of the evolving apparent horizons. As
pointed out earlier, the Rindler spacetime maps to the
Boulware vacuum in curved spacetime. As we discuss in
the conclusions section of the article, the Rindler vacuum in
the toy model and the corresponding Boulware vacuum in
the curved spacetime setting may play a role in the context
of black hole evaporation. We emphasize that the use of the
Rindler vacuum in this work is restricted to a local near-
horizon description. Our analysis relies only on the mode
structure within a Rindler wedge, and no claim is made
regarding the global regularity of the state. In this work, the
term “inequivalent” refers to the fact that the four con-
structions differ in their construction methods, specifically
in the choice of vacuum, the sequence of coordinate
restrictions, and the implementation of mode decomposi-
tions and Bogoliubov transformations. While all paths
ultimately lead to identical thermal spectra for an observer
confined to R; in the near-horizon limit, the intermediate
states and global structures involved in each construction
are distinct and are not related by a single global or
coordinate-independent transformation. In this sense, the
inequivalence does not manifest in local observables within
R3, but rather at the level of global state definitions and the
underlying geometric and operational framework.

II. THE PROBLEM STATEMENT AND SETUP

Suppose we have a Rindler wedge R; in which we
consider a real massless scalar field with the particle
content in a thermal distribution. We are interested in
the supersets A of R; that yield the observed particle
content to be thermal upon finding the reduced state in R
from A. As stated in the introduction, we show that A is not
unique. We begin by formulating the setup necessary for
the analysis and subsequently present the different pos-
sible paths.
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FIG. 1. Null-shifted Rindler wedges in Minkowski spacetime.
The standard right Rindler wedge is successively shifted along
the future-directed null V-direction to obtain (R,) and then along
the U-direction to obtain (Rj3).

A. Four inequivalent paths

We discuss below the various paths leading to a common
endpoint, viz., the wedge R; with a thermal distribution of
particles in the high-acceleration regime (close to the
horizons). As stated before in the introduction, we show
that various starting points yield the common endpoint. By
‘starting points’, we mean various spacetimes with mass-
less scalar fields in their corresponding particle states. We
demonstrate this by explicitly choosing the starting points
and evaluating the final particle content in R; along the
given paths. The coordinate definitions are given below,
Two-dimensional Minkowski spacetime is denoted as M,
parametrized by inertial coordinates (X, 7'), and a hierarchy
of Rindler wedges [7], denoted (R;), each described
by coordinates (x;, ;) for i€{1,2,3,4}. As depicted in
Fig. 1, the nested structure of Rindler wedges are under-
stood as inclusions of spacetime regions determined
by their null horizons, such that R; C R, C R C M and
R; C Ry C Ry C M, with individual wedges distinguished
by the shaded regions in pale red, blue, and green. Wedges
R, and R; are generated from R; by successive null
displacements along the relevant Minkowski light rays, a
construction central to our analysis.

1. Path 1: Minkowski (in vacuum state) M
to Rindler wedge R3

In this path, we consider Minkowski spacetime with the
real massless scalar field in a vacuum state. The wedge R;
is located such that its bifurcation point is situated to the
right of the origin. The Unruh effect states that the reduced

state of the massless scalar field in R; is a thermal
distribution of particles. Keeping in perspective the
method followed in the article, we note that we can also
arrive at this result by subdividing this path into two sub-
steps. We note that the metric in coordinates 7, X is
ds®> = —dT? 4+ dX?>. We choose null rays as U =T — X
and V =T 4 X. The two subpaths are stated as: a) We
divide the Minkowski spacetime into two parts by choosing
coordinate patches U, V with a new map u, V with u given
by U = —e™/a — 6 where a is an arbitrary real positive
parameter. We note that the null coordinates range over
—o0 < U < o0 and, similarly, —co < u < co. We note that
when coordinate u goes from —oo to oo, the coordinate U
ranges from O to co. This is defined as half-sided modular
inclusion [8]. b) We now go from half of Minkowski
spacetime to one fourth by defining one more coordinate
transformation given by u, v where u is the same as in
subpart a and V = ¢“’/a + y with y a positive constant. We
can see that this gives us the Rindler right wedge, provided
we note the restriction that U > 0 and V < 0. We note that
we could interchange the order of subparts a and b. In the
standard Unruh effect, it is well-known that this ordering
does not make a difference to the final particle content in
the Rindler wedge.

2. Path 2: Rindler wedge R, in vacuum state
to Rindler wedge R3 via spatial shift

In Path 2, the wedge R; is defined from R; by a spatial
translation, characterized by displacement parameter A;
(cf. Fig. 1). Although the bifurcation point of R; is shown
along the x; axis, its precise location may be generalized to
any point within the R; wedge. Though the answer to this
path is worked out in Refs. [3,4] using the method of
Bogoliubov coefficients, we present an alternative analysis
here using the Virasoro anomaly approach. We note that in a
given Rindler wedge, say for example in R, the magnitude of
the acceleration of an observer progressively decreases as
one moves to the right along the #; = 0 line (x; — axis). This
acceleration tends to zero as one approaches x;— > oo. The
same is true for an observer in R3 as one moves to the right
(x3— > o0). It is reasonable to expect that any particle
excitations in the wedge R; are more prominent close to
the horizons. We demonstrate this in the article.

3. Path 3: Null shifts

Consider a Rindler wedge R, with the following particle
content. The left-moving particles are present with a
thermal distribution, while there are no right-moving
particles. There is therefore a net left-moving thermal flux
of particles. We show that starting from R, with the above-
mentioned particle distribution, we arrive at a thermal
distribution of particles in R; with both the left-moving
and right-moving particles with a thermal distribution of
particles with the standard Rindler temperature. We note
that this is true close to the horizon.
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An alternative definition of Path 3 traces a sequence
R, - R, — R3, where R, is obtained from R; by displac-
ing its origin along the future-directed null V-axis by a
Minkowski parameter A,, R; is then constructed by a
further displacement of R, along the null U,-axis by
parameter Az (see Fig. 1). For illustration, Fig. 1 depicts
the case where A, = Aj, but this equality is not a physical
constraint and can be ensured by an appropriate Lorentz
transformation, since these parameters are not Lorentz
scalars. In our article, we present the latter definition of
Path 3, where the starting point is again a vacuum in
wedge R;.

4. Path 4: Null shifts via Rindler wedge R,

Path 4 involves the wedge R,, whose origin is obtained
from R| by a null shift along the U,-axis by parameter A,.
Subsequently, R; is reached by an additional null shift from
R4 along the V,-axis with parameter A;, as depicted in
Fig. 2. The wedge R, is an independent Rindler wedge
analogous to R,, obtained by shifting through a different
null axis. The idea is the same as that of Path 3 except that
wedge R, is replaced with wedge R,. Again, we note that
the starting point of Path 4 could be that the wedge R, has a
right-moving thermal flux of radiation, whereas there is no
particle content in the right-moving sector. For this initial
configuration as well, the particle distribution in R is
thermal. Although this is possible, in this work, we focus
on an analysis that begins with the Rindler wedge R; in the
vacuum state.

B. Coordinate relations among the key players

In this subsection, we introduce the various coordinate
systems relevant to our setup and describe the relations
among them.

1. Minkowski spacetime to Rindler 1 wedge

We label the coordinates of the Rindler-1 (R;) frame as
(x1,#;). The transformation between the Rindler-1 coor-
dinates (R;) and Minkowski (M) is given by

ehXi

T = sinh(a; ), (1)
ai
eh1%1
X= cosh(a,1,), (2)
a

we now introduce the light-cone coordinates in Ry,
(uy, vy):
up =1, —xy, vy =1 +xp, 3)

And the light-cone coordinates in Minkowski spacetime are
related to the coordinates of R; as

Accelerated Observers:

Rindler-1: -
Rindler-4: -
Rindler-3: -
M
u = const
{ = const
A
u = C\g{st
A/ Rs

S y
~ A N v = const
N
= const
N

R; CRiCR1CM

v = const

FIG. 2. Alternative null-shift construction. The wedge (R,) is
obtained from (R;) by a null shift along the U-direction, followed
by a shift along the V-direction to obtain (R3). As in Fig. 1, the
construction results in nested spacetime regions.

et
Uy=T-X=-— , (4)
a
el
Vy=T+X= , (5)
a

2. Minkowski to Rindler-3 and Rindler-1
to Rindler-3 via spatial shift along x, axis

We label the coordinates of the Rindler-3 (R53) as (x3, #3).
In the setup, we already mentioned that we do not assume
any intermediate wedges between R; and R;. We now
relate Rindler-3 (R;) to Minkowski space. Its transforma-
tion is given by

e X3
T = Sinh(a3l3), (6)
as
e3%3
X= cosh(astz) + Ay, (7)
as

where A; encodes the coordinate shift in the Minkowski
spacetime, along x; axis relates the wedge R; to R, if
possible we can shown A; in figure. The light-cone
coordinates in Minkowski spacetime are related to the
coordinates of R; as
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In a given Rindler frame, the parameter that represents
acceleration is a; for the wedge R;. We note that if we
choose an alternative parameter b; as the acceleration
parameter, we obtain a different coordinate system for
the same wedge. One can set up the description of the
quantum field in the new coordinate system. It is easy to
prove that both descriptions share the vacuum state, as the
Bogoliubov coefficients between the modes defined in
either coordinate system mix only positive-frequency
modes of one coordinate system with the positive-
frequency modes of the other coordinate system.
Therefore, we are free to choose whichever parameter
we want in a given Rindler wedge. This choice amounts to
selecting a particular accelerating observer from among a
family of accelerating observers that accelerate at different
proper accelerations, all of which share the same horizon.
Therefore, we set a; = a, = a3 = a, which simplifies the
calculation without losing generality. Equating Eq. (4) and
Eq. (8), we have

1
u, = ——In(e ™ 4+ al,), (10)
a
Also from Eq. (5) and Eq. (9), we have
1 :
vy =—In(e" + al,), (11)
a

From Eq. (10) and Eq. (11) and at A; =1 we obtain

(12)
(13)

3. Rindler-1 to Rindler-3 via Rindler-2:
series of null shifts
We label the coordinates of the Rindler-1 (R,) frame as
(x1,11), Rindler-2 (R,) as (x,,%,), and Rindler-3 (R3)
as ()C3, t3).
The frame R, is null shifted along the V; axis. Its
coordinates relate to Minkowski as follows:

9%

T = sinh(alz) + Az, (14)
a
et
X = cosh(aty) + A,. (15)
a

Where A, encodes the coordinate shift in the Rindler space
that relates the wedge R, to R,. The light-cone coordinates
of Minkowski spacetime and those of R, are related by

e~
UM:T—X:— 5
a

(16)

av,

Vy=T+X=

+2A,. (17)

a

Equating Eq. (4) and Eq. (16), we have

(18)

Also from Eq. (5) and Eq. (17), at A, = 1/2a we have

uy = Uy,

In(e: + 1
v = n(e?? + )

- (19)

We now relate the Rindler-3 (R3) coordinate system to
Minkowski spacetime coordinates. Its transformations are
given by

ax;

T =

sinh(ats) + (A, — A3), (20)

a

ax;

X =

cosh(ats) + (A, + Aj). (21)

a

where A5 encodes the coordinate shift in the Rindler space
that relates the wedge R3 to R,. In light-cone form:

—au
e 3

avy

Vy=T+X=""124, (23)

a

Matching with the coordinates of R,, at A, = 1/2a we
find:

Inle™™s 4+ 1
oo o
Vy = V3. (25)

Without loss of generality, we choose A; = A,. This is
because we can choose a suitable Lorentz transformation in
which both the parameters are equal, and hence the
bifurcation point of R; lies on the x; axis, simplifying
the geometry without altering the physical content.

4. Rindler-1 to Rindler-3 via Rindler-4:
series of null shifts

Analogously, consider null shifts along the U-axis, as
shown in Fig. 2.
The frame R; remains as

91

T = sinh(at), (26)
a
e
X= cosh(aty). (27)
a

045009-5



JHA, NAIR, SAMANTRAY, and GUTTI

PHYS. REV. D 114, 045009 (2026)

In light-cone form:

Uy=- , 28
w=-= (28)
e
Vu = 29
w=" 29)
Now consider Ry, shifted along the U-axis,
€HX4
T= sinh(aty) — Ay, (30)
a
e
X = cosh(aty) + Ay. (31)
a
In light-cone form:
e~y
Uy = — —2A,, (32)
44
Vu = . 33
w=" (33)

From Eq. (28) and Eq. (32), at Ay = 1/2a we obtain

In(e™ ™ + 1
uy = —¥, (34)

and from Eq. (29) and Eq. (33):

V| = Uy, (35)
Finally, for R5:
T =< sinh(ary) — (Ay — As), (36)
a
X =S cosh(ats) + (Mg + As). (37)
a
In light-cone form:
o3
Uy=- —2A,, (38)
eav3
Vu = + 2A;. (39)
a
Matching the coordinates of R, and also without loss of
generality, we choose Ay, = A3 = ﬁ We then obtain the
following:
uy = us, (40)
1
vy =—1In (e +1). (41)
a

These expressions completely characterize the relation-
ships among the Rindler patches that shift to the null in the
U and V directions.

These construction paths serve to systematically char-
acterize inequivalent purifications of Rindler vacua and
reveal how selective and full thermalization arise in distinct
regions of spacetime. While intermediate wedges are
omitted in some scenarios for simplicity, the analysis
extends to more general initial states, though with poten-
tially differing particle spectra [4].

III. METHODOLOGY

In the previous section, we defined the coordinate
systems in various spacetimes of relevance and obtained
the relations between them. To determine the particle
content in various spacetimes, we use two techniques.
One is the canonical way to set up the mode expansion of
scalar fields and to evaluate the Bogoliubov coefficient.
Another useful method is using the Virasoro anomaly.

A. Bogoliubov method

We begin by considering a free, massless scalar field in
(1 + 1)-dimensional Rindler spacetime. The field satisfies
the Klein—Gordon equation,

Op(x+) =0, (42)

where [ = n*V,V,.
In conformally flat form, the Rindler metric allows
Eq. (42) to be rewritten as

T = (S- )by =0 @)
o ox? '

In (1 + 1) dimensions, the general solution separates into
right-moving and left-moving modes, propagating along
the null coordinates u = t — x, v = t + x. Accordingly, the
quantum scalar field operator in a single Rindler wedge R;
can be expanded as [9]

Blrt) = / * dalf()f, (@) + 3 (@)f; (@)
+ bi()gi(@) + by (0)gt (@)]. (44)

where &;(w) and b;(w) are the annihilation operators
associated with right- and left-moving modes, respectively.
The mode functions take the form,
fl(w) — Nwe—iw(t—x)’ gl(w) _ Nwe—iw(ﬂrx)_
The normalization constant N, is determined by requir-
ing orthonormality of the modes under the Klein-Gordon

inner product, defined on a constant-time hypersurface X
as [10,11]
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Broda) =i /Z ST GV s — 2. (45)

For right- and left-moving modes, this reduces to [12]
rfn) ==i [ dulfioufi = Fo0uf). (46)

(91 Gm) = =i L dv(9,0,9m — Gn0u91)- (47)

for [ # m = 1, 2. From this normalization condition, one
obtains

1

N, = .
v drw

(48)

It follows that the full scalar field operator splits into
independent right- and left-moving sectors,

P(x) = d(u) + ().

The right-moving component in wedge R, takes the form,

i © dw ~ —iwu ~ iou
$1(uy) = ; m[al(w)e L+ (w)em],  (49)
while in the remaining wedges, the expansions are
3 o dQ ~ —iQu ~ iQu
hal) = |7 T lar(@)e e + & (@), (50)
i © dv ~ —ivu 1 ivu
$3(us) = | M[%(V)e P as(v)e], (51)
7 e d/) ~ —ipu T ipu
Paug) = [a4(p)e™" + ay(p)e™].  (52)

Varp

Analogously, the left-moving components of the field
operator are

(=]

~ © dow £ . <F .

v) = bi(w)e " + b (w)e'"t], 53
¢1(vy) | \/m[l() 1(w)e "] (53)
~ o dQ < . <t .

Vy) = b (Q)e 2 4 by (Q)e202], 54
¢2( 2) 0 \/4—71'—6{ 2( ) 2( ) ] ( )

Ba(v) = [T hyw)en 1+ Byl (55)

— 1% 3 /3 s
T Vaw ’
Baloe) = [~ by (p)emom + Bl(p)em].  (56)
0o Vérp

Here, the frequency parameters @, Q, v, and p denote the
mode labels associated with wedges R;, R,, R3, and Ry,
respectively.

1. Bogoliubov transformation and the number operator

In this section, we derive the Bogoliubov transformation
relating two complete sets of mode functions and use it to
compute the expectation value of the number operator in
different Rindler frames.

Let {f;(w)} and {f;(2)} denote two complete sets of
positive-norm, orthonormal mode functions with respect
to the Klein—Gordon inner product defined in Eq. (45).
These mode sets are related by the Bogoliubov trans-
formation [13,14]:

fi(Q) =/_°o dola;(Q. o)fi(0) + f;;(Q o) f (@)]. (57)

(5]

and conversely,

filw) = / 40 (. w)f () — (. ) F(Q)]. (58)

(5]

Here, a;; and f3;; are the Bogoliubov coefficients encoding
the mixing of positive- and negative-frequency modes
between the two bases.

A real scalar quantum field ® can be expanded in either
basis as

A

¢ /_: dola(o)f (@) +a](@)fi (@), (59)

where the annihilation and creation operators @;(w), a; ()
satisfy the equal-time commutation relations,

(60)

valid for free scalar fields quantized on equal-time hyper-
surfaces in curved spacetime.

The Rindler vacuum |Og ) associated with the mode set i
is defined by
V o.

a;()|0g,) =0, (61)

Similarly, one can expand ® in the basis {f,(Q)},

d = /_°° dQ[a,(Q)f;(Q) + &} (Qf;( Q). (62)

with the annihilation and creation operators @;(Q), &jf (Q)

satisfying the same commutation relations as in Eq. (60),
and associated vacuum |OR,> obeying

&j(Q)|0Rj> =0, V Q. (63)
Using the Bogoliubov transformations (57) and (58), the

annihilation and creation operators transform as
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a;(Q) = A " dola} (@, 0)a (@) - (Q.0)2] (@), (64)

aﬂ9w=A”mm%ﬂzwm%w—ﬁAawmxmy<@>

When the f-coefficients are nonzero, the particle number
operator expectation value evaluated in the vacuum [O )
associated with the i-modes is

(g, IN;(€)[0g,) = (Og, |} (2)a;(2)|0g,)

=/mw@m

2

, (66)

which demonstrates that an observer associated with the
j-modes detects particles in the vacuum defined by the
i-modes whenever f3; # 0.

In this section, we derive the Bogoliubov transformation
between two complete sets of mode functions and use it to
evaluate the expectation value of the number operator in
different Rindler frames.

B. Virasoro anomaly method

We consider a massless scalar field in two dimensions.
We can therefore use the techniques of CFT in order to
evaluate the particle content. We use the standard results
involving Virasoro anomaly and the normal-ordered stress
tensor [15]. In this work, we employ Rindler coordinates,
which cover only a portion of Minkowski spacetime.
Nonetheless, the normal-ordered stress tensor is well-
defined within the Rindler wedge and corresponds to
renormalization with respect to the Rindler vacuum
[15,16]. The resulting expectation values have interpreta-
tion in terms of observables accessible to uniformly
accelerated observers and are directly related to the
Unruh effect [1,17,18]. Under conformal transformation
that maps from a coordinate chart (U, V) to (u, v) via the
relation, U = U(u) and similarly V = V(v), the energy-
momentum tensor behaves as

oUu c

2
! — -
Tuu - <au> TUU + 125(U7 l/t),

where S(U,u) denotes the Schwarzian derivative and is

defined as [16]. And, ¢ denotes the central charge. In the
current context, the central charge is ¢ = —h/2x [12],

S(U.0) = (110,07 | (0,0)@0) -3 @UP |- (@)

So the relevant equation for the left-moving sector is

oU\ 2 h
T, = (=) Tyy —— .
uu (au> uu 24r S(U’ I/l)

The corresponding equations for the V sector read,

ov\? h
T, =|—| Tyy ——
Vo <61)> vv 24]1'_‘5‘(‘/7 U)’

where S(V,v) is the Schwarzian derivative defined by
replacing the U, us with the V, vs.

IV. PARTICLE CONTENT IN R; ALONG
VARIOUS PATHS

The explicit calculations and physical interpretations
follow in subsequent subsections.

A. Particle content along Path 1

In this subsection, we evaluate the particle content along
Path 1, focusing on the particle content in R; when the field
is in the Minkowski vacuum. The wedge R; is spatially
shifted from the origin by a parameter A, as illustrated in
Fig. 1. Since the Unruh effect is invariant under such spatial
translations, we expect the particle content in R3 to be
thermal. We demonstrate this explicitly below.

The light-cone coordinates are related as in Egs. (8) and
(9). The right-moving and left-moving components of the

Minkowski field operator (250 can be expanded as

© d(l)() =

QAbO(UM) = o %[&o(wo)e_ionM + El)g(a)o)eionM]’
(68)
0 da)o ~ —ionV <t iV
$o(Vi) [bo(wg)e™ "V + by(wy)e'™Vm].

(69)

Starting from Eq. (51), we multiply both sides by
I, % e resulting in

/00 dus ., » © duv 1
—— ¢ 3¢,; — J
—o V21 i 0 V22

ood = S0 = . ’
5= (@) 4 G (W) m). - (70)

X
—oo V 271'

For v/ > 0, only the first term contributes due to orthogon-
ality, yielding:

) N Py !
[ (1)

We now compute the same integral using the Minkowski
field operator q;ﬁo from Eq. (68),
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dM3 w s da)o
= d
0V 271' ¢ 27‘[ \/2(0 “3
% (&O(wo)e—inUMeiu’m +a (0)0) leUMeiu’u3 ) , (72)

Setting v/ = v > 0, and substituting U,, from Eq. (8) at
az;=a and A; = é we identify the Bogoliubov coeffi-
cients by matching Eq. (64),

[v d o . .
ago v, CU() - / M3 0 e~aus | l)w/aewl@’ (73)
0
|V / dl/t3 ﬂ e~dus 1 1)iy/aeivu3'

(74)

ﬁ3o v, 0)0

After evaluation, these integrals yield expressions
involving Gamma functions:

— 1 U o iv\ [(—iwy\ s
@y (v, @g) = Zm‘/a)oeaor<_a> < P 0) . (75)
1 U _ingy iv\ (iwg
e — a F - — . (76)
2ra \ wg a a

The Minkowski vacuum |0,,) is defined by

Bio (v, @)

-

Bo(a’o)|0M> =0,

50(w0)|0M> =0, (77)

where the annihilation operators satisfy the commutation
relations as per Eq. (60).

The expectation value of the right-moving particle
number operator Nso(v) = 5;(1/)513 (v) in the Minkowski
vacuum is given by

2 (18)

<OM|K]3O(V)‘OM> = /000 dwo|ﬁ3o<1/v wy)

which simplifies to the Planckian distribution,

(79)

where the formal divergence §(0) arises from the infinite
volume and is treated as a constant in a finite volume (see
Appendix B). The corresponding particle number density
reads [19]

N 1
’130(1/) Tt

= (80)

Thus, the right-moving modes in wedge R;, when
evaluated in the Minkowski vacuum, are thermally excited
and exhibit a Planck distribution. A similar calculation

shows that the left-moving modes also thermalize, con-
firming full thermality along Path 1.

This thermal mixed state arises because the Minkowski
vacuum is entangled between modes inside R3 and those in
its complement; tracing over inaccessible modes yields a
thermal reduced state.

B. Particle content along Path 2

In this section, we evaluate the particle content along
Path 2, which connects the Rindler wedges R; and Rj
through a spatial shift parametrized by A, as illustrated in
Fig. 1. To compute the Bogoliubov coefficients relating the
mode functions in these two wedges, we proceed as
follows.

Starting from Eq. (51), we multiply both sides by

f°° d“3 e”’ “ yielding

o dus w”f/’ o du L
\/ﬂ V27 2v

(5 (y)ei(u’—u)u3 4 5'31'(D)el’(zﬂrl/)u_g)7

\ﬁ (81)

where, for / > 0, only the first term contributes due to
orthogonality, giving

oty s EW)
Bv -y (82)

Computing the same quantity using the field operator
in wedge R, Eq. (49), and multiplying by the same
factor,

dl/l'; w u3¢ / da) (o]
oV 277.' V2

X (al(w)e_i“’”‘ ew us | a1(0))elwu1 eV u3)_

du3
(83)

Setting / = v > 0 and comparing with Eq. (82), we obtain

> d
a(v) = 0 da) [al \/7/ s e iom giviy
+ 01 \/7/ du3 1muleivu31 .

By matching with Eq. (64), the Bogoliubov coefficients

(84)

follow as
— v [eduy . .
* _ /= —iwuy ,ivuy
ay, (v, o) \/;/_oo o, € et (85)
ﬁ’“ ). w \/7/ im“leil’”3' (86)
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Using the relation between coordinates u; and u; from
Eq. (12) and simplifying, we obtain

; VT4
it verk Vs v N L)

a

Squaring the modulus of 531, we have

Byt (v, )2 = B3, (v, @)y (v, @), (89)

which simplifies to

- 1 sinh(Z2)
a1 (v, @) = — 4 . (90
a0l = (@ + v) sinh(%) sinh (") 0

Defining the vacuum state from Eqs. (61) and (63),
a;()|0g,) =0,
where the operators satisfy commutation relations as
in Eq. (60).

The expectation value of the number operator in the
vacuum [Og, ) is [20,21]

wﬂﬂwawmp=4ﬁw%www.wn

Substituting Eq. (90) into the above integral yields
sinh(%%)

1 / 0
= ey [ 99
4zasinh(%) Jo (w+v) sinh(@)

(N3 (0)) ,

(92)

which, using the integral result from Appendix B,
evaluates to

(N31(v) = =, (93)

with 5(0) representing the infinite mode density in the
unbounded spatial volume [11]. The corresponding mean
particle number density is [19]

- 1
3 (v) = 45— (94)
e —1
Hence, the right-moving modes in wedge R;, evaluated
from the vacuum of R, are thermally excited and exhibit a
Planckian distribution. A similar calculation for the

left-moving modes confirms their thermal excitation,
establishing full thermalization of both modes along
Path 2.

The resulting mixed state arises because the vacuum
|Og,) is entangled between modes inside the wedge and
their complementary modes, with tracing over inaccessible
regions yielding a thermal reduced state in R5. At this stage,
we clarify the physical status of the Rindler vacuum used
in this construction. The Rindler vacuum is known to
possess a divergent stress-energy tensor at the horizon and
is therefore not a globally well-defined physical state.
However, the present analysis is restricted to a local
near-horizon description, where the relevant physics is
captured by the mode structure and Bogoliubov trans-
formations within a single wedge. Consequently, our
results should be understood as statements about local
quantum field behavior and do not rely on the global
regularity of the state.

C. Path 3. Particle content along shifts along V,
and U, axes, respectively

In this section, we evaluate the Bogoliubov transforma-
tions and the resulting particle content along Path 3, where
the Rindler wedge R, is obtained from R; by a null shift
along the V-axis, and Rj is subsequently obtained from R,
along the U,-axis, as illustrated in Fig. 1. Thus, the
evaluation of particle content in R; from the vacuum in
R, proceeds in two stages, with the intermediate wedge R,
serving as a pitstop.

To calculate the required Bogoliubov coefficients, we
begin by multiplying both sides of Eq. (48) by the Fourier
mode,

00 duz
—€
—oo V 2w

After simplifications and using the orthogonality of expo-
nentials, we obtain [22]

O/
iQ'u,

o dQ 1
0 V2m\/20

(@, (Q) /@ 4 G5(Q) i @+@)m) - (95)

o0 dl/l2

—oo V 27[

« o0 dl/i2
—o0 V 27T

Which reduces to

eiQ’uz(i)z —

(NN

o0 dllz eiQ’uzél\ﬁz _ Z(Q/)

o V271 V2

due to orthogonality, valid for Q' > 0. Next, we compute
the same integral using the field operator (271 (u;), expressed
in terms of u, via the null-shift relation connecting wedges
R, and R,. Multiplying both sides of Eq. (47) by the same
Fourier kernel gives

(96)
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o du 1 [~ do (= 0
/—2; ei¥ur ¢1 _—/0 —'_2(0 <al(w)/ du,
eiQ/uz—imul +Z\IT(0))/ duzeig’ufria)ul).

Matching Egs. (96) and (97), and evaluating at Q' = Q,
allows us to identify the Bogoliubov coefficients between
wedges R; and R,:

dl/l2

ZQM —iwu
0:21 (Q, w) \/7 / 2T,
\/7/ du2 lQuerta)ul

Utilizing the explicit coordinate transformation between u,
and u, from Eq. (22), one finds that

(97)

(98)

ﬂzl (Q o) (99)

&, (Q ) = 5(9—60)\/% (100)
and
B (Q,0) = 0. (101)

This confirms that, for the right-moving modes, the null
shift from R, to R, does not excite particles; the vacuum
structure remains preserved.

We now compute the Bogoliubov coefficients for the
left-moving modes relating the Rindler wedges R; and R,.
Starting from the transformation relations and Eq. (64), the

coefficient o, (Q, w) is expressed as

1 Q [ . i av
a5 (Q.0) _ﬂ\/;/ dvyei@re=dn e+ - (102)

which simplifies through standard integration techniques
(see Appendix A) to

B 1 \/ﬁz ’“’:'QF(TQ) (m) lQ)
" 2maV w () ’

Similarly, the Bogoliubov coefficient %(Q ) is
given by

o, (Q o) (103)

— 1 Q [ ; oD
ﬂ;l (Q, (g) = _% \/;/_oo dvzezﬂvzetwm’ (104)
and evaluates to
i(0+Q) H
— 1 @2 r(@)r(- 1)
5 (Q, 4 105
ﬁZl ( CO) 27[61 \/; F( 121) ( )

The squared modulus of the Bogoliubov coefficient is

— 2 — —
a1 (@) = B, () (o), (106)
Which simplifies to
— : 1 QPP
161 (Q,0)]" = (107)

2.2 i\ |2
drnca® w |F(%)|

Applying standard identities for Gamma functions, the
above expression reduces to

— 2 1 sinh(%2)
|1 (Q )] =——

. (108)
47a (@ + Q) sinh(2) sinh[”(“’:m]

The Rindler vacuum in wedge R; is defined by the

P

annihilation condition BI|OR|> =0, and factorizes as
Og,) = |6R ) ® |6R ), where |6R ) and |6R ) denote the
left- and nght—movmg vacuum states, respectively. The

operators bl and bl satisfy canonical commutation rela-
tions analogous to those in Eq. (60).

We then compute the particle content in the left-moving
modes of R, when the field is in the R; vacuum. The
expectation value of the number operator is

<t < o0 — 2
O, B3( @205 ) = [ dolBr (@ 0). (109)
Which, upon substituting Eq. (108), becomes
< 1 o sinh(%22)
Ny (Q) =—F—=+5- d 4 .
Wa @) 4rasinh(%?) A “ (0 +Q) sinh[”<w:9)]
(110)

This integral is analytically tractable (see Appendix. B) and
evaluates to

(R (@) = 12— an

Here, 5(0) formally arises from the infinite volume limit
and can be interpreted as a constant density over a finite
spacetime volume [11]. Accordingly, the mean particle
number density for frequency Q is given by the Planckian
distribution [19]:

- 1
HZI(Q): 226 .
e« —1

(112)

This confirms that the left-moving modes are thermally
excited during the transition from R, to R,, at a character-
istic Unruh-like temperature 7' = 5% In contrast, the right-
moving modes remain in the vacuum state. We therefore

045009-11



JHA, NAIR, SAMANTRAY, and GUTTI

PHYS. REV. D 114, 045009 (2026)

have the left-moving modes in a thermal state, and the
right-moving modes have no excitations. This implies that
the right-moving modes are in the ground state for all
momenta k,

(113)

We now evaluate the particle content of the right-moving
modes in the transition from Rindler wedge R, to wedge
R;. The mode functions in R; are related to those in R,.
Setting j =3, i =2, and identifying o =Q, v =Q in
Egs. (64) and (65), the Bogoliubov coefficients for the
right-moving mode are given by

d )
@, (1, Q) f / E5 givus it (114)
d )
[/ u3 wu3 elQuz . (1 15)

Using the coordinate transformation from Eq. (32),
Eq. (114) becomes

1 © . iQ —au
G200 = oo g [ dwemeen, - (11g)

which evaluates,
Appendix A), to

ﬁszl/g

using standard techniques (see

{2) i\ (iv-9Q)
I u2 7 T(=OrE)
Q — “ 4, 117
32 (U )= 2ra \/;2 (- %) (117)
Similarly, using Eq. (35), Eq. (115) becomes
— 1 R ) i —au
Polv) =2 \fg / duze™'s €D (118)
which evaluates to
_iQ) N i (v+Q)
L I [r2 ST ree®)
L (W,Q)=—— = = u 119
b (0. Q) 2rna \/; F(%) (119)

The squared modulus of the Bogoliubov coefficient is

— 2 - —
|32 (0. Q)" = B3, (v, Q) 32 (v. Q). (120)
which simplifies to
sinh(%2)
B (v, Q) = (121)

~ 4ma(y + Q) sinh(%) sinh[L )]

Since R, is obtained from R; via a null shift, the resulting
quantum field configuration exhibits selective thermalization;

the left-moving modes become thermally populated, while
the right-moving modes remain in the vacuum, as previously
established. We now compute the expectation value of the
number operator for right-moving modes in R; evaluated in

the state |6R2>. The number operator,

Npv) = 3 (1) (v),

has expectation value

(Np(v)) = (O, |35(1)33 (1) [0, )- (122)

Expressed in terms of Bogoliubov coefficients, this is

(Rrp(w)) = A "o A ® AT (0. Q0. Q)

x (Or,|a2(2)a3(2)[O,). (123)
This implies,
(O, 122 (@) 53(€2)|0,) = (0]2()a5(€2)[0)
=6(Q-Q). (124)
Therefore, the expectation value reduces to
= 0 — 2
(o) = [T d0imwar,  2s)

which, by substitution of Eq. (121), is an integral of the same
form as in Eq. (110). Evaluating this integral (see
Appendix B) gives

(Fao)) = 52

(126)

The factor 5(0) arises from the mode normalization in the
continuum and represents an infinite constant related to the
volume. Hence, the mean particle number density per unit
frequency v in Rj, as measured in R, is

o 1
fix(v) = @,

(127)
expressing the familiar Planckian distribution at the Unruh-
like temperature 7' = 5-. We conclude that the right-moving
modes mediating between R, and Rj; exhibit a thermal
population characterized by this Planckian spectrum when
the field in R, is selectively excited.

We now evaluate the particle content of the left-moving
modes in the transition from Rindler wedge R, to wedge
R;. The Bogoliubov coefficients relating the mode func-
tions across these regions are given by
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d .
agz v,Q) \/»/ o eivvs =i (128)

The coordinate relation between the wedges, as given by
Eq. (33), implies v, = v3. Substituting this into the
expressions above and evaluating the integrals, we find

T.9) =g -)

By (1. Q) = 0.

[)’32 v, Q) eriein  (129)

(130)

and

(131)

Hence, the left-moving modes in wedge R, remain in
vacuum when mapped to a wedge Rj3; no particle creation
occurs in this region. This is consistent with the preservation
of the positive-frequency structure of the modes under the
coordinate transformation. So both the left-moving and right-
moving modes have a thermal distribution of particles.

D. Path 4: Particle content along the shifts along U,
and V, axes

In this section, we analyze the Bogoliubov transforma-
tions and particle content along Path 4, wherein the Rindler
wedge R, is obtained from R; via a null shift along the
U, -axis, followed by the transition R4 — Rj through a null
shift along the V,-axis, as depicted in Fig. 2. Since the
method for computing Bogoliubov coefficients has already
been established in the previous section, we directly write
down the expressions for the transition R; — Ry, which
follows the same computational steps. The Bogoliubov
coefficients for the right-moving modes are given by

Vel 5
\/*/ duy ertseion  (133)

Where the coordinates, u; and u, are related via Eq. (35).
As these integrals follow the same structure as in the
previous section, we state the result directly. The mean
number of particles in the right-moving mode of R4, when
the field is in the vacuum associated with R,is given by

a41 (p,w eiPta g=iou (132)

ﬁ41 P,

- 1
Ny (P) ="

134
= (134)

Which is a Planckian distribution at temperature 7" =

a
2z
arises due to a horizon effect induced by null shifts.

This can be regarded as a certain converse of the Unruh
effect.

We now evaluate the Bogoliubov coefficients for the left-
moving modes associated with the transition R; — Ry:

\/7/ d114 ,Qwe—iwvl’ (135)
\/7/ 4 l/)l}4el(u1J| (136)

Substituting v; = v, from Eq. (35), the integrals simplify to

0‘41 (p,w

ﬁ41 P,

@ (p.0) = ol - o)y 2, (137)
Bii (p.w) = 0. (138)

This confirms that no particle creation occurs in the left-
moving sector during the transition from R; — R;. We
conclude that the null shift along the U,-axis selectively
excites only the right-moving modes in R4, while the left-
moving modes remain in the vacuum. We therefore have

(139)

We now evaluate the Bogoliubov transformation from Ry
to Ry for the right-moving mode between regions. As
before, the coefficients take the form:

o (f ) .
a_;(@,p):f/ Setmenine, o (140)
P J-
d .
Bi(v.p) = \/ / Sy e (141

Using the coordinate transformation from Eq. (40) that
relates u3 and uy, we find that

@ (vp) = 3 - p) \ﬁ (142)
B (v.p) = 0. (143)

Hence, the right-moving modes in wedge R, remain in
vacuum when mapped to wedge R;; no particle creation
occurs in this region.

We now evaluate the Bogoliubov coefficients for the left-
moving mode associated with the transition from R, to
R5.The mode functions are related via Eqs. (64) and (65),
with j =3, i=2, Q=v, and w = p. The Bogoliubov
coefficients take the form:
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(144)

a34 v.p) \/-/ dv % e e=ipvs

Substituting the coordinate transformation from Eq. (41)
into the integrals and performing the simplification, we
obtain

ﬁ34 v,p) 223 pivvs gipva, (145)

1 2Ty

T( Q) _ a a (146)
az (V,83) = 2ra\p F[’f] ,
1) iy pr—ilptv)
— 1 v2 e T
v p)=—— /- a4 - 147
Pia (v,p) 2a \ F[_Tm} (147)
From the definition:
— 2 — —
|Ba (v, p)|” = B34 (1. p) Paa (v, ). (148)
Substituting Eq. (147) into Eq. (148),we obtain
o o1 y|TEPrEeeP
, = ———a - a 149
|ﬂ34 (V ,0)| 477:2612,0 |l—~[%”2 ( )

Simplifying the above expression using properties of the
Gamma function yields:

sin h(%2)
4ma (v + p) sin h(%) sin A" (”+p)]

Bra (v, p)|? = (150)

Since R, is obtained through a null shift from R, the
resulting quantum field configuration exhibits selective
thermalization, and the right-moving modes become ther-
mally populated. In contrast, the left-moving modes remain
in the vacuum, as established earlier.

We now compute the expectation value of the number
operator for left-moving modes in the region Rj3, to the
quantum state in region R4. Substituting the Bogoliubov
transformation relations from Egs. (64) and (65) into
Eq. (148) and using the (j =3 and i =4 and also Q =v
and w = p), we obtain

(Fsa)) = Ol [ do [ o B p) s )
x ba(p')bs(p)Or,). (151)
The vacuum expectation value becomes
(O b4 )ba(p) Os,) = (Olbs()Bs(p)I0).  (152)

Since the left-moving modes are in vacuum, we obtain

(0lba(0") s () [0) = 8(p — ). (153)
From Egs. (151)—(153), we obtain
(Rsa0) = /0 YAl (154)

Substituting Eq. (150) into Eq. (154) yields an expression
structurally identical to Eq. (81), and we obtain

(Rr(w)) =29 (155)

e —1'

where the delta function §(0) arises due to the normalization
of the continuous frequency modes and indicates a formally
infinite total density per unit frequency. We can therefore
identify the mean particle number density per unit frequency
v in the Ry vacuum as observed in R, as

1

nu(v) = 2
L

(156)

This corresponds to a Planckian spectrum at a temperature of
T =3-. Thus, we conclude that the left-moving modes
connecting regions R, and R; are thermally populated with
a Planckian distribution, as perceived by observers in R;.

V. PARTICLE CONTENT VIA VIRASORO
ANOMALY

In this section, we investigate the thermal properties of
the nested Rindler wedges shown in Fig. 1 through the
expectation values of the energy—momentum tensor in a
two-dimensional conformal field theory. Our approach
begins with the Minkowski vacuum |0,,), tracing the
emergence of thermal behavior along the alternative paths
described in the preceding section. We then repeat the
analysis using the Rindler vacuum |Og, ) associated with the
wedge Ry, allowing us to directly contrast the thermal
signatures arising from the two different vacuum choices.

A. Analysis of the four paths via Virasoro anomaly

B. Path 1

We obtain the particle, content in R; via Path 1. To
investigate the Minkowski vacuum |0,,), as perceived by a
uniformly accelerated Rindler observer via different paths.
We are using the Schwarzian derivative to compute the
expectation value of the components of the energy-momen-
tum tensor through the Minkowski vacuum |0,,). We have
the nonvams}.ung components are Ty, y, and Ty, vy, .
Furthermore, in the Minkowski vacuum state |0,),

(157)

<0M|TUMUM‘OM> =0, <0M|TVMVM‘OM> =0.
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And the expectation value of the energy-momentum
tensor is defined with respect to the Minkowski vacuum
state [0y),

n
<0M|:Tuu:|OM> = _—S(U’ u>’

24rn (158)

From Egs. (4), (5), (67) and (158), and after a simple
calculation, the expectation value of the energy-momentum
tensor in Rindler R gives

ha?
<OM|:Tu1u1:|OM> :M’ (159)
ha?
Opl:T, . 2104 = —, 160
< M| V10 | M> 487 ( )

Similarly, the expectation value in R; directly with respect
to Minkowski Vacuum |0,,) is calculated as

ha?
Onl:T . o104y = —, 161
< M| Usty | M> 487 ( )
ha?
Oul:T,.,. 104) = —, 162
< M| V303 | M> 487 ( )

We then compute the expectation values in R; through the
excited state R; by the following equations [15],

C. Path 2

In this section, we again investigate the expectation
values of the energy—momentum tensor in the vacuum state
as seen from the Rindler wedge R, evaluated via Paths 2, 3,
and 4.

We compute the energy—momentum tensor according to
Path 2. In this case, the field is evaluated in R, but the
vacuum state is taken to be that of the Rindler wedge R;
and is denoted as |Og, ).

From Egs. (12) and (67), we have

aZeau3
S(uy.uz) = — 5 (2+e™),

305 e (163)

We then compute the expectation values in R; through the
vacuum state R, by the following equations:

d,, \ 2
O 4T 108 = (5) (00 T 100
us
h
—mS(ul,u3), (164)
In the Rindler vacuum state R,
<0R1 |:Tu,ul :|0R1> = <OR1 | :Tvlvl :|OR1> =0. (165)

From Egs. (163)—(165), we obtain

ha?e®s (2 + ™)
O |1 T2 |08 ) =
(O, [ Ty O, 487(1 4 e)?

(166)

Equation (166) can be evaluated for different limits:
(@ uz -0

ha®
<OR1 | : Tu3u3 . |OR1> = @’
() uz —» o0
ha?
<OR1 | : Tu3u3 . |OR1> = @’

(€) uz > —o0
<0R1 | : Tu3u3 : |0R1> =0.
Similarly, we can calculate

ha?(1 + 2e9%)

== 167
487(1 + e%3)? (167)

<OR1 | . Tv3v3 . |0R1>

Equation (167) can be evaluated for different limits
as above:
(d) v3 >0

ha?
<0R| ‘ : TU3U3 : |0R1> = @;
(e) v3 = ©

<OR| | : T1)31/3 . |0R|> = 0’

() v3 > —o0

ha?
<0R| ‘ : Tv3v3 : |0R1> = E
The relevant near-horizon limits for our problem are
u3 - +oo and v3 - —oo0, as can be seen from
Egs. (166) and (167), where the stress tensor ap-
proaches the constant thermal value. To further clarify
the near-horizon approximation, we note that the
approach to the thermal value is controlled by ex-
ponential terms appearing in Egs. (166) and (167). In
the limit u3 — 400, corrections are suppressed as
e~ while in the limit v; — —oo, corrections are
suppressed as ¢2%”3. This demonstrates that the stress
tensor rapidly approaches its asymptotic thermal value
near the horizon. Conversely, in the opposite limits
(u3 = —oo and v3 — +00), the stress tensor vanishes,
corresponding to the absence of flux far from the
horizon. Therefore, the near-horizon approximation
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employed in this work is quantitatively reliable in the
regime where |u3| and |vs| are sufficiently large with
the appropriate sign, such that the exponential correc-
tions are negligible. We see that it coincides with the
answer in Path 1. This shows that close to the horizon,
there is no difference between the particle content if it
is from the Minkowski vacuum or the Rindler vacuum.
The distinction is felt when one is far from the horizon.
As can be seen in the above equations, the stress tensor
approaches zero very far from the horizons, reflecting
the fact that the quantum state is the Rindler vacuum.
It is useful to clarify the relationship between the two
approaches employed in this work. In Sec. IV, thermality is
established through the expectation value of the particle
number operator, leading to a Planckian spectrum for an
observer in Rj. In contrast, Sec. V derives the expectation
value of the stress-energy tensor using the Virasoro
anomaly, yielding a thermal flux in the near-horizon limit.
These quantities probe different aspects of the quantum
state; the former characterizes the occupation-number
distribution, while the latter encodes the energy flux.
Their agreement follows from their shared origin in the
same underlying quantum state, with the temperature,
inferred from the spectrum, consistently determining the
stress tensor. In this sense, the two methods provide
complementary diagnostics of thermality, rather than
redundant reformulations of the same calculation; a clear
and explicit derivation demonstrating their consistency is
presented in Appendix D.

D. Path 3

We now analyze Path 3. We evaluate the expectation
values of the energy-momentum tensor in the null-shifted
wedge R, as shown in Fig. 1 with respect to the vacuum
state in R;. From Eqgs. (18) and (67), we get

S(ul’ u2) = 0’ (168)
A simple calculation gives
<OR1 | : TL12u2 . |OR1> =0. (169)

This implies there is no flux of left-moving particles, as
obtained previously using Bogoliubov coefficients. We
now analyze the other sector. And similarly, we can
calculate

ha®(1 + 2e%)

O |: Ty, 0 ) =5
< R1| (%7 | R|> 48”(1 +eavz)2

(170)

Equation (170) can be evaluated for different limits
as above:

(@ v, -0
ha?
<0R| ‘ : Tvzvz . |0R1> = @’
(b) v, »> ©
ha®
T, ., . = _—e 92,
<0R|| Vr 05 |OR|> 2471_6
(©) v, > —©
ha?
<0R1 ‘ :Tl}zl}z : |0R1> = @‘

In the above discussion, we observe that with respect
to the Rindler vacuum state, T',,,, has the same flux as
thermal radiation in the near-horizon limit. Far from
the horizon, the flux goes to zero. We again observe
that observers close to the horizon observe a thermal
flux of left-moving particles.

Now we evaluate the expectation values of the energy—
momentum tensor in the Rindler wedge R; via Path 3,
using the Rindler vacuum defined in R;, the expectation
value of the energy-momentum tensor is

d, \2
O T 108 = (22) (00 Ty 105

u3

[
—%S(MI,MB) (171)
and
9,,\?
O 4T.00108) = (5) (00T 2108)
V3
)
—ES(UI,U:;). (172)
From Egs. (163), (169) and (171), we get
haZeau3 2 4 eats
(O 1Ty, 108,) = P CCEED) 173

487(1 + e%3)?

Equation (173) is exactly matches with the Eq. (166). We
note that in the limit of u; — oo, the flux matches the
thermal flux. So close to the horizon, the stress tensor
component indicates thermal distribution of right-moving
particles. We now evaluate the particle flux. Similarly, by
the simple calculations, we get

ha® (2¢*" + 1)

= or (e 1 )¢ (2 20 4 1),

<OR1 | :T1231}3 : ‘OR1>

(174)
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Equation (174) can be evaluated for different limits
as above:

(d v3 -0
Sha?
(O, [Ty, |0g,) = 2567
(e) 13 > ©
ha? —an
<OR1|:T1)31)3:|0R1> :Eﬂ'e 3
() v3 > —oc0
ha?
<OR| | . T1)31J3 . |0R|> = @
E. Path 4

Finally, we evaluate the expectation values of the energy-
momentum tensor in the Rindler wedge R along Path 4
as in the above calculations. In this path, the field
configuration is mapped according to R; — R, — Rj3,
where the intermediate wedge R, plays the role opposite to
that of R, in Path 3 (see Fig. 2). Specifically, while in R, we
found (T,,,,) = 0 and a nonvanishing (T,,,,), the corre-
sponding expectation values in R, are simply interchanged,
with (T, ,.) =0 and (T,,,,) taking the same functional
form as (T,,,,). When this R, is propagated into R, the
derivative factors and Schwarzian contributions appearing
in the R, — R; transformation reproduce exactly the
same expressions as those obtained along Path 3. As a
result, the final expectation value of the stress-energy
components, (Og |17, :|Og ). (Og,|: Ty, :|Og,), com-
puted via Path 4 coincide identically with the correspond-
ing components derived along Path 3. This confirms that
both paths lead to the same stress-energy tensor in Rj,
demonstrating the internal consistency and path independ-
ence of the setup.

VI. CONCLUSIONS AND DISCUSSION

In the article, we showed that there are multiple paths
that yield a thermal distribution of particles in a given
Rindler wedge, when we focus on particle content close to
the horizon. For observers close to the horizons, we see that
all four paths yield the same thermal density for both left-
moving and right-moving particles. The various paths,
based on the analysis in the article, are: a) Minkowski
spacetime with scalar field in vacuum state, b) Rindler
wedge 1 R; with the scalar field in Rindler vacuum, c)
Rindler wedge R, with with a thermal flux of left moving
particles d) Rindler wedge R, with a thermal flux of right
moving particles. Here are a few questions that can be
asked based on the above observations. We note that there
is an inherent degeneracy when defining a given path. The

degeneracy arises from varying the “distances” along the
null and spatial shifts. There are various superset wedges (a
few spatially shifted, and a few null shifted with respect to
the wedge R; that yield the same particle content close to
the horizon in Rj;.

Firstly, can one define a notion of entropy associated
with a Rindler wedge with the observed thermal density of
particles? How to use this degeneracy to consistently define
a notion of information entropy is a question we leave for
future consideration.

An important consequence of the result could be for
Hawking radiation and the evaporation of a black hole.
The qualitative arguments are presented below. The black
hole evaporation is modelled as follows. The black hole
emits a flux of radiation at a temperature inversely
proportional to the mass M of the black hole (when
we assume the cosmological constant to be zero). The
total mass, therefore, decreases to M — dM. The black
hole now radiates at a higher temperature because its
mass has decreased. The black hole continues to lose
mass until it completely evaporates. If we understand this
process in discrete steps. The exterior of the black hole
with mass M is a subset of the new exterior of a black
hole with mass M — dM. The near-horizon geometry of
the black hole with mass M resembles a Rindler wedge,
complete with features like thermal flux of particles. We
name it R,. Now, when we go to the next step in
Hawking evaporation, we consider a superset of R,,
which is again a Rindler wedge in the near-horizon
geometry. So the main question is “Which superset does
it decay into”? Is it another wedge similar to R, with
again a thermal flux of particles? The current models of
Hawking radiation assume that the superset again has a
thermal flux of radiation. The work presented in this
article, when we consider it as a speculative toy model,
suggests a different viewpoint. The resulting superset
could be a wedge R; in vacuum (in the near-horizon
approximation). If this is the case, Hawking radiation will
temporarily cease when the black hole mass reaches
M — dM, since the superset is in a vacuum. Of course, it
can be argued that a Rindler vacuum in the current
setting is similar to the Boulware vacuum and might not
be physically realisable (provided, of course, if one is
allowed to extrapolate the real dynamical situation to the
kinematically induced shift that is carried out in the
article). This decay could be unstable and has to be
explored rigorously. If this decay mode is allowed, the
continuous evaporation of a black hole might be punc-
tuated by a series of pauses and bursts of radiation.
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APPENDIX A: CALCULATION OF BOGOLIUBOV
COEFFICIENT

Bogoliubov coefficient o}, (Qw) is written as

1 /Q [ . .
a5, (Q,m) = o \/;/_oo dv,e™emiov (A1)
Substituting Eq. (23) in the (Al),we have
" 1 Q [ iQu, Zielle?®2 1]
a5 (Q,w) = o \/;/_w dvye®2e~ o . (A2)
Hence, (A2) can be written as
a5, (Q, w) \/7/ dv,e®2 (e 4 1)7%.  (A3)

By substituting e*? +1=h = h—1=¢e? and also
dv, = d” 75 in the above equation. Hence (A3) reduces to

@, (Q, @) = \[ / dh(h—1)a"'h=%. (A4)
2al
Again, substituting h —2aA; =t = h =1t+ 2aA,; and

also dh = dt in (A4) and hence we can write

a5, (Q, w) 27ra\/—/ dita=" (1 +1)7%

The integral in (AS5) can be evaluated from Mathematica
and therefore can be written as

LN R e M
" 2ma V@ I[] ’

a

(AS)

a5, (Q, w)

(A6)

From Eq. (76), Bogoliubov coefficient f5, (Qw) is written as

1 /Q [ o

ﬁMsz—ﬂvg[wwwmww.<m>

As the above calculation (A7) can be written as
5(Q, dira=1( . (A8
pu@.0) =~ [2 [Tant i

By the integration technique (A8) can be written as

HotQ) —i(0+Q)

1 Q2 Qe
* Q/ _ _ a _ a A9
Pu@o) =50 \/; [[] (A9)

APPENDIX B: PARTICLE NUMBER DENSITY

We solve the integral (92) in this Appendix. Let
1:/ d sin () —

0 (v+ Q) sin h[”(”; )]

(BI)

Let 2 = 7 = 10 — 7m0 Algo dQ = 9%

Substltutlng these values in the integral (B1), we obtain

©dz sinh(z — %

] =
% Z SIHZ

After some algebra, the integral (B2) can be written as

o d
I:/ —Z[cosh<ﬂ—y>—cothzsinh(ﬂ—y>} (B3)
2 2 a ¢

By substituting integral (B3) into Eq. (82), we get

(B2)

. cosh(%) [edz 1 [wdz
N =— " — - —cothz. (B4
VW) Arasinh () /_ z dmafs 7O (B4)
Equation (B4) further split into two integrals,
(Nw)=1~-1. (B3)
Here
cosh(®) (o 1 dz
=—2" — . B6
ZSinh(’;—”)[; 2ra z (B6)

The left-hand side of Eq. (B5) gives the dimensionless
number of particles. So, /| and 7, must also be dimension—
less. To keep the units consistent in Eq. (B6), the factor 5_—

The integral = o dz
a g

exhibits a logarithmic UV divergence arising from con-
tributions of high-frequency modes. This type of diver-
gence is characteristic of quantum field theories in curved
spacetime and often reflects the accumulation of an infinite
density of states near horizons or boundaries. In such
contexts, divergences are frequently formalized via expres-
sions like §(0), interpreted as an infinite volume or mode
density. §(0) emerges from continuous mode normalization
and is directly linked to spatial volume [23][Sec. II. 3]. So
the integral (B6) can be written after simplification,

is included inside the integral.

27y

1 e 1 1
1 6(0) + = 6(0), B7
=500y 00). (BY)
Now
1 o dz
1 — —coth B8
2= dra Z cotnz. ( )
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AN

~

FIG. 3. Complex plane.

The integral (B8) has a simple pole at z = nzi and also a
singularity at z = 0, as shown in the contour of Fig. 3.
By the expansion of cothz,

Z3

Iz
th; = —+ - — — -
COM=TF3Tas T
Explicitly stretching the contour in Fig. 3 by R — oo to
R — —o0. Now, by the expansion of cothz at the pole
Z = nrmi.

cothz = -+ Reg.part, (B9)
Z—nmi
Hence, the residue is
th 1
Residue = lim (z — nzi) S = lim ~
z—=nai Z z—nmi 7
1
onxi’
Since; £ 3% | 1 Now,
=1 1 1 1
— =1 -4 — 4 — e = . B10
; —=ldotgtgt ®.  (BI0)
y
[ |,
R — = R

FIG. 4. Complex plane.

Applying the residue theorem to a contour, as shown in
Fig. 4,

jf(Z)dz + /_ ! f(z)dz + A ”f(Reie)iRe”de

+ [rof(%em)i%eiedﬁ - 2m'<%> (o),  (BII)

where f(z) = %cothz. By taking the limit R — oo and after
further simplification of Eq. (B11) reduces to be

] 0 .
2/ —cothzdz+i/ Ecoth(ge"’)de:oo. (B12)
w T z a a

a

Since i [0 coth(%e)df = —i =~ coth(™ ¢'®), which has
a finite value. Hence, (B12) reduced to be

o |
/ —cothzdz = .
W Z

a

(B13)

In quantum field theory, integrals that reduce to infinity due
to a simple pole can be interpreted in a distributional sense
as Dirac delta functions [24-26]. Hence, Eq. (B13) can be
written as

o 1 1
/——cothzdz:é(O).

B14
az ( )

To maintain dimensional consistency, the factor 2711—“ 18

included in the integral. So, from Eq. (B8) and Eq. (B14),
(B15)

Substituting (B7) and (B15) into (B5) and after some
algebra, we obtain

W) =29

(B16)

e —1
Reflecting the familiar Bose-Einstein distribution at the
Unruh temperature, with 6(0) interpreted as the formal
infinite spatial volume factor.

APPENDIX C: BOGOLIUBOV
TRANSFORMATION FOR TWO OBSERVES
IN RINDLER SPACETIME

We now consider the relation between two Rindler
observers accelerating with proper accelerations a and g,
respectively (see Fig. 5). The coordinate transformation from
Minkowski to Rindler coordinates with acceleration a is
given by

e

T = p sinh(at,),

(C1)
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AT

Y

FIG. 5. Rindler spacetime with observer having acceleration a
and g with green and red, respectively.

e

X = ——cosh(at,). (C2)
which in light-cone coordinates takes the form
e~

U=T-X=- , (C3)

a

e
V=T+X= . (C4)

a

Similarly, for Rindler coordinates with acceleration g, we
have

egxl

T = —sinh(gt,), (Cs5)
g
egx2
X = cosh(gt,), (C6)
9
and in light-cone form,
e_.(/MZ
U=T-X=- , (C7)
)
eg“Z
V=T+X= . (C8)
[

By equating the light-cone coordinates U and V in the two
charts, we find the transformations between the null coor-

dinates:
-1
Uy = —ln<g> +gu2,
a g a

1
vy :—ln<2) —I—gvz.
a \g a

Using these relations, we evaluate the Bogoliubov coeffi-
cients for right-moving modes via

1 /Q [ ) )
?Qw — _\/'_’/ duzetQuze—mm]’ (Cll)
’ 27V o J_o

1 /Q [e . )
EQ&) —_ —_ \/:/ duzelﬁuzelwul’ (ClZ)
2V @ J_o

Substituting Eq. (C9) into Eq. (C11), we obtain

o= 2N [ duyein@h),
’ 27V w\yg —oo

By the integration technique, we obtained the following

(C13)

result:
Qfa\
@ o = —<9> 5(9—@) (C14)
w\g a
Similarly, the f*-coefficient becomes
I /Q = [oo . g
E}Q.(H = ——\/— <g> / dl/t26‘m2(9+7). (CIS)
27V o\ g o
Hence, by integrating Eq. (C15), we get
Fg,m =0. (C16)

Following a similar analysis for left-moving modes, we obtain

Qla\*#
o o)
w\g a

e
ﬁ Qw — 0.

(C17)

(C18)

Thus, both left- and right-moving Bogoliubov coefficients
Pa, vanish. This indicates that the Rindler vacuum defined
with acceleration a appears as a vacuum to observers
accelerating with g, i.e., no particle creation occurs between
these frames.

APPENDIX D: DERIVATION OF ENERGY-
MOMENTUM TENSOR FROM THE
OCCUPATION NUMBER
IN THE RINDLER VACUUM

In this Appendix, we evaluate the expectation value of
the energy-momentum tensor of a free scalar field using
the occupation-number representation. We subsequently
demonstrate how this result is related to the analyses
presented in Secs. IV and V. We work in units where
h = 1 throughout this derivation, and restore 7 in the final
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expressions. We begin by considering the energy-momen-
tum tensor, which can be written as

(Tw) = (0up0up) — n,w< 0,00 ¢). (D1)
Equation (D1) takes a particularly simple form in light-

cone coordinates,

To evaluate these expressions, we expand the scalar field in
terms of its mode functions. The expansion in modes of
positive frequency with respect to a Minkowski observer is

given by
i © do —la)U ~
= e
/ A Vérw |

The creation and annihilation operators satisfy the canoni-
cal commutation relations. Using Eq. (60), we obtain

,+e@val],  (D2)

8y, 0", = 6(w — ).

[0]

(D3)

Similarly, the expansion in modes of positive frequency
with respect to a Rindler observer in the right Rindler
wedge is given by

b= [© 90 (Cav)h, + (—aU) D!
} /0 S (—aU)b, + (<aU)TE). (D4
where
by, b7, = 8(e — o) (D5)

Taking the partial derivative of Eq. (D4) with respect to U,
after straightforward simplification, we obtain

o = /

Expanding the product (dy¢)? from Eq. (D6), we obtain
terms of the form bwba/, BZ,IQZ},, and lAawl;Z),. Upon taking
the expectation value, only the mixed terms contribute.
Using the commutation relation [bw, b’/ = 6(w — o),
we obtain (bwb'w') = &(w — a') + (b,b,,). we obtain

(b= [~

SO li(~aU)*h,  i(~aU)FB], (D)

dow ~

yo U2(1+2<ia;,bw>). (D7)

Similarly, we can write

(@vd)?) = / ©_d00 (1 a(bib,)).

DS
4dra*V? ( )

Since the Rindler and Minkowski vacua exhibit the same
UV divergence [6], it follows from Egs. (D7) and (D8) that

(Or|TyulOg) = (Om|Tyu|Om)

[ OulBibalon). (D9
Similarly, we can write

(O&[Tvy[0r) = (Ou|Tvv|Ou)

— [ Oulblbulow. (D10)

The quantity ((0]b}b,|04)) appearing in Egs. (D9)
and (D10) corresponds to the occupation number computed

in Sec. 1V, given by (04|b!b,]0y) = zn,, Usmg this
result together with the standard 1ntegral the above
expressions simplify to
(OnlT 0108} = OulToul0u) = = ooz, (DIN)
kR uulVr mltouOm) == 4o
Similarly, we can write
(OlT v 108) = (Ol Ty 00) = =1 (D12)
rILvvIUR mbvvlVn) == 3e -

The negative sign appearing on the rhs of Eqs. (D11) and
(D12) indicates that, locally, the Rindler vacuum possesses
a lower energy density than the Minkowski vacuum.

Using Egs. (4), (164) and (D11), it follows after
straightforward simplification that
ha?®
<OR|Tuu|0R> - <OM|Tuu|OM> = T o (D13)
487

Similarly, using Egs. (5), (164) and (D12), one finds

ha?

0g|T,,|0) — —.
< R| 1)1)| R> 4877:

Similarly, using the corresponding transformations between
null coordinates associated with different Rindler wedges,
one again obtains Egs. (D13) and (D14). These results

provide the link between the analyses presented in
Secs. IV and V.
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