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Although asymptotically flat black holes generically lack thermodynamic phase transitions, we show
that curvature-induced scalarization of electrically charged black holes in Einstein-Maxwell-scalar-Gauss-
Bonnet theory provides a natural setting for nontrivial thermodynamic behavior, without invoking external
confining mechanisms or an extended thermodynamic formalism. Working within the canonical ensemble
and employing the Euclidean approach, we identify the coexistence of locally stable scalarized and
Reissner-Nordström thermal states, which promotes free-energy crossings to bona fide phase transitions
between equilibrium phases. For weak coupling, a second-order phase transition coincides with the second
bifurcation point, at which the scalarized branch reconnects with the Reissner-Nordström branch and scalar
hair is spontaneously shed. As the coupling strength increases, this transition becomes zeroth order, the
scalarized branch shrinks, and a fishlike structure develops in its Helmholtz free energy, rendering locally
stable thermal states partially metastable, and yielding up to three phase transitions. In the strong-coupling
limit, the scalarized branch reduces to a Schwarzschild-like solution, and the Reissner-Nordström phase
ultimately emerges as the sole thermodynamically preferred configuration.
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I. INTRODUCTION

Black hole thermodynamics provides a profound link
between gravity, quantum theory, and statistical mechanics
[1]. The pioneering works of Bekenstein [2] and Hawking
[3] established that black holes can be consistently regarded
as thermodynamic systems endowed with entropy and
temperature. This picture was further strengthened by
Bardeen, Carter, and Hawking, who showed that stationary
black holes obey four laws of black hole mechanics which
closely parallel the laws of ordinary thermodynamics [4]. A
decisive step toward a statistical interpretation of black hole
thermodynamics was provided by the Euclidean approach of
Gibbons and Hawking [5,6], in which the gravitational
partition function is defined through a path integral over
smooth Euclidean geometries with periodic imaginary time.
In the semiclassical limit, the path integral is dominated by
classical Euclidean solutions, and the corresponding on-shell
Euclidean action plays the role of a thermodynamic potential.

A large body of subsequent work has investigated black
hole spacetimes as thermodynamic systems defined within
different statistical ensembles, depending on which macro-
scopic quantities are held fixed at the boundary. In general
relativity (GR), stationary black hole solutions, namely the
Schwarzschild, Reissner-Nordström (RN), and Kerr solu-
tions, are completely characterized by a small set of global
parameters: mass, electric charge, and angular momentum,
according to the no-hair theorem [7]. The corresponding
thermodynamic state of a black hole is then described by
extensive variables such as the entropy, electric charge, and
angular momentum, together with their conjugate intensive
quantities, namely the Hawking temperature, the electric
potential, and the angular velocity, respectively.
A central role in the thermodynamic analysis is played by

the response functions of the system, in particular the
specific heats, whose sign determines the local thermody-
namic stability of a given configuration under thermal
fluctuations. For a Schwarzschild black hole, the specific
heat is negative, reflecting the well-known fact that it
becomes hotter as it loses energy through Hawking radiation
and is therefore locally thermodynamically unstable [8]. For
a Reissner-Nordström black hole at fixed electric charge, the
specific heat diverges at a particular mass. This divergence
does not correspond to a phase transition in ordinary black
hole thermodynamics, but instead signals a change in the
sign of the specific heat, separating locally unstable and
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locally stable branches. This point is commonly referred to
as the Davies point [9]. The Kerr black hole exhibits an
analogous qualitative behavior.
Global thermodynamic stability is determined by the

relevant thermodynamic potential, whose minimum selects
the preferred equilibrium configuration of the system. A
phase transition occurs when two distinct states exchange
global dominance of this potential. The first phase transition,
identified by Hawking and Page [10] for asymptotically
anti–de Sitter (AdS) spacetimes, is a first-order transition
between thermal AdS space and a large Schwarzschild-AdS
black hole. It is known as the Hawking-Page phase
transition and is commonly interpreted as the gravitational
analog of a solid-liquid phase transition [11]. Beyond this
prototypical example, charged AdS black holes display a
small black hole/large black hole phase transition that is
closely analogous to the liquid-gas transition of a van der
Waals fluid and is characterized by the familiar swallowtail
structures in the thermodynamic potentials [12].
An even broader class of thermodynamic phenomena

arises within the framework of extended black hole
thermodynamics, where the negative cosmological constant
is interpreted as a thermodynamic pressure [13]. Within this
perspective, a wide variety of phase structures has been
uncovered, closely analogous to those found in conven-
tional chemical and condensed matter systems. These
include reentrant phase transitions [14], triple points
[15,16], and other novel critical phenomena, particularly
in the context of modified theories of gravity (see, e.g., [17]
for a recent review).
Despite the remarkable richness of phase phenomena

uncovered in asymptotically AdS spacetimes, the thermo-
dynamics of asymptotically flat black holes remains com-
paratively constrained within general relativity. This
limitation is closely related to the fact that, in GR,
asymptotically flat black holes possess only a limited set
of global charges and lack a natural confining scale, such as
the AdS radius. Consequently, their thermodynamic prop-
erties are predominantly determined by the universal
features associated with Hawking radiation and their
negative specific heat [10]. Therefore, thermodynamically
stable configurations and nontrivial phase structures are
difficult to realize without the introduction of external
regulators, such as a finite cavity [18,19], or considering
extended thermodynamic frameworks [20].
In a different setting, scalar-tensor theories of gravity

extend general relativity by introducing one or more
dynamical scalar fields that couple to curvature invariants
and/or to matter fields in addition to the spacetime metric.
These couplings give rise to distinct classes of hairy black
hole solutions that evade the standard no-hair theorems
[21–23]. Such theories are well motivated, as scalar fields
are ubiquitous in low-energy effective field theories [24]
and naturally arise in ultraviolet completions such as string
theory [25,26].

Nontrivial scalar configurations are known to substan-
tially alter the thermodynamic properties and local stability
of black holes in AdS asymptotics [27–29], and even in
asymptotically flat spacetimes [30]. For example, in the-
ories with a self-interacting dilaton field, charged black
hole solutions have been shown to remain thermodynami-
cally stable under mixed thermal and electric fluctuations
[31–34]. In shift-symmetric beyond Horndeski theories,
primary hair enhances local stability relative to the
Schwarzschild solution [35], and extends the first law of
black hole thermodynamics by introducing an additional
work term associated with a conserved scalar charge that
emerges naturally from the shift symmetry [36].
In this context, a particularly interesting scenario is

realized in the strong gravity regime, where higher-order
curvature corrections to general relativity become significant,
yet their inclusion generically introduces ghost instabilities
[37]. One way to circumvent this difficulty is provided by the
Gauss-Bonnet invariant: although topological, and therefore
dynamically trivial in four dimensions, it acquires propagat-
ing degrees of freedom when nonminimally coupled to a
scalar field, and does so free of Ostrogradsky instabilities.
This construction defines Einstein-scalar-Gauss-Bonnet
(EsGB) gravity, a framework that has attracted sustained
research interest in recent years, particularly regarding hairy
black hole solutions and compact objects in four-dimensional
spacetimes [38–43], and even in cosmological scenarios [44].
A remarkable feature of this class of theories is the

phenomenon of spontaneous scalarization, a distinctive
manifestation of gravitational interactions in the strong-
field regime first identified three decades ago by Damour
and Esposito-Farèse [45] in the context of neutron stars,
finding nonperturbative deviations fromGR. This phenome-
non was soon recognized to resemble a continuous second-
order phase transition describable by a Landau-type
phenomenological model [46], in close analogy with
spontaneous magnetization in ferromagnets. It was later
discovered that scalarization can also occur in black holes
through nonminimal couplings between a scalar field and
higher-curvature invariants or matter fields [47–49]. In this
scenario, the field equations admit both a trivial general
relativistic branch and a scalarized branch with a nontrivial
scalar profile; below a critical mass threshold, the former
develops a tachyonic instability in regions of strong
curvature, and the scalarized branch emerges continuously
as the dynamically favored outcome, displaying distinct
physical and thermodynamic properties. This has motivated
the systematic exploration of diverse coupling functions and
generalizations of the scalarization phenomenon [50–52], as
reviewed comprehensively in [53] and references therein.
While most studies have focused on the existence,

dynamical stability, and phenomenological properties of
scalarized configurations, a systematic thermodynamic analy-
sis has only recently begun to receive attention [54,55]. A
particular step in this direction was taken in [56], where the
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phase structure of neutral scalarized black holes in EsGB
theory was investigated within a Landau-type framework,
with the scalar charge playing the role of an order parameter.
A central outcome of that analysis is that the phase structure
is remarkably sensitive to the coupling parameter β: depend-
ing on its value, the transition between the Schwarzschild and
the scalarized branch may be of second order, of first order, or
absent altogether. In this framework the scalarized branch
bifurcates from the Schwarzschild solution at the onset of the
instability and can be either locally unstable in the weak-
coupling regime or locally stable in the strong-coupling
regime, even though the Schwarzschild branch itself is locally
thermodynamically unstable due to its negative specific heat.
The presence of an electric charge is expected to qualitatively
enrich this picture: unlike their neutral counterparts, small
Reissner-Nordström black holes possess positive specific
heat and are therefore locally thermodynamically stable, so
that the sensitivity to β now unfolds against a locally stable
trivial phase, opening the door to novel phase transitions
between coexisting equilibrium configurations.
In this work, we investigate precisely this setting by

analyzing the thermodynamic phase structure of Reissner-
Nordström and curvature-induced scalarized black holes in
the canonical ensemble, within Einstein-Maxwell-scalar-
Gauss-Bonnet (EMsGB) theory, where the scalar field is
nonminimally coupled to the Gauss-Bonnet invariant in the
presence of an electromagnetic field [50]. We show that this
setup provides a natural framework in which nontrivial
thermodynamic phenomena arise for asymptotically flat
black holes without invoking external confining mecha-
nisms or an extended thermodynamic framework.
This paper is organized as follows. In Sec. II, we briefly

review the scalarization mechanism in EMsGB gravity and
summarize the main properties of the corresponding black
hole solutions. In Sec. III, we employ the Euclidean
approach to define the associated thermal states and con-
struct the relevant thermodynamic potentials. Section IV is
devoted to the local and global thermodynamic stability
analysis of the Reissner-Nordström and scalarized branches,
while Sec. V presents the global thermodynamic phase
structure, which exhibits features that can be broadly
organized into three coupling regimes, each admitting a
further substructure. Finally, Sec. VI summarizes our main
results and discusses their physical implications.
In this work, we set G ¼ c ¼ 1.

II. CURVATURE-INDUCED SCALARIZED
BLACK HOLES

The action describing the EMsGB theory is given by

S ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ðR − 2∇μϕ∇μϕ

þ λ2fðϕÞR2
GB − FμνFμνÞ; ð2:1Þ

where Fμν is the Maxwell tensor, defined as Fμν ¼
∇μAν −∇νAμ, and Aμ ¼ ðVðrÞ; 0; 0; 0Þ is the electromag-
netic four-potential in the presence of an electric field.
The Gauss-Bonnet invariant R2

GB is defined as R2
GB ¼

R2 − 4RμνRμν þ RμναβRμναβ, while ϕðrÞ is the radial-de-
pendent scalar field and λ is the Gauss-Bonnet coupling
constant with dimensions of length.
The scalarization of electrically charged black holes is

explored in [50]. There exists a lower bound on the
dimensionless Gauss-Bonnet coupling constant λ̃ ¼ λ=M,
which ensures the tachyonic instability of the Reissner-
Nordström (RN) black hole solution as the vacuum
solutions of the theory.
We consider a static and spherically symmetric ansatz for

the metric as follows:

ds2 ¼ −e2ΦðrÞdt2 þ e2ΛðrÞdr2 þ r2dΩ2: ð2:2Þ

The Maxwell equation takes the form V 00ðrÞ þ V 0ðrÞ
ð2r − Λ0ðrÞ −Φ0ðrÞÞ ¼ 0. Solving this equation shows that
the electric charge Q appears as an integration constant in
the first derivative of the electric potential, V 0ðrÞ ¼
eΛþΦQ=r21 The Einstein field equations of the theory are

2

r

�
1þ 2

r
ð1 − 3e−2ΛÞΨr

�
dΛ
dr

þ e2Λ − 1

r2

−
4

r2
ð1 − e−2ΛÞ dΨr

dr
−
�
dϕ
dr

�
2

− e2Λ
Q2

r4
¼ 0; ð2:3Þ

2

r

�
1þ 2

r
ð1 − 3e−2ΛÞΨr

�
dΦ
dr

−
e2Λ − 1

r2

−
�
dϕ
dr

�
2

þ e2Λ
Q2

r2
¼ 0; ð2:4Þ

d2Φ
dr2

þ
�
dΦ
dr

þ 1

r

��
dΦ
dr

−
dΛ
dr

�
þ 4e2Λ

r

�
3
dΦ
dr

dΛ
dr

−
d2Φ
dr2

−
�
dΦ
dr

�
2
�
Ψr −

4e−2Λ

r
dΦ
dr

dΨr

dr
þ
�
dϕ
dr

�
2

− e2Λ
Q2

r4
¼ 0; ð2:5Þ

1In [50], the construction of charged scalarized black hole
solutions assumes a Coulombic form for the electromagnetic
potential, VðrÞ ¼ −Q=r. This expression solves the Maxwell
equation only when the metric functions satisfy Λ ¼ −Φ, which
constitutes a good approximation in the weak-coupling regime. In
the present work, we go beyond this approximation by solving
simultaneously for the spacetime metric, the scalar field, and the
electromagnetic potential. This procedure ensures the full con-
sistency of the coupled field equations and allows us also to
explore the strong-coupling regime.
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d2ϕ
dr2

þ
�
dΦ
dr

−
dΛ
dr

þ 2

r

�
dϕ
dr

−
2λ2f0ðϕÞ

r2

×

�
ð1 − e−2ΛÞ

�
d2Φ
dr2

þ dΦ
dr

�
dΦ
dr

−
dΛ
dr

��

þ 3e−2Λ
dΦ
dr

dΛ
dr

�
¼ 0; ð2:6Þ

where

Ψr ¼ λ2f0ðϕÞ dϕ
dr

: ð2:7Þ

In our analysis, we adopt the Gaussian coupling model,
which has been shown to yield dynamically stable and
well-behaved solutions [57]. The corresponding coupling
function is given by

fðϕÞ ¼ 1

2β
ð1 − e−βϕ

2Þ; ð2:8Þ

where β is a dimensionless constant that controls the
strength of the coupling between the scalar field and the
Gauss-Bonnet invariant. Note that since β appears in the
denominator, small values of β correspond to a strong

effective coupling, while large values of β correspond to a
weak coupling. The conditions f0ðϕÞjϕ→0 ¼ 0 and
f00ðϕÞjϕ→0 > 0 are satisfied, ensuring, respectively, that
the trivial black hole solutions with ϕ ¼ 0 solve the field
equations, and that tachyonic instabilities are present. The
latter signals the existence of nontrivial scalarized black
hole solutions.
The scalarized black hole solutions are constructed using

a shooting method, with boundary conditions imposed by
the requirements of asymptotic flatness and regularity at the
black hole horizon r ¼ rH.
The asymptotic solutions near the black hole horizon

r ¼ rH are derived under the assumption of the existence of
a black hole horizon, meaning that the metric functions
behave as e2Φjr→rH → 0, e−2Λjr→rH → 0:

e2Φ
��
r→rH

¼ a1ðr− rHÞþa2ðr− rHÞ2þ� � � ;

e2Λ
��
r→rH

¼ b0þ
b1

ðr− rHÞ
þ b2
ðr− rHÞ2

þ�� � ;

ϕ
��
r→rH

¼ ϕH þϕ0
Hðr− rHÞþϕ00

Hðr− rHÞ2þ� � � : ð2:9Þ

These asymptotics yield the conditions for the first deriv-
atives of the functions as

Φ0
����
r→rH

¼ 1

2

1

ðr − rHÞ
þ � � � ;

Λ0
����
r→rH

¼ −
1

2

1

ðr − rHÞ
þ � � � ;

ϕ0
����
r→rH

¼ 1

4λ2rHf0ðϕÞð−4λ4Q2f0ðϕHÞ2 −Q2r4H þ r6HÞ
ð4λ4Q2ðQ2 þ r2HÞf0ðϕHÞ2 þ ðQ2 − r2HÞ

×

�
r6H �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16λ8Q2ðQ2 þ 6r2HÞf0ðϕHÞ4 þ 8λ4r6Hð2Q2 − 3r2HÞf0ðϕHÞ2 þ r12H

q
Þ
�
: ð2:10Þ

We focus on the plus sign, as this choice recovers the RN
black hole solution in the absence of a scalar field, as long
as it recovers the respective condition for the neutral case
(Q ¼ 0), [47]. This expression indicates that nontrivial and
regular scalar field configurations can exist only if the
quantity under the square root is positively defined in
(2.10):

16λ8Q2ðQ2 þ 6r2HÞf0ðϕHÞ4
þ 8λ4r6Hð2Q2 − 3r2HÞf0ðϕHÞ2 þ r12H > 0: ð2:11Þ

The asymptotic behavior of solutions at large radial
distances is obtained by imposing asymptotic flatness, that
is, the scalarized spacetime approaches Minkowski space-
time as r → ∞. Expanding all fields in inverse powers of
the radial coordinate, 1=r, one finds

Λ
����
r→∞

¼M
r
þ2M2−Q2−D2

2r2
þ8M3−6MQ2−9MD2

6r3
þ���;

Φ
����
r→∞

¼−
M
r
−
2M2−Q2

2r2
−
8M3−6MQ2−MD2

6r3
þ���;

ϕ

����
r→∞

¼D
r
þDM

r2
þ8DM2−2DQ2−D3

6r3
þ���;

V

����
r→∞

¼Φe−
Q
r
þ���; ð2:12Þ

whereM, Q, Φe, and D denote, respectively, the Arnowitt-
Deser-Misner (ADM) mass, the electric charge, the electric
potential at infinity, and the scalar charge of the scalarized
black hole solution. The scalar charge D is a secondary
hair, since it is not associated with an independent con-
served quantity but is uniquely determined by the boundary
conditions [58].

CRISTIÁN ERICES and STELLA KIORPELIDI PHYS. REV. D 114, 084053 (2026)

084053-4



The scalarized solutions exhibit entropy that deviates
from the area law, following Wald’s formula [59]

SH ¼ AH

4
þ 4πλ2fðϕHÞ: ð2:13Þ

The temperature of spherical symmetric scalarized black
holes is derived from the surface gravity kH at the horizon.

TH ¼ kH
2π

¼ 1

4π

�
1ffiffiffiffiffiffiffiffiffiffiffiffiffijgttgrrj

p
���� dgttdr

����
�

rH

¼ 1

4π

ffiffiffiffiffi
a1
b1

r
: ð2:14Þ

In theories that admit scalarized solutions, the compari-
son between the entropy of general relativistic solutions
and that of the corresponding scalarized black holes is often
used to assess the thermodynamic preference of the latter,
as they typically possess a larger entropy [53]. This
comparison refers to the microcanonical ensemble in which
the mass M and the electric charge Q are held fixed.
However, thermodynamic stability is ensemble-dependent:
a configuration that is stable in the microcanonical ensem-
ble need not be stable in other ensembles, such as the
canonical or grand canonical ones. This is because different
ensembles impose different constraints on the allowed
fluctuations, which in turn modify the relevant thermody-
namic potentials and stability criteria [60].

III. EUCLIDEAN THERMODYNAMICS AND
THERMAL STATES

In this section, we investigate the thermodynamics of
scalarized black holes in the EMsGB theory using the

Euclidean approach in the canonical ensemble, where the
temperature T and the electric charge Q are held fixed. The
Euclidean continuation of the static and spherically sym-
metric black hole ansatz reads

ds2 ¼ NðrÞ2e2ΦðrÞdτ2 þ e2ΛðrÞdr2 þ r2dΩ2; ð3:1Þ

where NðrÞ denotes the lapse function and τ ¼ it is the
Euclidean time. The Euclidean time coordinate is
periodically identified as 0 ≤ τ ≤ βτ, with the period
βτ fixed by the requirement of regularity of the
Euclidean section at the black hole horizon, namely
by the absence of conical singularities. This condition
leads to

βτ ¼ 4π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gττðrÞgrrðrÞ

p
∂rgττðrÞ

�����
r¼rH

: ð3:2Þ

In gravitational thermodynamics, the temperature T is
fixed by the periodicity condition of the Euclidean time
coordinate T ¼ 1=βτ. The Euclidean action, introduced in
Eq. (2.1), can be written as

IE ¼ βτ

Z
∞

rH

dr ðNH − Aτ∂rπ
rÞ þ B; ð3:3Þ

where B is a boundary term that ensures a well-defined
variational problem and

H ¼ −
e−Λ−ΦðπrÞ2

2r2
þ e−ΛþΦ

�
1 − e2Λ − rΛ0 þ r2ϕ0

2
− 2ΨrΛ0ð1 − 3e−2ΛÞ þ 2

dΨr

dr
ð1 − e−2ΛÞ

�
: ð3:4Þ

The πr stands for the nonvanishing component of the electromagnetic conjugate momentum defined as

πr ¼ e−Λ−Φr2V 0

N
: ð3:5Þ

The variation of the Euclidean action with respect to all the dynamical fields yields

δIE ¼ βτ

Z
dr ðENδN þ EΦδΦþ EΛδΛþ Eϕδϕþ EVδV þ Eπrδπ

rÞ þ ðNe−3ΛþΦδΛð2Ψrð3 − e2ΛÞ − re2ΛÞÞ
���∞
rH

þ ðe−3ΛþΦδϕðe2Λr2Nϕ0 þ 2λ2ð1 − e2ΛÞðf0N0 þ Nf0Φ0 − Nϕ0f00ÞÞÞ
���∞
rH

− ð2e−3ΛþΦλ2Nf0ð1 − e2Λδϕ0ÞÞ
���∞
rH

− ðVδπrÞ
���∞
rH

þ δB; ð3:6Þ

where Ei represent the Euler-Lagrange equations as follows:

EN∶ ð1þ 2ð1 − 3e−2ΛÞΨrÞΛ0 þ e2Λ − 1

2
þ 2ð1 − e−2ΛÞΨ0

r þ
r2ϕ02

2
þ e−2ΦðπrÞ2

2r2
¼ 0 ð3:7Þ
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EΦ∶ − ðrþ 2ð1 − 3e−2ΛÞΨ0
rÞΛ0 þ 1 − e2Λ

2
þ r2ϕ02

2

þ 2ð1 − e−2ΛÞΨ0
r ¼ 0 ð3:8Þ

EΛ∶ðNΦ0 þ N0Þðrþ 2ð1 − 3e−2ΛÞΨrÞ þ
Nð1 − e2ΛÞ

2

−
r2Nϕ02

2
þ e−2ΦNπr2

2r2
¼ 0 ð3:9Þ

Eϕ∶Nð−r2ϕ00 − rðrðΦ0 − Λ0Þ þ 2Þϕ0 þ 2λ2f0ðð1 − 3−2ΛÞ
× ðΦ00 þΦ0ðΦ0 − Λ0ÞÞ þ 2e−2ΛΛ0Φ0ÞÞ
× N0ð2λ2f0ð2Φ0ð1 − e−2ΛÞ − Λ0ð1 − 3e−2ΛÞÞ − r2ϕ0Þ
þ 2λ2f0N00ð1 − e−2ΛÞ ¼ 0 ð3:10Þ

EV∶πr0 ¼ 0 ð3:11Þ

Eπr∶V 0ðrÞ − Nπre−Λ−Φ

r2
¼ 0: ð3:12Þ

The lapse function N appears as a Lagrange multiplier in
the Euclidean action Eq. (3.3). Varying the action with
respect to N yields Eq. (3.7), which can be identified as the
Hamiltonian constraint, Eq. (3.4). Consequently, without
loss of generality, the gauge may be fixed by setting the
lapse function to unity N ¼ 1.
Eq. (3.11) corresponds to the Gauss law, from which it

follows that the radial component of the conjugate momen-
tum, πr, is constant. Due to the Wick rotation, the conjugate
momentum is taken to be imaginary, πr ¼ iQ, where Q is
an integration constant. Substituting this expression into the
remaining Eqs. (3.7)–(3.10), yields the corresponding
system of field equations in the Lorentzian sector, namely
Eqs. (2.3)–(2.6).
Therefore, on shell, the scalarized black hole solutions

derived in Sec. II satisfy the above-mentioned field equa-
tions Ei, and consequently contribute to the variation of the
boundary term, denoted by δB, as

δB¼ βτ

�
δM−T

�
δA
4
þ 4πλ2δfðϕHÞ

�
−ΦeδQ

�
: ð3:13Þ

In deriving this expression, we have used the asymptotic
behavior of the functions near the horizon and at infinity,
Eqs. (2.9) and (2.12), together with the expression for the
temperature, Eq. (2.14), and the variation of the horizon
area δA ¼ 8πrHδrH.
The thermodynamic potential G can then be obtained

through the quantum statistical relation

IE ¼ G
T
⇒ G ¼ M − T

�
A
4
þ 4πλ2fðϕHÞ

�
−ΦeQ:

ð3:14Þ

Here, the entropy S does not follow the standard area law, in
agreement with the result obtained from the Wald entropy
formula, described by Eq. (2.13).
Thus, the on-shell action with a well-posed variational

principle defines the grand canonical ensemble, in which
the electric potentialΦe is held fixed, and is associated with
the Gibbs free energy

G ¼ M − TS −ΦeQ: ð3:15Þ

Fixing the electric charge Q at the boundary instead
requires a Legendre transformation of the action, leading to
the canonical ensemble, which is described by the
Helmholtz free energy

F ¼ M − TS: ð3:16Þ

Note that, since our solutions are obtained numerically,
the first law of black hole thermodynamics can be inferred
by imposing δB ¼ 0. From Eq. (3.13), this condition leads
to

δM ¼ TδSþΦeδQ: ð3:17Þ

The secondary scalar charge D does not introduce an
additional thermodynamic variable in the first law.
Nevertheless, it leaves a clear imprint on the thermody-
namic properties of the scalarized black hole branches.
In the following, we focus on thermal states with fixed

electric charge Q and adopt dimensionless thermodynamic
quantities, defined as

Φe → Φe; Q → Q=λ; TH → THλ;

SH → SH=λ2; F → F=λ: ð3:18Þ

IV. THERMODYNAMICAL ANALYSIS

The quantity that characterizes the local thermodynamic
stability or instability of a thermal state is the specific heat,
defined as CQ ¼ ∂M=∂T. When the specific heat of a black
hole is negative, C < 0, small thermal fluctuations drive the
system away from equilibrium: the black hole may absorb
energy and decrease its temperature, causing further heat
inflow and runaway growth, or it may release energy and
increase its temperature, leading to heat outflow and
runaway evaporation. Consequently, such configurations
cannot remain in stable thermal equilibrium. By contrast, a
positive specific heat, C > 0, indicates local thermody-
namic stability.
In the present work, since our black hole solutions are

obtained numerically, we do not compute the specific heat
directly. Instead, we make use of the first law of black hole
thermodynamics, which implies CQ ¼ Tð∂S=∂TÞ. Since
the Hawking temperature is always positive, the sign of the
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specific heat is completely determined by the slope of the
equation of state TðSÞ: an increasing function TðSÞ
corresponds to a positive specific heat, whereas a decreas-
ing function corresponds to a negative one [61].
In the canonical ensemble, global thermodynamic sta-

bility is determined by minimizing the Helmholtz free
energy at fixed temperature and charge, so that the
physically realized configuration corresponds to the state
with the lowest value of F [10]. Phase transitions between
two thermal states, denoted by A and B, can be identified
from the free energy diagram F as a function of temperature
T. A transition occurs at a critical temperature TPT, where
the two branches exchange global dominance. The order of
the transition is determined by the behavior of the free
energy and its derivatives with respect to temperature. At
TPT, if FA ≠ FB, the transition is referred to as a zeroth-
order phase transition, characterized by a finite jump in the
free energy itself. If FA ¼ FB but ∂FA=∂T ≠ ∂FB=∂T, the
thermodynamic relation S ¼ −∂F=∂T implies SA ≠ SB,
corresponding to a first-order phase transition. Finally, if
FA ¼ FB, SA ¼ SB, but ∂

2FA=∂T2 ≠ ∂
2FB=∂T2, i.e.,

CQ;A ≠ CQ;B (since CQ ¼ −T∂2F=∂T2), the transition is
of second order [62].
According to the above considerations, we explore the

local and global thermodynamic stability of the thermal
states described by the RN and charged scalarized black
hole solutions. In particular, we analyze the phase structure
for a sequence of values of the coupling constant β,
covering both the weak- and the strong-coupling regimes.
For illustrative purposes, we present results for the repre-
sentative case Q=λ ¼ 0.4; any other value of this ratio
yields qualitatively equivalent behavior.
In Fig. 1, we present the case β ¼ 48, which corresponds

to the weak-coupling regime. The left panel shows the

equation of state TðSÞ along isocharged curves for each
family of solutions. The RN branch (shown by the black
curve) exhibits a Davies point (indicated by the black dot)
where the temperature reaches a maximum, and the specific
heat diverges. Consequently, small RN black holes (rep-
resented by the black solid curve, SRNBH), possess a
positive specific heat and are locally thermodynamically
stable, whereas large RN black holes (represented by the
black dashed curve, LRNBH), have negative specific heat
and are therefore locally unstable. The charged scalarized
branch (shown by the red curve), bifurcates from the trivial
RN branch at higher masses/entropies (indicated by the
black cross), and extends toward lower masses/entropies
until it reconnects with the RN branch at a second
bifurcation point (marked by the red cross). This second
bifurcation corresponds dynamically to a spontaneous loss
of scalar hair before the extremal limit T ¼ 0 is reached, a
feature already reported in [50]. The scalarized branch also
exhibits a Davies point (indicated by the red dot), where the
specific heat diverges. Accordingly, small scalarized black
holes (represented by the red solid curve, SSBH), are
locally stable, while large scalarized black holes (shown by
the red dashed curve, LSBH), are locally unstable.
A snapshot of the Helmholtz free energy is shown in the

right panel of Fig. 1. Both the RN and scalarized branches
exhibit Davies points, which appear in the free-energy
diagram as cusps and signal the maximum temperature at
which each family of thermal configurations can exist.
There exists a second-order phase transition between the

SRNBH and SSBH branches. As can be inferred from both
panels of Fig. 1, at the transition temperature T2PT
(indicated by the horizontal and vertical solid lines in
the left and right panel, respectively) the free energies and
entropies of the two locally stable branches coincide,

FIG. 1. Thermodynamic behavior of the solutions for β ¼ 48. Left panel: Equation of state given by the temperature TH as a function
of the entropy SH, showing isocharged curves. Right panel: Helmholtz free energy F as a function of the temperature TH . In both panels,
the dashed black curves correspond to the large, locally unstable RN branch (LRNBH), while the solid black curves represent the stable
small RN black holes (SRNBH). The dashed red curves denote the large, locally unstable scalarized black holes (LSBH), whereas the
solid red curves correspond to the stable small scalarized configurations (SSBH). The blue curves indicate metastable RN phases
(MRNBH). The gray solid line marks the second-order phase transition. Crosses indicate bifurcation points, while dots mark the Davies
points.
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FSRNBH
2PT ¼ FSSBH

2PT and SSRNBH2PT ¼ SSSBH2PT , while their heat
capacities differ, CSRNBH

Q;2PT ≠ CSSBH
Q;2PT. This means that an

SSBH created in this region will cool as it evaporates,
undergoing a second-order phase transition to the trivial
SRNBH configuration at T2PT. The behavior indicates that
the second bifurcation point that signals the offset of
scalarization is associated with a second-order phase
transition between the two thermodynamically stable
branches. For temperatures above the transition temper-
ature, T > T2PT, a segment of the locally stable small RN
black hole branch corresponds to metastable thermal states
(denoted by the blue curve, MRNBH), as these configu-
rations do not minimize the free energy globally.
The behavior of the thermal states for a higher value of

the coupling, β ¼ 24, is shown in Fig. 2. In this regime, the
charged scalarized branch shrinks,as the field equations
cease to support nontrivial solutions with the required
boundary conditions, and terminates before reaching a
second bifurcation point with the RN branch, so that the
two stable phases, SRNBH and SSBH, are no longer
connected by a continuous second-order transition as in

the previous case. Instead, spontaneous loss of scalar hair is
accompanied by a finite jump in the free energy,
FSRNBH
0PT ≠ FSSBH

0PT , and the transition between the two stable
branches becomes of the zeroth order, occurring at a
temperature T0PT (indicated by the horizontal and vertical
dashed lines in the left and right panel, respectively). An
SSBH will cool as it evaporates and eventually undergo a
zeroth-order phase transition to an SRNBH. For temper-
atures T > T0PT, the locally stable RN black holes corre-
spond to metastable thermal states.
In Fig. 3, we present the case β ¼ 10, where a more

pronounced modification of the phase structure emerges. In
the left panel, we show the equation of state TðSÞ, where
the scalarized branch reaches higher temperatures than in
the previous cases while simultaneously shrinking in
extent. The right panel presents the corresponding free-
energy diagram. In contrast to the previous case, the
coupling is now sufficiently large that, in the vicinity of
the Davies point of the scalarized branch, the locally
thermodynamically stable configurations develop a meta-
stable sector (indicated by the blue curve, MSBH). This

FIG. 2. Thermodynamic behavior of the solutions for β ¼ 24. The curves and symbols follow the same conventions as in Fig. 1. The
dashed lines indicate the zeroth-order phase transition.

FIG. 3. Thermodynamic behavior of the solutions for β ¼ 10. The curves and symbols follow the same conventions as in Fig. 2. The
dotted line indicates the first-order phase transition.
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feature induces a characteristic fishlike structure in the free-
energy diagram, as there exists a finite temperature interval,
from T0PT to T1PT, over which scalarized black holes are
thermodynamically favored, defining the SSBH phase.
The emergence of this fishlike structure highlights the

nontrivial influence of the coupling parameter β in deter-
mining the shape of the free-energy diagram associated
with black hole configurations. Consequently, three
thermodynamically dominant phases are identified: two
locally stable configurations corresponding to the SRNBH
and SSBH branches, and a phase with large scalarized
black holes (denoted by the red dashed curve, LSBH) that
coexist with the MSBH solutions. These three phases are
delimited by two phase transitions: a zeroth-order phase
transition at temperature T0PT and a first-order transition at
temperature T1PT (indicated by the dotted line) where
FSSBH
1PT ¼ FLSBH

1PT and SSSBH1PT ≠ SLSBH1PT .
A scalarized black hole starting on the LSBH branch

cools as it accretes mass and eventually undergoes a first-
order phase transition to the SSBH branch at T1PT. Beyond
this transition, no further thermodynamic phase changes
occur unless an external mechanism halts accretion and
induces evaporation of the SSBH configuration. We note
that such a scenario requires both accretion and subsequent
evaporation, and therefore does not correspond to a natural
astrophysical pathway but rather to a theoretically con-
structed thermodynamic process. Conversely, a scalarized
black hole initially in the stable SSBH region evolves
analogously to the β ¼ 24 case: as it evaporates, it under-
goes a zeroth-order phase transition to the SRNBH branch
at T0PT.
The case β ¼ 8 is presented in Fig. 4. In this regime, the

scalarized branch departs significantly from the RN branch
and continues to shrink, as shown in the equation of state in
the left panel.
The corresponding free-energy diagram is displayed in

the right panel. Compared to the previous case, the phase
structure is now richer as it displays four thermodynami-
cally preferred sectors: the system exhibits two locally
stable regions associated with the SRNBH and SSBH

branches, together with two locally unstable scalarized
regions (indicated by the red dashed curves, LSBH). These
correspond to a cold unstable region, defined by
Tc
1PT < T < T0PT, and a hot unstable region, defined by

T > Th
1PT, where the last one coexists with metastable

scalarized configurations (MSBH). The system therefore
exhibits three phase transitions: two first-order transitions
at temperatures Tc

1PT and Th
1PT, and one zeroth-order

transition at the intermediate temperature T0PT, occurring
between the cold LSBH and the SSBH branches. However,
not all of these transitions can be achieved sequentially
without external contrivance.
A scalarized black hole initially located in the cold

LSBH region may evaporate, losing mass and consequently
increasing its temperature. During this process, it moves
rightward along the red dashed curve until it undergoes a
zeroth-order phase transition to the SSBH branch at T0PT.
After the transition, the resulting SSBH lies in a thermo-
dynamically stable region and therefore represents the
preferred equilibrium configuration. If instead the same
unstable configuration accretes mass and grows, its temper-
ature decreases as it moves left along the red dashed curve
until it undergoes a first-order phase transition to the
SRNBH branch at Tc

1PT. Hence, locally unstable scalarized
black holes in this region evolve toward a locally stable
configuration regardless of whether they evaporate or
accrete mass. The phase transition occurring in the hot
LSBH region at Th

1PT follows the same behavior described
for the case β ¼ 10: as it accretes mass, it undergoes a first-
order phase transition to the SSBH branch at T1PT.
In Fig. 5, we present the coupling case β ¼ 6, for which

the locally stable scalarized branch becomes entirely
metastable. In this regime, only a single first-order phase
transition remains. This transition can be realized if a black
hole configuration forms within the unstable region of the
large scalarized branch and subsequently grows. As its
mass increases, the temperature decreases, and the system
evolves leftward along the red dashed curve until the first-
order phase transition is reached at T1PT, where the

FIG. 4. Thermodynamic behavior of the solutions for β ¼ 8. The curves and symbols follow the same conventions as in Fig. 3.
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configuration transitions to the SRNBH phase. The result-
ing larger SRNBH then ceases to grow as its positive
specific heat allows it to reach thermal equilibrium.
The thermal behavior of the system for β ¼ 5.6 is

illustrated in Fig. 6. In this case, the charged scalarized
branches shrink appreciably and become a Schwarzschild-
like single branch that remain locally unstable throughout
their entire range of existence, with no associated Davies
point. In this regime, the coupling between the scalar field
and the Gauss-Bonnet invariant is sufficiently strong that
the effect of the electromagnetic field becomes negligible.
Consequently, the SRNBH configuration constitutes the
thermodynamically stable preferred phase of the system,
only divided by an intermediate locally unstable LSBH that
dominates the partition function for a small temperature
range. These generate two phase transitions: a zeroth-order
transition in T0PT and a first-order transition in T1PT.
A black hole residing on the SRNBH branch for

T > T0PT will cool as it evaporates, undergoing a zeroth-
order phase transition to the LSBH. The LSBH then
continues to evaporate until it returns, through the same
phase transition, to the stable SRNBH branch. For
T < T1PT, an SRNBH follows an analogous evolution
under mass accretion. If a black hole lies within the locally

unstable region of the scalarized branch, its evolution
depends on the direction of mass change. Under accretion,
it moves leftward in the diagram and undergoes a first-order
phase transition to the SRNBH phase. Under evaporation, it
moves rightward and instead undergoes a zeroth-order
phase transition to the SRNBH phase. In all cases, re-
entrant phase transitions do not occur without external
contrivance. That is, under monotonic variation of the
temperature, the system does not return to its initial
thermodynamic phase through a continuous natural process.
For sufficiently strong coupling, the charged scalarized

branch shrinks significantly and ceases to support thermo-
dynamically dominant hairy configurations. In this regime,
the SRNBH branch remains the only thermodynamically
stable phase and no phase transitions occur. As noted
above, this reflects the strong effect of the coupling as the
electromagnetic field becomes negligible in this limit, and
charged scalarized black holes closely resemble their
neutral counterparts in a strongly restricted domain of
existence.
In Fig. 7, we display the equation of state TðSÞ for the

charged case at different values of the coupling constant β.
For β ¼ 3.5, the charged scalarized branch is locally stable
near the bifurcation point and exhibits a turning point

FIG. 5. Thermodynamic behavior of the solutions for β ¼ 6. The curves and symbols follow the same conventions as in Fig. 4.

FIG. 6. Thermodynamic behavior of the solutions for β ¼ 5.6. The curves and symbols follow the same conventions as in Fig. 5.
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beyond which it becomes locally unstable. For β ¼ 3.2, the
scalarized branch remains locally stable throughout its
entire domain of existence. This behavior is consistent
with that found for neutral scalarized black holes in the
strong-coupling regime [56], confirming that, in this limit,
charged solutions closely track the properties of their
neutral counterparts.
Nevertheless, even when locally stable, the charged

scalarized configurations are never thermodynamically
favored, as their Helmholtz free energy consistently
exceeds that of the SRNBH branch. Consequently, they
do not dominate the partition function but appear only as
thermodynamically disfavored solutions, as in the case of
β ¼ 4.0, or as metastable states, as in the case of β ¼ 3.2.

V. THERMODYNAMIC PHASE STRUCTURE

The analysis of Sec. IV shows how the free energy
determines the thermodynamic phases available to the
system as a function of the coupling strength and temper-
ature, and, in particular, how the phase transition temper-
atures depend on the coupling parameter β.
The resulting phase diagram is summarized in Fig. 8,

presented in the 1=β − TH plane, where 1=β serves as a
measure of the scalar-curvature coupling strength. In this
parametrization, weak coupling corresponds to small val-
ues of 1=β, while strong coupling corresponds to
larger ones.
Two thermodynamically stable phases can be identified,

corresponding to the SRNBH and SSBH branches, together
with a region of large scalarized black holes that remain
locally thermodynamically unstable (shown as a shaded
area). Depending on the value of the coupling constant β,
the phase structure can be organized into three qualitatively
distinct regimes, each admitting a further substructure.
These regimes are delimited by the labeled points of
Fig. 8, which mark successive threshold values of the

coupling 1=β on the vertical axis, ordered by increasing
coupling strength. Accordingly, an expression such as
“between points i and j” always denotes the interval of
coupling strengths delimited by the corresponding values
of 1=β, and never a segment joining two points in the
ðTH; 1=βÞ plane. Within each such interval the phase
structure is qualitatively unchanged, while crossing a point
marks a qualitative change.
The weak-coupling regime (between points 0 and 2)

admits two subregimes, both characterized by the presence
of two equilibrium phases connected by genuine2 thermo-
dynamic phase transitions. For couplings between points 0
and 1, the two stable phases are connected by a second-
order phase transition (solid curve) whose transition tem-
perature T2PT gradually increases with the coupling
strength (see Fig. 1). For couplings between points 1
and 2, the scalarized branch progressively shrinks and
the transition becomes zeroth order (dashed curve), with a
finite jump in the free energy separating the two stable
phases; the corresponding transition temperature T0PT
increases with 1=β (see Fig. 2).
The intermediate-coupling regime (between points

2 and 5) admits three subregimes, all characterized by
the presence of locally unstable regions in the phase
structure and the growing metastability of the SSBH

FIG. 7. Equation of state given by the Hawking temperature TH
as a function of the entropy SH, shown for three values of the
coupling constant, β ¼ 4, 3.5, 3.2, in the strong-coupling regime.
The curves and symbols follow the same conventions as in Fig. 1.
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FIG. 8. Phase structure in the 1=β − T plane over a range of
coupling strengths for which scalarized black holes and phase
transitions occur. Here Q=λ ¼ 0.4. The shaded region indicates
the domain where the black hole solutions are locally thermo-
dynamically unstable under small thermal fluctuations. The black
solid, dotted, and dashed curves represent second-, first-, and
zeroth-order phase transitions, respectively. The red dashed curve
corresponds to the maximal temperature of the scalarized
branches. The labeled black dots mark threshold values of the
coupling 1=β at which the qualitative structure of the phase
diagram changes; they are ordered by increasing 1=β and should
be read as points on the vertical axis, not as end points of the
transition curves.

2We reserve the terms genuine or bona fide for transitions
between equilibrium phases, thereby distinguishing them from
transitions involving thermodynamically unstable configurations.
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configurations. For couplings between points 2 and 3, a
characteristic fishlike structure emerges in the Helmholtz
free energy, giving rise to a shaded domain in which large
scalarized black holes possess lower free energy than the
small scalarized ones in the vicinity of their Davies point,
rendering SSBH partially metastable (see Fig. 3). For
couplings between points 3 and 4, the scalarized branch
shrinks further, leading to the emergence of an additional
unstable region in which large scalarized configurations
have lower free energy than the SRNBH branch (see
Fig. 4). For couplings between points 4 and 5, the
SSBH branch becomes entirely metastable and the
LSBH configurations dominate the high-temperature
region of the phase diagram (see Fig. 5).
The strong-coupling regime (beyond point 5) is charac-

terized by Schwarzschild-like scalarized branches that
resemble their neutral counterparts. As the coupling
increases, these branches shrink (see Fig. 6), until they
disappear from the phase diagram at point 6, beyond which
the SRNBH phase constitutes the sole thermodynamically
preferred configuration at all temperatures compatible with
extremality (see Fig. 7).
It is worth emphasizing that both transition lines con-

fined to the weak-coupling regime, the second-order and
zeroth-order ones, represent genuine phase transitions
between two locally stable phases, the former being a
continuous transition and the latter characterized by a finite
jump in the free energy. Unlike these, the additional
transitions arising in the intermediate- and strong-coupling
regimes involve locally unstable configurations and, there-
fore, do not constitute phase transitions between equilib-
rium phases. The special points appearing in the phase
diagram are also not thermodynamic critical points. They
signal structural changes in the free-energy landscape, such
as the termination of transition lines, the onset of multi-
branch behavior, or the contraction of the scalarized branch
to the point of thermodynamic irrelevance, and therefore
mark qualitative shifts in the global phase structure rather
than the emergence of critical behavior.
The shaded region corresponds to a domain in which the

black hole solutions are locally thermodynamically unsta-
ble and therefore do not represent physically realizable
equilibrium configurations. From the perspective of black
hole thermodynamics, this region can be regarded as a terra
incognita of the phase diagram [63], raising the question of
which equilibrium configurations, if any, may reside there.
One possible interpretation is that the system transitions to
states of lower free energy through dynamical mechanisms
beyond curvature-induced scalarization. Recent work sug-
gests that a strong violation of black hole uniqueness may
arise from the coexistence of multiple scalarization mech-
anisms, leading to several distinct branches of solutions
beyond the trivial one [64]. Exploring such possibilities lies
beyond the scope of the present work, and we leave a
detailed investigation of this scenario for future work.

VI. CONCLUSIONS

Asymptotically flat black holes are typically charac-
terized by the absence of thermodynamic phase transi-
tions in the canonical ensemble. In this work, we have
shown that this need not be the case when scalarization is
at play. Working within the canonical ensemble and
employing the Euclidean approach to construct the
corresponding thermodynamic potentials, we have dem-
onstrated that Reissner-Nordström and curvature-induced
scalarized black holes in Einstein-Maxwell-scalar-Gauss-
Bonnet theory exhibit a rich phase structure, without
invoking external confining mechanisms or an extended
thermodynamic formalism.
The resulting thermodynamic phase structure is highly

sensitive to the coupling constant β and is naturally
organized into three qualitatively distinct regimes. In the
weak-coupling regime, the charged scalarized branch
inherits the local stability structure of the RN solution,
exhibiting a Davies point that separates locally stable from
locally unstable configurations. The Helmholtz free energy
reveals two stable phases, the SRNBH and the SSBH,
connected by a second-order phase transition that coincides
with the second bifurcation point at which the scalarized
branch reconnects with the RN branch, signaling the
spontaneous loss of scalar hair. As the coupling strength
increases, the scalarized branch departs from its RN
counterpart and progressively shrinks; in turn, the transition
becomes zeroth order, with a finite jump in the free energy
separating the two stable phases. In the intermediate-
coupling regime, the free energy develops a characteristic
fishlike structure in the vicinity of the Davies point of the
scalarized branch, from which a first-order transition
between the SSBH and LSBH phases emerges. In this
process, locally stable scalarized configurations near the
Davies point become metastable. With increasing coupling,
the LSBH branch becomes thermodynamically favored
over the SRNBH phase as well, generating an additional
first-order transition and giving rise to up to three tran-
sitions at distinct temperatures. Toward the end of this
regime, the SSBH branch becomes entirely metastable and
the LSBH configurations dominate the high-temperature
region of the phase diagram. In the strong-coupling limit,
the scalarized branch reduces to a Schwarzschild-like
solution and eventually shrinks to the point of becoming
thermodynamically irrelevant, leaving the SRNBH phase
as the sole thermodynamically preferred configuration.
The emergence of this nontrivial thermodynamic behav-

ior hinges on two key ingredients: the existence of a region
of local thermodynamic stability for small Reissner-
Nordström black holes, and a scalar field nonminimally
coupled to the Gauss-Bonnet invariant. Neither ingredient
alone suffices, and it is only their interplay that elevates
free-energy crossings to bona fide phase transitions
between equilibrium phases. To justify this claim, it is
instructive to consider two limiting cases.

CRISTIÁN ERICES and STELLA KIORPELIDI PHYS. REV. D 114, 084053 (2026)

084053-12



In the neutral case, the Gauss-Bonnet coupling is present
but no region of local stability exists for the Schwarzschild
black hole, so the free-energy comparison between the
trivial and scalarized branches does not involve two locally
stable phases [56]. In the weak-coupling regime, the neutral
scalarized branch mimics the local instability of the
Schwarzschild branch, and a second-order phase transition
occurs precisely at the first bifurcation point, i.e., at the
onset of scalarization. In the charged case studied here, the
relevant second-order transition is tied to the second
bifurcation point rather than the first, reflecting the coex-
istence of two equilibrium phases at the transition, a feature
with no analog in the neutral case.
The second limiting case, in which the scalar field

couples to the Maxwell term rather than to the Gauss-
Bonnet invariant, yields an equally distinct thermodynamic
picture. In Einstein-Maxwell-scalar theory [65], matter-
induced scalarization produces charged scalarized black
holes that, despite bifurcating from locally stable RN
branches, are thermodynamically unstable in the canonical
ensemble, leaving no room for the rich phase structure
reported here. This contrast highlights that curvature-
induced and matter-induced scalarization mechanisms play
fundamentally different thermodynamic roles, producing
qualitatively distinct phase structures in the canonical
ensemble, reflecting their different dynamical behavior.
Several directions remain open. A natural question is

whether the connection between the second bifurcation
point and a second-order thermodynamic transition is a
universal feature of curvature-induced scalarization in the
charged case or whether it depends on specific properties of
the coupling function, a correlation that would link a
genuine thermodynamic phenomenon to a purely dynami-
cal one. It would also be interesting to extend the present
analysis to frameworks in which the scalar field couples
nonminimally to both the Gauss-Bonnet invariant and the
Maxwell field [66], in order to assess the thermodynamic
interplay between curvature- and matter-induced scalariza-
tion. A further natural extension is to spin-induced scala-
rization, which would probe the analogous competition
between rotating scalarized and Kerr black holes. More
broadly, understanding how multiple scalarization mecha-
nisms may coexist and interact [64] offers a promising

route toward clarifying the locally unstable terra incognita
regions identified in the phase diagram and toward a more
complete picture of thermodynamic phase structures in
asymptotically flat black hole spacetimes.
Finally, our analysis has addressed thermodynamic

stability alone, and it is natural to ask how the phase
structure reported here relates to the dynamical stability of
the corresponding configurations. In the neutral case, the
scalarized branches obtained with the Gaussian coupling
(2.8) have been studied under radial [57,67], axial [68] and
polar [69] perturbations, revealing both dynamically stable
and unstable sectors, as well as a loss of hyperbolicity of
the perturbation equations below a critical horizon size. We
expect analogous features to persist in the presence of an
electric charge. Such an analysis would determine which of
the locally stable phases identified here are also dynami-
cally realizable, all the more so since the two notions of
stability are logically independent: in the neutral case, the
radially stable scalarized black holes possess negative
specific heat. A complete characterization of these thermal
states will therefore require the thermodynamic picture
developed here to be combined with a full perturbative
analysis of the charged scalarized branches.

ACKNOWLEDGMENTS

C. E. is supported by Universidad Central de Chile
through Proyecto Puente de Investigación Grant
No. CIPPTE202605. C. E. also thanks the National
Technical University of Athens for its hospitality during
the initial stage of this work. The research of S. K. is
supported by the FONDECYT Postdoctorado
No. 3250501, a program of the Agencia Nacional de
Investigación y Desarrollo (ANID), Chile. C. E. and
S. K. thank R. B. Mann for valuable feedback at the final
stage of this work, during the Third Pacific Gravity School:
New Horizons in Gravitational Physics.

DATA AVAILABILITY

There are no publicly available research data or software
supporting this manuscript. Requests for further informa-
tion or data should be sent to the authors.

[1] S. Carlip, Black hole thermodynamics, Int. J. Mod. Phys. D
23, 1430023 (2014).

[2] J. D. Bekenstein, Black holes and entropy, Phys. Rev. D 7,
2333 (1973).

[3] S. W. Hawking, Particle creation by black holes, Commun.
Math. Phys. 43, 199 (1975); 46, 206(E) (1976).

[4] J. M. Bardeen, B. Carter, and S. W. Hawking, The four laws
of black hole mechanics, Commun. Math. Phys. 31, 161
(1973).

[5] G.W. Gibbons and S.W. Hawking, Action integrals and
partition functions in quantum gravity, Phys. Rev. D 15,
2752 (1977).

THERMODYNAMIC PHASE TRANSITIONS IN EINSTEIN- … PHYS. REV. D 114, 084053 (2026)

084053-13

https://doi.org/10.1142/S0218271814300237
https://doi.org/10.1142/S0218271814300237
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1103/PhysRevD.7.2333
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF02345020
https://doi.org/10.1007/BF01608497
https://doi.org/10.1007/BF01645742
https://doi.org/10.1007/BF01645742
https://doi.org/10.1103/PhysRevD.15.2752
https://doi.org/10.1103/PhysRevD.15.2752


[6] S. W. Hawking, Black holes and thermodynamics, Phys.
Rev. D 13, 191 (1976).

[7] R. Ruffini and J. A. Wheeler, Introducing the black hole,
Phys. Today 24, No. 1, 30 (1971).

[8] S. W. Hawking, Black hole explosions, Nature (London)
248, 30 (1974).

[9] P. C. W. Davies, Thermodynamics of black holes, Rep.
Prog. Phys. 41, 1313 (1978).

[10] S. W. Hawking and D. N. Page, Thermodynamics of black
holes in anti-de Sitter space, Commun. Math. Phys. 87, 577
(1983).

[11] D. Kubiznak and R. B. Mann, Black hole chemistry, Can. J.
Phys. 93, 999 (2015).

[12] A. Chamblin, R. Emparan, C. V. Johnson, and R. C. Myers,
Charged AdS black holes and catastrophic holography,
Phys. Rev. D 60, 064018 (1999).

[13] D. Kubiznak, R. B. Mann, and M. Teo, Black hole chem-
istry: Thermodynamics with lambda, Classical Quantum
Gravity 34, 063001 (2017).

[14] N. Altamirano, D. Kubiznak, and R. B. Mann, Reentrant
phase transitions in rotating anti–de Sitter black holes, Phys.
Rev. D 88, 101502 (2013).

[15] N. Altamirano, D. Kubizňák, R. B. Mann, and Z.
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field effects in tensor-scalar theories of gravitation, Phys.
Rev. Lett. 70, 2220 (1993).

[46] T. Damour and G. Esposito-Farese, Tensor–scalar gravity
and binary pulsar experiments, Phys. Rev. D 54, 1474
(1996).

[47] D. D. Doneva and S. S. Yazadjiev, New Gauss-Bonnet black
holes with curvature-induced scalarization in extended
scalar-tensor theories, Phys. Rev. Lett. 120, 131103
(2018).

CRISTIÁN ERICES and STELLA KIORPELIDI PHYS. REV. D 114, 084053 (2026)

084053-14

https://doi.org/10.1103/PhysRevD.13.191
https://doi.org/10.1103/PhysRevD.13.191
https://doi.org/10.1063/1.3022513
https://doi.org/10.1038/248030a0
https://doi.org/10.1038/248030a0
https://doi.org/10.1088/0034-4885/41/8/004
https://doi.org/10.1088/0034-4885/41/8/004
https://doi.org/10.1007/BF01208266
https://doi.org/10.1007/BF01208266
https://doi.org/10.1139/cjp-2014-0465
https://doi.org/10.1139/cjp-2014-0465
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1088/1361-6382/aa5c69
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1103/PhysRevD.88.101502
https://doi.org/10.1088/0264-9381/31/4/042001
https://doi.org/10.1088/0264-9381/31/4/042001
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1103/PhysRevD.90.044057
https://doi.org/10.1142/S0218271825420015
https://doi.org/10.1142/S0218271825420015
https://doi.org/10.1103/PhysRevD.33.2092
https://doi.org/10.1103/PhysRevD.77.044014
https://doi.org/10.1007/JHEP11(2019)043
https://doi.org/10.1103/PhysRevLett.110.241104
https://doi.org/10.1142/S0218271815420146
https://doi.org/10.1142/S0218271815420146
https://doi.org/10.1142/S0218271825300046
https://doi.org/10.1142/S0218271825300046
https://doi.org/10.1146/annurev.nucl.56.080805.140508
https://doi.org/10.1146/annurev.nucl.56.080805.140508
https://doi.org/10.1016/j.physrep.2005.10.008
https://doi.org/10.1103/PhysRevD.106.024017
https://doi.org/10.1007/JHEP05(2024)125
https://doi.org/10.1007/JHEP05(2024)125
https://doi.org/10.1088/1475-7516/2025/03/051
https://doi.org/10.1088/1475-7516/2025/03/051
https://doi.org/10.1007/JHEP07(2020)063
https://doi.org/10.1088/0264-9381/27/16/165004
https://doi.org/10.1088/0264-9381/27/16/165004
https://doi.org/10.1007/JHEP03(2019)205
https://doi.org/10.1007/JHEP03(2019)205
https://doi.org/10.1007/JHEP02(2021)233
https://doi.org/10.1007/JHEP02(2021)233
https://doi.org/10.1103/PhysRevD.110.024045
https://doi.org/10.1088/1475-7516/2025/01/016
https://doi.org/10.1088/1475-7516/2025/01/016
https://doi.org/10.1103/PhysRevD.110.L101502
https://doi.org/10.1103/PhysRevD.110.L101502
https://doi.org/10.1103/PhysRevD.16.953
https://doi.org/10.1103/PhysRevD.47.5259
https://doi.org/10.1103/PhysRevD.54.5049
https://doi.org/10.1103/PhysRevD.55.739
https://doi.org/10.1103/PhysRevD.90.044066
https://doi.org/10.1103/PhysRevLett.106.151104
https://doi.org/10.1103/PhysRevLett.106.151104
https://doi.org/10.1103/PhysRevD.93.064077
https://doi.org/10.1103/PhysRevD.106.044046
https://doi.org/10.1103/PhysRevLett.70.2220
https://doi.org/10.1103/PhysRevLett.70.2220
https://doi.org/10.1103/PhysRevD.54.1474
https://doi.org/10.1103/PhysRevD.54.1474
https://doi.org/10.1103/PhysRevLett.120.131103
https://doi.org/10.1103/PhysRevLett.120.131103


[48] H. O. Silva, J. Sakstein, L. Gualtieri, T. P. Sotiriou, and E.
Berti, Spontaneous scalarization of black holes and compact
stars from a Gauss-Bonnet coupling, Phys. Rev. Lett. 120,
131104 (2018).

[49] C. A. R. Herdeiro, E. Radu, N. Sanchis-Gual, and J. A. Font,
Spontaneous scalarization of charged black holes, Phys.
Rev. Lett. 121, 101102 (2018).

[50] D. D. Doneva, S. Kiorpelidi, P. G. Nedkova, E.
Papantonopoulos, and S. S. Yazadjiev, Charged Gauss-
Bonnet black holes with curvature induced scalarization
in the extended scalar-tensor theories, Phys. Rev. D 98,
104056 (2018).

[51] P. G. S. Fernandes, C. A. R. Herdeiro, A. M. Pombo, E.
Radu, and N. Sanchis-Gual, Spontaneous scalarisation of
charged black holes: Coupling dependence and dynamical
features, Classical Quantum Gravity 36, 134002 (2019).

[52] A. Dima, E. Barausse, N. Franchini, and T. P. Sotiriou, Spin-
induced black hole spontaneous scalarization, Phys. Rev.
Lett. 125, 231101 (2020).

[53] D. D. Doneva, F. M. Ramazanoğlu, H. O. Silva, T. P.
Sotiriou, and S. S. Yazadjiev, Spontaneous scalarization,
Rev. Mod. Phys. 96, 015004 (2024).

[54] K. İ. Ünlütürk, S. Tuna, O. K. Yamak, and F.M.
Ramazanoğlu, Nature of phase transitions and metastability
in scalar-tensor theories, Phys. Rev. Lett. 135, 061401 (2025).

[55] K. V. Staykov, F. M. Ramazanoğlu, D. D. Doneva, and S. S.
Yazadjiev, Phase transition structure of scalarized neutron
stars: The effect of rotation and linear coupling, Phys. Rev.
D 114, 024082 (2026).

[56] C. Herdeiro, H. Huang, J. Kunz, M.-Y. Lai, E. Radu, and D.-
C. Zou, Phase structure of scalarized black holes in Einstein-
Scalar-Gauss-Bonnet gravity, Phys. Rev. D 113, 124046
(2026).

[57] J. L. Blázquez-Salcedo, D. D. Doneva, J. Kunz, and S. S.
Yazadjiev, Radial perturbations of scalar-Gauss-Bonnet
black holes beyond spontaneous scalarization, Phys. Rev.
D 105, 124005 (2022).

[58] R. Ballesteros, M. Cárdenas, and E. Lescano, Nonclosed
scalar charge in four-dimensional Einstein-scalar-Gauss-
Bonnet black hole thermodynamics, Phys. Rev. D 113,
084039 (2026).

[59] R. M. Wald, Black hole entropy is the Noether charge, Phys.
Rev. D 48, R3427 (1993).

[60] R. M. Wald, The thermodynamics of black holes, Living
Rev. Relativity 4, 6 (2001).

[61] N. Chatzifotis, P. Dorlis, N. E. Mavromatos, and E.
Papantonopoulos, Thermal stability of hairy black holes,
Phys. Rev. D 107, 084053 (2023).

[62] L. D. Landau and E. M. Lifshitz, Statistical Physics, Part 1,
Course of Theoretical Physics Vol. 5 (Butterworth-Heine-
mann, Oxford, 1980).

[63] A. Chamblin, R. Emparan, C. V. Johnson, and R. C. Myers,
Holography, thermodynamics and fluctuations of charged
AdS black holes, Phys. Rev. D 60, 104026 (1999).

[64] A. Eichhorn, P. G. S. Fernandes, and L. Marino, Strong
breaking of black-hole uniqueness from coexisting scalari-
zation mechanisms, Phys. Rev. D 113, 124071 (2026).

[65] N. M. Santos, C. A. R. Herdeiro, and E. Radu, Thermody-
namic stability of quasibald asymptotically flat black holes,
Phys. Rev. D 106, 124005 (2022).

[66] Z. Belkhadria and S. Mignemi, New model of spontaneous
scalarization of black holes induced by curvature and matter,
Phys. Rev. D 112, 044015 (2025).

[67] J. L. Blázquez-Salcedo, D. D. Doneva, J. Kunz, and S. S.
Yazadjiev, Radial perturbations of the scalarized Einstein-
Gauss-Bonnet black holes, Phys. Rev. D 98, 084011 (2018).

[68] J. L. Blázquez-Salcedo, D. D. Doneva, S. Kahlen, J. Kunz,
P. Nedkova, and S. S. Yazadjiev, Axial perturbations of the
scalarized Einstein-Gauss-Bonnet black holes, Phys. Rev. D
101, 104006 (2020).

[69] J. L. Blázquez-Salcedo, D. D. Doneva, S. Kahlen, J. Kunz,
P. Nedkova, and S. S. Yazadjiev, Polar quasinormal modes
of the scalarized Einstein-Gauss-Bonnet black holes, Phys.
Rev. D 102, 024086 (2020).

THERMODYNAMIC PHASE TRANSITIONS IN EINSTEIN- … PHYS. REV. D 114, 084053 (2026)

084053-15

https://doi.org/10.1103/PhysRevLett.120.131104
https://doi.org/10.1103/PhysRevLett.120.131104
https://doi.org/10.1103/PhysRevLett.121.101102
https://doi.org/10.1103/PhysRevLett.121.101102
https://doi.org/10.1103/PhysRevD.98.104056
https://doi.org/10.1103/PhysRevD.98.104056
https://doi.org/10.1088/1361-6382/ab23a1
https://doi.org/10.1103/PhysRevLett.125.231101
https://doi.org/10.1103/PhysRevLett.125.231101
https://doi.org/10.1103/RevModPhys.96.015004
https://doi.org/10.1103/14xz-d7xf
https://doi.org/10.1103/8ht3-r4nb
https://doi.org/10.1103/8ht3-r4nb
https://doi.org/10.1103/4k1l-jzvz
https://doi.org/10.1103/4k1l-jzvz
https://doi.org/10.1103/PhysRevD.105.124005
https://doi.org/10.1103/PhysRevD.105.124005
https://doi.org/10.1103/1hz8-zn5h
https://doi.org/10.1103/1hz8-zn5h
https://doi.org/10.1103/PhysRevD.48.R3427
https://doi.org/10.1103/PhysRevD.48.R3427
https://doi.org/10.12942/lrr-2001-6
https://doi.org/10.12942/lrr-2001-6
https://doi.org/10.1103/PhysRevD.107.084053
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1103/8n13-bh27
https://doi.org/10.1103/PhysRevD.106.124005
https://doi.org/10.1103/ln23-nhpn
https://doi.org/10.1103/PhysRevD.98.084011
https://doi.org/10.1103/PhysRevD.101.104006
https://doi.org/10.1103/PhysRevD.101.104006
https://doi.org/10.1103/PhysRevD.102.024086
https://doi.org/10.1103/PhysRevD.102.024086

	Thermodynamic phase transitions in Einstein-Maxwell-scalar-Gauss-Bonnet gravity
	I. INTRODUCTION
	II. CURVATURE-INDUCED SCALARIZED BLACK HOLES
	III. EUCLIDEAN THERMODYNAMICS AND THERMAL STATES
	IV. THERMODYNAMICAL ANALYSIS
	V. THERMODYNAMIC PHASE STRUCTURE
	VI. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


