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Scalar shortcut to beyond-Kerr ringdown tests and their complementarity
with black-hole shadow observations
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The quasinormal modes of black holes (BHs) in the large-angular-momentum limit can be computed
within the eikonal approximation. This approximation is often extrapolated to low angular momentum to
obtain a rough estimate of the dominant ringdown modes. Although approximate, this approach is
particularly convenient in theories beyond general relativity with intricate dynamics, or for phenomeno-
logical metrics that lack an underlying fundamental theory. Here we explore a complementary approximate
strategy: we compute exactly the quasinormal modes of a test scalar field propagating on the BH
background and use their deviations from the general-relativity predictions as a proxy for the corresponding
corrections to the gravitational quasinormal modes. For Kerr-Newman and Einstein-scalar—-Gauss-Bonnet
BHs, we show that this method reproduces the exact corrections (including the coupling among different
degrees of freedom) within tens of percentages, an accuracy that is adequate as long as ringdown
measurements remain at the percentage level. Furthermore, this method is typically comparable to, or more
accurate than, the eikonal approximation. We then apply the same strategy to phenomenological metrics
commonly employed in tests of gravity using BH imaging. By computing scalar quasinormal modes in a
large family of these metrics for the first time, we find that current ringdown constraints are comparable to,
and in some cases more stringent than, those derived from BH shadow observations, while also providing

complementary bounds on sectors that would otherwise be inaccessible.

DOI: 10.1103/1xt4-xvtw

I. INTRODUCTION

The detection of gravitational waves (GWs) from com-
pact binary mergers by the LIGO-Virgo-KAGRA
Collaboration has opened an unprecedented window onto
the strong-field regime of gravity [1-3]. In particular, the
ringdown phase of a binary black-hole (BH) coalescence,
namely the stage during which the remnant relaxes to
equilibrium through damped oscillations, provides a clean
probe of the geometry in the immediate vicinity of the
horizon. Within general relativity (GR), the ringdown signal
is described by a superposition of quasinormal modes
(QNMs) whose frequencies and damping times depend
solely on the mass and spin of the remnant Kerr BH [4-8].
This property is a consequence of the uniqueness of the Kerr
solution and enables stringent null tests of GR and of the
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nature of compact objects through BH spectroscopy [9-16]
(see [17] for a recent overview).

The increasing sensitivity of current detectors and the
prospects offered by next-generation observatories such as
the Einstein Telescope [18-20], Cosmic Explorer [21,22],
and space interferometers such as LISA [23] motivate the
development of accurate theoretical frameworks to para-
metrize and constrain possible deviations from the Kerr
metric in the ringdown regime.

A key challenge in this context is that QNMs are global
properties of the spacetime, determined by boundary con-
ditions at the horizon and at infinity and by the actual
spacetime geometry of the remnant. Therefore, even small
modifications of the geometry can lead to observable shifts
in the QNM spectrum, potentially encoding signatures of
new physics. While this provides a unique portal to strong
gravity and near-horizon physics, computing QNMs beyond
the standard Kerr paradigm in GR is challenging. The QNM
corrections generically depend on the remnant mass and
spin, as well as on any fundamental coupling constant
characterizing a given extension of GR or on deformation
parameters describing departures from the Kerr metric. In a
modified theory of gravity, their explicit form must be
computed on a case-by-case basis, either perturbatively in
the spin [24-36] or fully numerically [37-42]. Both
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computations are quite demanding and must be performed
for any desired theory.'

Another widely adopted strategy to search for deviations
from GR is to consider phenomenological metrics that
parametrize generic deformations of the Kerr solution while
preserving key symmetries such as stationarity and axi-
symmetry [47-51]. Such metrics do not necessarily arise as
consistent solutions to a given modified theory of gravity
(although they may be interpreted as GR solutions in the
presence of exotic matter fields). Their main scope is for
tests of gravity which do not involve the dynamical regime,
e.g., x-ray reflection spectroscopy and BH shadow obser-
vations [52-54]. The latter, in particular, have provided
horizon-scale images of the supermassive BHs in M87 and
Sgr A*, enabling constraints on deviations from Kerr based
on the size and shape of the photon ring [54,55]. These
measurements probe null geodesics in the near-horizon
region and are therefore sensitive to the light-ring structure
of the spacetime [13], but not to its dynamics.

Ringdown GWs offer a complementary probe. In the
eikonal (namely, large-angular-momentum) limit, QNM
frequencies are closely related” to the properties of
unstable photon orbits [58—60]. Owing to its analytical
simplicity, this correspondence has already been employed
as a practical tool for ringdown tests of GR using para-
metrically deformed spacetimes [61,62]. Beyond this
approximation, however, the QNM spectrum depends on
the full structure of the perturbation potential and on
possible couplings among different perturbative degrees of
freedom. Consequently, ringdown spectroscopy can access
aspects of the geometry that are not directly constrained by
shadow measurements, including the structure of the
effective potential governing gravitational perturbations.
Establishing a consistent framework to compare con-
straints from ringdown and from BH shadows is therefore
of primary importance.

In this work, we develop a method to compute the
ringdown spectrum of generic stationary BH spacetimes
described by either alternative gravity theories with extra
degrees of freedom or by phenomenological metrics.
The idea is to compute exactly the QNMs of a fest
field propagating on a given BH background and use their
deviations from the GR predictions as a proxy for
the corresponding corrections to the more involved

'An alternative strategy is to parametrize deviations in the
QNM spectrum in a phenomenological way [43—45], possibly
guided by explicit examples of solutions in theories beyond GR
[46]. However, this approach typically introduces a large number
of free parameters. Moreover, interpreting the resulting bounds
ultimately requires input from specific theories in order to relate
the phenomenological coefficients to the underlying fundamental
parameters.

See also [56,57] for examples where light propagation does
not follow the spacetime metric and for discussions on the
limitations of the eikonal approximation in capturing the full
QNM spectrum.

gravitational QNMs. We validate this method against
numerical results for specific models, showing that even
the simplest test scalar-field model reproduces the exact
QNM shifts within tens of percentage accuracy, even in
scenarios where mode mixing is present in the full set of
equations. Such precision is adequate for current and near-
future ringdown measurements, whose statistical uncertain-
ties remain at the percentage level.

Both the eikonal and test-scalar field approaches share the
advantage that the corresponding QNM frequencies can be
computed once the background metric is specified, without
requiring knowledge of the full gravitational field equations.
They should therefore be regarded as geometric probes of
the background spacetime, in contrast with gravitational
QNMs, whose spectrum depends on the dynamics of the
underlying theory through the perturbation equations. The
test-scalar approach is computationally more demanding
than the eikonal approximation, since it requires solving the
full wave equation with QNM boundary conditions.
Moreover, unlike in GR, beyond-GR spacetimes rarely
allow the radial-angular separation of the perturbation
equations, substantially complicating the calculation com-
pared with extracting the properties of the unstable light
ring. However, at variance with the eikonal approximation,
it is nonlocal, as it relies on the full spacetime geometry and
on the global boundary conditions defining the QNM
problem. Therefore, it also retains information about the
global structure of the effective potential and becomes
significantly more accurate whenever the eikonal approxi-
mation is not quantitatively reliable. Finally, it shares with
the eikonal approximation the property of becoming exact
in the large-angular-momentum limit, since in this regime
the eikonal QNMs of a test scalar field coincide with the
exact ones.

Our approach is therefore sufficiently general to accom-
modate parametrized deviations from Kerr, while remain-
ing accurate enough to reproduce the exact results in known
cases. It also enables a direct mapping between deviations
in the background metric and shifts in observable QNM
frequencies. This mapping can be used to place bounds on
the parameters of phenomenological metrics using ring-
down observations, in close analogy with existing shadow-
based analyses. By comparing the parametric dependence
of QNM frequencies and photon-ring observables on the
same deformation parameters, one can assess the comple-
mentarity and potential degeneracies between GW and
electromagnetic probes. In particular, while shadow mea-
surements primarily constrain the properties of null geo-
desics near the light ring, ringdown modes are sensitive to
the full structure of the perturbation equations, including
near-horizon boundary conditions. A combined analysis
therefore offers a more robust and multidimensional test of
the Kerr hypothesis [63].

Our results pave the way toward a unified framework in
which constraints from ringdown spectroscopy and from
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BH shadows can be consistently compared within the same
parametrized deviations from Kerr. As observational capa-
bilities improve, especially with next-generation GW
detectors and next-generation very-long-baseline interfer-
ometry, such joint analyses will play a crucial role in testing
the nature of astrophysical BHs and in probing possible
departures from GR in the strong-field regime.

The rest of the paper is organized as follows. In Sec. II,
we investigate whether deviations from the Kerr metric,
encoded in test scalar-field modes, can serve as proxies for
the gravitational predictions. We then examine two well-
motivated modified Kerr geometries. In Sec. II B, we study
the Kerr—-Newman spacetime and perform a detailed
comparison, including the eikonal results. Section II C
contains a more focused comparison between test scalar
and gravitational results in Einstein-scalar—-Gauss-Bonnet
gravity. In Sec. III, we apply our test-scalar approach to
compute semianalytically the exact scalar modes of the
Johannsen metric, a phenomenologically modified Kerr
spacetime widely used in BH imaging tests. After review-
ing the metric and current observational constraints, we
outline the algorithm used to solve the massless Klein-
Gordon equation and compute scalar QNMs for cases
where individual deformation parameters are activated. We
also discuss the complementarity with existing Event
Horizon Telescope (EHT) bounds and interpret the results
using the eikonal approximation. We finally draw our
conclusions in Sec. IV. Additional technical discussions
and results are presented in four Appendixes.

Throughout the paper, we adopt units in which
¢c=G =1. We will label the QNMs as (n,Z,m), with
n, £ and m the overtone, polar and azimuthal numbers,
respectively. We will also focus on ¢ = |m| modes which
are often the dominant ones in the ringdown.

II. TRADING QNM DEVIATIONS

The goal of this section is to assess to what extent the
impact of deviations from a reference spacetime on
gravitational QNMs can be reliably estimated using either
a test scalar-field® model or the eikonal approximation.

A. Tolerance on approximated GR deviations

It is important to stress that we do not aim to replace the
gravitational QNMs entirely with their scalar or eikonal
counterparts. Rather, our strategy is to trade only the
deviations from the GR predictions in the gravitational
sector with the corresponding deviations computed in the
scalar sector or within the eikonal approximation.

*We focus on the simplest case of a test scalar perturbation,
but the method can be applied also to test spin-1 and, especially,
spin-2 perturbations. While more complicated to deal with, we
expect better agreement with the exact case compared to the
scalar-field model.

Throughout most of this work, we adopt the Kerr
spacetime as the reference background and denote its
QNM frequencies by mgg. For our purposes, gy is treated
as an exactly known reference quantity, assuming the
background parameters to be known without uncertainty.
This differs from realistic data-analysis scenarios, where a
single measurement may encode degeneracies between
beyond-GR effects and the underlying background param-
eters. The resulting correlations will not be considered here,
as our focus is on the relative deviations from the GR
predictions and on how they are modeled by the various
modes, rather than performing parameter estimation or
using real data. The frequencies of the modified geometries
are, instead, denoted by w. To quantify how accurately test
scalar or eikonal modes capture the deviations predicted by
gravitational perturbations, we parametrize the modified
frequencies as

o = wgr(l + Aw), (1)

where Aw represents the relative deviation with respect to
the Kerr results. This parametrization isolates the genuine
response of the QNM spectrum to deformations of the
background spacetime and allows for a direct comparison
between different perturbative sectors.

The use of eikonal or test scalar-mode deviations as
proxies for gravitational ones is meaningful only insofar as
the resulting discrepancies between the different predic-
tions remain smaller than or comparable with the accuracy
currently achievable by ringdown measurements. If the
mismatch between scalar/eikonal and gravitational results
is smaller than present observational uncertainties, then the
former provide an operationally reliable proxy for the latter.
To formalize this criterion, we introduce an observationally
motivated tolerance band around the gravitational results
for Aw. The width of this band can be estimated by
computing the absolute error A on the relative deviation
Aw defined in Eq. (1). Additionally, throughout this
section, ow and dwgg will denote absolute uncertainties
on the modified and Kerr QNM frequencies, respectively.
From Eq. (1), combining relative errors in quadrature and
neglecting correlations for simplicity, we get

2 2

5_w:\/(5wGR> +( SAw > | o)

w WGR 1+ Aw
The inclusion of correlations between the Kerr frequency
and the inferred deviation would introduce in Eq. (2) a
covariance term which could broaden or narrow the
resulting tolerance band, depending on its sign.
Although this effect could quantitatively modify the results
reported here, we do not expect it to affect our qualitative

comparison among scalar, eikonal, and gravitational
deviations.
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Since in our analysis the reference Kerr spectrum is
treated as exactly known, we set dwggr = 0. Equation (2)
then allows us to translate a measurement of a mode with
relative accuracy dw/w < X into an upper bound on the
absolute uncertainty of the deviation,

SAw < X|1 + Aw

; 3)

which in turn translates into an upper bound on its relative
uncertainty,

SAw - |1+ Aw|
|Aw| |Aw|

4)

This condition reflects a simple, but important aspect:
smaller deviations Aw require less stringent accuracy, since
their impact on the total uncertainty on @ is correspond-
ingly suppressed.

The tolerance band defined by X, therefore, provides a
practical criterion to judge whether scalar or eikonal modes
can serve as faithful estimators of the gravitational spec-
trum. As a reference value for X, we consider current
constraints on deviations from the Kerr metric inferred
from GW250114, the loudest GW event observed to date
[15]. In particular, this event constrains deviations in the
(n,¢,m) = (0,2,2) mode at the level of approximately 4%
for the real part and 10% for the imaginary part of the
frequency [16]. Despite the different sensitivities to these
two components, we conservatively select the tighter bound
and adopt X = 4%, for both real and imaginary parts
throughout the following sections.

As representative examples of modified Kerr geometries,
we consider the Kerr-Newman family in Sec. IIB and
rotating solutions in shift-symmetric Einstein-scalar—Gauss-
Bonnet (EsGB) gravity in Sec. IIC. In each case, we
compare the deviations Aw predicted by the eikonal and
scalar modes with those obtained from gravitational per-
turbations, thereby assessing whether these simpler approx-
imations reproduce the gravitational corrections with an
accuracy compatible with current observational sensitivities.

B. Kerr-Newman spacetime

The Kerr-Newman line element reads as [64]

2Mr — Q? >(r,0)
(r,0) A(r)
AMr — 20
(r,0)
2Mr — Q? »

+ [(r2+a2)sin29+wa sin*d| dg?,  (5)

dr?

ds2:—[1— ]dt2+

+3(r,0)d6? — drdgp

where the metric functions are

2(r,0) = r* + a* cos’ 0,
A(r) =r> =2Mr + a®* + Q% (6)

Here, M and Q denote the mass and the electric charge of
the BH, while a is the spin parameter. The Kerr-Newman
metric is the most general, stationary, axisymmetric and
asymptotically flat solution of Einstein-Maxwell theory
describing a rotating, charged BH. As such, it provides a
theoretically well-controlled setting in which deviations
from the Kerr geometry can be investigated while remain-
ing entirely within the framework of standard GR. In
practice, we treat Q as a deformation of the Kerr back-
ground induced by the presence of an additional external
field (the electric one). We explore values of the charge-to-
mass ratio Q/M in the range [0, 0.8], while fixing the
dimensionless spin to the reference value a/M = 0.5.
Additional results for a/M =0 and a/M = 0.2 are pre-
sented in Appendix B.

Our analysis focuses on the three modes {(0,2,2),
(1,2,2),(0,3,3)}, which are the longest-lived ones and,
therefore, most relevant during the ringdown phase and for
BH spectroscopy [65]. Using Eq. (1), we compare the
deviations Aw encoded in the gravitational modes with
those predicted by test-scalar perturbations and by the
eikonal approximation. Owing to its analytical simplicity,
the latter is often adopted in analyses of phenomenologi-
cally modified BHs and provides a useful benchmark
against which approximate descriptions of the QNM
spectrum can be assessed [5,8,56,58-60,66—72].

For the test-scalar QNMs, we use the data from Ref. [73]
for the (0, 2, 2) and (1, 2, 2) modes. The (0, 3, 3) scalar
frequencies are, instead, evaluated using the Leaver con-
tinued-fraction method [74]. Gravitational QNM frequen-
cies [37] are obtained from the numerical fits presented in
Ref. [75], which provide analytical representations of the
frequencies as functions of a/M and Q/M, allowing for a
more direct and efficient evaluation. Eikonal QNM
frequencies are evaluated using the formulas summarized
in the brief review contained in Appendix A.

Figure 1 shows plots of the absolute value of the relative
deviations, computed using Eq. (1), as functions of Q/M.
Shaded bands correspond to observationally motivated
tolerances with X = 4% in Eq. (3).

We find that, even for moderately large values of Q/M,
scalar and eikonal predictions of deviations from the Kerr
spectrum closely follow the gravitational ones well within
the tolerance bands. The only exception occurs for the
eikonal predictions of the real part of the (0, 3, 3) mode,
which slightly exceed the band for Q/M = 0.6.

The agreement is particularly striking, since gravitational
perturbations of a Kerr-Newman BH are coupled to the
electromagnetic ones and are notoriously difficult to solve,
as the corresponding set of partial differential equations
does not separate in a radial and angular part [37].
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FIG. 1. Plots of the absolute values of the relative deviations of Kerr—-Newman QNMs from their Kerr counterparts as

functions of Q/M. Both real and imaginary parts are shown. In all panels, the spin is fixed to a/M = 0.5. Solid and dashed
lines correspond to gravitational and scalar results, respectively, while the dot-dashed black lines denote eikonal predictions. Shaded
regions represent observationally motivated tolerance bands around the gravitational results, whose widths are given by the right-hand

side of Eq. (3) with X = 4%.

C. Rotating solutions in Einstein-scalar—Gauss-Bonnet

As a further example of axisymmetric BHs beyond
GR, we consider rotating solutions in shift-symmetric
EsGB gravity [76,77]. The Lagrangian density of the
theory reads as

oV

1 2
= Tox |2 (V)" +adl).

(7)

where R denotes the Ricci scalar, ¢ is a real scalar field and
G = Rups R — 4R, R' + R? is the Gauss-Bonnet
invariant, nonminimally coupled to ¢ through the linear
interaction term a¢. The coupling constant @ has dimen-
sions of length squared. It is convenient to introduce the
dimensionless parameter £ = a/M?, where M is the BH
mass, which we adopt as the reference scale. In the limit
& = 0, the Kerr metric is recovered, consistent with no-hair
theorems. For nonzero &, instead, the scalar-curvature
coupling induces deviations from the Kerr geometry, which
should impact the observed phenomenology, including the
GW waveforms. This leads to the possibility of observa-
tionally testing the theory. The most stringent bounds on &,
derived from GW observations, require /a < O(1) km
(see, e.g., Refs. [78,79] and references therein). For typical
stellar-mass BHs involved in binary mergers, M ~ 5-10M s,
this translates into & < O(1072). In what follows, as we are
interested in the ringdown phase, we study deviations from
the Kerr QNM spectrum as functions of the coupling
constant £. Since the present observational constraints hint
at small values of &, we will focus on the small-coupling
perturbative regime of the theory. Consequently, the present

discussion should be interpreted as an order-of-magnitude
comparison and as an evaluation of the accuracy of our
approximation strategy. Since earlier analyses did not reveal
qualitative differences among different multipoles, and in
order to capture the main phenomenological features while
keeping the discussion focused, we restrict attention to the
fundamental (0, 2, 2) mode, which currently provides the
strongest ringdown constraints [16].

Again we consider scalar and gravitational modes.
Eikonal results are not included here, as the previous
analyses revealed that they do not exhibit qualitative
differences with respect to test-scalar perturbations.

In the following, by “scalar modes” we refer to the QNMs
of a minimally coupled test scalar field propagating on the
EsGB BH background described as a solution to the theory
(7), and not to the perturbations of the scalar field ¢b. Indeed,
the latter are coupled to the gravitational one, making the
exact gravitational QNM computation very challenging
[80]. Test scalar field QNMs were computed in
Ref. [81], where the most general class of higher-derivative
gravity theories up to quartic order in the curvature was
considered, with EsGB as a specific subclass. The frequen-
cies of fundamental modes with £ = 0, 1, 2 are obtained
numerically by solving the scalar perturbation equations,
using a projection onto spheroidal harmonics to handle the
nonseparability of the scalar wave operator. From these
numerical results, analytic fitting formulas were constructed
as functions of the Gauss-Bonnet coupling ¢ and the
dimensionless spin parameter a/M. The fits are calibrated
up to a/M < 0.7, beyond which the polynomial expansions
gradually lose accuracy.
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FIG. 2. Log-log plots of the absolute values of the relative deviations of the frequencies of the mode (0, 2, 2) for rotating BHs in shift-
symmetric EsSGB gravity from their Kerr counterparts. Both real and imaginary parts are shown as functions of the dimensionless
coupling constant &, for the representative values a/M = 0, 0.2, 0.6. Dashed, solid and dot-dashed lines correspond to test-scalar, axial

and polar gravitational results, respectively.

Fits for the gravitational QNM frequencies of rotating
EsGB BHs were instead reported in Ref. [42] for arbitrary
spins (but see Refs. [29,31,32] for results in the slow-
rotation limit).

In the following analysis, we consider three representa-
tive values of the dimensionless BH spin: a/M = 0, 0.2,
0.6. A distinctive feature of the gravitational QNM spec-
trum in EsGB gravity is the breaking of isospectrality
between axial and polar modes for & # 0. We thus consider
both sectors. We consider values of the coupling up
to £ O(107Y).

The results are shown in Fig. 2. The deviations from the
Kerr spectrum in both scalar and gravitational sectors
display the same qualitative behavior, scaling approxi-
mately as & in the small-coupling regime, as expected
by treating the theory as a small deformation away from
GR. Moreover, axial gravitational modes systematically lie
closer to the test-scalar predictions than polar modes. This
behavior is also expected, since polar perturbations couple
directly to the perturbations of the scalar field ¢, whereas
axial perturbations remain decoupled.

Despite these sector-dependent differences, the overall
picture is qualitatively similar to that found for the Kerr-
Newman spacetime. In particular, we have verified that
scalar predictions for the deviations from the Kerr QNM
spectrum closely track both axial and polar gravitational
results, remaining well within the tolerance bands”

“The tolerance bands are not explicitly displayed in Fig. 2, as
including them would significantly clutter the plots without
adding substantial information.

introduced in the previous section and defined by
Eq. (3) with X = 4%.

These findings further support the use of test-scalar
QNMs as a quantitatively reliable proxy for the beyond-GR
deviations of gravitational QNMs in alternative gravity
theories, at least within the range of couplings currently
allowed by observations.

III. APPLICATION TO A PHENOMENOLOGICAL
METRIC: SCALAR QNMS OF THE
JOHANNSEN SPACETIME

The analyses performed in the previous sections suggest
that, in well-motivated extensions of the Kerr metric, test-
scalar QNMs closely reproduce the deviations from Kerr
predicted by full gravitational perturbations, at a level of
accuracy compatible with current ringdown measurements.
This suggests that scalar modes can serve as a reliable
and practical proxy for gravitational QNMs whenever the
latter are difficult, or even impossible, to compute. This is
particularly relevant for the classes of spacetime we
consider in this section.

In many proposed tests of the Kerr hypothesis, BH
geometries are introduced at a purely metric level, without
reference to an underlying field theory or a consistent set of
dynamical equations. In such parametrically deformed
metrics, gravitational perturbations cannot in general be
derived from first principles, since the field equations
governing the dynamics are unknown. By contrast, the
dynamics of test fields—and in particular minimally
coupled scalar perturbations—remain well defined and
straightforward to compute, especially if the background
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admits separability of a curved spacetime D’Alembertian
operator.

As a representative example, we consider a widely
studied parametrically deformed Kerr BH, the Johannsen
metric [49]. Although it is not a vacuum solution of any
known theory beyond GR, it provides a controlled frame-
work to parametrize deviations from the Kerr geometry and
to assess their observational impact, for instance in tests of
gravity based on BH imaging [82,83]. As such, it offers an
ideal arena to explore the complementarity between differ-
ent observational probes of strong gravity, and in particular
to assess how constraints from ringdown measurements
compare with—and potentially strengthen—those derived
from BH shadow observations.

A. General features of the metric

The Johannsen metric is constructed to be free of
pathological features outside the event horizon and to admit
a Carter-like constant [84], unlike most beyond-Kerr mod-
els. This latter property—also shared by the Kerr-Newman
family—is crucial for simplifying the computation of
observables. The existence of an additional constant of
motion ensures complete separability of the Hamilton-
Jacobi equation, allowing the geodesic equations to be
written in first-order form.

In the original construction [49], the Kerr metric is
deformed according to these guiding principles through the
introduction of scalar functions f(r), g(6), A;(r) (i = 1, 2,
5), and A;(0) (j =3, 4, 6). Restricting each function to
depend solely on either » or @ provides the simplest
parametrization of deviations from Kerr that preserves
separability. Imposing asymptotic flatness and consistency
with the current post-Newtonian constraints further reduces
the number of independent functions to the A;(r)’s and f(r)
[49]. The final metric components, written in Boyer-
Lindquist coordinates, take the form

S[A — a®A,(r)?*sin? 6]

I =710 + )AL (r) — Ay (r) sin O
a[(r* 4+ a®)A,(r)Ay(r) — A]E sin? 0
I =72+ a)A (1) — A (r) sin? 0]
i .
9rr = AA5(7‘) 5
900 = z;
Tsin? 0[(r? + a?)?A, (r)? — a*Asin® 4]
Goo = (P2 4+ a*)A,(r) — a®A,(r) sin® §]? (8)
where

A=r=2Mr+ a?;
Ay(r)=1 +n§;“1n(¥)n;
Ay(r) =1 +n§;0‘2n (%)n;
&®4+2%ey;

2(r,0) = r* + a?cos’ 0 + f(r);

=3 e 9)

n=3 r

with the @;,’s and €,’s constant deformation parameters.
When all the latter vanish, the above metric reduces to the
Kerr spacetime.

Despite the presence of deformations, the locations of
the horizons coincide with those of Kerr [49], since they are
determined by A(r.) = 0, yielding r, = M + VM? — a*.
The deformation functions, thus, modify the exterior
geometry while preserving the horizon structure.

In what follows, we restrict our analysis to the lowest-
order terms in the expansion (9), namely

M3 M2
A](r):1+a13?; Az(r):1+0227;

M? M3
As(r):1+05527; f(r):€37- (10)

This truncation is motivated not only by computational
simplicity, but also by phenomenological considerations:
lower-order coefficients are expected to have the strongest
impact on observables and are, therefore, the most amenable
to observational constraints. Higher-order contributions
could, in principle, be constrained sequentially, order by
order, as observational precision improves. With the trun-
cation (10), the spacetime is characterized by six free
parameters: M, a, aj3, x, Asy, and €3. However, when
studying scalar test perturbations, we will impose an addi-
tional restriction on the modifying functions (9) to ensure
separability of the Klein-Gordon equation. Under this
condition, f(r) is no longer independent, but can be
expressed in terms of A (r) and A, (r) [see Eq. (15) below].
Consequently, in the remainder of this work, we do not treat
€3 as an independent parameter and focus instead on
constraints on a3, ay, and as,.

1. Theoretical constraints on the parameters

We first discuss theoretical constraints on the deforma-
tion parameters, dictated by requiring regularity of the
spacetime outside the horizon. In particular, we demand
absence of both signature changes in the metric and closed
timelike curves.
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To prevent signature changes, the metric components g,,.
and gy must remain positive for r > r,. This translates into
the conditions £ > 0 and As(r) > 0. Within the truncation
(10), the last requirement implies a5, > 0. Furthermore,
preserving the Lorentzian signature requires the metric
determinant to remain negative. This condition yields a
lower bound on a,, [49]:

a

(122 > _W . (11)
Finally, requiring the absence of closed timelike curves
outside the outer horizon, i.e., g4 > 0, yields the lower

bound on a3 [49]:

3

a3 > —Mg (12)

Consistent with these bounds, in this work we restrict our
analysis to as, > 0,a;3 > —1,ay, > —1. The latter lower
bounds correspond to maximally rotating BHs with a = M.

2. Observational constraints

We then turn to reviewing some observational con-
straints on the deformation parameters.

One possible avenue to constrain the metric (8) is by
comparing its predicted BH shadow with EHT observations
[83,85—87].5 As shown in [89], the properties of the light
ring depend only on a3 and a,,, and are independent of
@s,. This occurs because As(r) modifies only the g, metric
component and therefore does not affect equatorial geo-
desic motion at the light ring (see also Sec. III C 4).

A detailed analysis of shadow morphologies in the
metric (8) was performed in Ref. [87]. It was found that
ay, primarily controls deviations from circularity, with
larger values increasing distortions. By contrast, a;3 mainly
shifts the light-ring radius and hence the overall angular
scale of the shadow; increasing @5 tends to enlarge the
shadow while simultaneously making it more circular.

In practice, however, extracting tight bounds on a3 and
a, 1s hindered by several factors: the structural complexity
of the metric, astrophysical uncertainties in the emission
model, and instrumental limitations. Current EHT con-
straints are driven predominantly by the angular diameter
of the emission ring, which is the most robust and model-
independent observable extracted from the data. This
quantity depends only weakly on the black hole spin
and inclination [85,87,89]. Moreover, the EHT analyses
of both M87 [82] and SgrA* [83] are designed to remain
as astrophysically agnostic as possible, minimizing

*Interpretations of beyond-Kerr shadows must be handled with
care, since geometries with strong non-Kerr multipolar structure
can nevertheless produce shadows nearly indistinguishable from
Kerr [88].

assumptions about plasma dynamics, emission mecha-
nisms, and radiative transfer.

This strategy strengthens constraints on parameters that
primarily affect the global geometric scale, such as a3,
while weakening bounds on parameters that mainly modify
the shadow shape, such as a,,. Distortions induced by a,,
are highly degenerate with astrophysical effects, including
disk thickness, system inclination, and details of the
emission profile. These effects can mimic or obscure small
geometry-induced deviations from circularity. In addition,
current limitations in angular resolution and (u, v) coverage
may introduce asymmetries or artifacts, making it chal-
lenging to isolate percentage-level deviations in shape
independently of emission modeling (see, e.g., Ref. [90]
and references therein).

As a result, a3 is relatively tightly constrained: —3.6 <
a3 < 5.9 for M87 [91], and —3.1 < a3 < 1.5 for SgrA*
[83], whereas shadow-based bounds on a,, remain com-
paratively weak [82,92,93].

In this context, comparisons with other strong-field
probes, such as QNMs measured in GW ringdowns, are
particularly valuable. These observables provide constraints
on the deformation parameters that are independent of, and
complementary to, those derived from imaging data.

Since the Johannsen metric is not a vacuum solution of
any known gravitational theory, gravitational QNMs cannot
be computed from first principles.® Test-field perturbations,
instead, can be consistently studied on the fixed back-
ground. In light of the results established in the previous
sections, test-scalar QNMs offer a reliable quantitative
proxy for the deviations of the gravitational spectrum away
from the Kerr case, within current observational accuracy.
We therefore employ them in what follows to assess
ringdown phenomenology in this parametrically deformed
Kerr spacetime.

B. Massless Klein-Gordon equation

Massless scalar test perturbations are governed by the
Klein-Gordon equation

1

Oy = ——
NE

aﬂ(\/—_gg/“’ay‘{’) =0, (13)

where W = W¥(s,r,0,¢). A standard strategy consists in
working in the frequency domain, assuming harmonic
dependence on t and ¢ (ensured by the stationarity and
axisymmetry of the background, respectively), together

®0One possibility is to interpret the metric as a GR solution in
the presence of exotic matter. However, this requires finding a
covariant stress-energy tensor that correctly reduces to the one
sourcing the solution. Since this is challenging, especially for
spinning geometries, previous approaches have neglected matter
perturbations in the linearized gravitational equations [94,95].
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with separability in r and 6. Specifically, we adopt the
ansatz

Y(t,r,0,p) =e e R(r)S(0), (14)

where @ denotes the mode frequency, while m is, again, the
azimuthal number. In the Kerr spacetime, the Klein-Gordon
equation is completely separable into independent radial
and angular equations, yielding the scalar Teukolsky
system. Such separability is not generically preserved in
beyond-Kerr geometries, even when a Carter-like constant
exists. In general, deviations from Kerr introduce couplings
between radial and angular variables, thereby obstructing
separability.

For the Johannsen metric (8), separability can never-
theless be achieved by restricting to a specific subclass of
models satisfying the condition [96]

f(r) = (P +a) E;E:; - 1} (15)

In Appendix C, we provide a detailed derivation of the
resulting radial and angular equations, explicitly showing
how the constraint (15) guarantees separability. The final
equations take the form

1 .
g 0g[sin 00,S(0)] + <a2w2c0529

2

12

A S(0) = 0; 16
Sll’l9+ fm) () ( )

As\/As0, <\1/4—A;AR’) +V(r)R(r) =0, (17

where we have defined

r* + a?)? 2amw
V(r) = 7( N ) a)zA% - [(r + a*)A Ay — A]
2.2
T L~ (A + ), (18)

while A, denotes the separation constant. In the limit
where all deformation functions A;(r) reduce to unity, the
standard scalar Teukolsky equations in Kerr are recovered.

The system remains coupled through the shared eigen-
values A, and frequencies w, which enter both equations.
In the following, we outline the strategy used to determine
these quantities, focusing in particular on the QNM
spectrum.

1. Boundary conditions

We begin by specifying the boundary conditions.
The angular equation coincides with its Kerr counterpart,
since the deformation functions depend only on r and do

not affect the angular sector. Consequently, the boundary
conditions are identical to those in the Kerr case [74]:
regularity of S(@) at the regular singular points € =0
and 0 = 7.

The radial equation, by contrast, is modified and requires
a dedicated analysis. Since we are interested in the ring-
down of the spacetime (8), we interpret @ as the QNM
frequency. The corresponding boundary conditions select
solutions that are purely outgoing at spatial infinity and
purely ingoing at the outer horizon r,. At large radial
distances, the deformation functions (10) introduce cor-
rections that decay as O(r~7) with y > 2. Consequently, the
asymptotic structure of the radial equation coincides with
that of Kerr, and the purely outgoing solution at infinity
behaves as

R(r) ~e@rp=1H2iMo for 1 — co. (19)

Near the outer horizon r = r,, deviations from the Kerr
metric become relevant. Solving the radial equation in the
vicinity of r,, we obtain the following behavior for the
purely ingoing mode:

R(r)~(r—=ry )™ forr~r,, (20)

with ¢ given by

—amr (. + anpM?) + o(r + a*)(asM’ + 1)

R, = 7 aP |

(21)

o

In the Kerr limit, i.e., a3, @, as; — 0, the above expres-
sion reduces to the well-known result [74],

_ 2Mwr, —am

N (22)

o

2. Solution strategies for the modified
Teukolsky equations

In this subsection, we describe the semianalytical meth-
ods employed to solve the modified Teukolsky equations
and to determine simultaneously the separation constants
Ay, and the QNM frequencies .

The procedure begins with an ansatz for the angular
function S(0) that explicitly incorporates the correct
behavior at the two regular singular points & =0 and
0 = n, together with a Frobenius series expansion about
one of the poles. Substituting the ansatz into Eq. (16) yields
a three-term recurrence relation for the series coefficients.
Requiring convergence over the full angular domain leads
to a continued-fraction condition on the recurrence relation
(see [74] for further details). Solving this condition numeri-
cally provides the separation constants A,,, for given .
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The radial equation, although modified with respect to
the Kerr case, retains the same singularity structure: two
regular singular points at r = r, and an irregular singular
point at infinity. We therefore factor out the asymptotic
behavior and perform a Frobenius expansion about r = r, .
The ansatz takes the form

Z(r) = f:dn C: :*) (23)

where the constants x¥ and A are fixed by the boundary
conditions. Regularity and ingoing behavior at r, implies
k = —io, with ¢ defined in Eq. (21). Imposing the asymp-
totic behavior at infinity (19), i.e., R(r) ~ r~1+2M® yields
A= -1+ 2iMw — k. In the following, we adopt Leaver’s
conventions [74] and set the BH mass to M =1/2.
Introducing the compactified radial coordinate x = (r —
r.)/(r—r_) and substituting the ansatz (23) into Eq. (17)
leads to an infinite linear system for the coefficients d,,,
governed by a 13-term recurrence relation:

co(0)d; + ¢1(0)
co(1)dy + ¢ (1)d; + ( )do = 0;

co(2)ds + ¢1(2)dy + ¢2(2)d; + ¢3(2)dy = 0;

co(3)ds + c1(3)d3 + 2(3)dy + ¢3(3)d; + ¢4(3)dy = 0;

+C1 Odo

co(n)dy i1 +ci(n)d, + cy(n)d,—y + c3(n)d,
+ cy(n)d, 3 + cs(n)d, 4 + cs(n)d,s
+ ¢7(n)d,—¢ + cg(n)d, 7 + co(n)d, g
+ c9(n)d,—g + ciy(n)d,_10 + cra(n)d, 1 =0,
(n=11,12,...), (24)

whose coefficients depend on a, a3, a2, @50, 1, @ and Ay,
Their explicit expressions are lengthy and will not be
reported here. They are, instead, provided in an ancillary
MATHEMATICA notebook available at the link [97].

The system can be recast as a matrix equation admitting
nontrivial solutions only when the associated determinant—
known as the Hill determinant—vanishes [98,99]. In prac-
tice, the infinitely dimensional determinant is approximated
by truncating the matrix to a finite size N x N. The zeros of
the truncated determinant provide numerical approxima-
tions to the QNM frequencies, and convergence is assessed
by increasing N until the values of the obtained roots
stabilize.

To couple the radial and angular sectors, we implement
an iterative procedure. Starting from a trial value of A,
the truncated Hill determinant is solved numerically for @
using a root-finding algorithm. The resulting frequency is

then inserted into the angular equation, which is solved via
Leaver’s continued-fraction method to update A,,. This
process is iterated until both w and A,,, converge to stable
values.

As a validation test, we set all deformation parameters to
zero and verify that the scalar QNMs of Schwarzschild and
Kerr are reproduced with high accuracy. For the radial
equation, we truncate the determinant at N = 200 and
compute frequencies with 30-digit precision. The angular
continued fraction is truncated after 130 terms, and the
iteration is performed up to seven times (although fewer
iterations are typically sufficient). With this setup,
Schwarzschild and Kerr QNM frequencies are reproduced
up to the 14th significant digit.

C. QNMs of the Johannsen metric and
complementarity with shadow constraints

In this section, we present the results of scalar test QNMs
in the Johannsen spacetime and analyze the impact of the
individual deformation parameters on the mode frequencies.
To isolate the role of each modification, we vary one
deviation parameter at a time while setting the others to
zero. This strategy allows us to disentangle their respective
effects and to perform a direct comparison with the Kerr
case. In Appendix D we complement this analysis with an
illustrative multiparameter study, where the impact of
simultaneously varying two deformation parameters, o3
and a,,, is investigated. The results are displayed as
functions of the dimensionless spin a/M and contrasted
with the scalar QNMs of Kerr.

We emphasize that, in general, multiple deviation param-
eters may be simultaneously nonzero and correlated, and
deriving robust observational constraints on the underlying
spacetime geometry would therefore require a joint
Bayesian inference in which all relevant parameters are
varied simultaneously. At the same time, it has been pointed
out that valuable tests of GR can also be constructed by
investigating whether only specific subsets of deviation
parameters are allowed to differ from their GR values, rather
than assuming from the outset that all of them are nonzero
[100,101]. Although our analysis is not statistical in nature,
it follows a similar philosophy by isolating the physical
effect of each metric deformation. Additionally, the results
of Appendix D show that allowing more than one defor-
mation parameter to vary simultaneously does not qualita-
tively change the main conclusions obtained from the
single-parameter analysis.

While the above-mentioned analyses represent a natural
extension of our work, our objective here is to establish a
direct correspondence between each individual metric
deformation, its impact on the geometry of the underlying
photon ring, and the resulting shift in the QNM spectrum,
rather than to derive observational constraints on the
Johannsen spacetime. More generally, a finite set of
measured complex QNM frequencies cannot uniquely
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reconstruct an arbitrary spacetime metric or perturbation
potential. Meaningful inference therefore requires a
restricted theory-specific or metric-specific parametrization,
possibly supplemented by independent observables such as
BH shadow measurements.

To assess the potential observational significance of the
deviations, we also include reference bands around the Kerr
frequencies. As justified in the previous sections, within
current measurement accuracy we can trade the gravita-
tional modes with their scalar counterpart. Therefore, the
width of the reference bands is chosen to reflect current
constraints from gravitational QNM measurements. As a
benchmark, we refer again to GW250114 [15]. As
explained in Sec. II, for this event, deviations of the (0,
2, 2) gravitational mode from the Kerr prediction were
constrained at the level of approximately 4% for the real
part and 10% for the imaginary part of the frequency [16].
Thus, even in the scalar case, these bands provide a useful
reference for assessing which regions of parameter space
could be probed/excluded by present-day observations.

1. Ay =057 =0

We first consider the simplest scenario in which A, and
As are set to unity, so that a3 is the only nonvanishing
deformation parameter. In this case, Eq. (17) simplifies
considerably: the differential operator (the first term on the
left-hand side) retains exactly the same structure as in Kerr,
and the modifications enter only the effective potential (18).

The results of the real and imaginary parts of the QNM
frequencies are reported in Fig. 3. We notice that increasing
positive values of a3 produce smaller real and larger
imaginary parts. Conversely, increasingly negative values
of a3 lead to larger real parts and to imaginary parts with
larger absolute values.

For |a3] Z 1, the real part of the frequency deviates by
more than 4% from the Kerr prediction over a significant
portion of the spin range. Such configurations would
therefore be potentially disfavored by current ringdown
observations. These limits are qualitatively consistent with
the shadow-based constraints discussed in Sec. IIT A 2, and
suggest that ringdown measurements could provide com-
petitive—possibly even stronger—bounds on a;3.

2. X113 =035, =0

We now consider the case in which only a,, is nonzero.
The corresponding QNM frequencies are shown in Fig. 4.
The imaginary parts exhibit a trend similar to that found in
the a3 # 0 case: increasing positive values of a,, lead to
larger imaginary parts, while negative values lead to a
decrease. The real parts, however, show the opposite trend
compared to the previous subsection. Increasing positive
values of a,, produce larger real frequencies, whereas
negative values result in decreasing imaginary parts.

We further find that configurations with |a,,| 2 1 yield
real frequencies that exceed the 4% band around the Kerr

1.0~
Kerr a;3=5

0.9
0.8

§
0.7

=
0.6
05
0.4

0.0

-0.06
-0.07
-0.08

N

=
~0.09
-0.10

0.0 02 0.4 0.6 038
a/M
FIG. 3. Real (top) and imaginary (bottom) parts of the QNM

frequencies for the Johannsen metric (8) with A, = A5 = 1.
Results are shown as functions of the dimensionless spin a/M for
several values of the deformation parameter a,3. Solid and dashed
curves correspond to positive and negative values of a3,
respectively. The Kerr scalar QNMs (black solid line) are also
shown for comparison, but are nearly indistinguishable from the
curves with |a;3] ~ 1072, The blue shaded regions denote the
+4% and £10% bands around the Kerr results for the real and
imaginary parts, respectively.

values for spins a/M = 0.4, suggesting that such deviations
could also be excluded by GW observations, at variance
with BH shadow tests.

3. A3 =0 =0

Finally, we examine the effect of the deformation
parameter as,. The results are shown in Fig. 5. In contrast
to the previous cases, the real part of the frequency exhibits
only a very mild dependence on a5, and remains nearly
indistinguishable from the Kerr prediction across the
explored parameter range. The imaginary part, however,
is significantly more sensitive. Increasing as, systemati-
cally increases the magnitude of the absolute value. In
particular, for as, 2 2, the imaginary parts depart from the
Kerr value by more than 10%, placing such deviations
outside the current observational band. This suggests that
sufficiently large values of a5, could already be disfavored
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-0.09
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FIG. 4. Real (top) and imaginary (bottom) parts of the QNM
frequencies for the Johannsen metric (8) with A; = A5 = 1.
Results are shown as functions of the dimensionless spin a/M for
several values of the deformation parameter a,,. Solid and dashed
curves correspond to positive and negative values of a,,,
respectively. The Kerr scalar QNMs (black solid line) are also
displayed, but are nearly indistinguishable from the curves with
|atys| ~ 1072, The blue shaded regions denote the 44% and
+10% bands around the Kerr results for the real and imaginary
parts, respectively.

by ringdown measurements, even though this parameter
does not affect the real part appreciably.

4. Interpretation within eikonal approximation

We now turn to an interpretation of the above results
within the eikonal approximation. This perspective is
particularly valuable in the present context, given the
central role of the light ring in EHT observations and
the sensitivity of its properties to the underlying spacetime
parameters (see Sec. III A 2). As reviewed above, a;3 and
a,, affect the light-ring size and eccentricity, respectively,
whereas as, has no impact on its geometry. This distinction
highlights the complementarity between shadow and ring-
down measurements: whereas certain deviations from Kerr
can be constrained through BH shadows, others may
manifest primarily in the QNM damping rates and be
accessible only via ringdown observations. Additionally,
even though the eikonal approximation is not here used to

0.80
— Kerr
073E =001
0.70 — as5=0.1
— e =1
0.65 — a5 =2
§
= 0.60
0.55
0.50
045
0.0 02 0.4 0.6 0.8
alM
-006F
— a5 =001
—0.07f  — a5=0.1
— an=1
~0.08 — a5 =2
N
=
-0.09
-0.10
~0.11
0.0 02 0.4 0.6 0.8
a/M
FIG. 5. Real (top) and imaginary (bottom) parts of the QNM

frequencies for the Johannsen metric (8) with A; = A, = 1. The
frequencies are shown as functions of the dimensionless spin
a/M for several values of the deformation parameter as,. The
scalar QNMs of the Kerr spacetime (black solid line) are included
for comparison. The real parts of the modified frequencies are
nearly indistinguishable from the Kerr ones. For the imaginary
parts, the Kerr curve and the case with as, ~ 107> are almost
overlapping. The blue shaded regions denote the 4% and £10%
bands around the Kerr results for the real and imaginary parts,
respectively.

explicitly compute the full QNM spectrum, it provides a
valuable interpretative tool to understand the trends
observed in the numerical results discussed in the previous
sections.

We first recall the result of Ref. [89], according to which
as, has no impact on the location of the light ring.
Considering equatorial photon motion at 8 = z/2 and
using the metric components in (8), the effective potential
(A2) can be evaluated. The light-ring radius and the ratio
L/€ = L among the geodesic constants of motion are then
obtained by solving the system (A3), which reduces to (see
also Ref. [89])

—0, (25)

F=rir

_ d _
F(rr. L) = 5}—(”75”

where we have defined
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FIG. 6. Top panel: light-ring radius as a function of a/M
for different values of «a;3, with ay, = 0. The black line
corresponds to a;3 =0 (Kerr), while the blue and orange
curves correspond to a;3 =1 and —1, respectively. Bottom
panel: same as the top panel, but with a;3 =0 and varying
ay,. The color code is the same.

F(r,L)=[A(a® +7r?) —aA,L)> — (a— L)?A.  (26)

Importantly, F does not depend on As, confirming that the
light-ring position is independent of as,. Since the orbital
frequency at the light ring depends only on the metric
components that enter equatorial motion, it follows that the
real part of the QNM frequencies in the eikonal regime is
unaffected by as,. This is in perfect agreement with the
numerical trends shown in the upper panel of Fig. 5. By
contrast, the second derivative of the effective potential—
entering the Lyapunov exponent and thus determining the
imaginary part of the QNMs in the eikonal approximation
[see Eq. (A6)]—is sensitive to As. This explains why as,
predominantly affects the imaginary frequencies, as seen in
the lower panel of Fig. 5.

The eikonal picture also clarifies the opposite trends
observed when varying a3 or a,. In particular, Fig. 6
shows the plots of the light-ring radius as a function of a/ M
for different values of these parameters. For a,, =0,
increasing a3 enlarges the light-ring radius, reducing the
orbital frequency. Through the eikonal correspondence
(AS), this translates into a decrease of the real QNM
frequency, reproducing the trend observed in Fig. 3.
Conversely, with a;3 =0, increasing a,, decreases the
light-ring radius, yielding higher orbital frequencies and

correspondingly larger real parts of the QNMs, consistent
with the behavior reported in Fig. 4.

IV. DISCUSSION AND OUTLOOK

In this work, we have investigated an alternative strategy
to estimate deviations from GR encoded in the gravitational
QNMs of BH spacetimes beyond Kerr. Owing to its
analytical simplicity, the eikonal approximation is com-
monly employed to study QNMs in modified-Kerr geom-
etries. We have, instead, taken a complementary approach
and computed exactly the QNMs of a test scalar field on the
given background and used their deviations from the Kerr
predictions as a proxy for the corresponding gravitational
corrections.

Our results show that this approach provides a reliable
and practical estimate of beyond GR effects. For Kerr-
Newman and EsGB BHs, scalar QNMs reproduce the exact
gravitational corrections at the level of tens of percentages.
Given that current and near-future ringdown measurements
constrain these deviations at the percentage level, such an
accuracy is fully adequate for phenomenological studies
(see also [102] for a similar conclusion about using the
WKB approximation to compute QNMs). Moreover, the
scalar-field strategy is typically comparable to—and in
some cases more accurate than—the eikonal approximation
when the latter is applied outside its strict regime of validity
(namely, for small-# modes). Very recently, the eikonal and
post-Kerr [69] approximations have been benchmarked
against exact scalar QNMs, showing overall good agree-
ment [103].

Motivated by these findings, we have used test scalar
QNMs to explore deviations from the Kerr metric in setups
where a fundamental theoretical description is lacking. This
is particularly relevant for phenomenologically deformed
models, in which deviations are controlled by one or more
parameters without direct reference to an underlying theory.
Although such metrics do not constitute explicit tests of
specific extensions of GR, they provide a valuable frame-
work to characterize and constrain generic departures from
Kerr in a model-independent way.

Given its relevance for tests of gravity based on BH
imaging, we have focused on the Johannsen family of
spacetimes. By isolating individual deformation parame-
ters, we have shown that ringdown observables respond
differently to them, in a manner that can be qualitatively
interpreted within the eikonal framework. Our analysis
enables a direct comparison between ringdown tests and
BH shadow observations. We find that current ringdown
constraints are already comparable to, and in some cases
more stringent than, those derived from present EHT data.
While we focused on a specific family of parametrized
metrics, we expect these qualitative conclusions to hold
more generally for other phenomenologically deformed
spacetimes.
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Furthermore, the accuracy of ringdown tests will
improve significantly in the next years. Next-generation
ground-based detectors such as the Einstein Telescope and
Cosmic Explorer can reach ringdown signal-to-noise ratio
~100 for several events per year [20,104], whereas space
missions like LISA can even achieve ringdown signal-to-
noise ratio ~1000 in certain optimistic scenarios
[12,23,105]. These observations will allow for ringdown
tests at the subpercentage level. Such an exquisite accuracy
represents also a challenge for ringdown modeling [106],
and the test scalar-field shortcut proposed here might
become too inaccurate in that case. It would be interesting
to improve our method (e.g., using test spin-2 fields; see
below) and compare future projected ringdown constraints
with those expected from next-generation BH imaging
facilities [107,108].

Our approach also makes it clear that ringdown mea-
surements can probe deviations of the spacetime geometry
that remain invisible to BH imaging observations. GW tests
and EHT measurements should therefore be regarded as
complementary probes of the strong-field regime: taken
together, they provide a more complete and robust assess-
ment of possible departures from the Kerr paradigm. In this
sense, our analysis can be viewed as extending the
perspective of Ref. [63], which investigated how EHT
observations can constrain deviations from the Kerr geom-
etry parametrized through post-Newtonian expansions,
focusing primarily on static metrics. While that work
already pointed out the complementarity with GW obser-
vations, our results make this connection explicit by
showing how ringdown measurements of spinning BHs
can probe geometric deformations that are largely or totally
inaccessible to BH imaging.

Finally, we have focused here on a test scalar field, but
the method can be straightforwardly extended to test vector
or tensor fields. Even when the Klein-Gordon equation
separates in a given spinning geometry (as occurs, for
example, in the Johannsen metric discussed above), sepa-
rability of the equations for spin-1 and spin-2 perturbations
is not guaranteed. Nevertheless, we expect that using a test
spin-2 field as a proxy would yield more accurate results.
Quantifying this expectation would be an interesting
direction for future work.
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APPENDIX A: LIGHTNING REVIEW OF THE
EIKONAL APPROXIMATION

In this Appendix we briefly review the eikonal approxi-
mation for the computation of BH QNMs [5,58,59,66] (see
also Ref. [68] and Appendix A of Ref. [109] for explicit
calculations in the Kerr-Newman spacetime). This
approach provides a geometric interpretation of the
QNM spectrum in the large-angular-momentum limit
and offers a computationally simple way to estimate the
dominant modes.

The key ingredient of the approximation is the corre-
spondence between QNMs in the large-Z limit and the
motion of null particles at unstable circular null geodesics.
Since in the main text we focus on modes with £ = |m]|,
it is sufficient to restrict attention to the equatorial
motion 6 = /2.

For a general stationary, axisymmetric metric of the form

ds2 = g,[dtz —+ nggdtdqﬁ + g,rdrz + gggdgz + g¢¢d¢2 (Al)

the radial motion of null particles is governed by the
equation 7 + V4 = 0, where the dot denotes derivation
with respect to an affine parameter, while V. is the
effective potential

Ezg¢¢ + 2€Eg,¢ + £2g"
91 Trp = Gu9rr I

Vegr = (AZ)

This expression is understood to be evaluated at 6 = /2.
Here £ and £ denote the conserved energy and angular
momentum of the particle, respectively.

The location of the circular photon orbits 7, together
with L£/&, are solutions of the equations

Veir(rir) = Vege(rir) = 0, (A3)

where the prime denotes derivation with respect to r. In
rotating spacetimes, Eq. (A3) admits two equatorial sol-
utions, corresponding to null particles whose angular
momentum is either aligned (prograde) or antialigned
(retrograde) with the BH spin. Since in the present work
we focus on modes with m = ¢ and positive BH spin, we
restrict our attention to the prograde orbit. In the following,
both in this Appendix and in the main text, the term “light
ring” will refer exclusively to this prograde orbit.

Within the eikonal approximation, the real part of the
QNM frequency is related to the orbital frequency of null
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FIG. 7. Plots of the absolute values of the relative deviations of the considered Kerr-Newman QNMs from Kerr results, shown as
functions of Q/M. Results of both real and imaginary parts are shown. For all figures, we fixed a/M = 0. Solid and dashed lines refer to
gravitational and scalar results, while the dot-dashed black line refers to eikonal ones. Shaded regions indicate bands around the
gravitational results for the real and imaginary parts; their widths are given by the right-hand-side of Eq. (3) with X = 4%.

particles at r = rg,

—~Fs + /9% — Gl
o_ Jot Iy w (Ad)

%545

0=n/2
I=ILR

Then, the real part of the QNM frequency reads as

The imaginary part of the QNM frequency is instead
determined by the Lyapunov exponent A, which quantifies
the instability timescale of the null orbit,

0=r/2

1 V//
A== eff
tV 2
F=rLR

_ E9pp + Ly

2

= , (A6)
G = 99
leading to
1

APPENDIX B: COMPARISON BETWEEN
SCALAR, GRAVITATIONAL AND EIKONAL
QNMS FOR A KERR-NEWMAN BH: RESULTS
AT DIFFERENT SPINS

Here we present complementary results to those dis-
cussed in Sec. II B by considering two additional values of
the dimensionless spin, namely a/M = 0 and a/M = 0.2.
The corresponding results are shown in Fig. 7 for the
nonrotating case and in Fig. 8 for a/M = 0.2, respectively.
Also for these values of a/M, we notice similar results as
those discussed in Sec. II B, with both the eikonal and
scalar predictions on deviations from Kerr being consistent
within the bands with gravitational results.

APPENDIX C: DETAILED CALCULATIONS OF
THE MODIFIED SCALAR TEUKOLSKY
EQUATIONS IN THE JOHANNSEN SPACETIME

We start from the Klein-Gordon equation (13), which,
after some calculations, can be written as

)y 1 p)
VA5, | \/As—=— A3, | +——0p |sin0———0,¥
SOV B e ]+sin9 "{Sm B(r.0)% }
a’Asin?0 — A2(r? + a?)> £
+
A B(r,0)
al(P +a*)A A, —A] =
A B(r,0)
A—d®Asin?0 £ Y 0
A B(r,0) sin’0

orY

-2

0,0,
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FIG. 8. Plots of the absolute values of the relative deviations of the considered Kerr-Newman QNMs from Kerr results, shown as

functions of Q/M. Results of both real and imaginary parts are shown. For all figures, we fixed a/M = 0.2. Solid and dashed lines refer
to gravitational and scalar results, while the dot-dashed black line refers to eikonal ones. Shaded regions indicate bands around the
gravitational results for the real and imaginary parts; their widths are given by the right-hand-side of Eq. (3) with X = 4%.

where we have defined

B(r,0) = (r* + a*)A| — aA, sin? 6. (C2)

Equation (C1) contains terms whose coefficients depend
purely on r or 6, as well as terms mixing the two variables,
which in general obstruct separability. The obstruction
originates from the factor £/ B(r, §). Therefore, separability
can be enforced by assuming that this quantity factorizes as

R(r)O(0).

| M
Il

(C3)

One can verify explicitly that, under this assumption, all r
and @ dependencies in (C1) can be consistently separated.

To determine the explicit form of R and O, we use (C3)
together with the definitions of B(r,6) (C3), and £ in
Eq. (9). This leads to

2+ f(r) + a*cos’0 = RO[(r* + a*)A, — a*A, sin® 4.
(C4)

Since the left-hand side does not contain mixed r-6 terms,
consistency requires ©(0) =1 and R = A,(r)~'. With
these identifications, Eq. (C4) yields the condition (15),
which coincides with the result obtained in Ref. [96].

Substituting Eq. (15) back into Eq. (C1), and multiplying
the resulting equation by A,, we obtain

VAs 1 .
Arn/A — Ao, ¥ —_— 600,V
2 56r|:A2 ar +Sin969<51n 0 )

2 2\2
+asinorw — ) 4 oy
al(r* + a*)A,A, — A 9
) 0,0, ¥
A Ry
2A2
—"A2a§}1’:0. (C5)

Upon inserting the separable ansatz (14), dividing by
R(r)S(0), and simplifying common factors, we arrive at

Ay\/As VAs 11 .
————29,| —=2 AR’ -——
R Or < A, + Ssin@ 9o sin 00,S)

(7‘2 + a2)2w2

— d’@* + a’w’cos’O + A A
2amw m> a’m?
- 2 DA A, — Al ———+—— A2 =0,

Each term now depends either on r or on @ only, allowing
the equation to be written schematically as

R(r)+7(0) =0. (Co6)
Consistency then requires
R(}") = Afm’ T(e) = _Afm’ (C7)

where A,,, is the separation constant. This procedure leads
directly to the angular and radial equations (16) and (17).
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FIG. 9. Real (top) and imaginary (bottom) parts of the QNM
frequencies for the Johannsen metric (8) with As = 1. The
frequencies are shown as functions of the dimensionless spin
a/M for different combinations of the deformation parameters
a3 and a,,. The corresponding Kerr scalar QNM frequencies are
shown for comparison (black dashed line). The blue shaded
regions indicate the +£4% and +10% bands around the Kerr
values for the real and imaginary parts, respectively.

APPENDIX D: QNMS IN THE JOHANNSEN
METRIC: A MULTIPARAMETER EXAMPLE

In the following, we investigate the impact on the QNM
frequencies of simultaneously varying multiple deforma-
tion parameters. Since our aim is to compare the effects of
these parameters on the ringdown and on the shadow, and
since we have shown that the parameter a5, does not affect
the location of the light ring and has a negligible impact on
the real part of the QNM frequencies of the Johannsen
metric (see Sec. IIIC3), we restrict our analysis to the
simultaneous variation of a;3 and ay,.

As representative cases, we consider combinations of
positive and negative values of the deformation parameters,
with magnitudes of order O(107!) and O(1), consistent

with the bounds discussed in Sec. I A 1 and Sec. IIT A 2.
The corresponding QNM frequencies are computed using
the numerical strategy described in Sec. IIIB2. The
resulting spectra are reported in Fig. 9. Overall, the
resulting behavior is consistent with and complements
the findings of Sec. Il C 1 and Sec. I C 2. In the main
text, we showed that varying a;; and a@,, individually
produces different trends in the QNM frequencies, depend-
ing on the sign of the corresponding deformation param-
eter. When both parameters are varied simultaneously, the
resulting curves display a superposition of the features
observed in the single-parameter cases. These effects are, as
expected, negligible when one parameter is 1 order of
magnitude smaller than the other, while more pronounced
combined effects emerge when both parameters are
of O(1).

The combined effects are particularly evident for the real
part of the frequencies. When a3 and a,, have the same
sign and are both of order O(1), the corresponding curves
remain close to the Kerr prediction. This behavior is
consistent with the opposite trends observed in the
single-parameter analysis. In particular, as discussed in
Sec. I C 1, increasing positive values of a3 shift the
curves toward smaller frequencies, while increasing neg-
ative values shift them toward larger frequencies.
Conversely, when only a,, is nonzero, the behavior is
reversed: increasingly positive (negative) values of a,,
shift the curves toward larger (smaller) frequencies.
Therefore, when a3 and «,, are varied simultaneously
with the same sign, their individual effects partially cancel
each other, leading to a reduced deviation from the Kerr
results.

When the two deformation parameters have opposite
signs, instead, their contributions generally reinforce each
other. In particular, when both parameters are of order
O(1), the combined effect can drive the curves outside the
adopted tolerance bands, excluding a larger region of the
parameter space compared to the cases where only one
deformation parameter is nonzero.

Analogous combined effects are observed for the imagi-
nary part of the frequencies, although with a different trend.
In this case, deformation parameters with the same sign
produce larger deviations than those obtained by varying
the parameters individually, whereas a partial cancellation
occurs for opposite relative signs. Overall, unlike the real
part of the frequencies, the net effect on the imaginary part
does not lead to substantial differences with respect to the
single-parameter analyses presented in Sec. IIIC 1 and
Sec. III C 2.
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