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Like general relativity, metric-affine gravity should be a viable effective quantum theory; otherwise, it is
a mathematical curiosity without physical application. Assuming a perturbative quantum field theory, the
universal, flat limit of metric-affine gravity offers a good foundation for model-building only when
symmetry constraints are themselves sufficient to get rid of ghosts and tachyons in the spectrum of
propagating particle states, without requiring any further tuning of the couplings. Using this symmetry-first
criterion, we find that for parity-preserving models with a totally symmetric distortion, only massless spin-
one and spin-three modes are possible besides the graviton. Moreover, no viable models result from gauge

symmetries generated by a scalar field.
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I. INTRODUCTION

A. Geometry vs physics

Metric-affine gravity (MAG) is a proposed model in
which the metric g,, and the connection A,” are treated as
two independent fields [1]. This leads to a richer spacetime
geometry than allowed in general relativity (GR), charac-
terized by curvature .7 , torsion 7 ,% and nonmetricity
Q- Tespectively, defined by the formulas

Fu o = 200440 o + Ay Ap,): (1a)
Tﬂau = 2AWa\zz]’ (lb)
Qﬂm/ = _0,19,“/ + 2A/1a(u\ga\u)' (IC)

The properties in Eqs. (1a) to (1¢) have a popular geometric
interpretation, which is illustrated in Fig. 1. GR is some-
times presented as an inherently geometric theory, a
viewpoint reinforced by its universal coupling to energy-
momentum. In light of this, the picture in Fig. 1 seems to
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suggest that F,” , 7,%, and Q,, constitute a more
general and natural set of building blocks of gravity. As
usually presented, however, this philosophy does not have
any grounding in actual physics, the laws of which are
completely insensitive to our geometric interpretation of the
fields. Moreover, unlike in the case of GR, it does not
constitute a particularly useful or constructive analogy. In
sharp contrast to the simple Einstein—Hilbert theory,
interactions described by the extended geometrical
Lagrangian typically lack protection against detuning
arising from quantum corrections.

B. A theory of matter, not gravity

To better illustrate the problem, we perform the field
reparametrization:
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FIG. 1. From Egq. (la), curvature F,,” rotates a vector after

parallel transport around a closed loop. From Eq. (1b), torsion
T,%, causes nonclosure of parallelograms formed from (infini-
tesimally) parallel-transported vectors. From Eq. (lc), nonme-
tricity @y, causes the evolution of vector length (norm) under

parallel transport.
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AP

K v = Fﬂpv + Kﬂpy’ (2)

where I)* = = ¢"*(0u9p)2 — 30:9,,) are the Christoffel
symbols of the Levi—Civita connection from GR, and
K ﬂ/’b is an independent, rank-three, tensor field called
the distortion. By plugging Eq. (2) into Eq. (1a), we obtain
(schematically, suppressing indices) the post-Riemannian
decomposition F ~R + 0K + K 2 where the textbook
Riemannian curvature is

R, =

W' = 20,17 + T’ T10%,)- (3)
Similarly, by plugging Eq. (2) into Egs. (1b) and (1c), we
get formulas of the form 7 ~ K and Q ~ K i.e., we find
that the torsion and nonmetricity are just different parts of
the distortion. Any Lagrangian built from F,,” , 7, , and
Q,w can be decomposed in this way. In other words, MAG
can always be described as the theory of a rank-three matter
field K7 , which is coupled (minimally or otherwise) to a
purely Riemannian theory of gravity, such as GR. The
mapping works both ways: any theory of a gravitating rank-
three field is also a theory of MAG. This realization is
important, because we have known for a long time that
rank-three fields do not offer the best foundation upon
which to build a quantum field theory (QFT), even in flat
space. It is especially hard to imagine how their various
problems might be resolved by coupling them to gravity:
this, in essence, is what the modern MAG project is trying
to do.

C. Too many particles

In a sufficiently flat spacetime, the field content of MAG
comprises a symmetric rank-two metric perturbation
h,, = Gu — 1> While the connection A””p is taken to be
inherently perturbative. The connection poses an immedi-
ate problem, because it carries so many particles. Recall the
definition of a massive particle from relativistic QFT, as a
state of definite spin J and parity p.! Denoting these states
by JE, where n allows for multiple degenerate representa-
tions, the massive little-group decomposition of the fields
yields [2,3]

A, ~3Te ey eeneneliel
dlieolieoL el ;1
@0 ®0; ®0f ®0; @07, (4a)

i ~ 2, ©17 © 05 @ 0. (4b)

'We consider parity-preserving theories, for which P will be a
quantum number. In general, however, physical states can
perfectly well be P-indefinite.

In the case of massless helicity states, the decomposition in
Egs. (4a) and (4b) becomes even more crowded. This
abundance of degrees of freedom (d.o.f.), whose healthy
propagation imposes contradictory requirements on the
couplings, frustrates the building of stable and predictive
quantum MAG models [4-10].

D. Too few symmetries

We know from other sectors of physics that the way to
consistently remove dangerous states is to impose gauge
invariance. In most of the modern literature, the basic
symmetry of MAG is taken to be the Diff(4) diffeo-
morphism invariance’:

8(h)y, = 0,8, + 0,8, + O(h), (5a)
6(A),f, = 0,0,& + O(A). (5b)

When consistently respected by all the nonlinear interaction
terms, Eqs. (5a) and (5b) keep at bay the lower-spin ghosts”
while preserving the unique healthy propagation of the
helicity-two graviton sector 2 in h,, [23-25]. The Diff(4)
gauge symmetry is, however, completely inadequate to
remove the unwanted states from A7 [26,27]. Countless
studies have been dedicated to the selection of ghost-

’In fact, MAG was properly motivated as a gauge theory of the
much larger rigid affine group T(4)xGL(4, R), the composition
of the four-dimensional translations T(4) with the general linear
transformations GL(4,R) [1,11,12]. The metric g,, and con-
nection A”” are, however, gauge-invariant variables with respect

to GL(4,R), such that only the T(4) symmetry remains visible,
being manifest geometrically as Diff(4) invariance. Something
similar happens in the gauge theory of the Poincaré group
T(4)xSO"(3, 1), for which the tetrad and the spin connection
gauge T(4) and SO (3, 1), respectively [13—15]. It is possible to
reformulate Poincaré gauge theory (PGT) in terms of g, and Aﬂ”p
subject to the condition Q,,, = 0 in Eq. (Ic) or, equivalently, in
terms of 7, . In these variables, it is local SO* (3, 1) invariance
which becomes hidden. In the absence of fermionic matter, whose
gravitational coupling requires tetrads, Diff(4)-PGT makes
precisely the same physical predictions as its more symmetric
progenitor theory. The same is true of MAG, which requires
special kinds of non-Dirac spinors [16-18]. In both PGT and
MAG, if the Diff(4) theory is sick, then the progenitor
T(4)xSO7"(3,1) or T(4)xGL(4,R) models cannot be healthy:
this is one basic motivation for working with the Diff(4)
formulations. Another motivation is that the Diff(4) formulations
offer a more familiar GR-type framework for developing the
QFT, though there is a risk of overlooking quantum anomalies.
One can take a step further back and view T(4)xSO™ (3, 1)-PGT
as a local gauge theory of the full conformal group C(3,1) in
scale-invariant variables: as shown in [19], this offers insights
into the Yang—Mills structure that may help to guide the QFT of
Diff (4)-PGT. Even if T(4)xGL(4,R)-MAG offers similar in-
sights, it appears to have been almost completely ignored in the
modern MAG literature. Thus, Diff (4)-MAG is the main focus of
thls paper.

Interestmgly, a smaller symmetry would also do; see [20-22].
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FIG. 2. Ghost-tachyon-free metric-affine gravity Lagrangians
are normally made from tuned admixtures of the scalar invariants
of the geometric tensors illustrated in Fig. 1. Such theories will
“detune” at the loop level, unless protected by symmetries
beyond Diff(4) diffeomorphism invariance.

tachyon-free MAG Lagrangians at the linear level
[2,3,26,28-71]. With very few exceptions [72], this has
been achieved by an arbitrary tuning of the couplings,
not by the imposition of additional symmetries. As illus-
trated in Fig. 2, we will argue that this approach leads
to fatal consequences stemming from the interacting
QFT. Interactions have always caused problems in MAG
and related non-Riemannian theories, but these were
so-far mostly studied in the context of classical field
theory [33,68,73-97], in the form of the strong coupling
problem [see e.g., [85-87,91,95,98-102]] and broken
“accidental” symmetries [32,33,96,103—114] [see also
[9,29,30,33,34,45,53,65,115-118] ]. What, then, are the
quantum implications of interactions? A general answer
to this question, about the systematics of renormalization, is
already well developed in the form of effective field theory
(EFT). In turn, EFT methods tell us that symmetries
should be the guiding principle for model-building. The
popular Diff(4) version of MAG introduces many new
d.o.f., but it runs into trouble because it does not “pay for
them” with additional symmetries. We already demon-
strated that Diff(4)-MAG is really nothing more than a
theory of higher-rank matter coupled to a Riemannian
gravity theory. For this Riemannian sector, GR itself
provides the “gold standard” foundation upon which to
build a gravitational EFT [119]. Most Diff(4)-MAG
models in the literature contain a copy of GR embedded
within the metric-affine Einstein—Hilbert term L ~ F,
though this operator is not motivated by EFT principles,
as we will now see.

E. Einstein—Hilbert appropriation

Models of the form £L~F or L~F +7T2+ Q% are
similar to GR: in the absence of matter, the distortion
integrates out as a nondynamical field, leaving behind the
unique model of pure GR, which is defined as £ ~ R. With
matter, this same process leads to effective interactions
whose effects are explored in e.g. [120,121]. This model-
building approach sounds compelling, but there are impor-
tant differences in predictivity and physical motivation
between GR, for which £ ~ R, and the Einstein—Hilbert
action £ ~ F in Diff(4)-MAG. As mentioned above, the
latter is sometimes put forward as a theory of gravity (when
assuming Q=0 this corresponds to FEinstein—Cartan
theory). Unlike for GR, however, £ ~ F is posited purely
on the geometric grounds of Fig. 1 and cannot be justified
by any EFT principle; even the so-called projective
symmetry of £ ~ F is not strong enough to make it unique
at the lowest derivative order [72]. This contrasts strongly
with GR: while geometric principles akin to Fig. 1
undoubtedly served as Einstein’s original inspiration
[122-126], the essential (i.e. physically significant)
aspect that was understood much later is that £~ TR is
the unique low-energy limit of Diff(4) gauge theory as an
EFT [23-25,127].* Because they lack an EFT basis, it is
unclear how Einstein—Hilbert-type Diff(4)-MAG theories
can be truly predictive, though they have the advantage
of being extremely simple in terms of classical
manipulations.

F. Validity of effective field theory

Working still in the geometric basis of operators from
Fig. 1, the real problems of inconsistent spectra only arise
when extending the Einstein—Hilbert term to models of the
form £ ~ F + F? + T2 + Q. These problems should be
resolved by EFT methods. From the outset, it is natural to
ask whether EFT principles, familiar from the standard
model effective field theory (SMEFT) of particle physics,
can be safely applied to gravity without special care or
modification to the physics. The answer is affirmative.
Indeed, when applied to “gravity proper’—i.e. to GR—the
EFT framework known as GREFT is well established and
highly regarded [138-141]. A central tenet of GREFT is
that the masslessness of the graviton is protected by
gauge invariance at all orders of perturbation theory.
Thus, the lowest energy at which GREFT becomes

“The quantum ramifications are best known from the works of
Donoghue; see [119]. The Diff(4) bootstrap was developed by
Deser; see discussions of potential ambiguity in this bootstrap-
ping process in [128], apparently resolved in [129], with attempts
to extend it to MAG in [130].

Note however that one serious branch of the literature does
put Einstein—Hilbert-type models forwards as consistent quantum
theories; see [120,121,131-135], and recent progress in
[136,137]. The status of such models as infrared foundations
will be investigated elsewhere.
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applicable is already zero, and the theory is expected to
remain perturbative all the way up to the Planck scale at
Mp, ~ 10'° GeV. This is as well, because the characteristic
energy at which we study gravitational physics is very tiny:
gravitational wave astronomy has so far been commonly
conducted at up to ~10% Hz, which by loose analogy to
collider physics translates to /s ~ 1072 eV.® So much for
GR: what about new d.o.f. that might accompany a
modified gravity model such as MAG? Observational
constraints dictate that any such species cannot be massless
in the same way as the graviton, so their inclusion in a
phenomenologically useful EFT of MAG is expected to
only become distinguishable from GREFT above some
threshold energy, whose value depends on the ultraviolet
(UV) completion and is connected to the propagation of the
new d.o.f. The crucial point, however, is that the symmetric
model-building paradigm of EFT is already mandated long
before any such threshold energy has been specified. This is
reflected in the developmental history of the standard
model of particle physics, which ab initio lacks any
reference to such a threshold scale in its symmetry-derived
base formulation—its infrared (IR) foundation. The sym-
metric IR foundation is a necessary first step in developing
the full standard model, in which scales are acquired
through various quantum mechanisms such as quark
confinement, and chiral/electroweak symmetry breaking.
Despite the name of the latter, all such processes are
fundamentally covariant. Indeed, it is a champion result of
theoretical physics that the full standard model, complete
with scales, remains renormalizable precisely because the
symmetries of the IR foundation and its Becchi-Rouet-
Stora-Tyutin (BRST) identities remain intact. Such effects
do alter the true low-energy d.o.f., and these call for a
second round of “phenomenological” EFT model-building
in order to be studied. This two-step process has been
hugely successful, and we suggest that it tells us what we
can reasonably expect from MAG. Using EFT principles,
we will therefore not be surprised to find that all the IR
foundations of MAG (we show that there are several)
feature new low-energy d.o.f. that are exclusively massless,
just like the graviton itself. And yet, this tells us very little
about the new polarisations that we might expect to see in
gravitational wave astronomy, and absolutely nothing
about the threshold energy at which we might expect to
see them. The theoretical development of MAG in general
and the problem of the mass acquisition of MAG in
particular are nowhere near advanced enough for such
predictions to be made. Indeed, serious EFT-based endeav-
ours in the theoretical development of MAG have only
recently been revived by a subset of authors [67,142-146],
and it is in this spirit that we try to proceed.

®0f course /s has no meaningful interpretation here in terms
of a scattering of quanta, but the separation of scales is numeri-
cally valid.

G. In this work

We restrict our analysis in two ways. Firstly, we consider
the special case of MAG in which the distortion defined in
Eq. (2) is fully symmetric’:

Kuvp = Kuwp)- (6)

From Eq. (1b), the restriction in Eq. (6) implies 7 ,* =0
by construction. The spacetime thus has curvature and
(somewhat restricted) nonmetricity, but no torsion.
Secondly, we consider only parity-preserving models.
This limitation has no physical grounding (we know
already that parity is maximally violated in the weak
sector, and there are no phenomenological reasons to
expect parity-preservation in gravity), so like Eq. (6) it
just serves to simplify the initial analysis. Our objective is
to identify the possible quantum foundations for MAG, by
searching for models whose freedom from ghosts and
tachyons is fully guaranteed by symmetries, rather than by
the tuning of couplings. For a preliminary analysis, we
make the restriction to so-called free symmetries, whose
generators are (possibly symmetrized) tensor fields without
extra constraints such as having vanishing divergence (this
condition will be motivated in Sec. III). We find two such
quantum configurations, each propagating a single mass-
less mode of different spin:

(1) Spin-one: In order to propagate a QED-type mass-
less vector, it seems natural to use a scalar symmetry
generator. We find, however, that scalar generators
lead only to sick models, and a tensor generator is
instead required. The nonlinear completion of the
theory corresponds to the well-known operator
which is the square of the homothetic curvature.

(2) Spin three: Our algorithm leads us by five different
paths to Fronsdal theory. Four of these paths arise
from considering tensor generators, consistent with
the usual traceless rank-two Fronsdal generator. The
fifth route arises, somewhat unusually, from con-
sidering a vector generator.

The paper is set out as follows. In Sec. II we motivate the
symmetry-first approach with a pedagogical discussion of
EFT, making the connection to gravity clear. The algorithm
used is presented in Sec. III; in particular we motivate our
Ansatz for the subsequent analysis, which we give in
Eq. (22). The results are presented in Sec. IV. In Sec. V
we summarize our conclusions, in particular reiterating
how (as argued above) the masslessness of the new species
is not an important phenomenological quality at this
nascent stage in the development of MAG as a theory of
physics. Thus, the major science products are the classi-
fication of the IR foundations, their naive spectra and
symmetries.

Seee. g. [147] for an example of where this restriction is also
made, with analogies being drawn to statistical manifolds.

044032-4



CAN METRIC-AFFINE GRAVITY BE SAVED?

PHYS. REV. D 112, 044032 (2025)

H. Conventions

We adopt natural units in which #=c =1, and the
particle physics signature (+,—, —, —). As far as possible
we adhere to the MAG conventions set out in [2].

II. EFFECTIVE FIELD THEORY

A. General idea

In this section we examine the assumptions that must be
made about MAG as an EFT. EFT methods have shaped
our understanding of how physical scales and quantum
fluctuations organize in manifesting scale-decoupling, and
the causal and local phenomenology [148-159]. The term
“effective” implies the ability to draw unambiguous and
universal predictions. EFTs extend our domain of predic-
tive field models to include, on top of the power-counting
renormalizable sector £,4, an infinite tower of operators
with increasing mass dimension:

(3)i01(n)
An—4 ’ (7)

L= [:}154 + iz
n=5 i

where {(&)i} are dimensionless couplings® with i labeling
multiple operators of given mass dimension n (if any). The
constant A is a cutoff scale, assumed to be larger than the
experimental energy E we wish to probe. The inclusive
appearance of Eq. (7) can deceive one into thinking that
EFTs are simply defined by not being power-counting
renormalizable: this is not the case. Indeed, as shown for
instance in [160], the operators in all parts of Eq. (7) are
strongly constrained so as to support a sensible perturbative
expansion.

B. Strictly renormalizable theories

In a strictly renormalizable theory we are limited in
Eq. (7) to L,,<4, along with propagators behaving as 1/k? in
the large momentum limit. A small-coupling perturbative
expansion is performed in parallel with an expansion in an
increasing number of loops. Confronted with an exper-
imental determination of given precision Ag,, the theorist
must provide predictions with a theoretical error
A1, < Ag,. Loops enter as soon as Ag, is sufficiently
small, resulting in an unphysical dependence on the
unknown UV behavior. A small collection of low energy
constants (LECs) is then required to conceal this depend-
ence through a procedure of matching against experimental
measurements [154].

C. Yukawa theory

We illustrate this with Yukawa theory, taking {(Z) i} as
notation for the set of couplings in Eq. (7). We consider a

¥We will replace a with a new symbol for each specific theory.

2
scalar boson @ of square mass (1/>A2, and a Dirac fermion y
3
of mass (1/>A, coupled by a simple Yukawa-type interaction

4
with dimensionless coupling <1/>, such that’

2 3 4
L = 0,000 — Do + gy - Vagy + Vowy. (8)

We consider the paradigmatic decay of the scalar into a
lighter fermion-antifermion pair, as measured by a precise-
enough experiment that its modelling with Eq. (8) requires
loop correction. A schematic representation of the
components of the corrected amplitude components is as
follows:

(8

() (0 (0
v 5V %+log(2—§)+...

To render calculations finite, the spacetime is shifted away
from four dimensions by a small regulator ¢, and powers of
the fiducial renormalization scale u are simultaneously
introduced in order to maintain dimensional consistency.

4
The coupling (1/> runs so as to cancel the unphysical

dependence of the prediction on x, and it is also shifted
4
by a counterterm 5(1/), which absorbs the 1/¢ divergence as

the regulator is removed. In this simple example, (zi) is the
LEC to be fixed with a direct comparison with the
experiment. It is a highly nontrivial result that models
exist requiring only a finite number of LECs and so a finite
number of experimental inputs. Once the LECs are deter-
mined, every other independent process belongs to the
predictions of the theory. Faced with increasingly smaller
Ag,, one needs only to recompute the LECs to higher
loop order.

D. Generally renormalizable theories

The inclusion of operators of mass dimension greater
than four, the default scenario for gravitational theories,
appears to threaten predictivity. These operators lead to
more strongly divergent loop integrals. The counterterms
required to absorb these divergences can only come from
operators of yet higher mass dimension. Consequently,
starting with a restricted set {Oén)}, one is compelled to

’In principle, the kinetic interactions in Eq. (8) could also be
parameterized by couplings, but we absorb these canonically into
field normalizations.
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include an infinite tower of them, parametrized by infinitely
many couplings as in Eq. (7). This procedure “closes” in a
consistent manner only when all the operators are subject to
symmetry constraints, resulting in a generally renormaliz-
able theory [150,153,154,160—165]. We can truncate this
infinite tower, so long as we maintain control over the
neglected part by using a double perturbative expansion in

{(gv) .} and E/A. The theory truncated at order n can be used
to model experiments for which (E/A)"* ~ Ag,.
Predictivity is thus restored until £ approaches A, where
perturbativity breaks down and new d.o.f. are expected to
shape the dynamics.

E. Chiral perturbation theory

To clarify the differences between strictly and generally
renormalizable theories, we consider pions. These have
been used as gravity analogues previously [157], but the
results were not previously presented in the modern dimen-
sional regularization scheme, which we use here.'° A triplet
of pion fields 7 = (7, 75, 73) can be used to describe the
propagating massless Goldstone bosons which survive
spontaneous breaking of the (chiral, in its action over
fermion states) symmetry SU(2); x SU(2)g. Using a

notation {(;?,} for the set of couplings, the chiral
Lagrangian is written:

(8)
(4) = s ){ - - - h=d
L= yD,z-D'z+ A_‘: (D,z-D'z)(D,z - D*x)
(8)
+22(D,7 D7) (D' - D7) + ..., 9)

where the derivative is defined as''

9,7
1 +7-7/A*

D7 (10)

and the cutoff A ~ 10> MeV is set by pion decay. The series
in Eq. (9) continues at nth order in D, with coefficients

10Gee [27] for a similar example case of Abelian vector EFTs.

""The structure of this chiral-covariant derivative is motivated
in [166]. The components ¥; in some representation of a chiral-
covariant field ¥ transform under the axial generators X, of
SU(2), x SUQR)x as [X,, Wi| = —€ape(n”/A)15,¥;, with 1€
being the components of a Hermitian matrix defining the
representation of ¥ and z¢ being the components of 7. Invariants
can then be built via standard index contraction and conjugate
transposition of these ¥; components. The pions themselves are
not chiral-covariant: their nonlinear transformations follow
(X, mp) = —iAG (1 = 7 - T/ A?)8,p + 7o,/ A*). The point of
Eq. (10) is to nonlinearly combine the pions so as to form a
chiral-covariant object D, 7 in the 1), = —ie“ . representation—
albeit one with an extra spacetime index that must be contracted
away when constructing Lorentz-scalar operators.

{()?)i /A"*}, subject to the only constraint that chiral
symmetry is imposed at each order. Consider the pion-
pion scattering amplitude at tree level:

Th Te

Mg T

From Eq. (9), this has the contributions in terms of
Mandelstam variables s, ¢, and u:

MO = (1/9202)[5,,5.414% (s — 1 = u)
- (23§)1/A2)s(t +u) - ((;8()2/A2)(s(t +u) + 2tu)]
~ Gudpel 47 (5 1= w) + 271/ Au(s +1)
1+ (a0 251 4 su+ 1)) = 808,45 (5 — 1+ )

8 8
271 /A i(s 4 u) + (72 A (st + 2su+ 1)),
(11)
It is evident from Eq. (11) that the leading-order effects

4
depend only on ()(), so the theory is predictive up to
O(E?/A?). For smaller Ap, one admits the one-loop
corrections:

Ty Te 7Tb,~ _y7Tc 7'('1),~ Te
KU ’ ) = : - LA N '
{y W

_____ ) . “
Ta Ta To T 4

The dominant part of the vertex also dominates in the loop.
Computing the relevant integrals, and expanding the two-
point Passarino—Veltman scalar function [see [167-173]]
in terms of the regulator ¢, leads to

ML = (1737260 20N [5,,8.4l=55(t + 1) + 322

= 2tu + 3u] + 5,440 [35* — Su(s +1)

— 25t + 31?] + 8,400pq[35% — S5t — 25U

—5tu+ 3u®]] + O(E®/AS). (12)
It is clear from the quadratic dependence on the
Mandelstam variables in Eq. (12) that, while the main

o L @ .
contribution to the scattering is defined by y/, its correc-
tions cannot be renormalized through a rescaling
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of the same parameter. This role is instead played

by {()i?i}, and a close comparison of Egs. (11) and (12)

shows that the infinity can be absorbed by the
counterterms
®) 2 (®) 4
oy1=—-, OYr=—5 13
X1 3n-¢e £2 37%e (13)

Thus, decreasing Ag, requires the continuous introduction

of new LECs such as {g?,-}, which must themselves be
supported by further independent experimental inputs.
Only if all chirally symmetric operators are included in
Eq. (9), can we be sure that we have a counterterm for each

divergence. Interestingly, however, the new LECs {()?,»} do
not determine the non-analytic part of the scattering
amplitude, which encodes a purely quantum effect through
the branch-cut singularities:

MUK, = (2/372 2 [6,80435 log (—2/5) + (5 +20)[(s + 1) log (4/ (s + 1)) + tlog (—2/1)]]
+ Baabpel(s — 1)[slog (—p2/s) — tlog (—u2/1)] + 3(s + )2 log (42/(s + 1))]
+ 8,0pal3t2 log (=2 /1) + s(25 + ) log (=2 /s) + (s + 1)(2s + £) log (1*/ (s + 1))]]. (14)

The singular behavior of Eq. (14) describes the universal
low-energy part of the scattering process. As stressed
in [157], it is separated from the unknown high-energy
completion and can be inferred by the general constraints of
analyticity, causality and chiral symmetry. Low-energy
theorems such as Eq. (14) are a major phenomenological
product of EFTs.

F. General relativity

Chiral perturbation theory is closely analogous to the
EFT extension of GR [138-141]. The latter fits perfectly
into Eq. (7), though it is easiest to see this by first rescaling
the fields. In particular, the metric perturbation A, intro-
duced in Eq. (4b) is dimensionless, consistent with the
usual treatments in linear gravity and cosmological

|

[
perturbation theory; in EFT terms, however, a propagating
bosonic field such as the graviton should really have an
engineering dimension of one. Thus, working in the
standard perturbation scheme defined by

G = Ny + h/lw g =" - "+ O(hz)’ (15)

we introduce a canonically rescaled field
H,, =Ah,, (16)

where the cutoff scale A~ 10" GeV is proportional to
Planck mass. Under the scheme in Eq. (15) and in terms of
the rescaled field in Eq. (16), the Einstein—Hilbert oper-
ator reads

1 1 1
VIR = 4 [0,04H* — 0,0°H] + " {H“/’aaaﬂH — H*0,0,H%« — A 0yHV'H — 0,H" 0, H,

1 1 1
+ 0’Ho,H}, — H 9,0, H; + EHéﬁa){Hﬂ* + H9,0'H ;5 — 5 Ho,0H — EaﬂHaXaﬂfHaﬂ

3

By comparing Eq. (17) with Eq. (10), we see how the
gauge-covariant kinetic operators both in chiral perturba-
tion theory and in GR entail an infinite tower of corrections
at higher orders in the field. The first two terms in Eq. (17)
arise because the Riemannian curvature is linear in the
metric perturbation at lowest order. This observation will
become important presently in the EFT of GR, and later on
in the EFT of MAG. For the moment, focussing only on the
Einstein—Hilbert operator, these first two terms can be
discarded as total derivatives that contribute only to the

(17)

I
physics on the boundary. The first physical terms in
Eq. (17) therefore turn out to be the marginal kinetic
operators of gravity, which form the quadratic Lagrangian
of massless Fierz—Pauli theory. Classically, the higher-
order corrections to Eq. (17) constitute the non-linear
completion of Fierz—Pauli theory under Diff(4) invariance
with two derivatives, which is unique [23-25,127,129]. At
the quantum level, however, the EFT of GR additionally
continues at higher derivative order. Taking the notation

{SZ),} for the set of couplings, the EFT of GR begins as
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(6)
) Y w
L= w/—g[y (A’R) + A_zl (A’R,,R™)

(6)

+%(A2R2)+ } (18)

where we use extra parentheses to indicate how powers of A
must be absorbed to form each of the {Oén) }+. Asexpected, the
first operator in Eq. (18) is of the type {(’)’( 4} given in
Eq. (17); its uniqueness follows from Lovelock’s theorem.'?
Of course, the series in Eq. (17) includes infinitely many

nonlinear {(’)En> 4} operators at cubic and higher order in

4
H,,, but their coefficients are all determined by (}/). The fact
that the first independent corrections are of the type {(’)E@}

rather than {(’)28) } is due to the part of the Riemann curvature

which is linear in H . Every operator must appear in Eq. (18)
which is consistent with the guiding Diff(4) symmetry: for
example, the possible third {(926)} operator R,,,,,,R**? is
only eliminated by the Gauss—Bonnet identity. Unlike for the
case of chiral perturbation theory, GR has the property that

6
{(y>i} are needed at one-loop only if matter is present: the
renormalization of pure gravity begins at two-loops [174—
178]. Note that the {Oég) } corrections, which are not shown in

Eg. (18), are inherently nonlinear, being cubic in H,, even at
lowest order: these do not contribute to the quadratic theory at
all. We shall see in the case of MAG that inherently nonlinear
operators enter in already at marginal derivative order.

G. Negative consequences

Both the pion model and GR clearly demonstrate that
accessing the main virtues of the EFT approach funda-
mentally requires including all operators permitted by the
defining symmetry. Arbitrarily selecting or omitting oper-
ators, on top of leading to inconsistencies when construct-
ing a reliable perturbative expansion, undermines the
central objective of EFT, namely, to achieve sufficient
generality to fully capture the universal infrared (IR)
behavior of the candidate UV-completion. The complete
inclusion of all the permitted operators and the parallel
expansion in E/A successfully tames another fatal char-
acteristic of arbitrarily tuned modes: that of radiative
instability. Quadratic operators with higher-derivative
order, like the { Oéé)} operators in Eq. (18), are well known

to introduce new ghost-like d.o.f. whose mass is propor-
tional to A. Nevertheless, the stabilizing symmetry auto-
matically pushes such poles outside the region of
perturbative validity of the defining EFT expansion in
E/A. As a result, the corresponding propagating d.o.f. are

Zwe neglect the cosmological constant, which is not relevant
to the present discussion.

understood to be heavy truncation artifacts [27,179]. In the
absence of a stabilizing symmetry, new quadratic operators
may be generated with the same number of derivatives as
the tree-level starting Lagrangian: these propagate light
states, which cannot be ignored.13 New light states are
especially dangerous to MAG, whose rich tree-level spec-
trum is a fertile ground for ghosts and tachyons. Without
considering any quantum effects, it is already well known
that the parameters of the generic MAG Lagrangian must
be very finely tuned to prevent almost all of the d.o.f. in
Eq. (4a) from propagating. Barring miraculous cancella-
tions, it then seems somewhat likely that new physical
d.o.f. would tend to breach the finely tuned unitarity of the
tree-level Lagrangian [26,27]. To summarize, the very
nature of metric-affine gravity actually makes the EFT
approach more necessary than ever. Based on these con-
siderations, we will next see in Sec. III how these principles
can be applied to responsible model-building in the metric-
affine context.

III. THE ALGORITHM

A. General Lagrangian

In Sec. II we emphasised how the small collection of
fundamental theories that are actually realized in nature
(as opposed to those which have only been proposed or
speculated about) all have their place as EFTs. The EFT
status applies even to GR, and we will now see whether it
can be applied also to MAG. The field reparametrization in
Eq. (2) shifts the affine or Palatini basis {g,,.A,” } into the
post-Riemann basis {g,,,K,” }. As emphasised in Sec. I,
this change of variables is fully invertible, and thus has no
impact on the physical content of the theory. In the post-
Riemannian variables, the quantities defined in Egs. (1a)
to (Ic) are redefined:

Ful s =Rl y + 200K, +Tyf Ky,

+ Koy, + Kb Ky ®,). (19a)
Tﬂay = 2K[/4|a|b]’ (19b)
Q/lmz = 2Kla(ﬂ\ga|u)v (19(:)

where in Eq. (19a) the standard Riemann curvature tensor
was introduced in Eq. (3). The kinematic restriction in
Eq. (6) evidently eliminates Eq. (19b). With this restriction,
the derivative expansion of the most general parity-pre-
serving Lagrangian, restricted only by Diff(4) invariance

and with the notation {(1’? i} for the couplings, is given by

YNote that there have been some proposals for removing
unwanted (Ostrogradsky-unstable) modes from gravitational the-
ories at the quantum level [180-184]. See also [185] for a novel
approach to removing spurious d.o.f in the canonical framework.
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)

@) 2 ) (4)
L=/=g| K NK,, K" + K2A2K§§/’K/ﬁ){ + k1 VK2 VIK® P 4 K,V Ky VIK P

4 4 4
+ (K)3VaK“/’ZV§KﬂZ‘S + (K)4V1K“aﬁV5Kﬂf + (K)7V5K

) )

K1 K2
+ T (AR’”’VDKI/}/)) + 7

with V, being the covariant derivative constructed from the
Levi-Civita connection F””p, and where we notice the

obvious parallels between Eqgs. (18) and (20). As with
Eq. (18), we use extra parentheses to indicate how powers
of A must be absorbed to form each {(’)’('n) }. Moreover, we

also omit from Eq. (20) a somewhat large collection of
possible lower-derivative operators which are inherently
non-linear in the perturbed fields, such as the {O[,}

operators which are quartic in K,”, and which cannot
yet be excluded on any physical grounds. The point is that
these operators are not part of the quadratic sector of MAG.
This quadratic sector must be healthy without nonlinear
effects if MAG is to be a perturbative QFT, and quadratic
health is already a big enough challenge for standalone
investigation. As with the EFT of GR, (20) includes higher-
derivative operators which are quadratic in the curvature.
Recall that, in the GR case, these operators generally bring
in new ghostlike d.o.f., but that the EFT interpretation
allows us to discard these as heavy truncation artefacts. The
format of Eq. (20) splendidly illustrates our point from
Sec. I that the Diff(4)-type version of MAG (the common
interpretation in the modern literature) is really just a theory
of matter coupled (non)minimally to Riemannian gravity,
as we shall now see.

B. Choice of Lagrangian

By focusing on the quadratic sector of MAG as in
Eq. (20), we observe that the only quadratic mixing
between H,, and K, arises through the couplings

{<15<>,~}. In EFT terms, this indicates that such mixing first
emerges at mass dimension five and at the level of three-
derivative operators, making it subdominant compared to
the allowed two-derivative, dimension-four operators. This
aspect is most apparent when the gravitational fields are
expressed (as here) in their physically meaningful engineer-
ing dimensions using Eq. (16) such that, schematically,

AR ~ HOH ~ Ol (21a)
ARVK ~ PHOK ~ Ol . (21b)
NR? ~ PHOPH ~ Ol . (21c)

4
aﬁZV‘SKaﬂ)( + (K')S

(6) (6)

(A’R)

(ARV,KH ¥) + % (AR, R™) + % (AR?) + ..., (20)

|

The fact that H,, is of mass-dimension one is not a
convention: it is a physical necessity following from its
identity as a propagating bosonic field. The EFT framework
therefore justifies, at the dominant quadratic order in
perturbed fields, a decoupled analysis limited to the
distortion terms in Eq. (20). In other words, the gravita-
tional sector completely falls away, and we are left with the
pure matter theory. This deals with the gravitational
dynamics; to deal with the background we select
Minkowski spacetime, as it is the background relevant to
high-energy scattering. Regardless of energy scales, unitary
and causal propagation on flat spacetime is likely to be a
necessary condition for physicality.14 Consequently, with-
out loss of generality, our analysis will focus on the flat
limit of Eq. (20), specifically within the decoupled sector
involving the distortion tensor:

@) @ 2
L= K| NK,, K™ + 0, NK Ky

4 4
+ (K>16/}KX‘S§&1’K”&/3 + (K>201K/}55‘}¥K"aﬁ

4 4
+ (K>3aaKaﬂxaéK,,f 4+ 40°K* P 05K 5,°
4
+ (K)705Kaﬁxa51<“/f%. (22)

The quadratic theory in Eq. (22), set up on Minkowski
spacetime, is essentially analogous to the general quadratic
Ansatz that one can set up in H . From the H,, -Ansarz, the
tuned Fierz—Pauli theory in Eq. (17) emerges as the unique
two-derivative Diff(4)-invariant model, from which one
can bootstrap the whole non-inear Einstein—Hilbert
Lagrangian [23-25,127,129]. We want to look for similar
symmetric foundations within Eq. (22).

C. Nonlinear symmetries

We now consider the general relationship between
interactions and symmetries [187—192] in order to highlight

14Similarly, acausal propagation in an electromagnetic back-
ground disposes of theories with healthy Minkowskian propa-
gation [186]. While we put forward the Minkowski background
as being the most relevant, we note that there is growing literature
on alternatives, such as (anti-)de Sitter. See for example [68] and
references therein for applications in metric-affine theory, and
also the series in [113,114].
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the pivotal, defining role played by the quadratic sector. We
emphasise that the following structure is general, and
independent of the specific non-linear realisation that
completes Eq. (22). The action S = [ d*xL corresponding
to the full nonlinear completion of the Lagrangian Eq. (22)
can be obtained as a series by introducing a perturbative
parameter ¢ [188] [see [129] for this formalism in the
gravity sector]:

S[K] = io: 8”8(,1) [’C],

swmy—lFi&&ﬂ ke =lke (@3

= n
n! |de e—0 €

where S(,)[K] is exclusively nth order in I, . The fact that

the series in Eq. (23) starts with the quadratic part is a
consequence of the Minkowski K,; =0 background
being a solution of the equations of motion. Similarly,
the nonlinear completion of the gauge transformation takes

the form

[Se]

6(K)a/j;( = Z 8n5(n)(lc)aﬁ;(’
n=0
S (K _ 12 o(ek 24
(n)( )aﬂ){za ﬁ (8 )aﬂ){ g:O. ( )

When Eq. (24) is substituted into Eq. (23), the symmetry is
realized order-by-order in an infinite perturbative hierarchy
of exact equations:

5(0) (8(2)) = 0, (25&)
5(1)(8(2)) + 5(()) (S(;)) =0, (25b)
52)(S(2)) + 61 (S3)) +(0)(Sw)) =0, (25¢)
Z 5(m) (S(tl+2—m)) =0, nz2 (25d)
m=0

The first equation in Eq. (25a) is an identity, not a
constraint: it is the foundation of the nonlinear completion
of the gauge symmetry—assuming that such a non-linear
completion exists at all [190,193]. Accordingly, we will
focus on identifying such exact foundations at quad-
ratic order.

D. Unfree symmetries

As illustrated in Eq. (4a), a rank three field contains
many independent J¥ states. It is in principle possible to
introduce a symmetry corresponding to the removal of an
individual J£ sector, independently of all the others. This,
however, has certain consequences. Given a Lorentz-
covariant generator field, the process of extracting specific

JP components requires the use of the orthonormal
projectors

0,0 a,0"
ey =4, - aﬂaa , Q= aﬂa”’ (26)

respectively for the transverse and longitudinal parts.
Notice how the projectors in Eq. (26) are both inherently
nonlocal: to restore locality in a J%-projector, i.e. a
polynomial in the ©7, and €2, one must multiply by some
adequate power of 0d,. The consequence of this procedure
is a transformation law featuring multiple derivatives acting
on the unconstrained generator field. In general, each
higher-derivative gauge symmetry written in terms of an
unconstrained generator can be written in terms of a lower-
derivative gauge symmetry acting on a constrained gen-
erator [194—199]. Constrained or un-free symmetries are
ubiquitous in higher-spin theories, and are an active area of
research. A prominent example is unimodular gravity,
which features a reduced symmetry compared to the
Diff(4) invariance of GR [21,200-203]. Specifically, it
is invariant only under volume-preserving coordinate trans-
formations, generated by transverse diffeomorphisms such
that Eq. (5a) is replaced by

8(h),, = 0,&0 + 0,60 + O(h), (27)

where the transverse generator SE is defined in terms of the
unconstrained generator &, as

55 =0, = 0"53 =0, (28)

such that Eq. (28) implies a constraint. The symmetry in
Eq. (27) can be reformulated in terms of an unconstrained
generator with a minimal power of extra derivatives, for
instance

Eh = "S-

Unlike their unconstrained counterparts, constrained gauge
symmetries necessitate a significantly more involved quan-
tization procedure and recursive gauge-fixing process,
giving rise to the “ghosts of ghosts” scenario characteristic
of reducible symmetries [204-207]. Additionally, the
modified Noether identity introduces several field-depen-
dent on-shell constants, whose dynamical interpretation
remains unclear [195].

E. Choice of symmetries

Following from the considerations above, we admit three
possible kinds of free, linear symmetries:

6(0)(K)a/};( = tZaﬁaaa)(‘f +r (nxﬁaaé + nlaaﬁg + na/}aj(g)’
(29a)
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5(0)<K)aﬂ;( = 15(1,40500E° + 11,00505E° + 11,5050,£°) 5(0)(1()(1/;;( = r1(11,50584" + 1,a0565° + Nap0sE,°)
+ I3 (aaa)(é[i + aﬂaaé;( + a/}a)(fa) + rZ(’/I)(/faagéé + nxaaﬂfaé + naﬂa;(géé)
+ r (gxnaﬁ + gﬁ”)(a + éa’?){ﬂ% (29b) + r3(aa§)(ﬁ + aﬂf){a + a;(gaﬁ)ﬂ (29C)

TABLE I. Output generated by pPsaLTer. The field kinematics of the totally symmetric distortion defined in Eq. (6). These definitions
are used in Figs. 3—8. Note that the collection of J©-states is substantially more limited than that given in Eq. (4a) due to the condition of
total symmetry. The unit-time-like vector is n, = k,/\/k"k,, where k, is the massive particle four-momentum.

Fundamental field Symmetries Decomposition into SO(3) irrep(s) Source

K

afy ICa}(ﬂ == ’szﬂ;( & &’Cﬁax = ’szﬂ;( Kgl apy + %Uﬁ){’c?g a + 15 nax’C Jaﬁ)(
+ %naﬂlcl r T3 9 ”ﬂz’c#z +3 K#‘ Br'la
+ %’711;(’(:#%’7/} + 1 KA g — 15 /Cl— AMallp
+3K el + $na5K8n,
+3 K5 oo, — 15 KB pat, + 3 K3 gty
1 IC]* ar]/}’/l,y + %K:;‘I#1 a’?/ﬂ?;(
- %/C‘o*? Nty + Kb nangn,

SO(@3) irrep Symmetries Expansion in terms Source SO(3) irrep
of the fundamental field

,Cgi (None) ICaﬁ)(”/arlﬂ 1w J 31

K2 (None) 3K sn® — 3K g™l J

K, (None) 3Kap 1 = 3K oot nin® NALH

K2, (None) 3K J

—3](:/}){1?]0,17[3 - 3’Caﬁ)(’7ﬁ’7)(
+3K s sna i n°
Y o AL g == K8 4 B up ¥ — NapkC, 2 s + K 5'7(177/”7)( L
=3y’ — 3 ysmp?n’ + NapKyse P
+2K smanﬁn’( n°n
KL apy K ayp == K apy & &KL 4 == KFL o, Keape — 3 nﬁxlca 575 ”rlxlcﬂ(s& T oy
—1apkC,0 5 + 1 KC,5 any
+ % Kﬁﬁ(sr]arl;( +3 lCa 577,6’1)( Kﬂ){&"]ar/é
+ %nﬁzlcéeer/arlé — Keoysnipn®
=+ %”a){’céeenxﬂa - ICa/J(S’/];(’?E
+ 1005 Ks¢ myn® — 25 cnampnn’® + 1, Koset™n
+ 1Koy Kopsertn + $n1apKCysen®n®
+ 2 seattpn’n” + 2 Kpsella, 1°1°
+ 2 Kasettpn,n°n’ 5’7ﬁ;(lcﬁe¢’7a77 n°n?
5’7(1)(’C5a/)’7ﬁ’7 n°n? — nasKsepnn’nn?
—2 Ksepalipn,n°nn®

TABLE II. Models with scalar generators. Symmetries are to be applied to Eq. (29a), and the model constraints are to be applied to
Eq. (22). The spectrum is inconsistent (X), consistent (v'), empty (O) or leads to further analysis (+). Resolved poles may be massive
(J&), massless (JI') or include multiple massless states of unspecified J*({J7}).

No. Symmetry Lagrangian Unitarity Spectrum
| t,=0 4 4 4 4 4 2 2 P + - + -
m, 2 ((K)4+§(K)3:0) ((K)7+2((K)] +(K)2) —0) A ((K)2+%(K)|) X {7 AO0L AL A2E A3,
2 - (4) 4 4 4 4 2 2 P
EIRZ rp=0 K4 (K 1 +(1<)2) 0) A ((K)7 _(K)l _(K)2 +<1<)3 —0) A ((K)1 _(K)2 —0) X {J;}
M (r; #0 t, #0) (@) @ @ @ @ ) @ @ 2 @ X J
o FOIN R FO Q5@ 1 W) A (Ha= Ry a (Fr=2R ¥ A Ry =Ry) b7
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gt %2
2 2
wit e +3%n] 2ane-3®y
2 2
7i? 1| Lene-3®) [ +3®) ey a2,
2
x| Lav+15%) |2 @5 Y3345 ®)
2
7219l L 245 3k2-345 %) L2vakl+ % a1
18 6 2% ap
#1 1 2)
7(2+ Taﬁ 3 (-Y5k2 +3 K]_) 7{'3 ax
W§1 TaBX -2Yg k2 + (K)]_
Abbreviations used in matrices
4 (4) 4 4 4 4) (4 4 4
=35+ %y)- K3 &8 Y, =218 %) +15 K5 -4 K3 68 ¥3 =23 (K)z SR a8, =6 (K)l + %, 88
4 (4 4) 4 . 2 @ . (4
Y5:226(K1+ Ko)- K3&&Y6-- K1+ Ko &&Det(07) == 3 242 3(K1+ K2)+ K3)+ K &&
4 4 4
Det (1) == £ £ (18 %1 + ¥'3) (¢ (18 (%1 + K2) -5 (K)3)-9 2 8&
4 4 4 2 4 4 2
Det (2%) == 242 (-6 (W1 + &) + ¥3) + ®y aapet (3 == 282 (%1 + ¥ + R4
Lagrangian
(2) ( )
K1 Koy K3 K1 KOP 505 + Klaw( 050K P+ K25X7( SOH L+
K 3 60,7('“’3)( 667(5)(6' 2 K 3 axq(aaﬁ 667(5)(6' 2 K 1 667(015)( 657(01/3)( -2 K 5 657(013)( 657(01/3)(
Added source term(s): KT oy
Source constraint(s) | # constraint(s) Covariant form
JE+3 78 =- 1 8% ==
Total # constraint(s): 1
Resolved pole(s) # polarization(s)| Square mass Residue
1
2 0 18 ¥+ 0,
(2)
3 3
1 (4) (:)1 (4) (4) (4)
6 (' 5)-2 k'3 6 K +6 k2-2 k'3
(2)
9 9
3 — e @
18(k1+k2)-5 «3 18 1+18K 5)(
JP =21 5 32 i 3
TN (2,2)_(2,3 6 160,
@) 1
K1 —_—
’ 2(%1+%) 2(%1+ %)
Resolved unitarity condition(s): (Demonstrably impossible)
FIG. 3.

where Egs. (29a) to (29¢) are generated by a single-d.o.f.
scalar &, a four-d.o.f. vector £, and a symmetric rank-two
respectively. Together with
Eq. (22), these transformation Ansdize are substituted into
the identity in Eq. (25a). This results in a simultaneous
system of bilinear equations in the symmetry parameters
and Lagrangian couplings. This system is reduced by

tensor £, with 10 d.o.f,

Output generated by PSALTer. Spectrograph of 9}, as defined in Table II. All notation is defined in Table 1.

standard algebraic means so as to identify viable quantum
foundations for MAG.

F. Particle spectroscopy

For each of the models identified by this algorithm, the
full spectrum of tree-level particles is determined. This is
done by computing the propagator of the model as follows.
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TABLE IIL
Eq. (22). The spectrum is inconsistent (X), consistent (v'), empty

Models with vector generators. Symmetries are to be applied to Eq. (29b), and the model constraints are to be applied to

(Q) or leads to further analysis (+). Resolved poles may be massive

(J§), massless (J]) or include multiple massless states of unspecified J” ({J]'}).

No. Symmetry Lagrangian Unitarity Spectrum
ml (z=0) A (,=0) ((;i)l —5(2)3) A &)4 _ _%<’4:_>3) A ((;27 X O A1 A2 A3
= —2(’?2 +é<’?3) A ((’%2 = _%(12()1)
M (r1=0)A (= -21) <;é)2 _0) A &)3 _0) A (<;§>4 —0) O
A =A@ =0 a @, =0)
m; (r=0) A (1, =0) (<;?1 —oOA &)2 _ _%(;94) A (<;§>3 _ _(2)4) X {7y
N &)7 _ %@4) NN 0)
Mt (1 =0) A (15 = -30) L RN - SN X {ry
AE ==t n (® =% =0
R A e L S P G PN G S B
AE =2l A (i =0 A= 0

TABLE IV. Models with vector generators derived as special cases of im? in Table III. Symmetries are to be applied to Eq. (29b), and

the model constraints are to be applied to Eq. (22). The spectrum

is inconsistent (cross;), consistent (v'), empty (O) or leads to further

analysis (+). Resolved poles may be massive (JF), massless (Jf ) or include multiple massless states of unspecified J*” ({Jf H.

No. Symmetry Lagrangian Unitarity Spectrum

2 = P
ma =52 ((’?1 =0) A (%)2 = 41‘1(’1)3) A ((’?4 = _%(’?3) A (@7 = _1_(’1)3) A ((’221 =0) A (<’2<)2 =0) * Uk

3 - P
w4 =2n/3 (("?1 = _ﬁ(;&) A (<"?2 = %@3) A (K)4 = _%(’?3) A ((2)7 = _8%)3 A ((’2<1 =0) A (('2<)2 =0) * U}

4 = 4 4 4 4 4 4 4 4 2 2 ”
Mo @R A =Ry A=) A=t AR —0 a0 T

5 = 4 4 4 4 4 4 4 2 2
my 7z =4z (K>1 _ %(123) A ((K)2 _ —2(1<>3) A (<K)4 _ —4(1<)3) N ((K)7 —0) A ((K>1 —0) A ((K)2 —0) O

A collection of test sources J*° is used to probe the
quadratic theory in Eq. (23) according to

S = / d4xK,,, [0 K — J0e] (30)

where the operator O(9)",, is the linearized wave
operator of the theory: a tensor polynomial of up to
quadratic order in d,, and otherwise linearly parametrized
by the Lagrangian coupling coefficients of varying mass
dimension. The saturated propagator associated with
Eq. (30) is defined formally by transitioning to momentum
space via d, — —ik, and “inverting” the wave operator,
before sandwiching between sources, i.e.,

(k) = T (k) g O (k)7 o, T (k). (31)
In cases where the theory has some gauge symmetry, this
“inverse” may not exist due to degeneracies in the wave

operator. The symmetries that cause these degeneracies,

however, also impose constraints on the source currents.
When the “inverse” wave operator is sandwiched between
the sources as in Eq. (31), its infinite sectors are eliminated
by these constraints. In k-space, the positions of the poles
of TI(k) determine the masses of the physical states, with
real masses corresponding to nontachyonic particles. The
residue of II(k) at each pole must be positive definite,
otherwise the state is a ghost. For massive states, a J%-basis
analogous to that shown in Eqs. (4a) and (4b) is well suited
for reducing the wave operator inversion to a linear algebra
problem. For massless states, spin is superseded by helicity,
and the calculation has to be done component-wise. This
process always determines the massless polarizations and
their no-ghost conditions, but the associated values of J and
P are not always self-evident for massless states. In this
paper we use the PsaLTer software package to perform the
spectroscopy [208]. As shown in Table I, the software can
accommodate a structured tensor field such as that defined
in Eq. (6), and automatically determines its constituent J#
states.
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#2 La 44% k'3
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2 (4)
7(;#:1 T‘IEX _k K3

Lagrangian
1 (4) (4) (4) (4) 1 (4)
E K'3 aﬁq(xsé axq(aaﬁ + K3 6)(7(;365 6X7<'aaﬁ + K3 6a7<'aﬁx 667(5)(6' 2 'k 3 6X7<'aaﬁ 857(3)(6' 3 K'3 667(01/3)( aéq(aﬁx
Added source term(s): KT apy
Source constraint(s) | # constraint(s) Covariant form
T§ =975 1 40,0504.T ¥ == 0,0"0,.T
Tl =0 3 050,050° T PX° == 3,50°0,05 T “FX
o O [
#e g ] K< (0:0,8°0% T ° 55 + 2 8:850°0° T, °° - 3 8.050,0 T *°¢ -
2 30:050,0° T % + 300050, T “° + N 0,0.050,T - N 850%0.0,T°5) == 0
Total # constraint(s): 9
Resolved pole(s) # polarization(s) |Square mass Residue
K" 1
2 0 @
K3
Resolved unitarity condition(s): (,i"3 >0

FIG. 4. Output generated by PsALTer. Spectrograph of m}, as defined in Table IV. All notation is defined in Table L.

TABLE V. Models with tensor generators. Symmetries are to be applied to Eq. (29¢), and the model constraints are to be applied to
Eq. (22). The spectrum is inconsistent (X), consistent (v'), empty () or leads to further analysis (+). Resolved poles may be massive
(J§). massless (J]) or include multiple massless states of unspecified J* ({J]'}).

No. Symmetry Lagrangian Unitarity Spectrum
1 —_1 __1 P
My (1 =—313) A (ra=—¢13) ((2)3 —0) A ((2)4 —0) A ((;)7 —0) A ((12()1 —0) X Om A I
2 = — =
m3 (ri==r3) A(r, =0) ((2)2 _ —%‘)1) A &)3 _ _4<2>1) A &)4 _0 O
) ) @) @)
A(K7=3K1) A (K =0)A(Ky=0)
m; (rl = —%r3) A (rz = 0) (<;:_)2 _ _(;pl) A ((;:_)% _ 0) v 1}7
4 2 2
A=A (=00 n (@ =0 A (%, =0)
4 =42 4 282 2222 (4 4 2427 204572
m;3 r 3 ((K)1 __@ 8léj% 222) (K)3) N (<K)2 _ (2<vl+z;,2%‘2+5g2> +
“) ) 2422,) @) ) ) ) ©)
K3)/\(’<4:—2(+.122)K3)/\(K7:—%K3)/\(K1 =0) A (k2 =0)
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IV. RESULTS

A. Scalar generator

The symmetry is given in Eq. (29a), and the results of the
survey are shown in Table II. One model presents massive
states with a typical multisector propagation showing
conflicting requests for stability (see Fig. 3). The remaining
two models propagate massless states with higher-order
poles. We find that, in our parity-preserving, totally
symmetric distortion framework, no metric-affine model
can exist which relies on the single scalar generator to
stabilise a ghost-free spectrum against the introduction of
consistent interactions.

B. Vector generator

The symmetry is given in Eq. (29b), and the results of the
survey are shown in Table III. Note that symmetry trans-
formations generated by a local vector £, are usually

referred to as projective transformations; they represent a
natural candidate for the consistent removal of unwanted
states within K, [63,72,209-211]. Apart from the various
inconsistent massive and purely massless models, a third
possibility is presented by model 3. The corresponding

Lagrangian is

4
L= (K)IWKX%&/;K”(/},

(32)
which would naively appear to propagate the longitudinal
component of the vector K X(s s Inreality, however, (32) does
not propagate any state unless a mass term is added, as is
already known from the corresponding vector theory.
Elsewhere, the symmetry of I} varies smoothly with
two parameters, while the definition of the model itself
exhibits a dependence on these parameters: we term such
symmetries parametric. Applying the spectral analysis

wE k2
xE 1| o 0
x§&tf o | o xit, K,
(4) 4
i B T
2 1 (4) 2
KF2 ¢ -3 V5 k2 'y ._5"3“1 FH
«;t*l Taﬁ 0 7(éﬂozﬁx
‘7(‘?—1 THﬁX 0 |
Lagrangian
(4) (4)
K105, 05K P - K10, K ;055 P
Added source term(s): KX T i

Source constraint(s) | # constraint(s)

Covariant form

TE2 == 1 0,050 T WX == 0,0%0,T° F
TJE =0 1 8,050, T ¥ == 0
T2 o5 gile 3 6 050,0p0° T PX° + 050°0,* T °F ; == 050°0,0° T * X + 6 850°0,,85.T **
p1en . s KX (0:0,0P0° T 655 + 2 aeaéa‘*aa:fx“- 30.050,0° T P -
2 30.050,0° T + 30,0050, T **° + N 0,0:050,T °? - N 850%9.0,T°) == 0
K° K (30.0%0°0° T 2, -0.050°0° T*? - 0.050%0°TP? , - 0.050°0° T, + 2 0,0%8°0° T 4, ° -
40,40.0°0°TX - 4850.0%0°TF % - 404,0.000° T°° + 5050:050° T ¥ + 5 0,0.050° T ¥ +
JHex .o 0 7 5040050 T “P¢ -5 840?005 *X - N°X 8,0.050°T* ' - 1™ 8,0:0s0°T* ' - N 8,0.0s*T*," +
NPX 8,050.0° T s + N 8,050.0° T ;7Y + N 0,050:0% T ;¥ - 1PX 0,040:05T **' - N°X 8,040.05T %" -
N 8,050:06T*?" + 1°X 8,8"8:0,T °? , + N* 8,0'0.05T % , + N’ 8,0'0.05T%¢,) == 0
Total # constraint(s): 17
Resolved pole(s) # polarization(s)|Square mass Residue
1
2 0 W
K1
Resolved unitarity condition(s): (,?)1 >0

FIG. 5.

Output generated by psALTer. Spectrograph of U3, as defined in Table V. All notation is defined in Table I.
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TABLE VI. Models with tensor generators derived as special cases of zmg in Table V. Symmetries are to be applied to Eq. (29b), and
the model constraints are to be applied to Eq. (22). The spectrum is inconsistent (X), consistent (v), empty () or leads to further
analysis (+). Resolved poles may be massive (JF), massless (Jf ) or include multiple massless states of unspecified J” ({Jf bH.

No. Symmetry Lagrangian Unitarity Spectrum
m?2 z;=2z 4) 4) “4) 4 4 4) 4) ) 2 X 37

2 ! 2 (Kl:361('3)/\(1(2:%](3)/\(1(4:—%1(‘3 /\(K7——%K3)/\(K1:0)/\(K2—0) 4

3 z21=-22 ) 4) 4) 4) 4) 4) 4) (2) ( v 37
T 2 (K= =5 K3 A (K= K3) A (K =0) A (K7 ==L k3) A (K1 =0) A (K =0) '
mt 7z, =-5z, @4 4) 4) “4) 4) “4) 4) 4) (2) @) v 37

2 ! 2 (Kl:_57_0K3)/\(K2:%K3)/\(K4:_%K3 /\(K"]:—%K:;)/\(Kl:o)/\(l('z_o) 4

5 = 4 4 4 4 4 4 4 4 2 2 -
m; =2 ((K)l _ %(K)3) A ((K)2 _ (K)3) A (<K>4 _ _2(K>3) A ((K)7 _ _%(K)3 A ((K>1 —0) A ((K)2 —0) v 3;

directly to a model with parametric symmetry, without
careful examination, risks missing distinct cases that are
not smoothly connected to the generic model. This issue
arises from the discontinuous dependence of propagation on
the parameters: certain configurations of the free parameters

HAL K22

may be finely tuned to generate additional symmetries. First,
we observe that the singular points of the given solution
zy = 0 or z, = 0 are indeed already covered by the general
scan, and correspond to the 97 and I cases. Additional
branches can be identified through a direct analysis of the J%

xE 1] 0 0
#2 222 s #1 42
7<'0+ o 3 7(1' a ‘7(1' a
#1 ,a 52 %0; 7 2 4)
7(‘1 T W 108 '\/gk K3
#2 al 7 24 4942 5 #1
SR B V5 K2 ks 108 K3+ ap
#1 L ap #1
7(‘24— Ta 0 7('3' aBX
5 @)
7(??:1 TGBX k° k3
3
Lagrangian
7 (4) 5 g, 174 s B
% K3657('X 66X7(aa +£ K36X7<ﬁ 66X7('aa +

(4) 4 (4) 1(4)
K3 04 aﬂ(ﬁxé "3 X3 o aﬂ(ﬁxé "3 K396K apy X

Added source term(s):

aBx
K T apy

Source constraint(s)

# constraint(s)

Covariant form

TE == 1 0,050, T ¥ == 0
THe+7 gfte==0 3 6 050, 050° T PX° + 050°0,0° T ¥ X == 6 050°0,05.T “¥ + 850°0, ¥ T,
5 s
#19 _g . K (0:0,0°0° T ° 5 + 2 8:050°0° T - 3 8:050,0° TP -
2 30:050,0° T %€ + 30,0050, T “P° + N 840.050,T % - N 04,0%0.0, T °,5) == 0
Total # constraint(s): 9
Resolved pole(s) # polarization(s) |Square mass Residue
K~ 1
— 2 0 @
K3
Resolved unitarity condition(s): (,?)3 >0

FIG. 6. Output generated by PsaLTer. Spectrograph of m3, as defined in Table VI. All notation is defined in Table I.
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FIG. 7.

sectors. The corresponding matrices reveal five opportuni-
ties for symmetry enhancement by a tuning of the {z;}. Of
these, the case z; = z, corresponds to solution 3. Together
with the generic solution EUZ? the four new branches are
presented in Table I'V. At the level of the particle content, we
identify one case that successfully stabilizes the ghost-free
spectrum, in the model m?, which enhances the symmetry of
93 by eliminating the spin-two sector through the condition
Z1 = 2z, (see Fig. 4). For completeness, we quote the full
form of the stabilising symmetry, which is

1
5(0) (K)(lﬁ)( = Z (’1){[)’056(155 + 77)((1650/355 + ”(z/}aﬁa;(f{s)

+ 00, L5 + 0p0ul, + 050, Es (33)

It comes as a surprising result that the corresponding
Lagrangian

Output generated by PsALTer. Spectrograph of m‘z‘, as defined in Table VI. All notation is defined in Table I.

L= <;<)3 (05K ,°s0/K® P + 20,K4° 0 K*,P

+20,K05K,° — 4 K* P 05K 5, °

2

— 20K o K (34)

is the one found by Fronsdal for spin-three massless
propagation [212]. As far as we are aware, this is the first
instance in which this model has been shown to emerge from
a symmetry of rank less than two. A detailed discussion of
the implications is presented in a separate work.

C. Tensor generator

The symmetry is given in Eq. (29¢), and the results of the
survey are shown in Table V. Our analysis presents us with
four independent solutions. The first two cases, MM} and
93, are still unable to support consistent model building
due to, respectively, multi-particle conflicting propagation
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FIG. 8. Output generated by pPsaLTer. Spectrograph of mg, as defined in Table VI. All notation is defined in Table I.

and a void spectrum. Of the latter two cases, the symmetry

1 .
50)(K) gy = — 3 (1,05E0° + M,a05E5° + 14p05E,°)

+ aaécb + abgca + acéabv (35)
results in the propagation of a healthy massless spin-one
particle, as can be seen from the Maxwell-like structure of
the corresponding flat Lagrangian

4

L=« 1(0131(155611(“0/3 - 6){Kﬂ556’(1(“aﬂ), (36)

and the spectrograph in Fig. 5. We reiterate that the notable
|

conclusion of our analysis is not the obvious fact that the
Maxwell system can be tuned within the larger quadratic
Lagrangian of K ,,,,. What is remarkable is that such a setup
is stable under (symmetry-preserving) radiative corrections
because of Eq. (35), a rank-two gauge symmetry. Notice
also that had we searched for an Abelian, scalar-generated
symmetry for the vector K,,*, this would have fallen into
our results for scalar generators, which cannot prevent the
presence of dangerous operators. Using the standard
notation in [2] for the couplings, the curved-space non-
linear completion of the Lagrangian in Eq. (36)—to the
same derivative order as given in Eq. (20)—is found to be

1 1 1 1
E = \/:g anf + 56‘8]:“[}&){‘/,:#55)( - §C8fa/jalf155ﬁ - g(ao - 4(Cl7 + Clg))QaZZQaﬂﬁ

_|_

oo —

1 1 1
(ag + 4as) Qup, Q" — 595 Qapy Qe — 798 Q" SOy, ~ 291 Q" |

(37)
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signalling complete consistency between the non-linear
gravitational embedding and the stabilising symmetry. By
contrast, obtaining the non-linear completion of the Frons-
dal theory in Egs. (33) and (34) poses a significantly more
challenging problem. Regarding self-interactions, consis-
tent spin-three theories have only been constructed in anti—
de Sitter space [213,214], while strong obstructions appear
to hinder their formulation in Minkowski space [193].
Interestingly, while consistent spin-three interactions with
gravity have been identified [215,216], the nonlinear
deformation required by the gauge symmetry Eq. (25d)
deviates notably from traditional covariantization via
curved embedding. Consequently, this necessitates the
introduction of novel and appropriate invariant methods,
distinct from the traditional covariantization procedure
used in Eq. (20), i.e. replacing 9, with V,. Meanwhile,
the M3 case features a parametric symmetry which again
demands further dedicated inspection. First, we notice that
the provided solution is singular for z; = 0, which suggests
that the symmetry may be removed by this particular point
in parameter space. In fact, the z; = 0 case directly reduces
to model M. Moreover, the condition z; = z, reproduces
again, up to normalization, the Fronsdal Lagrangian for a
massless spin-three particle [212] given already in Eq. (34).
This Lagrangian is known to be supported by a gauge
symmetry of the form

5(0) (K)aﬂ)( = aaz/j)( + aﬁg;(a + a)(%aﬁﬂ (38)

where éa,j is a traceless rank-two generator. It is readily
confirmed that our particular tuning among the {r;}
parameters results in the trace being removed from the
generator £,,. Given this information, and that generic
values of the free parameters z; continuously connect to the
Fronsdal Lagrangian, it is natural to ask whether model 90t}
offers a more general description of spin-three massless
propagation. This is not the case. We can explicitly
prove this point by observing that the simple field redefi-
nition

Kaﬁy = fl Kaﬁy +f2 (noanﬁy + 770/}’7(1)/ +’70y77aﬁ)K6”/4’ (39)

when applied to Eq. (34), reproduces our parametric model
with f; =z;/v2 and f, = (z; — 2,)/6v2. Consistent
with this observation, we can apply the same techniques
used to obtain Table IV from Table III to the parametric
model M3 to produce the seemingly special branches
shown in Table VI. These all propagate the spin-three
massless particle, shown for example in Figs. 6-8.
We can therefore conclude rank-two symmetries
stabilise the healthy propagation of spin-one and spin-three
particles.

V. CONCLUSIONS
A. Results

We have found that parity-preserving metric-affine
gravity with a symmetric distortion tensor is able to support
the healthy propagation of massless spin-one and spin-three
particles due to symmetries that protect against radiative
instabilities. In the spin-three case, this assumes that a
nonlinear completion of the theory exists. The methods
used do not rely on the arbitrary tuning of couplings to
achieve a healthy spectrum, and do not result in accidental
symmetries.

B. Need for masses

Our methods have led exclusively to theories propagat-
ing massless modes. New light degrees of freedom are
undesirable, since there is no evidence for them in the low-
energy phenomena. This should not, however, disqualify
such models as candidate foundations for metric-affine
theories. Indeed, the point is precisely that these models are
supposed to be foundational, and there are at least two ways
in which finite masses may be acquired through further
responsible model-building procedures:

(1) Symmetry-breaking: By coupling each model to a
compensator field in such a way that the motivating
gauge symmetry is preserved. Masses may then be
acquired through Stuekelberg-like condensation of
the compensator. This is the effect that gives rise to
the massses of the W* and Z° bosons of the weak
sector, through the Higgs mechanism.

(2) Nonlinear completion: The symmetry may entail
interactions whose non-perturbative quantum effects
radically alter the low-energy spectrum. For exam-
ple, the spectrum of the strong sector is dominated
by the lightest hadrons rather than the massless
gluons.

Both of these mechanisms have precedent in the real
physics of the standard model. Note how, in either case,
it was instructive to first establish the underlying SU(2)-
and SU(3)-symmetric models before worrying about mass
acquisition. Following [217], we advocate for similar
approaches in metric-affine gravity.15

C. Further work

The approach should next be applied to full metric-affine
gravity, without the somewhat artificial restrictions
imposed here, of parity invariance and a totally symmetric

Note that this approach calls for additional careful work. It
contrasts strongly with the usual practice in non-Riemannian
gravity of tuning the couplings so as to populate only a unitary
massive spectrum. While this latter method is superficially
consistent with constraints on light new species, it is basically
arbitrary for the reasons set out in Sec. II, and moreover, it does
not actually lead to any predictions about the values of the
masses.
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distortion tensor. The methods can also be extended to
admit unsymmetries. Apart from such systematic surveys,
it is worth considering whether previously proposed
models of metric-affine gravity qualify as good foundations
for EFTs, despite their not being derived using the methods
of this paper. Chief among such models is metric-affine
gravity which is invariant under the so-called extended
projective (EP) symmetry [72]. EP invariance is predictive,
in that it leads to a uniquely healthy massive pseudoscalar
particle, but this is only true when starting from the scalar
invariants of F,,” ,7,% ,and Q,, as an initial operator
basis—contrary to our approach in Eq. (22). Thus, EP
invariance blends aspects of EFT and the geometry in
Fig. 1. Quantum corrections will be crucial in determining
the physical utility of EP invariance.
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DATA AVAILABILITY

All computational scripts and data supporting the manu-
script are publicly available at GitHub [220] and GitLab
[221]. The repository contains minimal stand-alone
Mathematica scripts for each model tested, using the
PSALTer software package to compute particle spectra for
linearized metric-affine gravity models. These scripts
reproduce all computational results presented in the manu-
script figures and tables.
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