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There is mounting evidence from multiple cosmological probes that dark energy may be dynamical, with
an equation of state that evolves over cosmic time. While this evidence is typically quantified using the
Chevallier-Polarski-Linder (CPL) parametrization, based on a linear expansion of w(a) in the scale factor,
nonparametric reconstructions frequently suggest nonlinear features, particularly at late times. In this work,
we investigate four minimal one-parameter models of dark energy with nonlinear dependence on the scale
factor. These models are constrained using cosmic microwave background data from Planck, lensing
reconstruction from Planck and ACT-DR6, baryon acoustic oscillation measurements from DESI-DR2,
and three type Ia supernovae (SNe) samples (PantheonPlus, DESYS5, and Union3), considered independ-
ently. Although our conclusions depend on the choice of SNe sample, we consistently find a preference, as
measured by the chi-squared statistic and the Bayesian evidence, for these dynamical dark energy models
over the standard ACDM (cold dark matter) model. Notably, with the PantheonPlus dataset, one model
shows strong Bayesian evidence (A In B ~4.5) over CPL, favoring an equation of state that peaks near
a~0.7 and oscillates near the present day. These results highlight the impact of SNe selection and

contribute to the growing collection of evidence for late-time deviations from ACDM.
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I. INTRODUCTION

The discovery of the late-time accelerated expansion of
the Universe [1,2] significantly unbalanced our under-
standing of the physical laws and fundamental fields behind
cosmic evolution. In a statistically homogeneous and
isotropic universe, these observations are most easily
explained by a hypothetical fluid with negative pressure
(referred to as dark energy), traditionally characterized by a
positive cosmological constant A with an equation of state
w, = —1. Theoretical objections to this constant, such as
its apparent inconsistency with modern particle physics [3]
and seemingly fine-tuned initial conditions [4], have long
inspired speculation on a more fundamentally sound
explanation for the observed late-time expansion [5,6].
Despite this, no alternative to A has garnered widespread
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consensus, and the current cosmological standard model
(ACDM (cold dark matter)) assumes the cosmological
constant hypothesis is exactly correct.

Increasingly in the past decade, precision cosmological
data have revealed observational tensions within the
ACDM paradigm. These notably include the > 5¢ dis-
agreement between Hubble constant (H) measurements
from the Planck cosmic microwave background (CMB)
satellite [7] and local distance-ladder estimates from the
SHOES collaboration [8—10], as well as the tension
between the galactic-scale matter clustering inferred by
Planck [7] (quantified by the Sg parameter [11,12]) and
estimates derived directly from galaxy surveys and weak
gravitational lensing observations [13-29], which was
recently alleviated by the new KiDS-Legacy release [30].
Nonetheless, such inconsistencies suggest that the
assumptions of the standard cosmological model could
be refined or replaced with ones that have greater
observational support.1

When investigating alternatives to A, two phenomeno-
logical approaches are commonly employed. The first is
parametric and involves assuming a specific functional
form for, e.g., the dark energy equation of state, w(a), as a

'See [31-35] for reviews of attempts in this direction.
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function of cosmic time, here measured by the scale factor a.
This function typically includes one or more free parameters,
which are constrained using observational data [36—114].
Alternatively, nonparametric methods use numerical and
statistical tools to reconstruct, e.g., w(a) in different scale
factor or redshift ranges [115—-132]. Whereas nonparamet-
ric methods are more flexible and involve fewer underlying
assumptions [115,133], parametric models can often
achieve tighter constraints on their (fewer) degrees of
freedom. Within the parametric approach, there are two
standard choices for the form of the dark energy equation
of state: the constant wCDM model and the dynamical
wow,, or Chevallier-Polarski-Linder (CPL) parametrization
[134,135], which arise from Taylor expanding a general
w(a) to zeroth and linear order, respectively.

Assuming the CPL parametrization, the Dark Energy
Spectroscopic Instrument (DESI) Collaboration recently
reported a 2.8—4.2¢ preference for dynamical dark energy
when combining their own baryon acoustic oscillation
(BAO) measurements [136-138] with CMB data from
Planck [7] and different type Ia supernovae (SNe) catalogs
[139-144]. The first DESI data release [145-147]
prompted much discussion on the robustness and impli-
cations of these BAO and SNe data [127,148-180].
Importantly, the evidence for dynamical dark energy was
confirmed using dataset combinations that do not include
DESI BAO measurements [181]3 and parametrizations
other than CPL [182-184].

There are several reasons to consider parametrizations
beyond CPL when evaluating the evidence for a dynamical
w(a). While this parametrization is limited to a purely
linear evolution and diverges in the infinite future (¢ — o),
alternatives such as the Barboza-Alcaniz proposal [58]
address both of these potential shortcomings. Notably, this
alternative was favored over CPL by the datasets used in the
original DESI analysis [183]. Furthermore, nonparametric
reconstructions of the dark energy equation of state con-
sistently find oscillating features during late times
(a Z2/3) [122-132], this feature being inconsistent with
linear evolution and in qualitative agreement with the
general parametrization in [99]. In view of these prefer-
ences, we consider alternative parametrizations for w(a)
that evolve nonmonotonically with a and are well defined
throughout all cosmic history.

An important consideration in phenomenological studies
of dark energy is the number of free parameters introduced
in the equation of state. This decision is less ambiguous in
more fundamental approaches, where parameters come
from the underlying microphysics [185], and in the
wCDM and CPL parametrizations, which follow from a

*The CPL parametrization was also proposed to capture the
behavior of more fundamental (scalar field) models [134].

3Formerly, the strength of evidence was driven largely by the
SNe catalog. However, DESI-DR2 BAO and CMB data now
present ~3¢ evidence for dynamical dark energy [136,137].

general series expansion of w(a). For alternative phenom-
enological models, the optimal number of parameters
depends on the goals of the study. When attempting to
constrain multiple independent features of w(a) (e.g., its
present-day value, phantom crossing, and oscillations)
having two or more parameters is justified and likely
required for accurate conclusions. However, models with
more phenomenological parameters often have a more
degenerate parameter space and worse Bayesian evidence,
as the necessarily agnostic priors on the new parameters
significantly increase the prior volume. Because our con-
cern is identifying alternatives to A that provide a better fit
to modern cosmological data according to both the chi-
squared statistic and Bayesian evidence, we consider
parametrizations of the dark energy equation of state with
only a single free parameter. Our results demonstrate that
some such models are preferred over traditional para-
metrizations by current CMB, BAO, and type Ia SNe data.

This paper is organized as follows. In Sec. II, we review
the cosmological effects of dark energy and introduce the
models considered in this work. Section III presents the
observational data used in our analyses, and Sec. IV
discusses the resulting observational constraints on the
dark energy parametrizations. Finally, Sec. V summarizes
our main findings and conclusions. Further details on
dataset consistency are given in the Appendix.

II. DARK ENERGY

Assuming a spatially flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) universe, general relativity
predicts the Friedmann equation

a a 1/2
H(d) = HO Qma_3 + Q},a_d' + Qyp—;( 0) + QDEP—;EE( 0)
v, s

(1)

for the Hubble parameter H(a) = (da/dt)/a, where t is
cosmic time, a is the scale factor, Q. = p.,/(3H3/8zG),
Q,, = Q, + Q., and we have chosen the present-day scale
factor ay = 1. In these equations, a zero subscript implies
evaluation at present, while the subscripts b, ¢, 7, v, and DE
refer to baryons, cold dark matter, photons, neutrinos, and
dark energy, respectively. Assuming that dark energy does
not interact with the other components and is minimally
coupled to gravity, its energy density obeys the evolution
equation

po(a@) _ exp {3 /a L dd W(a/)], (2)

!
PDE.0 a

where w(a) is the (barotropic) dark energy equation of
state. Given a specific model for w(a), Egs. (1) and (2)
determine the background geometry of the Universe.
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The w(a) and ppg(a)/ppE for each dark energy model considered in this work [Eqgs. (6)—(9)] are compared with the mean

quantities obtained by DESI [136] using the CPL parametrization and the Planck 2018, ACT-DR6 Lensing, DESI-DR2 BAO, and
PantheonPlus dataset combination (dash-dot lines). Each dark energy model is shown with the same present-day value of w(a), and the

horizontal dashed lines represent the ACDM predictions.
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FIG. 2. (a) The equation of state of each dark energy model

when wy is varied in the range [-2, —1/3]. (b) The corresponding
effect of model 1 on the CMB TT and EE power spectra. Here, w
is varied while fixing the six ACDM parameters to their Planck
2018 values, and the dashed lines show the best-fitting ACDM
spectra. The results for the other three models are similar, with
small differences (S5%) in the low-£ TT spectrum, due to the
integrated Sachs-Wolfe effect, and slightly larger differences
(<10%) in the high-# TT spectrum, due to the geometrical
degeneracy between wy and H,, when wy is restricted to the range
wp € [—1,—0.65] that is preferred by our analysis (Sec. IV).

To model dark energy perturbations, we use the default
parametrized post-Friedmann (PPF) method implemented in
the Boltzmann code CAMB [186], which allows w(a) to cross
the phantom divide (w = —1) without introducing diver-
gences in the perturbation equations [187,188]. In the PPF
framework, a free function I" parametrizes deviations from
the evolution of metric perturbations in a universe without
dark energy. By requiring that these deviations are consistent
with a spatially flat FLRW background on superhorizon
scales, satisfy local energy-momentum conservation, and are
fully suppressed on small scales, Refs. [187,188] derive the
defining and evolution equations for I':

- a\? (rest)
I'=—-4zG % PDESDE - (3)

(1 + cik%) [ +(1+ c%ki,)l“} =, (4)

d(Ina)
where 51(;;80 = (8ppe/ppe) ™Y is evaluated in the dark
energy rest frame, and ¢ determines the scale at which

TABLE I. The flat prior distributions imposed on the cosmo-
logical parameters in our analyses. We assume the prior
w, € [-3, 2] for the additional parameter of the CPL model.

Parameter Prior
Quh? [0.005, 0.1]
Q.h? [0.005, 0.99]
T [0.01, 0.8]
1006, [0.5, 10]
log(10'0Ag) [1.61, 3.91]
n [0.8, 1.2]
Wo [-2,0]
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TABLE II. Model 1. Constraints [68% confidence level (CL)] on the seven free parameters listed in Table I,
alongside relevant derived parameters, using the combination of our baseline dataset with each of the three type la
SNe samples (PantheonPlus, DESYS5, and Union3) separately. The minimum chi-squared difference, A;(fnin
[Eq. (10)], and the logarithmic Bayesian evidence ratio, Aln B [Eq. (11)], are reported at the end of the table.

Parameter PantheonPlus DESY5 Union3

Q.h? 0.11932 £+ 0.00075 0.11898 + 0.00075 0.11884 4+ 0.00077
Q.h? 0.02243 4+ 0.00013 0.02245 4+ 0.00013 0.02247 4+ 0.00013
1006yc 1.04100 =+ 0.00028 1.04105 £ 0.00029 1.04107 £ 0.00029
Treio 0.0553 £ 0.0071 0.0565 £ 0.0071 0.0570j8~8876§

ng 0.9672 + 0.0034 0.9680 + 0.0035 0.9683 + 0.0035
log(10'94,) 3.045 +£0.013 3.047 +£0.013 3.049 £0.013
Wy —0.795 £+ 0.021 —0.773 £ 0.019 —0.762 +0.024
Q. 0.3126 + 0.0053 0.3175 + 0.0051 0.3199 + 0.0062
o3 0.8125 £ 0.0086 0.8053 £ 0.0081 0.8021 £ 0.0095
Sg 0.8293 £ 0.0076 0.8284 + 0.0077 0.8282 + 0.0077
H, 67.50 + 0.59 66.90 + 0.54 66.62 + 0.68
Fdrag 147.22 +0.20 147.28 +£0.20 147.30 £ 0.21
Ay, (Aln B)ACDM -8.2 (-0.0) —19.3 (5.6) —12.8 (3.3)
Ay%. (Aln B)CPL 1.0 (1.8) -04 (2.1) 0.8 (1.2)

dark energy becomes smooth relative to matter." The
quantity k; = k/(aH) is the physical wave number relative
to the Hubble parameter, and the source term S in Eq. (4)
includes contributions from ppg(a) and w(a), alongside
velocity perturbations in the matter sector [188].

A. Models

There are, necessarily, many more potential one-
parameter models of w(a) in the literature® than we can
reasonably analyze here. For this reason, we restrict our
analysis to a representative subset of four models whose
selection was guided by the following principles: the
parametrization (i) is simple, involving only elementary
functions and a limited number of factors, (ii) contains
departures from the CPL form with a phenomenological
interpretation, and (iii) has demonstrated promise in pre-
vious statistical analyses. For ease of comparison between
the models and CPL, we further required that each para-
metrization be of the form

w(a) =wog(a),  ¢(1) =1, (5)

so that the single parameter w, always corresponds to the
present-day value of the equation of state. Importantly, our

4Calibrating the PPF formalism on scalar field models of dark
energy gives cr = 0.4cpg [188], where cpg is the dark energy
sound speed. This is the default value chosen by CAMB.

These include models that were one-parameter at their
conception [48,81,98] as well as models that can be reduced
to a single parameter in the manner described later in this section.

aim is not to perform an unbiased Bayesian comparison
between dark energy models with one parameter versus
those with more or fewer, where the choice of models could
introduce bias. Rather, we seek to identify phenomeno-
logically sound one-parameter cases that can provide
insight into the nature of dark energy. Achieving a
statistical improvement over standard dark energy models
(ACDM and CPL) is straightforward with abundant
parameters, where overfitting becomes possible, but non-
trivial in a single-parameter framework. That some of the
parametrizations considered here do yield improvements is
therefore instructive for the construction of future theoreti-
cal models. As we elaborate below, principle (ii) naturally
leads us to parametrizations that are well defined
across cosmic history and exhibit departures from linear
evolution, as often suggested by nonparametric reconstruc-
tions [122-132], while (iii) leads us to the para-
metric shapes proposed by Barboza-Alcaniz [58] and
Ma-Zhang [61].

We consider four one-parameter models of the dark
energy equation of state:

model 1: w(a) = w, {1 +sin(1 - a)] (6)
model 2: w(a) = wp [1 +21;a] (7)

model 3: w(a) = w, {1 — asin G) + sin 1] (8)

063501-4
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model 4: w(a) = wy [1 +(1-a) sin(l 1a>} (9)

The equation of state and the corresponding energy
density, ppg(a), for each model are depicted in Fig. 1.
These models have increasing shapes® that can be shifted
vertically and modulated in amplitude by varying their
single parameter, w,, which also represents the present-
day value of w(a). The variation of each equation of state
with wy is shown in the top panel of Fig. 2. Although
every model is well defined and includes some inflection
points over the entire history of the Universe, corre-
sponding to a €[0, ), only models 2 through 4 have
inflections within the time domain a€[0,1] that is
relevant to our analysis.

A similar version of the first parametrization (model 1)
was explored in [81] and it arises from a simple elementary
function (the sine function) that does not require an
additional parameter to control the slope: its average slope
naturally aligns with the CPL preference found by DESI
[136]. This model has the lowest frequency of oscillations
and is the only one to remain monotonic over a € [0, 1].
Model 2 can be viewed as a restricted version of the
parametric shape proposed by Barboza-Alcaniz [58], which
defines a g(a) that is similar to the CPL form but remains
finite over all cosmic times. This model has a single
inflection point, decreasing until a ~ 0.3 before increasing
toward the present day.

The last two equations of state (models 3 and 4) are
inspired by the two-parameter oscillating parametrization
introduced by Ma and Zhang [61]. In both models, a linear
envelope is supplemented by oscillations that rapidly
increase in frequency after the beginning of the Universe
(model 3) or before the present day (model 4). Whereas the
former model is obtained by equating the parameters of the
Ma-Zhang equation of state, the latter has (to our knowl-
edge) not been analyzed previously in the literature. Model
4 is further notable for its ability to capture both the
phantom crossing preferred by parametric studies (e.g.,
ones by DESI [136,137,145,147]) and the late-time
extrema and oscillations found in nonparametric recon-
structions [122-132].

It is worth restating that models 2 and 3 were not single-
parameter models in their original formulations, but
rather had two free parameters. Previous observational
analyses found degeneracy between these parameters,
motivating the introduction of a one-parameter form.

®Decreasing equations of state are not considered, as they are
disfavored by current cosmological data: using the CPL para-
metrization, the DESI Collaboration found that w, < 0 at greater
than 2.5¢ significance. We have further confirmed that the
decreasing versions of models 1 and 4 provide significantly
worse fits to the datasets we consider.
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FIG. 3. Model 1. Above: posterior distributions and lo, 20

contours for three key cosmological parameters—the dark energy
equation of state parameter w,, the Hubble constant H, and the
matter fluctuation parameter Sg—obtained from the combination
of our baseline dataset with each of the three type Ia SNe samples,
as indicated in the legend. The dashed lines represent the mean
ACDM parameters from Planck 2018 [7]. Below: the best-fitting
w(a) for the three dataset combinations shown in the legend
above. The dash-dot line shows the mean w(a) obtained using the
CPL parametrization with the PantheonPlus combination, while
the light blue bands indicate the corresponding lo and 2o
intervals.

These simplifications thus come more from previous data
than a priori physical considerations.

The bottom panel of Fig. 2 illustrates the impact of these
dark energy models on the CMB TT and EE power spectra.
Explicitly, these spectra were obtained assuming model 1.
However, the other models yield similar results, with the
most noticeable differences appearing in the low-¢ plateau
(due to the late-time integrated Sachs-Wolfe effect) and the
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TABLE IIl. Model 2. Constraints (68% CL) on the seven free parameters listed in Table I, along with relevant
derived parameters, obtained using the combination of our baseline dataset with each of the three type Ia SNe
samples (PantheonPlus, DESYS5, and Union3) separately. The minimum chi-squared difference, A)(fnin [Eq. (10)],
and the logarithmic Bayesian evidence ratio, Aln B [Eq. (11)], are reported at the end of the table.

Parameter +PantheonPlus +DESYS5 +Union3
Q.n? 0.12056 + 0.00073 0.12026 £ 0.00074 0.11977 £+ 0.00080
Q.h? 0.02233 4+ 0.00013 0.02235 4+ 0.00013 0.02240 4 0.00013
1000y 1.04085 £ 0.00028 1.04088 £ 0.00029 1.04095 £ 0.00029
Treio 0.0503 + 0.0070 0.0517 + 0.0069 0.0534 + 0.0070
ng 0.9640 + 0.0035 0.9648 + 0.0034 0.9661 + 0.0036
log(10'0A,) 3.036 +0.013 3.038 £0.013 3.041 £0.013
Wy —0.697 £0.021 —0.679 £0.019 —0.646 £+ 0.023
Q. 0.3191 + 0.0055 0.3236 + 0.0054 0.3320 + 0.0063
og 0.8158 + 0.0086 0.8097 + 0.0083 0.7985 + 0.0094
Sg 0.8413 + 0.0076 0.8409 + 0.0076 0.8399 + 0.0078
H, 67.07 £ 0.59 66.54 £+ 0.56 65.60 £ 0.66
Fdrag 147.00 + 0.20 147.06 +0.20 147.14 £ 0.21
Ay, (Aln B)ACDM 5.1 (-6.5) —13.1 (2.3) -13.2 (3.2)
AyZ. (Aln B)CPL 14.2 (—4.6) 5.7 (-1.3) 0.4 (1.1)

high-¢# damping tail (due to the geometrical degeneracy
between w, and H,). These differences are limited to
around 5% and 10%, respectively, when the equation of
state parameter is restricted to the range wy € [—1, —0.65]
that is preferred by our analysis (Sec. IV). Since model 3
affects the CMB in much the same way as model 1, its
early-time oscillations are not expected to significantly
affect its fit to the datasets we consider. Conversely, the
late-time oscillations of model 4 should be resolvable
through the BAO and SNe distance measurements.

III. OBSERVATIONAL DATA AND
METHODOLOGY

To perform parameter inference, we use the publicly
available Markov Chain Monte Carlo (MCMC) sampler
Cobaya [189] in conjunction with the Boltzmann solver
CAMB [186], modified to incorporate our dark energy
parametrizations. We assess the convergence of our
MCMC chains using the Gelman-Rubin diagnostic param-
eter, R — 1 [190], and consider the chains to be converged
when the criterion R — 1 < 0.02 is met. The MCMC results
are analyzed and plotted using GetDist [191].

Our models extend the standard ACDM framework by
introducing an additional parameter for the dark energy
equation of state, bringing the total number of free
parameters to seven. These are: the physical baryon density
Q,h?, the physical dark matter density Q_ /% the optical
depth to reionization z, the angular size of the sound
horizon at recombination 6, the amplitude of primordial
scalar perturbations log (10'°A,), the scalar spectral index
ng, and the equation of state parameter w, For all

parameters, we assume the flat (uninformative) priors given
in Table 1.

To constrain these parameters, we use the following
datasets:

(i) CMB temperature anisotropy and polarization
power spectra, their cross-spectra, and the recon-
structed lensing from the Planck 2018 legacy data
release [7,192—-194]. This dataset is referred to as
Planck 2018.

(i) The sixth data release of the CMB lensing power
spectrum from the Atacama Cosmology Telescope
[195,196], which incorporates measurements from
Planck.” This dataset is referred to as ACT-DR6
Lensing.

(iii) BAO measurements from the first two years of
observations by the DESI [136-138]. This dataset
is referred to as DESI-DR2 BAO.

These three datasets (Planck 2018, ACT-DR6 Lensing,
and DESI-DR2 BAO) form our “baseline” for parameter
inference and are included in all analyses. In contrast, the
next three datasets consist of different type Ia SNe samples,
which are not used simultaneously. These are:

(1) A total of 1701 light curves from 1550 distinct SNe
spanning the redshift range 0.01 < z < 2.26, ob-
tained from the PantheonPlus sample [139,140].
This dataset is referred to as PantheonPlus.

(i) The full 5-year dataset of the Dark Energy Survey
(DES) Supernova Program, which includes distance

"We use the actplanck baseline likelihood variant
from https://github.com/ACTCollaboration/act_dr6_lenslike.
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modulus measurements for 1829 SNe in the redshift
range 0.02 < z < 1.13 [141-143]. This dataset is
referred to as DESY5.?

(iii) The Union3 compilation, consisting of 2087 SNe
[144]. This dataset is referred to as Union3.

A. Model preference statistics

To quantify the preference (or lack thereof) of these
datasets for the dark energy models in Egs. (6)-(9)
compared to ACDM and the CPL parametrization, we
use two statistical measures: the change in the minimum
(best-fitting) chi-squared, Ay?. ., and the logarithmic
Bayesian evidence ratio, A In B:

Ay %nin = miny %/[odeli —miny 3\CDM or CPL> (10)
B .
Alnlen{ﬂ}, (11)
ACDM or CPL

where both 2. and the Bayesian evidence B are obtained
directly from our MCMC chains, with the latter computed
using MCEvidence [199] and the Cobaya wrapper in the
wgcosmo repository [200]. A model provides a better fit to
the data according to the chi-squared statistic if Ay2. < 0,
while a Bayesian preference is theoretically indicated
by AlnB > 0.

Unlike the minimum chi-squared, the Bayes ratio
accounts for the number of free parameters and prior
ranges of the models, penalizing those with larger
prior volumes and greater complexity. To interpret the
Bayesian evidence, we refer to the revised Jeffreys’ scale
[201], where |AInB| <1 is considered inconclusive,
1 < |AInB| <3 indicates moderate evidence, and 3 <
|AlnB| <5 corresponds to strong evidence.

IV. RESULTS

In this section, we present observational constraints on
the four dark energy models in Egs. (6)—(9) and evaluate
their model preference statistics compared to ACDM and
the CPL parametrization, using the methodology outlined
in the previous section. The posterior distributions of the
dark energy equation of state parameter w,, the Hubble
constant H,, and the matter fluctuation parameter Sg are
shown in Figs. 3-6, alongside the best-fitting dark energy
equation of state w(a), for each dataset combination.

SAfter the completion of this paper, several systematics in
DESYS5 were identified and corrected in the updated DES-
Dovekie SNe sample [197,198]. See the Note added following
Sec. V for a discussion of how these changes affect our results.

"We cannot strictly apply Wilks’ theorem to perform a like-
lihood ratio test—deriving a p-value and corresponding “c”
significance from Ay?. —because ACDM and CPL are not

nested within our one-parameter models.

I +PantheonPlus
I +DESY5
I +Union3
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FIG. 4. Model 2. Above: posterior distributions and 1o, 20
contours for three key cosmological parameters—the dark energy
equation of state parameter wy, the Hubble constant H(, and the
matter fluctuation parameter Sg—obtained from the combination
of our baseline dataset with each of the three type Ia SNe samples,
separately, as indicated in the legend. The dashed lines represent
the mean ACDM parameter values from Planck 2018 [7].
Below: the best-fitting w(a) for the three dataset combinations
shown in the legend above. The dash-dot line shows the mean
w(a) obtained using the CPL parametrization with the Pantheon-
Plus combination, while the light blue bands represent the
corresponding 1o and 20 intervals.

Observational constraints on each model’s energy density
ppe(a) are compared in Fig. 7. Complete information on
the models’ seven free parameters and relevant derived
parameters is given in Tables II-V. Finally, the model
preference statistics are summarized in Table VI and Fig. 8,
which provides a useful visual depiction.

For robust and comprehensive results, these constraints
were obtained using our baseline dataset combined
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separately with each of the three type la SNe samples
(PantheonPlus, DESY5, and Union3). Thus, in the dis-
cussions to follow, the choice of SNe catalog serves to
identify the dataset combination being considered.

A. Model 1: w(a) =wy[1+ sin(1-a)]

Table II and Fig. 3 summarize the observational con-
straints on this dark energy model from the three combined
analyses described above. Regardless of the choice of SNe
sample, the best-fitting w(a) begins in the phantom regime,
crosses the phantom divide at a ~ 0.7, and remains in the
quintessence regime thereafter.

The mean equation of state parameter, wy, deviates from
—1 at more than S¢ significance for each dataset combi-
nation. However, caution is required when interpreting
these results. Since w, determines both the present-day
value and the phantom crossing of w(a), our constraints on
these features are not independent. Furthermore, ACDM is
not nested within our dark energy models, so the deviation
of wy from —1 does not represent direct evidence for
dynamical dark energy. Nevertheless, the preferred present
value and phantom crossing are consistent across the
dataset combinations and agree well with the results from
the CPL parametrization.

Figure 3 presents the marginalized 1 dimensional (D)
and 2D posteriors for the three derived parameters most
relevant to cosmological tensions: Q,,, H,, and Sg. We
observe a significant correlation in the wy—€2,, and wy—H,,
joint posteriors, in addition to the expected correlation

between Q,, and H,. These correlations lead to small shifts
in the mean Q,, and H, from their Planck 2018 ACDM
values, with H,, increasing when using PantheonPlus and
decreasing when using the DESYS or Union3 samples.

To evaluate the improvement of this model over ACDM
and the CPL parametrization, we use the metrics described
in the previous section: the change in the minimum chi-
squared, A)(fnm, and the logarithmic Bayes ratio, Aln B.
The values of these metrics for model 1 are consistent
with the fact that this model reproduces the w(a) preferred
by the CPL parametrization using one fewer parameter: the
chi-squared difference from CPL is near zero, while the
Bayesian evidence ratios are between 1-2 (Table VI).
Hence, the model provides a similar improvement over
ACDM as does the CPL parametrization.

B. Model 2: w(a)=w, [1 + m}

Table III and Fig. 4 summarize the observational con-
straints. For all three SNe catalogs, the best-fitting w(a) has
a phantom crossing at @ ~ (.7, consistent with the previous
model. Again, the posterior distribution of the equation of
state parameter shows a preference for wy > —1 at greater
than 5o significance.

The posterior distributions of Q,,, H,, and Sy are
consistent with the Planck 2018 ACDM results [7] within
68% CL only when PantheonPlus or DESYS are used. The
mean values obtained for H, and Q, with the Union3
dataset deviate from the mean Planck 2018 ACDM
parameters at approximately 2o significance. This is likely

TABLE IV. Model 3. Constraints (68% CL) on the seven free parameters listed in Table I, alongside relevant
derived parameters, using the combination of our baseline dataset with each of the three type Ia SNe samples
(PantheonPlus, DESYS, and Union3) separately. The minimum chi-squared difference, A;(iﬂn [Eq. (10)], and the
logarithmic Bayesian evidence ratio, Aln B [Eq. (11)], are reported at the end of the table.

Parameter PantheonPlus DESY5 Union3

Q.n? 0.11969 £ 0.00072 0.11937 4+ 0.00072 0.11925 4+ 0.00078
Q. h? 0.02240 4+ 0.00013 0.02242 4+ 0.00013 0.02243 4+ 0.00013
1006yc 1.04097 £ 0.00028 1.04099 + 0.00028 1.04101 £ 0.00028
Treio 0.0538 + 0.0070 0.0547 + 0.0069 0.0553 £+ 0.0071
ng 0.9662 + 0.0034 0.9669 + 0.0035 0.9674 + 0.0035
log(10'9A,) 3.042 +0.013 3.044 +0.013 3.045 £0.013
Wo —0.862 £ 0.023 —0.839 +0.021 _0-829f8f8§§
Q. 0.3123 £+ 0.0052 0.3169 + 0.0053 0.3192 + 0.0062
oy 0.8157 £+ 0.0086 0.8088 + 0.0082 0.8059 + 0.0094
Sg 0.8321 £ 0.0075 0.8313 £ 0.0076 0.8312 + 0.0077
H, 67.62 +0.58 67.05 + 0.56 66.78 + 0.68
Tdrag 147.15 +0.20 147.21 +0.20 147.23 £0.21
Ay, (Aln B)ACDM —10.6 (1.2) —19.4 (6.0) —14.0 (3.7)
Ay%. (AlnB)CPL -1.5 (3.0) -0.5 (2.4) -0.4 (1.6)
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related to the geometrical degeneracy in the wy—€,, and
wo—H | planes and the differing Q,, preferences of the SNe
samples. The highest mean value of the Hubble constant,
Hy = 67.07 +0.59 kms~! Mpc~!' (68% CL), is obtained
using the PantheonPlus dataset and is slightly below the
canonical Planck 2018 ACDM value.

B +PantheonPlus
I +DESY5
Il +Union3

. L P N
0.31 0.33 0.82 0.85 66 68 -09 -0.8
Qm 58 HO wo

ol v vy

. . R DR R
0 0.2 0.4 0.6 0.8 1

Scale factor a
FIG. 5. Model 3. Above: posterior distributions and lo, 20

contours for three key cosmological parameters—the dark energy
equation of state parameter w, the Hubble constant H(, and the
matter fluctuation parameter Sg—obtained from the combination
of our baseline dataset with each of the three type Ia SNe samples,
separately, as indicated in the legend. The dashed lines represent
the mean ACDM parameters from Planck 2018 [7]. Below: the
best-fitting w(a) for the three dataset combinations shown in the
legend above. The dash-dot line shows the mean w(a) obtained
using the CPL parametrization with the PantheonPlus combina-
tion, while the light blue bands represent the corresponding 1o
and 20 intervals.

The model preference statistics at the end of Table III
strongly depend on the choice of SNe sample. While both
the chi-squared and Bayesian evidence favor this model
over ACDM when DESY5 or Union3 data are used,
PantheonPlus yields Ay, ~5 and AlnB ~ —6.5, indicat-
ing strong support for ACDM. This latter dataset also
strongly disfavors model 2 when compared to the CPL
parametrization—the only case where this occurs (Table VI
and Fig. 8)—while the other two dataset combinations
remain mostly agnostic. These weakened preferences are
perhaps due to this equation of state’s unusual shape. To
match the phantom crossing preferred by the CPL para-
metrization, it must deviate from CPL near a =1 at
approximately 2o significance (see the lower panel of
Fig. 4).

C. Model 3: w(a) =wo[1-asin() + sin 1]

Table IV and Fig. 5 summarize the observational con-
straints. This w(a) oscillates with decreasing frequency and
increasing amplitude over cosmic time. Most of its oscil-
lations occur within a < 0.2, after which the equation of
state evolves monotonically. The best-fitting w(a) closely
matches the CPL parametrization for a 2 0.5, suggesting
that the early-time oscillations may not significantly affect
the preferred value of wy. Similar to the previous models,
there is a phantom crossing at @ ~ 0.7, and the present value
of w(a) deviates from —1 at high significance for each
dataset combination.

The posterior distributions of the three derived param-
eters in Fig. 5 (2,,, H,, and Sg) show qualitative similarities
to those of model 1. The w, parameter remains strongly
correlated with Q,, and H;, and the mean values of all three
parameters are slightly shifted but remain well within 1o of
the Planck 2018 ACDM results [7].

The model comparison metrics for this model are also
qualitatively similar to those of model 1 (Table VI and
Fig. 8), providing a similar improvement over ACDM to
the CPL parametrization. However, this model improves
over model 1 in fitting the dataset involving PantheonPlus.
Using this dataset, the Bayesian evidence for model 3
compared to CPL becomes moderate (AlnB ~3).
Although this improvement could arise from the
differences between models 1 and 3 during late times
(for example, the slightly earlier phantom crossing of
model 3), an intriguing possibility is that the markedly
different early-time behavior of model 3 has beneficial
downstream effects for fitting the SNe distance
measurements.

D. Model 4: w(a) =w,[1+ (1-a)sin(:1)]

1-a
Table V and Fig. 6 summarize the observational con-
straints. The w(a) of this model oscillates with increasing
frequency and an amplitude that decreases over cosmic
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TABLE V. Model 4. Constraints (68% CL) on the seven free parameters listed in Table I, alongside relevant
derived parameters, obtained using the combination of our baseline dataset with each of the three type Ia SNe
samples (PantheonPlus, DESYS5, and Union3) separately. The minimum chi-squared difference, A)(fnin [Eq. (10)],
and the logarithmic Bayesian evidence ratio, Aln B [Eq. (11)], are reported at the end of the table.

Parameter PantheonPlus DESY5 Union3

Q.n? 0.12008 =+ 0.00072 0.11984 + 0.00074 0.11973 4+ 0.00075
Q.h? 0.02237 4+ 0.00013 0.02239 4+ 0.00013 0.02240 4 0.00013
1006yc 1.04091 £ 0.00028 1.04094 £ 0.00029 1.04095 £ 0.00028
Treio 0.0524 + 0.0068 0.0532 + 0.0069 0.0539 + 0.0070
ng 0.9652 + 0.0035 0.9657 + 0.0034 0.9662 + 0.0034
log(10'0A,) 3.039 +£0.012 3.041 +£0.013 3.042 £0.013
Wy —0.940 £ 0.026 —0.918 = 0.024 —0.906 +0.031
Q. 0.3128 + 0.0055 0.3169 + 0.0051 0.3194 + 0.0064
og 0.8179 + 0.0084 0.8124 + 0.0083 0.8093 + 0.0097
Sg 0.8350 + 0.0074 0.8349 + 0.0077 0.8350 + 0.0075
Hy, 67.65 £+ 0.60 67.15+0.54 66.87 £0.71
Fdrag 147.08 +0.20 147.13 £ 0.20 147.14 £ 0.20
Ay, (Aln B)ACDM —-12.6 (2.7) —-15.8 (3.9) —-12.7 2.7)
AyZ. (Aln B)CPL —3.5 (4.6) 3.1 (0.3) 0.9 (0.6)

time, reaching zero at the present day.lo The late-time
behavior of the best-fitting w(a) is remarkably consistent
across the dataset combinations, featuring a phantom
crossing at a ~2/3 and a present value of w(a) that differs
from —1 at approximately 3o significance. This represents
the smallest deviation from —1 among the four models
considered. Although one could interpret this as suggestive
evidence for present-day oscillations near the cosmological
constant, such oscillations are not the only distinctive
feature of this model. For instance, the equation of state
also has a well-defined peak at a ~ (.78, regardless of the
value of wy (Fig. 2). For the best-fitting values of wy, this
peak rises far above the 2¢ contour of the CPL para-
metrization (Fig. 6) and leads to a similar deviation in
energy density, ppg(a) (Fig. 7).

Even though this model has a mean w, much closer to
—1 than the previous three models, the posterior distribu-
tions of Q,,, H,, and Sy are similar. The Hubble constant is
again slightly higher when PantheonPlus is used, but for
every dataset combination considered, the mean values of
these derived parameters are consistent with Planck 2018
ACDM [7] to within 68% CL.

"9 After the present epoch (a = 1), the equation of state follows
a time-reversed evolution, with oscillations decreasing in fre-
quency and increasing in amplitude. Thus, while w(a) can be
extended indefinitely into the future without diverging, the
special role assigned to the present day is unjustified. This
model should therefore be viewed as a phenomenological
framework that allows for present-day oscillations within a
generally increasing trend.

The model comparison metrics in Table V show that
model 4 is favored over ACDM by both of our statistical
metrics for every dataset combination considered. In
particular, this model provides a significantly better fit to
the dataset involving PantheonPlus than models 1-3 and
the CPL parametrization (Table VI and Fig. 8), achieving
Ay’ ~-35 and AlnB~46 compared to CPL.
However, the model also provides a significantly worse
fit to the dataset involving DESY5 than models 1 and 3,
although its performance is comparable to CPL in terms of
Bayesian evidence. Every model considered, including
model 2, provides a comparable fit to the Union3 dataset.

Regarding the preference of the PantheonPlus dataset
for model 4, and the preference of the DESYS dataset
for models with more linear late-time evolution, one
explanation lies in the behavior of w(a) near a~2/3
(redshift z~0.5). Recent nonparametric reconstructions
[129-132,202,203] have found deviations from ACDM in
various cosmological functions, including w(a), near this
characteristic time. In particular, Refs. [129,130] demon-
strated that the deviation in w(a) near a ~2/3 is more
pronounced when the DESI BAO data are combined with
PantheonPlus than with the DESYS5 sample. Our results
support these findings within the parametric approach.
From a more fundamental perspective, this qualitative
behavior could result from, e.g., a coupling between dark
energy and dark matter [204,205].

V. SUMMARY AND CONCLUSIONS

In this article, we have examined four dynamical dark
energy models [Egs. (6)—(9)], each with a single free
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FIG. 6. Model 4. Above: posterior distributions and lo, 20
contours for three key cosmological parameters—the dark energy
equation of state parameter w,, the Hubble constant H, and the
matter fluctuation parameter Sg—obtained from the combination
of our baseline dataset with each of the three type la SNe samples,
separately, as indicated in the legend. The dashed lines represent
the mean ACDM parameter values from Planck 2018 [7]. Below:
the best-fitting w(a) for the three dataset combinations shown in
the legend above. The dash-dot line shows the mean w(a)
obtained using the CPL parametrization with the PantheonPlus
combination, while the light blue bands indicate the correspond-
ing 1o and 20 intervals.

parameter, wy, that controls both the present-day value and
the shape of the dark energy equation of state, w(a). All of
these equations of state remain well defined and contain
some oscillations over the full history of the Universe, in
contrast to the commonly assumed CPL parametrization,
which diverges in the infinite future (¢ — o0) and cannot
capture deviations from linearity. Unlike the CPL

2
Sz f-— cPL —— Model 3
8181 5F—— Model 1 Model 4
£ [—— Model 2
w L
g 1r
o] L
>
2 0.5
=
ﬁ | I
0.0 0.2 0.4 0.6 0.8 1.0
Scale factor a
FIG. 7. The mean energy density, ppg(a), and 1o bands for the

CPL parametrization (light blue) and models 14 (colors indicated
in the legend), obtained using the dataset combination involving
PantheonPlus SNe. Model 4 is notable for its well-defined peak
near a ~2/3.

parametrization, which arises from the series expansion
of a general w(a) to linear order, our models are purely
phenomenological, representing minimal extensions of
the ACDM model that allow for a dark energy equation
of state that broadly increases from the beginning of the
Universe until the present day. Our main objective was to
assess whether any of these models can provide a better fit
to modern cosmological data, as measured by the chi-
squared statistic and Bayesian evidence, than the CPL
parametrization.

Among the four models considered, only one evolves
monotonically over the time domain a€]0,1] that is
relevant to our analysis. One other model has a single
“oscillation,” decreasing until a ~ 0.3 and increasing there-
after. The remaining two models exhibit rapid oscillations
either toward the beginning of the Universe (a = 0) or the
present day (a = 1). The latter model 4 is particularly
noteworthy, as it simultaneously captures the increasing
trend suggested by previous studies (e.g., those by DESI
[136,137,145,147]) and the late-time oscillations identified
in nonparametric reconstructions [122—-132]. To our knowl-
edge, this model has not been previously considered in the
literature.

These models were analyzed using a combination
of CMB data from Planck, lensing reconstruction from
Planck and ACT-DR6, BAO measurements from DESI-
DR2, and three separate type la supernovae samples:
PantheonPlus, DESYS5, and Union3. The resulting param-
eter constraints are presented in Tables II-V and Figs. 3-6.
Each best-fitting w(a) has a present-day value greater than
—1 at several standard deviations and a phantom crossing
near a ~ 0.6-0.7. This behavior is qualitatively consistent
with both the CPL parametrization and nonparametric
reconstruction results from DESI [136,137,145,147].

Our main results regarding model preferences—
measured by the minimum chi-squared difference, Ay?,
[Eq. (10)], and logarithmic Bayes ratio, A In B [Eq. (11)]—
for our one-parameter models compared to ACDM and the
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TABLE VI. A summary of model preference statistics—the minimum chi-squared difference, Aﬂfﬁnn [Eq. (10)],
and the logarithmic Bayesian evidence ratio, A In B [Eq. (11)]—for the CPL parametrization and the one-parameter
models considered in this work. A preference for models 1-4 is theoretically indicated by Ayz. > 0 and
AlnB > 0, while Ay2. <0 and AlnB <0 indicate a preference for the reference models. More precise
benchmarks for Aln B are provided by the revised Jeffreys’ scale (Sec. IIL A).

Parameter PantheonPlus DESYS5 Union3
CPL
Ay2..(Aln B)ACDM -9.2 (-1.9) ~18.8 (3.6) ~13.6 (2.1)
Model 1
Ay%. (Aln B)ACDM -8.2 (=0.0) ~19.3 (5.6) ~12.8 (3.3)
Ay2..(AlnB)CPL 1.0 (1.8) —0.4 (2.1) 0.8 (1.2)
Model 2
AyZ.. (Aln B)ACDM 5.1 (-6.5) —13.1 (2.3) —13.2 (3.2)
Ay?. (Aln B)CPL 14.2 (~4.6) 5.7 (-1.3) 04 (1.1)
Model 3
Ay2.(Aln B)ACDM ~10.6 (1.2) ~19.4 (6.0) ~14.0 (3.7)
Ay?. (Aln B)CPL -1.5 3.0) -0.5(2.4) —0.4 (1.6)
Model 4
Ay%. (Aln B)ACDM ~12.6 (2.7) ~15.8 (3.9) ~12.7 (2.7)
Ay (Aln B)CPL -3.5 (4.6) 3.1 (0.3) 0.9 (0.6)
CPL parametrization are shown in Fig. 8 and Table VI. (i) Model 4 with PantheonPlus is significantly favored
These results can be summarized as follows: over the CPL parametrization by the Bayesian evi-
(i) All datasets significantly prefer the one-parameter dence, with AlnB ~4.5. Using the same dataset,
models over ACDM according to the chi-squared model 3 is moderately favored (A In B ~ 3). All other
statistic, with the exception of model 2 and the datasets are either indecisive or favor the CPL para-
dataset involving PantheonPlus, which is signifi- metrization over the one-parameter models.
cantly disfavored. The DESYS5 dataset provides the (iii) The strong preference for model 4 from Pantheon-
highest Bayesian evidence (A In B ~ 5) for models 1 Plus is possibly explained by this model’s w(a)
and 3, whereas the Union3 dataset provides similar having a well-defined peak near a ~0.78, leading
levels of support for each model. to a similar peak in ppg(a) near a ~2/3 (Fig. 7).
vs. ACDM vs. CPL
& A Q E
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FIG.8. A summary of the datasets’ model preferences, as quantified by the change in the minimum chi-squared, Ay2. [Eq. (10)], and
the logarithmic Bayes ratio, A In B [Eq. (11)], for each one-parameter model in Eqs. (6)—(9). The dataset combinations are defined by the
type Ia SNe sample (PantheonPlus, DESYS, or Union3) used alongside our baseline (Sec. III). The top-left quadrants indicate preference
for our models, and the shaded bands demarcate the revised Jeffreys’ scale (Sec. III A). Compared to ACDM (left), all models except
model 2 with PantheonPlus SNe are significantly favored by one or both statistics. Versus the CPL parametrization (right), model 4
combined with PantheonPlus SNe provides the most significant improvement.
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Such features were also found near this scale factor
in nonparametric reconstructions of w(a) using
PantheonPlus SNe (less so with DESYS5) [129,130].
This qualitative behavior could result from, e.g.,
a coupling between dark energy and dark matter
[204,205].

In conclusion, we have identified several one-parameter
models of dark energy that are preferred over ACDM and
the CPL parametrization by standard statistical metrics,
depending on the SNe catalog used in the analysis. Our
results add to the growing collection of hints for deviations
from ACDM near a ~2/3 (z~0.5) [129-132,202,203],
motivating further studies on dark energy models with late-
time oscillations.

Note added. Recent investigations into the photometric
calibration of type la supernova samples, most notably the
findings of the “Dovekie” analysis [197,198], have iden-
tified systematic biases affecting both the DESYS5 and
Pantheon 4 catalogs. While a full reanalysis using a
recalibrated Pantheon + likelihood is currently restricted
by data availability, we can estimate the potential impact on
our results by extrapolating from recent studies. Estimates
based on [197,198] suggest that recalibration typically
shifts the equation of state parameters w, and w, toward
their ACDM values (e.g., Awg ~ 0.05 and AQ,, ~ —0.02).
However, in addition to supernovae photometric calibra-
tion, the impact of host-galaxy corrections has received
renewed attention. The recent Union3.1 compilation pro-
vides a consistent reevaluation of host galaxy masses across
~2000 type la supernovae, successfully resolving historical
low-redshift discrepancies [206]. While these improve-
ments systematically shift the baseline matter density by
AQ,, ~0.01, Ref. [206] does not incorporate the Dovekie
photometric offsets derived by Ref. [207], which can
introduce separate systematic variations of AQ,, ~0.05.
Until the interplay between these independent corrections is
fully understood, studies incorporating supernova data to
evaluate the significance of dynamical dark energy should
be treated with appropriate caution.
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APPENDIX: DATASET CONSISTENCY

In this Appendix, we demonstrate the consistency of the
datasets combined to obtain our results for model 4 and its
most statistically significant dataset combination: CMB data
from Planck, lensing reconstruction from Planck and
ACT-DR6, BAO measurements from DESI-DR2, and type
Ia supernovae from PantheonPlus. In Fig. 9, we show select

I CMB+Lensing+DESI-DR2
I CMB+DESI-DR2

I CMB+Lensing+PantheonPlus
I CMB+PantheonPlus
Al
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FIG. 9. Model 4. Posterior distributions obtained from subsets
of the full dataset combination (CMB data from Planck, lensing
reconstruction from Planck and ACT-DR6, BAO measurements
from DESI-DR2, and type Ia supernovae from PantheonPlus) that
provided our most statistically significant results. When analyzed
within model 4, all datasets are consistent with one another to
within lo.
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parameter constraints obtained from individual MCMC runs
on subsets of the full dataset combination. One can see that,
when analyzed within this model, all individual datasets are
consistent with one another to within lo. The model
comparison statistics for these subsets (Table VII) confirm
that the PantheonPlus catalog is primarily responsible for the
Bayesian preference for model 4 over CPL. We emphasize
that, due to computational cost, this detailed breakdown was
performed only for model 4, which yielded the most
statistically significant improvement over CPL and therefore
provides a stringent consistency test.'!

"For completeness, we note that we found similar consistency
for this model and subsets of the DESYS5 and Union3 dataset
combinations. We expect that models 1-3 would not display less
consistency, as these models’ phenomenology and model com-
parison statistics are similar to those of model 4.

TABLE VII. Model 4. Model preference statistics from subsets
of the full dataset combination (CMB data from Planck, lensing
reconstruction from Planck and ACT-DR6, BAO measurements
from DESI-DR2, and type Ia supernovae from PantheonPlus) that
provided our most statistically significant results. The Bayesian
preference for model 4 over CPL arises primarily from Pan-
theonPlus.

A){Ian(AlnB) A)(rzmn(AlnB)
Dataset ACDM CPL
CMB + Lensing —-8.4 (1.2) 0.2 (1.2)
+DESI-DR2
CMB + DESI-DR2 -9.3 (1.3) 1.0 (1.3)
CMB + Lensing —4.5 (-1.2) -2.4 (3.2)
+PantheonPlus
CMB + PantheonPlus -39 (-1.3) -3.6 (3.0)
All —-12.6 (2.7) -3.5 (4.6)
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