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We present an uncertainty-aware description of leading-power fragmentation for all-charm pentaquark
states (S-wave |ccccec)) at hadron colliders. We construct a multimodal set of collinear fragmentation
functions, PQ5Q1 .1, incorporating both perturbative and nonperturbative uncertainties. Perturbative
effects are estimated via missing higher-order variations, while the nonperturbative wave function is
modeled through controlled modifications of its transverse-momentum structure, consistently combined
within a replicalike framework. The initial-scale input for constituent charm fragmentation is refined to
describe both compact multiquark and diquark-driven production mechanisms. We employ the (sym)
JETHAD interface to study NLL/NLO™ (next-to-leading logarithmic/next-to-leading order) semi-inclusive
pentaquark-plus-jet production at the HL-LHC and future Future Circular Collider. The bottom sector is
left to future dedicated studies due to its enhanced sensitivity to nonperturbative modeling. Our results
provide a flexible framework for uncertainty-controlled predictions, bridging exotic-hadron structure,

heavy-flavor fragmentation, and high-energy QCD.
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I. INTRODUCTORY ASPECTS

The exploration of multiquark hadrons has profoundly
broadened our view of hadronic matter, revealing a spectrum
far richer than that envisioned in the conventional quark model
[1-3]. While the Gell-Mann—Zweig classification identifies
mesons as quark-antiquark states and baryons as three-quark
systems [4,5], a large body of experimental and theoretical
evidence now supports the existence of nonconventional
configurations, including tetraquarks, pentaquarks, hexa-
quarks, and hybrid mesons [6-15]. These states offer a
privileged laboratory for investigating the nonperturbative
dynamics of quantum chromodynamics (QCD).

Future high-energy facilities, such as the High-
Luminosity Large Hadron Collider (HL-LHC) [16], the
Electron-lon Collider (EIC) [17-19], and the Future
Circular Collider (FCC) [20-23], will considerably extend
the kinematic reach of exotic-hadron searches. In parallel,
the combination of fixed-order calculations with all-order
resummation techniques has enabled increasingly precise
predictions for heavy-hadron production, allowing for a
consistent treatment of multiscale dynamics and for
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systematic comparisons with data. Within this broader
program, exotic spectroscopy and precision QCD can be
naturally merged into a unified framework for studying
color confinement and multiquark bound states.

Several scenarios have been proposed for the internal
structure of exotic hadrons. In the compact multiquark
picture, they are interpreted as tightly bound quark-anti-
quark aggregates [24,25]. Alternative descriptions include
the hadronic molecular model, where states emerge as
loosely bound meson-meson or meson-baryon systems
near threshold [13,26-34], the diquark-antidiquark frame-
work [34-40], and the hadroquarkonium model, where a
heavy quarkonium core is embedded in a light-quark
environment [41-45]. The latter has been successfully
applied to states such as X(3872) [46] and Y (4260) [47].

A major step forward in the study of all-heavy systems has
been the observation of fully charmed tetraquark candidates,
X(6600), X(6900), and X(7100), in double-J/y and J /-
plus-y(2S) channels [48]. Located in the region
4m. <M <7 GeV, these structures currently represent
the only established fully heavy exotics. Their interpretation
has been reinforced by recent spin-parity analyses [49], which
favor a JP€ = 2+ assignment for the leading structure and
disfavor molecular explanations in favor of compact multi-
quark configurations. This provides strong motivation to
extend the investigation to other all-heavy states.

The experimental search for pentaquarks has followed a
more intricate path. Because the antiquark entering the
leading Fock state can cancel in flavor with one of the
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quarks, some pentaquark signatures may mimic ordinary
baryons, making their identification particularly challeng-
ing. For this reason, early searches concentrated on
channels where such cancellations do not occur. The first
claims date back to 2003, when the LEPS and DIANA
Collaborations reported evidence for the ©* baryon
[50,51], in line with earlier theoretical expectations [52].
However, subsequent null results and conflicting measure-
ments led to substantial skepticism [53—-56].

A decisive turning point was reached in 2015, when the
LHCb Collaboration observed two charmonium-like pen-
taquark candidates, P.(4380)" and P.(4450)", in A,
decays [57]. These states, reconstructed in the [J/y + p]
channel, provided the first unambiguous evidence of
pentaquark structures. Subsequent analyses led to the
discovery of additional candidates, including P.(4312)%,
P.(4440)*, and P.(4457)% [58], as well as the strange
pentaquark candidate P (4459) [59] and the P} (4338)
resonance [60]. Further experimental developments are
discussed in Refs. [61,62].

Despite this progress in spectroscopy, the dynamical
mechanisms responsible for pentaquark production remain
poorly understood. Only a limited number of model-depen-
dent approaches have been explored so far, including color
evaporation [63] and hadron-quark-duality descriptions
[64,65]. At the same time, lattice QCD and effective field
theories have clarified several aspects of interquark forces and
resonance formation [66—71], while more recent studies have
emphasized the role of heavy-quark dynamics, meson-baryon
interactions [72], and the interplay between long-range pion
exchange and short-distance quark forces [73,74].

From a theoretical perspective, all-heavy multiquark sys-
tems provide a particularly clean environment. Here, the
heavy-quark mass m sets the dominant scale, while the
absence of light valence quarks suppresses genuinely soft
contributions. An all-heavy tetraquark can then be described
by the lowest Fock state |QQQ Q), closely resembling the
quarkonium configuration |QQ). This analogy motivates the
extension of quarkonium-inspired methods to exotic systems,
often viewed as QCD analogs of few-body atomic configu-
rations [75]. In the same spirit, an all-charm pentaquark Ps,.
can be modeled as a nonrelativistic bound state |ccccc).

Measurements of large transverse-momentum produc-
tion rates, such as those observed for the X(3872) [76-78],
suggest that fragmentation mechanisms may play an
important role in exotic-hadron production. This motivates
the use of leading-power factorization frameworks, in
which a single parton fragments into the observed hadron,
thereby providing a direct bridge between high-energy
QCD dynamics and hadron formation.

In this direction, a new generation of fragmentation-
function (FF) frameworks has been developed to describe
heavy and exotic hadrons in a unified way. These
approaches combine model-based calculations of the ini-
tial-scale inputs [79-83] with DGLAP evolution schemes

that consistently account for heavy-quark thresholds
[84-92]. This program has led to several FF families,
including TQHL1 .1 and TQ4Q1.1 (2. 0) for doubly and
fully heavy tetraquarks [93-96]. Overall, these develop-
ments provide a flexible and systematically improvable
basis for studying exotic-hadron production across different
kinematic regimes.

In this context, heavy-flavor fragmentation at leading
power naturally lies at the interface between hadronic
structure and precision QCD. The presence of heavy quarks
introduces a dual dynamics: short-distance production can
be treated perturbatively, while bound-state formation
requires modeling of nonperturbative effects.

Building on these developments, a natural next step is to
extend this framework to the pentaquark sector.

In this work, we develop a general framework for the
leading-power fragmentation of all-heavy pentaquark states
and present its first phenomenological application to the all-
charm sector (S-wave |c¢ccc) pentacharms, hereafter Ps,.) at
present and future hadron colliders. Within this context, we
introduce a new generation of collinear fragmentation
functions, the PQ5Q1 . 1 set, which extends and supersedes
the previous PQ5Q1 . 0 determination [97]. The 1 .1 update
promotes the multimodal structure of the initial-scale input,
where distinct production mechanisms—from compact mul-
tiquark configurations to diquark-driven structures—are
consistently embedded within a unified fragmentation
framework. This development marks a transition from
exploratory modeling toward a first uncertainty-controlled
description of pentacharm fragmentation.

A key advancement of the PQ5Q1 .1 framework is its
uncertainty-aware construction. While PQ5Q1.0 was
restricted to central-value predictions, here we systemati-
cally incorporate both perturbative and nonperturbative
sources of uncertainty. Perturbative effects are assessed
through missing higher-order variations (F-MHOQOUs), while
the nonperturbative wave function (F-NPWF) is probed via
controlled modifications of its transverse-momentum struc-
ture. These contributions are consistently combined within
areplicalike framework, enabling a coherent propagation of
theoretical uncertainties to phenomenological observables.

This strategy builds on and extends recent developments
in heavy-hadron fragmentation. In the context of fully heavy
tetraquarks, the TQ4Q1.1 framework [95] has demon-
strated how the combined treatment of perturbative and
nonperturbative uncertainties can provide a robust reference
for experimental analyses. Similarly, for ordinary heavy-
flavor systems, the NRFF1 . 0 approach [86] has established
a pathway toward precision studies of (pseudoscalar)
quarkonium production by consistently incorporating both
sources of uncertainty. The present work generalizes this
philosophy to the pentaquark sector, providing the first
uncertainty-controlled construction in this context.

From a physical standpoint, the need for a multimodal and
uncertainty-aware description is deeply rooted in the nature
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of exotic bound states. Even when produced as compact
configurations, all-heavy systems can dynamically evolve
through quantum fluctuations into more extended structures,
such as diquark-based or molecularlike arrangements [98]. A
first-principles description of these transitions would require
solving a genuinely complex multibody bound-state prob-
lem, which remains beyond current theoretical control. In
this context, the PQ5Q1 .1 functions provide an effective
and flexible framework to encode such dynamical effects at
the level of fragmentation inputs.

Overall, this work contributes to establishing a unified
framework for the study of exotic-hadron production at high
energies, where hadron-structure modeling, precision QCD
techniques, and collider phenomenology are consistently
intertwined. By promoting a systematic treatment of theoretical
uncertainties, it opens the way toward precision-oriented
investigations of exotic matter, with direct implications for
future experimental analyses at the HL-LHC and FCC.

Although the formal construction of the PQ5Q1.1
framework is general and applicable to all-heavy systems,
our phenomenological analysis is restricted here to the all-
charm case. Exploratory studies in the bottom sector
indicate that the current implementation does not yet
provide a sufficiently robust and stable description, with
features that remain difficult to interpret in physical
terms [99]. For this reason, a dedicated bottom-sector
analysis is deferred to future work.

To connect this framework with collider observables, for
the phenomenological analysis we adopt the NLL/NLO™
(next-to-leading logarithmic/next-to-leading order) hybrid-
factorization scheme, where high-energy logarithms are
systematically resummed up to NLL accuracy and matched
to next-to-leading-order (NLO) collinear dynamics, includ-
ing higher-order (NLL™) contributions. This framework
provides a consistent description of semi-inclusive observ-
ables, combining energy resummation with standard col-
linear factorization.

In the following, we employ the JETHAD numerical
framework, complemented by its symbolic module
symJETHAD [100-105], to derive predictions for high-
energy observables sensitive to pentacharm-plus-jet pro-
duction. Our analysis covers center-of-mass energies from
the 13 TeV HL-LHC up to the 100 TeV FCC regime.

The paper is organized as follows. Section II details the
construction of the PQ5Q1 . 1 collinear FFs for Ps,. states. In
Sec. III, we outline the NLL/NLO™ hybrid-factorization
framework. Section IV presents our phenomenological
results for semi-inclusive Ps,. plus jet production at high
energy. Conclusions and future directions are given in Sec. V.

II. MULTIMODAL FRAGMENTATION
OF ALL-CHARM PENTAQUARKS

In this section we outline our strategy to construct the
multimodal PQ5Q1 .1 FF family, describing the collinear
fragmentation of S-wave pentacharms from initial-scale

inputs for the charm-quark channel based on either the
direct or the scalar-diquark picture.

For completeness, in Sec. II A we briefly review the main
features of heavy-flavor fragmentation, from heavy-light
hadrons to quarkonia and exotic states. We then focus on
the pentaquark case, presenting the direct and diquark
inputs in Secs. II B and II C, respectively. Finally, the scale
dependence of the PQ50Q1 .1 functions, together with the
associated uncertainty estimates from F-MHOU and
F-NPWEF effects, is presented and discussed in Sec. II D.

All symbolic computations required to build the
PQ5Q1.1 set are performed using symJETHAD, a mathe-
matica [106] plugin of JETHAD [100-105], designed for the
symbolic manipulation of analytic formulas in hadronic
structure and precision QCD.

A. An overview of heavy-flavor fragmentation

At variance with light hadrons, the fragmentation
mechanism  underlying heavy-flavor  hadronization
involves a richer structure, since heavy-quark masses in
their lowest Fock state lie within the perturbative QCD
domain. As a consequence, while light-hadron FFs are
purely nonperturbative, the initial-scale inputs for heavy-
hadron FFs can contain a perturbatively calculable
component.

For singly heavy hadrons, such as D, B, and A_, states,
fragmentation can be described as a two-stage process
[85,107-109]. A high-p; parton i, produced in the hard
scattering, first fragments into a heavy quark Q, a step
governed by short-distance dynamics and computable in
perturbation theory thanks to the smallness of a,(m). This
contribution, identified as the short-distance coefficient
(SDC) for [i — Q], occurs over a shorter timescale than
hadronization. The first NLO calculations of these SDCs
were performed in Refs. [84,110], with subsequent next-to-
NLO extensions in Refs. [111-115]. At longer timescales,
the heavy quark undergoes nonperturbative hadronization,
typically modeled through phenomenological approaches
[116-118] or effective field theories [119-121].

A complete ZM-VENS (zero-mass-variable-flavor num-
ber scheme) description is achieved by evolving these
initial conditions via the DGLAP equations. Numerical
solutions of the coupled evolution system allow one to
consistently incorporate energy-scale dependence at the
desired perturbative accuracy.

This two-stage paradigm naturally extends to quarkonia,
where the presence of both Q and Q in the lowest Fock
state |QQ) increases the theoretical complexity. Modern
treatments rely on nonrelativistic-QCD (NRQCD) [122—-
124], which provides a factorized description in terms of
perturbative SDCs and nonperturbative long-distance
matrix elements (see Refs. [125-128]). Within this frame-
work, quarkonium states are expanded over a complete set
of Fock configurations, ordered through a double expan-
sion in a; and the relative velocity v.
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The interplay between production mechanisms depends
strongly on the transverse momentum py. At low p7,
quarkonia are dominantly formed via short-distance pro-
duction of the (QQ) pair followed by hadronization. At
larger pys, single-parton fragmentation becomes increas-
ingly relevant and eventually dominates. The former can be
interpreted as a fixed-flavor number-scheme higher-power
contribution [86-92,129-131], while the latter corresponds
to aZM-VENS mechanism governed by DGLAP evolution.

Initial-scale FFs for gluon and heavy-quark fragmenta-
tion into S-wave vector quarkonia were computed at
leading order (LO) in Refs. [132,133] and later extended
to NLO in Ref. [134]. These results enabled the construc-
tion of the first DGLAP-evolved FF sets for quarkonia,
ZCW197* [102,135], followed by the ZCFW22 extension to
B.('Sy) and B.(3S,) states [136,137]. Phenomenological
applications of ZCFW22 showed that the B, ('S,) produc-
tion rate relative to singly bottomed B mesons remains
below 0.1%, in agreement with LHCb observations
[137,138], thus supporting the validity of the ZM-VENS
fragmentation picture at high p7.

Extending these ideas to exotic hadrons, NRQCD
factorization has been employed to describe double J/y
structures observed at the LHC [48,139,140], often inter-
preted as compact all-charm tetraquarks [141,142]. In this
case, T4. production originates from the short-distance
creation of two charm and two anticharm quarks at a scale
~1/m,, followed by nonperturbative binding. The first
NRQCD-based initial condition for gluon fragmentation
into color-singlet S-wave T, states was derived
in Ref. [81].

Building on this result, the first VENS FF family for
heavy-light tetraquarks, TQHL1.0, was introduced in
Ref. [143] (see Ref. [103] for a review). Subsequent
developments led to the TQ4Q1.1 and TQHL1.1 sets
[93], incorporating NRQCD-based inputs for the [Q —
T4p) channel [82], improved treatments of doubly heavy
systems, and bottomoniumlike configurations. These FFs
were later employed in phenomenological studies of all-
heavy tetraquark production [94,95,144], indirect searches
in electroweak and Higgs decays [145], and forward-
rapidity analyses sensitive to intrinsic charm [146], as well
as in dedicated studies of the gluon channel [147].

More recently, the NRFF1 . 0 framework [86] has provided
a systematic determination of pseudoscalar-quarkonium FFs
with consistent NRQCD inputs, while the TQ40Q2 . 0 release
extended the multimodal approach to all-heavy tetraquarks by
incorporating additional production mechanisms and a
refined treatment of uncertainties [96]. Within the same
research program, first FFs for all-charm pentaquarks and

|
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P,[direct] (Z’ RQT/Q’ RP/Q) -
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X [R;T/Q(z + 2)22 + 73 -472-357+ 50] [R?] /Q(

rare Q baryons were developed in Refs. [97,105,148], leading
to the PQ5Q1 .0 and OMG3Q1 .0 sets.

B. Direct fragmentation mode

Our construction of the initial-scale input for constituent
heavy-quark fragmentation into S-wave color-singlet pen-
taquarks in the direct multiquark scenario (Fig. 1) builds
upon the approach of Ref. [149], based on a spin-aware
Suzuki framework [79] incorporating transverse-momen-
tum effects. The collinear limit is recovered by neglecting
the relative motion of the bound-state constituents [150].

This setup parallels the NRQCD factorization picture,
where perturbative splittings produce the heavy constitu-
ents above threshold, followed by nonperturbative binding.
In analogy, the production amplitude is constructed from a
sequence of perturbative emissions and convoluted with a
bound-state wave function according to the Suzuki
prescription.

The channels shown in Fig. 1 correspond to the [Q —
(Q0QQQ) + O Q] subprocess, namely the direct [Q —
Psp] SDC. Charge-conjugated configurations yield the
corresponding [Q — P5Q] channel. In this work, we
assume symmetry between Ps, and PSQ production,
consistently with observables inclusive over particle-anti-
particle emission (see, e.g., Ref. [152]).

Using symJETHAD interfaced with FeynCale [153], we
derive the explicit form of the [Q, O — Ps,] initial-scale
FF in the direct scenario,

Psp

DQ,[direct] (Z’ /"F.O) - NEJQ)

[direct] (1 - Z>4 47?'P/Q

(0) .
SP,[direct] (Z’ R‘IT/Q)

(1)

(o) :
TP,[direct] (Z; 7zq»,-/Q, RP/Q)

with Rpjg = mp,,/mg and Ry, o = /{(G7)/mg. We set

The normalization factor reads as

N(Q

P [direct]

= {320V572f 5Crla, (e P}, (2)

while the numerator and denominator are

9
()
S P,[direct] Z R’IT/Q ZZ2 7/P [dlrect )(RQT/Q)Zk (3)
k=0

and

372 — 1322 = 50z + 75)?

—D+(1=2)(Rp o =5 +47. (4)
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Psq

FIG. 1.

Main leading-order diagrams for the collinear fragmentation of a constituent heavy quark into a color-singlet S-wave Psg

pentaquark at the initial scale, illustrated within the direct multiquark framework. The green ovals represent the nonperturbative
hadronization contribution to the associated FFs. Visualizations were generated using JaxoDraw 2.0 [151].

respectively. The 750?[311rect] (z; k) entering Eq. (3) are detailed

in Appendix A.
Compared to Ref. [149], our result differs in the explicit

determination of N and in a revised treatment of the

P, [dlrect]
(g%) parameter. Within the Suzuki framework, (g>) con-
trols the transverse-momentum structure of the bound state
and can be interpreted as an effective quantity entering the
F-NPWF. Following the strategy adopted in our previous
1.0 releases [97], we treat (g2) as a phenomenological
parameter governing the shape of the FF, and we will
estimate the associated F-NPWF uncertainties through its
variation (Sec. II D).

In earlier studies on all-heavy tetraquarks [154], (g3)
was tuned to ensure (z) = 0.4 and a comparable normali-
zation between quark- and gluon-initiated channels.
Adopting a similar criterion for pentacharm, we select [97]

(G7)py, =90 GeV?, (5)

which approximately satisfies

\/QT Psg ™ 4\/‘1T Tap* (6)

Although this scale lies well above the typical hadronic
regime, its role should be regarded as effective rather than
strictly associated with a soft nonperturbative scale. In fully
heavy systems, the absence of light constituents prevents
the emergence of a characteristic scale set by Agcp, while
the presence of multiple heavy quarks suggests a broader
intrinsic momentum distribution within the bound state. In
this context, (g%) parametrizes the intrinsic momentum
spread of the bound state and should not be interpreted as a

014009-5



FRANCESCO GIOVANNI CELIBERTO

PHYS. REV. D 114, 014009 (2026)

direct measure of nonperturbative dynamics at low scales.
Rather, it effectively encodes nonperturbative modulation
effects associated with the formation of a fully heavy Fock
state, where the relevant dynamical scale is set by the
interplay between heavy-quark masses and binding inter-
actions, rather than by Agcp alone.

This interpretation is consistent with early studies of
heavy-flavor fragmentation [79,155], where the large-z
behavior is driven by the heavy-quark mass. However,
for fully heavy systems such as ordinary and exotic T4¢ or
Ps states, the lack of a light degree of freedom prevents a
purely kinematic determination of the FF peak, thus
motivating a phenomenological treatment.

C. Diquark fragmentation mode

The quark-diquark picture assumes that two quarks can
form a colored correlated subsystem, referred to as a
diquark [4]. This framework has been widely employed
in hadron spectroscopy and in the description of baryon

production, particularly in the heavy-flavor sector (see
Refs. [24,35,156]). Diquarks can appear in scalar (spin-0)
or axial-vector (spin-1) configurations; analogous spectator
systems are widely used to model spin-dependent quark
[157] and gluon densities [158,159] in the proton, with
their composite nature encoded through phenomenological
form factors. Scalar states involve a single form factor,
while axial-vector ones require a more involved structure.
Early applications to baryon fragmentation are given in
Refs. [160-164], while tetraquark and pentaquark systems
have been explored within diquark-based approaches in
Refs. [25,165].

Following the strategy adopted in our previous 1.0
releases [97], we model the initial-scale input for charm
fragmentation into S-wave color-singlet pentacharms in the
diquark-quark-diquark configuration (Fig. 2) based on
Ref. [166]. As in the direct scenario, the Suzuki framework
[79] is employed, but the leading Fock state is taken as

ID(QQ)OD(QQ)), where D(QQ) is a colored heavy

Psq

FIG. 2. Main leading-order diagrams for the collinear fragmentation of a constituent heavy antiquark into a color-singlet S-wave Ps,
pentaquark at the starting scale, illustrated within the scalar-diquark framework. Double lines denote heavy-diquark states, D(QQ) or
D(Q Q), while black bullets indicate effective gluon-diquark-antidiquark vertices. The green ovals represent the nonperturbative
hadronization contribution to the associated FFs. Visualizations were generated using JaxoDraw 2.0 [151].
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diquark. At LO, the transition [Q — (D(QQ)0D(QQ)) +
D(Q Q)D(Q Q)] is described by the diagram classes
shown in Fig. 2.

The channels in Fig. 2 correspond to the diquark-based
[0 — Psp| SDC, with charge-conjugated configurations
yielding the [Q — Psp] channel. As in the direct case, we
assume symmetry between pentaquark and antipentaquark
production, working with fully symmetric Q and Q
fragmentation channels.

Within this setup, the diquark-quark-diquark structure
leads to more compact analytic expressions than the direct
multiquark case. Using symJETHAD in combination with
FeynCale, we reproduce the [Q,Q — Psp] initial-scale
PQ5Q1.1 FF in the diquark scenario (see Sec. 4 of
Ref. [166]),

)

iquark) (5 Rar/o) = {641 +3562° — 9922 — 21287 + 1540 + -

P
DQSﬁjlquark](Z ﬂF 0)

(0) .
_ N(Q) |:Z2<1 - Z>:| 2 SP.[diqua.rk] <Z’ R‘IT/Q)
— 7 P,[diquark] (0) ] s
2+2 TP,[diquark] (Z’ R(IT/Q)

(7)

V @%/mg

where R, /o =

oo | (62572 2
(0) _ P,|diquark [diquark]
NP,[diquark] = my { 612 f5Cr|a ¢ (o )}2} ,

(8)

while the numerator and denominator explicitly read as

672
Z

- 128z(1 — z)° 45(z 4 2)2(82% + 60z — 33 — 60/2)
+ 225 2 2 — 212 2 2 2 _ 2
Ry, /07" +(5—2)7] (R, /07" + 27— 10z 4 100]
16(1 — 2)*(z> — 20z — 35)
+30| = s
q’/‘/QZ +( Z)
N (z+2)(100z* + 2567 — 5882% + 1859z — 922 — 1380/2) )
R: 107" + 2 =10z + 100

and

(0) . _
TP.[diquaIk]<Z’ RQT/Q) - [Rér/QZ2 + (5 - Z)Z]Z. (10)

The quantity V in Eq. (8) is the form factor part of

dlquark]
the gluon-diquark-antidiquark effective vertex (the black
bullet in Fig. 2).

In our implementation, the calculation of Ref. [166] is
used as a proxy for the diquark channel, retaining scalar
diquarks only and neglecting pseudovector contributions.
We improve upon that setup in three aspects. First, the
normalization factor in Eq. (7) is computed explicitly at the
initial scale ,uE,lquaIk] = 9myy, rather than fixed by normali-
zation conditions. Second, the (g7) parameter is deter-
mined consistently with the direct scenario [see Eq. (5)].
Third, to better isolate the impact of diquark dynamics, we

set the (¢DD) form factor to V dezuark] =1 GeV, instead
of 5 GeV as in Ref. [166].

D. The PQ5Q1 .1 multimodal functions

The construction of the PQ5Q1 . 1 fragmentation func-
tions for Ps. states is completed by consistently evol-
ving the initial-scale inputs through DGLAP dynamics.
This step connects the hadron-structure-driven modeling

introduced in the previous sections to the perturbative

description of fragmentation at higher energy scales.
From kinematic considerations, the minimal invariant

mass for the [¢c — (cCccc) + ¢¢] splitting in the direct

multicharm scenario is uES‘{f“] (see Fig. 1).
mass for the

Conversely, the minimal invariant
[c = (cCcee) +ccce] splitting in the scalar-dicharm
[dlquark]

= Tm,

mode is pp =9m, (see Fig. 2). These scales define
the natural starting points for the fragmentation evolution in
the two configurations.

A consistent treatment of heavy-hadron fragmentation
requires matching hadronic-structure inputs with collinear
factorization, ensuring a proper implementation of evolu-
tion thresholds across all parton channels. To achieve this,
the heavy-flavor nonrelativistic evolution (HF-NRevo)
framework was introduced [86-92]. Originally designed
to describe the DGLAP evolution of fragmentation func-
tions derived from nonrelativistic inputs, and later extended
to more general initial-scale models, HF-NRevo is structured
around three key elements: interpretation, evolution, and
uncertainties.

Concerning the evolution stage, HF-NRevo can be viewed
as a two-step procedure. An initial semianalytic expanded
and decoupled evolution (EDevo) ensures a consistent
treatment of threshold effects across parton channels.
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This is followed by a fully numerical all-order evolution
step (AOevo), which implements the complete DGLAP
dynamics.

In the context of exotic hadrons, HF-NRevo has been
successfully applied to the description of fully heavy
tetraquark fragmentation, combining gluon and constituent
heavy-quark initial-scale inputs (see, e.g., the TQ4Q1.0
sets [154] and their 1.1 [93-95] and 2. 0 [96] extensions,
as well as the Q3. OMG3Q1 .0 functions [148]).

When only a single parton channel is available at the
initial scale, a simplified realization of HF-NRevo is suffi-
cient. This occurs, for instance, in the TQHL1 .0 frame-
work [143] (and its 1.1 update [93]), where only the
(0.0 = X,04] channel is modeled. In such cases, the
EDevo step is bypassed, and the evolution proceeds directly
through the numerical AOevo stage.

A similar situation applies to Ps. fragmentation. At
present, the only available initial-scale input corresponds to
the constituent heavy-quark channel, namely the charm.
Therefore, in constructing the PQ5Q1 .1 set, we directly
evolve the [c, ¢ — Ps.| inputs through the AOevo procedure,
while all other partonic contributions are dynamically
generated by the evolution.

Within this setup, the charm-quark mass m,. enters
explicitly in the initial condition for the [c,¢ — Ps.]
channel, through the multimodal, mass-dependent con-
struction discussed in the previous sections. This reflects
the fact that the formation of a Ps,. state occurs close to the
heavy-quark threshold, where finite-mass effects are rel-
evant. As a consequence, the subsequent evolution is
performed in a fixed-flavor scheme with ny = 5, without
introducing additional threshold crossings.

The DGLAP evolution is implemented within the
ZM-VENS, where all partons, including charm and bottom,
are treated as massless degrees of freedom. This choice is
standard in heavy-hadron fragmentation studies (see, e.g.,
Ref. [167]), and is justified by the fact that mass effects
become negligible at the scales relevant for the evolution.
In this context, the ZM-VENS label refers exclusively to the
massless treatment in the evolution stage, while mass
effects are retained in the initial-scale modeling.

One limitation of the present approach is that initial-scale
inputs for light partons and the bottom quark are not
explicitly included, and only emerge through evolution at
higher scales. However, existing studies indicate that such
contributions are negligible at the initial scale for analogous
systems, such as doubly heavy tetraquarks [80] and vector
quarkonia [135]. Extending the present framework to
include additional initial channels will be the subject of
future investigations.

A key feature of the PQ5Q1 . 1 framework is the explicit
construction of a replica ensemble designed to encode the
dominant sources of theoretical uncertainty in a coherent
and systematic way. Rather than treating perturbative
and nonperturbative effects separately at the level of

observables, both are incorporated directly at the level of
the fragmentation functions, allowing for a unified propa-
gation of uncertainties throughout the entire phenomeno-
logical pipeline.

On the perturbative side, uncertainties are estimated
through F-MHOUSs. These are implemented by varying
the scale that sets the starting point of the numerical AOevo

evolution, namely ﬂ?,l(r)ect] = 7m, in the direct mode and
ﬂff{}“"‘” = 9m, in the diquark mode.

This evolution-ready scale is varied around its natural
value by a multiplicative factor K ,, ranging from 1/2 to 2,
thus probing the sensitivity to subleading perturbative
contributions beyond the nominal accuracy. Our procedure
is fully consistent with the HF-NRevo strategy, where the
initial-scale modeling and the subsequent DGLAP evolu-
tion are treated as a single, continuous framework.

In addition, nonperturbative uncertainties are accounted
for through variations of the transverse-momentum param-
eter (g3), which controls the shape of the nonperturbative
wave function in the Suzuki-inspired construction.
Although (g2) does not correspond to a soft hadronic
scale in fully heavy systems, it effectively parametrizes the
internal momentum distribution of the multiquark bound
state, thus providing a controlled handle on the modeling of
bound-state formation. The resulting F-NPWF variations
probe the sensitivity of the FFs to the underlying hadron-
structure assumptions.

These perturbative (F-MHOU) and nonperturbative
(F-NPWEF) effects are combined within a replicalike struc-
ture, where each member of the ensemble corresponds to a
specific choice of energy-scale configuration and trans-
verse-momentum parameter. In practice, this leads to a
discrete set of FF replicas that encode the combined
uncertainty envelope, which can be directly propagated
to collider observables.

We stress that these replicas do not constitute a
Monte Carlo statistical ensemble, as in modern PDF
determinations, but rather a structured scan over physically
motivated parameter variations. Their purpose is not to
reconstruct a probability distribution, but to provide a
controlled and transparent sampling of the dominant theo-
retical uncertainties affecting the fragmentation process.

This approach is particularly advantageous in the present
context, where uncertainties originate from modeling
assumptions (NPWF) and missing higher-order effects
(F-MHOUs), for which no statistically rigorous prior is
available. By organizing these variations into a replicalike
format, one retains the practical benefits of replica-based
frameworks—such as straightforward uncertainty propa-
gation, envelope construction, and compatibility with
standard analysis tools—while maintaining a clear inter-
pretation in terms of theory-driven variations.

The explicit mapping between replica indices and
parameter configurations is provided in Appendix B, where
the full structure of the ensemble is detailed.
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FIG. 3.

[c - Ps.] diquark fragmentation
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Momentum-fraction dependence of PQ50Q1 . 1 functions describing the collinear fragmentation of (anti)charm quarks into Ps,.

pentaquarks, for direct (left) and scalar-diquark (right) initial-scale inputs. Shaded bands in the main panels denote the total uncertainty,
obtained by combining F-MHOU and F-NPWF variations. The first lower panel highlights the effect of F-MHOUs, while the second
isolates F-NPWF uncertainties. For details on the replica indexing and parameter mapping, see Table I in Appendix B.

Figure 3 shows the z dependence of the PQ5Q1 .1 FFs
for all-charm pentaquarks in the direct (left) and scalar-
diquark (right) configurations. In the main panels, the
central prediction is defined as the average over the full
replica ensemble, while the shaded bands represent the total
uncertainty obtained by combining perturbative F-MHOUS s
and nonperturbative F-NPWF effects. The perturbative
component is estimated through correlated variations of
the renormalization scale entering the initial-scale inputs
and of the scale defining the starting point of the AOevo
evolution, both varied by a common factor K, between 1/2
and 2. Nonperturbative effects are instead probed by
varying the transverse-momentum parameter (g2), which
controls the wave-function profile, in the range
(g%) = 80,90, 100 GeV2. Since both sources of uncer-
tainty are encoded within the replica ensemble, the total
band directly reflects their combined impact on the FFs.
The two lower panels disentangle these contributions,
showing separately the F-MHOU and F-NPWF effects
as ratios to the central curve.

To assess the role of perturbative QCD evolution, the FFs
are displayed at four representative factorization scales: the

evolution-ready scale, namely ygéizw] = 7m, in the direct

mode and ygf’iguark] = 9m, in the diquark one, together with
ur =50, 100, and 150 GeV. In both configurations, the

FFs exhibit a smooth and stable dependence on up,

characterized by a gradual redistribution of strength toward
lower z values and a moderate suppression of the peak
height as the scale increases. This behavior signals a well-
controlled DGLAP evolution and confirms the robustness
of the initial-scale construction in the all-charm sector.

The overall shape of the distributions is bell-like, with
support concentrated in the intermediate-z region and a
maximum located around z ~ 0.35-0.45, consistently with
the expected average momentum fraction probed in semi-
hard processes. A clear difference emerges between the two
production modes. The scalar-diquark configuration dis-
plays a higher and broader peak, slightly shifted toward
larger z, indicating a more efficient transfer of momentum
to the produced pentaquark. Conversely, the direct con-
figuration leads to a somewhat lower and narrower dis-
tribution, reflecting a softer fragmentation pattern. This
qualitative hierarchy is physically consistent with the
different underlying mechanisms encoded in the multi-
modal initial conditions.

A useful comparison can be made with the correspond-
ing all-charm scalar tetraquark TQ4Q2.0 FFs, recently
released and discussed in Ref. [96]. In that case, the
distributions exhibit a pronounced enhancement toward
small z, accompanied by a mild structure at large z. This
behavior originates from the NRQCD-based initial-scale
inputs, where the SDCs induce characteristic endpoint
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enhancements. By contrast, the PQ5Q1 .1 functions dis-
play a smooth, bell-shaped profile, with support concen-
trated in the intermediate-z region. This difference reflects
the distinct nature of the underlying modeling: while
tetraquark FFs retain a direct imprint of perturbative
splitting dynamics, the present pentaquark construction
is driven by a Suzuki-type approach and by the intrinsic
momentum distribution encoded in the nonperturbative
wave function. From a physical viewpoint, this suggests
that pentaquark fragmentation is more strongly constrained
by bound-state formation dynamics, leading to a more
localized momentum-fraction distribution.

The uncertainty bands exhibit a characteristic behavior
across the z range. They are relatively narrow around the
peak region, where the FFs are largest and more stable, and
widen toward the endpoints, where both perturbative and
nonperturbative effects become more pronounced. The
separation of contributions in the ancillary panels provides
further insight. F-MHOU effects remain moderate in the
bulk region and grow toward small and large z, as expected
from the increased sensitivity on scale variations in these
kinematic domains. On the other hand, F-NPWF uncer-
tainties induce smoother and more systematic deformations
of the distributions, with a mild impact near the peak and a
progressively larger effect at higher z.

Overall, these results indicate that, in the all-charm
sector, the PQ5Q1 .1 framework delivers a stable and

[g = Psc] direct fragmentation
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physically interpretable description of pentaquark fragmen-
tation. Both production modes exhibit regular shapes,
controlled scale evolution, and a well-defined uncertainty
pattern, supporting the use of these functions for phenom-
enological applications.

Figure 4 shows the z dependence of the PQ5Q1 . 1 gluon
FFs for all-charm pentaquarks in the direct (left) and scalar-
diquark (right) configurations. The central prediction and
the associated uncertainty bands are constructed as
described in Fig. 3, combining perturbative (F-MHOU)
and nonperturbative (F-NPWF) effects within the replica
framework. In contrast to the heavy-quark case, we do not
display the FFs at the evolution-ready scale, since the gluon

channel is not modeled at the initial scale and is therefore

identically zero at up = ygﬁlgdeﬂ, being dynamically gen-

erated only through DGLAP evolution.

The resulting distributions exhibit a smooth and regular
behavior, with support concentrated at small-to-intermedi-
ate values of z and a broad maximum around z ~ 0.15-0.3.
The scalar-diquark mode leads to a systematically larger
normalization and a slightly wider distribution with respect
to the direct configuration, while preserving a similar overall
shape. The dependence on  is stable and monotonic, with
increasing scales enhancing the low- and intermediate-z
region, consistently with the evolution-driven origin of the
gluon channel.

[g = Psc] diguark fragmentation
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FIG. 4. Momentum-fraction dependence of PQ5Q1.1 functions describing the collinear fragmentation of gluons into Ps.
pentaquarks, for direct (left) and scalar-diquark (right) initial-scale inputs. Shaded bands in the main panels denote the total
uncertainty, obtained by combining F-MHOU and F-NPWEF variations. The first lower panel highlights the effect of F-MHOUs, while
the second isolates F-NPWF uncertainties. For details on the replica indexing and parameter mapping, see Table I in Appendix B.
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A comparison with the corresponding gluon FFs for fully
heavy tetraquarks provides additional insight. In the scalar
T4.(0T1) case (Fig. 4 of Ref. [96]), the distributions are
strongly enhanced toward small z, reflecting the presence
of a nonvanishing gluon contribution already at leading
order in the NRQCD initial conditions, which introduces
endpoint-enhanced SDCs. By contrast, the present penta-
quark FFs display a bell-shaped profile, since the gluon
channel is entirely generated by evolution and does not
inherit such perturbative enhancements. This highlights a
key difference between the two systems: while tetraquark
production can be directly driven by perturbative gluon
fragmentation, pentaquark fragmentation in the present
framework is dominated by heavy-quark—initiated dynam-
ics, with the gluon channel emerging as a secondary,
evolution-induced component.

Interestingly, a closer qualitative similarity is observed
with the axial-vector T4.(177) channel, where the gluon
contribution at leading order is suppressed by selection
rules, leading to a smoother z dependence (Fig. 5 of
Ref. [96]). In the pentaquark case, however, the shape is
further modulated by the underlying charm-initiated input,
which drives the evolution and imprints a characteristic
intermediate-z structure associated with bound-state for-
mation dynamics.

The uncertainty pattern reflects the dynamical origin of
the gluon channel. F-MHOU effects are more pronounced
at small z, where the evolution is most sensitive to scale
variations, while F-NPWF contributions induce smoother
distortions that become increasingly relevant at larger z.
Overall, the gluon FFs remain well behaved across the full z
range, confirming the consistency of their evolution-driven
construction within the PQ5Q1 .1 framework.

For completeness, Fig. 5 displays the j1 dependence of the
PQ5Q1 .1 FFs for all-charm pentaquarks, in both the direct
(left) and scalar-diquark (right) configurations. For clarity,

Ps. direct fragmentation
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FIG. 5.

we fix the momentum fraction to z = 0.5 ~ (z), representa-
tive of the typical kinematic region probed in semihard
processes (see, e.g., Refs. [100,135-137,168-172]).

Central-value replicas are shown, corresponding to the
default configurations for each mode (replica O for the
direct case and replica 9 for the diquark one), and without
including F-MHOU or F-NPWF variations. At variance
with the momentum-fraction analysis in Figs. 3 and 4,
where the central prediction is defined as the average over
the full replica ensemble, here a single representative
replica is selected for each mode to ensure a clear and
reproducible comparison of the scale dependence. This
choice does not affect the qualitative behavior of the results,
as the different replicas exhibit a consistent and stable yp
evolution pattern.

A clear hierarchy emerges, with the charm channel
dominating over both light-parton and gluon contributions.
In particular, the ¢ — Ps. FF exceeds the gluon channel by
roughly 1 to 2 orders of magnitude across the entire up
range explored.

Despite their smaller normalization, gluon FFs exhibit a
remarkably smooth and stable dependence on the factori-
zation scale. As discussed in the previous analysis, their
evolution-driven origin leads to broad and regular distri-
butions in z, without the endpoint-enhanced structures
typical of perturbatively dominated channels. This behavior
is a key ingredient in the so-called natural stability of high-
energy observables, whereby the gluon contribution acts as
a stabilizing component against large perturbative correc-
tions. Such an effect has been observed in semi-inclusive
heavy-flavor production, both for singly [170,171] and
multiply [135,136,143] heavy systems.

In the present case, the interplay between the dominant
charm channel and the smoother gluon component provides
a balanced contribution to the cross section, improving the
overall stability of resummed predictions. This mechanism

Psc diquark fragmentation
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Energy dependence of PQ5Q1 . 1 functions describing the collinear fragmentation of all parton species to Ps. pentaquarks

within direct (left) or scalar-diquark (right) initial-scale inputs, at z = 0.5 ~ (z). Central-value replicas are shown, corresponding to the
default configurations for each mode (replica O for the direct case and replica 9 for the diquark one), without including F-MHOU
or F-NPWF variations. For details on the replica indexing and parameter mapping, see Table I in Appendix B.
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Psy, direct fragmentation
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FIG. 6. Energy dependence of PQ5Q1 .1 functions describing the collinear fragmentation of all parton species to Ps;, pentaquarks
within direct (left) or scalar-diquark (right) initial-scale inputs, at z = 0.5 ~ (z). Central-value replicas are shown, corresponding to the
default configurations for each mode (replica O for the direct case and replica 9 for the diquark one), without including F-MHOU or
F-NPWF variations. For details on the replica indexing and parameter mapping, see Table I in Appendix B.

will play a central role in the phenomenological analysis
presented in Sec. IV (see also Sec. Il A).

Although the present analysis is primarily focused on all-
charm pentaquarks, we report in Fig. 6 a representative
subset of our findings for the all-bottom case, showing the
ur dependence of the PQ50Q01 .1 FFs in direct (left) and
scalar-diquark (right) configurations at fixed z = 0.5 ~ (7).
The results are displayed for central-value replicas, without
including F-MHOU or F-NPWF variations, and are meant
to provide a qualitative comparison with the behavior
observed in the Ps. sector.

A markedly different pattern emerges with respect to the
all-charm case. In particular, focusing on the dominant
constituent-heavy-quark channel, the [b — Ps;| FF exhibits
a pronounced separation between the direct and scalar-
diquark modes, with the direct configuration leading to
significantly larger values across the explored up range.
This behavior contrasts with the [¢ — Ps.] channel, where
the two modes remain closer and display a more balanced
hierarchy. At the same time, the overall structure of sublead-
ing partonic channels departs from the pattern observed in the
all-charm case. By contrast, the scalar-diquark mode in the
bottom sector shows a more regular and suppressed behavior,
closer to expectations based on heavy-mass scaling.

These features point to an enhanced sensitivity of the
fully bottom system to the details of the nonperturbative
modeling. While the formal construction of the PQ5Q1 .1
framework can be extended to all-heavy configurations, the
present implementation does not yet provide a sufficiently
stable and robust phenomenological description in the
bottom sector. In particular, the behavior observed in the
direct b — Ps5;, channel suggests that the current compact
multiquark modeling may require a dedicated reassessment
when applied to fully bottom states.

For this reason, bottom-sector predictions are not
included in the phenomenological analysis of this work.

The results shown in Fig. 6 should therefore be regarded as
indicative, and a systematic investigation of all-bottom
pentaquark fragmentation is left for future studies.

III. PENTACHARM-JET SYSTEMS WITHIN
HIGH-ENERGY QCD

The first part of this section (Sec. IIT A) offers a concise
overview of recent phenomenological progress in probing
the semihard regime of QCD. The second part (Sec. 111 B)
then presents the construction of the NLL/NLO™ hybrid
factorization and its application to semi-inclusive Ps,. plus
jet hadroproduction.

A. Highlights of semihard phenomenology

Heavy-flavor hadron production represents a powerful
probe of QCD dynamics at high energies. In this regime,
large energy logarithms spoil the convergence of fixed-
order perturbative expansions, requiring an all-order resum-
mation. The Balitsky-Fadin-Kuraev-Lipatov (BFKL)
framework [173,174] provides a systematic treatment of
these effects, resumming contributions at both leading-
logarithmic (LL) and NLL accuracy, associated with terms
of the form (a,In(s))" and a,(a? In(s))".

Within this formalism, hadronic cross sections are
written as transverse-momentum convolutions of a univer-
sal Green’s function, known at NLO [175,176], with two
process-dependent forward impact factors. These objects
incorporate collinear ingredients such as parton distribution
functions (PDFs) and FFs, leading to a hybrid factorization
scheme that consistently embeds collinear dynamics into
the high-energy resummation.

The phenomenological relevance of BFKL resummation
has been extensively explored, often at NLL/NLO™
accuracy, in a variety of processes, including Mueller-
Navelet jets [177-183], dihadron and hadron-jet
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correlations [100,101,168,169,172,184,185], multijet tags
[186-190], forward Higgs production [191-199],
Drell-Yan processes [200,201], and heavy-hadron produc-
tion [86,102,135-137,148,170,171,202-204]. In addition,
single-forward emissions probe the small-x gluon content
of the proton via the unintegrated gluon distribution
(UGD), whose behavior is governed by linear BFKL
evolution. Phenomenological studies of UGDs have been
carried out through exclusive vector-meson production at
HERA [205,206] and the EIC [207,208].

The inclusion of UGD information has also improved
collinear approaches, supporting the construction of small-
x resummed collinear [209-216] and transverse-momen-
tum-dependent [158,159,217] PDFs.

Observables involving heavy-flavored hadrons, such as
A, baryons [170] and singly bottomed hadrons [171], have
proven particularly suitable to investigate semihard dynam-
ics at natural scales. In contrast to light-hadron production,
which is affected by large NLL corrections and threshold
logarithms [100,185], heavy-hadron emissions exhibit a
natural stabilization pattern [202], reflecting the dominant
role of collinear fragmentation at high py.

q/9(xap1)

q/g(xyp2)

FIG. 7.

This stabilization has motivated the construction
of DGLAP-evolving FFs based on NRQCD inputs
[132-134,218], first for vector quarkonia [102,135] and
later for charmed B mesons [136,137]. These developments
have further enabled connections with exotic hadron
production [93,103,143,154,219].

B. NLL-resummed cross section

We examine the hadroproduction process illustrated in
Fig. 7,

p(p1) +p(p2) = Pso(ki.y1. 1) + X + jet(kz. y2. 92).
(11)

where incoming protons with momenta p,, initiate the
collision. In this context, Psy = Ps,. represents the |cccec)
pentacharm state, emitted with momentum «, rapidity yy,
and azimuthal angle ¢;. Simultaneously, a light-flavor jet is
detected with momentum «,, rapidity y,, and azimuthal
angle ¢,. The term X inclusively accounts for all additional
undetected products. Our focus lies on the semihard and

Schematic representation of the hybrid collinear and high-energy factorization for the semi-inclusive detection of a Psg

pentaquark accompanied by a jet at hadron colliders. The firebrick-colored blobs represent the proton collinear PDFs, while the green
ovals signify the heavy-pentaquark collinear FFs. Jets are indicated by orange arrows. The central gray blob, representing the BFKL
Green'’s function, is linked to the impact factors through Reggeon lines. All diagrams were created using JaxoDraw 2.0 [151].
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diffractive regime, characterized by large transverse
momenta, |K;,|, and significant rapidity separations,
AY = y; — y,. These high transverse momenta are crucial
to ensuring that the ZM-VENS treatment of leading-power
fragmentation remains the primary mechanism for the
formation of the Ps, states.The parent protons’ momenta
establish a Sudakov basis with p}=p3 =0 and
(p1 - p2) = s/2, leading to the relation

&2
121 )

- Do tKiol, Kip
X 2S

Kip=X12P12 —K%,u- (12)

The connection between the longitudinal fractions (x; )
and the rapidities (y; ,) of the observed particles is given by

1 %2 dx;
=+—-In—=— and d =+ —=, 13
Yip = 3 75%2 V1.2 X1 ( )

Furthermore, the following holds:
X1Xp
n{\—-—=-5]1. 14
(Figre) 09

Under a standard LO QCD collinear factorization
scheme, we express the differential cross section as a
collinear convolution of the on shell hard subprocess, the
proton PDFs, and the pentaquark FFs:

AY =y, —y, =

dot0 1 1
[coll.]
— 55 55 — E dx dx
dxldX2d2K1d2E2 . %) a/) bfa(xa)fﬂ(xb)
a.p=4.4.9
dgaﬂ( )

/df PSQ xl ! §
8 e, dr,d?i, A%,

(15)

where the summation over indices a, f includes all parton
species except for the top quark, which does not contribute
to fragmentation. Here, for simplicity of notation, the
explicit dependence on pr has been omitted from
Eq. (15). In this expression, f,3(x,;. ) denote the

proton’s PDFs, while D§59(x1 /&, up) describe the par-
ton-to-pentaquark fragmentation process. The longitudinal
momentum fractions of the incoming partons are denoted
by x,, while ¢ represents the fraction carried by the
outgoing parton producing the exotic hadron. Lastly,
dé, 4(5) identifies the partonic collinear hard factors, where
§ = x,x,s is the squared center-of-mass energy of the
subprocess.

In contrast, the high-energy resummed differential cross
section within the hybrid factorization framework is

described by a transverse-momentum convolution of the
BFKL Green’s function and two impact factors. We can
further decompose the differential cross section into a
Fourier series expansion based on the azimuthal angle

difference, ¢ = @ — @, — 7, as

do 1 { =

— = Co+2)» cos mgo)C,,,}
dy dy,d&,di,dgdp, — (22)7 [ mz;l (

(16)

The NLL Green’s function serves as the first essential
element:

G (AY m. v, pg) = V8l 0me) - (17)

with a,(ug) = a;(ug)N./x and py = 11N./3 —2n;/3
being the leading coefficient of the QCD p-function.
The BFKL kernel in Mellin space, denoted by y in the
exponent of Eq. (17), accounts for the resummation of
energy logarithms at NLL. It is given by

NLO (

1P (mow) = y(m,v) + ag(m,v), (18)

where the LO kernel eigenvalues y(m,v) are

2(m,v) = —2y5 — 2Re{y/<;+nz1+ w) } (19)

with yg as the Euler—Mascheroni constant and w(z) =
I(z)/T'(z) representing the digamma function. The NLO
correction to the kernel, 7(m, v) in Eq. (18), is expressed as

bo
2N,

1 5
X (—Z)((l,v) +—+1In

/‘7‘?) (20)
6 VARNIEY

where jy(m,v) was computed in Ref. [220].

Another fundamental component for the resummed
differential cross section is the pentaquark NLO emission
function, projected onto the LO kernel eigenfunctions. This
follows the formulation from Ref. [221], which is particu-
larly effective for heavy hadrons with high transverse
momentum:

¥(m,v) = z(m,v)

x(m,v)

SNLO

= €y (0 [71.0) + s () Epy (om0 7, ).

(21)

(m.v,[&], x)

The corresponding LO expression is
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5P5Q (v,

with the NLO correction, ép ”
Ref. [221].
Finally, we introduce the light-flavored jet impact factor:

oG [0 ion () Saon ()]

The NLO correction &,(m, ,x) depends on the jet
algorithm. We adopt the strategy proposed in Ref. [222]
and suitably optimized for numerical analyses. A jet
selection function is derived using the so-called small-cone

ENO(m,v, [kl x) = &, (v, [K], x) + a (MR)SJ(m’ v, [&], x), approximation for cone-type algorithms (see Ref. [223] for
(23) technical details). In line with recent compact muon
solenoid forward-jet experimental studies [224], we

whose LO limit reads as emplqy a jet—'cone radius of R; = 0.5. '
By integrating these components, we establish the master
C c equation for the NLL/NLO™ azimuthal coefficients in the
£ (v |kl.x)=2 / C_F e { C_A fo(x)+ Z fplx } (24)  MS (modified minimal subtraction) renormalization

A F $=4. scheme. One has
NLL/NLOT _ €R e 2 NLO = NLO =
Coi :T/—oo dygNLL(AY,m,z/,,uR)as(ﬂR){EPSQ (m, v, x)[EFO(m, v, Ky, o)
5 Po i d €P5Q
+ a5 (HR)AY4—)((”1 v) |In (|, [[K]) + 5 on & [ (25)
|

The NLL/NLO™ label denotes full NLL resummation of ~ from the NLO kernel. This kernel is convoluted

energy logarithms while maintaining NLO accuracy. The
“+” superscript highlights the inclusion of contributions
beyond the NLL level from cross terms involving NLO
corrections to emission functions. In our counting,
NLL/NLO) accuracy describes the precision of the
universal BFKL kernel in resumming high-energy loga-
rithms: LL/LO resums [ In(s)]" terms via the LO kernel,
while NLL/NLO™) includes a[a,In(s)]" contributions

|

AY +00 0
LL/LO _ e / dyeOnin (AY mv )
N —

[Se]

To compare high-energy resummation with DGLAP
predictions, observables must be evaluated using both
hybrid factorization and fixed-order computations. Given
the current absence of numerical codes for fixed-order
distributions in inclusive hadron-plus-jet hadroproduction
at NLO accuracy, we use a high-energy fixed-order
approach to assess the resummation’s impact. This method,
originally developed for dijet [178] and hadron-jet [100]
azimuthal correlations, truncates the high-energy series at
NLO accuracy, reproducing the high-energy behavior of a
pure NLO calculation. We limit the expansion of azimuthal
coefficients in Eq. (25) to O(a}), yielding the high-energy
fixed-order (HE-NLO™) expression

with impact factors computed at LO or NLO. This
kernel-based convention offers a universal prescription
for logarithmic counting across observables, avoiding
ambiguities from process-dependent impact factors (for
instance, the leading-a, power of impact factors differs
between Higgs and jet/hadron production [191]). For
comparative purposes, we evaluate the pure LL limit in
the MS scheme as

0’%(/41%)51)59 (m v, &1 ], x0)[E5(m, v, K], X)) (26)

|
eAY +00
C’JF‘NW = T/ dV“?(ﬂR)[l + glg)l)‘L(AY’m7yv/4R)]
I
(27)

X gNLO (

E0(m, v, [y,

where

GO LAY, Lv,ug) = a,(ur)AYy(Ly)  (28)

represents the first-order expansion of the BFKL kernel.
Factorization (uy) and renormalization (up) scales are
chosen based on the natural energy scales of the final state.
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We set pp =pg = py, With py =mp,,| + K| as the

natural reference scale. Here, mp,| = ,/mlzpsg + |&1]? is

the pentaquark transverse mass. This single-scale scheme,
summing m;, and m,, is a common standard in precision
QCD numerical codes (e.g., Refs. [225,226]). MHOUs are
estimated by varying uy and pp between uy /2 and 2uy via
the C, parameter.

IV. HADRON-COLLIDER PHENOMENOLOGY

Numerical results presented in this work are obtained
using the Python+Fortran JETHAD multimodular interface
[100-105]. For proton PDFs, we employ the NNPDF4 . 0
NLO set [227], accessed via LHAPDF6 [228].

A. Selection of observables: Kinematic cuts and
uncertainty estimates

Our phenomenological analysis focuses on a single
observable, namely the rapidity-interval distribution,
defined as the cross section differential in the rapidity
separation AY = y; — y, between the produced pentaquark
and the associated light jet.

This observable is directly related to the azimuthal-angle
coefficient C, introduced in Sec. III B, and integrated over
the final-state phase space at fixed AY. It reads as

do(AY,s) _/Ir?n“““ /Kz’““ -
dAY %, [min d|K1| [, min d|K2|
/ min(yP, AY +y5)
X

max (y™" AY+yrin)

where the label [res] collectively denotes NLL/NLO™,
HE-NLO™, or LL/LO accuracy. The integration over one
rapidity variable is removed by imposing the kinematic

constraint AY = y; — y,.

The transverse momenta of the forward pentacharm are
selected in the range 50 < |k;|/GeV < 120, ensuring the
applicability of a ZM-VENS fragmentation framework,
where all relevant scales lie well above the charm
evolution threshold. The associated jet is tagged within
30 < |K,]/GeV < 120, in line with current LHC and
HL-LHC analyses [224].

Adopting asymmetric transverse-momentum cuts plays a
crucial role in enhancing the sensitivity to high-energy
dynamics. In particular, this configuration reduces the
impact of fixed-order contributions [100,178], suppresses
Sudakov logarithms associated with nearly back-to-back
emissions [229,230], and stabilizes the perturbative behav-
ior of the cross section [231], while mitigating violations of
energy-momentum conservation [232].

Regarding rapidity acceptance, we adopt representative

LHC-inspired cuts. Pentaquarks are assumed to be
detected within the central region, —2.5 <y; < 2.5,

dy, g™ . (29)

2=y —AY

corresponding to the barrel calorimeter coverage [233],
while jets are allowed to extend into the forward region,
—4.7 <y, < 4.7, consistent with current experimental
capabilities [224].

A robust phenomenological analysis demands a controlled
assessment of theoretical uncertainties. In this work, we adopt
a structured approach in which the dominant sources of
uncertainty are systematically identified and treated, allowing
us to disentangle their individual impact as well as to evaluate
their combined effect on collider-level observables. The main
contributions considered are the following:

(1) Perturbative H-MHOUs. These originate from the
residual dependence on the renormalization and
factorization scales entering the hard-scattering sub-
process. Their effect is estimated by varying the
corresponding scales around their central values by a
factor between 1/2 and 2, thereby probing the size
of missing higher-order contributions in the high-
energy resummed cross section.

(i) Perturbative F-MHOUs. These uncertainties are
associated with the perturbative input of the frag-
mentation functions at their initial scale. As dis-
cussed in Sec. II, they are modeled through
variations of the evolution scales entering the FF
construction, and are encoded in the replica structure
of the PQ5Q1.1 set.

(iii) Nonperturbative F-NPWF uncertainties. These
reflect the modeling of the nonperturbative wave
function entering the initial-scale FFs. In the present
framework, they are controlled by variations
of the transverse-momentum parameter (g% ), which
governs the effective momentum distribution
of the bound state within the Suzuki-inspired
approach.

(iv) Proton PDFs. An additional source of uncertainty
arises from the proton PDFs, which are extracted
from global fits and therefore intrinsically non-
perturbative. However, dedicated studies in analo-
gous tetraquark-production channels have shown
that variations across different PDF sets or replicas
remain at the percentage level. For this reason, and
given the dominance of fragmentation-related un-
certainties, we restrict our analysis to the central
member of the NNPDF4 . 0 set [227].

(v) Phase-space numerical integration. The leading
numerical uncertainty originates from the multidi-
mensional integration over the final-state phase
space [see Eq. (29)] and over the Mellin variable
v [see Egs. (25)—(27)]. These integrals are performed
using the native routines of JETHAD, with numerical
errors systematically kept below the 1% level.
Subleading contributions arise from the integration
over the longitudinal momentum fractions entering
the PDF-FF convolution [see Eq. (22)], and are
found to be negligible.
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In practice, F-MHOU and F-NPWF effects are simulta-
neously encoded within the replica ensemble, which
provides a unified framework for uncertainty propagation
(see Sec. IT and Appendix B). At the level of rapidity
distributions, these contributions are consistently combined
with H-MHOUs, allowing for a comprehensive assessment
of the total theoretical uncertainty affecting the observable.

B. Precision study: Numerical findings and discussion

We present in Figs. 8 and 9 our predictions for the
rapidity-interval distributions of semi-inclusive Ps. plus
light-jet production at /s =13 TeV (HL-LHC) and
/s =100 TeV (FCC, nominal), respectively. In both
cases, results are shown for the direct (left panels) and
scalar-diquark (right panels) fragmentation modes. The
distributions are evaluated in uniform AY bins of width
0.5, in order to facilitate realistic comparisons with future
experimental analyses.

All distributions exhibit a monotonic decrease as AY
increases. This behavior follows from the competition
between high-energy dynamics and collinear suppression
effects. On the one hand, the BFKL Green’s function
enhances the cross section as the rapidity interval grows.
On the other hand, the convolution with proton PDFs and
pentaquark FFs in the impact factors increasingly

p(p1) + p(P2) = Psc(|Kil, y1) + & + jet(|Kal. y2)

10° | Direct fragmentation mode = NLL/NLO*
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FIG. 8.

suppresses the available phase space at large AY. In the
kinematic domain considered here, the latter effect domi-
nates, leading to a decreasing rapidity spectrum over the
full range explored.

The overall normalization is significantly enhanced
when moving from the HL-LHC to the FCC regime, with
an increase exceeding 1 order of magnitude and reaching
up to nearly 2 orders of magnitude in the low- and
intermediate-AY region. At /s = 13 TeV, the distribu-
tions typically span the range from about 10™* — 103 pb at
large AY up to the 1072 — 107! pb level at smaller rapidity
intervals. At /s = 100 TeV, the same observable reaches
the pb range in the low-AY region and remains sizable even
at larger rapidity separations. This enhancement is con-
sistent with the larger partonic luminosity and enlarged
high-energy phase space available at FCC energies.
Compared with the previous PQ5Q1.0 analysis [97],
the different transverse-momentum cuts adopted here,
especially the lower jet threshold, also contribute to
increasing the rates.

A clear multimodal pattern emerges from the comparison
between the two fragmentation scenarios. The scalar-
diquark mode systematically yields larger cross sections
than the direct one, while preserving the same qualitative
AY dependence. At the HL-LHC, the enhancement is
particularly visible in the low- and intermediate-AY

P(p1) + p(p2) = Psc(|K1l,y1) + & + jet(|Ka|, y2)

10° ¢ Diquark fragmentation mode NLL/NLO*
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& HE-NLO*
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AY=y1-Yy>

AY distributions for semi-inclusive Ps, plus jet production at /s = 13 TeV (HL-LHC), in the direct fragmentation mode (left)

and in the scalar-diquark mode (right). Shaded bands in the main panels represent the total uncertainty, obtained by combining
H-MHOU, F-MHOU, F-NPWF, and phase-space integration effects. The ancillary panels display (i) the ratios of LL/LO and HE-NLO™
predictions to the NLL/NLO™ baseline, including H-MHOU variations only, and (ii)-(iii) F-MHOU and F-NPWF uncertainties, shown

as ratios to the central prediction.
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p(p1) + p(p2) = Psc(|K1], y1) + X + jet(|K2|, y2)
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p(p1) + p(P2) = Psc(|K1l, y1) + & + jet(|Kz], y2)
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AY distributions for semi-inclusive Ps. plus jet production at /s = 100 TeV (FCC, nominal), in the direct fragmentation

mode (left) and in the scalar-diquark mode (right). Shaded bands in the main panels represent the total uncertainty, obtained by
combining H-MHOU, F-MHOU, F-NPWF, and phase-space integration effects. The ancillary panels display (i) the ratios of LL/LO and
HE-NLO™ predictions to the NLL/NLO™ baseline, including H-MHOU variations only, and (ii)—(iii) F-MHOU and F-NPWF

uncertainties, shown as ratios to the central prediction.

regions, where the diquark/direct ratio is typically of order
of a few. At FCC energies, the hierarchy persists but
becomes slightly more moderate and smoother across the
full rapidity interval. This indicates that the multimodal
structure of the PQ50Q1 .1 FFs is not washed out by the
high-energy convolution, but remains visible at the level of
collider observables.

The first ancillary panels in Figs. 8 and 9 provide a direct
assessment of the perturbative stability of the high-energy
resummation. They show the ratios of LL/LO and
HE-NLO™ predictions to the NLL/NLO™ baseline, includ-
ing H-MHOU variations only. At the HL-LHC, the LL/LO
result lies significantly above the NLL/NLO™ one, espe-
cially in the direct mode, where the ratio can reach values of
several units at intermediate and large AY. This confirms
that NLL corrections play a quantitatively important role in
stabilizing the resummed prediction. The HE-NLO™
curves, instead, remain much closer to the NLL/NLO"
baseline, often lying below or near it, which supports the
consistency of the matched high-energy expansion.

At FCC energies, the pattern becomes more stable. The
LL/LO/NLL/NLO™ ratio is closer to unity, particularly in
the scalar-diquark mode, while the HE-NLO™ /NLL/NLO*
ratio remains well controlled across the spectrum. This
behavior suggests that the NLL/NLO™ framework becomes
increasingly natural in the higher-energy regime, where the

semihard kinematics more efficiently activates the high-
energy logarithmic dynamics. In this sense, the FCC setup
offers not only larger rates, but also a cleaner environment
for testing the resummed structure of the calculation.

The second and third ancillary panels isolate the two
fragmentation-related sources of uncertainty introduced in
the PQ5Q1.1 framework. F-MHOUs, associated with
perturbative scale variations in the FF construction, remain
comparatively small over the entire rapidity range. They
typically induce variations at the level of a few tens of
percentages or less, with a mild dependence on AY. This
indicates that the perturbative component of the fragmen-
tation input and its subsequent evolution are under good
control. The effect is particularly regular at FCC energies,
where the F-MHOU ratios stay close to unity for both
fragmentation modes.

F-NPWF uncertainties exhibit a different pattern. They
are generally larger than F-MHOUSs and display a weaker
dependence on AY. This is physically expected: F-NPWF
variations mainly affect the z-dependence of the fragmen-
tation functions and are propagated to the observable
through the convolution, without modifying the underlying
high-energy dynamics that controls the AY behavior.
Consequently, F-NPWF effects behave approximately as
controlled normalization uncertainties on the rapidity dis-
tributions. Their impact is nevertheless moderate and
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stable, with no sign of pathological enhancement in the
explored kinematic region.

The total uncertainty bands in the main panels combine
H-MHOU, F-MHOU, F-NPWF, and phase-space integra-
tion effects. This decomposition is one of the main
advantages of the PQ5Q1.1 framework with respect to
earlier central-value analyses: it permits one to identify
which theoretical ingredients control the uncertainty of the
observable, rather than assigning a single global band with
no internal interpretation.

From the viewpoint of high-energy phenomenology, the
results confirm the natural-stability pattern already observed
in heavy-flavor production. The dominance of heavy-quark
fragmentation, together with the smooth evolution-driven
gluon component discussed in Sec. II, prevents the large
instabilities that often affect light-particle BFKL observables.
Although LL predictions can still differ significantly from the
NLL/NLO™ baseline, the matched resummed calculation
remains stable, and the fragmentation-induced uncertainties
are well behaved. This makes Ps. plus jet production a
promising channel for testing exotic-matter fragmentation in
a high-energy environment.

Overall, Figs. 8 and 9 show that the PQ5Q1 . 1 functions
lead to physically interpretable and numerically stable pre-
dictions for the all-charm pentaquark production at hadron
colliders. The direct and scalar-diquark modes generate
distinguishable but controlled phenomenological patterns,
while the uncertainty decomposition provides a transparent
assessment of the perturbative and nonperturbative ingre-
dients entering the calculation. To our knowledge, this is the
first systematic uncertainty-aware study of leading-power
pentaquark fragmentation in high-energy QCD, and one of
the first applications of such a framework to exotic-matter
production in semi-inclusive collider observables.

V. FINAL REMARKS

We have developed a framework for the leading-power
fragmentation of all-heavy S-wave pentaquark states (Ps) at
present and future hadron colliders, and we introduce a new
generation of multimodal collinear fragmentation functions,
the PQ5Q1.1 set. While the formalism is general and
applicable to fully heavy systems, we focus here on the
phenomenologically relevant case of all-charm pentaquarks
(Ps. pentacharms). These determinations extend and super-
sede the previous PQ5Q1.0 framework [97], which was
limited to central-value predictions, by providing for the
first time an uncertainty-aware construction of penta-
quark FFs.

In particular, perturbative uncertainties are quantified
through missing higher-order variations, inspired by
advanced scale-variation strategies developed in collinear
and multidimensional PDF analyses [234-237], while
nonperturbative effects are probed via controlled variations
of the transverse-momentum parameter entering the non-
perturbative wave function. The resulting framework

consistently embeds both sources of uncertainty within a
unified replica structure.

Phenomenological predictions have been obtained
through the JETHAD numerical interface and its symbolic
extension (sym) JETHAD [100-105], enabling the study of
semi-inclusive pentacharm-plus-jet production within the
NLL/NLO™ hybrid collinear and high-energy factorization
scheme. Our analysis covers center-of-mass energies from
the 13 TeV HL-LHC up to the 100 TeV FCC regime.

The adoption of a fragmentation-based description for
Ps, production at large transverse momentum leads to a
significant stabilization of the high-energy resummation
framework. In particular, the dominance of heavy-quark
fragmentation channels mitigates instabilities associated
with large NLL corrections and nonresummed threshold
logarithms, giving rise to the so-called natural stability of
the perturbative expansion. This behavior supports the
robustness and predictive power of the formalism across
a wide kinematic range.

Looking ahead, further steps toward precision can be
achieved by extending the NLL/NLO™ framework through
the inclusion of complementary resummation effects. In
particular, connections with soft-gluon [238] and jet-radius
resummations [239-242], as well as with studies of jet
angularities [243], represent promising directions for future
developments.

More broadly, heavy-flavor fragmentation at leading
power constitutes a privileged interface between hadronic
structure and precision QCD. The presence of heavy quarks
introduces a dual dynamical regime: while the short-
distance component can be computed perturbatively, the
bound-state formation requires a dedicated modeling of
nonperturbative dynamics, including possible correlations
among constituent partons. A quantitative description of
heavy-hadron production thus emerges from the interplay
between these two sectors.

In this perspective, the PQ5Q1 .1 functions provide a
versatile tool for exploratory studies of pentaquark produc-
tion across a wide class of processes, ranging from semi-
inclusive emissions at hadron colliders to future lepton and
lepton-hadron facilities. At the same time, the multimodal
structure of the initial-scale input offers a flexible framework
to encode different production mechanisms, from compact
multiquark configurations to diquark-driven dynamics, and
potentially more extended structures.

Future extensions will include the calculation of addi-
tional partonic channels, which will allow for a fully
consistent implementation of the HE-NRevo methodology
[86-92], including the semianalytic decoupled evolution
(EDevo), and may provide further insight into the relative
production of Ps. and Ps, states.

A formal extension of the present framework to all-
bottom pentaquarks is, in principle, straightforward.
However, exploratory studies indicate that the current
modeling does not yet provide a sufficiently robust
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phenomenological description in that sector, pointing to an
increased sensitivity to the details of the nonperturbative
dynamics. In particular, while the scalar-diquark mode
exhibits a qualitatively expected suppression pattern, the
direct compact configuration leads to a less natural charm-
bottom hierarchy, and some FF channels develop irregular
structures under evolution.

These features may signal a nontrivial interplay between
heavy-quark mass effects and the modeling of the bound-
state dynamics. A dedicated reassessment of these aspects
will be required before reliable bottom-sector predictions
can be established.

A more refined understanding of hadron structure will
emerge as theoretical developments are confronted with
data from next-generation facilities, including the FCC
[20-23] and other future colliders [244-250]. In this
context, recent studies have highlighted how unresolved
J/w plus charmed-jet photoproduction at the EIC
[17-19,251] can provide direct sensitivity to intrinsic-
charm (IC) components in the proton [252-257].

In parallel, axial-vector tetraquarks have been identified
as particularly sensitive probes of intrinsic charm, as their
radiative production mechanism enhances the dependence
on IC contributions [146]. These findings suggest a natural
extension toward the pentaquark sector, where similar
mechanisms may establish a direct connection between
intrinsic heavy-quark dynamics and the formation of multi-
quark states, thus bridging hadron-structure effects and
exotic spectroscopy [258].

Early investigations have already explored possible links
between intrinsic charm and multiquark dynamics.
Connections between IC effects and doubly charmed
pentaquarks were discussed in Ref. [259], while the role
of intrinsic charm in A, decays into pentaquark states was
analyzed in Ref. [260]. Moreover, longstanding observa-
tions of multi-J/y production, starting from the NA3
experiment [261] and later supported by collider data,
have been interpreted as possible hints of double intrinsic-
charm mechanisms and exotic multiquark configurations.

Another promising direction concerns the interplay
between exotic heavy-flavor production and the dead-cone

|

effect in QCD [262], recently observed by the ALICE
Collaboration [263]. Observables involving fully heavy
states, particularly in jet-inclusive environments, may
provide novel access to heavy-quark radiation patterns
and to the dynamics of in-medium energy loss.

In this broader perspective, the study of all-charm
pentaquarks through fragmentation does not simply extend
existing approaches to a new class of hadrons. Rather, it
establishes a quantitative framework in which exotic spec-
troscopy, hadronic structure, and precision QCD can be
simultaneously addressed. By embedding uncertainty-aware
fragmentation into high-energy phenomenology, the
PQ5Q1.1 program contributes to a paradigm shift: from
exploratory modeling toward a systematically improvable
description of exotic-matter production, ultimately enabling
future data to constrain both the dynamics of heavy quarks
and the internal structure of multiquark bound states.
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APPENDIX A: DIRECT FRAGMENTATION
COEFFICIENTS

In the context of the direct multiquark scenario, the
fragmentation coefficients y}%irw] (z; k) involved in Eq. (3)
are expressed by

Phineey (230) = (2 + 5)2(3476380952% — 1433328614427 + 3031325016802
— 29793574594282'5 + 20140712527168z'* — 101570323071060z'3
4 381426354056100z'% — 1070325481916500z'" + 2274630737903750z'°
— 37161094005625002° + 472670257556250028 — 472793448218750077
+37482908718750002° — 236698552343750025 + 1187884179687500z*
— 46451933593750023 + 1340476074218752

yP, [direct

—25307617187500z + 2319335937500),

(Ala)
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e (23 1) = 1133852889218 — 2697953289227 + 2413656456522
— 406276817520z'° — 5088767528028z'* + 35085927681040z'3
— 85928556891600z'> — 39913868698000z'! 4 926214176418750z7'°
— 3208940492025000z° 4 6562195688125000z® — 9297361556250000z7
+97125899203125002° — 7742747343750000z° 4 4790060781250000z*
— 2279664843750000z° 4 7927033691406257>
— 178178710937500z + 19165039062500, (Alb)

e (:2) = 331172883210 — 55401121942 + 240415367952 + 182954743223
—453100415317z'% + 1783755355930z — 14504966534257'°
— 99898786325007° 4 42225730018125z8 — 8782004106875077
+ 120577380890625z° — 120190321250000z° + 90757141015625z*
—51981503906250z> + 214624707031252>
— 5640039062500z + 698242187500, (Alc)

7\ e (233) = 1619468332 — 17135763082' + 615806503622 + 23117528687

— 6493159627520 4 119000823740z° + 1717198505007°

— 1135906421000z77 + 24971825568752° — 3447541987500z°

+3411658187500z* — 24844484375002° + 1270333984375z>

— 402773437500z + 58789062500, (Ald)

y;ﬁgm(z;@ = 59591417z'% — 431073302z 4 6870521532'0 + 1761733340z°

— 663603713028 4+ 159594678077 + 28907583850z — 80523124000z°
+ 124845798125z% — 1292075937507° + 8796882812572
— 35317187500z + 6289062500, (Ale)

7 ey (235) = 5173335210 — 234754282 + 160827402 + 8832898427
—2007936742z% — 47222807 + 759004600z* — 1640425000z>
+ 17448968757% — 9648625007 + 220937500, (AIf)

i iecq (236) = 1218392% — 32492277 — 2108332 + 19919202° — 23276637*

— 247517023 + 856392522 — 7864500z + 2537500, (Alg)
Vo ey (237) = 327728 = 275625 — 178202 + 301882° — 176472% — 65740z + 36500, (Alh)
ng[gmt] (2:8) = 1837% + 26273 — 76972 — 532z + 1180, (Ali)
ey (:9) = (2 +2)7. (Alj)
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APPENDIX B: REPLICA STRUCTURE
OF THE pPQ5Q1.1 FUNCTIONS

The PQ5Q1.1 replica ensemble is organized into two
distinct blocks, corresponding to the direct and scalar-
diquark production mechanisms. Replicas 0-8 belong to
the direct configuration, while replicas 9-17 correspond to
the diquark configuration. Within each block, the replica
structure is constructed through a nested scan over
perturbative and nonperturbative variations. Perturbative
uncertainties are modeled via energy-scale variations
(F-MHOUs), implemented through multiplicative factors
applied to the characteristic scale of the process. For each
choice of energy-scale variation, we perform a scan over
the transverse-momentum parameter (g7), controlling the
F-NPWF over the range (g7) = 80,90, 100 GeV2. This
procedure results in a structured ensemble in which each
replica corresponds to a specific combination of perturba-
tive (F-MHOU) and nonperturbative (F-NPWF) effects.
The reference configuration corresponds to the central
choice of energy scale (K, =1) and (g7) = 90 GeV-.
The explicit mapping between replica indices and param-
eter configurations is summarized in Table L.

TABLE L.  Structure of the PQ501 . 1 replica set. The parameter
K, encodes energy-scale variations (F-MHOUs), while (47)
controls nonperturbative wave-function (F-NPWF) effects.

Replica ID Mode K, (%) [GeV?]
0 Direct 1 90
1 Direct 1 80
2 Direct 1 100
3 Direct 0.5 90
4 Direct 0.5 80
5 Direct 0.5 100
6 Direct 2 90
7 Direct 2 80
8 Direct 2 100
9 Diquark 1 90
10 Diquark 1 80
11 Diquark 1 100
12 Diquark 0.5 90
13 Diquark 0.5 80
14 Diquark 0.5 100
15 Diquark 2 90
16 Diquark 2 80
17 Diquark 2 100
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