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We calculate the scattering rate of sub-GeV dark matter in solid-state targets for spin-dependent dark
matter–nucleon interactions. For dark matter particles with mass below 100 MeV, the scattering occurs
predominantly through incoherent phonon production. For dark matter heavier than 100 MeV, we match
onto the nuclear recoil calculation. To compare the sensitivity of future direct detection experiments
with existing constraints, we consider three models with interactions that are mediated by spin-0 or
spin-1 particles. This allows us to derive bounds on the cross section from searches for the mediating
particle, including bounds from stellar cooling, beam dump experiments, meson factories, and dark
matter self-interactions. The existing bounds are very stringent, though for mχ ≳ 100 MeV there is
parameter space, which may be accessible with direct detection, depending on the exposure and
background rates.
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I. INTRODUCTION

Advancements in experimental techniques, enabling
increasingly lower energy thresholds, have been pushing
direct detection of dark matter (DM) into the sub-GeVmass
range [1]. For DM that primarily couples to hadronic
matter, the main signature in a solid or liquid target is a very
soft nuclear recoil, potentially generating just a few
phonons depending on the DM mass. The TESSERACT
Collaboration recently released their first science run for
this signature, with a sub-eV energy resolution [2]. This
progress necessitates complementary theoretical work on
two fronts. First, to achieve detectable scattering cross
sections, a relatively low mass mediator particle is needed.
Existing constraints on such mediators must be then
translated into upper bounds on the direct detection rate
accessible to future experiments. Second, for sub-GeV DM,
the momentum transfer can be sufficiently small that the

standard free elastic nuclear recoil approximation breaks
down entirely. In this case, DM scattering excites collective
modes with wavelengths longer than or comparable to the
interatomic spacing in the target material.
Both questions have been comprehensively addressed

for models in which the dark matter couples to nuclei pri-
marily through a spin-independent interaction. Concretely,
strong upper bounds on the direct detection cross section
were obtained by combining bounds from stellar cooling,
meson factories, cosmology, and galaxy halo shapes, see,
e.g., [3–11]. These bounds indicate that the most viable
parameter space exists for models with a light dark photon
mediator, or models where the particle being detected is
only a subcomponent of the full dark matter density. In
addition, extensive rate calculations have been performed
for a wide range of materials, for scattering into both single
[12–21] and multiple phonons [22–28]. For anisotropic
materials, the daily modulation of the scattering rate has
also been computed [13,18,20,28,29]. For recent reviews
on this subject and other detection channels, see [30,31].
In this work, we consider models where the dark matter

primarily has spin-dependent interactions with nuclei. We
calculate the scattering rate in crystals,1 and survey the
existing constraints on the cross section. We start in Sec. II
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1Spin-dependent interactions of sub-GeV dark matter have
also been considered in the context of molecules [32] and the
Migdal effect [33,34].
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by defining three benchmark models with spin-0 and
spin-1 mediators, which generate the most motivated,
nonrelativistic operators for spin-dependent scattering.
For each model, we must define a UV completion in order
to determine the bounds on the mediator particle and
scattering rate. Since our goal is to find the maximum
available parameter space for direct detection, we make
choices that minimize the strength of the existing bounds,
while avoiding severe fine-tuning and/or elaborate dark
sector model building. While it is inevitable that all bounds
are model dependent to a degree, we claim that alternative
model building choices would generally strengthen the
bounds. This section provides a brief summary of our
choice of UV-completion and establishes notation and
conventions for the models, such that readers primarily
interested in the results can directly proceed to Sec. VI.
In Secs. III and IV we provide more details on the

models for spin-0 and spin-1 (axial vector) mediators,
respectively. We survey the latest bounds in each case. The
coupling of the mediator to the Standard Model (SM) is
primarily constrained by stellar cooling, beam dump
experiments, meson factories, and LHC searches. The
coupling of the dark matter with the mediator is constrained
by dark matter self-interaction bounds and/or theoretical
consistency requirements. Combining these bounds yields
an upper bound on the allowed direct detection cross
section (see [35] for an earlier study).
Section V describes the calculation for spin-dependent

scattering into a (multi)phonon final state. The scattering
rate depends qualitatively on whether the nuclear spins in
the crystal are aligned. If the nuclear spins have a high
degree of coherence across multiple crystal cells, then
coherent scattering contributes, similar to the case of spin-
independent scattering (for a general discussion of the
formalism for spin-dependent interactions in this case, see
[19]). While spin-polarized targets have been considered in
the context of nuclear recoils [36–38], they likely pose
additional experimental challenges. We therefore consider
crystals in which the nuclear spins are oriented randomly,
such that scattering is fully incoherent. Our calculation
bears some similarities with the multiphonon computations
for spin-independent interactions at moderate momentum
transfer (q ∼ 10–100 keV), where the incoherent rate can be
a good approximation to the coherent rate [25]. Incoherent
phonon production in unpolarized crystals was also consid-
ered in the context of nonresonant axion absorption [39]. We
have implemented the full calculation in the public code
DarkELF [40], as documented in Appendix E.
Our main results can be found in Sec. VI. We compare

the upper bounds on spin-dependent direct detection cross
sections with the sensitivity of an idealized future experi-
ment. Our qualitative conclusions are summarized in
Sec. VII. The Appendixes contain additional results, as
well as details on the UV completions and the DarkELF

implementation of our calculations.

II. MODELS AND CONSTRAINTS

In order to obtain scattering rates that are large enough to
be relevant for a near-future direct detection experiment, we
must assume the existence of a new mediator with mass
comparable to or lower than the dark matter. To reliably
map the parameter space available to direct detection, we
must therefore account for the existing bounds on such
mediators. This can only be done by committing to one or
more benchmark models, as we do in this section.
We consider three models that generate spin-dependent

couplings to nuclei. As effective theories, they are
defined by

Lϕ ¼ ϕ½gχ χ̄χ þ gpp̄γ5pþ gnn̄γ5n�; ð1Þ

La ¼ a½gχ χ̄γ5χ þ gpp̄γ5pþ gnn̄γ5n�; ð2Þ

LA0 ¼ A0μ½gχ χ̄γμγ5χ þ gpp̄γμγ5pþ gnn̄γμγ5n�; ð3Þ

with χ the dark matter, which we take to be a Dirac fermion.
n and p are the SM neutron and proton, respectively. The
mediators ϕ; a and A0 couple to the SM as a pseudoscalar
and pseudovector, respectively.
The most relevant bounds on these interactions depend

on the UV completion. In the remainder of this section, we
explain our choices for the UV completion and provide a
brief summary of the bounds (see also Table I). We aim for
this section to provide all the relevant notation and main
assumptions, such that readers interested in the results can
directly go to Sec. VI. A more detailed discussion of the
bounds will be provided in Sec. III for ϕ and a mediators
and Sec. IV for the A0.
Spin-0 mediators ϕ and a: The possible UV completions

of the gp;n effective interaction arewell known in the context
of axion-like particles (ALPs). Here we consider the oper-
ators ϕGG̃ and aGG̃ as the origin of the nucleon interaction,
as the constraints are generally weaker than coupling ϕ=a
universally to the quarks. The most stringent bounds on gp
and gn then come from exotic meson decays and beam-dump
experiments for ma;ϕ ≳ 300 MeV, and from supernova
SN1987A for ma;ϕ ≲ 300 MeV. Additionally, for the ϕ
mediator, there are stringent bounds on gχ from dark matter
self-interactions, whereas for the amediator, self-interaction
rates have an additional velocity suppression so the

TABLE I. Overview of most relevant constraints on gp;n and gχ
for each benchmark model, along with the sections where they
are discussed.

gp;n gχ

ϕ Meson/SN (Sec. III A) SIDM (Sec. III B)
a Meson/SN (Sec. III A) SIDM/unitarity (Sec. III B)
A0 LHC (Sec. IV) gauge invar. (Appendixes C and D)
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self-interacting darkmatter (SIDM) bounds on gχ areweaker.
In this case, we will show that for ma ≳ 0.1 MeV the only
constraint on gχ comes from unitarity.
Axial vector mediator A0: This case is more subtle, as it

requires a new Uð1Þ0 gauge symmetry, which is anomalous
in the infrared. We construct an anomaly-free UV com-
pletion in Appendix C by introducing a set of heavy colored
fermions that are chiral with respect to the Uð1Þ0. We
furthermore find that theoretical consistency of the model
enforces

gp ∼ gn ∼ gχ ; ð4Þ
which constitutes a much stronger bound on gχ than either
unitarity or dark matter self-interactions, due to the bounds
on gp=n. For this reason, in Sec. IV, we will not discuss the
SIDM bounds on the model. In Appendix D, we explain
why obtaining gχ ≫ gn; gp is very challenging, even in
elaborate UV completions. With the condition in (4), we
find that direct detection signals are extremely suppressed
for mA0 ≲mB (here mB is the B-meson mass) due to a
combination of bounds from SN1987A and rare meson
decays on gp=n. For mA0 ≳mB, the most relevant bound
comes from LHC searches for the new colored fermions
needed for anomaly cancelation.
In order to apply the above bounds to the direct detec-

tion rates, we next derive the relevant nonrelativistic
Hamiltonian for the DM-proton interactions in (1)–(3).
In momentum space, they are,

Hϕ ¼ −
gχgp
mp

q · Sp

q2 þm2
ϕ

eiq·r; ð5Þ

Ha ¼ −
gχgp
mpmχ

ðq · JχÞðq · SpÞ
q2 þm2

a
eiq·r; ð6Þ

Hlight
A0 ¼ 4gχgp

m2
A0

ðq · JχÞðq · SpÞ
q2

eiq·r; ð7Þ

Hheavy
A0 ¼ −4gχgp

Jχ · Sp

m2
A0

eiq·r; ð8Þ

where Sp and Jχ are, respectively, the proton and DM spin
operators.q is themomentumexchanged,withq≡ jqj. Here
we have separated the A0 mediator into two cases: (7)
corresponds to the light mediator limit where m2

A0 ≪ q2,
while (8) is the dominant operator in the heavymediator limit
where m2

A0 ≫ q2. Due to the Goldstone boson equivalence

theorem, Hlight
A0 and Ha are identical, up to an overall

redefinition of the coupling constants. Furthermore, the light
mediator limit m2

A0 ≪ q2 predicts extremely small direct
detection cross sections if gp=n ∼ gχ . In the bulk of this paper,
we therefore restrict our discussion to (5)–(8), and address (7)
in Appendix D for completeness. The Hamiltonians for the
DM-neutron couplings have analogous forms.

The scattering calculations are similar for these three
models, and we therefore find it convenient to introduce the
following shorthand notation:

H ¼ −
gχgp

q20 þm2
med

FmedðqÞOðJχ ;qÞ · Speiq·r; ð9Þ

with mmed the mass of the mediator (i.e., mϕ, ma, or mA0).
The form factor is defined as

FmedðqÞ ¼
q20 þm2

med

q2 þm2
med

: ð10Þ

The reference momentum q0 is a convention, and is
usually chosen to represent the typical momentum being
exchanged in the collision. We choose q0 ¼ mχv0 with
v0 ¼ 220 km=s being the typical dark matter velocity in the
Earth’s local neighborhood. The operatorO for each model
is given by

OϕðJχ ;qÞ ¼
q
mp

; ð11Þ

OaðJχ ;qÞ ¼ ðJχ · qÞ
q

mpmχ
; ð12Þ

Oheavy
A0 ðJχ ;qÞ ¼ 4Jχ : ð13Þ

It is conventional to represent the sensitivity of direct
detection experiments in terms of the DM-proton cross
section, as if the proton were a free particle. In the mmed →
0 limit, however, this quantity is divergent and we instead
define the following reference cross sections to parametrize
the reach:

σ̄ϕ ¼ g2pg2χ
2πm2

p

v20μ
4
pχ

ðq20 þm2
ϕÞ2

; ð14Þ

σ̄a ¼
g2pg2χ

3πm2
pm2

χ

v40μ
6
pχ

ðq20 þm2
aÞ2

; ð15Þ

σ̄heavyA0 ¼ 3
g2pg2χ
π

μ2pχ
m4

A0
; ð16Þ

where μpχ is the DM-proton reduced mass

μpχ ≡ mχmp

mχ þmp
: ð17Þ

These definitions reproduce the DM-proton cross section in
the limit where the mediator massmmed ≫ q0. The operator
in (13) and cross section in (16) are the most analogous to
those that are commonly used for spin-dependent scattering
of weakly interacting massive particles (WIMPs). The q
dependence of the operators in (11) and (12) on the other
hand leads to the different powers of μpχ in the reference
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cross sections in (14) and (15), which will impact the figures
in Sec. VI.
In our discussion, we will find it convenient to choose

two benchmarks,

ma;ϕ ¼ 0.3 × q0; ðlight mediator benchmarkÞ; ð18Þ
ma;ϕ ¼ 3 × q0; ðheavy mediator benchmarkÞ ð19Þ

for the spin 0 mediators (ϕ; a). They approximately
represent the optimal choices, from the point of view of
maximizing the available parameter space for direct detec-
tion. This means that we always consider ma;ϕ ≪ mχ, even
in the “heavy” mediator regime. As such, the ϕ; a cannot
decay to the dark matter, which will be relevant when we
consider the bounds on these particles.
For the A0, we will focus on the benchmark mA0 ¼

10 GeV. Here the A0 is too heavy to be produced in exotic
Bmeson decays and themost stringent bound is provided by
LHC searches for new colored fermions that are required
to cancel the anomalies of theUð1Þ0. This always lands us in
the heavy mediator regime for scattering, mA0 ≫ q0. As
explained above, we do not consider the light mediator limit
for the A0 model, except briefly in Appendix D.

III. BOUNDS ON SPIN-0 MEDIATORS

A. Mediator-SM coupling

Any field with substantial couplings to protons and/or
neutrons must have inherited it from a coupling to SM
quarks and/or gluons. Such couplings in turn induce exotic
meson decay constraints through electroweak penguin
diagrams, which are tightly constrained by experiments.
For concreteness, we consider the operator

L ⊃ cGG
αs
4π

a
fa

Ga
μνG̃

a;μν; ð20Þ

with G̃a;μν ≡ 1
2
ϵαβμνGa

αβ, and analogously for ϕ. We take
fa ¼ 1 TeV and Λ ¼ 4πfa to be the scale for the UV
boundary conditions of this theory. At this scale, the
couplings of a=ϕ to all other SM particles apart from
the gluons are assumed to vanish.
We use the formalism in [41–43] to map the gluon

coupling in (20) to the couplings with protons and neutrons,

gp ≈
mp

fa
cGG

�
g0 þ gA

m2
π

m2
π −m2

a

md −mu

mu þmd

�
ð21Þ

≈8.11 × 10−4 × cGG; ð22Þ

gn ≈
mp

fa
cGG

�
g0 − gA

m2
π

m2
π −m2

a

md −mu

mu þmd

�
þ cGGδRGðfaÞ ð23Þ

≈ − 3.50 × 10−5 × cGG; ð24Þ

where (22) and (24) are valid in the limit where ma ≪ mπ .
The phenomenological couplings gA ¼ 1.2754 and
g0 ¼ 0.440 are, respectively, derived from β-decaymeasure-
ments [44] and lattice QCD results [45] (see [42] for details).
The parameter δRGðfaÞ ≈ −1.56 × 10−5 contains the cor-
rections from the renormalization group running from Λ
down to the IR scale μ0 ¼ 2 GeV [42]. For gp, these
corrections are always subleading to the other terms and
can be safely neglected. For gn, there is an accidental
cancelation between the first two terms in (23), such that
the renormalization group running has an Oð1Þ impact. As
we will see in Sec. V, most materials used in low threshold
direct detection experiments are primarily sensitive to gp
rather than gn.

2

At energy scales lower than fa, the a-photon (or
ϕ-photon) coupling is generated

L ⊃ cγγ
α

4π

a
fa

FμνF̃μν; ð25Þ

where α is the fine-structure constant. Below the QCD
scale, the a-photon coupling obtains sizeable contributions
from QCD nonperturbative effects [42]

cγγ ≃ −1.92cGG − cGG
m2

a

m2
π −m2

a

md −mu

md þmu
: ð26Þ

The above expression neglects the subleading contributions
from operators of the form ∂

μaq̄γμγ5q, which are generated
in the renormalization group (RG) evolution from the UV
scale (Λ) to the weak scale.3 The a-photon coupling will be
important for some bounds from astrophysics, cosmology,
and beam dumps, which we discuss below.
The constraints on cGG, including the impact of radiative

corrections, were analyzed in detail in [41,42]. We use (21)
and (23) to map their bounds from flavor observables
onto gp and gn. This is shown in Fig. 1. In the mass range
0.1 GeV≲ma ≲ 1 GeV, we further included a reinterpre-
tation [46] of a search performed by the CHARM beam-
dump experiment [47]. This latter bound is subject to a
number of caveats, which we comment on in Appendix B.
In the same vein, slightly weaker limits are afforded by the
beam-dump experiment E137 which fired a 20 GeV
electron beam onto aluminum plates immersed in cooling

2For direct detection targets sensitive primarily to gn, the
cancelation in (24) will imply reduced sensitivity. By considering
the axion couplings to quarks, ∂μaq̄γμγ5q, it is likely that a model
could be constructed for which the bounds on gn from meson
decays are somewhat relaxed. In such a model, the upper bounds
on the direct detection rate would be slightly weaker than what
one would obtain from the right-hand panel of Fig. 1. However,
this only applies for materials with odd number of neutrons, and
we do not expect our conclusions to change qualitatively.

3Meanwhile, for ma ≫ ΛQCD, cγγ is suppressed as it only
receives the contributions from the RG-running at one-loop; we
take the cutoff threshold between the two regimes to be at
ma ¼ 1 GeV. This explains the kink in the red lines in Fig. 1.
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water, see purple region in the figure. For this bound, we
rescaled the results presented in [48] using (21) and (26).
We also include cooling bounds from Supernova

SN1987A, as the emission of a=ϕ particles could
lead to a modified neutrino spectrum observed in the
Kamiokande II detector [53]. This leads to a bound (shown
in yellow in Fig. 1) on the a=ϕ-nucleon coupling, which we
obtain from [50,51]. The bound relies on the emitted
luminosity into the a=ϕ particles, which depends on a
quadratic combination of gp and gn, given as a fitting formula
inEq. (11) of [50].We apply this for the couplings in (21) and
(23), interpolating over the coefficients of the fitting formula.
In our model, for ma ≪ mπ, the ratio gp=gn ≫ 1 so that the
bound appears stronger on gn than on gp. Forma > mπ, then
gp=gn ≲ 1 causing the bound on gp to become stronger than
that on gn. We emphasize that the SN1987A bound hasOð1Þ
uncertainties, as discussed in detail in [51].
For masses ma ≲ 0.5 MeV, we show the cooling bound

from horizontal branch stars, whereby the cooling mecha-
nism induced by the a-photon coupling would reduce the
ratio of horizontal branch stars to red giant branch stars in
globular clusters [49]. In our model, the a-photon coupling
is proportional to cGG and thus maps directly to constraints
on the a-nucleon couplings gp and gn.

For 100 keV≲ma ≲ 100 MeV, there currently is a
narrow range of allowed couplings 2 × 10−6 ≲ gp ≲
7 × 10−6, in between the meson and supernova bounds in
Fig. 1, and similarly for the neutron coupling. Here the
mediator cannot free stream out of the protoneutron star,
which is why the SN1987A cooling bound cuts off. We will
refer to this region as the “trapping window.” This window
will prove to be important because it allows for larger direct
detection cross sections, but we caution that this parameter
space may be subject to additional bounds from both
cosmology and astrophysics, which require more detailed
study. For instance, it is possible that futurework on diffusive
energy transport by axionlike particles would strengthen the
supernova bounds to the extent that the trappingwindowwill
be closed (see [54] for such an analysis for axionlike particles
that only couple to photons). See also the recent [55] for
additional studies of SN constraints.
Next, we discuss the cosmology. In the trapping

window, the coupling is large enough that the mediator is
still thermalized with the SM bath after the QCD phase
transition, until a decoupling temperature of Td ≃ 20 MeV.
This implies that the mediator would contribute to the
effective number of neutrinos (ΔNeff ). However, the media-
tor also decays to two photons a → γγ through the photon

FIG. 1. Left (right) panel shows constraints on the axion-nucleon coupling gp (gn) in the plane of the mediator ma or mϕ arising from
(20). The main bounds are from flavor observables in rare meson decay experiments [41] (grey), the beam-dump experiment CHARM
[46,47] (green), the electron beam-dump experiment E137 [48] (purple), horizontal branch (HB) stars [49] (blue), and supernova
SN1987A [50,51] (yellow). The horizontal dashed red line shows the value of the axion-nucleon coupling required for the spin-0
mediator to fall out of equilibrium with the pions at a decoupling temperature of 70 MeV [52]. Above this line and for a massless
mediator, the mediator contributes ΔNeff > 0.36 after eþe− annihilation. The sloping dashed red lines show the lifetime needed
(τaγγ ≲ 104 s) to evade big bang nucleosynthesis (BBN) constraints on late-time energy injection. The region enclosed between the 1s
and 104 s lines indicate the region where the ϕ=a could contribute to Neff during BBN and recombination. The dashed cyan line denotes
the bound in (29) from the presence of heavy colored fermions, coming from UV completing the effective interaction (20) in a Kim-
Shifman-Vainshtein-Zakharov (KSVZ) model [see (28)].
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coupling. As long as the decay time is less than 104 s, it is not
subject to constraints on late-decaying particles from photo-
dissociationof light elements [56].However, even if thedecay
is in the range 1 s to 104 s, it still occurs during BBN, thus
dumping energy back into the photons. This will reduce
ΔNeff , eventually reaching a constant negative value once
the decay comes fully into thermal equilibrium. Thus, the
mediator could still modify the expansion rate during BBN,
impacting BBN abundances as well as contributing to ΔNeff
during recombination. Since the mediator freeze-out and
subsequent decay leads to a time-dependent ΔNeff , a dedi-
cated analysis of this model is necessary to evaluate the
constraints, for example similar to [57].
Herewe perform a simple estimate to determinewhere the

BBN bounds may be relevant. Assuming an instantaneous
energy dump into the photons once a → γγ is thermalized,
we estimate thatma ≳ 10 MeV is needed to avoid tension at
2σ from a combined analysis of BBNand cosmicmicrowave
background (CMB) measurements giving jΔNeff j≲ 0.3
[58]. This is consistent with the results of [59], which have
performed dedicated calculations on the impact of axionlike
particles on the light element abundances andNeff at CMB to
find ma ≳ 6 MeV. However, [59] only considers the axion-
photon coupling and is therefore not directly applicable to
our benchmark model. Furthermore, the bounds can be
weakened by reheating at a lower temperature, allowing
for extra contributions to Neff or allowing a nonvanishing
chemical potential of neutrinos. We therefore do not impose
any bounds in the trapping window from cosmology. Instead
in Fig. 1, we show in dashed red lines corresponding to
τa→γγ ≃ 104 s and τa→γγ ≃ 1 s to indicate approximately
where the above considerations about the cosmological
history might play a role.
Finally, we remark that a consistent UV completion for

(20) is afforded by the KSVZ model

LKSVZ ⊃ y⋆Φψ̄LψR þ H:c: ð27Þ
where ψ is a set ofNψ heavy, colored, vectorlike fermions in
the fundamental representation of SUð3Þc and y⋆ is their
Yukawa coupling to the Peccei-Quinn field Φ. Φ sponta-
neously acquires the vacuum expectation value (VEV)Φ0 ¼
vaeia=va=

ffiffiffi
2

p
and after performing a chiral rotation ψ →

e−iγ
5=ð2vaÞψ with va ¼ fa=ð2cGGÞ, a mass term is generated

for the fermions

mψ ¼ y⋆Nψfa
2

ffiffiffi
2

p
cGG

; ð28Þ

and the anomaly term is generated as in (20). Requiring that the
colored fermions have massmψ ≳ 2 TeV (for a review of the
LHC bounds on vector like fermions, see [60]), y⋆ < 4π and
Nψ ≤ 10, this implies a bound of cGG ≲ 20 or equivalently

jgpj≲ 2 × 10−2 and jgnj≲ 7 × 10−4 ð29Þ

forma ≪ mπ. This bound is indicatedby the cyan line onFig. 1.
Inprinciple, thesebounds canbe evadedby taking largerNψ , but
only at the expense of introducing a Landau pole in the strong
coupling before the scale of grand unification.

B. Mediator–DM coupling

Next we consider constraints on the mediator coupling to
DM, gχ , arising from self-interacting dark matter bounds.
Frequent dark matter self-interactions will drive the veloc-
ity distribution toward an isothermal one, leading to more
spherical halos with flatter central densities, as compared
to collisionless dark matter [61,62]. Various astrophysical
systems (dwarf galaxies, low surface brightness galaxies,
galaxy clusters, etc.) spanning a range of scales provide
different constraints on the strength of the dark matter
self-interactions (see [63] for a review). We will use the
constraint derived from galaxy groups [64]

σ=mχ ≲ 1.1 cm2=g; ð30Þ
for an average relative velocity of v ≃ 0.005c (1430 km s−1).
To apply the bound in (30) for models with a light

mediator, one must down-weight scattering events with low
momentum transfer, as they do not significantly alter the
DM velocity profile. We do so by identifying the cross
section in (30) with the viscosity cross section

σV ≡
Z

dΩ
dσ
dΩ

ð1 − cos2θÞ: ð31Þ

This definition is suitable for indistinguishable particles, as
it regulates divergences in both the forward and backward
scattering for low mass mediators.
Below wewill report the viscosity cross sections for each

of the spin-0 mediators, and derive a constraint on gχ by
comparing with (30). We work in the nonrelativistic limit
v ≪ 1 and present the results in terms of the quantity

R≡ mχv

mmed
; ð32Þ

where v is the relative velocity of the colliding DM particles.

1. ϕ mediator

From the perspective of the dark matter self-interactions,
the ϕmodel is identical to the light dark matter model often
considered for spin-independent scattering [3,63]. At tree-
level, the viscosity cross section is

σϕV ≃
g4χ

2πm2
χR2ðR2 þ 2Þv4 ½−5R

2ðR2 þ 2Þ

þ 2ðR4 þ 5R2 þ 5Þ logð1þ R2Þ� ≈R≪1 g4χm2
χ

12πm4
ϕ

: ð33Þ

Above we have also given the behavior for R ≪ 1.
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The expression in (33) is only valid in the Born
approximation where ðg2χmχÞ=ð4πmϕÞ ≪ 1. When the
scalar mediator ϕ is sufficiently light that ðg2χmχÞ=
ð4πmϕÞ ≫ 1, the dark matter particles interact via multiple
exchanges of the mediator resulting in nonperturbative
effects that need to be resummed [65]. In this case, to
obtain a reliable computation of the bound, we use the
results of [66], which gives analytic expressions in all the
relevant regimes for scattering. The regime R≳ 1 corre-
sponds closely to the (semi)classical regime, defined as
mχv=ð2mϕÞ ≫ 1, and here we use Eq. (86) in [66]. The
regime R≲ 1 corresponds to the quantum regime, where
S-wave scattering dominates. The result can be well
approximated by solving for scattering in a Hulthén
potential [66,67], which gives,

σϕV ≃
16π

3m2
χv2

sin2δ0; ð34Þ

where δ0 is the phase shift for the s partial wave that is
given in terms of gamma functions by

δ0 ¼ arg

�
iΓðλþ þ λ− − 2Þ
ΓðλþÞΓðλ−Þ

�
; ð35Þ

λ� ¼ 1þ i
mχv

2mϕn
� mχv

2mϕn

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2χmϕ

πmχv2
n − 1

s
; ð36Þ

and n ¼ ffiffiffiffiffiffiffiffiffiffiffi
2ζð3Þp

is a constant fixed by matching to the
R ≪ 1 limit of (33).
Using the above results, we obtain upper bounds on gχ

as a function of ðmχ ; mϕÞ by saturating the bound given
in (30). These are given as the different contours in the left
panel of Fig. 2. The teal shaded region indicates the regime
where the Born approximation [and hence (33)] is valid.
Note that the change in slope of the teal region around
mϕ ≈ 10 MeV arises because we require gχ < 1. The red
shaded region indicates the quantum regime, where we
have used the Hulthén potential cross section. (The cross
sections agree in the area where both regimes intersect.) In
the quantum regime, when the coupling is sufficiently
strong that g2χmϕ=ðπmχv2Þ ≫ 1, there are multiple reso-
nances and antiresonances appearing in the parameter space
due to the sinusoidal nature of (34). This can give multiple
ranges of gχ satisfying (30). The effect is most relevant in
the upper right corner of the parameter space. In those
cases, to be conservative, we always take the value of the
first gχ crossing where (34) starts to violate (30) as our
bound, and neglect any subsequent resonant dips. In
practice, we expect narrow ranges of gχ corresponding
to resonances to be excluded if we had considered the full
spectrum of SIDM bounds, obtained from a suite of
astrophysical systems spanning a spectrum of velocities
and densities. To guide the reader’s eye, the left panel of
Fig. 2 also shows the two direct detection benchmarks
(light and heavy mediator) we introduced in (18) and (19).

FIG. 2. Contours for the self-interacting DM bound on gχ . The dashed lines correspond to the light (mred ¼ 0.3mχv0) and heavy
(mred ¼ 3mχv0) mediator direct detection benchmarks of (18) and (19). (left) Bounds for the ϕ mediator. The red region corresponds to
the quantum regime and the teal region to the regime where the Born approximation is valid. (right) Bound for the a mediator.
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2. a mediator

Repeating the same procedure, we calculated the vis-
cosity cross section with the a mediator at tree level in
quantum field theory and took the nonrelativistic limit

σaV ≃
g4χ

64πm2
χR6ðR2 þ 2Þ ½4ð2R

2 þ 3Þ2 logð1þ R2Þ

þ ðR6 − 4R4 − 30R2 − 36ÞR2� ≈R≪1 g4χm2
χv4

240πm4
a
: ð37Þ

For the a mediator, it was shown that terms in the
nonrelativistic potential that could potentially have given
rise to Sommerfeld enhancement are suppressed bym2

ϕ=m
2
χ

when the mediator is lighter than the DM particle [68],
which is the case for both our light and heavy mediator
benchmarks. The expression in (37) can therefore be
applied throughout the parameter space we consider. The
resulting bound on gχ is shown in the right panel of Fig. 2.

3. SIDM summary

We summarize constraints on all mediators in Fig. 3,
again for the two direct detection benchmarks in (18) and
(19). As mχ grows, the SIDM bound becomes weaker (i.e.,
gχ increases) until it ceases to be a meaningful bound since
we demand that the model remains perturbative. Here we
require that gχ ≤ 1. We conclude that SIDM constraints are
particularly strong for the ϕmediator, regardless of whether
the mediator is in the “heavy” or “light” regime of direct
detection.
It is important to bear in mind that these bounds are

derived under the assumption that the self-interacting χ
particle contributes 100% of the dark matter density. If χ

instead makes up only a small fraction of the dark matter
(≲5%), its effect on the dynamics of the dark matter halos is
expected to be suppressed. (Although we note that for
certain models, such as atomic dark matter, even an
abundance of 5% can have dramatic consequences [69]).
Defining fDM ¼ Ωχ=ΩDM, we will consider both the case
where this candidate is all of the DM (fDM ¼ 1) and a
subcomponent (fDM ¼ 0.05) in Section VI. In the sub-
component scenario, we set gχ ¼ 1, saturating our pertur-
bativity constraint.

IV. BOUNDS ON AXIAL VECTOR MEDIATOR

Any axial vector mediator model of the form in (3)
suffers from gauge anomalies at low energies, and therefore
needs additional heavy particles that are chiral under the
corresponding Uð1Þ0 symmetry. In general, such a self-
consistent UV completion cannot to be taken for granted
and will make important predictions for the infrared
physics.
Concretely, the minimal UV completion we construct in

Appendix C has the couplings

L ⊃ g0A0μ
�X

q

q̄ γμγ5q − 2ν̄γμPRν −
1

2
χ̄γμγ5χ

�
; ð38Þ

with flavor-universal quark couplings and where g0 is the
Uð1Þ0 gauge coupling. We assumed Dirac neutrinos and
charged their right-handed component under the Uð1Þ0,
which gives rise to the second term. This interaction
simplifies the meson decay bounds on the A0, as this
makes A0 → ν̄ν the dominant decay mode at low masses. At
higher masses, the A0 can also invisibly decay into two dark
matter particles.4

To map the coupling to quarks onto the IR coupling to
protons, we use the following relation for the hadronic
matrix elements [70]:

hpðk0Þj
X

q¼u;d;s

q̄ γμγ5qjpðkÞi

≡ ūðpÞðk0Þ
�
FðpÞ
A0 ðq2Þγμγ5 þ FðpÞ

P0 ðq2Þγ5
qμ
2mp

�
uðpÞðkÞ; ð39Þ

where FðpÞ
A0 and FðpÞ

P0 are form factors and an analogous
equation holds for the coupling to neutrons n. We only

FIG. 3. SIDM constraints on gχ for spin 0 mediators, assuming
the light mediator (mmed ¼ 0.3mχv0) and heavy mediator
(mmed ¼ 3mχv0) benchmarks.

4Without the neutrino coupling, the dominant decay will
be into hadrons, if phase space is available. In addition, the
applicable NA62 and Belle II measurements would need to be
recast. Such a study is outside the scope of this work. While such
a visible, hadronic decay mode would likely somewhat weaken
the NA62 and Belle II bounds, our results for the dark matter
scattering rate would remain unchanged, since the optimal
parameter point for direct detection would remain unchanged
in Fig. 4.
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consider the first term since the second term is suppressed
for sub-GeV DM, where q ∼mχv ≪ mp. In addition, we
only need the q → 0 behavior of the form factor for sub-
GeV DM. We use the values extracted from [71], which
gives

FðpÞ
A0 ð0Þ ¼ FðnÞ

A0 ð0Þ ¼ 0.22ð15Þ: ð40Þ

This leaves us with the prediction

gp;n ≈ 0.22 × g0;

gχ ¼ −
1

2
g0: ð41Þ

As we will see below, bounds on A0 couplings to the SM
impose gp;n ≪ 1, which makes the relationship in (41)
particularly challenging for the direct detection prospects.
One may be tempted to assume the existence of a more
general model that can accommodate a hierarchy of the
form

gp;n ≪ gχ ∼ 1; ð42Þ

and a more sizable rate at direct detection. In Appendix D,
we show that such a generalization does exist that gives the
light mediator limit mA0 ≪ q for scattering (7), but only at
the expense of rather elaborate dark sector model building.
We are unable to construct a self-consistent model that can
accommodate the hierarchy (42) and where the heavy
mediator (mA0 ≫ q) scattering operator in (8) is the
dominant interaction. Throughout the rest of the paper,
we therefore assume that the relation (41) holds, and refer
the reader to Appendix D for a discussion on more general
models and their challenges.
The interaction in (38) implies a gauge anomaly in the IR

theory, which means that the model must be UV completed
with additional fermions—“anomalons’—at a scale low
enough to render the theory unitary (see Appendix C). By
demanding that these additional fermions are not in tension
with LHC bounds, we arrive at the approximate bound

g0 ≲ 1ffiffiffi
2

p mA0

TeV
: ð43Þ

The A0 moreover mixes with the hypercharge gauge field
through

L ⊃
1

2
ϵF0μνBμν: ð44Þ

This mixing is very undesirable for our case study, as it
introduces a vectorlike coupling to the quark current, which
in turn reintroduces spin-independent dark matter scatter-
ing. For the model in Appendix C, such mixing is however
only generated at two electroweak loops. We estimate that

ϵ ∼
e3g0

sin θWcos2θW

NcNf

ð16π2Þ2 ∼ 5 × 10−5 × g0; ð45Þ

with Nc ¼ 3 and Nf ¼ 6 the number of colors and flavors
in the SM quark sector. This suppression is sufficient to
guarantee that spin-dependent scattering will always domi-
nate over spin-independent scattering in this model.
Given the constraints from the UV completion that

impose (41), we can see that the direct detection cross
section in the heavy mediator limit [see (16)] scales as

σA0 ∼
�
gp;n
mA0

�
4

: ð46Þ

Given this, we next consider constraints on the couplings
and show them in terms of gp=n=mA0 in Fig. 4. We will then
take the largest allowed value of this quantity to maximize
the direct detection rate.
If light enough, the A0 can be produced in exotic meson

decays, such as K → πA0 or B → KA0. We consider
searches where the A0 is invisible, since the dominant
decay is generally either A0 → ν̄ν or A0 → χ̄χ. Since the A0
is an axial vector, the two body decay A0 → 2π is not
permitted, and instead the three-body decay A0 → 3π is the
largest hadronic decay mode. Even if this is open, it is
expected to be suppressed due to the smaller phase space
and due to being a three-body decay. Similarly, decays to,
e.g., electrons through (44) are always negligible due to the
smallness of ϵ in (45).
The strongest bounds therefore come from searches for

K → πν̄ν and B → Kν̄ν, performed most recently at NA62
[72] and Belle II [73], respectively. The latter search has a
slight excess, but in this work we do not attempt to

FIG. 4. Bounds on A0 mediator from LHC limits on the
anomalons [(43) and Appendix C], B → Kνν̄ at BABAR, K →
πνν̄ at NA62, and A0 emission during SN1987A (see text for
details.) The star indicates the optimal benchmark value, which
we will adopt to compute the possible signals at direct detection.
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reinterpret this result as a bound on B → KA0. Instead we
use the older BABAR bound [74], since even this will
give very strong constraints. Using the computations in
[75], we find

Br½K� → π�A0� ≈ 8.9 × 10−7
�

g0

10−8

�
2
�
1 MeV
mX

�
2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
π

m2
K
−
m2

A0

m2
K

�
2

− 4
m2

πm2
A0

m4
K

s
;

ð47Þ

Br½B� → K�A0�

≈ 2.2 × 10−3
�

g0

10−8

�
2
�
1 MeV
mX

�
2

× F 2
KðmA0 Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
1 −

m2
K

m2
B
−
m2

A0

m2
B

�
2

− 4
m2

Km
2
A0

m4
B

s
; ð48Þ

with

F 2
KðmA0 Þ ≈ 0.33

1 −m2
A0=22 GeV2

: ð49Þ

The corresponding NA62 and BABAR bounds are shown
in Fig. 4.
To our knowledge, no dedicated calculations for axial

vectors have been performed in the context of supernova
cooling limits. However, we can obtain a rough estimate of
the SN1987A bound by using the Goldstone equivalence
theorem, which is strictly speaking valid only for mA0 ≪ T,
with T ≈ 10 MeV the temperature at the supernova’s core.
We rescale the bounds on the axion-nucleon couplings
obtained in [51] for pseudoscalars by taking

g0 ≈
mA0

mp
gap; ð50Þ

with gap the axion-proton coupling in [51]. In this formula
we used mapping from the axion-quark to axion-proton
coupling derived in [43]. We must further account for the
fact that in our model the A0 decays to neutrinos with a
width of

ΓðA0 → ν̄νÞ ¼ 3g02mA0

2π
: ð51Þ

We require that the A0 is long-lived enough to exit the
neutrino sphere of the supernova, which we take to be
10 km. This slightly modifies the constraint in [51] for large
couplings and masses mA0 ≳ 10 MeV. This estimate leads
to the dashed region shown in Fig. 4.
We emphasize this is a very crude estimate of the

constraint, since formA0 ≳MeV the Goldstone equivalence

theorem is not strictly valid. A more accurate treatment
requires dedicated calculations of the A0 production and
trapping rate, taking into account the axial coupling and all
three degrees of freedom of the A0. The decay into neutrinos
may additionally modify the energy spectrum of events
detected in the Kamiokande-II and Irvine-Michigan-
Brookhaven [76]. We do not attempt to model this effect,
since, as we will see below, our bounds on the direct
detection cross section will not depend on this region of the
parameter space.
Figure 4 then makes it clear that the direct detection rate

will be largest if we take mA0 ≳mB, beyond the BABAR
constraint. The black star indicates our benchmark choice
of gp=n=mA0 . For completeness, we note that this bench-
mark choice is likely in tension with bounds on Neff from
big bang nucleosynthesis: an order of magnitude estimate
suggests that a coupling strength of gp;n=mA0 ∼ 2 ×
10−4=GeV likely suffices to keep the right-handed neu-
trinos thermalized with the SM plasma, at least until the
onset of the QCD phase transition. TheNeff bound could be
circumvented either by constructing a model with Majorana
neutrinos or by assuming an additional entropy dump after
the QCD phase transition. However, such a late entropy
dump is perhaps not particularly plausible, and poses new
model building challenges related to generating the correct
dark matter relic density. That said, our goal is not to build a
realistic dark matter model, but to demonstrate that spin-
dependent scattering of light dark matter through an A0
mediator is already very strongly constrained, regardless of
the cosmological history. This will be evident from our
results in Sec. VI B.

V. DM SCATTERING CALCULATION

The calculation for DM scattering in crystals is performed
in two steps. First, we match the DM-nucleon interactions in
(5), (6), and (8) onto an effective DM-nucleus interaction.
This step is no different than what has been done for WIMP
dark matter, except that we only need to retain the lowest
order in the momentum expansion since we focus on sub-
GeV DM. In the second step, we sum over nuclei in the
crystal to obtain the DM-phonon interaction rate.

A. DM–nucleus coupling
We seek to replace (9) with an effective Hamiltonian

describing the interaction of the dark matter with a nucleus.
It has the form

HN ¼ −
gχgN

q20 þm2
med

FmedðqÞOðJχ ;qÞ · Jeiq·r; ð52Þ

where now J is the spin operator of the nucleus. This
effective Hamiltonian is a valid description as long as the
scattering wavelength ∼1=q is much larger than the radius
of the nucleus, meaning q ≪ 100 MeV for, e.g., Si. For the
range of dark matter masses we consider, this is always the
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case. (See [77] for a detailed treatment of the finite q
corrections, which lead to q-dependent spin form factors.)
The effective coupling of the mediator to the nucleus is

defined as

gN ≡ gpfp þ gnfn ð53Þ

where the fp;n are proportionality constants to be deter-
mined from the nuclear matrix elements, for which we
follow the discussion in [78]. In (14), (15), and (16), we
defined reference cross sections in terms of the mediator-
proton coupling, so it will be therefore more convenient to
define the proportionality factor

λ ¼ gN
gp

¼ fp þ
gn
gp

fn: ð54Þ

The parameter λ therefore parametrizes the nuclear matrix
elements through the fp;n as well as some model depend-
ence through the ratio gn=gp. For most of the direct
detection targets of interest, fp ≫ fn (see Table II).
Furthermore, considering our benchmark models, we have
gn=gp ≲ 1 for most of the parameter space of the spin-zero
mediators, and gn=gp ¼ 1 for the A0 mediator. So one may
generally consider λ ≈ fp, though we do not use this
approximation in our numerical results.
Consider a nucleus of spin J, with initial and final states

of magnetic quantum number mi;f. To determine the fn;p,
we need to know the nuclear matrix elements

hJmfjStot
p jJmii≡ hJmfj

XZ
i¼1

Si
pjJmii; ð55Þ

hJmfjStot
n jJmii≡ hJmfj

XA−Z
i¼1

Si
njJmii; ð56Þ

where i labels the protons or neutrons in the nucleus. By the
Wigner-Eckart theorem, expectation values of vector oper-
ators Stot

n=p and J are proportional to each other with a factor
that is independent on J and mi;f, i.e.,

hJmfjStot
p=njJmii ¼ fp=nhJmfjJjJmii; ð57Þ

for all mi;f. The coefficients fp=n can then be determined
from computing the matrix element for the z component of
the sum of nucleon spin operators for mi ¼ mf ¼ J,5

fp=n ¼
hJJjStot;zp=n jJJi

J
: ð58Þ

The hJJjStot;zp=n jJJi matrix elements can be determined
from shell-model calculations [77,79,82]. Since these
calculations have not yet been performed for all materials
of interest to us, we also use a phenomenological model
known as the odd-group model (OGM) to calculate the
values of fp=n [78,80].
The OGM applies to odd-mass nuclei, which contain an

odd number of nucleons of one type and an even number of
nucleons of the other type. In the OGM, it is assumed that
the nuclear magnetic moment is entirely determined by the
odd group nucleons. Then the spin matrix elements are
estimated as

TABLE II. Comparison of results from the Odd-Group Model (OGM) with shell-model calculations in [79] for
various isotopes relevant for spin-dependent direct detection. When shell-model computations are not available, we
leave the entry blank. The last columns give the natural abundance and spin of each isotope. For the a;ϕ mediators,
the factor λa;ϕ [defined in (54)] was calculated in the limit where ma;ϕ ≪ mπ .

OGM [80] Shell model [79]

Abundance (%) Spin Jfp fn λa;ϕ λA0 fp fn λa;ϕ λA0

127I 0.027 0 0.027 0.027 0.137 0.012 0.136 0.149 100 5=2
73Ge 0 0.051 −0.002 0.051 0.007 0.098 0.003 0.105 7.76 9=2
29Si 0 0.291 −0.01 0.291 0.032 0.312 0.019 0.344 4.7 1=2
27Al 0.100 0 0.100 0.100 0.131 0.015 0.13 0.146 100 5=2
23Na 0.105 0 0.105 0.105 0.150 0.016 0.149 0.166 100 3=2
19F 0.929 0 0.929 0.929 0.956 0.004 0.956 0.960 100 1=2
69Ga 0.075 0 0.075 0.075 � � � � � � � � � � � � 60.1 3=2
71Ga 0.154 0 0.154 0.154 � � � � � � � � � � � � 39.9 3=2
75As 0.009 0 0.009 0.009 � � � � � � � � � � � � 100 3=2

5With another application of the Wigner-Eckart theorem,

one could write hJmfjStot;zp=n jJmii ¼ mfffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þ

p δmi;mf

hJjjStotp=njjJiffiffiffiffiffiffiffiffi
2Jþ1

p where

we employ the definition of the reduced matrix element
found in [81]. This allows us to write the coefficients as

fp=n ¼
hJjjStotp=njjJiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
JðJþ1Þð2Jþ1Þ

p , which is manifestly independent on the

magnetic angular momentum quantum numbers.
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hJJjStot;zodd jJJi ≃
μN − gloddJ
gsodd − glodd

; ð59Þ

hJJjStot;zevenjJJi ≃ 0; ð60Þ

where μN is the magnetic moment of the nucleus, as
measured experimentally. The subscript “odd” stands for
either p or n, depending on whether there are an odd
number of protons or neutrons. Neglecting meson-
exchange currents in the nucleus, the g factors for the
proton (neutron) are given by

gsp ¼ 5.586; gsn ¼ −3.826 ð61Þ

glp ¼ 1; gln ¼ 0: ð62Þ

Table II shows a comparison between both approaches
for a number of relevant isotopes, along with their natural
abundance. The OGM performs reasonably well and is
always within a factor of 2 of the shell model predictions
for the odd-group coupling, except for 127I. We note that
different implementations of shell-model calculations also
suffer from large uncertainties for 127I [82].

B. DM–crystal interaction
To find the interaction of the dark matter with the crystal,

we simply sum (52) over all atoms in the crystal

Hc ¼ −
gχgp

q20 þm2
med

FmedðqÞ
X
l;d

λl;dOðJχ ;qÞ · Jl;deiq·rl;d

ð63Þ

where l runs over the crystal cells and d indexes the
inequivalent positions of the atoms in the unit cell. We
indexed the proportionality factor defined in (54) with l; d
to account for different elements and isotopes that may be
present at different lattice sites.
In the Born approximation, the scattering rate is given by

Fermi’s golden rule

Γ ¼ 2π

V

X
i;f

X
iχ ;fχ

wiwiχ

Z
d3q
ð2πÞ3 jhf; fχ jH

cðqÞji; iχij2

× δðEf − ω − EiÞ: ð64Þ

with V the target volume and q and ω the momentum and
energy deposited by the dark matter into the crystal. The
sums over i and f represent a sum over all initial and final
state crystal configurations, including the spin states of the
nuclei and collective phonon excitations. EiðEfÞ is the
initial(final) energy in the crystal. We assume the crystal is
initially in a ground state, so we will set Ei ¼ 0 later on.
The initial states are weighted by the wi, which are chosen
such that the spins are oriented randomly in the crystal.

The sums over iχ, fχ represent the sums over the dark
matter’s initial and final spin configurations. We similarly
choose the weights wiχ for the initial spin configuration
such that the dark matter is unpolarized.
It is helpful to rewrite the δ function in terms of its

Fourier transform,

Γ ¼ 1

V

Z þ∞

−∞
dt

Z
d3q
ð2πÞ3

X
i;f

X
iχ ;fχ

wiwiχ hi; iχ jHc†jf; fχi

× hf; fχ je−iEftHceiEitji; iχieiωt: ð65Þ

The ji; fi are eigenstates of the crystal Hamiltonian, so we
can rewrite these phases as e�iHt and time evolve the crystal
degrees of freedom in the second expectation value (see for
example [13] for more details). The sum over f and fχ can
then be eliminated, as they are now an unrestricted sum
over a complete set of states, giving,

Γ ¼ 1

V

Z þ∞

−∞
dt eiωt

×
Z

d3q
ð2πÞ3

X
i;iχ

wiwiχ hi; iχ jHcð0Þ†HcðtÞji; iχi: ð66Þ

Plugging in the Hamiltonian in (63) and factorizing
the matrix element into DM and crystal pieces, we can
decompose the matrix element as

Γ ¼ 1

V

g2χg2p
ðq20 þm2

medÞ2
Z þ∞

−∞
dt eiωt

Z
d3q
ð2πÞ3 jFmedðqÞj2

×
X

α;β¼x;y;z

�X
iχ

wiχ hiχ jOðJχ ;qÞαOðJχ ;qÞβjiχi
�

×

�X
i

wi

X
l;d;l0;d0

λl;dλl0;d0

× hijJαl;de−iq·rl;dð0ÞJβl0;d0e
iq·rl0 ;d0 ðtÞjii

�
: ð67Þ

Note that here we have assumed a basis of tensor product
eigenstates for the DM and the nuclear spins. One may also
consider a basis of total angular momentum eigenstates of
the DM and nuclei. For a random orientation of nuclei spins
and unpolarized dark matter, that is for constant weights wi,
the two descriptions coincide by virtue of the orthogonality
of the Clebsch-Gordan coefficients. We have also assumed
that the spin degrees of freedom in the crystal do not time
evolve under the action of the Hamiltonian. In other words,
we assumed that the dynamical degrees of freedom, the
phonons, do not affect the orientations of the nuclear spins.
This should be a very good approximation in nonmagnetic
materials.
Given that phonon degrees of freedom are decoupled

from the nuclear spin states, we next factorize the crystal
matrix element into two pieces. We decompose initial states
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as the product state of the nuclear spin configuration and
the ground state of the phonon system, jii ¼ jisi ⊗ j0i,
where jisi are the states corresponding to all spin configu-
rations of the crystal and j0i is the (unique) zero-phonon
state. The nuclear spin matrix element can be further
simplified since spin orientations are isotropically distrib-
uted. Furthermore, the cross terms with l ≠ l0 and d ≠ d0
average to zero when summed over all initial nuclear spin
configurations. In the crystal matrix element in the last line
of (67), we can therefore make the replacement

Jαl;dJ
β
l0;d0 →

1

3
δαβδll0δdd0J2l;d: ð68Þ

We then define the following factorized structure func-
tion, which captures the crystal response,

Sðq;ωÞ≡ 1

N

X
l;d

λ2l;dCl;dðq;ωÞ
X
is

wishisjJ2l;djisi; ð69Þ

Cl;dðq;ωÞ≡
Z þ∞

−∞
dt eiωth0je−iq·rl;dð0Þeiq·rl;dðtÞj0i; ð70Þ

where N is number of crystal unit cells (labeled by l). For
the phonon correlation function, (70), we neglect isotopic
variation across crystal cells l, which gives small variations
in the nuclear masses. Then we can factor Cl;d out of the
sum over l, giving

Sðq;ωÞ ¼
X
d

λ2dJdðJd þ 1ÞCl;dðq;ωÞ; ð71Þ

where λ2dJdðJd þ 1Þ is the average value for the atom in
position d over all crystal cells. This average therefore
accounts for variations in the spin-dependent coupling
across isotopes.

The Cl;dðq;ωÞ correlation function was calculated in
[25] and is given by6

Cl;dðq;ωÞ ¼ 2πe−2WdðqÞ
X∞
n¼1

1

n!

�
q2

2md

�
n

×
Yn
i¼1

Z
dωi

DdðωiÞ
ωi

δ

�Xn
i¼1

ωi − ω

�
; ð72Þ

where DdðωiÞ is the partial phonon density of states for the
cell site d. The DdðωÞ can be obtained using density
functional theory (DFT) computations, see Fig. 5.WdðqÞ is
the Debye-Waller factor

WdðqÞ≡ q2

4md

Z
dω0 Ddðω0Þ

ω0 ; ð73Þ

with md the mass of the atom in the unit cell indexed by d.
The sum in (72) converges to a Gaussian distribution in the
regime where q2=md is much larger than the typical phonon
frequency [25]. This asymptotic form can be used to avoid
having to calculate a large number of terms in the series.
We now write the total rate in (67) as

Γ ¼ g2χg2p
ðq20 þm2

medÞ2
N
V

Z
d3q
ð2πÞ3 jFmedðqÞj2GðqÞSðq;ωÞ;

ð74Þ

with N the number of unit cells in the crystal and V=N
the volume of a single crystal unit cell. The mediator-
dependent matrix elements are captured by the quantity
GðqÞ,

FIG. 5. Phonon partial density of states for each individual atom in both GaAs and Al2O3 crystals [83–85].

6Relative to [25], we defined the Cl;d without the 1=V
normalization factor, which is instead accounted for in the total
rate.
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GðqÞ≡ 1

3

X
iχ

wiχ hiχ jOðJχ ;qÞ ·OðJχ ;qÞjiχi: ð75Þ

For the models we consider, given in (11), (12), and (13),
this is

GϕðqÞ ¼
1

3

jqj2
m2

p
; ð76Þ

GaðqÞ ¼
1

9
ðJχ þ 1ÞJχ

jqj4
m2

pm2
χ
; ð77Þ

Gheavy
A0 ðqÞ ¼ 16

3
ðJχ þ 1ÞJχ : ð78Þ

Finally, the rate per unit of exposure is given by

R ¼ 1

ρT

ρχ
mχ

Z
d3v fðvÞΓðvÞ; ð79Þ

with ρT and ρχ ¼ 0.4 GeV=cm3 the mass densities of the
target and the dark matter, respectively. fðvÞ is the dark
matter velocity profile, which we take to be a boosted,
truncated Maxwell-Boltzmann distribution with the aver-
age galaxy-frame velocity v0 ¼ 220 km=s, the average
earth velocity ve ¼ 240 km=s, and vesc ¼ 500 km=s as
the local escape velocity of the Milky Way.
The final results for all three models can be expressed in

terms of the reference cross sections defined in (14)–(16)

Rϕ ¼ σϕP
d md

ρχ
mχ

2π

3

m2
p

v20μ
4
χp

×
Z

d3v fðvÞ
Z

d3q
ð2πÞ3 jFϕðqÞj2

jqj2
m2

p
Sðq;ωÞ; ð80Þ

Ra ¼
σ̄aP
d md

ρχ
mχ

πðJχ þ 1ÞJχ
3

m2
pm2

χ

v40μ
6
χp

×
Z

d3v fðvÞ
Z

d3q
ð2πÞ3 jFaðqÞj2

jqj4
m2

pm2
χ
Sðq;ωÞ; ð81Þ

Rheavy
A0 ¼ σ̄heavyA0P

d md

ρχ
mχ

16πðJχ þ 1ÞJχ
9

1

μ2χp

×
Z

d3vfðvÞ
Z

d3q
ð2πÞ3 jFA0 ðqÞj2Sðq;ωÞ; ð82Þ

where we show the Jχ factors explicitly. (The expressions
are however only valid for Jχ ¼ 1=2, as they were
derived exclusively for the models defined in Sec. II.)
The energy deposited by the DM is constrained to be
ω ¼ q · v − q2=ð2mχÞ. These formulas are implemented in
the DarkELF package [40], which is what we use to carry
out our calculations. In Appendix E, we summarize our
modifications to DarkELF, and also provide more detailed

formulas for the rate integrals in the presence of an
experimental energy threshold Eth.

VI. RESULTS

We now show how the constraints discussed in Secs. III
and IV impact the maximum achievable dark matter scatter-
ing rate in a low-threshold phonon-based experiment. We
will consider experiments using the target materials Al2O3

(sapphire) and GaAs. Both are promising materials for near-
future experiments [1,2] and also have a high abundance of
nuclei with spin-dependent interactions. Following a com-
mon convention in the literature, we will plot cross sections
corresponding to a rate of three signal events/kg-year
exposure at various energy thresholds Eth. We emphasize
that these should not be understood as projected sensitivities,
since it is not yet known what energy thresholds, exposures,
and background levels will ultimately be achieved with such
experiments. Instead, our cross section curves corresponding
to three events/kg-year are only meant to give a sense of the
absolute best-case sensitivity for a kg-scale experiment.

A. ϕ and a mediators

To present our results for the spin-0 mediators, we will
use the two benchmark scenarios introduced in Sec. II,

ma;ϕ ¼ 0.3 × q0; ðlight mediator benchmarkÞ; ð83Þ

ma;ϕ ¼ 3 × q0; ðheavy mediator benchmarkÞ ð84Þ

where q0 ¼ mχv0. As a function ofmχ (and thereforemϕ;a),
we select the largest allowed gp in Fig. 1 and the largest
allowed gχ in Fig. 2 to obtain an upper bound on σ̄ϕ;a.
A priori, one could get a somewhat weaker bound by
also freely floating mϕ;a when maximizing the direct
detection cross section, subject to the bounds in Sec. III.
The choices (83) and (84) will however allow for a cleaner
interpretation of the results; we defer the more general case
to Appendix A. The qualitative conclusions are the same
for both cases.
The bounds resulting from this procedure are shown in

Figs. 6 and 7 (grey shading), alongwith the cross sections for
three events/kg-yr at various energy thresholds in sapphire
(solid lines) and GaAs (dashed lines). The left-hand panels
assume that χ makes up all of the dark matter density
(fDM ¼ 1), in which case we take gχ to saturate the self-
interacting dark matter bounds discussed in Sec. III B. The
right-hand panels assume that χ makes up only a small
fraction of the total dark matter density (fDM ¼ 0.05). If the
remaining 95% of the dark matter density is collisionless,
strong self-interactions for the χ particle might not be
sufficient to modify the dynamics of dark matter halos in
amanner that would have been observed already. In this case,
gχ is therefore only bounded by perturbative unitarity andwe
fix gχ ¼ 1.
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We find that the existing bounds on σ̄ϕ;a are very
strong when compared to the direct detection pro-
spects. For the a mediator, there is no viable parameter
space, even with very optimistic assumptions about the
detectable direct detection rate. For the ϕ mediator,
there is viable parameter space for mχ ≳ 100 MeV
(mχ ≳ 1 GeV) for the heavy mediator (light mediator)
benchmark. In these cases, a minimal exposure of
roughly a few g-day would be needed to probe new
parameter space.
Given our choice of the light and heavy benchmarks,

(83) and (84), it is straightforward to understand the
dramatic edges in the cross section constraints in Figs. 6
and 7. These edges occur when the constraint on gp is
forced below the supernova bounds in Fig. 1. This occurs
when mϕ;a reaches about ∼0.3 MeV. For mϕ;a ≳ 0.3 MeV,
the optimal value is gp ≈ 7 × 10−6, in the trapping window.
However, once mϕ;a ≲ 0.3 MeV, this trapping window is
filled in by constraints from horizontal branch stars and the

largest allowed value is therefore below the supernova
bound, gp ≈ 6 × 10−10.
This brings us to an important subtlety: in the case of the

ϕ mediator, the open parameter space to the right of
aforementioned edge is exploiting the trapping window,
or the gap between the meson constraints and the SN1987A
bound in Fig. 1. To illustrate the importance of this gap, in
Figs. 6 and 7 we show as blue lines the bounds on the cross
section if the trapping window were entirely closed. In this
scenario, the bounds on gp;n would become much more
stringent, as the only viable parameter space would be
below the supernova bound in Fig. 1. In this case, there
would be no prospects for direct detection in any of the
cases discussed above, even under the most optimistic
experimental conditions.
Before moving on the A0 mediator, we briefly comment

on some notable features in Figs. 6 and 7. The signal rate
for Al2O3 is generally higher than for GaAs, since Al2O3

has similar values for the spin-dependent coupling λϕ;a as

FIG. 6. Reference cross sections for a signal rate of three events/kg-yr, through an interaction mediated by the ϕ mediator, in Al2O3

(solid) or GaAs (dashed) with several choices of threshold energy. Existing bounds are shown by the grey shaded region, and the blue
line indicates where the bound would be if the supernova trapping window in Fig. 1 were to close. Left: χ makes up all of dark matter
(fDM ¼ 1) and is thus subject to the SIDM constraints in Fig. 2. Right: χ contributes only a subcomponent of the total dark matter
density with fDM ¼ 0.05. The SIDM bounds do not apply and we set gχ ¼ 1 to satisfy the perturbative unitarity condition.
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GaAs (see Table II) but contains more nuclei per target
mass due to the lower atomic mass. For specific energy
thresholds, such as Eth ¼ 100 meV, there is also a large
difference in the rate due to differences in the phonon
density of states of the two materials (see Fig. 5).
The cross section curves for Eth < 1 eV have a notably

different shape compared to the Eth ¼ 1 eV curve. This is
because for mχ ≲ 100 MeV the physics is described by
multiphonon excitations, while the nuclear recoil approxi-
mation is sufficient for mχ ≳ 100 MeV [25]. In addition,
the downward trend of the cross section for mχ > 1 GeV
may be counterintuitive to readers familiar with spin-
dependent scattering of WIMPs. This is because of the
momentum factors in the numerators of the Hamiltonians in
(5) and (6), as compared to (8). This leads to an increase in
rate with increasing mχ , as long as mχ ≪ mN . This can be
seen most easily from the momentum integrals in (80) and
(81). For dark matter that is heavier than the nuclei in the
crystal (mχ ≫ mN), the scattering rate scales as ∼1=mχ .
Finally, we note that we did not attempt to explain or

predict the dark matter’s relic density. In other words, we
have implicitly assumed that the relic density is set by

another mechanism, which is not related to the mediators
that are needed to observe χ in direct detection experiments.
Accounting for a such a mechanism may lead to further
bounds, especially from the BBN and/or CMB observa-
tions. For example, as it freezes out, the dark matter may
dump additional entropy into the mediator, which could put
the model in tension with the bounds on the number of
relativistic degrees of freedom in the early Universe [86].
See Appendix A for a more extended discussion.

B. A0 mediator

As we showed in Sec. IV, there exist very stringent
bounds on the A0 mediator, including the requirement that
gχ ∼ gp for a self-consistent theory. These bounds are
especially strong for the light mediator limit, and as a
result all direct detection prospects are ruled out by many
orders of magnitude. We therefore focus our discussion just
on the heavy mediator regime. In Fig. 8, we show the
existing bounds on the heavy mediator A0 model, as
compared to the cross sections needed for a rate of three
events/kg-year. We see that there are likely no direct
detection prospects for spin-dependent scattering within

FIG. 7. Reference cross sections for a signal rate of three events/kg-yr, through an interaction mediated by the a mediator, in Al2O3

(solid) or GaAs (dashed) with several choices of threshold energy. See the caption of Fig. 6 for further details.
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the A0 model, even though the operator in (13) is not
suppressed by factors of q. If the condition gχ ∼ gp could be
relaxed, there is potential for viable parameter space, but
constructing consistent models that achieve this is very
challenging (see Appendixes C and D).
The condition gχ ∼ gp implies that the direct detection

cross section is proportional to the combination ∼g4p=m4
A0 .

The parameter choice that maximizes this combination,
while consistent with existing bounds, is mA0 ¼ 10 GeV
and gp ¼ 1.5 × 10−3 (see Fig. 4). The bound in this regime
comes from the LHC bounds on the heavy colored particles
that are needed to cancel the gauge anomalies. These
bounds are somewhat model dependent, because they
depend on the decay modes one assumes for those heavy
colored particles (see Appendix C). It is likely possible to
weaken the bound on σ̄A0 by about an order of magnitude,
by constructing a custom model where the colored fer-
mions can still be hidden at the LHC, e.g., by engineering a
final state with a high number of jets. However, even in this
scenario, the prospects for detecting low mass dark matter
through spin-dependent scattering remain limited.
For mχ ≳ 10 GeV, experiments such as PICO [89]

currently do probe cross sections that are comparable to
the existing bounds on the A0 mediator. In other words, if a
hint of dark matter in this regime were to be found in spin-
dependent scattering, it would be important to scrutinize
the LHC data for signs of heavy colored particles that still
could have evaded the current searches.

VII. CONCLUSIONS

Experiments aiming to detect multiple and single phonon
interactions are coming online and promise to probe lower
DM masses (mχ ≲ 10 GeV) than current direct detection
experiments. The models that predict primarily spin-
dependent DM interactions are highly constrained by
searches for the mediator particle, and, in particular, by
meson decays, stellar cooling, and cosmology. However,
some regions of parameter space remain unprobed and they
can lead to signals at direct detection experiments. Our
main findings are:

(i) Typically, direct detection constraints on spin-
dependent scattering have assumed an operator
∝ Jχ · Sp. We consider the simplest UV-complete
model that achieves this with an axial vector
mediator A0. For mχ ≲ 10 GeV, the upper bounds
on direct detection cross sections are extremely
strong and beyond the reach of experiments that
are currently being considered.

(ii) For the a (axionlike particle) mediator, direct de-
tection is both spin dependent and momentum
suppressed. If light enough, the a can be produced
in rare meson decays, which places strong upper
bounds on the cross section. These are out of reach
even for a zero-background kg-year experiment.

(iii) The ϕ mediator with mixed couplings of ϕχ̄χ and
gpp̄γ5p has open parameter space, which critically
relies on the trapping window between the meson
and supernovae bounds. In the open parameter
space, the maximal signal rate in Al2O3 is of the
order of a hundred events per g-yr exposure.

One can construct other models and operators beyond
the ones we have considered here [19,77]. They all involve
operators of higher dimensions and therefore additional
factors of the momentum transfer, which further suppress
the scattering rate. This is because one effectively expands
in q=mN ∼mχv=mN , which is always much smaller than 1
for sub-GeV dark matter. On the other hand, accelerator
experiments place bounds on the mediators in the relativ-
istic regime, and are therefore not bound by the same
suppression factors. While strictly speaking we cannot rule
out that a convoluted counterexample could be constructed,
we believe our qualitative conclusions about spin-depen-
dent scattering for light dark matter are broadly applicable,
regardless of the choice of model.
One exception to this argument are models with a direct

coupling between the magnetic dipole moment of the DM
and that of the nucleus. This interaction appears at the same
order in q as those discussed above but requires the DM to
have a dipole coupling under the SM photon. This removes
the need to introduce a new mediator. However, this model
also has spin-independent dipole-charge interactions that
dominate over the spin-dependent coupling to nuclei.
Furthermore, as noted in [19,91], the dipole moment of

FIG. 8. Reference cross sections for a signal rate of three
events/kg-yr, through an interaction mediated by the A0 mediator,
in Al2O3 (solid) or GaAs (dashed) with several choices of
threshold energy. The light grey shaded region denotes the
bounds on gp shown in Fig. 4, combined with the constraint
that gχ ∼ gp for a self-consistent UV completion. The dark shaded
region shows the combined existing direct detection constraints
[87–90]. We assume χ is all of dark matter (fDM ¼ 1) and do not
consider subcomponent DM since, in this case, SIDM bounds do
not have constraining power.
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the nucleus is always suppressed by a factor of me=mN
compared to the dipole moment of the electron and thus the
spin-dependent interactions of this model would be better
probed via an electron recoil experiment.
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APPENDIX A: ADDITIONAL RESULTS

For spin-0 mediators, we previously chose benchmarks
where we fixed the dark matter-mediator mass ratio:
ma;ϕ ¼ 3mχv0 for a heavy mediator and ma;ϕ ¼ 0.3mχv0
for a light mediator. This somewhat arbitrary condition can
be relaxed, such that a heavy (light) mediator would
correspond to any ma;ϕ ≥ 3ma;χv0 (mϕ ≤ 0.3mχv0). One
can then open up the most parameter space by marginal-
izing over all possible mediator masses for each point inmχ

and choosing the mediator mass that produces the weakest
existing constraint on the reference cross section.
In Figs. 9 and 10, these optimized bounds are shown in

comparison to our default heavy benchmark bounds. The
light benchmark ma;ϕ ¼ 0.3mχv0 presented in Sec. VI A
already optimizes the parameter space, and we therefore do
not show new plots for the light mediator case. The new
exclusion curves are denoted by dashed grey and blue lines,
corresponding to the bounds assuming the SN trapping
window is open or closed, respectively. The left panels of
Figs. 9 and 10 assume fDM ¼ 1 and therefore the opti-
mization process considers both the SIDM constraint on gχ

FIG. 9. Reference cross sections for a signal rate of three events/kg-yr, through an interaction mediated by the ϕ mediator, in Al2O3

(solid) or GaAs (dashed) with several choices of threshold energy. See the caption of Fig. 6 for the definition of the plots and lines. The
solid gray and blue lines match those shown in Fig. 6. The new additions are the dashed gray and blue lines, which show the bounds
wheremϕ is optimized for each point inmχ to maximize the allowed cross section. For the heavy mediator, the optimizedmϕ must fulfill
the condition that mϕ ≥ 3mχv0. For the light mediator, when the condition is relaxed to mϕ ≤ 0.3mχv0, our benchmark is already
optimized and therefore we do not show it here.
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as well as the various experimental constraints on gp. On
the right, we assume a small fraction of DM ðfDM ¼ 0.05Þ,
which relaxes the SIDM constraints. For these plots, we
set gχ ¼ 1 and optimize over the experimental constraints
on gp.
For the heavy mediator, when the SN trapping window is

open, a new wedge of parameter space is opened for mχ ≲
100 MeV by fixing the mediator mass at about 0.3 MeV,
above the horizontal branch constraints and inside the
trapping window. In the case where the SN trapping
window is closed and fDM ¼ 1, additional parameter space
is opened by allowing for heavier mediator masses, which
allows for a substantially larger gp and gχ . In this case, the
cross section bound is weakened by considering ma;ϕ ∼
100 MeV and below the accelerator bounds.
The separation here into heavy and light mediators, with

somewhat arbitrary cutoffs, may leave one wondering
whether there is open parameter space in the intermediate
range of mediator masses 0.3mχv0 < mϕ;a < 3mχv0. We
verified that the amount of open parameter space does not
shift significantly based on this choice.
While the above optimization appears to open up more

parameter space for MeV-scale dark matter, the mass scales
and couplings here could face additional constraints from
cosmology. In fact, for these couplings, χ scattering leads to
χ thermalization, likely resulting in tension with the Neff
measurement from BBN. To avoid χ thermalization, the
scattering rate of χχ → fa;ϕgfa;ϕg must be less than the
Hubble scale when neutrinos decouple, forcing gχ to be

very small. Again, in this scenario, all parameter space
opened by the optimization is ruled out. Alternatively, one
may assume a very low reheating scale, such that the DM
was never in thermal equilibrium. This case is the most
optimistic and allows gp to live in the trapping window,
opening up significant parameter space. However, attaining
the correct DM relic density with such a low reheating scale
is a nontrivial task and should not be assumed lightly.
In conclusion, while carefully selecting the mediator

mass can open up some potential parameter space, it is
important to consider the cosmological implications of
such a choice. Much of the parameter space in the new
wedge likely requires nontrivial model building to avoid
tension with the Neff measurement from BBN.

APPENDIX B: CAVEATS RELATED
TO CHARM BOUND

We note several caveats in interpreting recent recasts of
the CHARM experiment bound on the ALP parameter
space [46,93,94]. First, the CHARM Collaboration used
two estimators for the reconstruction and selection of
events from axion decays inside the detector volume
[47]. The first estimator is a measure of the deviation of
the shower axis from the beam direction and the second
estimator is a measure of the transverse width of the
shower, both of which are highly sensitive to the boost
of the axion, leading to a fiducial efficiency that depends on
the axion mass. These estimators have only been mentioned
briefly in the CHARM paper [47], such that modeling them

FIG. 10. Reference cross sections for a signal rate of three events/kg-yr, through an interaction mediated by the a mediator, in Al2O3

(solid) or GaAs (dashed) with several choices of threshold energy. See the caption of Fig. 6 for the definition of the plots and lines. The
solid gray and blue lines match those shown in Fig. 7. The new additions are the dashed gray and blue lines that show the bounds where
ma is optimized for each point in mχ to maximize the allowed cross section. For the heavy mediator, the optimized ma must fulfill the
condition thatma ≥ 3mχv0. For the light mediator, when the condition is relaxed toma ≤ 0.3mχv0, our benchmark is already optimized
and therefore we do not show it here.
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reliably at this point in time may not be possible. In all
reinterpretations that we know of, a constant fiducial
efficiency has been applied, and the mass dependence of
the efficiency has not been taken into account in the
literature. It is not clear how valid this approximation is.
Second, fermion contributions (generated by RG run-

ning) to the kaon decay width into an axion generally have
been neglected. We find that the RG-generated off-diagonal
down-strange-ALP coupling dominates the contribution
from the cGG coupling in the amplitude of KL → π0a,
by around an order of magnitude. This may lead to anOð1Þ
correction to the constraints quoted in the literature.

APPENDIX C: AXIAL VECTOR MODEL UV
COMPLETION

As a proof of concept, we construct a UV-complete
model of an axial vector with couplings to SM baryons and
suppressed couplings to the charged leptons, as in (38). In
this model, the coupling of the dark matter to the A0 is
predicted to be half that of the SM quarks to the A0. In
Appendix D, we will attempt to construct a more involved
model in which this prediction can be relaxed.
The model is based on a new Uð1Þ0 gauge symmetry; the

full matter content is shown in Table III. We assume for
simplicity that the A0 couples universally to all three quark
generations, and assume Dirac neutrinos with sterile
components N. The N field is also charged with respect
to A0.
We must include a set of heavy fermions (see, e.g.. [95])

to cancel the gauge anomalies, a scalar field ϕ that breaks
the Uð1Þ0 spontaneously, and two new Higgs inert doublets
H0

u and H0
d, which are responsible for generating the SM

Yukawa interactions. These are given in the second block of
Table III. The heavy fermions are vectorlike relative to the
SM gauge groups, and as such the SM gauge anomalies
continue to cancel trivially. The theory is now also vector-
like relative to the Uð1Þ0 charges, meaning that the only
nontrivial anomalies are the mixed Uð1Þ0-SM anomalies,
which cancel as well. The mass terms for the anomalon
fields are generated by the interactions

L ⊃ λQϕQ0Q̄0 þ λuϕ
†u0ū0 þ λdϕ

†d0d̄0 þ ϕ2

ΛN
N0N̄0: ðC1Þ

The last term in (C1) has operator dimension 5, but can be
UV completed easily. The N0 and N̄0 also play no role in the
phenomenology, other than anomaly cancelation. They can
therefore be significantly lighter than the remaining fer-
mions in (C1) without running into existing bounds of
any sort.
The LHC bounds on the colored fermions Q0; Q̄0, etc.,

depend on their assumed decay and production channels, as
reviewed in [60]. If we consider only hadronic decays, the
current bounds on a single generation vectorlike fermion
range between 800 GeVand 1400 GeV [96], depending on

the assumed branching ratios and representation under the
SM gauge group. We therefore require that their masses be
≳1 TeV for all 12 vectorlike quarks, which we consider to
be conservative. We further assume λQ;u;d ≲ 1, to avoid
excessive fine-tuning and Landau poles at a low energy
scale. This is because the field ϕ couples to all 12 Dirac
fermions in (C1), which carry three colors each. This leads
to a large correction to ϕ’s potential, even for λQ;u;d ≈ 1 and
a very low UV cutoff scale. With these assumptions, we
find that we need to impose hϕi ≳ 1 TeV in (C1) to satisfy
the LHC bounds on the anomalon fields. The field ϕ also
generates the mass of the A0, such that we can obtain the
bound

g0 ≲ 1ffiffiffi
2

p mA0

TeV
: ðC2Þ

We note that σ̄A0 ∼ g04, which means that the bound shown
in Fig. 8 is rather sensitive to the assumptions we make
about the UV theory. The bound on σ̄A0 could therefore
easily be weaker by an order of magnitude or more if one
assumes more aggressive values for either λQ;u;d or if the

TABLE III. Matter content for an example UV completion of
the axial A0 model. All fermion fields are chosen to be left-handed
Weyl fermions by convention. The second block contains a set of
heavy fermions, designed to cancel the gauge anomalies. ϕ is a
scalar field that generates the masses of the anomalons, the A0 and
the dark matter. The third block contains the dark matter and a set
of heavier dark fermions that cancel the dark matter’s contribu-
tion to the Uð1Þ0 gauge anomalies.

SU(3) SU(2) Uð1ÞY Uð1Þ0
Q □ □ 1=6 þ1
u □ 1 −2=3 þ1

d □ 1 1=3 þ1

L 1 □ −1=2 0
e 1 1 þ1 0
N 1 1 0 þ2
H 1 □ −1=2 0

Q0
□ □ 1=6 −1

u0 □ 1 −2=3 −1
d0 □ 1 1=3 −1
Q̄0

□ □ −1=6 0
ū0 □ 1 2=3 0
d̄0 □ 1 −1=3 0
N0 1 1 0 −2
N̄0 1 1 0 0
H0

u 1 □ 1=2 −2
H0

d 1 □ −1=2 −2
ϕ 1 1 0 þ1

χ1 1 1 0 −1=2
χ2 1 1 0 −1=2
χ̄1 1 1 0 1=2
χ̄2 1 1 0 1=2
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LHC bounds can be relaxed, e.g., by assuming a final state
with a large number of soft jets. Still, this would not affect
the conclusions we have drawn in Section VI B.
Next, we must generate the Yukawa couplings for quarks

and leptons with the SM Higgs, H. This can be achieved
using the H0

u;d interactions [97]

L ⊃ yeHLeþ YUðH0
uÞc†Quþ YDH0

dQdþ YEðH0
uÞc†LN

þ λ̃uϕ
2H0

uH þ λ̃dϕ
2H0

dH
† −m2

H0
u
jH0

uj2 −m2
H0

d
jH0

dj2

þ H:c: ðC3Þ

where Hc
u;d ≡ iσ2H�

u;d. Upon integrating out the heavy
fields H0

u;d, and spontaneously breaking the Uð1Þ0 by
allowing ϕ to pick up a VEV,7 these terms in the
Lagrangian lead to the Yukawa interactions

L ⊃ yuQðHcÞuþ ydQHdþ yNLðHcÞN þ H:c: ðC4Þ

where

yu;d ∼ YU;Dλ̃u;d
hϕi2
m2

H0
u;d

; yN ∼ YEλ̃u
hϕi2
m2

H0
u

: ðC5Þ

For the dark sector, we use the UV completion put
forward in [68]. In particular, to cancel the gauge
anomalies we need a pair of Weyl fermions χ1;2 with
charge −1=2 and along with a pair χ̄1;2 with charge 1=2,
given in the third block of Table III. The dark sector
Yukawa interactions are

yχϕχ1χ2 þ ȳχϕ†χ̄1χ̄2 þ H:c: ðC6Þ

The vectorlike mass terms of the form χ1;2χ̄1;2 are
assumed to be absent or heavily suppressed. This is
needed to suppress the coupling of the A0 to the dark
matter vector current. We identify the Dirac fermion
composed out of the Weyl fermions χ ≡ ðχ1; χ†2Þ with the
dark matter. We further assume that ȳχ > yχ , such that
the Dirac fermion associated with χ̄1 and χ̄2 is always
heavier than χ. Going forward, we will assume that the
annihilation rate of this heavier fermion to either χ or A0
is efficient enough that we can neglect its residual relic
density. The mass parameters of the dark sector particles
are given by

m2
A0 ¼ 2g02hϕi2; ðC7Þ

m2
ϕ ¼ 2λhϕi2; ðC8Þ

mχ ¼ yχhϕi; ðC9Þ

with mϕ the mass of the physical scalar and with λ the
quartic coupling of the potential of ϕ, normalized as
λ
2
jϕj4. Analogous to (C2), we find the following con-

straint on g0

g0 ¼ yχffiffiffi
2

p mA0

mχ
≲ 1ffiffiffi

2
p mA0

mχ
; ðC10Þ

where in the last step, we have taken yχ ≲ 1 to avoid the
nonperturbative regime. In practice, this bound will
always be weaker than the bound in (C2) for the
parameter space of interest.
In conclusion, we constructed a UV completion for the

axial A0 mediator, though it requires a fair amount of
additional fields in the ultraviolet to ensure all anomalies
are canceled. These extra colored particles must be beyond
the current LHC limits, which limits the size of g0 in the
infrared. Moreover, the model predicts the relation (38),
resulting in

gχ ∼ gn ∼ gp; ðC11Þ

which is undesirable for direct detection. In the next
Appendix, we attempt to construct a nonminimal model,
which is not subject to the parametric constraint in (C11).

APPENDIX D: A GENERALIZED AXIAL
VECTOR MODEL?

As shown in Sec. VI B, there are no realistic direct
detection prospects for sub-GeV dark matter if the dark
matter-mediator coupling gχ is tied to the mediator-SM
coupling gp for the axial A0 model. It is therefore worth-
while to investigate whether this constraint can be relaxed,
such that gχ is much larger. In other words, can we
construct a model for which one can take gχ ≫ gp;n in
(3)? In this appendix, we argue that it is challenging to write
such a model, and one should therefore be wary of
assuming gp;n ≪ gχ without a detailed UV justification.

1. A second gauge field is needed

First, one may simply attempt to assign a large charge
jQχ j to χ1;2, such that gχ ≡ jQχ jg0 ≫ g0 ∼ gp;n. In
Appendix C, we assigned charges Qχ ¼ −1=2 so that a
single scalar field ϕ could generate both the Yukawa terms
for SM fields as well as the dark sector masses. There, the
charge of the scalar field was fixed by the need to provide
mass terms for the anomalon fields in (C1). By assigning a
largeQχ , we require an additional scalar field to ensure that
the mass terms in (C6) remain allowed by gauge invariance.
Concretely, we now need two fields ϕ1 and ϕ2 with
couplings

L ⊃ λQϕ1Q0Q̄0 þ � � � þ yχϕ2χ1χ2; ðD1Þ7For simplicity, we consider the case where hH0
u;di ¼ 0.
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where ϕ1 and ϕ2 have charge þ1 and −2Qχ , respectively,
under the Uð1Þ0 gauge symmetry. The model now has two
accidental global symmetries that are broken spontaneously
by hϕ1i and hϕ2i,

ϕ1 → e−2iαϕ1; Q0 → eiαQ0; Q̄0 → eiαQ̄0; etc:

ϕ2 → e−2iβϕ2; χ1 → eiβχ1; χ2 → eiβχ2; etc:

ðD2Þ

One linear combination of the corresponding Goldstone
bosons is eaten by the A0

μ, while the other one is exactly
massless. At one loop, this particle moreover picks up a
coupling to photons through the first term in (D1). To avoid
violating astrophysical bounds on massless particles with a
coupling to photons, one would need to assume that the
overlap between the uneaten Goldstone mode and ϕ1 is
extremely tiny. This would correspond to assuming
hϕ1i ≫ Qχhϕ2i, which is incompatible with our earlier
Qχ ≫ 1 assumption.
Alternatively, the mass of the Goldstone can be lifted by

breaking the symmetries in (D2) explicitly down to the
linear combination corresponding the Uð1Þ0 gauge sym-
metry. The lowest dimensional operator that achieves this
while respecting gauge invariance is

L ⊃
1

Λ2Qχ−2
ϕ
2Qχ

1 ϕ2 þ H:c: ðD3Þ

This operator is extremely irrelevant for Qχ ≫ 1 and is
therefore not an effective way to lift the mass of the
Goldstone.
A straightforward solution is to gauge the second

accidental Uð1Þ0 symmetry as well, such that the
Goldstone mode is eaten. This means that the visible
and dark sectors each have their own axial Uð1Þ0 gauge
symmetry, whose gauge couplings need not be related to
each other. The interaction between the visible and dark
sectors can then be engineered by mixing the two A0 fields.
The matter content of this theory is shown in Table IV. As
alluded to before, each Uð1Þ0 must be broken by its own
scalar field ϕ1;2, which is also responsible for generating
the mass terms of all the fermions in their sector, fully
analogous to the discussion in Appendix C.

2. Heavy mediator limit

Our primary interest is to investigate whether we can
construct a model that is not subject to the gp ∼ gχ
constraint and reduces to the Hamiltonian (8). We therefore
consider the heavy mediator limit, where mA1

; mA2
≫ q.

First, one may consider mixing A0
1 and A0

2 through a
kinetic mixing operator

L ⊃
ϵ

2
F0μν
1 F0

2;μν: ðD4Þ

Because of the derivative couplings in this operator, its
effects vanish in the q → 0 limit. It therefore does not
reproduce (8).
The mixing between the gauge fields must therefore

occur through the mass matrix of the A0 fields, rather than
their kinetic terms. To achieve this, we must add a third
scalar, φ, which is charged under both fields. Its vacuum
expectation value will mix the A0

1 and A
0
2, thus enabling the

SM-dark sector interaction that is needed for direct detec-
tion.8 Concretely, the mass matrix for the gauge bosons is

m2
A ¼

�
m2

1 δm2

δm2 m2
2

�
; ðD5Þ

with

TABLE IV. Matter content for an example UV completion of
the double axial A0 model. The second block and third block are,
respectively, a set of heavy fermions, designed to cancel the
gauge anomalies and the dark sector fermion content. The last
block contains the scalar sector, in which the ϕ1;2 generate mass
terms for the visible and dark sector fermions, as well as the A0

1;2.
The φ field introduces an off-diagonal entry in the A0

1;2 mass
matrix.

SU(3) SU(2) Uð1ÞY Uð1Þ1 Uð1Þ2
Q □ □ 1=6 þ1 0
u □ 1 −2=3 þ1 0
d □ 1 1=3 þ1 0
L 1 □ −1=2 0 0
e 1 1 þ1 0 0
N 1 1 0 þ2 0
H 1 □ 1=2 0 0

Q0
□ □ 1=6 −1 0

u0 □ 1 −2=3 −1 0
d0 □ 1 1=3 −1 0
Q̄0

□ □ −1=6 0 0
ū0 □ 1 2=3 0 0
d̄0 □ 1 −1=3 0 0
N0 1 1 0 −2 0
N̄0 1 1 0 0 0
H0

u 1 □ 1=2 −2 0
H0

d 1 □ −1=2 −2 0

χ1 1 1 0 0 −1=2
χ2 1 1 0 0 −1=2
χ̄1 1 1 0 0 1=2
χ̄2 1 1 0 0 1=2

ϕ1 1 1 0 þ1 0
ϕ2 1 1 0 0 þ1
φ 1 1 0 −1 −1

8This additional scalar once again introduces an unwanted
Goldstone boson, however in this instance it can be lifted easily
by adding the relevant operator ϕ1φϕ2 to the Lagrangian.
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m2
1 ¼ 2g21ðjhϕ1ij2 þ jhφij2Þ;

m2
2 ¼ 2g22ðjhϕ2ij2 þ jhφij2Þ;

δm2 ¼ 2g1g2jhφij2: ðD6Þ

Since we will assume g1 ≪ g2 ∼ 1, it follows that δm ≪ m2

regardless of relative size of the three vacuum expectation
values.
First, let us consider the case with m1 < m2. Denoting

the lightest and heaviest mass eigenstates with Aμ
l and Aμ

h,
respectively, we find

m2
Al

≈m2
1 −

δm4

m2
2 −m2

1

; ðD7Þ

m2
Ah

≈m2
2 þ

δm4

m2
2 −m2

1

; ðD8Þ

where we expanded in δm2 ≪ m2
2 −m2

1. The mass eigen-
states couple to the visible and dark sector currents through

L ⊃ Aμ
l

�
g1J1;μ − g2

δm2

m2
2 −m2

1

J2;μ

�
ðD9Þ

þ Aμ
h

�
g2J2;μ þ g1

δm2

m2
2 −m2

1

J1;μ

�
; ðD10Þ

where J1;μ and J2;μ are the SM and dark matter axial
currents

Jμ1 ≡ q̄γμγ5q; ðD11Þ

Jμ2 ≡ −
1

2
χ̄γμγ5χ: ðD12Þ

The leading contribution to the direct detection scattering
rate will be through the exchange of the Al. The
Hamiltonian for direct detection is that in (8) with

gn;p ∼ g1; ðD13Þ

gχ ¼
1

2

δm2

m2
2 −m2

1

g2; ðD14Þ

mA0 ¼ mAl
; ðD15Þ

where we have used the ∼ since, e.g., the neutron/proton
coupling will also contain a form factor (see [(40)]).
Plugging in (D6), we find that

jgχ j ≤
jgp;nj
2

; ðD16Þ

which is incompatible with the jgχ j ≫ jgp;nj hierarchy
we seek.

Alternatively, we could have chosen m1 > m2 by taking
hϕ1i ≫ hϕ2i; hφi. The Al now predominantly aligns with
the dark sector Uð1Þ0 (Aμ

2) and we find

m2
Al

≈m2
2 −

δm4

m2
1 −m2

2

; ðD17Þ

m2
Ah

≈m2
1 þ

δm4

m2
1 −m2

2

; ðD18Þ

and

L ⊃ Aμ
l

�
−g2J2;μ þ g1

δm2

m2
1 −m2

2

J1;μ

�
ðD19Þ

þ Aμ
h

�
g1J1;μ þ g2

δm2

m2
1 −m2

2

J2;μ

�
: ðD20Þ

To avoid suppressing the mixing angle further, we need to
take m1 ∼m2, since we already have the hierarchy δm ≪
m2 from (D6). There is therefore only a small hierarchy
between the mass eigenstates (mAl

≲mAh
). All the bounds

in Sec. IV moreover apply to the Ah, such that we must still
impose g1 ≪ 1.
Again plugging in (D6), we now find that the couplings

of the Al can be identified with (8) through

gn;p ∼
δm2

m2
1 −m2

2

g1 ≲ g21
g2

; ðD21Þ

gχ ¼ g2: ðD22Þ

This realizes the desired hierarchy gp;n ≪ gχ. However, the
scattering amplitude for direct detection is proportional to
the product

Mpχ→pχ ∝ gp;ngχ ≲ g21; ðD23Þ

where g1 is subject to the bounds in Fig. 4 because of the
presence of the Ah, with mAh

∼mAl
. In other words, the

effective suppression factor is again the same as what we
have found before.
As a last resort, one may attempt to fine-tune the vacuum

expectation values such that δm2 ∼m2
2 −m2

1 even though
δm ≪ m2; m1. It is now convenient to introduce the
notation

m̄2 ≡ 1

2
ðm2

1 þm2
2Þ; ðD24Þ

Δm2 ≡ 1

2
ðm2

1 −m2
2Þ: ðD25Þ

The physical masses are now
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m2
Al

¼ m̄2ð1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δm4 þ Δm4

p
=m̄2Þ; ðD26Þ

m2
Ah

¼ m̄2ð1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δm4 þ Δm4

p
=m̄2Þ: ðD27Þ

The couplings are of the form

L ⊃ Aμ
lðcos θg1JSM;μ þ sin θg2Jχ;μÞ

þ Aμ
hð− sin θg1JSM;μ þ cos θg2Jχ;μÞ; ðD28Þ

with θ the mixing angle, as determined by the values of δm
and Δm. One can take it to be Oð1Þ by tuning δm ≈ Δm.
From (D28), we now see that Aμ

l and Aμ
h will destructively

interfere, with the cancelation being exact in the limit where
mAl

≈mAh
. At the level of the amplitude, if we expand in

Δm; δm ≪ m̄, this cancelation is only lifted by corrections
that are suppressed by ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
δm4 þ Δm4

p
=m̄2 ≪ 1, thus

recovering the same suppression factor we found before.
In summary, we find it very difficult to build a model of a

heavy axial vector mediator that can accommodate a para-
metrically larger direct detection rate thanwhat we presented
in Sec. IV. We currently are not aware of a mechanism that
circumvents the argument laid out in this section.

3. A light mediator model

For completeness, we comment briefly on the light media-
tor regime of the Uð1Þ0 ×Uð1Þ0 model (mAh

;mAl
≪ q). In

this case, we can couple theA0
1 andA

0
2 through kineticmixing.

After diagonalizing to the mass basis and taking the non-
relativistic limit, we find the effective Hamiltonian

Hlight
A0
1
⊗A0

2
¼ 4gpgχϵ

�ðq · JχÞðq · SpÞ
jqj4 −

Jχ · Sp

jqj2
�
eiq·r; ðD29Þ

with

gp ≈ 0.22g1 and gχ ¼
1

2
g2 ðD30Þ

after matching the quark current to the proton (see Sec. IV).
The scattering rate is then given by

Rlight
A0
1
⊗A0

2
≃
σ̄lightA0

1
⊗A0

2P
dmd

ρχ
mχ

π

3

q40
v40μ

6
pχ
ðJχ þ 1ÞJχ

×
Z

d3vfðvÞ
Z

d3q
ð2πÞ3 jFðqÞj

2Sðq;ωÞ; ðD31Þ

with the reference cross section

σ̄lightA0
1
⊗A0

2
≃
64g2pg22ϵ

2v40μ
6
χ

3πq80
: ðD32Þ

This model realizes the desired gp ≪ gχ hierarchy and
therefore appears promising. However, we assumed
mAh

;mAl
≪ q ∼ v0mχ to derive (D29), which implies

extremely strong bounds on gp (see Fig. 4). When accounting

for these existing bounds, we find no open parameter space for
direct detection, even when setting gχ ¼ 1.

APPENDIX E: IMPLEMENTATION IN DarkELF

We have implemented in DarkELF the ability to calculate
rates for four different spin dependent models (refer to [92]
for a repository of the raw (novel) data found in Figs. 6–10).
The rates used for the models are slightly modified versions
from those given in the bulk of the paper, so that an energy
threshold can be applied. Specifically, introducing a factor ofR
dωδðω − q · v þ q2=ð2mχÞÞ and performing the integral

over velocity v first gives,

Rϕ ¼ σ̄ϕP
d md

ρχ
mχ

1

3

m2
p

v20μ
4
χp

Z
ωþ

ωth

dω
Z

qþ

q−

dq
2π

× jFϕðqÞj2
jqj3
m2

p
Sðq;ωÞηðvminðq;ωÞÞ; ðE1Þ

Ra ¼
σ̄aP
d md

ρχ
mχ

1

8

m2
pm2

χ

v40μ
6
pχ

Z
ωþ

ωth

dω
Z

qþ

q−

dq
2π

× jFaðqÞj2
jqj5
m2

pm2
χ
Sðq;ωÞηðvminðq;ωÞÞ; ðE2Þ

Rheavy
A0 ¼ σ̄heavyA0P

d md

ρχ
mχ

2

3

1

μ2pχ

Z
ωþ

ωth

dω
Z

qþ

q−

dq
2π

× jFA0 ðqÞj2jqjSðq;ωÞηðvminðq;ωÞÞ; ðE3Þ

Rlight
A0
1
⊗A0

2
≃
σ̄lightA0

1
⊗A0

2P
d md

ρχ
mχ

1

8

q40
v40μ

6
pχ

Z
ωþ

ωth

dω
Z

qþ

q−

dq
2π

× jFA0 ðqÞj2jqjSðq;ωÞηðvminðq;ωÞÞ; ðE4Þ

where the integration limits are

q� ≡mχvmax

0
B@1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

2ωth

mχv2max

s 1
CA; ðE5Þ

ωþ ≡ 1

2
mχv2max; ðE6Þ

and vmax ¼ vesc þ ve, which is the maximum DM speed in
the lab frame. η is defined in terms of the DM velocity
distribution as,

ηðvminÞ ¼
Z

d3v
fðvÞ
v

Θðv − vminÞ; ðE7Þ

where vmin ¼ q
2mχ

þ ω
q. The structure factor Sðq;ωÞ uses the

calculation of the correlation function Cld, (72), which is
described in [23]. For q > 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Admpω̄d

p
, this calculation of

Cld switches over to using the impulse approximation,which
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gives a simple approximation for the correlation function
when many phonons can be produced.
The code also contains the free nuclear recoil limit of

these expressions, relevant for heavier DM masses. This
amounts to taking the limit q;ω → ∞, which modifies Cld
and the structure factor in the following way:

lim
q;ω→∞

Cl;d ¼ 2πδ

�
ω −

q2

2md

�
; ðE8Þ

SFRðq;ωÞ ¼ 2π
X
d

λ2dJdðJd þ 1Þ δ
�
ω −

q2

2md

�
: ðE9Þ

In this limit, the rate expressions also simplify dramatically,

dRϕ

dω
¼ 2

3

ρχ
mχ

Nucσ̄ϕ
v20μ

4
χp

ω
X
d

λ2dJdðJd þ 1Þm2
djFϕðqÞj2ηðvminÞ;

ðE10Þ
dRa

dω
¼ 1

2

ρχ
mχ

Nucσ̄a
v40μ

6
pχ

ω2
X
d

λ2dJdðJd þ 1Þm3
djFaðqÞj2ηðvminÞ;

ðE11Þ

dRheavy
A0

dω
¼2

3

ρχ
mχ

Nucσ̄A0

μ2pχ

X
d

λ2dJdðJdþ1ÞmdjFA0 ðqÞj2ηðvminÞ;

ðE12Þ

dRlight
A0
1
⊗A0

2

dω
≃
1

8

ρχ
mχ

Nucσ̄
light
A0
1
⊗A0

2

μ6pχ
m4

χ

×
X
d

λ2dJdðJd þ 1ÞmdjFA0 ðqÞj2ηðvminÞ; ðE13Þ

where Nuc ¼ 1=
P

d md is the number of unit cells per unit
target mass and q ¼ ffiffiffiffiffiffiffiffiffiffiffiffi

2mdω
p

. For ω > 1 eV, the code
switches over to using this limiting expression directly,
which eliminates some previous numerical noise. In order
to only plot the nuclear recoil limit for the spin depen-
dent case, one can change the flag nuclear_recoil
to true in either sigma_multiphonons_SD() or

R_multiphonons_SD(). Note that the expression for
dRheavy

A0 =dω in (E12) can be rewritten in a form that is used
more widely in the literature. Rewriting the factor of
Nucmd ¼ md=

P
d md as the mass fraction of each nucleus

and replacing λd ¼ hSpi=Jd, then

dRheavy
A0

dω
¼ 2ρχ

mχ

σ̄A0

μ2pχ

X
d

mdP
d0 md0

hSpi2ðJd þ 1Þ
3Jd

× jFA0 ðqÞj2ηðvminÞ; ðE14Þ

as in [90].
By default, the code will return the scattering rate for the

A0 mediator. In order to change this, use update_par-
ams(SD_op = new_op) where new_op can be selected
from the list f “A’”, “phi”, “a”, “double A’”g.
The other parameter that can be changed via update_
params() is the value of the ratio between gp and gn. By
default, the cross sections σ̄ refer to spin-dependent
scattering off protons while the ratio gn=gp is incorporated
into the factor λd as defined in (54). For ϕ and a, this ratio
is fixed to be the value predicted for the UV comple-
tion described in the paper. For A0, we set gn=gp ¼ 1.
These values can be changed via the keyword argument:
update_params(gp_gn_ratio_val = new_val,
set_gp_gn_ratio_val = true). To evaluate cross
sections in terms of scattering on neutrons instead, one can
also change the keyword argument gp_gn_ratio from
“g_n/g_p” to be “g_p/g_n” and specify a ratio for
gp=gn. All public functions are summarized in Table V.
The spin dependent code requires several specific

parameters in the yaml file for each material. This has
so far been implemented for GaAs and Al2O3, but the user
can add additional materials as follows: The unitcell
dictionary contains all necessary parameters in a convenient
form. The dictionary should have an entry for each atom in
the unit cell, which will form its own dictionary, containing
the atomic number, multiplicity in the unit cell, and
information about the atom’s isotopes. For example, the
“Ga” dictionary takes the form,

TABLE V. List of public functions in DarkELF related to both spin dependent multiphonon excitations from DM scattering. Only
mandatory arguments are shown; for optional arguments and flags, see text and the documentation in repository. threshold denotes
the energy threshold of the experiment.

Function Location Description

sigma_multiphonons_SD(threshold) multiphonon_spin_dependent.py Spin dependent nucleon cross section
to produce three events/kg-yr

R_multiphonons_SD(threshold) multiphonon_spin_dependent.py Total phonon rate for three possible
spin dependent operators in units

of 1=kg-yr
update_params() init.py Function to change settings in the

DM model, including DM mass,
SD operator, etc.
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“Ga”:{“A”:69, “mult”:1, “isotopes”:[{“A”:69.,

“frac”:0.601, “atomic_spin”:1.5,

“f_p”:0.0750967, “f_n”:0.0}, {“A”:71.,

“frac”:0.399, “atomic_spin”:1.5,

“f_p”:0.154422, “f_n”:0.0}]}

All isotopes should be included such that the isotope fractions add up to 1. These fractions can either be the natural
abundances or the specific abundances of the particular material of interest. fp and fn can be obtained via the odd-group
model or shell model calculations, as preferred (see Table II).
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