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Correspondences between apparently distant concepts are ubiquitous in theoretical physics. In the
context of black holes (BHs), quasinormal modes (QNMs) were shown to be linked to both shadows, in the
so-called eikonal limit, and graybody factors (GBFs), using the WKB approximation. We test the accuracy
of the QNM-GBF correspondence in the context of the Hawking radiation for static and rotating black hole
configurations, with particular attention to the superradiant regime. Our analysis reveals the correspon-
dence failure to accurately reproduce the Hawking spectrum due to divergences. Furthermore, we bridge
the gap between BH shadows and GBFs by drawing a correspondence between such quantities in the case
of generic static and spherically symmetric spacetime configurations. The shadow-GBF correspondence is
tested for some case studies, including regular BHs, and its limitations and applicability are discussed. This
study opens new perspectives by introducing a new correspondence and remarking on the caution needed
when considering these connections.
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I. INTRODUCTION

In the realm of theoretical physics, correspondences and
analogies between seemingly unrelated quantities have
proven to be powerful tools for deepening our under-
standing of physical systems. These connections, often
spanning different domains, have led to breakthroughs in
areas such as quantum field theory (QFT), general relativity
(GR), and condensed matter physics. Notable examples
include the anti–de Sitter/conformal field theory (AdS/
CFT) correspondence [1–4], analog gravity [5,6], sponta-
neous symmetry breaking [7–16], and renormalization
group flows [17–19]. All of these concepts have provided
valuable insight and new perspectives into the behavior of
physical systems, often revealing the hidden unity between
different physical phenomena. Such analogies have uncov-
ered a wealth of unexpected connections and have provided
new ways to understand familiar concepts [20].

The physics of black holes (BHs) offers an extremely
prolific example of how analogies and correspondences
have opened new and unprecedented paths in physics. In
this context, the identification between quantities of differ-
ent areas traces back to the analogy of the BH quantities
with classical thermodynamic characteristics. Hawking
first realized this connection in his seminal papers [21–
23]. This groundbreaking discovery paved the way to a
fertile research area, combining gravitation, QFT, and
thermodynamics [24], which has deeply influenced our
understanding of BHs. Another celebrated example in this
context is given by analog gravity. Analog gravity is based
on the study of analog systems such as fluids, Bose-
Einstein condensates, or optical systems to reproduce
curved spacetime effects in controlled environments. The
reproducibility and controllability of analog systems have
allowed the study of BH horizons and Hawking radiation in
laboratory settings, attracting ever increasing attention from
the community. Other gravitational phenomena have been
studied through analog systems, leading to important
advancements both in gravitation and condensed matter
physics. For a complete review, see [5].
Another fascinating correspondence, involving appa-

rently unrelated BH quantities, is the more recent shadow-
QNM correspondence [25–28]. At first glance, the
correspondence is quite surprising, as vibrational
properties of the event horizon, the quasinormal modes
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(QNMs) [29–32], are associated with its optical appear-
ance [33–43]. However, the shadow-QNM correspon-
dence, based on the more fundamental geometric-optics
or eikonal limit [44], has opened new and promising
research avenues from both observational and theoretical
perspectives. Given the numerous BH observations, com-
ing from both gravitational [45] and electromagnetic
[46,47] channels, this connection has the potential to
provide strong-field, multimessenger tests of fundamental
physics [48–51].
Recently, a new connection among BH quantities has

been proposed, namely, between QNMs and graybody
factors (GBFs) [52,53]. Despite QNMs and GBFs appear-
ing as somewhat unrelated phenomena, their correspon-
dence is actually not surprising, as both GBFs and QNMs
are obtained as spectral characteristics of the same differ-
ential equation with different boundary conditions. The
QNM-GBF correspondence finds potential applications in
calculating the Hawking spectra of BHs and in estimating
remnant parameters from gravitational wave ringdowns.
Moreover, it was recently shown that GBFs enjoy a very
robust stability against small deformations of the Kerr
metric with respect to QNMs [54,55].
The purpose of this paper is twofold. First, we explicitly

discuss the challenges and potential issues that arise when
implementing theQNM-GBF correspondence in the context
of Hawking spectra. While the correspondence offers
exciting possibilities, it certainly does not come without
complications. One such concern is the accuracy and
reliability of the resulting GBFs, which are intrinsically
less precise if compared to the ones obtained by directly
solving the Teukolsky scattering problem. We carefully
check whether the precision reached with the correspon-
dence is enough to reproduce theHawking spectrum, paying
particular attention to the superradiant regime, which
becomes crucial for rotating BHs. Second, we complete
the cycle of connections by building a link between BH
shadows and GBFs. We draw an equation relating the
opacity of a BH, the GBFs, their optical-appearance proper-
ties such as the shadow radius and Lyapunov exponent. In
other words, we build, in static and spherically symmetric
spacetimes, the shadow-GBF correspondence and test it on
some prototypical models of regular BHs.
The paper is organized as follows. In Sec. II we first

present the three quantities discussed: GBFs, QNMs, and
BH shadows. We then introduce the shadow-QNM and
QNM-GBF correspondences, briefly discussing the steps
that led to their establishment, together with their limi-
tations and framework of applicability. A closer look at the
QNM-GBF correspondence is given in Sec. III. There, we
carefully analyze its implications in the context of the
Hawking spectrum. Specifically, we assess whether the
correspondence is a good tool to reproduce the Hawking
spectra of a static and a rotating BH. The connection
between shadows and GBFs is drawn in Sec. IV, where the

correspondence is also tested for the Schwarzschild,
Bardeen, and Hayward BHs. The limits of this correspon-
dence are also discussed. Finally, in Sec. V, we draw our
conclusions.
We use geometrized units with G ¼ c ¼ ℏ ¼ kB ¼ 1,

use the signature ð−;þ;þ;þÞ, and label the QNMs over-
tone number, angular number, and azimuthal number as n,
l, and m respectively.

II. CORRESPONDENCES

In this section, we review the state-of-the-art in BH
correspondences. As a first step, we introduce the main
actors: GBFs, QNMs, and shadows. Then, we review the
shadow-QNM correspondence in more detail, starting from
the pioneering work [56], up to its more recent develop-
ments [27,28,57]. Finally we analyze the QNM-GBF
correspondence recently established in [52,53].

A. GBFs, QNMs and BH shadow

In this work we focus on a particular subset of Petrov
type D metrics [58] given by the spherically symmetric
static metrics whose line element in four-dimensional
Boyer-Lindquist coordinates reads1

ds2 ¼ −fðrÞdt2 þ dr2

gðrÞ þ hðrÞdΩ2; ð1Þ

with dΩ2 ¼ dθ2 þ sin2ðθÞdφ2 being the metric on the 2-
sphere. Furthermore, we require such line elements to be
asymptotically flat by imposing

fðrÞ !
r→þ∞

1; gðrÞ !
r→þ∞

1; hðrÞ !r→∞
r2: ð2Þ

With the aid of the Newmann-Penrose (NP) tetrad
formalism [61], it is possible to write the Teukolsky
equation [62,63] for massless test fields of different spin
s as a single master equation for the respective NP-scalars
[64]. Upon the ansatz of separability of the equation,
namely,

ϒs ¼
X
l;m

e−iωteimϕSlsðθÞZsðrÞ; ð3Þ

one may write its radial part in a Schrödinger-like form:

∂r�Zs þ ðω2 − VslÞZs ¼ 0; ð4Þ

where

dr�
dr

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞgðrÞp ð5Þ

1For a discussion on the Petrov classification see Refs. [59,60].
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and

V0l ¼ ν0l
f
h
þ ∂

2
r�

ffiffiffi
h

p
ffiffiffi
h

p ; ð6aÞ

V1l ¼ ν1l
f
h
; ð6bÞ

V2l ¼ ν2l
f
h
þ ð∂r�hÞ2

2h2
−
∂
2
r�

ffiffiffi
h

p
ffiffiffi
h

p ; ð6cÞ

V1
2
l ¼ ν

1
2

l
f
h
�

ffiffiffiffi
ν
1
2

l

q
∂r�

� ffiffiffi
f
h

r �
; ð6dÞ

with νsl ¼ lðlþ 1Þ − sðs − 1Þ and SlsðθÞ being the
so-called spin-weighted spherical harmonics Ssl;mðθ; ϕÞ ¼P

SlsðθÞeimϕ, reducing to the spherical harmonics Ylm for
s ¼ 0 [65].
The choices (2) ensures that Vsl vanishes at the horizon

(r� → −∞) and at infinity (r� → þ∞); thus, the asymptotic
solutions read

Zsðr� → −∞Þ ¼ aeiωr� þ be−iωr� ; ð7aÞ

Zsðr� → þ∞Þ ¼ aeiωr� þ be−iωr� : ð7bÞ

1. GBFs

In this context, to define the GBFs, we invoke purely in-
going boundary conditions at the horizon for Eq. (4).
Furthermore we choose a normalization of ZsðrÞ that is
consistent with the choices made in [52,53], namely, we set
a ¼ 0 and b ¼ 1 and rename b ¼ T and a ¼ R

Zs ¼ Te−iωr� ; r� → −∞; ð8aÞ

Zs ¼ e−iωr� þ Reiωr� ; r� → þ∞: ð8bÞ

Equation (4) and the boundary conditions of Eq. (8) and
R as the transmission and reflection coefficients, satisfying

jRj2 þ jTj2 ¼ 1: ð9Þ

In the context of Hawking evaporation [21,22], we interpret
the transmission coefficient as a measure of the deviation
from a purely blackbody emission. Indeed, the graybody
factors, which are functions of l, m, s, and ω are defined as
the square modulus of the transmission coefficient

Γs
lmðωÞ≡ jTj2: ð10Þ

We notice that the boundary conditions (8) describe a
wave originating at spatial infinity r� → ∞ and scattering
off the BH geometric potential, being partly transmitted and

partly reflected. This picture, due to the symmetry of the
problem and for the purpose of determining the trans-
mission and reflection coefficients, is equivalent to the
situation in which a wave is generated at the horizon and
reflected/transmitted by the effective potential barrier.
Speaking of Hawking evaporation the latter is a more
intuitive approach to the problem, although from a math-
ematical point of view, the two situations are completely
equivalent.
The Hawking spectrum, namely, the number of particles

emitted by a BH for a given species i and spin s, per unit
time per unit frequency, is given by

d2Ni

dtdωi
¼ 1

2π

X
l

ð2lþ 1Þ niΓs
l ðωÞ

e2πω=κ � 1
; ð11Þ

where ni is the number of degrees of freedom of the species
i, κ is the surface gravity at the event horizon, and the �
sign takes into account for the statistics of the emitted
particle. With minimal adjustments, it is possible to obtain
the Hawking emission for a rotating BH,

d2Ni

dtdωi
¼ 1

2π

X
l;m

niΓs
l;mðωÞ

e2πk=κ � 1
; ð12Þ

where k ¼ ω −mΩH, with ΩH the BH being angular
velocity of the event horizon.

2. QNMs

The QNM problem is formulated by imposing boundary
conditions such that a wave approaching the horizon
from spatial infinity is forced to go out of the causally
connected domain. This means choosing b ¼ 0 and a ¼ 0
in Eq. (4) [29].

Zs ¼ be−iωr� ; r� → −∞; ð13aÞ

Zs ¼ aeiωr� ; r� → þ∞: ð13bÞ

Unlike the boundary conditions of the GBFs, Eqs. (13a)
and (13b) do not guarantee the conservation of energy and
therefore the described system is dissipative. Specifically,
energy is lost as it propagates to infinity or falls into the
BH, thereby leaving the domain of r�. Although QNMs are
introduced in the context of BH perturbations, their dis-
sipative nature distinguishes them from the normal modes
of a vibrating string or membrane, which conserve energy
and are described by a self-adjoint operator with a discrete
spectrum and a complete set of eigenfunctions. Although a
classical normal mode analysis cannot be performed in this
case, QNMs can still be defined as the (incomplete) set of
eigenfunctions of Eq. (4) satisfying the boundary condi-
tions (13), hence the term quasinormal modes [30–32]. The
associated eigenvalues,
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ωQNM ¼ ωR þ iωI; ð14Þ

are the complex frequencies, where ωR corresponds to the
oscillation frequency and ωI is related to the inverse
damping time. The three indices of the overtone number
n, the multipole number l, and the azimuthal number m,
label these frequencies: ωQNM ¼ ωnlm.

2 For fixed ðl; mÞ,
infinitely many modes exist, ordered by the magnitude of
their imaginary part and labeled by n. The fundamental
mode n ¼ 0 is the least damped. QNMs are imprinted in the
so-called ringdown phase of the gravitational wave signal
of binary BH coalescence and for this reason have attracted
increasing attention in the last decades, thanks to the
possibility of using them to test the no-hair theorem and
therefore GR itself [66]. The oscillations of the postmerger
remnant BH are typically treated in perturbation theory and
are described as a superposition of QNMs. Therefore, the
QNM spectrum is a fingerprint of a given BH, as according
to the no-hair theorem it should depend only on its mass
and spin. This could help in challenging the theorem itself,
in particular by extracting at least two complex frequencies
from a gravitational wave ringdown signals and performing
BH spectroscopy [67,68].

3. BH shadows

The very long baseline interferometry (VLBI) images of
the supermassive BHs M87* and Sagittarius A* (Sgr A*)
[46,47,69,70] have opened new and unprecedented avenues
for testing gravity and fundamental physics in the strong
field regime [71–85]. This discoveries have renewed
interest in black hole shadows, first studied in the pioneer-
ing works of [34–37,86].
The shadow of a BH is the gravitationally lensed image

of the so-called photon sphere, a region of spacetime where
photons are temporarily trapped and move along unstable
null geodesics around the BH [39,40,42,43,78,87].3 To help
understand the physical picture, let us imagine an asymp-
totic observer who looks at a BH against a bright backdrop.
In this setting, we can distinguish two families of photon
orbits issuing from the luminous background. On the one
hand, we have the so-called capture orbits, namely those
falling into the BH, never reaching the observer. On the
other hand, we have the scattering orbits, reaching the
observer after being scattered by the BH. The set of all dark
points in the observer’s sky is the BH shadow, the boundary
of which is defined by light rays that are neither captured by
the BH nor scattered but are temporarily trapped in the
photon sphere.

We already mentioned that an infinite set of bright rings
should appear in the observer’s sky, surrounding the black
hole shadow. These rings, dubbed photon rings [89],
correspond to photons that have traveled around the black
hole a certain number of times before reaching the position
of the asymptotic observer. This sequence of very thin and
faint rings cannot be observed with current experimental
resolution and therefore appears as a single bright ring,
surrounding the shadow [90–92].
Following [78], let us define

FðrÞ≡
ffiffiffiffiffiffiffiffiffi
hðrÞ
fðrÞ

s
; ð15Þ

where f and h come from Eq. (1). The related photon
sphere radius rph is obtained by solving the equation

d
dr

½F2ðrphÞ� ¼ 0; ð16Þ

which can be recast into

h0ðrphÞfðrphÞ − hðrphÞf0ðrphÞ ¼ 0; ð17Þ

where the prime denotes a derivative with respect to r.
Finally, the shadow radius Rs is given by the gravitationally
lensed photon sphere radius rph and it is therefore given
by [39,40,78]

Rs ¼
ffiffiffiffiffiffiffiffiffi
hðrÞ
fðrÞ

s ����
r¼rph

: ð18Þ

This latter reduces to the well-known Schwarzschild
shadow radius, Rs ¼ 3

ffiffiffi
3

p
M, by setting fðrÞ ¼ 1–2M=r

and hðrÞ ¼ r2.

B. Shadow-QNM correspondence

Despite being two seemingly unrelated phenomena, BH
shadows and QNMs were shown to be connected in the
eikonal regime [25,27,28,57,93], i.e. when the multipole
number l is such that l ≫ n. This connection builds upon a
more fundamental correspondence, linking QNMs with the
unstable null geodesics orbiting the BH [44,56]. Indeed, in
the geometric optics approximation, it was shown that

ωQNM ¼1≫nΩcl − i

�
nþ 1

2

�
jλj: ð19Þ

In Eq. (19), the real and imaginary parts are given in terms
of the angular velocity of the last unstable null geodesic Ωc
and the modulus of its Lyapunov exponent jλj, which
accounts for the stability of the orbit. Equation (19) was
first proved valid for the Schwarzschild BHs [56] and later

2Since the majority of this work focuses on spherically
symmetric black holes, the relative QNM spectra will mostly
be degenerate in m.

3As noted in [72], we mention that the existence of a photon
sphere is not strictly speaking necessary for a spacetime to cast a
shadow; see [88].
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generalized to generic spherically symmetric and asymp-
totically flat and de Sitter spacetimes [44].
We briefly recall the main reasoning behind Eq. (19),

following the derivation of [44]. As discussed above,
perturbations around spherically symmetric spacetimes
can be recast in Schrödinger-like form as in Eq. (4).
Following the steps of [94], the WKB approximation leads
to the so-called QNM condition:

ω2 − Vlðr0Þffiffiffiffiffiffiffiffiffiffi
2 d2Vl

dr�

q
ðr0Þ

¼ i

�
nþ 1

2

�
; ð20Þ

where r0 is the location of the maximum of VlðrÞ. For large
values of l, Eq. (6) reduces to

VlðrÞ ≃ f
l2

r2
; ð21Þ

independently from the spin value, and combined with
Eq. (20) leads to

ωQNM ¼1≫nl

ffiffiffiffiffi
fc
r2c

s
− i

nþ 1=2ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
r2c
fc

�
d2

dr2�

f
r2

�����
r¼rc

s
: ð22Þ

In Eq. (22), the quantities labeled by c are evaluated at the
unstable null orbit radius. In the same general setting, it can
be shown that

Ωc¼
ffiffiffiffiffi
fc
r2c

s
; jλj ¼ 1ffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
r2c
fc

�
d2

dr2�

f
r2

�����
r¼rc

s
; ð23Þ

therefore leading to Eq. (19). This duality offers an
intriguing perspective: namely, modes featuring wave-
lengths much shorter than the characteristic curvature
scales of the background can be visualized as trapped null
particles, orbiting the BH with angular velocity Ωc and
slowly leaking out, with a timescale given by jλj [44].
Despite being quite general, the correspondence was

shown to break down in some special cases for gravitational
perturbations and other non-minimally coupled fields, see
for example the discussions in [95–106]. Furthermore it
must be noted that it is not always possible to reproduce the
entire eikonal QNM spectrum using the correspondence.
Specifically, the correspondence misses the QNM frequen-
cies that by construction cannot be obtained within the
WKB framework [106].
The relation between BH shadows and QNMs is easily

obtained by leveraging the link between unstable circular
null geodesics and BH shadows. Indeed, in light of the
above discussion about BH shadows, the connection of
the latter with BH QNMs should come as no surprise. The
correspondence is realized in static and spherically

symmetric spacetimes, in the eikonal limit through the
simple equation [25,26,98,107–109]:

Rs ¼1≫n l
ωR

; ð24Þ

where Rs is the shadow radius of a spherically symmetric
BH, ωR is the real part of the QNM frequency and l is the
corresponding multipole number. The link between shad-
ows and QNM was finally extended to rotating BHs, even
if, in this case, the connection is less straightforward and
the equations are more involved. We refer to [27,28,57] for
more details on this topic. Before proceeding we want to
stress that the shadow-QNM correspondence naturally
inherits the limitations of the correspondence between
QNMs and circular null geodesics, namely that it is
generally valid only for test fields and it could break in
some specific settings for gravitational perturbations and
non-minimally coupled fields.
Equation (24) relates only the QNM real part to the BH

shadow; however, its imaginary part also influences the
optical appearance of the BH. Indeed, the Lyapunov
exponent is linked to the QNM imaginary part in the
eikonal limit via Eq. (19) and has been shown to determine
the relative flux of intensity I of successive rings in the
photon ring structure according to [90–92]

Inþ1

In
≈ e−λ for n ≫ 1; ð25Þ

where the label n is referred to the nth photon ring.
Equations (24) and (25) show how, thanks to the eikonal
correspondence between QNMs and unstable circular null
geodesics, the eikonal spectrum of QNMs is imprinted in
the optical appearance of BHs. This opens interesting
possibilities for developing new and intriguing, even if a
rather futuristic, multimessenger test of gravity in the
strong field regime [48,49,51].

C. QNM-GBF correspondence

QNMs have recently been shown to be linked to GBFs
[52,53]. As mentioned, QNMs and GBFs are different
characteristics of the same differential equation, Eq. (4);
see also [62,63]. The first hint of the interplay between
these quantities was pointed out in [54], where it was
shown that GBFs play an important role in the estimation
of the remnant parameters and, in general, in testing the
no-hair theorem. In particular it was shown that for
ðl; mÞ ¼ ð2; 2Þ, the BH GBF Γlm can be imprinted on
the gravitational wave spectral amplitude jh̃lmðωÞj for
ω≳ flm, where flm is the frequency of the fundamental
QNM with numbers ðl; mÞ, as

jh̃lmðωÞj ≃ clm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ΓlmðωÞ

p
; ð26Þ
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with clm being the gravitational wave amplitude.
Furthermore, other recent studies have shown that
GBFs are more stable than QNMs against small metric
deformations, making them interesting alternatives for BH
spectroscopy. These findings show that GBFs are less
prone to environmental effects and near horizon struc-
tures, possibly affecting the boundary conditions
[55,110]. The link between GBFs and QNMs was
achieved in the eikonal limit through the WKB method
[52,53]. However, it was shown in the same works that the
QNM-GBF correspondence holds to a great precision also
for low multipole numbers l; see Figs. 2 and 3 therein.
Following [52,53] we sketch here the derivation of the

QNM-GBF correspondence. To do so we have to develop
further upon the WKB method, whose working principle
consists of matching the asymptotic solutions of Eq. (4),
with the solution in an intermediate region, i.e., in the
vicinity of the potential peak Vlðr0Þ. The latter is typically
Taylor expanded around its maximum, leading to a sim-
plified version of Eq. (4):

d2

dr2�
Ψþ

�
ω2−Vlðr0Þ−

1

2

d2Vlðr0Þ
dr2�

ðr�− r0Þ2
�
Ψ¼ 0: ð27Þ

In this example, the Taylor expansion has been truncated at
the second order. The general WKB formula can be written
as follows [111]:

ω2¼Vlðr0ÞþA2ðK2ÞþA4ðK2Þþ���

− iK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2

d2Vlðr0Þ
dr2�

s
ð1þA3ðK2ÞþA5ðK2Þþ���Þ; ð28Þ

where Ai are the ith order WKB corrections beyond the
eikonal approximation and i ¼ 2; 3; 4;… The Ai terms
depend on K, a constant whose value depends both on the
boundary conditions and the derivatives of the effective
potential evaluated at its maximum. For example, the QNM
condition, Eq. (20), is recovered by keeping the first terms
in Eq. (28) and K ¼ nþ 1

2
, with n ¼ 0; 1; 2;… In spheri-

cally symmetric backgrounds, the effective potential can be
expressed as a multipole expansion:

VlðrÞ¼ l2U0ðrÞþ lU1ðrÞþU2ðrÞþ l−1U3ðrÞþ �� � ; ð29Þ

where l ≥ s and s ¼ 0; 1=2; 1; 2 is the spin of the field.
With this expansion the eikonal limit of the WKB formula,
namely the first real and imaginary terms of Eq. (28), gives

ω ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Vlðr0Þ − iK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2

d2Vlðr0Þ
dr2�

svuut þOðl−1Þ

¼ l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U0ðr0Þ

p
− iK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− d2U0ðr0Þ

dr2�
2U0ðr0Þ

vuut þOðl−1Þ: ð30Þ

Given Eq. (30), the QNM-GBF correspondence is achieved
in two steps. First, we notice that the fundamental QNMs,
ω0lm, are recovered from Eq. (30) for K ¼ 1

2
as

ωlmn¼0 ¼ l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U0ðr0Þ

p
−
i
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− d2U0ðr0Þ

dr2�
2U0ðr0Þ

vuut
: ð31Þ

Second, we compare the GBFs, making use of the result of
[112], having the reflection and transmission coefficient of
the scattering problem

jRj2 ¼ 1

1þ e−2πiK
; 0 < jRj2 < 1;

jTj2 ¼ 1

1þ eþ2πiK : ð32Þ

From Eq. (30) in the eikonal approximation, one can
express K as a function of ω as

−iK ¼ ω2 −Ulðr0Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−2 d2Ulðr0Þ

dr2�

q þOðl−1Þ

¼ −
ω2 − Reðωn¼0lmÞ2

4Reðωn¼0lmÞ Imðωn¼0lmÞ
þOðl−1Þ; ð33Þ

where in the second equality Eq. (31) was used. Finally
Eq. (33) can be plugged into Eq. (32) to get

ΓlðωÞ≡ jTj2

¼
�
1þ exp

�
2π

ω2−Reðωn¼0Þ2
4Reðωn¼0Þ Imðωn¼0Þ

��−1
þOðl−1Þ;

ð34Þ

where we omitted for clarity the labels l, m for the QNM
frequencies. This latter equation connects GBFs and QNMs
and is obtained within the WKB framework, as shown.
Nonetheless, it turned out to hold also for low values of the
multipole number l, if higher order corrections are con-
sidered. The latter are introduced at the level of Eq. (33) as

−iK ¼ −
ω2 − Reðωn¼0Þ2

4Reðωn¼0Þ Imðωn¼0Þ
þ Δ1 þ Δ2 þ Δf þOðl−3Þ; ð35Þ
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where Δi for i ¼ f1; 2; fg are functions of the
fundamental QNM frequency and the first overtone
Δi ¼ Δiðωn¼0;ωn¼1Þ. We refer the reader to the original
papers for more details [52,53].

III. QNM-GBF CORRESPONDENCE:
IMPLICATIONS ON HAWKING SPECTRA

In this section, we compare the Hawking spectra of
Schwarzschild and Kerr BHs obtained by using the GBFs
calculated both via the QNM-GBF correspondence and by
numerically solving the scattering problem. We will
show that the GBFs obtained from the correspondence
are unable to properly reproduce the Hawking spectrum of
a Schwarzschild BH at low energies. Furthermore, if BH
rotation is considered, the GBFs from the correspondence
introduce a dramatic divergence, due to their inability to
account for superradiance [113].
Let us first focus on Schwarzschild BHs whose line

element is given by Eq. (1), with

fðrÞ ¼ gðrÞ ¼
�
1 −

2M
r

�
; hðrÞ ¼ r2; ð36Þ

whereM is the mass of the BH. In this case, we numerically
computed the GBFs using GrayHawk, a recently released
code that solves numerically the scattering problem asso-
ciated with the Teukolsky equation and computes the GBFs
[114]. Afterward, we implemented the QNM-GBF corre-
spondence following [52], using the sixth-order WKB
formula and adopting the QNM frequencies reported on
the website of Emanuele Berti [115]. In both cases, when
computing the Hawking spectra, we considered a photon
(s ¼ 1) test field and took into account modes up to l ¼ 4 in
Eq. (11). This choice ensures adequate convergence of the
summation in Eq. (6), which is dominated by low l-modes,
since the geometric potential is a growing function of l. It is
easily noticed that the bosonic blackbody contribution of
Eq. (11) diverges as the frequency approaches zero. This
divergence is typically offset by the GBFs in the numerator,
which vanish in the same regime, thereby ensuring a finite
spectrum. Even though the GBFs obtained via correspon-
dence share this vanishing behavior, the correspondence is
accurate at best at the percentage level for low ls, as reported
in Fig. 1. Figure 1 shows the comparison between the l ¼
1; 3 GBFs computed with the two methods. The residuals
outline how the accuracy of the correspondence increases by
roughly one order of magnitude from l ¼ 1 to l ¼ 3modes.
The wiggling behavior of the residuals is numerical noise
due to the integration of the Teukolsky equation. The errors
in the GBFs computed via the correspondence are substan-
tially magnified by the divergent black-body component,
leading to inaccuracies in the low-energy region of the
Hawking spectrum. Notably, low multipoles constitute
the dominant contribution to the summation (11), making
the accuracy of the correspondingGBFs particularly crucial.

However, when computed using the correspondence, these
low multipoles exhibit the greatest imprecision due to
limitations inherent in the eikonal approximation.
Figure 2 shows the Hawking primary photon (s ¼ 1)

spectrum of a M ¼ 1 Schwarzschild BH, computed using
both GBFs from the numerical solutions of the Teukolsky
scattering problem (blue solid curve) and from the QNM-
GBF correspondence (red dashed curve). It can be noticed
that the correspondence fails to reproduce the numerical
result in the low-energy regime, and there is a seven-orders-
of-magnitude discrepancy in the lower energies considered
in Fig. 2.
Let us now focus on Kerr BHs, whose line element in

Boyer-Lindquist coordinates is given by

ds2 ¼ Δ
ρ2

½dt − a2sin2θdϕ�2

þ sin2θ
ρ2

½ðr2 þ a2Þdϕ − adt�2 ρ
2

Δ
dr2 þ ρ2dθ2; ð37Þ

where a is the angular momentum parameter 0 ≤ a ≤ M
and

Δ ¼ r2 þ a2 − 2Mr; ρ2 ¼ r2 þ a2 cos2 θ: ð38Þ

FIG. 1. Upper panel: comparison of the l ¼ 1; 3 GBFs obtained
by numerically solving the scattering problem (solid lines) and by
using the QNM-GBF correspondence (dashed lines). In both the
l ¼ 1 and l ¼ 3 cases, the GBFs computed using the two methods
are visually indistinguishable. Lower panel: residuals of the
GBFs computed through the correspondence against the numeri-
cally computed GBFs. In red the case l ¼ 1 and in blue l ¼ 3.
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In this case, we numerically computed the GBFs following
the recipe of [116–119] and implemented the correspon-
dence following [53] under the same condition previously
described for the non-rotating case. We considered a
different method to the one described in GrayHawk [114]
since, as commented in [120], when rotation is involved the
method described in [116–119] faces less numerical
imprecision. We remark that the two methods provide
equivalent results in the case of static BHs.
Rotating BHs exhibit a regime in which specific bosonic

perturbations are amplified, extracting energy from the BH
and slowing down its rotation [113]. This is the so-called
superradiant regime and occurs when the superradiant
thresholdω −mΩH < 0 is met. This effect leads to negative
values in the GBFs for energies that satisfy the superradiant
condition. As discussed in [52,53] the WKB approximation
is such that the GBFs obtained via the correspondence are
always positive [see Eq. (34)], thus lacking in reproducing
the correct GBFs behavior in the superradiant regime [112].
Figure 3 shows the GBF Γ1

1;1 for a nearly extremal
(a ¼ 0.99) Kerr BH, computed by solving the scattering
problem (solid blue) and using the correspondence (red
dashed).4 The magenta ellipse emphasizes the difference
between the two lines in the superradiant regime, under-
lying the problematic behavior of the GBFs computed via
correspondence. The negative sign of the GBFs undergoing
superradiance is crucial in the computation of the Hawking
spectrum of a rotating BH. Indeed, whenever a field mode
is in the superradiant regime, the denominator in Eq. (12)

becomes negative and requires a negative contribution by
the GBF to give an overall positive spectrum. In addition,
for ω ¼ mΩH there is a divergence in the black-body
contribution to the spectrum which can be brought to a
finite value only by vanishing GBFs, behavior which
cannot be provided for by GBFs obtained via the corre-
spondence, as they are by definition positive over all the
frequency domain. To clarify this problem, in Fig. 4 we
compare the l ¼ 1 component of the Hawking spectrum of
a nearly extremal (a ¼ 0.99) Kerr BH of unit mass M ¼ 1,
given by the sole l ¼ 1 mode computed with the two
methods. As anticipated, the QNM-GBF component,

FIG. 2. Comparison between the mass normalized Schwarzs-
child Hawking spectrum computed with GBFs calculated solving
the scattering problem (blue solid curve) and the one computed
via the QNM-GBF correspondence (red dashed curve). At low
frequencies, the QNM-GBF spectrum is not able to reproduce the
typical infrared falloff of the Hawking spectrum.

FIG. 3. Comparison of the Γ1
1;1 GBF for a nearly extremal

(a ¼ 0.99) Kerr BH computed by solving the Teukolsy equation
(solid blue curve) and via the QNM-GBF correspondence
(dashed red curve).

FIG. 4. Comparison of the l ¼ 1 contribution to the Hawking
spectra of a nearly extremal (a ¼ 0.99) Kerr BH, computed with
GBFs obtained numerically through the scattering problem (solid
blue curve) and via the QNM-GBF correspondence (red dashed
curve). The QNM-GBF spectrum displays a divergence around
the superradiant frequency and breaks down for frequencies
ω < mΩH .

4We considered a nearly extremal Kerr BH to emphasize the
effect of superradiance, which is anyway relevant even for
smaller values of a.
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plotted in Fig. 4, displays a divergence around the super-
radiant frequency and breaks down for frequencies
ω < mΩH.

IV. SHADOW-GBF CORRESPONDENCE

A potentially intriguing consequence of the correspon-
dence between QNMs and GBFs is the possibility of
linking the latter with the unstable circular null geodesics,
and therefore the shadow, of BHs. In other words, a new,
shadow-GBFs correspondence can be realized by combin-
ing the other two. The overall picture is summarized in
Fig. 5, which connects the three quantities involved in the
correspondences discussed so far: shadow, QNMs, and
GBFs. The colors qualitatively represent how difficult it is
to compute each quantity: green, relatively easy to compute
(BH shadows5), red, more involved to compute (QNMs and
GBFs). Figure 5 suggests the appealing possibility of
computing QNMs and GBFs from the BH shadow, lever-
aging on the correspondences discussed earlier. The red
line in Fig. 5 labeled with a question mark, highlights our
current lack of knowledge about a potential direct GBF/
shadow connection. Besides the elegance of closing the
triangle in Fig. 5, there is no solid reason to believe such a
direct connection holds.
In this section, we study the shadow-GBF correspon-

dence, introducing it and discussing its features and
limitations. We consider a generic static and spherically

symmetric BH in the form (1) and asymptotic behavior (2).
Nonetheless, we believe that the generalization to rotating
BHs deserves a separate study.
We break down the shadow-GBF connection into

3 steps:
(i) Shadow-QNM connection,
(ii) QNM-GBF connection,
(iii) Synthesis: shadow-GBF connection.

The first two points have been largely discussed in Sec. II;
therefore we focus now on the last point.
Combining Eqs. (19) and (34) we have

ΓlðωÞ ¼
�
1þ exp

�
−2πRs

ω2 − ðl=RsÞ2
2ljλj

��−1
þOðl−1Þ:

ð39Þ

Here we expressed the GBFs as a function of the shadow
radius Rs and the absolute value of the Lyapunov exponent
jλj. Some comments are in order here. First, we notice that
Eq. (39) inherits from the QNM/shadow and QNM-GBF
correspondences the limitations given by the approxima-
tions considered therein. Namely, Eq. (39) is valid in the
eikonal limit (l ≫ n) and under the WKB approximation.
Second, we stress that Eq. (39) is a first-order result in l−1

and, to the best of our knowledge, it cannot be easily
brought to higher orders. The reason for that is the fact that
the higher order corrections Δi for i ¼ f1; 2; fg to the
QNM-GBF formula, Eq. (34) are functions of the
differences [52,53]

Reðω0lmÞ − Reðω1lmÞ!1≫n
Rs − Rs ¼ 0;

3 Imðω0lmÞ − Imðω1lmÞ!1≫n
3ðjλj − jλjÞ ¼ 0; ð40Þ

which vanish in the eikonal limit due to Eqs. (19) and (24).
As a check of the validity of Eq. (39), we test it for
Schwarzschild, Bardeen [124], and Hayward [125] BHs.
Bardeen and Hayward BHs are among the most famous
examples of BHs characterized by the absence of the
central singularity being regular throughout the entire
spacetime and being therefore dubbed regular BHs
(RBHs). The literature on RBHs is vast, containing many
proposals [118,119,126–153] and comprehensive reviews
[154–158]. In the following, we will compare the GBFs for
the photon field (s ¼ 1) for three values of the multipole
number l ¼ 1; 4; 10. We obtained the GBFs numerically
using GrayHawk and through (39), taking Rs and λ from (18)
and (23).

A. Schwarzschild BH

We start by considering the Schwarzschild BH, whose
line element is given by Eq. (36). In Fig. 6, we propose a
comparison between GBFs computed with the two

FIG. 5. Graphical summary of the shadow-QNM-GBF corre-
spondence. Blue lines represent links that have already been
established and discussed in Sec. II, together with the regime/
framework within which they were derived. The orange arrow
represents the new shadow-GBF correspondence. The color code
represents the difficulty in calculating each quantity separately.

5This is true when the BH exhibits certain internal symmetries,
as in the case of static, spherically symmetric and asymptotically
flat spacetimes. Axisymmetric or nontrivial spacetimes have a
shadow radius given analytically in terms of the BH parameters
only if the spacetime allows for a separable Hamilton-Jacobi
equation, or, in other words, if the spacetime possesses a Carter
constant [121–123].
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methods (Teukolsky equation vs correspondence) for l ¼ 1,
4, 10, panels from left to right respectively. The plots show
a clear trait that the correspondence is established in the
eikonal limit: the match between the two curves gets better
increasing the value of l. Namely, we have discrepancies of
roughly 30% in the lowest mode l ¼ 1. This discrepancy
reduces in the l ¼ 4 and l ¼ 10 GBFs, reaching roughly
10% and 4% respectively. As mentioned before in this
work, the lower l modes contribute the most to the
Hawking spectra. Therefore the GBFs obtained using this
correspondence are not a good option for calculating
Hawking spectra since they suffer a twofold approximation.
Namely, they not only suffer from the problems discussed
in Secs. II C and III and, deriving from the WKB approxi-
mation, but also inherit the restrictions given by the eikonal
limit involved in the shadow-QNM correspondence and
discussed in Sec. II B.

B. Bardeen BH

The Bardeen BH [124] is among the first regular BHs
ever proposed. Its line element in the Schwarzschild
coordinate is described by the following functions:

fBðrÞ ¼ 1 −
2Mr2

ðr2 þ q2Þ3=2 and gBðrÞ ¼ fBðrÞ: ð41Þ

Here, the parameter q acts as a regularizing parameter and
must satisfy the condition q ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffi
16=27

p
M ∼ 0.77M to

ensure that spacetime describes a BH rather than a
horizonless object. In the limit q → 0, the Schwarzschild
solution is recovered. An important feature of the Bardeen
BH is the replacement of the central singularity with a de

Sitter (dS) core. This behavior becomes evident as r → 0,
where the metric function scales as fBðrÞ ∝ r2. Initially
introduced as a phenomenological model, the Bardeen
RBH has since been shown to arise from a magnetic
monopole source [159] or within the framework of non-
linear electrodynamics [160]. Additionally, quantum cor-
rections to the uncertainty principle have been proposed as
another potential origin for this RBH [161]. Regardless of
the physical mechanism behind its formation, the Bardeen
solution is often treated as a phenomenological toy model,
following a model-agnostic approach consistent with the
treatment of other RBH spacetimes. We tested the shadow-
GBF correspondence for such BH for l ¼ 1; 4; 10 by
comparing the GBFs obtained with the two methods
previously discussed. In this example we took
q ¼ 0.3rH ¼ 0.290M. Additionally, we checked different
values of q, obtaining similar results. The results are plotted
in Fig. 7, which shows a trend very similar to the
Schwarzschild case.

C. Hayward BH

A well-known example of a regular BH is the Hayward
BH [125], whose metric function is given by

fHðrÞ ¼ 1 −
2Mr2

r3 þ 2Mq2
and gHðrÞ ¼ fHðrÞ: ð42Þ

The regularizing parameter q has the same upper bound of
the Bardeen BH, q ≤

ffiffiffiffiffiffiffiffiffiffiffiffiffi
16=27

p
M, and the Schwarzschild

metric is recovered as q → 0. Similarly to the Bardeen
RBH, the Hayward BH replaces the central singularity with
a dS core. It was initially proposed on a phenomenological

FIG. 6. Shadow-GBF correspondence for Schwarzschild BH for l ¼ 1, 4, 10, with residuals. The three panels show the eikonal nature
of the correspondence, which achieves a percentage-level precision only for l ¼ 10.
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ground, despite which theoretical investigations explored
potential mechanisms for its emergence, such as matter
equations of state at extremely high densities [162,163],
finite-density and finite-curvature [164–166], nonlinear
electrodynamics [167,168], and even quantum gravity
corrections [169,170]. As with the Bardeen RBH, the
Hayward solution is here treated as a model-agnostic
phenomenological framework for describing singularity-
free spacetimes. To further test the correspondence, we
compare the GBFs of the Bardeen BH using the two
methods described earlier. For this purpose, the regulari-
zation parameter is set to q ¼ 0.3rH ¼ 0.263M and we

considered the values l ¼ 1; 4; 10. Similar results are
observed for other values of q. Figure 7 shows the results
highlighting a trend comparable to the Schwarzschild and
Bardeen cases. Specifically, the accuracy of the correspon-
dence improves as the eikonal limit approaches.
All three cases we have investigated have shown the

success of the shadow-GBF formula (39) to reproduce the
high l GBFs of the BHs considered, starting from their
shadow radius Rs and Lyapunov exponent λ. Figures 6–8
also clearly show the regime of applicability of the
correspondence, which for all the cases considered
becomes accurate at the percentage level for l≳ 10.

FIG. 7. Shadow-GBF correspondence for the Bardeen BH (q ¼ 0.3rH ¼ 0.29M) for l ¼ 1; 4; 10, with residuals. The three panels
show the eikonal nature of the correspondence, which achieves a percentage-level precision only for l ¼ 10.

FIG. 8. Shadow-GBF correspondence for the Hayward BH (q ¼ 0.3rH ¼ 0.263M) for l ¼ 1; 4; 10, with residuals. The three panels
show the eikonal nature of the correspondence, which achieves a percentage-level precision only for l ¼ 10.
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V. CONCLUSIONS

Over the past decade, significant progress has been made
on the observational front, from the detection of gravita-
tional wave events [45,171] to the imaging of supermassive
BH shadows at the centers of the M87 and Sgr A galaxies
[46,47,69,70]. These observations transformed BHs from
theoretical constructs into concrete physical entities, whose
signatures are now routinely detected across multiple
observational channels. Currently, no significant deviations
from general relativity have been observed. However, the
scientific community has undertaken extensive theoretical
efforts to identify potential smoking guns of GR breakdown
in the strong-field regime.
Motivated by such a scenario, we presented and sys-

tematically analyzed the intricate correspondences between
certain characteristics of BHs, QNMs, GBFs, and shadows.
We assessed the accuracy and applicability of these
correspondences across different spacetimes, including
Schwarzschild, Kerr, Bardeen, and Hayward metrics. We
derived the shadow-GBF correspondence and focused on
its validity, limitations, and implications for BH physics.
Our study reveals critical limitations that must be

considered when applying these relations in astrophysical
contexts. In the case of Schwarzschild BHs, we showed that
while the QNM-GBF correspondence performs well at high
multipoles, it fails to accurately capture the low-energy
regime of the Hawking spectrum, where numerical sol-
utions of the Teukolsky equation remain necessary.
Furthermore, we reported a known result concerning
Kerr BHs: the QNM-GBF correspondence breaks down
in the superradiant regime, as the WKB-derived GBFs fail
to account for the amplification of certain modes. We
showed that this limitation incurs divergences if one tries to
apply such GBFs in the computation of the Hawking
spectrum, highlighting the need for refined approaches
when extending this correspondence to some rotating
spacetime features.
By leveraging the QNM-GBF and shadow-QNM

correspondence, we built a new correspondence enabling
us to infer the BH GBFs directly from its shadow
properties, specifically from the shadow radius and the
Lyapunov exponent. Our numerical results confirm that
this relation holds with increasing accuracy as the
multipole number l grows, achieving a precision of a
few percent for l≳ 10. This finding not only validates
the shadow-GBF connection but also reinforces the
fundamental link between wave phenomena and the
spacetime structure in the strong-field regime. We tested
the shadow-GBF relation for Schwarzschild, Bardeen,
and Hayward BHs, and demonstrated that the correspon-
dence retains its validity even in nonsingular spacetimes.
This result suggests that the structure governing photon
dynamics remains largely connected with the scattering
problem in these scenarios, reinforcing the robustness
of the correspondence across a wider class of BH

solutions beyond general relativity’s singular Kerr and
Schwarzschild ones.
From a broader perspective, our findings have significant

implications for observational BH physics. The recent
breakthroughs in BH imaging via the Event Horizon
Telescope and the detection of GWs from binary mergers
have opened new avenues for testing strong-field gravity
[72,91,171–174]. Given that QNMs encode information
about the postmerger ringdown phase of BH coalescence
while shadows characterize the near-horizon region of
supermassive BHs, the connection established in this paper
reinforces the possibility of a unified observational frame-
work linking gravitational wave spectroscopy with black
hole imaging. This could lead to novel ways of extracting
black hole parameters, such as mass, spin, charge, or more
exotic ones, using a combination of multimessenger
observations.
While our results provide a firm foundation for under-

standing the interrelations between QNMs, GBFs, and
black hole shadows, several open questions remain. A
natural next step would be to investigate whether these
correspondences extend to higher-order corrections beyond
the eikonal limit, potentially improving their accuracy for
lower multipole numbers. Additionally, extending this
analysis to more exotic and/or rotating spacetimes, such
as higher-dimensional black holes, modified gravity sol-
utions, and black hole mimickers, could provide further
insights into the fundamental nature of these relations. An
interesting avenue for future studies is creating the con-
nection that starts from GBFs and leads to BH shadows. In
this direction, studies of the inverse scattering problem
[175–178] may represent a valid help. In conclusion, our
work not only consolidates the existing correspondences
between different black hole observables but also introdu-
ces and verifies a novel shadow-GBF correspondence with
potential observational relevance. By bridging wave
dynamics, strong-field photon trajectories, and black hole
radiation properties, these findings pave the way for deeper
theoretical investigations and observational applications in
gravitational wave astronomy and BH imaging.
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