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Decoding the near-threshold X ;(4140) and X, (4685) states via
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To decode the near-threshold dynamics of the X ;(4140) and X (4685) states, we investigate the OZI-
suppressed {D;D,,J/wep, DD} coupled-channel scattering in B — D D K decays using the effective
range expansion. We demonstrate that the X(4140), associated with a dip in the line shape, corresponds to
a dynamically generated pole near the J/w¢ threshold. The single-channel J/w¢ scattering length is
extracted to be 1.11 £ 0.65 fm, yielding an effective scattering length of 0.121020 + i0.78 7020 fm when
coupled channels are included. By treating the spin-spin interaction as a subleading effect, we predict a
JP€ = 1** virtual state near the J/w¢ threshold, which naturally resolves the empirical ambiguities
surrounding the X, (4140) width. Extending this framework via heavy quark spin symmetry, we further
interpret the X (4685) as a w(2S)¢ hadronic molecule. Ultimately, these findings highlight how the
X(4140) family and X, (4685) serve as unique theoretical windows into the Fierz rearrangement and OZI
suppression mechanisms in low-energy strong interactions.

DOI: 10.1103/1p1p-ysfd

I. INTRODUCTION

Quantum chromodynamics (QCD) is the fundamental
quantum field theory describing the strong interaction, but
the low energy scattering is hard to estimate from QCD
perturbatively. To overcome this difficulty in dynamics,
some features of the S matrix may shed light on the low
energy scattering and provide hints to reveal the QCD in the
nonperturbative region, where the causality (or analyticity)
is widely studied in nuclear and hadron physics. Therein,
the effective range expansion (ERE) was initially intro-
duced by Bethe [1] and a simplified version is adapted to
the analysis of X(3872) line shape involving coupled
channel scattering [2]. This analysis is developed for the
near-threshold structures in the heavy spectrum, with the
line shapes determined by the near-threshold poles and the
production rates [3], where the poles relate to the dynamics.

Compared to model building, the physical spectrum is
more complicated and performs due to interference
between Feynman diagrams, where the sharp line shape
from a single diagram may finally be smeared. Therefore,
the visible sharp line shapes in the invariant mass spectrum
are expected to be dominated by the underlying scattering
dynamics, while the interference from a simple background
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plays an insignificant role. In the hidden charm sector, there
are constraints on isospin (flavor) and spin parity in the
DD, final state. These constraints filter the interference
among Feynman diagrams, contributing to DD, invariant
mass distribution, and yield a simple background term in
DD scattering. As a result, the line shape driven by ERE
is valid to study the new results on D D, invariant mass
distribution in B decay reported by LHCb [4].

Besides X(3960) is observed in D] Dy invariant mass
distribution, a dip around 4140 MeV can be described
either by a 07" X(4140) resonance having a significance
of 3.7 in the baseline model, or the coupled-channel effect
of the J/w¢ < DI D5 reaction in K-matrix parametriza-
tion including a bare resonance, where 5 real parameters
(Mg, g%, f11» f12, and f2,) and 3 complex parameters (S,
p1 and p,) are employed [4]. However, a recent analysis
excludes the configuration that X(4140) is a cusp from
coupled channel scattering [5]. In order to understand the
nature of the apparent dip, heavy quark spin symmetry is
imposed to DD, —J/w¢ — D:D? scattering, where the
poles in the scattering provide a hint on understanding the
line shape in D D; invariant mass distribution.

Meanwhile, the X;(4140) reported by several collabo-
rations [6—10], is either narrow or broad in the Breit-Wigner
parametrizations. On the theoretical side, this state is
interpreted to be the DED;T cusp [11-14], s5c5 state of
1™ in QCD sum rule [15], tetraquark in diquark model [16],
and the s5cc counterpart of the X(3872) in the relativized
diquark model [17]. The nature of X;(4140) is not explicit
yet. Furthermore, the X (4140) has also been proposed as a
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candidate for the conventional y.,(3P) charmonium state,
where estimations indicate it should be a narrow resonance.
Such an assignment could be experimentally tested by
searching for this state in the B — Ky.;zz decay channel
[18]. Regarding the X, (4140) closing to J/y ¢ threshold, a
better understanding of J/y ¢ scattering is meaningful for
insight into X;(4140) and the X;(4685) near w(2S)¢
threshold [10].

Before proceeding, we should notice that D*D*, 5.1/,
and 7.(2S)n couple to this energy region in JF¢ = 0+
sector. Concerning D*D* weakly coupled to the poles near
DYDY [19], the transition between D*D* and DD is
attributed to be subleading order with respect to the one in
elastic DD, scattering counted as leading order. In the
charmonium-meson scattering, the non-negligible finite
charmonium widths smear the sharp line shape around
threshold [20,21] by rotating the pole in 7 matrix to be far
away from the physical Riemann sheet (RS), where
Lyt Ty =344 and T, 25yt Ty, = 121.5 are evaluated
with the central valued widths in Review of Particle Physics
(RPP) [22], which inspires us to exclude the coupled
channel effects from 7.7 and 7,.(28) in the present work.'

This note is organized as follows: in Sec. II, the
{D;D,,J/w¢, D:D:} coupled channel scattering in J¥€ =
0" sector is displayed in ERE with a zero range expansion
that is applied to fit the observation in D,D, invariant mass
distribution; In Sec. III, the extracted interaction in contact
range is used to analysis {D,D?, J /w¢} scattering in heavy
quark spin symmetry, and yields predictions of line shapes
on the X,(4140); a similar analysis on {J/w¢,yw(2S)¢p}
scattering explain the newly reported X, (4685); at last, a
summary is presented in Sec. IV.

IL DD, -J/w¢-D:D; SCATTERING
IN JP¢=0++* SECTOR

A. Interaction in contact range

In low-energy scattering, the pole position of a bound
state is determined by the leading order interaction, which
is also adaptable for the virtual state close to the threshold.
This power counting rule is followed to construct a leading
order interaction around the J/w¢ threshold. The leading
order interaction in DD invariant mass distribution differs
from previous studies on the heavy hadronic molecules,
where J/w¢ couple to the open charmed meson pairs.
Therefore, it is necessary to introduce a heavy quark spin
symmetry (HQSS) inspired effective field theory (EFT),
which covers the OZI-allowed interaction in open charmed
meson channels and the suppressed one in J /¢ scattering.
In this framework, there are two energy scales, QCD energy

'"The branch ratios of B* — J/w¢pK*t and nnK* are
(5.54+0.4) x 107 and < 2.2 x 1074, respectively. They are
much smaller than the one, (1.5540.21)x 1073, in
B* — D'DTKO.

scale Agcp and charm quark mass m, in the OZI allowed
scattering, the latter of which also drives the OZI sup-
pressed J/w¢ scattering.

In the classic EFT without OZI suppressed transition, m,
is integrated out, and the interactions are expanded in terms
of Q/Aqcp with a soft momentum Q in the scattering,
where the hard scale Agcp is replaced by other energy scale
relating to the light meson mass, e.g., pion mass m, is the
hard scale in XEFT [23]. The vector meson mass m,, is hard
in the light-meson-saturation model [24-27]. However, the
inclusion of J/w¢ gains difficulty in separating m, and
Aqcp in the coupled channel scattering. In order to get rid
of the ambiguity of energy scales and present a proper
power counting rule, the renormalization group (RG)
evolution displays the connection in contact range inter-
actions (V) between different scales,

d
—(Y|C(A)|¥Y) =0, 1
L (IC(A)) (1)
with the two-body scattering wave function V. If the wave

function has a power-law behavior ¥(r) ~ r*/? at distances
r~1/A, the RG equation (RGE) above leads to

AY A3

from which an EFT can be constructed with a single energy
scale Ay. For the exponent a, the semiclassical approxi-
mation is used together with the Langer correction [28],
leading to W(r) ~ \/r or a = 1. The RGE makes it possible
to construct an EFT with a single energy scale A, in the
coupled channel scattering around J/w¢ threshold, where
the hard scale Ay = m,, is adapted concerning the ¢» meson
scatters off J/w nonrelativistically.

In the elastic D§*>D§* scattering with positive C parity,
the charmed meson D, and D} form a spin doublet H =
(Dy, D}) with charmed quark spin conserved, and the light
degree of freedom s; = 1/2.5; ® s; = 0 @ 1 indicates that
two contact-ranged terms are necessary for the effective
Lagrangian. From HQSS, we expect heavy hadron inter-
actions to be independent of the spin of the heavy quarks
within them. This symmetry is implemented at the practical
level by writing down superfields that group together the
ground and excited states of a heavy hadron. For the
S-wave charmed mesons D, and Dj, their superfield is

1 - R
H= 5D, - 5] (3)

where the C parities of charm mesons are C|D;) = |D,) and
C|D;) = |D}) [29-33]. It should be noted that under heavy
quark spin symmetry, the D, and D} field operators are
unified into the superfield H via their light-quark degrees of
freedom. In the scattering process, since we are working in
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the nonrelativistic limit, the polarization vectors (€) of the
vector mesons satisfy the approximation e;-¢€; = §;;.
Consequently, the explicit dependence on the polarizations
is completely absorbed by the spin-dependent operators
(the Pauli matrices) in the potential, and this approximation
is consistently applied to the loop integrals in the Green’s
functions.

With the previous superfields, the most general S-wave
contact-range Lagrangian is

L. = CyTr[H'H|Tt[H'H| + C,Tr|H 6, H|Tr[H o, H],
(4)

where Tr traces on the flavor and ¢ is Pauli matrix. These
two terms can be written as a combination of spin-
independent and dependent terms in the potential,

Ve (q) = Co+Ci(611-4) (012 G), (5)

where Cy and C; are coupling constants, 6;; and 6, are
the light-spin operators for the mesons, respectively, where
g is the momentum in the center of mass frame.
The momentum carried by Dj is |g] = /mp A=~

478 MeV with A =2mp. —m;;, —m,, and /‘%22 ~ (.22,
0

which implies that the spin-spin interaction (C;) term

is relatively suppressed with comparing to the spin-

independent one C,. Therefore, the C; is switched off in

the following sections, which generates

Vp,b,.0,0, = Vp:b:.0: D (6)

with the subscripts labeling the scattering channels.
In the elastic J/w¢ scattering, the effective Lagrangian
contains two terms as well and reads

Lo =Do(JJw-I/y") (- d")+ Di(J/wSJ/w")(pS19"),
(7)

which yields the potential

Ve,(p) = Do+ Dy (S, - B)(S, - B), (8)

with the spin-1 operators S;, acting on vector mesons,
where |p| is small, the D, term is also switched off.

In the inelastic transitions, the contact ranged interaction,
with respect to HQSS, reads

L. = EgHeJ [ype*H, +En.n" HH, )

with a vanished E; corresponding to the excluded 4"
channel in present study, where the transition is normalized
in the spin space. The spin wave function of the open
charmed channels reads

w

(mp»> EE Cm®%» o)
D03y ), \ L@l ),

1
2 2

with subscripts / and Q standing for the light and heavy
degrees of freedom in the scattering. This indicates

Vpb.wp = V3Eo,
V:b:we = —Eo- (11)

In addition to the E, term, there are energy-dependent
contact range interactions in the inelastic transition, which
is not included and attributed to the subleading interaction.

Meanwhile, there is another inelastic transition between
charmed mesons, where the S-wave transition between
D,D; and D:D? is characterized by the light degree of
freedom in the scattering and defined as

V3

VDXDS,D;[)ﬁ - T(VD;D;,D;D; - VD:DX,DSDY)' (12)

The energy-dependent transition in this process is sublead-
ing and not presented now.

These leading order interactions (V) form the EFT in the
low energy D,D, scattering, and the nonrelativistic
T-matrix is given by the Lippmann-Schwinger equation as

T =[1-VG)~V], (13)

j.
The interaction kernel V is a matrix for constant contact
terms, and G is a 3 x 3 diagonal matrix with the diagonal
matrix element G; given by the nonrelativistic two-body
loop function,

O (s
s (27[)3q2—k12—i€

. Hi Hi klz
=it +EAll+0(2L)], 14
Yot e { + <A2>] (14)

with the channels’ reduced masses y;, where the numerators
of vector meson propagators are not written down. The
ultraviolet (UV) divergence in the loop integral is regular-
ized using a three-momentum cutoff A. In Eq. (13), the
cutoff dependence of the loop function G, is absorbed by
the interaction kernel V, and the resulting parameters a;; are
cutoff independent. The coupled channel scattering ampli-
tude around J/w ¢ threshold is expressed in terms of these
parameters,

L ik, 1 1
T apy app aps
1 1 : 1
87Tth2 - an E_ lk2 a ’ (15)
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with i, j =1, 2, 3 labeling channels D,D,, J/y¢ and
D:D:, respectively,2 where a;; are scattering length, and k;
is the c.m. momentum of the channel i. It should be noted
that the parameters a;;, a,,, and as; introduced here
represent the scattering lengths for the single-channel
interactions and are therefore strictly real numbers.
However, after dynamically incorporating the coupled-
channel effects, unitarity ensures that the effective scatter-
ing length (e.g., a$¥) naturally acquires an imaginary part
corresponding to the open-channel effects. More details on
the relation between the interaction kernel and scattering
length can be referred to in Appendix I. If the interaction is
strong enough, a near-threshold pole of the 7" matrix can be
generated as a zero of the determinant of the matrix in the
right-hand side of Eq. (15).

B. Production amplitude and fit

As illustrated in Fig. 1, the production amplitude as a
function of the DD, invariant mass is written as

M, =P} + PYGITy + PYGETy) + PYGLT5. (16)

with the immediate {D D, J/y¢, D;D:} channels, where
P2 are the bare production vertices and G7* are the Green’s
functions in Eq. (14). Concerning the difference between
production rates of open-charmed and hidden-charmed
channels [34], P{; > P} with P} = 0, leads to

M, = P} + PYGYTyy + PYGLT,
= PTy + P3T3, (17)

where the (P;;) are renormalized production rates. The
cutoff dependence of the loop functions in Eq. (14) must be
absorbed by the production vertex P*. Such a requirement
is fulfilled by a multiplicative renormalization with P; «
1/A and by keeping only the leading order term (in the
expansion in powers of p;/A) in the loop function [35]. To
make a fit in mass region my + m;,, = AE with
AE = 180 MeV, the nonrelativistic ¢ carries a maximal
three-momentum  k = /2y, AE ~ 525 MeV  with the
reduced  mass  p, = mymy,,/(my +my,,),  and
8y = kz/mé~0.27, which is reasonable to switch off
the subleading order interaction or the effective range
correction term, ry in the effective range expansion.
Given the currently limited statistics in the D D, and
J/w¢ invariant mass distributions, introducing these sub-
leading terms—such as the spin-spin interaction (C;) or
effective range corrections [O(5y)]—would inevitably
over-parametrize the model and inflate the uncertainties

2Regarding the DD channel do not strongly couple to
X(3960), the imaginary part of a;; from DD is small and
counted to be subleading interaction.

pA

FIG. 1. The Feynman diagram of the processes in DD,
invariant mass distribution with thick and thin lines representing
the intermediate and outgoing particles, respectively, in addition
to the circled production vertex and the rectangle unitarized
scattering amplitude.

of the extracted leading-order parameters. Therefore, to
capture the dominant dynamical features, we restrict our
current analysis to the leading-order interactions. We
anticipate that the upcoming high-statistics data releases
from the LHCb Collaboration will allow for a stringent
constraint on these higher-order effects in future studies.

To extract the parameters in Eq. (17), a fit to the D D,
invariant mass distribution is performed as

dN k
o M el (19

dm 8am’

with the events N and the total energy m. For the sake of
simplicity, the background from charmonium states is
considered as the higher order correction and is set to be
zero in a leading order analysis.

The scattering amplitude is fitted in the Table I are
expanded around J/w¢ threshold, and different with
the physical scattering lengths of D D, and D*D?, where
the differences corresponding to the correction in loops are
attributed to the subleading interaction in O(g?*) order and
do not affect the poles. Five parameters are adopted in the
fit model, and a y*/d.o.f. = 1.35 is achieved in the fit
region, where the line shape is well reproduced.
Interestingly, although the fit was only performed up to
4300 MeV, a good description of the data is achieved in the
entire energy interval up to 4750 MeV.

It should be emphasized that, given the limited statistics
of current experimental data, a purely unconstrained
mathematical scan of the parameter space might yield
alternative local minima with comparable y?/d.o.f. values.
However, in our analysis, the parameter optimization is
strictly guided by wunderlying physical constraints.
Specifically, the dynamically generated pole near the
DD, threshold is required to be located on the second
Riemann sheet, which corresponds to an attractive inter-
action that is insufficient to form a bound state.
Furthermore, the single-channel J/w¢ interaction is also
attractive but does not form a bound state. Under these
stringent physical requirements, the obtained parameter set
representing y?/d.o.f. = 1.35 is the unique optimal mini-
mum, yielding the most physically consistent interpretation
of the coupled-channel dynamics.
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TABLE I. The fit parameters and predicted poles corresponding to the line shape in Fig. 2. The units of P; and
poles are MeV~!/2 and MeV, respectively. The sign +/— stands for the first/second Riemann sheet of the scattering
channel.

ap; (fm) ay (fm) a3 (fm)

1.48 £0.17 1.11 £0.65 0.87 £0.10

Py Py astt [fm]

—0.29 £0.02 0.04 £+ 0.03 0.1270%9 + i0.787 529
(—++) (—++) (==
3904.44+321 4106.0971042 — 24.567573, 4223511185 _ 4307074

There are three scattering lengths {a;;, a», a3} with
positive values in Table. 1. a,; indicates the DD,
interaction around J/w¢ threshold, and is attractive.
This interaction is consistent with afi = (9.5715) x
1073 MeV~! (or 1.877032 fm) with A = 1000 MeV in

- i1
the Gaussian regulator of the loop [19], where a]i™' =

fT’l’(Cgl + A/ (27)%?) with Cy = 3(Coq +Cy,) in single
channel scattering. This match on DD, scattering length
allows to have a molecular DD, [36-39], named X (3960).
It is important to emphasize that the underlying structural
nature of the X(3960) remains under active debate [36-39].
In our unitarized scattering amplitude framework, the
X(3960) emerges as a DD, virtual state (molecular state),
which phenomenologically drives the near-threshold
enhancement observed in the invariant mass spectrum. It
is worth noting that if such an enhancement is para-
meterized using a Breit-Wigner formula, it may mimic
the behavior of a genuine resonance. In fact, if a genuine
bare resonance, such as the X(3930), is situated extremely
close to the D D, threshold, both the intrinsic resonance
pole and the continuum scattering amplitude will strongly
interfere and contribute to the final spectrum. Therefore,
our interpretation of the X(3960) as a dynamically gen-
erated state is fully compatible with the complex threshold
kinematics discussed in recent literature. The a,, character-
izes the J/w¢ scattering length, and its uncertainty is
relatively larger than the other scattering lengths owing to
the 2" pole near J/y¢ threshold is not included in the fit,
which is hard to be improved according to current events.
Moreover, D*D* channel is not included in the coupled
channel scattering directly, and its effect is absorbed into
the uncertainty of a,, in the form of

[(X(3960) |D*D*> |2
|(X(3960)[D, D> !

D*D* _
oay " = 1

o
_ l9xe0.00 ap, =030+ 0.03 fm,  (19)

B |9x(3960).D.‘D5 |2

where g, are the central valued couplings in

(3960),D8DE:;
Ref. [19]. The error of éagD* is mild compared to the
center value and switched off in the following sections,
which means the error on ay from J/w¢ channel

is sa)V? = Say, — a2 = 0.36 fm.

C. On the OZI suppressed interactions and poles

The a5, characterizes the OZI suppressed interaction and
is determined to be 0.82 £ 0.49 fm in K-matrix fit from
LHCDb Collaboration [4]. This type of interaction expresses
the multigluon exchange potential and relates to recent
studies on the fully heavy hadron spectrum. The
di-J/w scattering is an OZI suppressed process and the
scattering length in 07 or 27 sector is extracted to be
larger than 0.99 fm in a three-channel model using
{J/wd )w,w(2S)J )y, w(3770)J /w} [40]. A similar scat-
tering length is imposed to be 1.64 —2.25 fm. Besides the
observations on fully tetraquark states, there are predictions
on OZI suppressed scattering from lattice simulations, and
the scattering lengths are 1.43 £ 0.23 fm in N¢ scattering
[41], 1.57+0.08 fm in di-Q... scattering [42] and
—0.18 £0.02 fm in di-Q,,,;, scattering [43]. These scatter-
ing lengths are in the window of 1 to 2 fm apart from the
one in di-Q,,;, scattering and overlap over the a,,. Such
numerical overlaps suggest that while multigluon exchange
provides a smooth nonresonant background for OZI-sup-
pressed interactions, a more granular analysis is required to
distinguish their specific dynamical origins.

It is instructive to compare the extracted a,, with the N¢
scattering length, which is determined to be 1.43 + 0.23 fm
from lattice simulations [41]. Although their magnitudes
are comparable, one should be mindful that the sign
conventions for the scattering length definition may vary
between different frameworks. Despite the numerical
similarity, the underlying dynamical mechanisms are dis-
tinct. Specifically, the elastic J/y ¢ scattering lacks triangle
diagram contributions similar to those found in the N¢
case. Instead, the interaction in the J /¢ channel is notably
influenced by resonances near associated thresholds, such
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as the X(6200) [40,44-50] near the J/wJ /w threshold and
the f,(2010) near the ¢¢ threshold. These states provide a
unique source for the scattering length in the J/w¢ sector,
distinguishing its dynamics from the meson-exchange or
triangle-diagram mechanisms typically found in N¢ scat-
tering [S1].

Comparing to the result of J/y¢ scattering in lattice
simulation, this value is slightly larger than ay = 0.242 £+
0.041 fm extracted in lattice simulation with m, =
156 MeV [52]. However, the effective scattering length
of J/w¢ in the coupled channel scattering is evaluated to be
asff = 0.127029 4 0.7810:20 fm and its real part is similar
to ay. Regarding a,3/a;, is around 0.57 with ignoring the
mass difference in the channel thresholds, the coupled
channel scattering plays a crucial role in generating an
effective interaction near J/w¢ threshold, which is
consistent with the conclusion in Ref. [52], where no
pole is found in J/w¢ scattering. It is natural to
conclude from the OZI-suppressed interaction that
coupled channel scattering (Fierz rearrangement) is
essential. This interaction can also be expressed in
the language of EFT, which states that the coupled
channel effect promotes the OZI-suppressed interaction,
which deserves future studies on the theoretical and
phenomenological sides.

According to the fit parameters, three poles are pre-
dicted, with errors evaluated from the lower (upper) limits
of a;; taken simultaneously. The first pole is on the second
RS of the D, D, channel and is identified as a virtual pole.
The second and third poles are located on the first RSs of
J/w¢ and D:D: thresholds, respectively, where the
coupled channel effect, from the higher channel D}D?,
enhances the attractive potential and generates a pole
closing to the physical RS of J/w¢. This pole performs
as a resonance. On the contrary, the inelastic transition
between J/w¢ and D:D? reduces the strength of the
effective potential in the elastic D:D? scattering, and
pushes the pole to be away from the threshold on the
(———)RS, which is a general behavior among poles
[53-55]. However, the third pole is predicted on the
(— —+4)RS, corresponding to a stronger attractive poten-
tial than the one related to a pole on the (— — —) RS. Such a
discrepancy can be understood from the error estimation of
this type of EFT, which is on the order of O(5,). When the
error corresponds to enhancing the effective potential, the
virtual pole may move to the physical sheet.

Apart from the S-wave scattering in DD, invariant mass
distribution, ¥ (4230) plays a crucial role in generating the
third pole, where the S — P coupled channel scattering
{D:D;,D;(2420)D} can be referred to the D*X, —
DA,(2595) scattering [56], and is not covered in this
work. Moreover, the Y(4230) provides a hint to understand
the difference in the magnitudes of P; and P;, which
conflicts with the HQSS. The large uncertainty of Py
suggests the behavior of line shape around D}D? is not

defined well enough in the current model, and will be
improved with high statics in this region.

There is another choice to explain the attractive inter-
action in an OZI suppressed process, where a bare pole near
J/w¢ threshold promotes the interaction, which is the new
X((4140) resonance fitted in the form of Breit-Wigner from
LHCb. This configuration naturally mixes with the dynam-
ics of coupled channel scattering. To separate these two
pictures of Xy(4140), the studies on J/w¢ scattering in
different JX€ are necessary, which relates to the enhance-
ment [X,(4140)] around J/w¢ threshold in JFC = 1+
sector.

I X,; IN JPC=1+* SECTOR

In addition to the coupled channel scattering in J©€ =

0*t* sector, J/w¢ — DD} scattering, stemming from
HQSS, may generate poles in J¢ = 1*F sector. The
scattering length in the J/w¢ scattering is the same as
in the J°¢ = 0% sector, where the spin-spin interaction is
subleading. In D} D+ H.c. scattering, the wave function is
defined as

X(1*) = —=(|D;D,) + |D,Dy)). (20)

1
V2
which generates the interaction Vp-p pip = %VD.‘ D,.D.D,»
where the spin-spin interaction is relatively suppressed and
also in subleading terms. This interaction is process
dependent and couples to the [I; ® 15) component. In
the inelastic transition, the wave function of DD, can be
decomposed according to HQSS,

=

_ _ L
ID;D,) 2 2 A\ [lo®lp)
DDy | =3 -3 H|]1L®0) | .
D05 ),y \ & Lo J\Iuelo) |

(21)

which yields a relative strength between D D} and DD}
transiting into J/y ¢,

Viwan,; = V2V 1yp:D; (22)

Concerning DZ‘S)DE‘S) do not couple to J/w¢ in JFC =
1+ sector, a virtual pole 4106.74749% — i8.26127° MeV
appears near the J/y¢ threshold. This narrow pole gen-
erates a sharp enhancement around the threshold in J/y¢
invariant mass distribution, which is consistent with the
observations on X;(4140) [6-10]. Besides this pole, there
is a virtual pole (4060.092?'969] MeV) strongly coupling to
D:D, as a partner of molecular y.;(3872) also known
as X(3872).
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In addition to the pole, the production of X;(4140)
provides a hint to understand that state. Following the
estimation on production in J*¢ = 0** sector, Pp.p >
P/, holds in JP€ = 17" as well. But D;D; threshold is
lower than the one of J/w¢ and Pp.p is suppressed in
J/w¢ invariant mass distribution, which implies that P,
contributes to the J’¢ = 17+ spectrum dominantly. The

amplitude of production of B~ — J/w¢pK~ in J/y¢
invariant mass distribution is

thy 1
My=Pp2e 23
b e T ik, (23)

with the production rate of J/w¢ P ++ and the effective
scattering length @° in coupled channel scattering, which

generates a distribution in J/y¢ invariant mass

k|

N
SHMJ/I//zﬁ’

AM,

(24)

with the total energy M, 4. This distribution is performed
with a fixed P++ = 1.16 MeV~'/2 in Fig. 3, where P+ is
chosen to match the tail of LHCb data points.3 According to
the choice on P;++, the predicted line shapes cover the
experimental observation well. Similar behaviors are
shown in other observations in J/w¢ invariant mass
distributions from LHCb and CMS, presented in Figs. 4
and 5.

Comparing the Figs. 3 and 4, the lines of theoretical
predictions match the data from LHCb, where the narrow
and broad X,(4140) are reported with respect to the
rectangular and solid circled points, respectively.
Interestingly, a set of dynamical parameters generating
the curves of the LHCb observations does not meet the
ambiguities of the X;(4140) widths in the Breit-Wigner
formulas. To unveil the nature of X,(4140), this set of
dynamical parameters is used to describe the observation
from CMS [8], where a narrower X, (4140) is reported with
N = 2480 % 160 events and a confidential level of 5¢. The
predicted line shape is presented in Fig. 5. The curves cover
the data points as well. Such a coincidence is beyond the
description from Breit-Wigner formulae, where the sharp
change in J/w¢ phase space is not included in the Briet-
Wigner amplitude. Therefore, the enhancement from a
near-threshold pole is a good candidate of the X;(4140),
where the imaginary part of the pole is small and does not
relate to the width of the peak. The short distance between
the real part of the pole and the threshold enhances the line
shape near the threshold.

In the 17 sector, the lower pole (located near the D D}
threshold) is further away from the J/y ¢ threshold than the

3Efﬁciency—corrected data were provided by Professor Li-
Ming Zhang.

50 1

: : — x¥/d.o.f=135
i i == My
i i . ,
40 i i o
< | | Fit range
% | | LHCD data
S ! !
= 304 ! !
Q i i
Z ! !
%] | |
= 207 ! !
9] i i
® I I
m ! !
101 : :++
i i
S M it SR M '
3900 4000 4100 4200 4300 4400 4500 4600 4700 4800

m [MeV]

FIG. 2. The best fit to the line shape in D D, invariant mass
distribution including {DD,,J/w¢,D:D:} coupled channel
scattering in J’C = 0** sector. The orange bands represent
the uncertainty (in 1) of the fitted line shape.

higher pole. Therefore, the partner of X(3872) is hard to
detect in J/w¢ invariant mass distribution. Alternatively,
with ¢ decaying into pz and 3z, the lower pole can decay
into J/wrzr and its signal may be smeared by the broad p

meson. Consequently, detecting the molecular DD, state
is challenging.

IV. X,(4685) IN B — J /wK

The parameter a,, represents the multigluon exchange
interaction between J/y and ¢, and the dynamics in low
energy w(2S)¢ scattering coincide with those in J/y¢
scattering. {J/w,w(2S)¢} coupled channel scattering
involves a large mass difference between thresholds

that is a new scale Agc= \/Zy(m,,,(zs) —my,) =
951.50 MeV ~ A, [58,59], which implies the coupled
channel effect is suppressed by O(k%/AZCC). The EFT

should be expanded to the subleading term, O(k3) [60],
which can not be extracted from the fit in Fig. 2. On the
other hand, the interaction in the inelastic scattering is
phenomenologically approached by

i

Ey . L o .
Liypwosipy = Do " Erpy €y 05)8p, €gyr (25)

br
where the relativistic ¢ meson is corrected by the energy
dependent term E; [61].

In the coupled channel scattering, the virtual poles may
generate in y/(2S)¢ scattering in JP€ = 0*+, 17" and 2+
sectors and transit to J/w,

071 J/wd['Sol. w(28)$['So), (26)
I Ty dPS ] w2S)ePs]. (27)
2551 IS, w(2S)gPSs), (28)
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FIG. 3. The prediction of line shape of X,(4140) in J/y¢  FIG. 5. The prediction of line shape of X;(4140) in J/y¢

invariant mass distribution with an «°%. The dash-dotted, solid,
and dashed lines correspond to choices of the lower limits (a;; ),
central value (a;;), and upper limits (a;; ;) of the parameters,
which are taken to generate af. The mass and width are
parametrized to be 4118 £ 11737 and 162 & 2172 MeV in the
Breit-Wigner profile, respectively.

where the amplitude is unitarized to a 2 x 2 ¢ matrix and
contributes to the line shape in J/w¢ invariant mass
distribution with the amplitude of transition

M, = P/ + preite, (29)

with subscripts 1 and 2 labeling J/w¢ and w(2S)p,
respectively. If P¥($)% > pJ//v¢  the line shape around

©
o
T

[=2]
o
T

N
o
T

Events / (10 MeV)

N
o
T

4100 4150 4200 4250
M, [MeV]

FIG. 4. The prediction of line shape of X,(4140) in J/w¢
invariant mass distribution with an a®f, where the a°f are the
same with the ones in Fig. 3, and the efficiency corrected data are
quoted from Ref. [57] with P++ = 0.50 MeV~1/2, The mass and
width of X,(4140) are fitted to be 4146.5+4.57}¢ and
83 £ 21171 MeV, respectively.

invariant mass distribution with an «°. The dash-dotted, solid,
and dashed lines correspond to choices of the lower limits (a;; ),
central value (a;;) and upper limits (a;; ) of the parameters,
which are taken to generate a*f with P,++ = 0.68 MeV~!/2, The
mass and width are parametrized to be 4148.0+2.4 and
28:‘15 MeV in the Breit-Wigner profile [8], respectively.

w(2S)¢ threshold relates to the modulus of #; and
performs as a peak.

Concerning the enhancement near J/w¢ threshold
is mainly dominated from the 17" sector, the production
rate of the J/w¢ in 177 sector is larger than the ones
in 0™ and 27" sectors, which also happens in
w(2S)¢ production. Consequently, the 11" virtual pole,
4690.857373 — i7.005733° MeV, generates a peak at
yw(28)¢ threshold and is the candidate of the newly
reported X (4685), the fourth peak in J/w¢ invariant mass
distribution [10]. This process is similar to the one in
J)wl/w — J/ww(2S) [62-64]. However, a series of charm
meson pairs may couple to J/w¢ —w(2S)¢ scattering,
where the opened charm meson channels are saturated
to the width of the peak that is not included in the
model. Therefore, instead of evaluating X, (4685) width
directly, the lower limit of the half maximum width is
evaluated as

Teusp = 60.901575) MeV, (30)

according to the formulas,

1 4 3
Ceusp = — ——E x|, 31
P |a0|2 T |Clo|2 GD)

with the y(2S)¢ reduced mass u and the effective
scattering length ay = 1.03793% + i0.40700] fm, where
the sum runs over x =Im(1/ay) and Re(1/ag) [3].

Surprisingly, the predicted I'q, closes to the parameters,
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FIG. 6. The prediction of line shape of X;(4685) in J/w¢
invariant mass distribution with an a°™, is an analogy of the one in
X1(4140) production. The dash-dotted, solid, and dashed lines
correspond to choices of the lower limits (a;;_), central value
(a;;), and upper limits (a;; ;) of the parameters, which are taken

to generate a*f with P':'ﬁs)‘/’ = 0.48 MeV~1/2,

(M, Tgy) = (4684 £ 713,126 £ 157}]) MeV, extracted
from the Breit-Wigner approximation [10]. The predictions
on the line shapes are displayed in Fig. 6 with a fixed
production rate. This coincidence supports that X, (4685)
is a y(2S)¢ molecule in addition to the threshold
effect [14,65].

Besides X (4685), there is a X((4700) with quantum
numbers J©€ = 07, whose mass and width are very
similar to the ones of X,(4685) in the Breit-Wigner
approximation. This state can also couple to w(2S)¢ in
the S wave. However, the production rate of J /y¢ in JF¢ =
0" needs to be larger, implying that this state is not visible
in J/w¢ invariant mass distribution. The X;(4700) may
correspond to a different configuration.

V. SUMMARY

In summary, we have performed the first theoretical
study of the near-threshold line shape in the DD
invariant mass distribution using an OZI-suppressed
{D,Dy,J/yw¢,D:D;} coupled-channel scattering frame-
work, where the effective range expansion is applied to the
scattering amplitude.

By fitting the experimental data with five parameters,
we achieve a best fit with y?/d.o.f. = 1.35. As discussed
in detail in the main text (see Sec. II B), this optimal fit is
uniquely determined by imposing rigorous physical con-
straints on the parameter space—such as requiring the
near-threshold pole to lie on the second Riemann sheet
in single channel scattering—which effectively excludes
other mathematically possible but unphysical local
minima.

Based on this fully constrained amplitude, the effective
scattering length of the J/w¢ channel is extracted
as asf/fw = 0.1275%9 4 i0.78102 fm. Furthermore, three
dynamically generated poles in the J’C¢ =0*" sector
are found at 3904.44121 4106.0171007 — i24.567%353,,
and 4223.511, 55 — i4.327974, MeV.

The lowest pole naturally corresponds to the X(3960) as
a D,D, virtual state, and the second pole serves as a
candidate for the molecular X(4140). These dynamically
generated states are fundamentally different from conven-
tional bare resonances parametrized by simple Breit-
Wigner formulas [66].

With the spin-spin interaction attributed to being sub-
leading order, a virtual state is predicted below J/y¢
threshold in heavy quark spin symmetry, which shows
good performance to describe the observation near J/y¢
threshold in B — J/w¢K™" from LHCb and CMS. This
coincidence means the X;(4140) with JP€ = 17" could
come from a virtual pole, and there is no more ambiguity on
the widths of X,;(4140). It is worth noting that our current
framework is truncated at leading order to avoid over-
parametrization given the present experimental statistics.
The subleading O(g?) corrections, including the spin-
dependent interactions and effective range contributions,
are implicitly absorbed into the theoretical uncertainties.
With more precise measurements and larger data samples
expected soon from the LHCb Collaboration, these higher-
order partial-wave contributions and coupled-channel
dynamics can be explicitly isolated, which will provide a
more rigorous test of the heavy quark spin symmetry and the
exact locations of these near-threshold poles.

In addition to the spectrum of X,(4140), X, (4140), and
X, (4685), the OZI-suppressed interaction can be promoted
in the coupled channel scattering as a consequence of Fierz
rearrangement. The updated observation in DD, invariant
mass distribution is valuable to gain a deep insight into the
nonperturbative strong interaction.
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APPENDIX A: ERE AND EFFECTIVE
POTENTIAL

According to inverse amplitude method (IAM) [67,68], a
relation between contact range interactions and scattering
lenghts in J¢ = 0+ sector is presented by a LO analysis,

Vie Vi Vis\ ™!
T'=VI1—-G=|V, Vy Vy
Vis Vo3 V3
G, 0 0
-l 0o Gy o0
0 0 Gu

(A1)

with subscripts labeling the channels and V3 = 0 accord-
ing to the power counting rule in this note, whose elements

(T = V22Vz13et Y G (A2)

(T = VE;B G, (A3)
(=2 G (ag)

(T, = %7 (AS5)

(1) =202 (A6)

with  det=—V33V2, =V VI, + V|V V33, where

VimV j in the numerators corresponding to loop correction
is attributed to be the subleading term. According to

V11 = V33, the matrix turn to be
(1) = G, (A7)
Vi
1 1
(T )22 = Voo = Goy, (AS)
2
1 1
(T )33 v Gss, (A9)
33
Vv 74
Ty = ~——12_ (A10)
Vi + Vi =ViuVa ViiVa
\% 1%
(T3 = 2 (A11)

VL VLR -V ViiVa

These matrix elements match the ones in (1/a);;. Inversely,
the leading order V;; can be expressed by the a;;. Note that

Kt

FIG. 7. Two types of transitions in triangle diagrams driven by
propagated Z; (K**).

the off-diagonal elements (77');, and (T7'),; involve a
denominator of V matrix, which relates to a coupled
channel effect. Regarding the ERE is advocated around
J/w¢ threshold, V,V,, dominates the strength according
to V2, and V3, are in subleading terms.

APPENDIX B: TRIANGLE DIAGRAM
IN B > D,D.K

Besides the threshold effect from the two-body scatter-
ing, there are observable threshold effects from rescattering
in triangle diagrams, named triangle singularity (TS), [20],
and the processes are represented by the Feynman diagrams
in Fig. 7. In the diagram driven by Z7; and K**, the TSs are
fulfilled with mass windows,

my.. € [4227.57,4259.88] MeV, (B1)

mg- €[1982.13,2182.44] MeV. (B2)
There are Z,(4220), K;(1950), K5(1980), and K4(2045)
[22] in these mass windows, whose widths are in the range
of 100 to 350 MeV. Such broad states smear the TSs
dramatically, similar to the smearing from meson widths in
Refs. [69-72]. Regarding Z.,(4220) and K** widths are
much larger than the ones of D* and D;(2420), the TSs
from Fig. 7 are heavily suppressed and not included,
serving as a smooth background term in D D, invariant
mass distribution.

APPENDIX C: HIDDEN STRANGE X, IN J/y¢
INVARIANT MASS DISTRIBUTION

Concerning the observation of X;(4140) is the only one
confirmed state near J/y¢ threshold in B — J/y¢K and
the spin interaction in J/y¢ scattering is subleading, the
production rates of J/w¢ may obey P++ > Py and
P+ > Pyer. In {J/w¢h, DiD?} coupled channel scatter-
ing, the production rates of J/w¢ are set to be
Pyi+ = Py = 0. The poles near DiD; threshold may
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generate line shape with a nonzero production rate of the
charm meson pair P p:.

The 0"+ pole near DD’ threshold is listed in Table I and
the one in 27+ sector in {J/w¢, DiD:} coupled channel
scattering has the decomposition of the wave functions,

|D§D§>J:2 = |11 ® 1Q>J:2’

J/wd) =11, ® 1Q>J:2- (C1)

According to the decomposition of spin wave function
of DDz, |1,0;1,0) = \/§|2,o> - \/§|o, 0), the relative
strength of J/w¢ — D:D* between JP¢ = 0F and 27 is

N

0
Vi ape(27T) = ﬁ Vpibiawe(075). (C2)

As a result, there are virtual poles around J/w¢ and DD}
thresholds, respectively, the latter one of which contributes
to the spectrum in J/w¢ invariant mass distribution
with the pole 4217.827/97 +i3.11704] MeV, where

a{é"”ﬁ'm D _ \/%@3 is adapted concerning HQSS.

Assuming the production rates of DD} in 0*+ and 2+
sectors share a strength, the cross section in 21" sector is
larger than the one in 0" sector in S-wave transition,
which is proportional to |Vp.p. ;4> Regarding the
difference in thresholds of DD* is 108 MeV, the D-wave
transition is not negligible compared with the S wave one in
J/w¢ invariant mass distribution. In addition, the three-
momentum dependent D-wave transition causes a dip at the
D;:D; threshold in the form of 7= ¢ k3 + c,k3, which
matches the new observations from LHCb [10,73]. The dip
around the D}D? threshold is linearly dependent on the
invariant mass, which could be approached by

dN
— vt K32k /m = [2p5(m — 2mp)|*ky /m,
. :

7 (C3)

with an approximated constant k, around DD} threshold,
where the subscripts 2 and 3 refer to the channels J/y ¢ and
D: Dz, respectively, k; stand for the momentum in the
center of mass frame, and y; are the reduced masses. This is
a further hint on the D-wave transition. Therefore, the dip is
interpreted to be a 2*+ molecular state in J/yw¢ — DiD}
scattering.
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