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We consider the production of a Z boson decaying to leptons in association with a bottom-quark pair in
hadronic collisions. For the first time, we compute predictions at next-to-next-to-leading order (NNLO) in
QCD, and we combine them with the all-order radiative corrections from a parton-shower simulation
(NNLOþ PS). Our method represents the first approach to NNLOþ PS event generation applicable to
processes featuring a color singlet and a heavy-quark pair in the final state. The novel two-loop corrections
are computed for massless bottom quarks, and the leading mass corrections are restored through a small-
mass expansion. The calculation is carried out in the four-flavor scheme, and we find that the sizable NNLO
QCD corrections lift the long-standing tension between lower-order predictions in four- and five-flavor
schemes. Our predictions are compared to a CMS measurement for Z boson plus b-jet production,
achieving an excellent description of the data.
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I. INTRODUCTION

The quest to uncover signals of new physics at the Large
Hadron Collider (LHC) has become a major endeavor
within the extensive physics program of the LHC experi-
ments, encompassing both the direct detection of resonan-
ces and the analysis of small deviations from the Standard
Model (SM) through precision measurements. The success
of the latter critically depends on the availability of highly
accurate simulations and predictions for all classes of LHC
reactions.
The associated production of a Z boson and a bottom-

quark pair (bb̄Z) plays a special role in the LHC physics
program. For one, it yields heavy-quark mass effects to
Drell-Yan production, a process that is measured very
accurately at hadron colliders and used to extract the
mass of the W boson; see, e.g., Refs. [1–3]. Moreover,
bb̄Z production is a major background to ZH measure-
ments [4,5] and to various beyond the SM searches; see,
e.g., Ref. [6].
Precision measurements of Z-boson production with

bottom-flavored jets (b jets) have been performed both
at the Tevatron [7–9] and by the LHC experiments [10–17].
So far, there has been a significant discrepancy among the

Z þ b-jet theory predictions, depending on whether the
bottom quark is assumed to be massive in a four-flavor
scheme (4FS) or massless in a five-flavor scheme (5FS)
calculation [18]. Especially, state-of-the-art 4FS predic-
tions are in tension with measurements of Z þ b-jet
production [10,11,13,14,18].
Next-to-leading order (NLO) corrections in QCD have

been computed both in the 4FS [19] (see also Ref. [20]) and
in the 5FS [21]. In the 5FS, Z-boson production with a
single b jet is known through next-to-next-to-leading order
(NNLO) [22]. References [19,23] showed that the inclusion
of bottom-mass effects in the 4FS is important for the bb̄Z
cross section and in kinematic distributions of the bottom
quarks for scales close to mb. The matching of the NLO
corrections with a parton shower (NLOþ PS) is available
in both schemes within MadGraph5_aMC@NLO [24] and
within Sherpa [18], where the 5FS implementation in
Sherpa includes up to two extra b jets at NLOþ PS via
multijet merging. The combination of four- and five-flavor
predictions at NLOþ PS was achieved in Ref. [25]; see
also Ref. [26] for an earlier study. Higher-order corrections
to bb̄Z production are substantial, especially in the 4FS,
with very sizable perturbative uncertainties. Prior to this
work, no NNLO results had been obtained for any of the
flavor schemes.
In this paper, we considerably improve the accuracy

of Z þ b-jet theory predictions by computing the NNLO
QCD corrections to bb̄Z production for massive bottom
quarks. Our results are implemented in a fully exclusive
Monte Carlo event generator by matching the NNLO
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corrections to a parton shower (NNLOþ PS). Our
approach represents the first NNLOþ PS method for such
an involved final state, featuring both a heavy-quark pair
and a set of color-singlet particles. The two-loop correc-
tions for the bb̄Z process are presented here for the first
time, by exploiting the massless amplitudes [27] to
approximate the massive ones. We use our novel results
to investigate whether the NNLO corrections resolve the
long-standing discrepancies between 4FS and 5FS predic-
tions and compare our results with the latest Z þ b-jet
measurement by CMS [15] to asses their impact on the
tension of previous 4FS predictions with LHC data.

II. METHODOLOGY

We consider the process

pp → bb̄lþl− þ X; ð1Þ

which we denote as bb̄Z production for brevity. Sample
Feynman diagrams at the leading order (LO) are shown
in Fig. 1. They involve both quark- and gluon-initiated
channels, where the Z boson can be radiated off any of the
quark lines.
Among the NNLOþ PS frameworks for color-singlet

production [28–32], only the MiNNLOPS approach [31,32]
has been extended to processes featuring color charges in
initial and final states, namely, heavy-quark pair production
[33–35]. We further extend the MiNNLOPS method to
construct a fully exclusive NNLOþ PS generator for the
associated production of a heavy-quark pair (QQ̄) with
system color-singlet particles (F).
The general structure of large logarithmic contributions

at small transverse momentum for QQ̄ and QQ̄F produc-
tion is very similar [36]. As a result, we can exploit the
analytic formula for the cross section differential in the
transverse momentum pT ≡ jp⃗T j and the Born phase space
ΦB of the final-state system, which was derived in
Refs. [33,34] from the well-known factorization theorem
for QQ̄ production at small pT [37–40] and can be written
symbolically as

dσ
dpTdΦB

¼ d
dpT

(X
c

"Xnc
i¼1

C½γi�cc̄ e
−S̃½γi �cc̄

#
Lcc̄

)
þ Rf: ð2Þ

The first term includes the singular (and constant)
contributions in pT , which represents the transverse

momentum of the QQ̄F system here, while Rf adds the
regular contributions.
This formula retains NNLO plus leading-logarithmic

accuracy, and it preserves the class of next-to-leading-
logarithmic corrections that traditional PS algorithms [41]
include. Therefore, it is the starting point to build a
Monte Carlo algorithm for the generation of NNLO events
within the POWHEG framework [42,43], which has been
demonstrated several times [31,32,34], most recently for
QQ̄ production in Ref. [34]. In the following, instead, we
focus on the main changes from QQ̄ to QQ̄F processes.
Thesumoverc inEq. (2) runsover the flavorconfigurations

fg; q; q̄g of the incoming partons. On the other hand, the
sum over i originates from diagonalizing the one-loop soft

anomalousdimensionΓð1Þwithcomplex coefficientsC½γi�cc̄ that
fulfill

Pnc
i¼1 Ci ¼ 1, where nc is determined by the SU(3)

representation of a given flavor configuration.1 The eigen-
values of Γð1Þ, denoted by γi, induce a modification to the
Sudakov exponent, as indicated by the notation S̃½γi�. We note

thatΓð1Þ, γi, andC
½γi�
cc̄ have the same formas forQQ̄production

(seeAppendixAofRef. [34]) except for adapting theprocess-

dependent LO matrix element in the definition of C½γi�cc̄ . We
construct thismatrix element fromcolor-decomposed scatter-
ing amplitudes of OpenLoops [44–46]. Contributions fromΓð2Þ
are included in the Sudakov exponent with an approximation
of its corrections beyond NNLO. The general form of Γð2Þ
includes terms proportional to three parton correlations,
whose expectation value with the LO matrix element
vanishes in the QQ̄ case. For QQ̄F processes they contri-
bute; therefore, we include them in our implementation.
The factor Lcc̄ in Eq. (2) includes the squared matrix

elements for QQ̄F production, encoded in the hard-virtual
function Hcc̄ defined below, and the convolution of the
collinear coefficient functions with the parton distribution
functions (PDFs). For the gluon-initiated channel, Lcc̄
features azimuthal-angle correlations, which originate from
initial-state collinear emissions [47] and from soft emis-
sions connecting all the hard partons in the process [39].
Starting at NNLO, these contributions give a nonvanishing
contribution even after performing the azimuthal average
over p⃗T. For the case of QQ̄ production, they were
computed analytically in Ref. [48]. For QQ̄F processes,
we compute them through a numerical integration over the
azimuthal angle in conjugate space (b space). We note that
the explicit azimuthal dependence plays a role only beyond
the logarithmic accuracy in which we are interested.
The hard-virtual function is defined as

Hcc̄ ¼
hRcc̄jh̄†h̄jRcc̄i
hRð0Þ

cc̄ jRð0Þ
cc̄ i

; h̄jRcc̄i ¼ h̄Z−1jMcc̄i; ð3Þ

FIG. 1. Feynman diagrams for pp → bb̄lþl− at LO.

1The notation XðiÞ denotes the ith term in the perturbative
expansion of the quantity X with respect to αs=ð2πÞ.
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where Rcc̄ is the finite remainder obtained from the virtual
amplitude Mcc̄ after removing the IR divergences through

the operator Z−1 [49,50], hRð0Þ
cc̄ jRð0Þ

cc̄ i ¼ jMð0Þ
cc̄ j2, and the

operator h̄ determines parton emissions of soft origin,
which are known for QQ̄ production up to NNLO [51].
Here, we employ their extension to the general kinematics
of QQ̄F production [52].
The process-dependent pieces entering the hard function

are the finite remainders up to two loops. We obtain the

one-loop amplitude entering Hð1Þ
cc̄ and one-loop squared

amplitude entering Hð2Þ
cc̄ from OpenLoops. While all other

contributions are taken exactly, we calculate the two-

loop finite remainder 2RehRð0Þ
cc̄ jRð2Þ

cc̄ i entering Hð2Þ
cc̄ in an

approximation, since its full computation is well beyond
current technology for two-loop, five-point amplitudes.
Realizing that there is a hierarchy in the bottom-quark mass
mb, we can perform an expansion around small mb of the
two-loop amplitude, capturing the constant and logarithmi-
cally enhanced terms in mb, while omitting power correc-
tions in mb,

2Re
�
Rð0Þ

cc̄ jRð2Þ
cc̄

�
�
Rð0Þ

cc̄ jRð0Þ
cc̄

� ¼ 2Re
�
Rð0Þ

0;cc̄jRð2Þ
0;cc̄

�
�
Rð0Þ

0;cc̄jRð0Þ
0;cc̄

�
þ
X4
i¼0

κcc̄;i log

�
mb

μR

�
i
þO

�
mb

μh

�
; ð4Þ

where RðiÞ
0;cc̄ denotes the finite remainder of the “massless”

bb̄Z amplitude, i.e., setting mb ¼ 0, μR is the renormaliza-
tion scale, and μh is a characteristic hard scale of the
process. The process-dependent coefficients κcc̄;i are deter-
mined in Appendix A. They are obtained through a
“massification” procedure that relates the 1=ϵi poles of
collinear origin in the 5FS with logarithmic terms in mb in
the 4FS [53,54]; see also Ref. [55] for a recent application
to bb̄W production.
In the massless case, the calculation of the two-loop

amplitude is still very challenging, but feasible [27]. While
the logarithmic terms are reproduced without any approx-

imations, RehRð0Þ
0;cc̄jRð2Þ

0;cc̄i is computed in the leading-color
approximation (LCA), with the exception of contributions
of Z=γ⋆ bosons coupling to closed fermion loops, which
are omitted. We have tested the latter to be negligible
already at the one-loop level (see also Refs. [56,57]).
The LCA is typically accurate within 10% (see, e.g.,

Refs. [58,59]). Since the numerical effect of hRð0Þ
0;cjRð2Þ

0;ci
on the MiNNLOPS cross section is typically at the
few-percent level, we expect these approximations to
have a negligible impact on our results. To calculate

RehRð0Þ
0;cc̄jRð2Þ

0;cc̄i, we have implemented a numerical code
based on the analytic results of Ref. [27], employing the

PentagonFunctions++ code [60–62] to evaluate the relevant
special functions.
We note that our calculation of the logarithmically

enhanced terms in Eq. (4) has been rendered possible
for closed massive fermion loops only by the recent results
of Ref. [54]. However, the numerical impact of those
contributions turns out to be tiny, at the few-permille level
of the NNLO cross section, which we have tested both by
excluding them from the two-loop finite remainder and
by turning top and bottom loops off in the rest of the
calculation.
Since our NNLOþ PS generator assumes massive

bottom quarks, a mapping from the massive to the massless
phase space is required to evaluate the massless remainders

RðiÞ
0;cc̄. While different mappings induce only power cor-

rections in mb=μh, it is mandatory that the mapping avoids
the collinear singularities of the massless amplitudes,
which in the massive phase space are prevented by the
bottom mass.2 We have tested different mappings and
found their results to agree at the subpercent level. The
details are given in Appendix B.

III. RESULTS

For the phenomenological study of bb̄Z production at
NNLOþ PS, we focus on LHC collisions with 13 TeV
center-of-mass energy and consider the leptonic final states
with l ¼ e, μ. The bottom- and top-quark on-shell masses
are set to 4.92 and 173.2 GeV, respectively, with four
massless quark flavors. We employ the corresponding
NNLO set of the NNPDF31 [63] parton densities with
αsðmZÞ ¼ 0.118. We use the complex-mass scheme [64,65]
and the electroweak input parameters are set in the
Gμ scheme using [66]: GF ¼ 1.16639 × 10−5 GeV−2 and
MW ¼ 80.385, ΓW ¼ 2.0854, mZ ¼ 91.1876, and ΓZ ¼
2.4952 GeV. Unless specified otherwise, our default
choice for the renormalization scale of the two powers

of the αs at Born level is μð0ÞR ¼ mbb̄ll. The scale of extra
powers of αs in the radiative corrections and the factori-
zation scale are set following the MiNNLOPS prescription
[31,34]. We employ the definition of the modified loga-
rithm L in Ref. [34], which smoothly turns off resummation
effects for pT values larger thanQ ¼ mbb̄ll=2. To avoid the
Landau singularity at small pT , the scale of the strong
coupling and the parton densities is smoothly frozen around
Q0 ¼ 2 GeV [32]. Scale uncertainties are estimated
through the usual seven-point scale variations by a factor
of 2 around the central scale. As a parton shower, we
employ Pythia8 [67] with the Monash tune [68].
For comparison, we implemented a generator for pp →

bb̄lþl− production at NLOþ PS in the 4FS within
POWHEG-BOX-RES [43]. In this case, we use mbb̄ll for

2We thank Chiara Savoini and Massimilano Grazzini for
bringing this to our attention.
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the central scales. We also evaluate MiNLO0 results, which
are NLO accurate for bb̄lþl− plus zero and one jet, by
turning off the NNLO corrections in the MiNNLOPS
generator.
Table I shows the pp → bb̄lþl− total cross section. For

reference, NLOþ PS (MiNNLOPS) results with a central

scale HT=2 [μð0ÞR ¼ HT=2] are given as well, where HT is
the sum over the transverse masses of each bottom quark
and each lepton. Shower effects are negligible for the
inclusive rate and, only for the results presented in this
table, we have turned off the effects of hadronization,
multiparton interactions (MPIs), and QED radiation.
The MiNLO0 prediction, which is formally NLO accu-

rate and includes additional Oðα2sÞ corrections, is 43%
smaller than the other NLOþ PS result and does not
provide a reasonable prediction. Although this may seem
surprising, this behavior can be explained by the substantial
cancellation of logarithmic corrections in mb between the
real (double-real and real-virtual) and the double-virtual
amplitudes. Those logarithmic terms originate from the
massive bottom quark in the 4FS, which regulates the real
phase-space integration as well as the loop integration.
The ensuing logarithmic contributions are bound to cancel
between real- and double-virtual amplitudes, which can be
understood by considering the 5FS, where these logarithms
would appear as 1=ϵ poles that cancel by the Kinoshita-
Lee-Nauenberg theorem [69,70].
For MiNLO0, the relative Oðα2sÞ contribution is incom-

plete, as only the real amplitudes are included and the
corresponding logarithmic terms induce a numerically
significant negative effect. We have checked that it is
sufficient to include the dominant logarithmic corrections
in the double-virtual amplitudes (obtained using the mas-
sification procedure in Appendix A) to restore the appro-
priate cancellation and obtain a positive Oðα2sÞ correction.
Because of this unphysical effect, we refrain from including
MiNLO0 results in the remainder of this paper.
Considering the MiNNLOPS predictions in Table I,

NNLO corrections increase the NLO cross section by 57%,
which renders them crucial for an accurate prediction in

the 4FS. Since the NNLO corrections are much larger than
the NLO scale uncertainties, we considerHT=2 as a second
scale choice. In this case, the NLO and the NNLO cross
sections are larger, with NNLO corrections of about 38%.
While the NNLO scale uncertainties are still very sizable,
as expected for a process featuring very large perturbative
corrections, it is reassuring that the dependence on the scale
choice reduces at NNLO compared to NLO.
In Table II, we consider the fiducial cross section

measurement of the most recent CMS analysis for Z-boson
production in association with bottom-flavored jets [15],
which includes the complete Run-2 dataset of the LHC.
The fiducial cuts are defined in Appendix C. To warrant
a realistic comparison to data, we include effects from
hadronization, MPIs, and QED radiation from now on. In
our 4FS calculation, we can directly apply the experimental
definition of b jets, which is rendered infrared safe by the
bottom mass, while in the 5FS, the naive definition of b jets
leads to divergences [71–75]. For the Zþ ≥ 1ð2Þ b-jet rate,
we observe a clear tension with the NLOþ PS result in
the 4FS, whose central cross section is 40(20)% below the
measurement, well outside the uncertainties. By contrast,
the MiNNLOPS prediction is in agreement with the data
within uncertainties.
In addition, we include in Table II the NLOþ PS

prediction in the 5FS, as quoted in the CMS analysis [15]
and obtained with MadGraph5_aMC@NLO [76].3 NLOþ PS
results in the 4FS and 5FS are not compatible with each
other, but our MiNNLOPS prediction agrees with the 5FS
result, thanks to the inclusion of NNLO QCD corrections
in the 4FS. We note that the larger scale uncertainties
observed in the 4FS are related to its slower perturbative
convergence, which is apparent from the much larger
higher-order corrections compared to the 5FS. While the
predictions in both schemes agree similarly well with the
Zþ ≥ 2b-jet data, MiNNLOPS shows a better description in
the Zþ ≥ 1b-jet fiducial region.

TABLE I. Total bb̄Z cross section with 66 ≤ mlþl− ≤
116 GeV. The scale in brackets indicates the different scale
setting as described in the text. The quoted errors represent scale
uncertainties, while the numbers in brackets are numerical
uncertainties on the last digit.

σtotal (pb) Ratio to NLO

NLOþ PS (mbb̄ll) 31.86ð1Þþ16.3%
−13.3% 1.000

MiNLO0 (mbb̄ll) 22.33ð1Þþ28.2%
−17.9% 0.701

MiNNLOPS (mbb̄ll) 50.17ð4Þþ16.5%
−12.0% 1.575

NLOþ PS (HT=2) 41.42ð1Þþ19.2%
−15.4% 1.000

MiNNLOPS (HT=2) 57.09ð4Þþ17.8%
−12.7% 1.378

TABLE II. Comparison of theory predictions with the fiducial
cross section measurements by CMS [15] for (at least) one and
two tagged b jets. Experimental uncertainties are added in
quadrature. The 5FS result is taken from Ref. [15] and scale
uncertainties have been symmetrized by taking the maximum of
the absolute value of the errors.

σfiducial (pb) Zþ ≥ 1 b jet Zþ ≥ 2 b jets

NLOþ PS (5FS) [15] 7.03� 0.47 0.77� 0.07
NLOþ PS (4FS) 4.08� 0.66 0.44� 0.08
MiNNLOPS (4FS) 6.62� 0.86 0.76� 0.09
CMS [15] 6.52� 0.43 0.65� 0.08

3We note that several NLOþ PS predictions are quoted in
Ref. [15]. The one quoted in Table II is the only one using the
same PDF set as in our setup.
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Next, we examine a set of differential distributions
in Fig. 2 and compare NLOþ PS (blue, dashed) and
MiNNLOPS (red, solid) predictions to the CMS measure-
ment (black data points) [15]. The upper three panels show
the inclusive one b-jet phase space: the transverse momen-
tum (pb-jet1

T ) and pseudorapidity (ηb-jet1) of the leading b jet
as well as the distance between the Z boson and the leading
b jet in the η − ϕ plane (ΔRZ;b-jet1). The lower three panels
show distributions in the inclusive two b-jet phase space:
the transverse momentum of the leading (pb-jet1

T ) and

subleading b jet (pb-jet2
T ), as well as the invariant mass of

the two b jets (mbb).
As observed for the fiducial rates, NLOþ PS predictions

fail in describing the normalization of the measured cross
sections. Additionally, the shapes of some of the distribu-
tions are not reproduced particularly well. The MiNNLOPS

predictions, on the other hand, are in agreement with
data, especially for Zþ ≥ 1 b-jet observables the central
prediction is almost spot on the data points, which is
remarkable considering the relatively high precision of
theory predictions and measurement. In the inclusive two
b-jet phase space, the experimental errors are larger due to
the lower statistics. Here, MiNNLOPS predicts a normali-
zation slightly higher than the data points, but still fully
covered by the uncertainties, while the differential shapes
are reproduced particularly well.

An exception to the previous statements about
MiNNLOPS is the difference observed at high ΔRZ;b-jet1

with the CMS data, which originate from large values of the
rapidity separation between the Z boson and the leading b
jet (ΔyZ;b-jet1), where similar differences appear. Although
less pronounced than in the 4FS, such trend is also present
in the 5FS predictions at large ΔyZ;b-jet1 and ΔRZ;b-jet1 ;
see Figs. 6 and 7 of Ref. [15]. That behavior also appears
in the ΔyZ;b-jet1 distribution in an earlier ATLAS measure-
ment [14]. A better understanding of this discrepancy
requires additional studies and potentially all-order resum-
mation of logarithms in mb through a 4FS and 5FS
combination at NNLOþ PS, which is left for future work.

IV. SUMMARY

In this paper, we presented a novel computation for the
production of a Z boson in association with bottom quarks in
hadronic collisions. We have calculated NNLO QCD cor-
rections in the 4FS, including the five-point, two-loop
amplitude in the small-mb approximation. In addition, the
first NNLOþ PS approach for the production of a heavy-
quark pair in association with color-singlet particles has been
developed, which can be readily applied to other processes,
like bb̄W [55], tt̄W [77], and tt̄H [78] production.
Our NNLOþ PS calculation solves two (related) long-

standing issues for bb̄Z production: First, the significant

FIG. 2. Comparison of theory predictions with differential distributions measured by CMS [15].

NEXT-TO-NEXT-TO-LEADING ORDER EVENT GENERATION … PHYS. REV. D 112, 056031 (2025)

056031-5



tension of NLO(þPS) predictions in the 4FS with exper-
imental data and, second, the large differences between 4FS
and 5FS predictions for this process [18]. Our analysis
identifies that missing higher-order corrections in the 4FS
cause these discrepancies and that the perturbative accuracy
of previous calculations has been insufficient. Including
NNLO QCD corrections brings the 4FS predictions in
agreement with the experimental data and with the 5FS
results. The calculation presented in this paper also builds
the basis for a more accurate determination of the bottom-
quark mass effects in Drell-Yan production, relevant for
MW measurements, along the lines of the study in Ref. [79],
which at the time was pursued only at NLOþ PS.
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APPENDIX A: FINITE MASSIFICATION

In this appendix, we provide additional details on the
small bottom-mass approximation (exploiting a massifica-
tion procedure) that we use to compute the two-loop
amplitude for bb̄Z production. The massification procedure
allows us to approximate a massive amplitude from the
massless one, while dropping power corrections in the
bottom mass mb, but reproducing correctly all logarithmic
terms in mb.
We aim to calculate the finite remainder jRi ¼ Z−1jMi

defined in Eq. (3) (we leave the channel labels implicit for
clarity of the formulas) in the small bottom-mass approxi-
mation. Using the factorization formula from Refs. [53,54],
we obtain

jRmb≪μhi ¼ Z−1
mb≪μhFS Z0jR0i

���
nf¼nlþnh

; with jRi ¼ jRmb≪μhi þO
�
mb

μh

�
; ðA1Þ

where μh is the characteristic hard scale of the process,
jR0i ¼ Z−1

0 jM0i is the massless finite remainder defined
through the massless IR renormalization operator Z0

[49,50], and Zmb≪μh is the small-mass expansion of Z.
The channel-dependent operators F are defined as

F qq̄ ¼ Z½Q�Z½q�; F gg ¼ Z½g�Z½q�; ðA2Þ
with the functions Z½i� given in Refs. [53,54], and S is the
soft function introduced in Ref. [54] that is required to
approximate contributions from heavy-quark loops.
Here Z0 and jR0i depend on the total number of flavors

nf ¼ nl þ nh, which is determined by the number of
nl ¼ 4 light flavors in the 4FS and nh ¼ 1 heavy flavors
corresponding to the bottom quark. Since the top quark
practically decouples due to its large mass, its loop
corrections are expected to be negligible. Therefore, we
discard contributions from top loops here.
We introduce functions F̄ and S̄ free from ϵ poles, such

that F̄ S̄ ¼ Z−1
mb≪μhF S Z0. Here, F̄ is diagonal in color

space, while S̄ is a matrix in color space. We start by writing
their perturbative expansions in the strong coupling constant
α
nf
s , which includes the heavy flavors in its running,

F̄ ¼ 1þ
�
α
nf
s

2π

�
F̄ ð1Þ þ

�
α
nf
s

2π

�
2

F̄ ð2Þ þOðα3sÞ; ðA3Þ

S̄ ¼ 1þ
�
α
nf
s

2π

�
2

CdSð2Þ þOðα3sÞ; Cd ¼
X
ði;jÞ

−
Ti · Tj

2
log

�
−sij
μ2R

�
; ðA4Þ

where Cd is the standard dipole color-space operator (see, e.g., Ref. [50]), and the coefficients are

F̄ ð1Þ ¼ 2CFl2
b þ CFlb þ CF

�
2þ π2

12

�
þ nhF̄

ð1Þ
nh;cc̄; with F̄ ð1Þ

nh;qq̄ ¼ 0; F̄ ð1Þ
nh;gg ¼ −

2

3
lb; ðA5Þ
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F̄ ð2Þ ¼ 2C2
Fl

4
b þ l3

b

�
22

9
CACF þ 2C2

F −
4

9
CFnl

�
þ l2

b

 
CACF

�
167

18
−
π2

3

�
þ C2

F

�
9

2
þ π2

6

�
−
13

9
CFnl

!

þ lb

 
CACF

�
1165

108
þ 14

9
π2 − 15ζ3

�
þ C2

F

�
11

4
−
11

12
π2 þ 12ζ3

�
− CFnl

�
77

54
þ 2

9
π2
�!

þ C2
F

 
241

32
−

163

1440
π4 þ π2

�
13

12
− 2 logð2Þ

�
−
3

2
ζ3

!
þ CACF

 
12877

2592
−

47

720
π4 þ π2

�
323

432
þ logð2Þ

�
þ 89

36
ζ3

!

− CFnl

�
1541

1296
þ 37

216
π2 þ 13

18
ζ3

�
þ nhF̄

ð2Þ
nh;cc̄; ðA6Þ

with

F̄ ð2Þ
nh;qq̄ ¼ −

20

9
l3
bCF þ 32

9
l2
bCF þ lbCF

�
−
157

27
−

7

18
π2
�
þ CF

�
1933

324
−

13

108
π2 −

7

9
ζ3

�
; ðA7Þ

F̄ ð2Þ
nh;gg ¼ l3

b

�
−
4

9
CA −

28

9
CF

�
þ l2

b

�
10

9
CA þ 7

9
CF

�
þ lb

 
CF

�
−
319

54
−

5

18
π2
�
þ CA

�
−
92

27
þ π2

18

�!

þ CA

�
179

108
−

5

216
π2 −

7

18
ζ3

�
þ CF

�
2677

1296
−

41

216
π2 −

ζ3
18

�
þ 4

9
nhl2

b; ðA8Þ

and

Sð2Þ ¼ nh

�
−
2

3
l2
b þ

10

9
lb −

14

27

�
; ðA9Þ

where lb ¼ − log ðmb=μRÞ. To match the implementation of the amplitudes in a 4FS calculation, we then convert the
expansion in α

nf
s of F̄ , S̄, and the squared finite remainders into an expansion in the coupling constant αnls of the effective

theory with nh decoupled quarks [80] through a finite renormalization shift

α
nf
s ¼ αnls

�
1þ

�
αnls
2π

�
2

3
lbnh þ

�
αnls
2π

�
2
�
4

9
l2
bn

2
h þ lbnh

�
5

3
CA þ CF

�
þ nh

�
−
4

9
CA þ 15

8
CF

�	

: ðA10Þ

We note that in Ref. [81] Z−1 is defined in the effective theory with nh decoupled quarks. To obtain the expansions in α
nf
s in

Eqs. (A3)–(A9), we expand Z−1 in α
nf
s by applying the inverse of the decoupling relation (A10) (Sec. 4.2 of [81]).

Finally, we calculate the two-loop contribution as

2Re
�
Rð0Þ��Rð2Þ� ¼

��Rð0Þ��2��Rð0Þ
0

��2 2Re
D
Rð0Þ

0

���Rð2Þ
mb≪μh

E
þO

�
mb

μh

�
; ðA11Þ

2Re
D
Rð0Þ

0

���Rð2Þ
mb≪μh

E
¼ 2F̄ ð2Þ��Rð0Þ

0

��2 þ F̄ ð1Þ2Re
D
Rð0Þ

0

���Rð1Þ
0

E
þ Sð2Þ2Re

D
Rð0Þ

0

���Cd

���Rð0Þ
0

E
þ 2Re

D
Rð0Þ

0

���Rð2Þ
0

E
: ðA12Þ

Here XðiÞ with X ¼ fR; F̄ ;Sg are now the coefficients in
the expansion in αnls , derived from their expressions
expanded in α

nf
s above and the expansion of the squared

finite remainders in α
nf
s using the decoupling relation in

Eq. (A10). The logarithmic contributions in mb are fully
contained within the first three terms of Eq. (A12),
while the two-loop diagrams are contained in the massless

finite remainder at second order RehRð0Þ
0 jRð2Þ

0 i, which

we obtain from the analytic results of Ref. [27]. Since
the results of Ref. [27] are obtained in the “Catani
scheme” [82], we perform a finite renormalization shift
(see, e.g., Ref. [83]) to convert them into the scheme
employed here. The coefficients κcc̄;i of log ðmb=μRÞ
powers in Eq. (4) are then obtained from the first three
terms on the right-hand side of Eq. (A12) using the results
of Eqs. (A3)–(A10).
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APPENDIX B: MOMENTUM MAPPINGS

In our 4FS calculation, the phase-space integration is
performed assuming massive bottom quarks with mb ≠ 0.
However, the massless finite remainder R0 entering
Eq. (A11) must be evaluated on on-shell phase-space
points P0 with mb ¼ 0. We therefore need an explicit
mapping of massive phase-space points P, η∶P → P0,
such that ηðPÞ ¼ P0 þOðmb=μhÞ. In addition, we have
to ensure that η does not cause R0 to be evaluated near its
singularities. Since the quark- and gluon-initiated channels
have distinct leading-order momentum flows (see Fig. 1), it
is useful to employ dedicated mappings ηqq̄; ηgg for each of
the channels.
Let us first define our notation of the momenta by

introducing the process as

pðp1Þpðp2Þ → bðpbÞb̄ðpb̄ÞlþðplþÞl−ðpl−Þ: ðB1Þ

For ηqq̄ we perform the simultaneous light-cone decom-
position [84] of the massive bottom and antibottom

momenta pb and pb̄, respectively, and determine the
massless momenta p̂b and p̂b̄ as

p̂b ¼ αþpb − α−pb̄; α� ¼ 1

2

 
1�

�
1 − 4

m2
b

mbb̄

�
−1
2

!
;

p̂b̄ ¼ αþpb̄ − α−pb; ðB2Þ

which preserves the total momentum p̂bb̄ ≡ pbb̄ of the bb̄
system and prevents a collinear g → bb̄ splitting in the
quark channel. The mapping ηqq̄ is minimal in the sense
that only the bottom-quark momenta are modified.
An undesirable side effect of the mapping ηqq̄ (when

applied in the gluon channel) is that p̂b or p̂b̄ can become
collinear to the initial-state momenta p1 or p2 when the bb̄
pair is produced at the threshold. In the gluon channel, this
introduces a collinear singularity, and we therefore con-
struct ηgg such that it avoids these configurations. First, we
set the massless momenta to

p̂x ¼ px þ
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 −
m2

bn
2
x

ðpx · nxÞ2

s
− 1

!
ðpx · nxÞ

n2x
nx with x∈ fb; b̄g; ðB3Þ

nx ¼ px − p1

ðp2 · pxÞ
ðp1 · p2Þ

− p2

ðp1 · pxÞ
ðp1 · p2Þ

; ðB4Þ

where nx are transverse to both p1 and p2. Then, to restore
momentum conservation, we consider two options: Either
we redistribute Δpbb̄ ¼ pb þ pb̄ − p̂b − p̂b̄ into p̂1 and p̂2,
such that p̂12 ¼ p̂1 þ p̂2 ¼ p1 þ p2 − Δpbb̄, by perform-
ing a Lorentz boost on p1 and p2 in the direction −p̂12

followed by rescaling with
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p̂2
12=p

2
12

p
; or, we redistribute

Δpbb̄ into the lepton momenta p̂lþ and p̂l− instead. We
have verified that, in both cases, ηgg avoids the collinear
singularities in the massless amplitudes, but we choose
the first option as our default choice, since it leaves the Z
momentum untouched. Comparing the two choices, we
estimated the uncertainty introduced by the mapping in the
gluon channel to be at the subpercent level and roughly of
the order of the numerical error of our calculation.

APPENDIX C: FIDUCIAL PHASE-SPACE
DEFINITION

In this appendix, we specify the set of fiducial cuts
defined in the CMS analysis of Ref. [15] and used in this
paper for the comparison to data. The final state under
consideration contains a Z boson, decaying either to
electrons or muons, and at least one (or two) b jets.

The Z-boson candidate is reconstructed from two
same-flavor leptons with opposite charge, with their invari-
ant mass mlþl− in the window 71 ≤ mlþl− ≤ 111 GeV.
The leptons are required to satisfy the constraint on
their transverse momentum of pl

T > 25 GeV and a require-
ment on their pseudorapidity of jηlj < 2.4. Events
with more than two leptons satisfying these cuts are
vetoed. In addition, the leading lepton must satisfy the
constraint pl1

T > 35 GeV. The leptons are “dressed” by
adding the momenta of all photons within a radius
of ΔRγ;l ≤ 0.1.
Jets are defined by clustering all light partons plus the

bottom quark using the anti-kT algorithm with a radius of
R ¼ 0.4. They are classified as b jets if they contain at least
one bottom-flavored hadron and if they fulfill the trans-
verse-momentum and pseudorapidity thresholds of pb-jet

T >
30 GeV and jηb-jetj < 2.4, respectively. In the Zþ ≥ 1 b-jet
and Zþ ≥ 2 b-jet fiducial regions, a reconstructed Z boson
and at least one or two b jets are required, respectively. The
overlap between the leptons (from the Z-boson decay) and
the b jets is removed by requiring a minimum distance of
ΔRl;b-jet > 0.4 between them.
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