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We construct a new family of quantum chaotic models by combining multiple copies of integrable
commuting SYK models. As each copy of the commuting SYK model does not commute with others, this
construction breaks the integrability of each commuting SYK and the family of models demonstrates the
emergence of quantum chaos. We study the spectrum of this model analytically in the double-scaled limit.
As the number of copies tends to infinity, the spectrum becomes compact and equivalent to the regular SYK
model. For finite d copies, the spectrum is close to the regular SYK model in UV but has an exponential tail
eE=Tc in the IR. We identify the reciprocal of the exponent in the tail as a critical temperature Tc, above
which the model should be quantum chaotic. Tc monotonically decreases as d increases, which expands the
chaotic regime over the nonchaotic regime. We propose the existence of a new phase around Tc, and the
dynamics should be very different in two phases. We further carry out numeric analysis at finite d, which
supports our proposal. Given any finite dimensional local Hamiltonian, by decomposing it into d groups, in
which all terms in one group commute with each other but terms from different groups may not, our
analysis can give an estimate of the critical temperature for quantum chaos based on the decomposition. We
also comment on the implication of the critical temperature to future quantum simulations of quantum
chaos and quantum gravity.
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I. INTRODUCTION

One interesting question regarding holography is under-
standing how holographic duality could emerge in quantum
systems. Since the birth of AdS/CFT correspondence,
researchers have identified various models exhibiting holo-
graphic features. Beyond these explicit constructions, a
universal microscopic mechanism underlying holography
remains under exploration. In recent years, the SYK model
[1–3] has emerged as one of the simplest toy models
possessing holographic properties. This quantum mechani-
cal model describes N Majorana fermions in (0þ 1)
dimensions with a random q-local Hamiltonian. Owing
to its simplified structure, it allows detailed examination of
holographic emergence.
One signature of holography in the SYK model is

quantum chaos [2–7], which is dual to the boost symmetry
of the AdS2 black hole spacetime near the horizon. At low
temperatures, the SYK model has an effective action

described by a Schwarzian derivative [8], matching the
boundary description of reparametrization modes [3] in
Jackiw-Teitelboim gravity with negative cosmological
constant [9,10]. The partition function derived from the
Schwarzian derivative is 1-loop exact and yields the IR
spectrum ρðEÞ ∼ sinhC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − E0

p
for some C > 0 [11]. The

eC
ffiffiffiffiffiffiffiffiffi
E−E0

p
scaling in the IR regime coincides with the

spectrum of microscopic states of a black hole, suggesting
a holographic interpretation. Moreover, a finite E0 implies a
lower bound for black hole energy. Since the Schwarzian
derivative leads to exponential growth eλt in out-of-time-
ordered correlators (OTOCs) with λ ¼ 1 [3], this spectrum
is strongly related to maximal quantum chaos [12].
Another example of a bounded continuous spectrum in

the ensemble average appears in random matrix theory
(e.g., the Gaussian unitary ensemble). Treating each ran-
dom Hermitian matrix sample as as the Hamiltonian
of some system, the system exhibits explicitly chaotic
dynamics. Notably, a double-scaled matrix model has
been shown dual to JT gravity [14], which is in spirit
analogous to the duality between random matrices and
string theories [15].
Furthermore, SYK type models possess another appeal-

ing feature; potential experimental realizations in various
platforms [16–23]. Intriguingly, a recent proposal [24]
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suggests that certain SYK-like models implemented on
quantum processors could exhibit signatures of traversable
wormholes. However, the specific model proposed is “com-
muting”—all Hamiltonian terms mutually commute—
resulting in numerous conserved quantities that preclude
quantum chaos.
The commuting SYK model is further analyzed in [25].

As a random yet integrable SYK variant, it displays an
unbounded Gaussian-distributed spectrum. It has been
demonstrated in [25] that this integrable system does not
exhibit chaotic behavior despite superficial similarities.
Interestingly, this provides a new angle to explore the
mechanism of quantum chaos (or perhaps holography) in
the regular SYK model. Specifically, we can decompose
the regular SYK Hamiltonian into multiple groups of
mutually commuting terms (and is thus integrable), but
different groups do not commute with each other. If we
imagine the SYK Hamiltonian as the limit of adding these
groups one by one, the chaotic nature emerges as we
include huge numbers of these groups, and the integrability
is dramatically violated.
To understand this process from integrability to chaos in

more detail, we explicitly constructed d copies of the
commuting SYK Hamiltonians H̃a for a ¼ 1;…; d. For
each H̃a, we used different commuting basis so that H̃a do
not commute with each other. We may use a parameter
q ¼ e−λ ∈ ½0; 1� to characterize strength of the noncommu-
tativity between two H̃a; if q → 0 the noncommutativity is
extremely strong and q → 1 means H̃a all commute. The
total Hamiltonian is given by

H̃ ¼ 1ffiffiffi
d

p
Xd
a¼1

H̃a: ð1Þ

Since each H̃a has an ensemble of random couplings, we
are interested in the spectrum of H̃ under ensemble average,

ρðEÞ ¼ E

�X
λ̃

δðE − λ̃Þ
�
; ð2Þ

where λ̃ is the eigenvalue of H̃ for each instantiation in the
random ensemble. For convenience, let us call this model as
“d-commuting SYK model” (dcSYK).
We show that the spectrum is noncompact unless

d → ∞. In the latter case, the spectrum (in the double-
scaled limit) is identical to the regular SYK model. In
particular, there is an emergent finite lower bound of the
spectrum E0 as d → ∞. Our model gives a natural
interpolation between the integrable d ¼ 1 commuting
SYK model to an equivalently (in the spectrum sense)
chaotic SYK model.
Tentatively, we regard a compact spectrum with a

square-root form of edge ρðEÞ ∼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − E0

p
as a character-

istic of quantum chaos as it is the common feature of SYK

model and random matrices. For the dcSYK model with
finite d, the spectrum is close to the d → ∞ form above
some energy scale and has an infinite exponential tail eE=Tc

in the low-energy regime. Equivalently, for the canonical
ensemble of temperature T, there is a critical temperature
Tc so that we can approximately regard the spectrum as
chaotic for T > Tc and nonchaotic for T < Tc. We com-
pute Tc in two nontrivial cases and find that it is a
monotonically decreasing function of d. This shows how
the chaotic regime emerges and extends as we include more
components H̃a in the Hamiltonian.
There is a recent work [26,27] constructing an inter-

polation between integrability and quantum chaos with a
tunable linear combination of the commuting SYK model
and the regular SYK model. They also find a critical
temperature separating the integrable and chaotic regimes.
Our model is probably a more natural and nontrivial
interpolation and shows how quantum chaos emerges as
d increases. Moreover, our model has an operational
significance in analyzing a generic random model.
Following the aforementioned idea of decomposing the
regular SYK model into integrable groups, this decom-
position can be done for any given local random
Hamiltonian. Minimizing the number of groups, d, in
the decomposition, we can compute an averaged non-
commutativity parameter λ, and use the dcSYK model to
estimate the critical temperature Tc. This gives a rapid
diagnosis of how chaotic a given model is. In this sense,
we propose that our model is a prototype of a universality
of random models, which is parametrized by d and λ.
The paper is organized as follows. We define the model

and explain the chord diagram formalism in Sec. II. Then
we compute the exact spectrum in the q ¼ 0 case using free
probability in Sec. III, and compute the approximate IR
spectrum for q → 1 in the Schwarzian limit in Sec. IV. In
Sec. V we discuss the thermodynamical meaning of the
critical temperature Tc. In Sec. VI we use exact diagonal-
ization to numerically compute the spectrum and spectral
form factor of the dcSYKmodel. In Sec. VII we summarize
the results and list a few future directions.

II. SETUP

Consider a system with 2N Majorana fermions ψ i
for i ¼ 1;…; 2N obeying fψ i;ψ jg ¼ 2δij. We choose
the representation to be 2N-dimensional. The Hamiltonian
is the sum over d copies of commuting SYK models [25],

H̃ ¼ 1ffiffiffi
d

p
Xd
a¼1

H̃a; H̃a ¼
X

i1<���<ip

Jai1���ipX
a
i1
� � �Xa

ip
; ð3Þ

where Xa
j are bilinear in Majorana fermions and Hermitian

Xa
j ≡ iψ2j−1ψ ½ð2j−4þ2aÞ mod ð2NÞ�þ2; j ¼ 1;…; N: ð4Þ
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For each a, different Xa
i commutes with each other and

thus each H̃a is a commuting SYK model. The commuting
SYK model is indeed the q-local version [28,29] of the
well-known Sherrington-Kirkpatrick (SK) model [30–32]
for spin glass. It is an integrable model because we can
simultaneously diagonalize Xa

i for all i inside H̃a due to
their commuting nature. However, for different a they do
not commute when Xa

i and Xb
j have one overlap of

Majorana fermions. Therefore, we can regard the number
of copies d as a parameter deforming away from the
integrability. The random coupling cofficient Jai1���ip has
Gaussian distribution,

E½Jai1���ip � ¼ 0; E½ðJai1���ipÞ2� ¼ σ2 ≡ J2
��

N

p

�
: ð5Þ

Note that this definition of variance is compatible with
[33,34] though different from the usual convention in [3] by
a constant factor of p2=N. For the partition function, this
difference can be reconciled by a shift of inverse temper-
ature β → β=

ffiffiffiffiffiffiffiffiffiffiffi
p2=N

p
. In the following we will choose

J ¼ 1. Let us denote I ¼ fi1 � � � ipg and write H̃a ¼P
I J

a
I X

a
I with a compressed notation. By definition, we

have ðXa
I Þ2 ¼ I2N .

As a reference, let us write down the Hamiltonian of
the SYK model [1,2] that is closely related to our model.
To have a better comparison, we slightly changed the
notation as

H̃SYK ¼ ip
X

i1<���<i2p
Ji1���i2pψ i1 � � �ψ i2p ; ð6Þ

and the random coupling is

E½Ji1���i2p � ¼ 0; E½ðJi1���i2pÞ2� ¼ J2
��

2N

2p

�
; ð7Þ

with a convenient choice J ¼ 1.

A. Multicolor chord diagrams

As explained in Sec. I, we are interested in the spectrum
of the dcSYK model. For this purpose, we need to com-
pute the partition function of H̃ under ensemble average of
all JaI ’s,

ZðβÞ ¼ E½tre−βH̃� ¼
X∞
n¼0

ð−βÞn
n!

Mn; ð8Þ

Mn ≡ 1

dn=2
X
ai

E½trH̃a1 � � � H̃an �: ð9Þ

The n-momentMn can be expanded in terms of products of
n Xa

I ,

E½trH̃a1 � � � H̃an � ¼
X
Ii

E½Ja1I1 � � � J
an
In
�trXa1

I1
� � �Xan

In
; ð10Þ

and compute each nth moment of Xa
I . As the ensemble

is Gaussian, E½� � �� is equivalent to sum over all possible
Wick contractions of JaI . It follows that n must be even
to have a nontrivial Mn, in which H̃a are pairwise
contracted. Therefore, we can represent M2n as summing
over all chord diagrams on a disk with n chords [34–37]
[see Fig. 1(a) for an illustration of a chord diagram]. The
simplest example is

M2 ¼
σ2

d

X
a;I

trXa
I X

a
I ¼ 2N: ð11Þ

The second example is

M4 ¼
1

d2
X
a;b

ðE½trH̃aH̃aH̃bH̃b� þ E½trH̃aH̃bH̃bH̃a�

þ E½trH̃aH̃bH̃aH̃b�Þ

¼ 2 · 2N þ σ4

d2
X
a;b;I;I0

trXa
I X

b
I0X

a
I X

b
I0 ; ð12Þ

where the three terms in the first line are represented as
chord diagrams in Fig. 1(b).
To compute the second term in (12) is generically

complicated. Since Xa
I is a string of ψ i, they obey the

following commutation relation:

Xa
I X

b
I0 ¼ ð−ÞjI∩I0jXb

I0X
a
I ; ða ≠ bÞ ð13Þ

where jI ∩ I0j means the total numbers of overlapped
Majorana fermions in the two strings Xa

I and Xb
I0 .

Applying this to the second term of (12) and noting Xa
I

and Xb
I0 being commutative if a ¼ b, we can switch the

order of Xb
I0 and Xa

I and have

FIG. 1. (a) A generic chord diagram within M10, where each
end of a chord represents a H̃a in the trace, and each chord
represents two contracted H̃a with identical index a. Different a
are labeled by different colors. (b) The three chord diagrams
for M4.
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M4 ¼ 2Nð2þ 1=dÞ þ σ4

d2
X

a≠b;I;I0
ð−ÞjI∩I0j; ð14Þ

where the 1=d term comes from a ¼ b.
Summing over the last term becomes an involved

combinatorial problem, which becomes practically even
harder for higher moments because we need to switch
multiple pairs of Xa

I . Fortunately, the following double-
scaling limit renders the computation of the nth moment
tractable,

N → ∞; λ≡ 4p2=N fixed: ð15Þ

In the double-scale limit (15), the combinatorial problem
reduces to a probability problem [33,34,37]. In other
words, we only need to compute the probability distribution
of overlap s fermions for two random strings.
Let us take a ¼ 1 and b ¼ 2. Given random choice of I

and I0, in the double-scale limit, p ≪ N and the typical
draw of I is sparse. For a fixed I with s Majorana fermion
overlaps, there are

�
2p
s

	
choices for overlapping spots, and�

N−2p
p−s

	
ways of I0 to overlap with them. Here 2pmeans two

Majoranas in eachX1
i has potential to be overlapped by two

different X2
i . In the double-scale limit, the probability of s

Majonaran overlap is a Poisson distribution,

PðsÞ¼
�
2p

s

��
N−2p

p−s

���
N

p

�
→

ðλ=2Þs
s!

e−λ=2: ð16Þ

Summing over all s leads to unity justifies our sparse
distribution assumption.
For generic a ≠ b, we show in Appendix A that if N is

coprime with any number between 2 and d − 1, we can
always redefine ψ i such that the overlap problem becomes
exactly the same as a ¼ 1 and b ¼ 2. If the coprime
condition does not hold, this equivalence still holds in the
large N limit unless d is fine-tuned and comparable with N.
With the probability distribution PðsÞ, we can easily

compute the last term in (14) in the double-scale limit,

σ4ðd2 − dÞ2N
d2

X
Ia;Ib

ð−ÞsPðsÞ ¼ ð1 − 1=dÞ2Ne−λ: ð17Þ

Let us define

q ¼ e−λ ∈ ½0; 1�: ð18Þ

By (14), q is indeed the ensemble averaged penalty factor
for exchanging two neighboring H̃a and H̃b with a ≠ b.
Relating this to the third chord diagram in Fig. 1(b), we can
assign q to the crossing of the two chords therein for each
pair a ≠ b. On the other hand, if a ¼ b the penalty factor is
just 1 because all Xa

I are commutative to each other for
fixed a. The latter explains the 1=d in the first term of (14).

This pictorial algorithm generalizes to the computation
of any moment M2n (for fixed n) because the overlapping
of any two neighboring H̃a with different a in the double-
scale limit can be regarded as an independent Poisson
distribution PðsÞ due to the fact that the total np Xa

i in each
diagram is sparsely drawn from N Xa

i ’s. Therefore, we
summarize the rule as follows:
(1) M2n is the sum over all possible Wick contraction

of H̃. Each contraction pattern corresponds to a
n-chord diagram;

(2) For each chord diagram, we can choose to color each
chord from d colors;

(3) For each crossing in a colored chord diagram, if the
crossing is by two different colors, we give penalty
factor q, or otherwise give penalty factor 1;

(4) The value of each colored chord diagram is the
product of all penalty factors;

(5) M2n is the sum over all diagrams with all possible
colors times the normalization 2N=dn.

B. Multicolor q-harmonic oscillators

The counting problem for single-color chord diagrams
has been completely solved in [38,39]. However, for the
d-color chord diagram problem considered in this paper,
there is no exact and complete solution yet (see also recent
progress [40,41] of decomposing the representation of this
algebra into irrep of 0- and 1-particle states). Nevertheless,
there is an algebraic way to solve the chord diagram
counting for the double-scaled SYK model [34,37], which
can be easily generalized to the d-color case.
Let us first review the case for the double-scaled SYK

model, which corresponds to d ¼ 1 with q ¼ e−λ as the
penalty factor for each crossing [42]. For any chord
diagram on a disk, we can cut open it and put all chords
on a boundary line [34,37] as illustrated in Fig. 2. To
draw a chord, it requires two steps: (1) Creating a chord
by drawing an open chord from the boundary line;
(2) Annihilating a chord by connecting the dangling
end of the open chord to the boundary line. An n-chord
diagram has 2n ends on the boundary line, which
corresponds to 2n steps to generate it. At each end,
one can choose to create a chord, represented by α†, or
annhilate a line, represented by α. Note that any pair of
chords only cross each other at most once. To avoid
overcounting the crossing number of chords, we require

FIG. 2. Cut open a chord diagram. To generate a n-chord
diagram, we need 2n steps.

PING GAO, HAN LIN, and CHENG PENG PHYS. REV. D 112, 066012 (2025)

066012-4



that the new open chord created by α† does not intersect
any existing open chords. In other words, crossing only
occurs at annihilating an open chord.
We can associate a Fock space representation for the

these operators. Denote j0i as the state for no chords and
jni ¼ α†nj0i as the state by creating n open chords. Acting
α on jni annihilates one of the open chord from the n
choices. If we label the open chord from bottom to top in
jni as 1 to n, annihilating the ith open chord will cross i − 1
open chords below it. Therefore, the total penalty factor for
acting α on jni is

1þ qþ � � � þ qn−1 ¼ 1 − qn

1 − q
¼ ½n�q; ð19Þ

where ½n�q is the q analog of number n. After annihilating
one open chord, state jni becomes proportional to jn − 1i,

αjni ¼ ½n�qjn − 1i: ð20Þ

For zero chord state, we require αj0i ¼ 0. Using (20), we
can show that α and α† obey the algebra of q-harmonic
oscillator,

½α; α†�q ≡ αα† − qα†α ¼ 1: ð21Þ

Using this algebra, we can define the inner product of states
as

hnjn0i≡ h0jαnα†n0 j0i ¼ δnn0 ½n�q!; ð22Þ

where the computation is by moving α across all α† using
(21) to kill j0i, and ½n�q! ¼ ½n�q½n − 1�q � � � ½1�q is the
q-factorial. This definition of inner product explicitly treats
α as the adjoint of α†. It follows that the Hilbert space
spanned by jni is a well-defined Fock space.
Recall that to compute the nth moment of the SYK

Hamiltonian H̃SYK in the double-scale limit, we need to
sum over all possible n-chord diagrams, which correspond
to all Wick contraction patterns of n H̃SYK . Representing a
chord diagram on a boundary line as Fig. 2, the contraction
of each H̃SYK can be through either creating an open chord
or annihilating an open chord. Therefore, we define a new
Hamiltonian h ¼ αþ α† [43] as the avatar for the SYK
Hamiltonian H̃SYK. In other words, we have

h0jhnj0i ¼ 2−NE½trH̃n
SYK�: ð23Þ

Note that the Hamiltonain h defined in this way is
Hermitian, and related to the transfer matrix in [34,37]
by a similarity transformation.
The eigenvalue and eigenfunction of h can be solved

explicitly [34,37] as

hjθi ¼ EðθÞjθi ¼ 2 cos θffiffiffiffiffiffiffiffiffiffiffi
1 − q

p jθi; θ∈ ½0; π�; ð24Þ

hθjθ0i ¼ δðθ − θ0Þ
μðθÞ ; μðθÞ ¼ ðe2iθ; e−2iθ; q; qÞ∞

2π
; ð25Þ

hθjni ¼ ψnðθÞ ¼
Hnðcos θjqÞ

ðq; qÞn
; ψ0ðθÞ ¼ 1; ð26Þ

whereHnðxjqÞ is the q-Hermite polynomial of order n, and
the notations of q-Pochhammer are defined as

ða; qÞn ¼
Yn
k¼1

ð1 − aqk−1Þ; ð27Þ

ða1;…; an; qÞ∞ ¼
Yk
i¼1

ðai; qÞ∞: ð28Þ

From (24) we see that the spectrum of the double-scaled
SYK model is compact and bounded between −2=

ffiffiffiffiffiffiffiffiffiffiffi
1 − q

p
and 2=

ffiffiffiffiffiffiffiffiffiffiffi
1 − q

p
. The partition function is given by

ZðβÞ ¼ 2Nh0je−βhj0i ¼ 2N
Z

π

0

dθμðθÞe−βEðθÞ; ð29Þ

which implies the spectrum

ρðEÞ ¼ μðEðθÞÞjdθ=dEj; E∈ ½−jE0j; jE0j�; ð30Þ

where E0 ¼ −2=
ffiffiffiffiffiffiffiffiffiffiffi
1 − q

p
is the ground energy, and we have

rescaled the normalization such that
R
dEρðEÞ ¼ 1.

The generalization to our d color case is straightforward.
At each step of generating a chord diagram, we now have d
choices of creating an open chord using α†a or annihilating
an existing ath color open chord using αa for a ¼ 1;…; d.
Unlike the one-color case, the ordering of chords with
different colors are not exchangable, and we need to label
all states as a string,

ja1 � � � ani ¼ α†a1 � � � α†an j0i: ð31Þ

Acting αa to this state, it can choose to kill any one of the
existing ath color open chord therein,

αaja1;…; ani ¼
Xn
i¼1

δa;aiq
i−1−

P
j<i

δa;aj ja1;…; =ai;…; ani;

ð32Þ

and αaj0i ¼ 0 for all a. One can use this formula to show
the multicolor q-harmonic oscillator algebra,

½αa; α†a� ¼ 1; ½αa; α†b�q ¼ 0ða ≠ bÞ: ð33Þ
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We define the bra state as ha1;…; anj ¼ h0jαan � � � αa1 , and
the inner product is computed using the commutation
relation (33) to move all αa to right to kill j0i. With this
inner product, the states defined in (31) are neither unit
normalized or orthogonal basis. However, the full Hilbert
space is split into direct sum over subspaces labeled by
fnaga¼1;…;d, which counts how many ai ¼ a in the string
a1 � � � an in (31) for each a ¼ 1;…; d,

H ¼ ⨁
fnag

Hfnag: ð34Þ

The dimension of each subspace is

dimHfnag ¼
ðPan

aÞ!Q
an

a!
: ð35Þ

One can further use Gram-Schmidt process for (31) to find
the orthogonal unit basis in each Hfnag. We can also
generalize the commutation relation to

αaα
†
b − qabα

†
bαa ¼ δab ð36Þ

for a generic symmetric matrix qab and show that the Fock
space is well-defined if qab ∈ ½−1; 1� [44].
The corresponding Hamiltonian for this system is

H ¼ 1ffiffiffi
d

p
Xd
a¼1

Ha ≡ 1ffiffiffi
d

p
Xd
a¼1

ðαa þ α†aÞ: ð37Þ

One can easily check that the nth moment (9) in the double-
scale limit can be computed as

Mn ¼ 2Nh0jHnj0i: ð38Þ

Unfortunately, solving the eigenvalues and eigenfunctions
of H for generic d and q is very hard and we do not have a
way to write down the spectrum.

C. Double-scaled SYK: d → ∞ limit

Though we are unable to solve the problem for generic d,
the solution should be equivalent to the double-scaled SYK
model in d → ∞ limit. The idea is straightforward. For
2nth moment M2n, it is the sum over all colored n-chord
diagrams with d possible colors on each chord. Suppose
d ≫ n, and for a typical colored chord diagram, all n
chords should have different colors. Therefore, the value of
a typical colored chord diagram is simply q to the power of
the number of crossings, which is identical to the value of a
chord diagram in the double-scaled SYK model as we
reviewed in the last section. The number of such typical
colored chord diagrams is ðdnÞn! and the total ways of
coloring n chords are dn. In large d limit, we have

lim
d→∞

�
d

n

�
n!=dn ¼ 1; ð39Þ

which shows that

lim
d→∞

Mn ¼ 2Nh0jhnj0i: ð40Þ

Indeed, the leading order large d correction can be
carried out by the same probability crossing argument.
For any two crossing chords, they have 1=d probability to
be the same color and 1 − 1=d probability to be different
colors. Therefore, for each crossing, the averaged penalty
factor is

q̄ ¼ 1=dþ ð1 − 1=dÞq ¼ 1 − ð1 − 1=dÞð1 − qÞ; ð41Þ

which implies that the leading order correction to the
spectrum of the d-commuting SYK model is the same as
the double-scaled SYK model (30) with replacement
q → q̄.
Physically, that the large d limit reduces back to the

double-scaled SYK model is not surprising. Given the
regular SYK model Hamiltonian (6), we can decompose
the total ð2N

2pÞ terms into d groups such that all terms within
each group are mutually commutative but terms from
different groups are possibly noncommutative. For each
group, the upper bound of the number of terms is ðNpÞ,
namely the number of terms in each commuting SYK
model H̃a [45]. This decomposition is far from unique, but
since ðNpÞ ≪ ð2N

2pÞ we should naturally expect there exists a
decomposition with most groups almost saturating this
upper bound, which implies,

d ≈
�
2N

2p

���
N

p

�
∼ Np; ð42Þ

which is infinite in the double-scale limit. Even though for
each group, they are not organized as the H̃a in the dcSYK
model, we may expect the overlapping counting between
two groups obey the same statistics in the double-scale
limit. Taking this d into the definition of our dcSYK
model (3), the variance of the random coupling is

E½ðJai1���ip=
ffiffiffi
d

p
Þ2� ≈ 1

��
2N

2p

�
; ð43Þ

which coincides with the variance (7) of the regular SYK
model. This suggests the validity of this estimation of the
decomposition in the double-scale limit.
Taking this perspective of decomposing the regular

SYK model into d copies of commuting SYK model with
d → ∞ actually means something more general. In above
estimation, we take d ∼ Np but in our setup we only require
large d, which can be much smaller than N and p. In this
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sense, we can view the dcSYK model as a sparse version of
the regular SYK model with the same spectrum in the large
d and double-scale limit. Since there were many discus-
sions about sparse SYK models, we will comment on this
point further in Sec. VII.

III. EXACT RESULT FOR q= 0: FREE
PROBABILITY

Though the dcSYK model is hard to solve for a generic
case, there is an exact solution for the special case q ¼ 0,
which corresponds to p ≫

ffiffiffiffi
N

p
. In the chord diagram

language, the crossing between two chords with different
colors is disallowed while the crossing between same-color
chords has the same penalty factor 1 as before. This
noncrossing feature between different color chords reflects
the fact that all Ha can be regarded as freely independent
random variables. Given the spectrum of eachHa, there are
well-established methods about free probability to compute
the spectrum of their sum. For self-containedness, let us
quickly review some relevant concepts of free probability in
the following section. Curious readers may refer to [46,47].

A. A snapshot of free probability

The materials in this subsection mostly follow [46,47].
Definition. For any algebra A containing multiplicative

identity 1 (unital) and linear map φ∶A → C with φð1Þ ¼ 1,
we call the pair ðA;φÞ as a noncommutative probability
space. The elements of A are called random variables.
As discussed in Sec. II B, the algebra A of the d color

chords is generated by αa, α
†
a, and h0j · j0i is a linear map φ.

Definition. For ðA;φÞ, suppose A1;…;As are unital
subalgebras. We sayA1;…;As are freely independent with
respect to φ if for r ≥ 2 elements a1;…; ar ∈A such that
for all i ¼ 1;…; r

(i) φðaiÞ ¼ 0,
(ii) ai ∈Aji with 1 ≤ ji ≤ s,
(iii) j1 ≠ j2; j2 ≠ j3;…; jr−1 ≠ jr,

we must have φða1 � � � arÞ ¼ 0.
By this definition, the subalgebras Aa generated by αa

and α†a respectively are freely independent when q ¼ 0.
Indeed, for h0jHa1 � � �Han j0iwith all neighboring pairsHai
and Haiþ1

from different subalgebras, we will only have
chord diagrams with crossings of different color chords. All
of these diagrams vanish due to q ¼ 0. To characterize the
free independence, we need to introduce free cumulant,
which involves the noncrossing partition of n numbers.
Definition. A partition π is called noncrossing if there do

not exist numbers i, j, k, l with 1 ≤ i < j < k < l ≤ n such
that: i and k are in the same block of π, j, and l are in the
same block of π, but i and j are not in the same block of π.
The collection of all noncrossing partitions of f1;…; ng is
denoted as NCðnÞ.
For example, the partition of f1; 2; 3; 4g into fð1; 2Þ;

ð3; 4Þg is noncrossing while fð1; 3Þ; ð2; 4Þg is not.

Definition. Let ðA;φÞ be a noncommutative
probability space. The corresponding free cumulants
κn∶ An → Cðn ≥ 1Þ are defined inductively in terms of
moments by the moment-cumulant formula

φða1 � � � anÞ ¼
X

π∈NCðnÞ
κnða1;…; anÞ; ð44Þ

where, by definition, if π ¼ fV1;…; Vrg then

κπða1;…; anÞ ¼
Y
V ∈ π

V¼ði1 ;…;ilÞ

κlðai1 ;…; ailÞ: ð45Þ

This definition is inductive and starts with n ¼ 1: for
n ¼ 1we haveφðaÞ ¼ κ1ðaÞ; for n ¼ 2we haveφða1a2Þ ¼
κfð1;2Þgða1; a2Þ þ κfð1Þ;ð2Þgða1; a2Þ ¼ κ2ða1; a2Þ þ κ1ða1Þ
κ1ða2Þ, which implies κ2ða1; a2Þ ¼ φða1a2Þ − φða1Þφða2Þ.
One can repeat this algorithm to any n and express κn in
terms of a linear combination of products of φ.
The most important property of free cumulants is it

characterizes free independence.
Theorem 1. The subalgebras A1;…;As are freely

independent if and only if all mixed cumulants vanishes,
namely κnða1;…; anÞ ¼ 0, where each ai comes from one
of these subalgebras, but they do not all come from the
same subalgebra.
Using this theorem, we immediately have the following

result for the sum of freely independent random variables.
Corollary 1.1. Let us define

κan ≡ κnða;…; aÞ: ð46Þ

If a and b are freely independent random variables, then we
have for all n ≥ 1,

κaþb
n ¼ κan þ κbn: ð47Þ

Since our Hamiltonian H is the sum over freely indepen-
dent Ha, the free cumulant of H is simply the sum over the
cumulant of Ha, which is just d times the latter.
For any a∈A, let us define

san ≡ φðanÞ ð48Þ

and consider two formal series of z defined as

MaðzÞ ¼ 1þ
X∞
n¼1

sanzn; ð49Þ

CaðzÞ ¼ 1þ
X∞
n¼1

κanzn: ð50Þ

Using the definition of free cumulant, one can show that
these two series have a simple relation,
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MaðzÞ ¼ CaðzMaðzÞÞ: ð51Þ

Define the resolvent of a random variable a as

RaðzÞ ¼ φð1=ðz − aÞÞ ¼ Mað1=zÞ=z: ð52Þ

Due to Corollary 1.1, for two freely independent variables
a and b, we have CaþbðzÞ ¼ CaðzÞ þ CbðzÞ − 1. It follows
from (51) that
Theorem 2. For d freely independent variables a1;…; ad,

and a≡ a1 þ � � � þ ad, we have

RaðzÞ ¼ z−1
Xd
i¼1

CaiðRaðzÞÞ − ðd − 1Þ=z; ð53Þ

where each CaiðzÞ obeys

RaiðzÞ ¼ CaiðRaiðzÞÞ=z: ð54Þ

For any finite distribution of random variables, to
determine whether the spectrum is compact or not, let us
quote the following two lemmas.
Lemma 3. (Lemma 13.13 of [46]) Let ρ be a finite

measure on R. Then the following statements are
equivalent:
(1) ρ has compact support;
(2) The moment sn exist for all n∈N and the sequence

does not grow faster than exponentially, namely
existing a constant c > 0 such that

jsanj ≤ cn ð55Þ

for all n∈N.
Lemma 4. (Proposition 13.15 of [46]) That the moment

sequence san does not grow faster than exponentially is
equivalent to that the free cumulant κan does not grow faster
than exponentially.
Using these two lemmas, we immediately have the

following result.
Proposition 5. for d freely independent variables ai, if

each has noncompact spectrum, then their sum a ¼ a1 þ
� � � þ ad must have noncompact spectrum if d is finite.
Proof. The proof follows from Corollary 1.1 that the free

cumulant of a is simply the sum of that of each ai. By
above two lemmas, κain grows faster than exponentially, and
so is κan and san. ▪

B. Spectrum of H for q= 0

Let us define the resolvent for H as RðzÞ and the
resolvent for each commuting element Ha=

ffiffiffi
d

p
as RcðzÞ.

Accordingly, we define CcðzÞ in (50) for Ha=
ffiffiffi
d

p
. The

Hamiltonian of the commuting SYK model has Gaussian
distribution [25],

ρcðxÞ ¼
ffiffiffiffiffiffi
d
2π

r
e−dx

2=2; ð56Þ

which implies

RcðzÞ ¼
ffiffiffiffiffiffi
d
2π

r Z
R

dx
z − x

e−dx
2=2: ð57Þ

It obeys a simple differential equation,

d−1∂zRcðzÞ þ zRcðzÞ − 1 ¼ 0: ð58Þ

By (54), the inverse function of RcðxÞ is R−1
c ðxÞ ¼ CcðzÞ=z.

It follows from (58) that

∂zðCcðzÞ=zÞ ¼
1

dð1 − CcðzÞÞ
: ð59Þ

Using Theorem 2, we have

z=dþ ðd − 1Þ=ðdrÞ ¼ CcðrÞ=r; r ¼ RðzÞ: ð60Þ

Taking ∂r on both sides and applying (59) leads to

∂r

�
zþ d − 1

r

�
¼ 1

1 − ðzþ d−1
r Þ r

d

: ð61Þ

Define a new variable w ¼ z=dþ ð1 − 1=dÞ=r, and the
above equation can be written as

d−1∂wrþ wr − 1 ¼ 0; ð62Þ

which is exactly the same differential equation (58).
By (57), we derive the following integral representation
of RðzÞ

RðzÞ ¼
ffiffiffiffiffiffi
d
2π

r Z
R

dx
z=dþ ð1 − 1=dÞ=RðzÞ − x

e−dx
2=2: ð63Þ

A consistent check is RðzÞ → 1=z for z → �i∞, which
indeed fixes the integral constant of the differential
equation (62) and justifies (63).
Let us first consider the d → ∞ limit. Redefining

x → x=
ffiffiffi
d

p
in (63) and expanding the integrand in series

of 1=d, the rhs becomesZ
RðzÞe−x2=2ffiffiffiffiffiffi

2π
p

�
1þ 1 − zRðzÞ þ x2RðzÞ2

d
þOðd−2Þ

�
:

ð64Þ

The first term simply gives RðzÞ that matches with the lhs.
Therefore, we should expect 1=d order term in (64)
vanishes after integrating x, which leads to
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1 − zRðzÞ þ RðzÞ2 ¼ 0; ð65Þ

⇒ RðxÞ ¼ R∞ðxÞ≡ ðx −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − 4

p
Þ=2: ð66Þ

The spectrum is given by the discontinuity of the resolvent,

ρðxÞ ¼ Rðxþ iϵÞ − Rðx − iϵÞ
−2πi

; ð67Þ

which leads to the Wigner’s semicircle,

ρ∞ðxÞ ¼
1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4 − x2

p
; x∈ ½−2; 2�: ð68Þ

This is exactly the result from the free central limit theorem
[46,47], and also consistent with the q → 0 limit of the
double-scale SYK model,

μðθÞjdθ=dEj → sin θ
π

¼ ρ∞ðEÞ; E ¼ 2 cos θ: ð69Þ

For finite but large d, one can expand RðzÞ as a series of
1=d and solve the integral equation (63) order-by-order.
However, this perturbative solution of resolvent is divergent
near the edge of the spectrum at z ¼ �2 even at 1=d order.
This would naively give singular spectrum at 1=d order by
(67). Indeed, for d < ∞ the spectrum is noncompact and
has support on the whole real axis due to Proposition 5.
To numerically see how the spectrum looks like as we

increase d, we can evaluate the integral (63) in terms of the
Dawson function D,

r ¼
ffiffiffiffiffiffi
2d

p
Dð

ffiffiffiffiffiffiffiffi
d=2

p
wÞ ∓ i

ffiffiffiffiffiffiffiffiffiffiffi
πd=2

p
e−dw

2=2; ð70Þ

where the ∓ sign is for w∈C�. As the spectrum is non-
negative, by (67) the map z ↦ r must flip the upper and
lower half complex plane C� ↦ C∓. It follows that the
map z ↦ w stays on the same half complex plane as
C� ↦ C�. Therefore, equivalently the∓ sign in (70) is for
z∈C� respectively. Solve (70) numerically for real z and
different d. Using (67), we plot the spectra in Fig. 3. From
this figure, we see clearly that the spectrum becomes tighter
and has a smaller tail as we increase d.
As d becomes large, the tail is almost invisible (e.g., the

red curve for d ¼ 15 in Fig. 3) and the spectrum globally
looks quite close to the Wigner semicircle. However, as the
spectrum must be noncompact, we will show later that the
tail are exponentially suppressed and come from the non-
perturbative effect of large d. On the other hand, the square-
root law near the edge similar to Wigner semicircle is a
perturbative effect from large d.

1. Perturbative in 1=d

Let us zoom into the edge near z ¼ −2 for large
but finite d case. It turns out to be convenient to work

in w variable rather than r. Writing the lhs of (70) as
ð1 − 1=dÞ=ðw − z=dÞ, we can decompose (70) into two
equations respectively for the real and imaginary parts,

ð1 − 1
dÞwi

ðwr − z
dÞ2 þ w2

i
¼ i

ffiffiffi
d
2

r �
D
� ffiffiffiffiffiffiffiffi

d=2
p

wþ
	
−D

� ffiffiffiffiffiffiffiffi
d=2

p
w−

		
þ

ffiffiffiffiffiffi
πd
2

r
e−dw

2
þ=2 þ e−dw

2
−=2

2
; ð71Þ

ð1 − 1
dÞðwr − z

dÞ
ðwr − z

dÞ2 þ w2
i
¼

ffiffiffi
d
2

r �
D
� ffiffiffiffiffiffiffiffi

d=2
p

wþ
	þD

� ffiffiffiffiffiffiffiffi
d=2

p
w−

		
− i

ffiffiffiffiffiffi
πd
2

r
e−dw

2
þ=2 − e−dw

2
−=2

2
; ð72Þ

where w� ¼ wr � iwi are separated as the real and imagi-
nary parts with wi > 0. From (67), we know the spectrum is
proportional to the imaginary part of RðxÞ, which roughly
scales with wi. Therefore, we need to consider small wi in
the large d expansion. Indeed, the expansion order depends
on how small we assume wi is. Given wi ¼ w̃i=dn=2, we can
take the following power law expansion ansatz:

wr¼
Xn−1
j¼0

wr;j=dj; z¼E0þy=dn; E0¼
Xn−1
j¼0

zj=dj; ð73Þ

where z0 ¼ −2. Since we treat 1=d perturbatively, we can
ignore all e−dw

2
�=2 terms in (71) and (72) and solve them

order-by-order. The results for the first a few orders are as
follows:

wi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z − E0

p
; ð74Þ

fwr;jgn−1j¼0 ¼ f−1;−5=2;−31=8;−357=16; � � �g; ð75Þ

fzjgn−1j¼0 ¼ f−2;−1;−7=4;−57=8; � � �g: ð76Þ

With this perturbative solution, the spectral density is

3 2 1 1 2 3
x

0.1

0.2

0.3

0.4
(x)

FIG. 3. The spectrum for q ¼ 0. In the plot, blue, yellow, green,
red, and gray are for d ¼ 1; 3; 6; 15;∞, respectively.
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ρðzÞ ¼ ð1 − 1=dÞwi

πððwr − z=dÞ2 þ w2
i Þ
; ð77Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
z − E0

p
π

ð1þOð1=dÞÞ: ð78Þ

This perturbative expansion at any order gives theffiffiffiffiffiffiffiffiffiffiffiffiffi
zþ E0

p
edge behavior and does not resolve the non-

compactness of the spectrum. However, it gives the
correction to the ground energy E0 order by order. As
we can see, the expansion coefficients wr;j and zj grow
quickly as we go to higher orders, which reflects the fact
that the large d expansion is asymptotic and has zero radius
of convergence. Usually, when we deal with the asymptotic
expansion, we need to cut off at some order n depending
on the choice of d. For practical purposes, we find for
d ∼Oð10Þ that n ¼ 4 for (78) gives a good approximation
as illustrated in Fig. 4.

2. Nonperturbative in 1=d

As we move away from the edge zþ E0 < 0, the
perturbative expansion in 1=d does not hold anymore
and wi is not polynomially but exponentially small. For
this case, we should treat wi as the small parameter rather
than 1=d to expand Eqs. (71) and (72). Expanding in linear
order of wi, these two equations become,

ðd− 1Þwi

ðdwr − zÞ2 ¼
ffiffiffiffiffiffi
π

2d

r
e−dw

2
r=2 þ �

1−
ffiffiffiffiffiffi
2d

p
wrD

� ffiffiffiffiffiffiffiffi
d=2

p
wr

		
wi;

ð79Þ

1 − 1=d
dwr − z

¼
ffiffiffi
2

d

r
D
� ffiffiffiffiffiffiffiffi

d=2
p

wr

	
−

ffiffiffiffiffiffi
πd
2

r
e−dw

2
r=2wrwi: ð80Þ

We can solve wi by (80)

wi ¼
ffiffi
2
d

q
D
� ffiffiffiffiffiffiffiffi

d=2
p

wr

	
− 1−1=d

dwr−zffiffiffiffi
πd
2

q
e−dw

2
r=2wr

: ð81Þ

From (79), we know wi must be as small as ∼e−dw2
r=2,

which by (81) implies that we can assume

Dð
ffiffiffiffiffiffiffiffi
d=2

p
wrÞ ¼

1 − 1=dffiffiffiffiffiffiffiffi
2=d

p ðdwr − zÞ þ ϵ ð82Þ

for small ϵ ∼ e−dw
2
r . Substituting (81) into (79), replacing

the Dawson function using (82), and expanding it in
leading order of ϵ, we can solve

ϵ ¼ π
ffiffiffi
d

p
wre−dw

2
r ðz − dwrÞ2

2
ffiffiffi
2

p ðdw2
r − ðdþ 1Þwrzþ dþ z2 − 1Þ ; ð83Þ

which by (81) leads to

wi ¼
ffiffiffiffiffiffi
π

2d

r
e−dw

2
r=2ðz − dwrÞ2

dw2
r − ðdþ 1Þwrzþ dþ z2 − 1

: ð84Þ

This expression shows the leading-order explicit non-
perturbative effect wi ∼ e−dw

2
r=2 for any z; wr; d ≫ wi.

Therefore, it universally holds for the asymptotic tail of
any finite d. Apply the small wi expansion to (77), the
spectrum density is

ρðzÞ ≈ ð1 − 1=dÞwi

πððwr − z=dÞ2Þ : ð85Þ

For large d, note that any nonperturbative correction
to wr does not contribute to (84), we can simply set
ϵ ¼ 0 in (82) and solve it perturbatively in 1=d. Taking the
ansatz

wrðzÞ ¼
X
j¼0

wr;jðzÞ=dj; ð86Þ

we find the first two orders

wr;0ðzÞ ¼


z −

ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 4

p �
=2; ð87Þ

wr;1ðzÞ ¼ zþ z2 − 3ffiffiffiffiffiffiffiffiffiffiffiffi
z2 − 4

p : ð88Þ
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0.100
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10 4
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0.010

0.100

1
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0.001
0.010
0.100

1

2.20 2.15 2.10 2.05

10 7

10 5

0.001

0.100

2.08 2.06 2.04 2.02

10 11

10 9

10 7

10 5

0.001

0.100

FIG. 4. The edge of the spectrum for q ¼ 0. In each figure, the
solid line is the exact result, the dashed line is the large d
perturbative solution with square-root law, and the dotted line is
the nonperturbative asymptotic solution with exponential sup-
pression. The figures with blue, yellow, green, red, and purple
curves are for d ¼ 2, 5, 10, 20, and 40, respectively.
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As these expressions have singularity at z ¼ −2, they are
valid only for z < −2. Taking them into (85), expanding it
in large negative y ¼ zþ 2 leads to

ρðzÞ ∼ d3=2e−d−1ffiffiffiffiffiffi
2π

p e−2dð−yÞ−dy2=2: ð89Þ

For generic d, we can numerically solve (82) for wr and
plug into (84) and (85). Surprisingly, we numerically find
that the large d approximation (87) and (88) for (85) work
quite well for the exponentially small tail for both small and
large d. In Fig. 4 we combine the perturbative solution and
the nonperturbative approximation and compare them with
the exact result. For small d, it is obvious that the large d
perturbative solution breaks down, but for d ∼Oð10Þ the
square-root law becomes visible and close to (78). On the
other hand, for all d the asymptotic behavior is well-
captured by the nonperturbative effect.
From Fig. 4, we see that the transition between these two

behaviors is not quite sharp especially when d is not large
enough. To understand the interpolation, one needs to
resum a special sequence including perturbative and non-
perturbative effects simultaneously. This is beyond the
scope of this work and we hope to understand it better
in the future. Nevertheless, we can still define a transition
point when these two approximations intersect each other,
roughly at y ≈ −1=d. At this point, we can ignore the
quadratic term in (89) and the spectrum exponentially
decays. We can estimate the decay rate as the inverse
critical temperature βc for the transition between the two
effects, namely

Tc ¼ 1=βc ¼ 1=ð2dÞ: ð90Þ

This critical temperature is not in the thermodynamical
limit sense because there is no sharp transition. We
postulate the physical interpretation as follows. Prepare a
thermal state with temperature T of the dcSYK model with
q ¼ 0, if T > Tc we can approximately regard the system
as a chaotic system because the spectrum is almost compact
and obeys the square-root law; if T < Tc we should not
regard it as a chaotic system and its dynamics will be very
different. To justify this postulation, we need to check
correlation functions, which is for a future investigation.
Moreover, we will have some discussions on the thermo-
dynamical critical temperature in Sec. V.

IV. COARSE-GRAINED PATH INTEGRAL
FOR q CLOSE TO 1

In this section, we will study the spectrum, and espe-
cially the part near the edge for q close to 1. This limit is
specially interesting because for double-scaled SYKmodel,
if we zoom into the edge and take q → 1, we will find the
spectrum has the form of sinhC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − E0

p
, which is con-

sistent with the Schwarzian derivative as the IR effective

action. For convenience, let us call this limit as the
Schwarzian limit from now. This gives a strong evidence
that the low-temperature double-scaled SYK model with
q → 1 has a dual of JT gravity.
As explained in Sec. II C, our dcSYK model becomes

equivalent to the double-scaled SYK model in d → ∞
limit. It is natural to ask how the finite d effect changes the
spectrum in the Schwarzian limit. For a finite d, each
moment of H for q > 0 must be greater than that for q ¼ 0
because each moment is the sum over many chord diagrams
and q > 0 has more diagrams than q ¼ 0 because the latter
disallows intersection between different chords. Since
diagrams are evaluated as positive numbers, the nth
moment of q > 0 must grow faster than that of q ¼ 0,
which is already faster than exponentially. By Lemma 3, we
immediately conclude that any finite d dcSYK model must
have noncompact spectrum. Therefore, our focus will be
understanding how the finite d effect gives the interplay
between the chaotic bounded spectrum of sinhC

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − E0

p
and the unbounded tail.

A. Coarse-grained path integral

Though the exact solution for dcSYK is unavailable, for
q close to 1 there is a nice approximate method developed
in [26,27] to deal with two types of chords in the double-
scaled SYK model. The method is a coarse-grained path
integral representation for chord diagrams, and we will
slightly improve the form and generalize it to chord
diagrams with d colors. We will briefly review the con-
struction of the coarse-grained path integral representation
without giving derivation details. Interested readers may
refer to their original papers [26,27].
For each chord diagram in the 2n-moment M2n, we can

separate the boundary circle into s segments and put 2n
ends of chord into these s segments [see Fig. 5(a)]. Then the
intersection counting of the chord diagrams include two
types; the intersection between the chords emanating
from the same segment, and the intersection between the
chords emanating from different segments. For the low-
temperature physics that is dominated by high moments,

FIG. 5. (a) The boundary of a d ¼ 3 color chord diagram is split
into s segments. (b) For the open chords from the ith segment,
there are three steps before landing on the jth and kth segments;
generate, split, and reorder.
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we will take s large, but not too large, such that each
segment also has plenty of chord terminals. Due to this
scale separation, the intersection of the first type reflects the
short-time physics and the intersection of the second type
reflects the long-time physics that is relevant to IR.
For the ith segment, assume there are nai color a open

chords emanated to intersect with chords from other seg-
ments. Among these nai open chords, we define naij as the
number of color a open chords that will end on the jth
segment for j ≠ i. By definition, we haveX

j≠i
naij ¼ nai ; naij ¼ naji: ð91Þ

By the analysis of [26,27], there are three steps to emanate
nai color a chords from the ith segments that involve the
first type of intersection. By the assumption of scale
separation, there are plenty of chord terminals on the ith
segment. The first step is to generate nai color a open chords
emanating from these terminals, and the rest terminals
connect to each other to form chords on the same segment.
The second step is to split the nai color a open chords into
groups labeled by j and each group has naij color a open
chords. The third step is to reorder the naij open chords for
all a because their self intersections need to be counted. See
Fig. 5(b) for an illustration of these three steps.
For the second type of intersection, the counting is

simple. For two pairs of segments i, j and k, l, they
will have chord intersection only when i > k > j > l or
k > i > l > j [due to symmetry (91), we assume i > j and
k > l]. These two cases need to be counted only once. The
intersection weight is 1 if a ¼ b and it is q if a ≠ b.
Therefore, we will have the following counting for the
second type of intersection,

q
P

a≠b

P
i>k>j>l

naijn
b
kl : ð92Þ

Summing over all moments in (8), we will have an
expression of partition function in the form of summing
over all configurations of fnaijg for a fixed number s of
segments. Let us denote jai to represent the state (31) with
n ¼ jaj the length of the string a. By above procedure, the
partition function can be written as [48]

ZðβÞ ¼
X
fnaijg

q
P

a≠b

P
i>k>j>l

naijn
b
kl

×
X
faig

Ys
i¼1

�
Cðnaij; ai; qÞ

haije−βH=sj0i
haijaii dimHfnai g

�
; ð93Þ

where dimHfnai g is the dimension of the subspace of with
fixed fnai g given by (35), and the sum over ai obeys the
constraint

ni ¼ jaij ¼
X
a

nai ¼
X
a

X
j≠i

naij: ð94Þ

In (93), we split β Euclidean time into s segments with
length β=s. The expectation value haije−βH=sj0i represents
the first step of generating fnai g open chords. The function
Cðnaij; ai; qÞ depending on naij with j ≠ i and includes the
contribution from splitting and reordering of ni open
chords.
To solve C and haije−βH=sj0i in closed form is very hard.

Nevertheless, for q close to 1 and Schwarzian limit, as
argued in [27], we can replace them with the known result
for q ¼ 1 but keep q nontrivial in the first line of (93). At
q ¼ 1 the algebra of (33) becomes d independent harmonic
oscillators, and all states jaii with the same fnai g is
equivalent to the number state jfnai gi ¼

Q
aðα†aÞnai j0i.

Summing over faig for a fixed fnai g gives the dimension
of the subspace dimHfnai g, which cancels the same term in
the denominator of (93). Given fnaijg and fnai g, there areQ

aðnai !=
Q

j≠iðnaijÞ!Þ ways to split the ni open chords into
ðs − 1Þd groups. Moreover, for fixed a, i, and j, the naij
color a open chords can self intersect and give a contri-
bution

Q
i>j

Q
aðnaijÞ!. This is the reordering process.

Lastly, for d harmonic oscillators, we can easily compute

hfnai gje−βH=sj0i
hfnai gjfnai gi

¼
Y
a

hnai je−βðα
†
aþαaÞ=ð

ffiffi
d

p
sÞj0i

hnai jnai i

¼ eβ
2=ð2s2ÞQ
an

a
i !

�
−

βffiffiffi
d

p
s

�P
a
nai
: ð95Þ

Putting everything together, the partition function becomes

ZðβÞ¼
X
fnaijg

q
P

a≠b

P
i>k>j>l

naijn
b
kl

eβ
2=ð2sÞQ

i>j

Q
aðnaijÞ!

β2n

ðds2Þn ; ð96Þ

where we define

n ¼
Xd
a¼1

X
i>j

naij: ð97Þ

We can rewrite the quadratic form of naij in the exponent
of q as linear by a Gaussian integral. Let us denote

X
a≠b

X
i>k>j>l

naijn
b
kl ¼

1

2
n ·M · n; ð98Þ

where n is naively a d × sðs − 1Þ=2 dimensional vector
with components labeled by ða; i; jÞ and M is a square
matrix. However, as (98) does not include any term of naij
with i ¼ jþ 1 because they do not contribute to
any crossing. In other words, we should treat M as a
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d × sðs − 3Þ=2 dimensional matrix with all i ¼ jþ 1 rows
and columns stripped off. This reduced M matrix is
invertible with real eigenvalues. Using (18), we can write

q
P

a≠b

P
i>k>j>l

naijn
b
kl ¼ e−

1
2
λn·M·n

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð−2πλMÞp Z

dJen·Jþ 1
2λJ·M

−1·J;

ð99Þ

where J is a d × sðs − 3Þ=2 dimensional vector. Note that
M has both positive and negative eigenvalues, to define the
J integral, we need to take the diagonal basis of M and
integrate the corresponding eigenvariable J along real or
imaginary axis for positive or negative eigenvalues.
Using (99) and notation (97), the sum over naij leads to

ZðβÞ ¼
Z

dJ
e

1
2λJ·M

−1·Jffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð−2πλMÞp eð

1
sþ 2

s2d

P
i>j;a

e
Ja
ij Þβ2=2: ð100Þ

We are interested in low temperature and large β ¼ βr=ffiffiffi
λ

p ¼ 1=ð ffiffiffi
λ

p
TrÞ, which gives the following effective

action:

S ¼ 1

2
J ·M−1 · Jþ β2r

s2d

X
i>j;a

eJ
a
ij ; ð101Þ

and the partition function is ZðβÞ ∼ R
dJeS=λ. In q → 1

limit, we have λ ∼ 1 − q ≪ 1. Therefore, the partition
function can be computed by saddle approximation.
Variation of J leads to

ðM−1 · JÞaij ¼ −
β2r
s2d

eJ
a
ij ; ð102Þ

which can be solved as

Jaij ¼ −
β2r
s2d

X
b≠a

� X
i>k>j>l

þ
X

k>i>l>j

�
eJ

b
kl : ð103Þ

To avoid solving such discrete matrix equation, we will
take large s limit and define Euclidean time τi ¼ βri=s. In
this way, we can promote the vector J as a bilocal
continuous function Jaij ¼ Jaðτi; τjÞ. In this continuum
limit, (103) becomes

Jaðτ1; τ2Þ ¼ −
1

d

X
b≠a

Z Z
Δ
dτdτ0 eJbðτ;τ0Þ; ð104Þ

where Δ means the ranges τ1 > τ > τ2 > τ0 > 0 and
βr > τ > τ1 > τ0 > τ2. Taking derivatives on both sides,
we will have a Liouville-like equation,

∂1∂2Ja ¼ −
2

d

X
b≠a

eJ
bðτ1;τ2Þ: ð105Þ

To find the boundary condition for this equation, note that
in (103) when i ¼ jþ 1 or i ¼ s; j ¼ 1 the rhs has no term
in the sum, which in continuum limit leads to

Jaðτ; τÞ ¼ Jaðβr; 0Þ ¼ 0: ð106Þ

Indeed, at the action level, we can take the continuum limit
and write

M−1 ¼ β2r
2s2

K−1
∂1∂2; ð107Þ

where K is d-dimensional matrix Kab ¼ 1 − δab.
Therefore, the action in continuum limit is

S ¼
Z

βr

0

dτ
Z

τ

0

dτ0L½Jaðτ; τ0Þ�; ð108Þ

L ¼ 1

4
Jaðτ; τ0ÞK−1

ab∂τ∂τ0J
bðτ; τ0Þ þ 1

d

X
a

eJ
aðτ;τ0Þ: ð109Þ

B. Homogeneous saddle

To solve the equation of motion (105), we can assume
homogeneity Ja ¼ J and translation invariance, which
leads to the SYK saddle,

eJ ¼ cos2 ωβr=2
cos2 ωðτ12 − βr=2Þ

; ð110Þ

ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=d

p
cosωβr=2: ð111Þ

Taking this into the action (101), we have the on shell
action

S0 ¼
Z

βr

0

dτ
Z

τ

0

dτ0ð1 − Jðτ; τ0Þ=2ÞeJðτ;τ0Þ

¼ β2r

�
sin x
x

−
1

2
cos2

x
2

�
; ð112Þ

where

x≡ ωβr; x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=d

p
βr cos x=2: ð113Þ

For latter convenience, we define y ¼ π − x and temper-
ature is expressed in terms of y as

Tr ¼ 1=βr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=d

p
sinðy=2Þ

π − y
: ð114Þ
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For large βr, x takes value very close to π and y can be
solved in 1=βr expansion as

y ¼ 2πffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=d

p
βr

−
4π2

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=d

p
βrÞ2

þ � � � : ð115Þ

It follows that

S0 ¼
2βrffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=d

p −
π2

2ð1 − 1=dÞ þ
π2

ð1 − 1=dÞ32βr
: ð116Þ

Then the on shell partition function is

Z ∼ e
1
λS0 ∼ exp

�
2βffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λð1 − 1=dÞp þ π2

½λð1 − 1=dÞ�32β

�
; ð117Þ

where the constant term is omitted. The first term gives the
ground energy E0 ¼ −2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λð1 − 1=dÞp

. This is consistent
with (24) with θ ¼ π and q → q̄ by (41) in the 1 − q →
λ ≪ 1 limit. Note that (41) originally requires large d,
but its validity extends to generic d in the q → 1 limit.

The second term by inverse Laplace transformation leads to

exponential growth eC
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE−E0Þ=λ3=2

p
of the spectrum with

C ¼ 2π=ð1 − 1=dÞ3=4 for ðE − E0Þ=λ3=2 ≫ 1.

C. The quadratic action

Though the saddle of the dcSYK model is very similar
to the SYK model, the 1-loop order has essential
differences. The quadratic expansion of (108) around the
saddle Ja ¼ J is

S2 ¼
Z

βr

0

dτ
Z

τ

0

dτ0
�
1

4
δJaðτ; τ0ÞK−1

ab∂τ∂τ0δJ
bðτ; τ0Þ

þ 1

2d
eJðτ−τ0Þ

X
a

δJaðτ; τ0ÞδJaðτ; τ0Þ
�
: ð118Þ

Since K is a symmetric real matrix, it can be diagonalized
by an orthonormal matrix. The eigenvalues of K include
one d − 1 and d − 1 numbers of −1 with multiplicity d − 1.
Along the diagonal basis of δJa, we can split it into δJ and
δJi and rewrite the quadratic action as

S2 ¼
Z

βr

0

dτ
Z

τ

0

dτ0
�

1

4ðd − 1Þ δJðτ; τ
0Þ∂τ∂τ0δJðτ; τ0Þ þ

1

2d
eJðτ−τ0ÞδJðτ; τ0ÞδJðτ; τ0Þ

þ
Xd−1
i¼1

�
−
1

4
δJiðτ; τ0Þ∂τ∂τ0δJiðτ; τ0Þ þ

1

2d
eJðτ−τ0ÞδJiðτ; τ0ÞδJiðτ; τ0Þ

��
: ð119Þ

For δJ and δJi, they both obey the same type of
eigenequation�
∂1∂2 þ

hðh − 1Þω2

cos2ωðτ12 − βr=2Þ
�
fðτ1; τ2Þ ¼ ηfðτ1; τ2Þ: ð120Þ

Define new variables θ ¼ π=2 − ωðτ12 − βr=2Þ and
τ ¼ ðτ1 þ τ2Þ=2. We can rewrite the above equation as�

1

4
∂
2
τ − ω2

∂
2
θ þ

hðh − 1Þω2

sin2θ

�
fðτ; θÞ ¼ ηfðτ; θÞ: ð121Þ

For δJ, the parameter h is

hðh − 1Þω2 ¼ 2ð1 − 1=dÞ cos2 ωβr=2 ⇒ h ¼ 2:

For δJi, the parameter h is

hðh − 1Þω2 ¼ −2=d cos2 ωβr=2

⇒ h ¼ 1

2

�
1�

ffiffiffiffiffiffiffiffiffiffiffi
d − 9

d − 1

r �
: ð122Þ

Assuming fðτ; θÞ ¼ eikτfðθÞ, we can solve the eigeneq-
uation (120) as

f�ðθÞ ¼
ffiffiffiffiffiffiffiffiffi
sin θ

p �
P1=2−h
ðnη=ω−1Þ=2ðcos θÞ � P1=2−h

ðnη=ω−1Þ=2ð− cos θÞ
;
nη ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ 4η

q
; ð123Þ

where � means even/odd under θ → π − θ (which is
equivalent to τ12 → β − τ12). For θ variable, the boundary
condition is

f�ðτ; θrÞ ¼ 0; θr ¼ ðπ − ωβrÞ=2: ð124Þ

This leads to nontrivial discrete solutions of nη obeying

M�¼fnηjP1=2−h
ðnη=ω−1Þ=2ðcosθrÞ�P1=2−h

ðnη=ω−1Þ=2ð−cosθrÞ¼0g:
ð125Þ

Note that nη → −nη gives the same solution because of the
symmetry Pμ

νðzÞ ¼ Pμ
−1−νðzÞ. The independent solutions

are labeled by the eigenvalues M�=Z2, where Z2 refers to
this reflection symmetry. On the other hand, since τ labels
the segments on a circle, we need to impose some periodic
boundary condition for τ. In ðτ1; τ2Þ coordinate, we should
require fðβr; τ2Þ ¼ fðτ2; 0Þ, which in ðτ; θÞ coordinates
means
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fðτ; θÞ ¼ fðτ þ βr=2; π − θÞ: ð126Þ

It follows that we need choose k ¼ 2πZ�=βr for f�
respectively, where Z� means even/odd integers.
Before computing the 1-loop determinant, let us

first check the determinant of the free theory, namely
detM−1. For this piece the continuous limit leads to
computing detð1

4
∂
2
τ − ∂

2
zÞ where z ¼ τ12. The eigenfunc-

tions are simply

fðτ; zÞ ¼ eikτ sinðmzπ=βrÞ; ð127Þ

where the boundary condition restricts m∈Z>0∓ and
k∈ 2πZ�=βr for even/odd modes under z → βr − z. The
eigenvalues are

η0 ¼ π2ððZ>0∓ Þ2 − ðZ�Þ2Þ=β2r : ð128Þ

Here we see that each eigenvalue is proportional to 1=β2r ,
which is reasonable by dimensional analysis. Recall theffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð−2πλMÞp

term in (100), the total 1-loop contribution
is given by the product of the ratio η=η0,

Z1-loop ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiQðη=η0Þ

p : ð129Þ

Our purpose is to find eigenvalues η with different scaling
of βr. In particular, ηwith β−2r scaling does not contribute to
the βr dependence at 1-loop.

D. 1-loop determinant by Sommerfeld-Watson
resummation

In the following, we will define a simpler notation by
using x and

n≡ nηβr; M�βr → M�: ð130Þ

Let us assume the generic solution of (125) is

F�ðnÞ ¼ 0: ð131Þ

The 1-loop determinant is related to

Y η

η0
¼

Y
k¼Z�

Q
n∈M�=Z2

½ðn=ð2πÞÞ2 − k2�Q
m¼Z>0∓ ½m2 − k2� : ð132Þ

The infinite product of k can be computed explicitly

Y η

η0
¼

8>>><>>>:

Q
n∈Mþ=Z2

sin2n
4Q

m¼Z>0−
sin2mπ

2

¼ Q
n∈Mþ=Z2

sin2 n
4
; k∈ZþQ

n∈M−=Z2
cos2n

4Q
m¼Z>0þ

cos2mπ
2

¼ Q
n∈M−=Z2

cos2 n
4
; k∈Z−

ð133Þ

where in both cases the denominator is unity for any m.
To compute this infinite product, we can instead compute

an infinite sum on the exponent using Sommerfeld-Watson
resummation. Given a function G�ðnÞ invariant under
n → −n, we haveY
n∈M�=Z2

G�ðnÞ ¼ exp

�
1

2

X
n∈M�

logG�ðnÞ
�

¼ exp

�
1

4πi

Z
C�

dz logG�ðzÞ
F0
�ðzÞ

F�ðzÞ
�
;

ð134Þ

where C� is the anticlockwise contours circling around the
points in M� (see Fig. 6). For convenience, here we also
include n ¼ −ðM�=Z2Þ in the sum with additional factor
1=2 because they are also solutions to F�ðzÞ ¼ 0.

1. h = 2

Let us apply the Sommerfeld-Watson resummation to
compute the determinant for h ¼ 2. At h ¼ 2, the eigen-
functions f�ðθÞ are largely simplified to trigonometric
functions [49],

fþðθÞ ¼ cot θ sin
nðπ

2
− θÞ
2x

þ n
2x

cos
nðπ

2
− θÞ
2x

; ð135Þ

f−ðθÞ ¼ cot θ cos
nðπ

2
− θÞ
2x

−
n
2x

sin
nðπ

2
− θÞ
2x

; ð136Þ

For fþ we need exclude n ¼ 0 as it is a trivial solution;
similarly, we exclude n ¼ 2x for f−. In the end, the
eigenvalues are

Mþ ¼
�
n ≠ 0j tan x

2
tan

n
4
þ n
2x

¼ 0

�
; ð137Þ

M− ¼
�
jnj ≠ 2xj tan x

2
cot

n
4
−

n
2x

¼ 0

�
: ð138Þ

FIG. 6. The contour C� in blue is the anticlockwise circles
around the points in M� (orange dots).
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From (137) and (138) we can tentatively choose

FþðzÞ ¼ tan
x
2
tan

z
4
þ z
2x

; ð139Þ

F−ðzÞ ¼ tan
x
2
cot

z
4
−

z
2x

: ð140Þ

First of all, using F�, we can replace the sine and cosine
function in (133) both by the same rational function,

sin2
n
4
; cos2

n
4
→

n2

n2 þ ð2x tan x
2
Þ2 ¼ G�ðnÞ: ð141Þ

Second, the contour integral of logG�ðzÞ (134) may have
subtle issue with branch cut. For (141), we can instead use

∂α log
z2

αþ z2
¼ −

1

αþ z2
; ð142Þ

to compute the exponent in (134) as

I� ¼ −
1

4πi

Z
4x2 tan2 x=2

0

dα
Z
C�

dz
1

αþ z2
F0
�ðzÞ

F�ðzÞ
: ð143Þ

Moreover, F0
�ðzÞ may have additional poles on the com-

plex plane. For practical purpose of the resummation, we
hope the additional poles to be as few as possible. Since
C�circles around the poles of F�ðzÞ, we are free to replace
part of F0

�ðzÞ using the equation F�ðzÞ ¼ 0 because this
does not change the residue at the poles. Lastly, we should
note that the choice of F� is not unique. We can consider
any function g that does not share the zeros with F� and
define a new F̃� ¼ F�g, which leads to

F̃0
�ðzÞ

F̃�ðzÞ
¼ F0

�ðzÞ
F�ðzÞ

þ g0ðzÞ
gðzÞ : ð144Þ

The purpose of g is to kill the possible slowly decaying
piece in F0

�ðzÞ=F�ðzÞ at infinity such that we can deform
the contour C� to possibly finite numbers of poles on the
complex plane and evaluate the integral (143) simply by the
residue theorem.
Keeping these tricks in mind, we find

F0þðzÞ ¼ −
2þ x csc2ðz=4Þ tanðx=2Þ

4x
; ð145Þ

⇒
F0þðzÞ
FþðzÞ

≃
4x2 þ 8x cotðx=2Þ þ z2 cot2ðx=2Þ
8xz cotðx=2Þ − 16x2 cotðz=4Þ ; ð146Þ

where we replaced csc2ðz=4Þ with a quadratic polynomial
of z using FþðzÞ ¼ 0. Moreover, (146) grows linearly
for large z, together with 1=ðαþ z2Þ does not guarantee
trivial integral at infinity. We can add an entire function
gðzÞ ¼ ecz

2

in (144) for some c to kill this linearly growing

piece. It follows that

F̃0þðzÞ
F̃þðzÞ

≃
2xþ cotðx=2Þð4 − z tanðz=4ÞÞ
4z cotðx=2Þ þ 8x tanðz=4Þ : ð147Þ

For simplicity, from now on we will omit the tilde symbol
and redefine F̃þ → Fþ. We apply similar tricks to F− and
find

F0
−ðzÞ

F−ðzÞ
≃
2xþ cotðx=2Þð4þ z cotðz=4ÞÞ
4z cotðx=2Þ − 8x cotðz=4Þ : ð148Þ

Substituting these into (143), we deform the contour C�
to just a few poles on the complex plane. For Iþ, the
remaining poles are z ¼ 0;�i

ffiffiffi
α

p
; for I−, the remaining

poles are z ¼ �2x;�i
ffiffiffi
α

p
. Using the residue theorem at

these points and integrate over α, we find that

Iþ ¼ log

�
1þ x

2
tan

x
2

�
−
1

2
x tan

x
2
; ð149Þ

I− ¼ −2 log cos
x
2
−
1

2
x tan

x
2
: ð150Þ

For low temperature, taking y ¼ π − x and expanding
around y ∼ 0, we find

Iþ þ I− ¼ −
2π

y
þ 2þ log 4π − 3 log yþ πy=6þOðy2Þ:

ð151Þ

Since y ∼ 1=βr by (115), the total 1-loop contribution at
low temperature is

Z1−loopðβÞ ¼ e−ðIþþI−Þ=2 ∼
1

β3=2
ee1βþc1=β; ð152Þ

e1 ¼
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 1=dÞλ

p
; c1 ¼ −

12þ π2

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − 1=dÞλp ; ð153Þ

where the 1=β3=2 is the expected 1-loop contribution
consistent with the Schwarzian derivative [3], and the
exponents are λ order corrections to the on shell action
(117). Together with the tree-level result and applying
inverse Laplace transformation, the spectrum with the
h ¼ 2 mode is

ρh¼2ðEÞ ∼ sinhC
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE − E0Þ=λ3=2

q
; ð154Þ

where

C ¼ 2π

ð1 − 1=dÞ3=4 ð1 − λð1 − 1=dÞð12þ π2Þ=8Þ; ð155Þ
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E0 ¼ −
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − 1=dÞλp ð1þ λð1 − 1=dÞ=4Þ: ð156Þ

There is no surprise that we get the same spectrum from
Schwarzian derivative if we only include the 1-loop
contribution from the h ¼ 2 mode. Indeed, the saddle
and the first line of the quadratic action in (119) is
essentially the same as the double-scaled SYK model up
to 1=d corrections to some unimportant parameters.

2. Approximate eigenvalues for h ≠ 2

Recall that there are d − 1 modes in the quadratic
action (119) with h ≠ 2. They turn out to have a much
different 1-loop contribution. However, the difficulty of
applying Sommerfeld-Watson resummation is that we do
not have a simple expression for the eigenfunction and the
eigenvalues. Nevertheless, for large enough eigenvalues,
we may be able to find an approximate expression that
captures the asymptotic behavior in the sum over infinite
eigenvalues. Let us denote M̃� as the set of approximate
eigenvalues. The trick is that we can split the sum
over eigenvalues into two parts. We can set up a subset
K� ⊂ M� of eigenvalues. For eigenvalues n∈K� we use
exact numeric solution, and for n ∉ K� we use the
approximation of large eigenvalues in M̃� (see Fig. 7).
For those eigenvalues in M̃� not used in this approxima-
tion, we denote them as K̃�. In this treatment, the error is
suppressed in the large size of K� limit.
The large parameter approximation of associated

Legendre function is given in [50], from which we find
for large n, the eigenfunctions (123) are approximately

f̃þðθÞ ∼
n
x
cos

nðπ
2
− θÞ
2x

þ γ cot θ sin
nðπ

2
− θÞ
2x

; ð157Þ

f̃−ðθÞ ∼
n
x
sin

nðπ
2
− θÞ
2x

− γ cot θ cos
nðπ

2
− θÞ
2x

; ð158Þ

γ ≡ hðh − 1Þ ¼ −2=ðd − 1Þ < 0: ð159Þ

It is remarkable that if we take h ¼ 2, the above approxi-
mate eigenfunctions become exact and identical to (135)
and (136).
Taking θ ¼ θr in (157) and (158) and requiring f̃� ¼ 0

leads to discrete eigenvalues. Unlike the h ¼ 2 case, where
we only have real eigenvalues, here we may have pure
imaginary eigenvalues because γ < 0. For f̃þ, the defining
equation is

tan
x
2
tan

n
4
þ n
γx

¼ 0: ð160Þ

Taking n → in, the equation becomes

tanh
n
4
¼ n

ð−γÞx tan x
2

; ð161Þ

which has two nonzero solutions (with opposite sign) when

x tan
x
2
>

4

−γ
¼ 2ðd − 1Þ ⇔ βr > β0 ð162Þ

for a some temperature T0 ¼ 1=β0. For f̃−, the case is
similar that with n → in we have

coth
n
4
¼ n

ð−γÞx tan x
2

; ð163Þ

which always have two opposite solutions as long as γ < 0.
Let us define the approximate eigenvalues M̃� as

M̃þ ¼
�
n ≠ 0j tan x

2
tan

n
4
þ n
γx

¼ 0

�
; ð164Þ

M̃− ¼
�
nj tan x

2
cot

n
4
−

n
γx

¼ 0

�
; ð165Þ

where n ¼ 0 is excluded for M̃þ because it corresponds to
a trivial f̃þ. On the other hand, for M̃− we do not need to
exclude a trivial eigenvalue like n ¼ 2x as in h ¼ 2

case because there is no n leading to trivial f̃−.
Therefore, n ¼ 2x can regarded as an emergent mode
for h → 2. Even though we find two different types of h
for d > 9 and 1 < d < 9, the asymptotic eigenvalues M̃�
only depend on γ, which is smooth across d ¼ 9. Another
feature of M̃� is that the defining equation holds for
n → −n just like the h ¼ 2 case. This is also the symmetry
of full eigenfunction f�, which means that we can
double count the positive and negative eigenvalues in

FIG. 7. An illustration of the contour choice of C� (blue circles)
and the subset K� and K̃�. The orange dots are the exact
eigenvalues M�, and the green dots are the approximate
eigenvalues M̃�. When the approximate eigenvalues are very
close to the exact ones, we choose C� to circle around them and
use M̃� to replaceM�. When the approximation is bad near the
origin, we take the exact ones in K� and ignore the approximate
ones in K̃�. As they obey quite different equations near the
origin, the number of points in K� and K̃� can be different.
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the Sommerfeld-Watson resummation with an additional
1=2 factor as before.
The computation with the approximate eigenvalues is

very similar to Sec. IV D 1. We define

FþðzÞ ¼ tan
x
2
tan

z
4
þ z
γx

; ð166Þ

F−ðzÞ ¼ tan
x
2
cot

z
4
−

z
γx

: ð167Þ

Using F�, we can replace the sine and cosine function
in (133) both by the same rational function,

sin2
n
4
; cos2

n
4
→

n2

n2 þ ðγx tan x
2
Þ2 ¼ G�ðnÞ: ð168Þ

It follows that the exponent in (134) is

I� ¼ −
1

4πi

Z
γ2x2 tan2 x=2

0

dα
Z
C�

dz
1

αþ z2
F0
�ðzÞ

F�ðzÞ
: ð169Þ

Using the same trick as before, we find

F0þðzÞ
FþðzÞ

≃
γxþ cotðx=2Þð4 − z tanðz=4ÞÞ
4ðz cotðx=2Þ þ γx tanðz=4ÞÞ ; ð170Þ

F0
−ðzÞ

F−ðzÞ
≃
γxþ cotðx=2Þð4þ z cotðz=4ÞÞ
4ðz cotðx=2Þ − γx cotðz=4ÞÞ : ð171Þ

Taking these into (169), we deform the contour C� to
other poles on the complex plane. For this step, it depends
on how much we trust the approximation of asymptotic
eigenvalues M̃�. If we define C� excluding the subset
K� ∈M�, and approximate the remainder eigenvalues as
M̃�, after deformation of C�, we should consider the
residue at the corresponding set of eigenvalues K̃� in M̃�.
As a complement, we need to include the eigenvalues inK�
explicitly in (133). A subtlety is that the number of
eigenvalues in K� may not equal to that in K̃� because
these excluded eigenvalues are near origin and M̃� may
differ from M� by a finite amount (see Fig. 7).
Besides these nontrivial poles in (169) depending on K̃�,

the remaining poles are z ¼ 0;�i
ffiffiffi
α

p
for Iþ; and the

remaining poles are z ¼ �i
ffiffiffi
α

p
for I−. Using residue

theorem at these points and integrate over α, we find
that [51]

Iþ ⊃ log

����1þ 1

4
γx tan

x
2

���� − 1

4
γx tan

x
2
; ð172Þ

I− ⊃ −
1

4
γx tan

x
2
: ð173Þ

Expanding in small y ¼ π − x, we have

Iþ ∼ −
γπ

2y
þ γ

2
þ log

jγjπ
2y

þ 48 − 24γ þ γ2π2

24γπ
y; ð174Þ

I− ∼ −
γπ

2y
þ γ

2
þ γπ

24
y: ð175Þ

For the nontrivial poles at K̃� (because we exclude them in
C�) after deforming C�, we have

I� ⊃
1

2

X
p∈ K̃�

log

����1þ γ2x2tan2x=2
p2

����
¼

8>><>>:
− 1

2

P
p
log

��sin2 p
4

�� p∈ K̃þ

− 1
2

P
p
log

��cos2 p
4

�� p∈ K̃−;
ð176Þ

where we used the fact that Resz¼pðF0
�ðzÞ=F�ðzÞÞ ¼ 1 at

any simple pole. On other hand, we should take explicit
eigenvalues in K�,

Iþ ⊃
1

2

X
p∈Kþ

log
���sin2 p

4

���; ð177Þ

I− ⊃
1

2

X
p∈K−

log
���cos2 p

4

���: ð178Þ

As we decrease the temperature, there is a singularity at
x tan x

2
¼ 4=ð−γÞ in (172), which corresponds to the tem-

perature T0. However, it is unphysical and needs to be
resolved because we should not trust the approximate
eigenvalues near the origin. This requires nonempty choice
of K̃þ. Indeed, as we decrease temperature across T0, there
is a pair of zeros of Fþ in (166) moves from real axis to
imaginary axis. In particular, at Tr ¼ T0, Fþ has triple zero
at z ¼ 0. If we include this pair of zeros in K̃þ, (176) will
give a singularity at Tr ¼ T0, which compensates the
singularity in (172). Let us check this explicitly by
expanding γ in the neighborhood as

γ ¼ −
4

x tan x=2
þ δ: ð179Þ

The singularity of (172) is log jδj. The eigenvalue around
the origin from Fþ ¼ 0 can be expanded in terms of δ,

FþðzÞ ¼ 0 ⇒ z ¼ p ¼ �2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3δx tan

x
2

r
: ð180Þ

Taking this p into (176), we find divergence ∼ log 1=jδj,
which cancels the singularity of (172) exactly. This is
reasonable because the sum over (172) to (176) is nothing
but the Sommerfeld-Watson resummation of M̃� exclud-
ing K̃�. Since we exclude the only zero that may across the
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origin and cause singular determinant (133), all other
eigenvalues in M̃þ are finite and should give a smooth
result.
From this analysis, we learn another lesson that the

choice of K̃þ also depends on the temperature. For
Tr > T0, we can choose K̃þ to be empty set without too
much error [see Fig. 8(a)]. However, as temperature drops
to Tr < T0, we must choose K̃þ to include at least two
opposite imaginary eigenvalues to cure the unphysical
singularity [see Fig. 8(b)]. Let us consider the low temper-
ature contribution from this pair of imaginary eigenvalues
in (176). Taking y ¼ π − x and expand in small y limit, the
imaginary eigenvalues are

p ≈�2πiγ=y; ð181Þ

which in (176) leads to

Iþ ⊃ − log sinh2
πð−γÞ
2y

≈
πγ

y
: ð182Þ

We can consider a nontrivial K̃− as well. As we
discussed before, for γ < 0 there is a pair of imaginary
eigenvalues in M̃− given by (163) [see Fig. 9(a)]. For small
y, this eigenvalue is given by

p ¼ �i2πð−γÞ=y: ð183Þ

If we include them in K̃−, the contribution to (176) is

I− ⊃ − log cosh2
πð−γÞ
2y

≈
πγ

y
; ð184Þ

which is the same as (182) at leading order.

3. The first exact eigenvalue for 2 ≤ d < 9

Since we choose a nontrivial K̃�, we need to include
the exact eigenvalues in K� for compensation in (177). We
will split the discussion into two parts; h ¼ 1=2þ iν
(2 ≤ d < 9) and h < 1=2 (d ≥ 9) because they have quite
different behaviors. In this section, we will focus on the
h ¼ 1=2þ iν case.
To solve the exact eigenvalues in low temperature, we

can expand the exact wave function around small θr ¼ y=2
to first two orders [52],

f�ðθrÞ∝ ðy=4Þ2h−1
�
coshπ�cos

nπ
2x

�
∓ πΓðhþ1=2Þ
Γð3=2−hÞΓðh−n=ð2xÞÞΓðhþn=ð2xÞÞþ��� :

ð185Þ

For h ¼ 1=2þ iν with ν > 0, there is a critical tem-
perature Tþ. If Tr < Tþ there will be pairs of opposite
imaginary eigenvalues as shown in Fig. 8(d); if Tr > Tþ,

FIG. 8. Comparison of fþðθrÞ and f̃þðθrÞ as function of n. Zeros are eigenvalues. The first row (a) and (b) are for h < 1=2, and the
second row (c) and (d) are for h ¼ 1=2þ iν. The blue/yellow curve is the real/imaginary part of the exact eigenfunction fþðθrÞ [in the
first row fþðθrÞ is real] and the green curve is the approximate eigenfunction f̃þðθrÞ. The normalization has been tuned for a better
visual comparison, in which some trivial zeros in the expression (123) and (157) are also removed. Since the functions are symmetric in
n, we only plot the n > 0 or ℑn > 0 part. The red dashed lines are n ¼ 4πZ, on which the determinant (133) will be singular.
(a) Tr > T0 and all eigenvalues of M̃þ are real. (b) Tr < T0 and a pair of eigenvalues of M̃þ is imaginary [the right picture of (b)]
though all eigenvalues of Mþ are still real. (c) Tr > Tþ and all eigenvalues of Mþ are real. (d) Tr < Tþ and a pair of eigenvalues of
Mþ is imaginary [the right picture of (d)].
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all eigenvalues are along the real axis as shown in Fig. 8(c).
The critical temperature occurs at a value of θr ∈ ½0; π=2�
such that fþðθrÞ ¼ 0 and n ¼ 0. For 2 ≤ d ≤ 9, ν ¼
1
2

ffiffiffiffiffiffi
9−d
d−1

q
≤ 1.32 by (122) and we find that the small θr

expansion (185) gives a quite good approximation.
Taking n ¼ 0 in (185), we find

ðy=4Þ2iν ¼ πΓð1þ iνÞ
Γð1 − iνÞΓð1=2þ iνÞ2ð1 − i sinh πνÞ : ð186Þ

Note that the rhs has unit norm, which leads to a real
solution of y. Moreover, there are infinite numbers of
solutions of y because y → yekπ=ν for any k∈Z is also a
solution. This means that as we decrease the temperature,
there will be more and more pure imaginary eigenvalues.
For our purpose, we find the critical temperature 1=βþ for
the existence of the first pure imaginary eigenvalue
corresponds to k ¼ −1, namely

yþ ¼ 4

�
πΓð1þ iνÞ

Γð1 − iνÞΓð1=2þ iνÞ2ð1 − i sinh πνÞ
�
− i
2ν

e−π=ν

∼ 2π=ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=d

p
βþÞ; ð187Þ

where the second line is copied from (115). More accu-
rately, the critical temperature Tþ is given by (114) in terms
of yþ. We show in Fig. 10 that this critical temperature is
lower than T0.
Existence of such a critical temperature has a signifi-

cant impact on the 1-loop determinant. At the critical

FIG. 9. Comparison of f−ðθrÞ and f̃−ðθrÞ as function of n. Zeros are eigenvalues. The first row (a) is for h < 1=2, and the second row
(b) and (c) are for h ¼ 1=2þ iν. The blue/yellow curve is the real/imaginary part of the exact eigenfunction f−ðθrÞ (in the first row
f−ðθrÞ is real) and the green curve is the approximate eigenfunction f̃−ðθrÞ. The normalization has been tuned for a better visual
comparison, in which some trivial zeros in the expression (123) and (158) are also removed. Since the functions are symmetric in n, we
only plot the n > 0 or ℑn > 0 part. The red dashed lines are n ¼ 2π þ 4πZ, on which the determinant (133) will be singular. (a) M−
only has real eigenvalues and M̃− has one pair of imaginary eigenvalues. (b) Tr > T− and the smallest positive eigenvalue of M− is
larger than 2π. (c) Tr < T− and the smallest positive eigenvalue ofM− is smaller than 2π. The smallest positive eigenvalue of M̃− never
crosses 2π.

FIG. 10. Three temperatures for d∈ ½2; 9� and h ¼ 1=2þ iν.
The blue curve is the temperature T0 related to approximate
eigenvalues M̃þ, which has no physical significance. The yellow
curve is the critical temperature Tþ for exact eigenvalues Mþ
and the dashed curve is the approximation (187). The yellow
curve is the critical temperature T− for exact eigenvaluesM− and
the dashed curve is the approximation (193). Here we see that the
approximation for T� works quite well and T0 > Tþ > T−.
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temperature, there is an exact null eigenvalue, which leads
to vanishing determinant. This means that the partition
function will be singular at a specific temperature and
imply an infinite tail in the spectrum. To see this,
let us expand y ¼ yþ þ t and solve n for small t. Since
there are two symmetric eigenvalues, the leading order
must be

n=x ¼ �Aþt1=2; Aþ > 0 ð188Þ

where for t > 0 two eigenvalues are real and for t < 0 two
eigenvalues are imaginary. Existence of imaginary eigen-
values implies instability of the homogenous saddle. To
avoid finding new saddles, let us focus on t > 0 and
study the critical behavior as t gets close to zero. The
contribution to Iþ in (177) is

Iþ ∼ log sin2ðAþt1=2x=4Þ ∼ logðy − yþÞ: ð189Þ

Practically, taking this exact eigenvalue into Kþ does not
affect the choice of K̃þ because M̃þ does not have a
corresponding eigenvalue for this one (but it has another
pair of pure imaginary eigenvalues as discussed before
because Tþ < T0) as shown in Fig. 8(c).
Together with log 1=y term in (174), we find the

contribution to the 1-loop determinant is

e−ðd−1ÞIþ=2 ∼
1

ðβþ − βrÞðd−1Þ=2
; ð190Þ

where the power (d − 1) is due to (d − 1) numbers of h ≠ 2
modes. As we restrict to t > 0, here we should consider the
validity of this partition function only for βr < βþ. The
inverse Laplace transformation for E < 0 [53] leads to

ρðEÞ∼
Z
iR

ð2πiÞ−1dβeEβ
ðβþλ−1

2−βÞðd−1Þ=2∼ð−EÞðd−3Þ=2eβþλ−
1
2E; ð191Þ

which means that the spectrum is noncompact and has a
tail! As d increases, though the power part grows, the more
important critical inverse temperature βþλ−1=2 increases as
well and leads to a stronger suppression. This is consistent
with our expectation that larger d has a smaller tail.
Physically, at the critical temperature Tþ, having a null

eigenvalue at quadratic order simply means we need to
consider cubic or higher-order terms around the saddle to
soften this singularity. This analysis will be quite involved
and beyond the scope of this work. However, this does not
affect (189) for Tr ≳ Tþ or the existence of the exponential
tail of the spectrum in (191) though its shape might be
modified for large enough jEj.
As for K−, the situation is similar to Kþ. As we drop the

temperature over some value, a pair of real eigenvalues with
smallest magnitude in M− moves to imaginary axis
after colliding at the origin. However, a null eigenvalue

for M− does not cause any issue because the contribution
to determinant (177) is a cosine function rather than a
sine function. Indeed, the singularity occurs at a higher
temperature T− when an exact eigenvalue hit n ¼ 2π [see
Figs. 9(b) and 9(c)]. To solve this critical temperature T−,
we set f−ðθrÞ ¼ 0 with n ¼ 2π in (185), which leads to�
π − x
4

�
2iν

¼ Γð1þ iνÞΓð1
2
− iνþ π

xÞ cos πðiν − π
xÞ

Γð1 − iνÞΓð1
2
þ iνþ π

xÞðcos π
2

x þ i sinh πνÞ ;

ð192Þ

where we plugged in θr ¼ ðπ − xÞ=2.
We do not have a small parameter to solve this equation

perturbatively. However, the solution can be approximated
by iteration: take x → π on the rhs and solve x for lhs, then
take this value to rhs and solve x for lhs, and so on. The
leading-order approximation in y ¼ π − x variable is

y− ≈ 4

�
Γð1þ iνÞΓð3=2 − iνÞ cosh πν

Γð1 − iνÞΓð3=2þ iνÞð1 − i sinh πνÞ
�

− i
2ν

e−π=ν:

ð193Þ

Numerically, this approximation works well for d∈ ½2; 9� as
shown in Fig. 10. For this range of d, we show that T− <
Tþ in Fig. 10. Therefore, the true physical critical temper-
ature (with λ1=2 restored) is

Tc ¼ Tþλ1=2: ð194Þ

For temperature above but close to Tc, the full tree level
plus 1-loop low temperature partition function is

ZðβÞ ∼ 1

ð1=Tc − βÞðd−1Þ=2β3=2 e
−βE0þc=β; ð195Þ

where c ¼ π2=½λð1 − 1=dÞ�3=2 þOð1=λ1=2Þ and the
“ground” energy E0 has leading contribution from the
saddle (117) and subleading contribution from (151), (174),
(175), (182), and (184)

E0 ¼ −
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λð1 − 1=dÞp �
1þ 1

2
ð1 − 1=dÞλþ � � �

�
: ð196Þ

The edge spectrum is given by the inverse Laplace trans-
formation of (195). It is convenient to define the triple-
scaled energy near the edge,

ξ ¼ ðE − E0Þc; ð197Þ

and the spectrum can be written as

ρðξÞ ∼ 1

2πi

Z
ϵþi∞

ϵ−i∞

dβeβξþ1=β

ð1=ðcTcÞ − βÞðd−1Þ=2β3=2 ; ð198Þ
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where we should choose 0 < ϵ < 1=ðcTcÞ. From this
equation, the effective parameter that controls the sharpness
of the transition between the chaotic part of the spectrum
∼e2

ffiffi
ξ

p
and the exponential tail ∼ð−ξÞðd−3Þ=2eβ�ξ is

β� ≡ 1=ðcTcÞ ≈
ð1 − 1=dÞ3=2

π2
·
λ

Tþ
: ð199Þ

Though λ is a small parameter in our approximation, from
Fig. 10 we see Tþ can also go to a very small value when d
gets close to 9. Therefore, how sharp the transition is
depends on the competition between λ and d. Physically,
this is quite reasonable. When λ is smaller, the model is
closer to the commuting SYK model with noncompact
spectrum and we should expect a bigger tail and a milder
transition; when d is larger, the model is closer to the
double-scale SYK model with compact spectrum and we
should expect a smaller tail and sharper transition. This
feature is illustrated in Fig. 11.
In the case Tþ ≪ λ that is relevant to the numerical

simulation in Sec. VI, for the energy window very close to
the tail, we will mainly have the transition between ∼

ffiffiffi
ξ

p
and ∼ð−ξÞðd−3Þ=2eβ�ξ. For this regime, we can drop the c=β
term in the exponent of the partition function (195) and the
energy resolution changes from 1=c to Tc. Let us define

ζ ¼ ðE − E0Þ=Tc; ð200Þ

and the spectrum is given by

ρðζÞ ∼ eζ

2πi

Z
−1=2þi∞

−1=2−i∞

dteζt

ð1þ tÞ3=2ð−tÞðd−1Þ=2

¼
8<:

eζUð3=2−d=2;1−d=2;−ζÞ
Γððd−1Þ=2Þ ζ < 0

Uð−1=2;1−d=2;ζÞ
Γð3=2Þ ζ > 0;

ð201Þ

where we changed variable β ¼ ð1þ tÞ=Tc in the first line
and Uða; b; zÞ is the Tricomi’s confluent hypergeometric

function. This expression is a smooth interpolation between
two asymptotic regions and particularly improves the
estimation around ζ ¼ 0, at which the two asymptotic
expressions ∼

ffiffiffi
ζ

p
and ∼ð−ζÞðd−3Þ=2eζ are both singular.

4. 1-loop correction for d > 9

For d > 9 we have real h < 1=2. In this case, the exact
eigenvaluesMþ are always real. From Fig. 8(b) we see that
in low temperature Tr < T0 (but not too low), the approxi-
mate eigenvalues M̃þ matches with Mþ quite well except
the pure imaginary one in K̃þ. On the other hand, there is
indeed no imaginary eigenvalues in the exact set Mþ.
Therefore, to compensate K̃þ, we need to include at least
the pair of exact eigenvalues with smallest magnitude,
which has no approximate proxy in M̃þ in Fig. 8(b).
For h < 1=2 and small y, the first term of (185) is

singular. To find the first solution of fþðθrÞ ¼ 0 we need
to take nπ=ð2xÞ close to πð1 − hÞ because 1=ΓðxÞ is a
entire function. It follows that the first positive exact
solution is

p=x ≈ 2ð1 − hÞ − 2Γðhþ 1=2Þðy=4Þ1−2h
Γð2h − 1ÞΓð3=2 − hÞ sin hπ : ð202Þ

Taking this back to (177) gives a smooth and finite
contribution to Iþ ∼ log cos2ðπh=2Þ þOðy1−2hÞ.
For M−, we again find all eigenvalues being real for

h < 1=2. In this case, as long as the temperature is not too
low, the eigenvalues in M− has one-to-one match with the
real eigenvalues in M̃− with small errors [Fig. 9(a)]. These
errors asymptotically approach to zero as n goes large. The
first positive exact eigenvalue is around n=x ∼ 2h, which
gives a finite value for I− ∼ log cos2ðπh=2Þ.
By above analysis, we find no singular term appearing at

the 1-loop level for h < 1=2. It follows that the mechanism
for the tail of the spectrum in the IR for h ¼ 1=2þ iν
breaks down. This is consistent with the observation in
Fig. 10 that the critical temperature Tþ goes to zero
when d → 9. One may wonder if there is a different
mechanism to produce a tail at 1-loop order if we consider
a larger set of K� of exact eigenvalues. This sounds
plausible since the approximation of K̃� becomes worse
if we go to lower temperatures and perhaps the accumu-
lation of the errors may cause something dramatic. We do
this analysis in Appendix B, and numerically find a
correction to the partition function from a large size
(∼100) of K� that

ZðβÞ ∼ 1

β3=2þa2=2
e−βðẼ0þ1

2
a1

ffiffi
λ

p Þþc=β; ð203Þ

where Ẽ0 is the ground energy of the leading large d
approximation q → q̄ by (41),

FIG. 11. The edge spectra for different d < 9 (blue curves).
Here we choose λ ¼ 1=2 for all three figures. As d increases, the
transition between ξ > 0 and ξ < 0 becomes sharper. The orange
dashed curves are ∼ð−ξÞðd−3Þ=2eβ�ξ and the green dot-dashed
curves are ∼ sinh 2

ffiffiffi
ξ

p
. The normalizations of the asymptotic

curves are correctly estimated to match the exact spectra.
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Ẽ0 ¼ −
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1 − qÞð1 − 1=dÞp

¼ −
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λð1 − 1=dÞp �
1þ λ

4
þ � � �

�
; ð204Þ

and a1;2 are two parameters to fit with the numeric data.
From Fig. 16(b), we find both a1;2 go to zero as d increases
as expected [54].
Using the ξ from (197) with E0 ¼ Ẽ0 þ a1

ffiffiffi
λ

p
=2, the

inverse Laplace transformation of (203) leads to the
spectrum,

ρðξÞ ∼ ξða2þ1Þ=4Iða2þ1Þ=2ð2
ffiffiffi
ξ

p
Þ; ð205Þ

where Ik is the modified Bessel function of first kind. The
low and high energy behavior of this spectrum is

ρðξÞ ∼
(
ξða2þ1Þ=2 ξ ≪ 1

ξa2=4e2
ffiffi
ξ

p
ξ ≫ 1:

ð206Þ

In this expression, a1 shifts the ground energy to the left
and a2 modifies the shape of the spectrum.
This numeric computation shows the low temperature

partition function and the spectrum for large but finite
d > 9 beyond the Schwarzian limit of the double-scaled
SYK at 1-loop order. However, the 1-loop analysis does not
give the tail of the noncompact spectrum. We expect this
highly suppressed tail follows from higher-loop correc-
tions, which we leave for future investigation.

V. THERMODYNMICAL MEANING
OF THE CRITICAL TEMPERATURE

In previous sections, we have computed a critical
temperature Tc for the dcSYK model in the q ¼ 0 case
and the q → 1 case with d < 9. Since this critical temper-
ature is read from the exponent of the infinite exponential
tail of the spectrum, we should naturally expect that there
does not exist quantum chaos for T ⪅ Tc because the
system simply does not have enough eigenvalues to
scramble in the tail regime with a sparse spectrum. On
the other hand, the existence of the h ¼ 2 mode for q → 1,
which is identical to the Schwarzian mode, suggests that
quantum chaos should exist for T⪆Tc. This transition of
quantum chaos will be further supported by our numerical
studies of spectral form factor in Sec. VI B. However, this
physical interpretation has nothing to do with the critical
temperature in the thermodynamical sense, defined as a
nonsmoothness change of free energy.
To compute the thermodynamical critical temperature

Tt:c., we need to compute the ensemble average of
logZðβÞ. However, the chord diagram formalism on a disk
in the double-scale limit is equivalent to compute the
ensemble average of ZðβÞ. As a canonical ensemble, these

two are equivalent in most temperatures because eigenval-
ues thermalize almost in the same way across different
random samples. As we go to the low temperatures when
only finite numbers of eigenvalues contribute to the free
energy, the fluctuation among random samples becomes
huge, and E½logZðβÞ� and logE½ZðβÞ� can have a signifi-
cant difference. Physically, we often call the former as
“quenched” and the latter as “annealed”.
It is usually quite hard to compute the quenched free

energy,

FqðβÞ ¼ −
1

Nβ
E½logZðβÞ�; ð207Þ

for a chaotic system because of the ensemble average of a
log function. A practical way is to use a replica trick to
compute FnðβÞ ¼ − 1

NβE½ZðβÞn − 1�=n for all positive
integer n and analytically continue n to 0,

FqðβÞ ¼ lim
n→1

FnðβÞ: ð208Þ

Computing the n replica ensemble average of the partition
function in the double-scale limit requires computing the
chord diagrams connecting n circles following the method
in [55], though we do not have a closed form for general n
even for the double-scaled SYK model.
Nevertheless, the annealed free energy,

FaðβÞ ¼ −
1

Nβ
logE½ZðβÞ�; ð209Þ

is still informative because it gives a lower bound to the
truly thermodynamical critical temperature Tt:c: Indeed, it
follows from the following general inequality for any finite
N system (see e.g., [56]),

FqðβÞ≥FaðβÞ; −β2∂βFqðβÞ¼ ∂TFqð1=TÞ≤0: ð210Þ

The first is due to − log x being a convex function, and the
second is the positivity of entropy. If the ensemble average
gives a continuous spectrum in IR, the annealed free energy
Fað1=TÞ will not be a monotonically decreasing function
for small enough T. Therefore, the thermodynamically
critical temperature is bounded from below,

Tt:c: ≥ Tl:b:; ∂TFað1=TÞjT¼Tl:b:
¼ 0: ð211Þ

Let us consider two relevant simple examples. The first
example is for unbounded Gaussian spectral density (56) of
commuting SYK model with Hamiltonian Ha=

ffiffiffi
d

p
. Note

the full spectrum density includes the 2N factor to (56). The
annealed free energy is given by

FaðβÞ ¼ −T log 2 −
1

2dNT
; ð212Þ
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which leads to

Tl:b: ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2dN log 2
p : ð213Þ

The second example is for the square-root edge spectrum
ρðEÞ ≈ 2ffiffi

π
p eNs0

ffiffiffiffi
E

p
where s0 is of Oð1Þ. This leads to

partition function ZðβÞ ¼ eNs0=β3=2. For this partition
function, it is easy to find

FaðβÞ ¼ −Ts0 −
3T
2N

logT ð214Þ

⇒ Tl:b: ¼ e−2Ns0=3−1: ð215Þ

From these two examples, we see clearly that the compact
spectrum potentially has a much lower critical temperature
than the Gaussian noncompact spectrum.
For the q ¼ 0 dcSYK model, the tail shape (89) is

essentially the same as the Gaussian case (56) times a factor
of dedþ1. Regarding the annealed free energy, if T > Tc we
use (214) as an approximation, and if T < Tc we can just
consider the Laplace transformation of (89) for y < 0 as an
estimation for ZðβÞ. This is reasonable because the lower
bound critical temperature (215) from the T > Tc part is
much lower than Tc. It turns out that the lower bound
critical temperature from (89) is similar to (213)

Tl:b: ≈
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2dN


log 2þ log dþdþ1

N

�r : ð216Þ

Note that this lower bound of critical temperature is much
lower than Tc ¼ 1=ð2dÞ since d ≪ N. If we assume the
true thermodynamical critical temperature Tt:c: is of the
same order of Tl:b: [57], there is a wide temperature window
between Tt:c: and Tc, in which the self-averaging still holds
though the dynamics is nonchaotic and perhaps similar to
the commuting SYK model like [25].
For the q → 1 and d < 9 case, the scenario is different.

Starting with the 1-loop partition function (195) with
additional normalization eNs0 with s0 ∼Oð1Þ, the annealed
free energy can be computed directly,

FaðβÞ ¼ −Ts0 þ
E0

N
−
cT2

N
þ T log ðT=Tc−1Þd−1

Td−4

2N
: ð217Þ

Noting that c ∼ λ3=2 and Tc ∼ λ1=2, we find

Tl:b: ≈ Tc

�
1þ d − 1

2Ns0

�
; ð218Þ

which is indeed very close to Tc. If we again assume
the thermodynamical critical temperature Tt:c: is of the
same order as Tl:b., it is also of the same order as Tc.

Therefore, Tc has a thermodynamical meaning that the
self-averaging holds only for T ≳ Tc, and there is a new
phase in T < Tc. Note that in the strict λ → 0 limit, we
will have Gaussian spectral density, whose Tt:c: is
roughly (213) and scales as 1=

ffiffiffiffi
N

p
. This is compatible

with Tc ∼ λ1=2 ∼Oð1= ffiffiffiffi
N

p Þ.

VI. NUMERIC RESULT

A. The spectrum

To check our analytic results, we compare them with
results from exact diagonalization. In Fig. 12 we show the
comparison between the numerical result of spectrum of the
N ¼ 15, p ¼ 2, d ¼ 2, 5 model as well as the theoretical
prediction of the double-scaled SYK model with parameter
q̄. We find good agreement between the bulk spectrum of
analytic and numerical results. However, if we zoom in to
the edge of the spectrum, we find a tail exceeding the
theoretical prediction.
In the previous section, we provide an analytical

expression describing the behavior of the tail. Here we
can also compare the tail part of the spectrum from the
numerical computation with that predicted by the analytic
results. We list in Table I the theoretic and numeric values
of the critical temperature Tc, which can be read from the
reciprocal of the exponent of the exponential tail in (191).
Let us emphasize that our numerics has λ ¼ 16=

15 ∼Oð1Þ, it is inappropriate to use the analytic expression
of the “ground” state energy E0 (196) because the loop
expansion in λ is not appropriate. Instead, we will simply
use the theoretic value of the double-scaled SYK model
with q → q̄ replacement, which leads to

fE0 ¼ −2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − 1=dÞð1 − e−λÞ

q
: ð219Þ

We can compare this with the numerical results. Examples
of the fitting to the tail part is shown in Fig. 13. We also
list the comparison between the theoretical value and the
numerics in Table II. We observe that for small d the
agreement is quite well, as d increases the tail region
becomes shorter so the fitting is less reliable.
In this computation, we sampled over 5000 samples for

the N ¼ 15 model. In this case, λ > Tþ for d ≥ 2 and

FIG. 12. A fit of the whole spectra of models with N ¼ 15,
p ¼ 2 and various d.
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the theoretical prediction of the spectrum (201) applies.
To extract the parameter Tc and E0, we fit the tail part of the
numerical result by (201). A technical detail is that we
should select the appropriate range of data to fit; we should
not include the data points on the very end of the numerical
spectrum since they are subject to large fluctuations and we
also should not include the data that are deep into the bulk
of the spectrum and do not belong to the tail. In practice,
since there is a prior no way to determine the best range that
minimizes the error due to the above factors, we simply
scan over and fit different ranges of data with the ansatz and
choose the range that gives the result closest to the
theoretical value. This gives the best-fitting result and
should be considered as the most optimal bound of the
fitting result. This is the most information about the tail we
can extract from the numerical results. Further notice that in
doing this, we carried out a few consistency checks, such as
the fitting range should be below the theoretical predictedfE0. Another aspect to note is that we do not fit Ẽ0 for d ¼ 3
in Table II because the theoretical prediction of the tail is a
simple exponential decay and Ẽ0 dependence is only
through an overall coefficient.
Notice that strictly speaking, this analytic prediction

works exactly in the N → ∞ and λ → 0 limit. However, as
we can see explicitly that at d ¼ 2; 3 the agreement
between this prediction and the numerical results is already
quite well even thoughN ¼ 15 and λ ¼ 16=15 are not close
to an ideal case. On the other hand, this matching becomes
worse for larger d. This is precisely as expected since the
current analysis of the tail is only at the 1-loop order and
assuming d ≪ N. There are two possible corrections that
come to play a role as d increases. The first is from higher-
loop orders, which modifies the pole of the partition
function. As we argued in Sec. IV D 4 that higher loops
are crucial to explain the tail of the spectrum for d > 9,
since our λ is not small enough, we should expect higher

order corrections start to play a role at even smaller d’s. The
second source of corrections come from finite N effects,
possibly in orders of d=N, as our d is not relatively much
smaller than N. This finite N correction is beyond the
double-scaling limit and requires new computational tech-
niques to analyze it. Nevertheless, the numerical values for
both Tc and jẼ0j monotonically decrease as d increases,
which is qualitatively compatible with our expectation.

B. The spectral form factor

An independent diagnosis of quantum chaos additional
to the shape of the spectrum is the spectral form factor
(SFF) [59],

SFFðβ; tÞ ¼ E½Zðβ þ itÞZðβ − itÞ�: ð220Þ

In our dcSYK model, we can also compute the spectral
form factors numerically for theories with various d.
In Fig. 14, we demonstrate the SFF for the dcSYK

models with N ¼ 12 for d ¼ 1 and d ¼ 2, as well as the
regular SYK model with random couplings normalized
according to (7), which can be considered as the d → ∞
limit of the dcSYK model. In each of the plots, the dashed
lines are SFF for individual samples in the computation,
and the solid curve is the average over all the samples.
From the results, we observe that for d ¼ 1 the SFF does
not contain a ramp and plateau even at infinite temperature
β ¼ 0. On the contrary, in Fig. 14(b) for d ¼ 2 we observe
the clear appearance of ramps and plateaus in the averaged
SFF at β ¼ 0. As we decrease the temperature but still
above the critical temperature Tc (in the setup of Fig. 14,
Tc ¼ 0.187, βc ¼ 5.35 for d ¼ 2), the ramp becomes less
steep comparing with the high temperature result. For
example, as shown in Fig. 14(c) the slope of the ramp at
β ¼ 2 is k ¼ 0.45 which is smaller than the slope of the
ramp at β ¼ 0, which is k ¼ 0.77. As we decrease the
temperature further below Tc in Fig. 14(d), we observe big
fluctuations in samples even at earlier time, this is quali-
tatively different from the regular SYK model as well as the
dcSYK model at higher temperatures. Additionally, we do
not observe increasing ramp in the SFF, in fact, if we fit the
region from 102 to 103 in SFF, we observe a “down” ramp
with a negative slope k ¼ −0.10. In comparison, the SFF of
the regular SYK model (6) at the same low temperature
β ¼ 10 still exhibits clear ramp and plateau structure.FIG. 13. A fit of the tails of the spectra of models with d ¼ 2; 3.

TABLE I. The critical temperature Tc for different d and
comparison of theoretical and numerical values.

Tc=λ1=2 d ¼ 2 d ¼ 3

Theory 0.1809 0.07717
Numerics 0.1836 0.07709
Error 1.5% 0.1%

TABLE II. The “ground” energy Ẽ0 for different d. For d ¼ 3
the parameter E0 does not appear in the fitting ansatz (191), so the
above table does not have the data for d ¼ 3.

Ẽ0 d ¼ 2 d ¼ 3

Theory −3.4926 −3.0247
Numerics −3.5606 Not applicable
Error 1.9% Not applicable
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Since SFF reflects the feature of spectral correlation or
level spacing statistics in the ensemble of energy eigen-
states around the scale of the temperature, the comparison
between Figs. 14(c) and 14(d) indicates two distinct sectors
of eigenstates with different statistics effectively engaging
the SFF at different temperatures. The energy scale (above
the ground state) that separates these two sectors should
be the same order as Tc, which is compatible with our
spectrum analysis.
As we discussed in Sec. V, the critical temperature Tc

suggests the existence of a thermodynamical critical
temperature Tt:c: at the same order. Though our analysis
in the main part of this paper is about the averaged
spectrum, here the numerics of SFF give a further support
for a phase transition below a temperature of the same order
as Tc, and there should exists a significant difference of
spectral correlations in the two phases. This is another
strong evidence that the dcSYK model is quantum chaotic
in the long time scale above this critical temperature. We
will report further studies to better understand the low
temperature phase in future.

VII. CONCLUSION AND DISCUSSIONS

In this work, we have studied a variant of the p-local
SYK model by combining d copies of the integrable
commuting SYK models, which we call the d-commuting
SYK model. Though all terms in each commuting SYK
Hamiltonian are commutative, each commuting SYK
Hamiltonian does not commute with each other because
they are constructed by different basis. Since the total
Hamiltonian is the sum of these commuting SYK compo-
nents, the integrability breaks down for d > 1.
We study the spectrum of this model in the double-scale

limit with λ ¼ 4p2=N fixed and N → ∞. The spectrum is
noncompact for generic d and becomes compact only when
d → ∞. Regarding its shape, it is close to the compact form
of d → ∞ above some energy scale but has an exponential
suppressed tail below it. Therefore, this model can be
regarded as an interpolation between integrability and
chaos. For the canonical ensemble with temperature T,
we can regard the system as chaotic for T > Tc and
nonchaotic for T < Tc.

We compute Tc in two cases. The first case is λ → ∞
where we can use free probability to find the exact form of
the spectrum. The critical temperature Tc ¼ 1=ð2dÞ is read
from the exponent of the exponential tail eðE−E0Þ=Tc for
E < E0 for some E0. The exponential tail is from a
nonperturbative effect in d. The second case is λ → 0
in the Schwarzian limit where we use the coarse-grained
path integral to find the approximate spectrum in the IR.
At the 1-loop level, we find the spectrum has an expo-
nential tail for d < 9. For d > 9we speculate the tail is due
to higher loop effects. In both cases, we observe Tc
decreases as d increases, which indicates a bigger chaotic
regime. The thermodynamical meaning of the critical
temperature Tc is different for the two cases. For
λ → ∞, the thermodynamical critical temperature for a
phase transition is much lower than Tc; for λ → 0, it is of
the same order as Tc.
There have been other discussions about integrability to

chaos transition in the context of SYK-like models.
They generically fall into two classes. One class involves
a direct coupling between an integrable model and a
chaotic model, and the transition is a direct con-
sequence of the competition between the two constituent
models [60]. The second class does not have such explicit
coupling and the transition is purely due to the strong
interaction within the single Hamiltonian [61–63] and the
transition appears at a special value of a parameter of the
model. The theory we consider in this paper is another
example of the second class, where the transition appears
at d ¼ 1.
To justify the 1-loop computation of the coarse-grained

path integral for d < 9, we simulate the dcSYK model for
N ¼ 15 and p ¼ 2, and draw the spectrum by direct
diagonalization. Fitting the data, we find a nice match of
both critical temperature Tc and the “ground” energy Ẽ0

with the 1-loop computation for d ¼ 2; 3. The fit becomes
worse as d gets larger due to both higher loop and the finite
d=N corrections. Numeric spectral form factor at different
temperatures also demonstrate a strong evidence that the
dcSYK model has a phase transition at some temperature
∼OðTcÞ. The model is quantum chaotic only above this
temperature in long timescales.

FIG. 14. (a)–(d) The SFF of models d ¼ 1 and d ¼ 2 for different temperatures. (e) The SFF of regular SYK model (6) at low
temperature β ¼ 10. In all cases we have N ¼ 12, and the solid blue curve is the averaged SFF. In the captions, k is the slope of the ramp
if it exists, and h is the height of the plateau.

PING GAO, HAN LIN, and CHENG PENG PHYS. REV. D 112, 066012 (2025)

066012-26



A. Applications to simulation of holography

The existence of the critical temperature has a useful
implication for future quantum simulation experiments for
holographic systems (e.g., SYK model) under the slogan of
“quantum gravity in a lab” initiated by Susskind in [64].
However, the regular SYK model has OðNpÞ numbers of
terms and is extremely hard to implement on a quantum
simulator. On the other hand, the sparse SYK model [65]
containing randomly picked OðNÞ terms is much simpler
and argued to have a holographic description as well.
Along this line, one of the most interesting simulation
projects is the teleportation protocol of traversable worm-
holes [66–68]. In a recent simulation [24], an attempt was
made with a small N ¼ 7 SYK model with only five terms
in the Hamiltonian that is learned to produce an arguable
signal of traversable wormholes [69,70] on Google’s
Sycamore quantum chip. In this simulation, all terms in
the learned Hamiltonian are commutative to each other and
the model is integrable though it is slightly different from
our construction (3) for d ¼ 1. The analysis in [25] shows
that for small N one cannot clearly distinguish the
simulation signals from the traversable wormhole mecha-
nism in the chaotic regular SYK model or the thermal-
ization process in the integrable commuting SYK model
(see also [71]).
More generally, to simulate an authentic signal of

traversable wormholes in a holographic system, besides
increasing N, we need to break integrability by including
adequate numbers of noncommuting terms and make sure
the system is in a state exhibiting chaotic behavior. Note
that any Hamiltonian in the simulation can be decomposed
in the form of (3) where each H̃a only contains commuting
terms, which may be different from our concrete con-
struction in (3) though. For a decomposition with minimal
number d of groups, one can compute the averaged
noncommutativity parameter q ¼ e−λ among groups, and
our double-scaled analysis gives a typical estimate of the
critical temperature Tc in terms of d and λ. For temperatures
above Tc we can regard the system as having a convincing
signal for traversable wormholes or other broader phenom-
ena of holography. Roughly speaking, Tc should play a role
as the benchmark for future quantum simulations of quantum
gravity. In this sense, we expect the d-commmuting SYK
model to have a kind of universality of random models,
which are parametrized by λ and d. It would be interesting to
have a stringent test of this universality proposal in
future works.
There are a few future directions:
(1) Though we argue in Sec. V that there is a thermo-

dynamical critical temperature for a phase transition
forwhich self-averaging breaks down, it is interesting
to study the property of the low-temperature phase.
Note that the commuting SYK model is essentially
p-spin SKmodel, which has 1-step replica symmetry
breaking (RSB) at the thermodynamical critical

temperature [72], and the low-temperature phase is
a spin glass. It is perhaps natural to expect an RSB for
the dcSYK model (probably unless d → ∞) if the
temperature is low enough [73]. This requires a
careful study and generalization of the n-replica
chord diagrams developed in [55];

(2) From the shape of the spectrum we speculate the
chaotic regime above the critical temperature Tc.
However, to justify this statement, we need to
study the dynamics of the dcSYK model at
different temperatures. Correlation functions can
be represented in the language of chord diagrams
and the coarse-grained path integral should also
work when we include matters. It is interesting to
see how the h ≠ 2 modes contribute to the
correlation functions at different temperatures in
the q → 1 regime. In particular, if there is an RSB
phase transition, the chord diagram techniques
need to be updated to account for replicas, and it
is worth exploring if quantum chaos exists in the
RSB phase like [75];

(3) Recently, the sparse SYK model draws a lot of
interest (e.g., [65,76,77]) because it reduces the
difficulty of simulation by randomly choosing only
OðNÞ terms from theOðNpÞ terms in the regular SYK
model. As explained in Sec. II C, the dcSYK model
can be regarded as a sparseversion of the regular SYK
model. We can easily increase the sparseness of this
model by sparsifying each commuting component
H̃a toOðNÞ terms such that the total number of terms
in the Hamiltonian H̃ is of order OðNÞ. Assuming
each term in H̃a appears with probabilityp0, we need
to rescale the variance of the coupling constant Jai1���ip
by 1=p0. Following [76], it is easy to see that the
spectrum is unchanged in the double-scale limit.
However, as pointed in [77], when the sparseness
is too high, the model has accidental degeneracy and
quickly becomes nonchaotic. Since each commuting
component is nonchaotic and increasing d tends to
quantumchaos, it is interesting to study inmore detail
how the critical sparseness depends on the interplay
between p0 and d;

(4) Another diagnosis of quantum chaos is the OTOCs.
Since our model demonstrates a chaotic-integrable
transition, it is interesting to check if we can observe
similar transition in OTOCs. On the other hand,
since there are examples of OTOCs overestimating
the chaotic behavior of special models with unstable
fixed points [78–82], it is also interesting to test this
in our model.

ACKNOWLEDGMENTS

We thank Michael Winer, Anna Biggs, Roland Speicher,
Robert de Mello Koch, Gregory Korchemsky for stimu-
lating discussions. P. G. is supported by the US Department

QUANTUM CHAOS FROM MULTIPLE COPIES OF INTEGRABLE … PHYS. REV. D 112, 066012 (2025)

066012-27



of Energy under Grant No. DE-SC0010008. C. P. is
supported by NSFC No. 12175237, and No. 12247103
the Fundamental Research Funds for the Central
Universities, and funds from the Chinese Academy of
Sciences.

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not
technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms
of this research project. The data are available from the
authors upon reasonable request.

APPENDIX A: OVERLAP OF A GENERIC PAIR
OF Xa

I AND Xb
I0

For each pair a ≠ b, we can first redefine ψ i appropri-
ately such that the relative overlapping is equivalent to X1

I

and X2
I0 . To see this, consider Xa

I and Xaþb
I0 with b > 0.

We can first redefine ψ2i → ψ2i−2ða−1Þ to shift Xa
I → X1

I

and Xaþb
I → X1þb

I . We first assume N is coprime with
any number between 2 and d − 1. Then, we redefine
ψ2i−1 → ψ2bi−ð2b−1Þ and ψ2i → ψ2bi−ð2b−2Þ. Since b takes
values between 1 and d − 1, by our coprime assumption
this redefinition is a permutation with one cycle. Since
random overlapping does not care about the explicit
numbering of Majorana fermions, this problem is equiv-
alent to the overlapping between X1

I and X2
I0 .

For a generic case where N is not coprime with a number
between 2 and d − 1. The second redefinition does not lead
to the overlapping problem betweenX1

I and X
2
I0 but b copies

of overlapping problem with N → N=b. To be precise,
assume N=b∈Z and there exists i; i0 ¼ 1;…; 2N such that

2bi − ð2b − 1Þ ¼ 2bi0 − ð2b − 1Þ þ 2kN

⇒ i ¼ i0 þ kN=b; k∈ f0;…; b − 1g: ðA1Þ

Therefore, after the second redefinition, the Majorana
fermions in each X1þb

iþkN=b for i ¼ 1;…; N=b form a cycle,

and there are b cycles in total. Correspondingly X 1
i can be

grouped into b cycles and different cycles have no chance
to overlap with each other.
In this case, we need to split p into p1;…; pb with

probability PðfpigÞ, and for each group of 2N=bMajorana
fermions, we compute the overlap probability for si such
that

P
i pi ¼ p and

P
i si ¼ s. As we assume d is much

smaller than N, in the double-scale limit the distribution of
pi is highly peaked at pi ¼ p=b. Define λi ¼ p2

i =ðN=bÞ,
and we have

PðsÞ ¼
X
pisi

PðfpigÞ
Y
i

ð2λiÞsi
si!

e−2λi

¼
X
pi

PðfpigÞ
ð2PiλiÞs

s!
e−2

P
i
λi

≈
ð2λ0Þs
s!

e−2λ0 ; ðA2Þ

where in the last step we used large N approximationP
pi
PðfpigÞ →

R
dpiδðpi − p=bÞ. This shows that the

overlapping probability is universal in large N limit.
Nevertheless, if d is very large and carefully chosen such
that b scales with N or we define Xa

i alternatively with
order N numbers of relative cycles between two different
a’s, the delta function approximation for PðfpigÞ does not
hold and we have to consider the correction to this
probability distribution.

APPENDIX B: NUMERIC STUDY
OF THE 1-LOOP EFFECT FOR d > 9

Let us first observe that there is a nontrivial subleading
shift of ground energy if we just include the first eigenvalue
in K�. By the naive large d approximation of the chord
diagram, the change is a simple correction to q → q, which
leads to the ground energy (204). Comparing with (196),
we see that the subleading corrections are different by

E0 − Ẽ0 ¼ −
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

λð1 − 1=dÞp �
λ

4
þOðλ=dÞ

�
: ðB1Þ

The first term does not vanish in large d limit, and it is from
the 1-loop correction of h ≠ 2 piece. Indeed, this discrep-
ancy comes from the 1-loop correction of h ≠ 2 modes. If
we only had the h ¼ 2 piece, the ground energy was given
by (156), which matches with (204) in large d limit. This is
reasonable because in the double-scaled SYK we only have
a h ¼ 2 piece.
Since this discrepancy does not vanish in the large d

limit, we must include more exact eigenvalues in K� to fix
it. To proceed, let us first analyze the low temperature
behavior of the eigenvalues for h < 1=2. As we drop the
temperature, more and more approximate real eigenvalues
in M̃� with small magnitude deviates from the exact
eigenvalues inM� as we can see from Fig. 15 and compare
it with Figs. 8(b) and 9(a). Following our strategy of
Sommerfeld-Watson resummation, we need to choose
larger sets K� and K̃� as we decrease the temperature.
For low temperatures, the first few exact eigenvalues can

be solved by (185). ForMþ, the first positive one is solved
by (202) but others in M� are similarly given by [83]

p=x¼2ðn−hÞ− 2Γðhþ1=2Þðy=4Þ1−2h
Γð3=2−hÞΓð2h−nÞΓðnÞsinhπ ; ðB2Þ
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where n∈Z>0∓ for M�, respectively. These exact eigen-
values, if included in K�, each gives a finite contribution to
the determinant,

I� ∼ log cos2ðπh=2Þ þOðy1−2hÞ: ðB3Þ

On the other hand, the approximate eigenvalues are more
singular as we can see from Fig. 15 that they are quite close
to the red dashed lines. These approximate eigenvalues can
also be solved perturbatively in low temperature as

p ¼
�
4πn − 8ny=γ M̃þ
4πn − 2π − 4ð2n − 1Þy=γ M̃−;

ðB4Þ

where n∈Z>0 in both cases. By (176) their contributions
to determinant are

Iþ ∼ − log sin2ð2ny=γÞ; ðB5Þ

I− ∼ − log sin2ðð2n − 1Þy=γÞ: ðB6Þ

At leading order of y, they both scale as −2 log y. However,
this approximation breaks down quickly because as n
increases ny=γ is no longer a small number.
Therefore, we need to consider the accumulated effect of

these eigenvalues, which may give correction to the log y
term. From Fig. 15 we see that in each interval separated by
4πZ or 4πZþ 2π for fþ or f−, there is only one exact
eigenvalue and one approximate eigenvalue. For these pair
of eigenvalues, the approximate one is always smaller than
the exact one and tends to the latter as n goes large.
Therefore, we can consider the approximation (B4) works
until p hits the exact value (B2), which gives a natural
estimate of the size of K̃� and K�. Within this regime, the
sum of (B6) and (B3) is

Iþ þ I− ∼
X
n

log
sin2ðny=jγjÞ
cos2ðπh=2Þ ; ðB7Þ

in which we should include ðπð1 − hÞ=2Þ=ðy=jγjÞ ∼OðβrÞ
terms. This indicates a linear in βr term from the accu-
mulation of eigenvalues, which gives a correction to the
ground energy.
Numeric computation justifies our estimation. We can

also consider a large size of K� and K̃� and plot the 1-loop
partition function for the h ≠ 2 modes as a function of
temperature. For all terms discussed before, we have

−2 logZh≠2ðβÞ ¼ log

����1 − x tanðx=2Þ
2ðd − 1Þ

����d−1 þ x tan
x
2
þ d − 1

2

� X
p∈Kþ

log
���sin2 p

4

���þ X
p∈K−

log
���cos2 p

4

����

−
d − 1

2

� X
p∈K0

þ

log
���sin2 p

4

���þ X
p∈K0

−

log
���cos2 p

4

����: ðB8Þ

The result is shown in Fig. 16(a), in which we choose the
size of the K� to include the first 100 pairs of points. The
highest temperature (the smallest βr) is chosen to right
above T0, which is a monotonically decreasing function of
d, and the lowest temperature (the largest βr) is chosen

such that the difference between the largest eigenvalues of
K� and K̃� is about 0.001 [84].
For different d, we see that their contributions (B8) has

a clear linear behavior with negative slope, whose abso-
lute value is indeed much smaller than 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 1=d

p
, the
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n
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4

2

2
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FIG. 15. For low temperature and h < 1=2, more and more
eigenvalues in M̃� deviates from M�. In this plot, we choose
h ¼ 0.3 and θr ¼ 0.01; the blue/yellow curve is the real/imagi-
nary part of the exact eigenfunction f�ðθrÞ and the green curve is
the approximate eigenfunction f̃�ðθrÞ.
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naive expectation from (B1). The negative slope means
that the ground energy is shifted to the left. To find the
subleading behavior, we fit the data using a0 þ a1βr þ
a2 log βr and find that the subleading log βr works quite
well in low temperature limit [see Fig. 16(c)]. Given this

ansatz, the low temperature partition function including
all tree and 1-loop corrections is

ZðβÞ ∼ 1

β3=2þa2=2
e−βðẼ0þ1

2
a1

ffiffi
λ

p Þþc=β: ðB9Þ
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[72] D. J. Gross and M. Mézard, The simplest spin glass, Nucl.
Phys. B240, 431 (1984).

[73] See also a recent interesting variant of the SYK model
without RSB [74].

[74] A. Biggs, J. Maldacena, and V. Narovlansky, A super-
symmetric SYK model with a curious low energy behavior,
J. High Energy Phys. 08 (2024) 124.

[75] T. Anous and F. M. Haehl, The quantum p-spin glass model:
A user manual for holographers, J. Stat. Mech. (2021)
113101.

[76] A. M. Garćia-Garćia, Y. Jia, D. Rosa, and J. J. M.
Verbaarschot, Sparse Sachdev-Ye-Kitaev model, quantum
chaos and gravity duals, Phys. Rev. D 103, 106002
(2021).

[77] P. Orman, H. Gharibyan, and J. Preskill, Quantum chaos in
the sparse SYK model, arXiv:2403.13884.

[78] T. Xu, T. Scaffidi, and X. Cao, Does scrambling equal
chaos?, Phys. Rev. Lett. 124, 140602 (2020).

[79] E. B. Rozenbaum, L. A. Bunimovich, and V. Galitski, Early-
time exponential instabilities in nonchaotic quantum sys-
tems, Phys. Rev. Lett. 125, 014101 (2020).

[80] K. Hashimoto, K.-B. Huh, K.-Y. Kim, and R. Watanabe,
Exponential growth of out-of-time-order correlator without
chaos: Inverted harmonic oscillator, J. High Energy Phys. 11
(2020) 068.

[81] D. A. Trunin, Quantum chaos without false positives, Phys.
Rev. D 108, L101703 (2023).

[82] D. A. Trunin, Refined quantum Lyapunov exponents from
replica out-of-time-order correlators, Phys. Rev. D 108,
105023 (2023).

[83] For d ¼ 9 and h ¼ 1=2, the approximate solution is p=x ¼
2n − 1 − 2=ðcn þ log yÞ with cn a number depending on n
for n∈Z>0∓ . The estimate (B3) and the numeric computation
below still hold.

[84] In principle, choosing larger K� and K0
� allows us to

probe lower temperatures. However, Mathematica will
loose accuracy for the associated Legendre functions for
too large n and makes the location of eigenvalues less
reliable.

PING GAO, HAN LIN, and CHENG PENG PHYS. REV. D 112, 066012 (2025)

066012-32

https://doi.org/10.1103/PhysRevB.24.2613
https://doi.org/10.1007/JHEP05(2017)118
https://doi.org/10.1007/JHEP05(2017)118
https://doi.org/10.1007/JHEP09(2018)002
https://doi.org/10.1007/JHEP05(2017)129
https://doi.org/10.1007/JHEP12(2018)065
https://doi.org/10.1007/JHEP12(2018)065
https://doi.org/10.1103/PhysRevLett.129.011603
https://doi.org/10.1007/JHEP11(2021)211
https://doi.org/10.1007/JHEP11(2021)211
https://arXiv.org/abs/1708.03040
https://arXiv.org/abs/2008.02303
https://doi.org/10.1007/JHEP12(2017)151
https://doi.org/10.1007/JHEP12(2017)151
https://doi.org/10.1007/JHEP07(2021)097
https://doi.org/10.1007/JHEP07(2021)097
https://doi.org/10.1103/PhysRevX.12.031013
https://doi.org/10.1103/PhysRevX.12.031013
https://arXiv.org/abs/2302.07897
https://arXiv.org/abs/2303.15423
https://doi.org/10.7907/0b9qh-jt654
https://doi.org/10.7907/0b9qh-jt654
https://doi.org/10.1016/0550-3213(84)90237-2
https://doi.org/10.1016/0550-3213(84)90237-2
https://doi.org/10.1007/JHEP08(2024)124
https://doi.org/10.1088/1742-5468/ac2cb9
https://doi.org/10.1088/1742-5468/ac2cb9
https://doi.org/10.1103/PhysRevD.103.106002
https://doi.org/10.1103/PhysRevD.103.106002
https://arXiv.org/abs/2403.13884
https://doi.org/10.1103/PhysRevLett.124.140602
https://doi.org/10.1103/PhysRevLett.125.014101
https://doi.org/10.1007/JHEP11(2020)068
https://doi.org/10.1007/JHEP11(2020)068
https://doi.org/10.1103/PhysRevD.108.L101703
https://doi.org/10.1103/PhysRevD.108.L101703
https://doi.org/10.1103/PhysRevD.108.105023
https://doi.org/10.1103/PhysRevD.108.105023

	Quantum chaos from multiple copies of integrable commuting SYK models
	I. INTRODUCTION
	II. SETUP
	A. Multicolor chord diagrams
	B. Multicolor q-harmonic oscillators
	C. Double-scaled SYK: d&rarr;&infin; limit

	III. EXACT RESULT FOR q=0: FREE PROBABILITY
	A. A snapshot of free probability
	B. Spectrum of H for q=0
	1. Perturbative in 1/d
	2. Nonperturbative in 1/d


	IV. COARSE-GRAINED PATH INTEGRAL FOR q CLOSE TO 1
	A. Coarse-grained path integral
	B. Homogeneous saddle
	C. The quadratic action
	D. 1-loop determinant by Sommerfeld-Watson resummation
	1. h=2
	2. Approximate eigenvalues for h&ne;2
	3. The first exact eigenvalue for 2&le;d«9
	4. 1-loop correction for d»9


	V. THERMODYNMICAL MEANING OF THE CRITICAL TEMPERATURE
	VI. NUMERIC RESULT
	A. The spectrum
	B. The spectral form factor

	VII. CONCLUSION AND DISCUSSIONS
	A. Applications to simulation of holography

	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: OVERLAP OF A GENERIC PAIR OF XIa AND XI&prime;b
	APPENDIX B: NUMERIC STUDY OF THE 1-LOOP EFFECT FOR d»9
	References


