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We develop a covariant differential-form framework to define scalar charges for stationary, asymp-
totically flat black holes in 4-dimensional Einstein-scalar-Gauss-Bonnet gravity with a general scalar
coupling function. Contracting the scalar field equation of motion with the horizon generator k yields a
nonclosed-form scalar charge, revealing a bulk contribution encoded in a 3-form, which measures the
obstruction to its closedness. In the presence of shift-symmetry, this obstruction vanishes and the 2-form
scalar charge satisfies a Gauss law, depending solely on boundary data. Geometrically, this reproduces
known topological results in the shift-symmetric limit. This framework allows us to analyze the role of the
nonclosed scalar charges in black hole thermodynamics through the Smarr formula for more general
couplings and provide a covariant, charge-based interpretation of the spontaneous scalarization mecha-
nism, showing how the behavior of the scalar charge and the bulk term capture the instability of scalar-free
black holes and the emergence of scalar hair. Our results offer a unified geometric understanding of the role
of scalar charges and a physical interpretation to its nonclosedness in terms of the spontaneous scalarization

mechanism.
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I. INTRODUCTION

Scalar fields arise naturally in a wide range of high-energy
physics contexts, particularly in the context of moduli
and dilaton sectors [1-3] in string theory compactifications
[4-6]. When coupled to gravity, scalar fields typically obey
no-hair theorems, which prevent them from forming non-
trivial profiles around black holes unless certain conditions
are considered, such as symmetry breaking [7-20].

However, this picture changes in modified gravity
theories, where scalar fields interact nonminimally with
curvature invariants [21-23]. A particular case is Einstein-
scalar-Gauss-Bonnet (EsGB) gravity, where a scalar field ¢
couples to the Gauss-Bonnet (GB) invariant G through a
function f(¢). This interaction arises naturally in the
low-energy effective actions of string theory, where the
scalar coupling often corresponds to the dilaton and
the GB term captures leading « corrections to the
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classical Einstein-Hilbert action (for a review on o cor-
rections see [24]). Moreover, EsGB can be interpreted as a
simple model to study the effect of a scalar field coupling to
gravity.

In 4 dimensions the GB term is a topological invariant
and does not affect the dynamics unless it is coupled to a
dynamical scalar. Once this coupling is introduced, it alters
the dynamics and can induce scalar hair in black hole
solutions, even in the absence of electric charge or angular
momentum. Such black holes have been widely studied in
the literature [25-29]. In particular, Refs. [30,31] proposed
a novel no-hair theorem for EsGB gravity, showing that
nontrivial scalar hair can exist depending on the form of the
coupling function f(¢). These models show that whether
scalar hair exists or not, depends crucially on how the scalar
behaves near the horizon and at spatial infinity, shaped by
the choice of f(¢).

At this point it is useful to distinguish between primary
and secondary scalar hair [19]. A primary scalar hair
corresponds to an independent parameter of the black hole
solution that is not determined by conserved charges or
asymptotic data. By contrast, a scalar hair is referred to as
secondary if it depends on the conserved charges.

In parallel to these developments, it has been shown
that a covariant definition of scalar charge enables the
formulation of no-hair theorems by requiring regularity
both at spatial infinity and on the bifurcation surface in
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asymptotically flat black holes [32,33]. The key insight is
to define the scalar charge through a closed 2-form Q.
When the 4-dimensional theory admits a shift symmetry
from a real scalar,1 one defines a current J associated with
this symmetry and writes dJ in terms of the scalar equation
of motion Ey, i.e., dJ = —E,. When evaluated on-shell’
dJ = 0 and since the fields are invariant under the diffeo-
morphisms generated by & (the Lie derivative of the current
J with respect to k vanishes diJ = 0) the closed 2-form
scalar charge is obtained through Q, = 1,J.

A similar procedure can be applied to theories in which
the shift symmetry of a real scalar is broken by a scalar
potential. In these cases, ensuring that the scalar potential is
invariant under the diffeomorphisms generated by k guar-
antees that the scalar charge is, again, closed on-shell. This
construction ensures that Q , satisfies a Gauss law: it can be
integrated over any closed 2-surface and yields the same
result when evaluated either at spatial infinity or on the
bifurcation surface. The definition is manifestly covariant
and offers several advantages, such as allowing for a direct
connection with the charges obtained in the Wald formal-
ism and yielding a more natural appearance in the first law
when considering variations of the scalar at infinity.

For generic couplings in EsGB theories, the scalar sector
does not possess a shift symmetry. One might attempt to
enforce the closedness of the scalar charge by requiring the
Lie derivative of the coupling term f(¢)G along the horizon
generator to vanish. However, in stationary configurations
this requirement imposes no additional constraint. The
nonclosedness of the 2-form scalar charge arises because
f () couples directly to the Gauss-Bonnet term, rather than
playing the role of a conventional scalar potential.
Throughout this work, we keep f(¢) arbitrary and deal
with the scalar contribution in the 2-form scalar charge
(obtained after the contraction of the scalar equation of
motion with k) expressing it as an exact differential form
plus a bulk remainder W,. This decomposition reveals a
covariant 3-form W, that quantifies the obstruction to the
closedness of the scalar charge 2-form. We refer to the full
decomposition as the nonclosed-form scalar charge.

Although for generic couplings the 2-form scalar charge
is not closed on-shell, one can still formulate no-hair
statements by requiring the convergence of the correspond-
ing surface and bulk integrals at spatial infinity. In the
particular case of shift symmetry the obstruction term
vanishes. Otherwise, the scalar charge ceases to be purely
topological and can be interpreted using the framework of
the spontaneous scalarization mechanism [26], as we will
show. This phenomenon occurs when black hole solutions
with nontrivial scalar profiles emerge dynamically, even in

'Here by shift symmetry we mean a dependence of the action
on the scalar ¢, such that it is invariant under ¢ + ¢, where ¢, is
a constant.

’In what follows the notation = means evaluated on-shell.

the absence of external sources. Indeed, it arises when a
constant scalar solution becomes unstable under small
scalar perturbations triggering the growth of a nontrivial
scalar configuration. Spontaneous scalarization provides a
mechanism for generating scalar hair without violating no-
hair theorems, relying instead on a dynamical instability
of the trivial scalar configuration. The process leads to
genuinely nonperturbative black hole solutions and offers a
framework for probing deviations from general relativity in
the strong-field regime, potentially observable in gravita-
tional wave signals [34].

In our context, scalarization can be interpreted in terms
of the asymptotic behavior of the scalar charge, through the
conditions encoded in the bulk term WW,. Indeed, it was
shown that backgrounds that satisfy d,f(¢s) =0 but

di f(¢s) > 0, such a process would occur. Here, we show

that such particular set of linear perturbations generates a
nonzero contribution to the scalar charge via VW, signaling
the breakdown of the scalar-free configuration and the
emergence of scalar hair. This provides a covariant and
geometric interpretation of the mechanism, unifying it with
the thermodynamic and charge-based analysis developed in
this work. Indeed, our results clarify the structure of scalar
charges in EsGB gravity, giving a physical interpretation to
the nonclosedness of the scalar charge, and offering a
systematic way to test the physical consistency of different
coupling functions. They also strengthen the foundation for
covariant no-hair theorems and have potential applications
in string-inspired black hole models and higher-curvature
gravitational theories.

We analyze the associated surface and volume integrals
and prove that the scalar charge remains convergent for a
wide class of coupling functions, including linear, quad-
ratic, exponential and polynomial forms. The shift sym-
metric limit is defined as the case where W, vanishes and
the 2-form scalar charge becomes closed on-shell satisfying
a Gauss law. We also derive the Smarr formula for generic
scalar couplings in the theory.

This paper is organized as follows. Section II introduces
the theory and the equations of motion for the fields. In
Sec. III we compute the charges associated with the local
symmetries (Lorentz transformations and infinitesimal
diffeomorphisms) namely, the Lorentz and the Noether-
Wald charges. Then, in Sec. IV we construct the 2-form
scalar charge and show the 3-form bulk contribution. In
order to study no-hair theorems for EsGB models, in Sec. V
we study the convergence of the integrals that defines the
2-form scalar charge at spatial infinity and over the
bifurcation surface. In Sec. VI we construct the generalized
Komar charge from which we can find the Smarr formula,
that relates thermodynamic quantities at spatial infinity and
at the event horizon for black hole spacetimes. For generic
couplings the Smarr formula will have another bulk
contribution and we show that in the specific dilatonic
coupling that bulk term vanishes. We test our results for
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different couplings in Sec. VI A and in Sec. VII we discuss
the implications of our findings for scalarized black holes.
Finally, we present our conclusions and future directions
in Sec. VIIL

II. THE THEORY AND ITS EQUATIONS
OF MOTION

Consider the EsGB action given by the integral of the
4-form Lagrangian L

1
= L =
S / 167[GN /

+%d¢A*d¢+wﬂ¢w}

—x(e" A e?) ARy,

(2.1)

where o > 0 is a dimensionful constant parameter,’ ¢ is
the vierbein, R’ is the 2-form curvature of the Levi-Civita
connection, and G is the 4-form Gauss-Bonnet density
written in differential forms as

1
g = —GQdeRab AN RCd.

: (2.2)

Under a general variation of the fields
68 = / [E, A 6e” + E 60 + dO(e?, 5e, . 6¢)]. (2.3)

Here E, and E; are the Einstein equations and the equation
of motion for the scalar field, respectively, and @ is the
presymplectic potential, which are given by,

162GyE, = 1,%(e? A €°) A Ry,
1
+3 (1,dp A *dp + dep N 1,%d¢p) — DASE,
(2.4a)

162G\E,, = —d*d¢ + a0, ($)G, (2.4b)

162G y0O = (—x (e A €?) +2d' f(h)R™) A Swy,

+ xdpdp + ASB A e (2.4¢)

We have used the notation d,; = a% and D as the Lorentz

covariant derivative, defined in the Appendix A, Eq. (A15).
Finally, the 2-form dual curvature® is

Dpab — bed
Rab =~ gabedp

% (2.5)

3This parameter is, in principle, generic and not necessarily
related to string theory with dimensions [L]?.

In our conventions the Levi-Civita symbol is such that
60123 =1 and €0123 = —1.

and

AGE = d'1,(df (h))R,.

Note that these results coincide with those in Ref. [35]
when the axion field vanishes.’

(2.6)

III. LOCAL SYMMETRIES

The action in Eq. (2.1) is invariant under infinitesimal
transformations (diffeomorphisms) and local Lorentz trans-
formations. They act on the vierbein e“, the scalar ¢, and on
derived geometric quantities such as the spin connection
®® and the 2-form curvature R%’. Fields with Lorentz
indices transform under diffeomorphisms via the Lie-
Lorentz derivative (see for instance Ref. [36]) whereas
Lorentz scalars transform with the standard Lie derivative.
Details can be found in Appendix B.

We now compute both symmetries and their associated
Noether charges.

A. Infinitesimal transformations

The infinitesimal action of a diffeomorphism generated
by a vector field £ on the fields is

betp = 1, (3.12)
See® = —(DE + P2, eb), (3.1b)
8:way, = —(1:Ryp + DPy ), (3.1¢)
where
Pep =Viéy. (3.2)

The transformation of the fields under local Lorentz
transformations are given by

0,0 =0, (3.3a)

5,e% = o%yel, (3.3b)

Sy, = Doy, (3.3c)

5,R® = 20l RIV], (3.3d)

where the antisymmetric parameter o,, = —o,, is the

Lorentz symmetry generator. The scalar field is a
Lorentz scalar and remains invariant, while the vierbein,
spin connection and curvature transform according to
Egs. (3.3b)-(3.3d). In particular, the transformation of

>For a recent and comprehensive self-contained derivation of
Egs. (2.4a)—(2.4¢c), we refer the reader to Ref. [35].
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the curvature follows from varying the spin connection
in Eq. (3.3¢).

B. Local charges

1. Lorentz charge

Considering the general variation of the fields Eq. (2.3),
the theory is exactly invariant under local Lorentz trans-
formations Eq. (3.3). It is straightforward to verify the
appearance of a total derivative

5J=/MM=Q

leading to the 2-form Lorentz charge

1
o 167TGN

Q[s] [=*(e® A e”) + 2 f(p)R)op.  (3.4)

which is related to the off-shell invariance of the action
under infinitesimal arbitrary parameters o,;,. This quantity
plays a central role in the Wald entropy formula, since
it is obtained by evaluating the integral of this charge over a
2—dimensional section of the horizon with ¢,, = n,, (the
binormal to the event horizon), as noticed in Refs. [37,38].
In Sec. VI, we will use this charge to compute the black
hole entropy explicitly.

2. Noether-Wald charge (diffeomorphism charge)

Similarly to the Lorentz charge, here we consider the
general variation of the fields Eq. (2.3) and the infinitesimal
transformations in Eq. (3.1). The EsGB theory Eq. (2.1) is
invariant up to a total derivative

After integrating by parts and using Noether identities, we
arrive at the off-shell identity

dJ[g = 0.

Then, there exists a 2-form Q[¢] such that J[¢] = dQJ¢]
which is the Noether-Wald charge

1
- 1671'GN

Q[¢] {[x(e® A ") =20 f(§)R|Peuy, — ATPE},

(3.5)

where P;,, is the Lorentz parameter induced by £ and AGE
encodes terms arising from the higher-derivative couplings
to curvature. The f(¢)R term captures the Gauss-Bonnet
modification, while the AS? [defined in Eq. (2.6)] term
reflects the nonminimal scalar-curvature couplings. In the
Wald formalism, the surface integral of Q[&] is used to

define the conserved charge associated with a vector field &.
When evaluated on a 2-sphere at spatial infinity and for
the timelike Killing vector of a stationary spacetime, this
charge gives the mass.

In the next section we will construct the nonclosed-form
scalar charge for EsGB theory, which is one of the main
results of this work. The computation of the Noether-Wald
and Lorentz charges are relevant in the construction of
the generalized Komar charge and by consequence in the
Smarr formula, as we will discuss in Sec. VI.

IV. SCALAR CHARGE WITH A BULK
CONTRIBUTION

We give a detailed derivation of the 2-form scalar charge.
The contraction of the equation of motion for the scalar
field Eq. (2.4b) with a Killing vector k reads

167Gy (4 E,) = —ydxdep + a0, f(h)uG.  (4.1)

It is assumed that all the fields (here ®@ denotes any field)
are invariant under the action of a Killing vector k

0, ® =0, (4.2)
where by definition 6;® = —L;®. Thus,
Li® = —1;,d® — di,® = 0. (4.3)
In particular, for the scalar field ¢, we have
o = —1,dp = 0, (4.4)
and for xd¢, it implies6
Opxdp = —ydxdp — diyxdep = 0. (4.5)
For the Gauss-Bonnet term,
4G =2uR" AR, (4.6)

Using Eq. (B5) with & =k together with the Bianchi
identity DR’ = 0 we obtain

3G =dX, (4.7)
with the Lorentz-scalar

Xy = (<2PIR,). (4.8)

®Because for a p-form @ and k a Killing vector, holds
Ek(*CO) = *Ek(a))
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Let us observe that in order to write

a¢f<¢)lkg = 5¢f(¢)d/"—)k,

as a total derivative, we must consider the Leibniz rule

d(0,f () Xi) = d(0,f(h)) A Xi + 0y f(P)dX.  (4.9)
Isolating the term
0pf (§)dX) = d(0yf(§) X)) — d(9pf(#)) A Xy, (4.10)

and then replacing Eqgs. (4.5) and (4.10) in Eq. (4.1), one
obtains

162Gy (,E ) = dyxdg + o' d(0,f (¢)X,)

—dd(0uf(h)) N Xy (4.11)

If we name the 3-form

Wi =d(9,f () N Xy (4.12)
one can see that, in general, it is not possible to define a
closed 2-form scalar charge for EsGB theories such that
W, = dA,, with A, a 2-form. However, if W, = 0, using
Egs. (4.8) and (4.11) on-shell, one can define the closed
2-form scalar charge as’

Q, (4.13)

1 -
4 [ye*dep — 20!'0¢f(¢)szRab]-

T

In general, for W, #0 it implies dQ , = —%Wk. Integrating
over a X3 hypersurface whose boundaries are the bifurca-
tion surface and a 2-sphere at spatial infinity, we apply
Stokes’s theorem to define the balance equation for the
nonclosed-form scalar charge

a/
— -— [ W
/sgo Q /st Q 4r />:3 ,

In this expression, the scalar charge is defined by the
surface integral of Q, at spatial infinity,

(4.14)

5%

In the derivation of the scalar charge associated with a
stationary black hole in EsGB gravity with a general

"The normalization factor is purely conventional.

scalar coupling function f(¢), the quantity W, emerges
as a key obstruction to expressing the contraction of the
scalar field equation with a Killing vector k as a closed
differential form. The term WV, identically vanishes when
f(@) is linear, corresponding to the shift symmetric case
studied in [39]. In that setting, the scalar charge g, can be
expressed purely as a surface integral evaluated at the
horizon or at spatial infinity, leading to the topological
formula

1

qs; = Eakx(BH), (4.15)

where « is the surface gravity of the black hole, y(BH) is
the Euler characteristic of the bifurcation surface BH and
a is a coupling parameter proportional to . In a more
general case [nonlinear coupling f(¢)], W, does not
vanish and represents a bulk contribution that obstructs
the scalar charge from being expressible solely in terms of
boundary data. The result in Eq. (4.14) is also mentioned
in Ref. [39], so this procedure makes manifest when the
charge is closed (pure boundary term) and when a bulk
contribution appears.

Physically, W, encodes how gradients of the scalar field
modulate the topological term across the spacetime, intro-
ducing nontrivial structure into the charge integral. As a
consequence, the scalar charge becomes sensitive to the full
spacetime configuration of the scalar and metric fields, and
cannot be determined without solving the coupled field
equations. Therefore, the presence of W, signals the
breakdown of the shift symmetry and the corresponding
failure of the closedness of the scalar charge. Its vanishing
is both a necessary and sufficient condition for the scalar
charge to be determined entirely by topological and geo-
metric data on the boundary.

V. SCALAR CHARGE AT SPATIAL INFINITY
AND OVER THE BIFURCATION SURFACE

In this section, we explore the consequences of the bulk
obstruction in the scalar charge as Eq. (4.14), addressed in
the particular case of a static and spherically symmetric
metric

ds* = A di? — eBU)dy? — rdeé), (5.1)
where dQ?z) = dO? + sin? Od¢? is the line element of the

unit 2—sphere. The behavior of the metric components and
the scalar field at spatial infinity is [31]8

*We thank Athanasios Bakopoulos for kindly providing us
with this asymptotic expansion.
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2M  ME* 24MXd9 o) + M?2?
eA—l——+ a(,bf(%t )+
r 1253 6r
1024ME2o B f (Poo) + S12M?Zd 0, f (eo) — 64230y f (heo) + 96M3Z? — 3MEH
. () b () = 40y () 009, (5.22)
32577
2M 32M3 - SME?  T68M* — 208M>%? — 384MEd 0y f (o) + 3Z*
=14+— 3 + 4
4r 487
97M24 + 192830, f (o) — 153622 M0} f (oo ) — 2464M>E? — 6144M> 30/ 0y f (o) + 6144M° »
+ + O(r°),
1927
(5.2b)
T MY R2M?E -3 12MPY - 24MPd0,f (¢e) — ME?
0=ttt —+ 4"’f(¢ )
24r 6r
935 — 928M223 — 1536MY°a' 05 f (o) — 4608EZM>/ 05 f (o) + 6144ZM* — 12288M>/ 9y f (hoo )
+ 0(7_6).
192077

(5.2¢)

In this asymptotic expansions, M and X are two parameters
associated to the mass and the scalar charge respectively,
while ¢, is the background value of ¢b. In what follows, we
will see that in order to have a nontrivial scalar charge,
should become a secondary hair.

The Killing vector that generates the horizon is k' = &/
and the momentum map in the orthonormal frame is,

A’ (A-B)
P0="—e>

5 = -PY.

(5.3)

For the dual of the 2-form curvature R, the only relevant
component is Ry, (see Appendix A),

RO] = 62 VAN 33. (54)

At spatial infinity, we consider the form of the scalar field in
Eq. (5.2¢),

¢_¢00Nz/r

as the relevant asymptotic order and then perform the
Taylor expansion of f(¢) about ¢, which reads as

Zf

Correspondingly, the asymptotic behavior of the first
derivative of the function f(¢) with respect to the scalar
field is

¢ b)) (5.5)

[Se]

0uf (¢ Z 1),¢ Peo)”

k=

(5.6)

|
Evaluating Q, at spatial infinity with Eqgs. (5.2¢) and (5.6)

1 -
[ Qo= [ erdi~200, PR 57

=X+ 0(r ). (5.8)

On the other hand, evaluating Q, over the bifurcation
surface where k = 0, then 1, kd¢ = 0. Moreover, for the
momentum-map Eq. (B7)

peb T yenad (5.9)

where « is related to the Hawking temperature 7 = <

2r
and n? is normalized as n*’n,;, = —2. Assuming that ¢ is

. . 9
regular and constant over bifurcation surface, then

2a
/BH V=" /s

20/ -
_ b abR
= ar o f () /BH n"Rgp

0¢f ()PP R

(5.10)

= 2k f (¢n)x (BH)

where y(BH) is the Euler characteristic of the bifurcation
surface and ¢;, stands for the value of the scalar field at the

(5.11)

Here, we have used the Gauss-Bonnet theorem [40] for the
integral

/ nR,, = 4y (BH),
BH

and Eq. (5.11) holds.
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event horizon. In this work, the bifurcation surface has the
topology of a 2-sphere, such that y(BH) = 2 and

/ Q, = 4alxd, (). (5.12)
BH

Now, following Eq. (4.14), we need to use Egs. (5.3)
and (5.4) together with

o (k)
2I) = Z% (- d)0?,  (513)
k=2 :

to compute the contribution from the 3-form W,. The
analysis of the asymptotic behavior of each factor in
the integrand is done considering a static, spherically
symmetric black hole,

z
0, ~ —p—l— O(l"_3),
2M 32
_+_

r 8r?
2M
Al(r) ~ 7 +0O(r3),

e(A_B)/2 ~1—= + O(r—:i)’

2M
1—eB)~22
(1-e?)~™

+O(r ).

Replacing the above in Eq. (4.12)

a/

—— | Wy=-d /oo 03f (ps0) - O(r=2)dr.  (5.14)

471' 3 i

The integrand in the last equation behaves as O(r™)
ensuring absolute convergence for any coupling f(¢) that
is smooth near ¢ .. Consequently, the scalar charge is finite
at spatial infinity even when W, # 0. This finite bulk piece
will reappear in the next section, where we recast the
relation between quantities measured at horizon and at
spatial infinity into the Smarr formula.

Finally, the balance Eq. (4.14) for the scalar charge reads,

a/
> = 40/K0,/,f(¢h) - 4—/ Wk' (515)
T )33

This result can be read as a no-(primary)hair theorem.
The scalar charge is not an independent parameter, but is
completely fixed by horizon data and the integral of the
bulk contribution. If £ = 0, Eq. (5.15) enforces

1
4k0, =— [ W
k04 (¢1) 4ﬂ[23 k
Hence, the value of d,f (¢, ) is fixed by the bulk integral
and the temperature. When the bulk term vanishes, implies
either 7 = 0 (extremal) or d,f(¢;,) = 0.

VI. GENERALIZED KOMAR CHARGE
AND SMARR FORMULA

The Smarr formula was first derived as a consequence of
the homogeneity of the entropy and Euler’s theorem [41],
relating black hole thermodynamic quantities measured at
spatial infinity and at the horizon. Komar integrals [42]
have been demonstrated to be useful for deriving the Smarr
formula for stationary black holes [43]. Following the
framework presented in Ref. [44], one can construct the
Komar integrals within the covariant formalism [45-47],
resulting in an expression that combines surface and
volume integrals. The analysis made in Ref. [44] is applied
in Lovelock theories with constant couplings for static
black holes. Additionally, in Ref. [48] is shown that for
Lovelock and f(R) theories, the volume integral can
always be rearranged as a surface term, as a consequence
of a generalized Komar charge which is always closed on-
shell by construction. It yields in a Smarr formula purely
from surface integrals. Let us comment on the procedure:
one starts computing the generalized 2-form Komar charge,
which is by definition [48]

Kk =-Q[K + o,  yL =dw,.  (6.1)

Here Q[k] is the Noether-Wald charge evaluated in a Killing
vector k and the 2-form @, is defined implicitly by taking
the interior derivative with the Lagrangian evaluated
on-shell. Since it is closed on-shell by construction, i.e.,
dK[k] =0, the Smarr formula is obtained integrating
over a spacelike hypersurface ¥* whose boundaries are
0% = S2, U BH (a 2-sphere at spatial infinity and the
bifurcation surface).

After using Stoke’s theorem we obtain [ K[k] =

Jiz2; K[k], where k is the Killing vector generating the
horizon. In pure Einstein theory for stationary asymptoti-
cally flat spacetimes, the left-hand side is evaluated using
the asymptotic form of the metric yielding the ADM
mass M. The right-hand side is computed at the bifurcation

surface, where k = 0 and Py, z kn,,. After taking into
account the generalized zeroth law [49], the right-hand side
results in two times the temperature 7" multiplied by the
Bekenstein-Hawking entropy S. Equating both integrals
results in the usual Smarr formula M = 2T'S.

Contrary to pure Einstein theory and those considered in
Ref. [48], in EsGB a bulk piece remains since the coupling
f(¢) multiplies the Gauss-Bonnet invariant and it cannot be
reformulated as a surface term. Indeed, the term i, L
evaluated on-shell is the responsible of the bulk contribu-
tion for the generalized Komar charge. By consequence, an
unavoidable volume term will appear in the Smarr formula.

In this section we will derive the Smarr formula for
stationary, asymptotically flat black holes in EsGB gravity
following the mentioned approaches.
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We first take the trace of the Einstein Eq. (2.4a), isolate the Lagrangian and evaluate it on-shell

(167Gy)(e* A E,) = (162G y)(=2L) + 2df ()G + d(e* A AGE) + (162Gy)Ey + dxdd — dd,f($)G  (6.2)

(162Gy)L = d' f($)G + %d(e“ A AGE) 4 % dxde %a’ad) F($)G (63)

and after taking the interior derivative of the Lagrangian, using the invariance of the fields under Killing vectors k and the
Leibniz rule, we obtain the following expression for ;L

(167G )L = o f()dX, — %a/% FP)dX, - %dlk(ea A AGB) %dlk*dqﬁ (6.4)

_ d[a' (f<¢> - %6¢f<¢)> Xy~ Sule" n AGP) - %zk*dqb} L dd E 01 (9) - f<¢>] A X (6.5)

With the Noether-Wald charge in Eq. (3.5) the exterior derivative of the generalized Komar charge is given by

dK[k] = _dQ[k] + lkL‘on—shell (66)
_ ! d|—x(e® A )Py, + AGBL —g/d f(p)X —ll *dep
162Gy fab T P 27 Koo
+ % (—AGBkI + e A zkAg;B)] +add Bd(pf(gb) —f(gb)] A Xk}. (6.7)

If we define

1
Vi=df(p) A &y, Zp = Ewk — Vi (6.8)

then Eq. (6.6), provided dK[k] = O reads
/

~ a
K R

Z, =0, (6.9)

where K[k] is the exact sector of (6.6) and we call it the nonclosed-form generalized Komar charge

. 1
Klk] =
16JTGN

- 1 1
(‘*(ea A €)Pyap + a0, f ()Rap P + E(AaGBka + e Ay AGP) — Elk*d¢>- (6.10)

Integrating dK [k] over a £3 hypersurface whose boundaries are the bifurcation surface and a 2-sphere at spatial infinity and
using Stokes’ theorem, the balance equation for the Smarr formula with a bulk contribution reads

_ - o
K[k] = K[k]—im)/ Zy. (6.11)
s, BH 167Gy’ /5

To evaluate the above balance equation (6.11), we will consider an asymptotically flat fall-off, as given in Eq. (5.2), that
include hairy black holes with a generic coupling f(¢) for EsGB. Indeed, the integral of the nonclosed-form generalized
Komar charge at spatial infinity gives

Az Rl =5 + g (6.12)
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where M is the ADM mass and X is the scalar charge. On the other hand, the integral over the bifurcation surface gives

. 1 -
K[k] = —x(e* A e?)Py,p + a0, R, P
K = fra [ (e n )P + 0y R

k A ,
= 5ric  6nG, S (e (BH) (6.13)
k(A drdyf ()
B <4GN Gy ) (6.14)

with A denoting the area of the event horizon. The second term in the right-hand side of the last equation, corresponds to the
scalar contribution shown in Eq. (5.11) and it must not be understood as part of the Wald entropy.
The Wald entropy S for EAGB is given by the integral on the bifurcation surface of the Lorentz charge Eq. (3.4) for the

parameter o,, = n,;,, yielding

S =
4Gy

A 2md ()

At the moment, the balance Eq. (6.11) for the Smarr formula reads

4Gy

2 r|_K !
M+ ——=2TS 4+ 2a [ﬁ (0pf (1) = 2f (1)) — 162Gy /23 Zk}

where the bulk integral in the balance Eq. (6.11) turns out to be convergent for any coupling f(¢)

o o (]
_ Z = _ / —()2
162Gy, /23 k= [h (2 o

G (6.15)
(6.16)
(o) - 0¢f(¢oo)> O(rS)dr. (6.17)

provided the smoothness of f(¢) near ¢, and considering that its fall-off appears at order O(r~>).

After some algebra, we may define the conjugate
thermodynamical potential to ' in order to present the
Smarr formula in a more familiar way10

_ 1 Kf(¢n)
P = <l6ﬂGN/>:s Yem=g, )

Using the integral of the nonclosed generalized Komar
charge at spatial infinity Eq. (6.12) and the integral of the
nonclosed generalized Komar charge over the bifurcation
surface (6.14) in the balance equation for the Smarr formula
Eq. (6.11), with the entropy definition in Eq. (6.15) and the
conjugate thermodynamical potential defined in Eq. (6.18),
the Smarr formula for EsGB theories reads

(6.18)

M =2TS+2d®,, (6.19)
with M the ADM mass, T the Hawking temperature, S the
entropy and @, the conjugate thermodynamical potential

"Since « is a dimensionful parameter, it is expected to be a
conjugate thermodynamical potential to ' in the Smarr formula
and in the first law. See Refs. [50,51].

which must be understood in the framework of extended
thermodynamics.
Remarkably, from Eq. (6.11) when Z; =0, i.e.,

1
NOEEN) (620)
there is no bulk contribution and dK[k] = dK[k] = 0. This
is the particular case for EdGB theories with the exponen-
tial couplingll

f(#) =e*.

Since the Smarr formula is the integral version of the first
law, we vary the entropy Eq. (6.15) with respect to M, ¢,
and o to obtain the first law for EsGB, which can be
verified, e.g., for the solution of Eq. (5.1), such that

)
6M =T3S =7 8hes + 20,60, (6.21)

"Here the integration constant obtained from solving (6.20) is
set to 1, as it can be reabsorbed in the coupling constant o
appearing in the action (2.1). However, once testing particular
couplings in this work, we will make explicit the constant C.
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A similar result about the role of the background value
of the scalar field ¢, in the first law was found in
Refs. [52,53], for Einstein-Maxwell-dilaton theories.

A. Particular cases

Now we focus in studying some relevant cases, where we
show some explicit formulas to the results coming from
Eq. (5.15) which is the 2-form scalar charge with a bulk
contribution, the entropy (6.15) and the conjugate thermo-
dynamical potential (6.18).

1. Linear coupling: f(¢p)=C¢p, CER

The shift-symmetric case is the simplest coupling
describing hairy black holes [18,54]. From the definition
of the scalar charge, we will require the explicit form of
the derivatives with respect to the scalar field, 9, f(¢) = C
and 05) f(¢) =0. Since the second derivative of the
function with respect to the scalar field vanishes, the bulk
term in the 2-form scalar charge in Eq. (5.15) also vanishes.
Then, the scalar charge simply is

X =4Cdk. (6.22)
From Eq. (6.15) the entropy S reads,
2Cnad
S = i 4 % i , (6.23)
4Gy Gy

and the conjugate thermodynamical potential from Eq. (6.18)

1 K¢h
O, = —c=2t,
@ 16ﬂGN/>;yk Gy

With the previous results, the Smarr formula Eq. (6.19) holds.

(6.24)

2. Dilatonic coupling: f(¢)=Ce**, CER

For EAGB theories, the existence of hairy black hole
solutions was reported in [21,55]. Similarly to the previous
case, we will require to have at hand the first and second
derivatives of the dilatonic coupling with respect to the
scalar field 9,f(¢) = 2Ce*” and 9 f(¢) = 4Ce*. Since
the second derivative does not vanish, the bulk term W, in
the 2-form scalar charge Eq. (5.15) will have a contribution
from a volume integral. Although there is no analytical
expression, the scalar charge is given by

/
T = 8Ca/ke*Pn — 42 Wi. (6.25)

T )33

The entropy S is computed with the formula in Eq. (6.15)
and reads

A 2Cmd &
S=igt HGN . (6.26)

As we mentioned in Sec. VI, the Smarr formula for black
holes in EdGB theories, is given by the integration of a
closed generalized Komar charge: the bulk term Z
Eq. (6.8) vanishes. The conjugate thermodynamical poten-
tial Eq. (6.18) is

1 K
¢ ) = — ——C 2(/)/1‘
“ = 162Gy /23 Y=g e

Using the last equations, it can be verified that the Smarr
formula Eq. (6.19) is satisfied.

With the thermodynamics completed, we now turn to the
scalarization mechanism in EsGB theories.

(6.27)

VII. SCALARIZATION AND GENERAL
COUPLINGS

In this section, we aim to interpret the scalarization
mechanism in terms of the asymptotic behavior of the
scalar charge, through the conditions encoded in the bulk
term W,. Let us first briefly review the basic aspects of
the process.

In the context of EsGB theories, it is assumed the
existence of a constant scalar background gb:q’)oo.n
Allowing small perturbations around ¢, of the form

¢ = P + €5V + O(e?), fore< 1. (7.1)
A Taylor expansion of the coupling function and its
derivative yields

f(#) = fdeo) + €600, f (hss) + O(€)).  (72)

0pf(#) = 04 (bs) + €5V f (o) + O(€?).  (7.3)

Plugging these expansions into the scalar equation of
motion Eq. (2.4b) and keeping terms up to O(e), we obtain

E, = —edxdspV) + 0, ()G

+ €595 (9o)G + O(€?). (7.4)

Imposing that the constant scalar solution ¢ = ¢, satisfies
the background equation, requires df(¢s,) = 0, so that
the unperturbed configuration solves the equation at zeroth
order. At linear order in e, the perturbation obeys the
equation

dxddpV) + m%(r)5pl) = 0, (7.5)

where the m2;(r) is the effective mass squared and given
by mg(r) = =05 (s)G(r). Since G(r) > 0 outside the
event horizon of a Schwarzschild spacetime, the sign of

2One may set ¢, = 0.
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metr is determined by the second derivative of the coupling
function. When this quantity is positive, 07 i (¢s) > 0, the

scalar perturbation becomes tachyonic and grows dynami-
cally, indicating the onset of spontaneous scalarization
and the formation of a nontrivial scalar configuration.
A particular coupling in EsGB admits spontaneous scala-
rization when the following two conditions are simulta-
neously satisfied:

(1) The scalar background must solve the field equa-

tions,

f(¢m) = const, a¢f(¢00) =0. (76)
(2) The trivial configuration must be unstable under
scalar perturbations,

B f(heo) > 0. (7.7)

These criteria ensure the existence of a bifurcation point
in the parameter space, from which new branches of hairy
black hole solutions can emerge. Considering the condi-
tions in Eqgs. (7.6) and (7.7) one can determine that the
linear and the dilatonic coupling are not subject to the
scalarization mechanism.

Inserting the perturbation of the scalar field Eq. (7.1) into
the nonclosed-form scalar charge Eq. (4.14), we may find a

perturbed expression for that charge. After imposing the
scalarization condition (7.6) we find that the scalar charge

vanishes at zeroth order Q((ﬁo) =0.

At first order, however, the same condition allows for a
nontrivial contribution, leading to a linearized scalar charge
of the form

=—— | y*d(spD

2

0 f (hea)d(6pM)) A Xy (7.8)

47/7

where the equation in the middle comes from Eq. (4.13)
and the right-hand side term is the bulk contribution given
by Eq. (4.12), without the surface integral at the bifurcation
surface.

Indeed, the volume integral in Eq. (7.8) together
with the condition Eq. (7.7) implies that scalarization
may occur since the perturbation 8! can generate
a nonvanishing perturbed scalar charge proportional
to déf((,/)oo). Additionally, the scalarization condition

Eq. (7.7) gives support to the nonclosedness of the scalar
charge and the bulk term provides a geometric measure of
the instability.

We list our main results about scalar charges and
scalarization for more general couplings in the Table I.

TABLE I.  Summary of results for different couplings in EsGB theories.
Scalar charge, Wald entropy
Coupling and thermodynamic potential Scalarization
Linear ¥ =4Ca'x No
_A 20 ¢,
S =15, + Gy
Py = f5G, fz* Vi = K(/)h
Dilatonic = SCa Ke2Pn — —fzz. W No
ZCIT{I,(Zp
S = g5 + Xz
20,
Qy = 167rGN Jo Y- cre

CE (1 + pp?)
S=z5-+

T =4Cdk(¢py, + 2B
Cﬂa’gbi (1+/)’¢i)

Gy

) - %fx* Wi Yes [29], for ¢, =0

_ 1 kg7 (1+5¢7)
©y = 167Gy fz3 Ve=C ]2GN :

Even polynomial = 8nCa/xkp?~" —
f(¢) = C¢2n‘ n>0 A 2Crd ¢2”
S=i&y T o

Yes, for n =1
and ¢, = 0 [26]

2 [ Wi

K¢
q)’_mna fz3yk o

OLjii(g;)lyn(onZiﬁl T = 4Co'x(2n +2 l])db,2 L[ Wi No
= o .A 22Cd o
S=a, T "6y
K¢in+l

@y 16er fz* Vi —
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VIII. CONCLUSIONS

In this work we have presented a covariant analysis of
the thermodynamic charges of stationary, asymptotically
flat black holes in FEinstein-scalar-Gauss-Bonnet gravity
with a general scalar coupling function f(¢). A key
element of our analysis has been the construction of the
nonclosed-form scalar charge Q, in Eq. (4.14). Indeed, this
is possible by considering the scalar field equation
of motion contracted with the Killing generator of the
horizon k. In doing so, we uncovered a bulk term given
by a 3-form W,, which measures the nonexact part of the
nonclosed-form scalar charge. Then, the condition W, = 0
emerges as the necessary and sufficient criterion for the
2-form scalar charge to satisfy a Gauss law and be defined
purely by boundary data. Physically, W, encodes the
coupling between gradients of the scalar field and the
topological Gauss-Bonnet term. Its vanishing corresponds
to the particular case of linear coupling, f(¢) = ¢, in
which the 2-form scalar charge is closed and can be fully
expressed in terms of the Euler characteristic of the
bifurcation surface. For more general coupling functions
f(¢), the obstruction term W, does not vanish and depends
on the full radial profile of the fields. Thus, it captures
genuinely dynamical information beyond the purely topo-
logical and geometric data of the boundaries.

In evaluating the surface integrals that define the
nonclosed-form scalar charge, we observe that at spatial
infinity, it remains finite for a broad class of coupling
functions. The asymptotic expansion of the integrand at
9y ($s)

o)
its convergence and resulting in f s Q, = Z. When evalu-
ated at the bifurcation surface, the charge depends only on
the horizon values of the scalar field and the surface gravity,
yielding a finite result. Regarding the convergence of the
bulk contribution, we find that the 3-form W, decays at
infinity as O(r~>) for any smooth coupling f(¢) near ¢
This guarantees the volume integral in Eq. (4.14) to be
absolutely convergent, even when W, # 0. Hence, the
scalar charge remains finite across the full spacetime,
including configurations that explicitly break shift sym-
metry. From Eq. (5.15), this finiteness provides an explan-
ation for the wide variety of coupling functions f(¢) for
which regular hairy black hole solutions have been found in
the literature, as the decay properties of W, ensure the
convergence of the scalar charge irrespective of the specific
form of the coupling.

It is worth noting that our construction of the nonclosed-
form scalar charge differs from the one presented in
Ref. [35] for the particular coupling f(¢) = e~ and in
the absence of the axion field. There, the authors promote
the constant coupling o’ to a dynamical field Z,(x) and add
a 3-form Lagrange-multiplier C enforcing the constraint
d¢, = 0, thereby endowing the theory with global sym-
metries whose Noether 3-currents are closed on-shell.

infinity shows that it decays at least as X + , ensuring

Then, in a stationary background the 2-form scalar charge
is closed on-shell since it is constructed as the contraction
of a Killing vector k of the global Noether current, and there
is no bulk contribution. By contrast, in this work we follow
a procedure based on the equations of motion: contracting
the scalar equation of motion with 7; and reorganizing
terms yields on-shell dQ[k] = —;-W,, which makes
manifest the gravitational scalar contribution that appears
in scalarized black hole models and reproduces Prabhu’s
observation in Ref. [39] that is, without shift symmetry, a
bulk term remains.

Regarding the generalized Komar charge for EsGB
theories, we observed that in general this charge will have
a bulk contribution. The Smarr formula then acquires a
volume integral encoded in the conjugate thermodynamic
potential to o/, consisting in the term ), proportional to the
exterior derivative of the coupling function. In the particu-
lar case f(¢) = e*?, the Smarr formula will be fully
defined by surface integrals.

As we pointed out, the theories under consideration
depend explicitly on the dimensionful parameter .
Therefore, in order to write a consistent Smarr formula
and first law, one has to introduce a conjugate thermody-
namic potential @, in the spirit of black hole chemistry
[43]. The entropy obtained from the integral of the Lorentz
charge on the bifurcation surface, for the particular param-
eter o, = n,,, was computed in Eq. (6.15). It is important
to emphasize that the Wald entropy is related to the Lorentz
charge, and not with the contribution from the Noether-
Wald charge. This distinction can be easily seen from the
integration of the nonclosed generalized Komar charge over
the bifurcation surface in Eq. (6.14): it yields a term
proportional to the surface gravity that cannot be identified
with 7'S. The Lorentz charge involves f(¢) itself, whereas
the Noether-Wald charge depends on its derivative d,,f (¢)
as can be seen from Eq. (3.5). The inclusion of ®, is then
mandatory in order to recover the standard form of the
Smarr formula in Eq. (6.19), with S being the Wald entropy.
The resulting conjugate thermodynamic potential will have
the volume integral that accounts for the nonexactness of
the generalized Komar charge. The same argument applies
to the first law in Eq. (6.21), which is obtained by varying
the Wald entropy with respect to the mass, the value of the
scalar at infinity and o'.

Since our nonclosed scalar charge was constructed from
the equations of motion, it will have implications for the
spontaneous scalarization mechanism. Within our frame-
work, these conditions have a natural charge-based inter-
pretation: the background scalar charge vanishes at zeroth
order, but first-order perturbations generate a nontrivial
scalar charge X. In this sense, the onset of scalarization can
be viewed as the dynamical generation of scalar charge via
a nonvanishing W,.

In view of Eq. (4.14) it is natural to ask whether a
nonvanishing bulk term W, may have implications for

084039-12



NONCLOSED SCALAR CHARGE IN FOUR-DIMENSIONAL ...

PHYS. REV. D 113, 084039 (2026)

phase transitions in EsGB black holes.”® For a fixed
coupling function f(¢), W, is a function of the fields
and generally takes different values when evaluated on
distinct branches of solutions within the same theory. Since
it enters in the balance equation of the scalar charge
between asymptotic and horizon quantities, it may affect
the scalar contribution of the thermodynamic potentials in a
given ensemble. A systematic comparison of thermody-
namic potentials across branches would be required to
determine whether the role that the bulk term plays in
specific models. Another natural question concerns the
extension of the present construction to nonstationary
spacetimes. In that setting, the event horizon of a dynami-
cal black hole is no longer a Killing horizon and, in
general, does not admit a bifurcation surface BH on which
the horizon generator k vanishes. As a consequence, the
steps in our derivation of charges, that rely on the
existence of a Killing vector k and on identities evaluated
at BH, do not directly apply. In this regime, one may
construct extensions of our formalism to radiative or
dynamical settings (see, e.g., [57-59]). A systematic
treatment of this case is left for future work.

Beside the previous extensions,'* other concrete gener-
alizations of our framework deserve further investigation. It
would be natural to extend the present analysis to include
rotation, where additional contributions to the Smarr
formula and the first law will appear and the structure of
W, leading to a richer scenario. Another interesting
direction is to study the near-horizon geometry in the
presence of W, # 0, to see whether any universal relation
emerges, when the asymptotic region is modified. Finally,
exploring the holographic interpretation of ¥V, in asymp-
totically AdS spacetimes could shed light on the dual field
theory meaning of the bulk term and its thermodynamic
consequences [60,61].
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APPENDIX A: VIERBEIN, CONNECTION, AND
CURVATURE COMPONENTS FOR STATIC,
SPHERICALLY SYMMETRIC METRICS

We consider the following four-dimensional metric with
signature + — ——

ds* = A di? — B0 dy? — r2dQ%2>, (A1)

where dQ%z) = d#? + sin? Od¢? is the line element of the
unit 2-sphere.

Following the conventions and formulas presented in
Appendix F.1 of Ref. [62], the orthonormal coframe
(vierbein) adapted to the metric (A1) is given by

0 = eANI24t, e! = eB0/2qy,

e? = rdo, e’ = rsin0dg. (A2)
From these expressions, and applying Cartan’s first
structure equation, the Levi-Civita spin connection
o, = w,", dx" is defined through the relation

De® = de” — vy A e =0, (A3)
where D is the exterior Lorentz-covariant derivative.

We obtain the nonvanishing components of the spin
connection 1-form,

1

o) = =S A ()N, (A4)
o, = _%E—Bm/zez, (AS)
0 = _%e—mr)/zes, (A6)

W, = —;cotﬁ e, (A7)

Next,
%RMD“ »dX" A dx” using Cartan’s second structure equation

we compute the curvature 2-form R¢, =

(A8)

R, =dw?, — 0%, N @,

where d is the exterior derivative. The nonvanishing
components of the curvature 2-form are

1 1 1
R°, = <§A” +ZA/2 —ZA/B’> e B A el (A9)
1
R02 = ZAIE_Beo VAN €2, (AIO)
1
Ry = ;A’e‘Beo A e, (A11)
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1
R', = (—ZB’e_B>el A e, (A12)
Ry = —iB’e_B e A é? (A13)
3 2r '
o _ 1 s 2 03
R’y =—(e" —1)e” ne'. (A14)
r

The Lorentz covariant derivative whose action on a
Lorentz tensor p-form with r contravariant and s covariant
indices is

r
DT“I'“arbl--.bs — dTal“'a’bl.--bx _ E waic A Tal...cn.a,b b

1 s
i=1

(A15)

APPENDIX B: LIE-LORENTZ DERIVATIVE
AND MOMENTUM MAP

In this appendix we briefly review the Lie-Lorentz
derivative of the vielbein and the spin connection. A
detailed derivation can be found in Sec. II of the
Ref. [63] and references therein.

When a tensor carries Lorentz indices, its variation under
infinitesimal transformations generated by a vector field &
is not simply given by minus the standard Lie derivative,
since it does not transform covariantly under local Lorentz
transformations. More explicitly, if 7 is a Lorentz tensor
it is not Lorentz covariant. Because of that, for any Lorentz
tensor 7" we must write its variation with the Lie-Lorentz
derivative which is defined as

5T = LT +36,T, (B2)

where 6,.T is a compensating local Lorentz transformation

which renders ;T Lorentz covariant.
For the 1-form vielbein ¢“ in Eq. (B2) reads

Scet = —(DE + P, e) (B3)
where
Pb = Vlagh, (B4)

is the Lorentz-momentum map. Similarly, for the 1-form
spin connection in Eq. (B2)

S0 = —(1:R™ + DP;). (B5)
In particular, when ¢ is a Killing vector k
6k€a = 0, 5k(1)ab =0. (B6)

For stationary asymptotically flat black holes with bifurcate
horizons, if k is the Killing vector whose Killing horizon
coincides with the event horizon, the Lorentz-momentum
map is identified with the Killing bivector

Pgb = Vlagbl,
which evaluated on the bifurcation sphere BH results [64]

b»BH _ab

P "= kn", (B7)

where k is the surface gravity related to the Hawking

temperature by T = 5~ and n“ is the binormal to the event

ab

horizon normalized as n*’n,, = —2.

[1] P. Corvilain, T. W. Grimm, and I. Valenzuela, The swamp-
land distance conjecture for Kéhler moduli, J. High Energy
Phys. 08 (2019) 075.

[2] R. Blumenhagen, D. Kldwer, L. Schlechter, and F.
Wolf, The refined swampland distance conjecture in Cal-
abi-Yau moduli spaces, J. High Energy Phys. 06 (2018) 052.

[3] T. Rudelius, On the possibility of large axion moduli spaces,
J. Cosmol. Astropart. Phys. 04 (2015) 049.

[4] M. Grana, Flux compactifications in string theory: A
comprehensive review, Phys. Rep. 423, 91 (2006).

[5] R. Blumenhagen, B. Kors, D. Lust, and S. Stieberger,
Four-dimensional string compactifications with D-
branes, orientifolds and fluxes, Phys. Rep. 445, 1
(2007).

[6] M.R. Douglas and S. Kachru, Flux compactification, Rev.
Mod. Phys. 79, 733 (2007).

[7] J. D. Bekenstein, Exact solutions of Einstein conformal
scalar equations, Ann. Phys. (N.Y.) 82, 535 (1974).

[8] J. D. Bekenstein, Black holes with scalar charge, Ann. Phys.
(N.Y.) 91, 75 (1975).

084039-14


https://doi.org/10.1007/JHEP08(2019)075
https://doi.org/10.1007/JHEP08(2019)075
https://doi.org/10.1007/JHEP06(2018)052
https://doi.org/10.1088/1475-7516/2015/04/049
https://doi.org/10.1016/j.physrep.2005.10.008
https://doi.org/10.1016/j.physrep.2007.04.003
https://doi.org/10.1016/j.physrep.2007.04.003
https://doi.org/10.1103/RevModPhys.79.733
https://doi.org/10.1103/RevModPhys.79.733
https://doi.org/10.1016/0003-4916(74)90124-9
https://doi.org/10.1016/0003-4916(75)90279-1
https://doi.org/10.1016/0003-4916(75)90279-1

NONCLOSED SCALAR CHARGE IN FOUR-DIMENSIONAL ...

PHYS. REV. D 113, 084039 (2026)

[9] M. S. Volkov and D. V. Galtsov, NonAbelian Einstein Yang-
Mills black holes, JETP Lett. 50, 346 (1989), http://jetplette
rs.ru/ps/1130/article_17118.shtml.

[10] P. Bizon, Colored black holes, Phys. Rev. Lett. 64, 2844
(1990).

[11] S. Droz, M. Heusler, and N. Straumann, New black hole
solutions with hair, Phys. Lett. B 268, 371 (1991).

[12] B.R. Greene, S. D. Mathur, and C. M. O’Neill, Eluding the
no hair conjecture: Black holes in spontaneously broken
gauge theories, Phys. Rev. D 47, 2242 (1993).

[13] J. D. Bekenstein, Novel “no-scalar-hair” theorem for black
holes, Phys. Rev. D 51, R6608 (1995).

[14] T.P. Sotiriou and V. Faraoni, Black holes in scalar-tensor
gravity, Phys. Rev. Lett. 108, 081103 (2012).

[15] L. Hui and A. Nicolis, No-hair theorem for the Galileon,
Phys. Rev. Lett. 110, 241104 (2013).

[16] E. Babichev and C. Charmousis, Dressing a black hole with
a time-dependent Galileon, J. High Energy Phys. 08 (2014)
106.

[17] T.P. Sotiriou and S.-Y. Zhou, Black hole hair in gener-
alized scalar-tensor gravity, Phys. Rev. Lett. 112, 251102
(2014).

[18] T.P. Sotiriou and S.-Y. Zhou, Black hole hair in generalized
scalar-tensor gravity: An explicit example, Phys. Rev. D 90,
124063 (2014).

[19] C. A.R. Herdeiro and E. Radu, Asymptotically flat black
holes with scalar hair: A review, Int. J. Mod. Phys. D 24,
1542014 (2015).

[20] R. Benkel, T.P. Sotiriou, and H. Witek, Black hole hair
formation in shift-symmetric generalised scalar-tensor grav-
ity, Classical Quantum Gravity 34, 064001 (2017).

[21] P. Kanti, N. E. Mavromatos, J. Rizos, K. Tamvakis, and E.
Winstanley, Dilatonic black holes in higher curvature string
gravity, Phys. Rev. D 54, 5049 (1996).

[22] S.O. Alexeev and M. V. Pomazanov, Black hole solutions
with dilatonic hair in higher curvature gravity, Phys. Rev. D
55, 2110 (1997).

[23] H.O. Silva, A. Ghosh, and A. Buonanno, Black-hole
ringdown as a probe of higher-curvature gravity theories,
Phys. Rev. D 107, 044030 (2023).

[24] E. Lescano, o -corrections and their double formulation,
J. Phys. A 55, 053002 (2022).

[25] D.D. Doneva and S.S. Yazadjiev, New Gauss-Bonnet
black holes with curvature-induced scalarization in ex-
tended scalar-tensor theories, Phys. Rev. Lett. 120,
131103 (2018).

[26] D.D. Doneva, F.M. Ramazanoglu, H.O. Silva, T.P.
Sotiriou, and S.S. Yazadjiev, Spontaneous scalarization,
Rev. Mod. Phys. 96, 015004 (2024).

[27] H. O. Silva, J. Sakstein, L. Gualtieri, T. P. Sotiriou, and E.
Berti, Spontaneous scalarization of black holes and compact
stars from a Gauss-Bonnet coupling, Phys. Rev. Lett. 120,
131104 (2018).

[28] H. O. Silva, C. F. B. Macedo, T. P. Sotiriou, L. Gualtieri, J.
Sakstein, and E. Berti, Stability of scalarized black hole
solutions in scalar-Gauss-Bonnet gravity, Phys. Rev. D 99,
064011 (2019).

[29] E.-L. Julié and E. Berti, Post-Newtonian dynamics and black
hole thermodynamics in Einstein-scalar-Gauss-Bonnet
gravity, Phys. Rev. D 100, 104061 (2019).

[30] G. Antoniou, A. Bakopoulos, and P. Kanti, Evasion of no-
hair theorems and novel black-hole solutions in Gauss-
Bonnet theories, Phys. Rev. Lett. 120, 131102 (2018).

[31] G. Antoniou, A. Bakopoulos, and P. Kanti, Black-hole
solutions with scalar hair in Einstein-Scalar-Gauss-Bonnet
theories, Phys. Rev. D 97, 084037 (2018).

[32] R. Ballesteros, C. Gémez-Fayrén, T. Ortin, and M. Zatti, On
scalar charges and black hole thermodynamics, J. High
Energy Phys. 05 (2023) 158.

[33] R. Ballesteros and T. Ortin, Hairy black holes, scalar
charges and extended thermodynamics, Classical Quantum
Gravity 41, 055007 (2024).

[34] H. Takeda, S. Tsujikawa, and A. Nishizawa, Gravitational-
wave constraints on scalar-tensor gravity from a neutron star
and black-hole binary GW200115, Phys. Rev. D 109,
104072 (2024).

[35] T. Ortin and M. Zatti, On the thermodynamics of the black
holes of the Cano-Ruipérez 4-dimensional string effective
action, J. High Energy Phys. 06 (2025) 026.

[36] T. Jacobson and A. Mohd, Black hole entropy and Lorentz-
diffeomorphism Noether charge, Phys. Rev. D 92, 124010
(2015).

[37] Z. Elgood, D. Mitsios, T. Ortin, and D. Perefiiguez, The first
law of heterotic stringy black hole mechanics at zeroth order
in o’, J. High Energy Phys. 07 (2021) 007.

[38] Z. Elgood, T. Ortin, and D. Perefiiguez, The first law and
Wald entropy formula of heterotic stringy black holes at first
order in ¢, J. High Energy Phys. 05 (2021) 110.

[39] K. Prabhu and L. C. Stein, Black hole scalar charge from a
topological horizon integral in FEinstein-dilaton-Gauss-
Bonnet gravity, Phys. Rev. D 98, 021503 (2018).

[40] T. Eguchi, P.B. Gilkey, and A.J. Hanson, Gravitation,
gauge theories and differential geometry, Phys. Rep. 66,
213 (1980).

[41] L. Smarr, Mass formula for Kerr black holes, Phys. Rev.
Lett. 30, 71 (1973).

[42] A. Komar, Covariant conservation laws in general relativity,
Phys. Rev. 113, 934 (1959).

[43] D. Kastor, S. Ray, and J. Traschen, Smarr formula and an
extended first law for Lovelock gravity, Classical Quantum
Gravity 27, 235014 (2010).

[44] S. Liberati and C. Pacilio, Smarr formula for Lovelock black
holes: A Lagrangian approach, Phys. Rev. D 93, 084044
(2016).

[45] J. Lee and R. M. Wald, Local symmetries and constraints,
J. Math. Phys. (N.Y.) 31, 725 (1990).

[46] R. M. Wald, Black hole entropy is the Noether charge, Phys.
Rev. D 48, R3427 (1993).

[47] V. Iyer and R. M. Wald, Some properties of Noether charge
and a proposal for dynamical black hole entropy, Phys. Rev.
D 50, 846 (1994).

[48] T. Ortin, Komar integrals for theories of higher order in the
Riemann curvature and black-hole chemistry, J. High
Energy Phys. 08 (2021) 023.

[49] J. M. Bardeen, B. Carter, and S. W. Hawking, The four laws
of black hole mechanics, Commun. Math. Phys. 31, 161
(1973).

[50] D. Mitsios, T. Ortin, and D. Perefiguez, Komar integral
and Smarr formula for axion-dilaton black holes versus S
duality, J. High Energy Phys. 08 (2021) 019.

084039-15


http://jetpletters.ru/ps/1130/article_17118.shtml
http://jetpletters.ru/ps/1130/article_17118.shtml
http://jetpletters.ru/ps/1130/article_17118.shtml
http://jetpletters.ru/ps/1130/article_17118.shtml
https://doi.org/10.1103/PhysRevLett.64.2844
https://doi.org/10.1103/PhysRevLett.64.2844
https://doi.org/10.1016/0370-2693(91)91592-J
https://doi.org/10.1103/PhysRevD.47.2242
https://doi.org/10.1103/PhysRevD.51.R6608
https://doi.org/10.1103/PhysRevLett.108.081103
https://doi.org/10.1103/PhysRevLett.110.241104
https://doi.org/10.1007/JHEP08(2014)106
https://doi.org/10.1007/JHEP08(2014)106
https://doi.org/10.1103/PhysRevLett.112.251102
https://doi.org/10.1103/PhysRevLett.112.251102
https://doi.org/10.1103/PhysRevD.90.124063
https://doi.org/10.1103/PhysRevD.90.124063
https://doi.org/10.1142/S0218271815420146
https://doi.org/10.1142/S0218271815420146
https://doi.org/10.1088/1361-6382/aa5ce7
https://doi.org/10.1103/PhysRevD.54.5049
https://doi.org/10.1103/PhysRevD.55.2110
https://doi.org/10.1103/PhysRevD.55.2110
https://doi.org/10.1103/PhysRevD.107.044030
https://doi.org/10.1088/1751-8121/ac463f
https://doi.org/10.1103/PhysRevLett.120.131103
https://doi.org/10.1103/PhysRevLett.120.131103
https://doi.org/10.1103/RevModPhys.96.015004
https://doi.org/10.1103/PhysRevLett.120.131104
https://doi.org/10.1103/PhysRevLett.120.131104
https://doi.org/10.1103/PhysRevD.99.064011
https://doi.org/10.1103/PhysRevD.99.064011
https://doi.org/10.1103/PhysRevD.100.104061
https://doi.org/10.1103/PhysRevLett.120.131102
https://doi.org/10.1103/PhysRevD.97.084037
https://doi.org/10.1007/JHEP05(2023)158
https://doi.org/10.1007/JHEP05(2023)158
https://doi.org/10.1088/1361-6382/ad210a
https://doi.org/10.1088/1361-6382/ad210a
https://doi.org/10.1103/PhysRevD.109.104072
https://doi.org/10.1103/PhysRevD.109.104072
https://doi.org/10.1007/JHEP06(2025)026
https://doi.org/10.1103/PhysRevD.92.124010
https://doi.org/10.1103/PhysRevD.92.124010
https://doi.org/10.1007/JHEP07(2021)007
https://doi.org/10.1007/JHEP05(2021)110
https://doi.org/10.1103/PhysRevD.98.021503
https://doi.org/10.1016/0370-1573(80)90130-1
https://doi.org/10.1016/0370-1573(80)90130-1
https://doi.org/10.1103/PhysRevLett.30.71
https://doi.org/10.1103/PhysRevLett.30.71
https://doi.org/10.1103/PhysRev.113.934
https://doi.org/10.1088/0264-9381/27/23/235014
https://doi.org/10.1088/0264-9381/27/23/235014
https://doi.org/10.1103/PhysRevD.93.084044
https://doi.org/10.1103/PhysRevD.93.084044
https://doi.org/10.1063/1.528801
https://doi.org/10.1103/PhysRevD.48.R3427
https://doi.org/10.1103/PhysRevD.48.R3427
https://doi.org/10.1103/PhysRevD.50.846
https://doi.org/10.1103/PhysRevD.50.846
https://doi.org/10.1007/JHEP08(2021)023
https://doi.org/10.1007/JHEP08(2021)023
https://doi.org/10.1007/BF01645742
https://doi.org/10.1007/BF01645742
https://doi.org/10.1007/JHEP08(2021)019

BALLESTEROS, CARDENAS, and LESCANO

PHYS. REV. D 113, 084039 (2026)

[51] P. Meessen, D. Mitsios, and T. Ortin, Black hole chemistry,
the cosmological constant and the embedding tensor, J. High
Energy Phys. 12 (2022) 155.

[52] M. Cardenas, F.-L. Julié, and N. Deruelle, Thermodynamics
sheds light on black hole dynamics, Phys. Rev. D 97,
124021 (2018).

[53] D. Astefanesei, R. Ballesteros, D. Choque, and R. Rojas,
Scalar charges and the first law of black hole thermody-
namics, Phys. Lett. B 782, 47 (2018).

[54] M. Liska, R. A. Hennigar, and D. Kubiznak, No logarithmic
corrections to entropy in shift-symmetric Gauss-Bonnet
gravity, J. High Energy Phys. 11 (2023) 195.

[55] K. Maeda, N. Ohta, and Y. Sasagawa, Black hole solutions
in string theory with Gauss-Bonnet curvature correction,
Phys. Rev. D 80, 104032 (2009).

[56] J. Wu and R. B. Mann, Thermodynamically stable phases of
asymptotically flat Lovelock black holes, Classical Quan-
tum Gravity 40, 145009 (2023).

[57] R.M. Wald and A. Zoupas, A general definition of
‘conserved quantities’ in general relativity and other theo-
ries of gravity, Phys. Rev. D 61, 084027 (2000).

[58] A. Ashtekar and B. Krishnan, Dynamical horizons and their
properties, Phys. Rev. D 68, 104030 (2003).

[59] I. Booth and S. Fairhurst, The first law for slowly evolving
horizons, Phys. Rev. Lett. 92, 011102 (2004).

[60] N. Caceres, C. Corral, F. Diaz, and R. Olea, Holographic
renormalization of Horndeski gravity, J. High Energy Phys.
05 (2024) 125.

[61] S. Paul, S. Gangopadhyay, and A. Saha, Gauss—Bonnet
AdS planar and spherical black hole thermodynamics
and holography, Classical Quantum Gravity 41, 235010
(2024).

[62] T. Ortin, Gravity and Strings, 2nd ed., Cambridge Mono-
graphs on Mathematical Physics (Cambridge University
Press, Cambridge, England, 2015), 10.1017/CB0O97811
39019750.

[63] Z. Elgood, P. Meessen, and T. Ortin, The first law of black
hole mechanics in the Einstein-Maxwell theory revisited, J.
High Energy Phys. 09 (2020) 026.

[64] R. M. Wald, General Relativity (Chicago University Press,
Chicago, USA, 1984), 10.7208/chicago/9780226870373
.001.0001.

084039-16


https://doi.org/10.1007/JHEP12(2022)155
https://doi.org/10.1007/JHEP12(2022)155
https://doi.org/10.1103/PhysRevD.97.124021
https://doi.org/10.1103/PhysRevD.97.124021
https://doi.org/10.1016/j.physletb.2018.05.005
https://doi.org/10.1007/JHEP11(2023)195
https://doi.org/10.1103/PhysRevD.80.104032
https://doi.org/10.1088/1361-6382/acdd41
https://doi.org/10.1088/1361-6382/acdd41
https://doi.org/10.1103/PhysRevD.61.084027
https://doi.org/10.1103/PhysRevD.68.104030
https://doi.org/10.1103/PhysRevLett.92.011102
https://doi.org/10.1007/JHEP05(2024)125
https://doi.org/10.1007/JHEP05(2024)125
https://doi.org/10.1088/1361-6382/ad89a0
https://doi.org/10.1088/1361-6382/ad89a0
https://doi.org/10.1017/CBO9781139019750
https://doi.org/10.1017/CBO9781139019750
https://doi.org/10.1007/JHEP09(2020)026
https://doi.org/10.1007/JHEP09(2020)026
https://doi.org/10.7208/chicago/9780226870373.001.0001
https://doi.org/10.7208/chicago/9780226870373.001.0001

	Nonclosed scalar charge in four-dimensional Einstein-scalar-Gauss-Bonnet black hole thermodynamics
	I. INTRODUCTION
	II. THE THEORY AND ITS EQUATIONS OF MOTION
	III. LOCAL SYMMETRIES
	A. Infinitesimal transformations
	B. Local charges
	1. Lorentz charge
	2. Noether-Wald charge (diffeomorphism charge)


	IV. SCALAR CHARGE WITH A BULK CONTRIBUTION
	V. SCALAR CHARGE AT SPATIAL INFINITY AND OVER THE BIFURCATION SURFACE
	VI. GENERALIZED KOMAR CHARGE AND SMARR FORMULA
	A. Particular cases
	1. Linear coupling: f(ϕ)=Cϕ, C&isinv;R
	2. Dilatonic coupling: f(ϕ)=Ce2ϕ, C&isinv;R


	VII. SCALARIZATION AND GENERAL COUPLINGS
	VIII. CONCLUSIONS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	APPENDIX A: VIERBEIN, CONNECTION, AND CURVATURE COMPONENTS FOR STATIC, SPHERICALLY SYMMETRIC METRICS
	APPENDIX B: LIE-LORENTZ DERIVATIVE AND MOMENTUM MAP
	References


