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We develop a covariant differential-form framework to define scalar charges for stationary, asymp-
totically flat black holes in 4-dimensional Einstein-scalar-Gauss-Bonnet gravity with a general scalar
coupling function. Contracting the scalar field equation of motion with the horizon generator k yields a
nonclosed-form scalar charge, revealing a bulk contribution encoded in a 3-form, which measures the
obstruction to its closedness. In the presence of shift-symmetry, this obstruction vanishes and the 2-form
scalar charge satisfies a Gauss law, depending solely on boundary data. Geometrically, this reproduces
known topological results in the shift-symmetric limit. This framework allows us to analyze the role of the
nonclosed scalar charges in black hole thermodynamics through the Smarr formula for more general
couplings and provide a covariant, charge-based interpretation of the spontaneous scalarization mecha-
nism, showing how the behavior of the scalar charge and the bulk term capture the instability of scalar-free
black holes and the emergence of scalar hair. Our results offer a unified geometric understanding of the role
of scalar charges and a physical interpretation to its nonclosedness in terms of the spontaneous scalarization
mechanism.
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I. INTRODUCTION

Scalar fields arise naturally in a wide range of high-energy
physics contexts, particularly in the context of moduli
and dilaton sectors [1–3] in string theory compactifications
[4–6]. When coupled to gravity, scalar fields typically obey
no-hair theorems, which prevent them from forming non-
trivial profiles around black holes unless certain conditions
are considered, such as symmetry breaking [7–20].
However, this picture changes in modified gravity

theories, where scalar fields interact nonminimally with
curvature invariants [21–23]. A particular case is Einstein-
scalar-Gauss-Bonnet (EsGB) gravity, where a scalar field ϕ
couples to the Gauss-Bonnet (GB) invariant G through a
function fðϕÞ. This interaction arises naturally in the
low-energy effective actions of string theory, where the
scalar coupling often corresponds to the dilaton and
the GB term captures leading α0 corrections to the

classical Einstein-Hilbert action (for a review on α0 cor-
rections see [24]). Moreover, EsGB can be interpreted as a
simple model to study the effect of a scalar field coupling to
gravity.
In 4 dimensions the GB term is a topological invariant

and does not affect the dynamics unless it is coupled to a
dynamical scalar. Once this coupling is introduced, it alters
the dynamics and can induce scalar hair in black hole
solutions, even in the absence of electric charge or angular
momentum. Such black holes have been widely studied in
the literature [25–29]. In particular, Refs. [30,31] proposed
a novel no-hair theorem for EsGB gravity, showing that
nontrivial scalar hair can exist depending on the form of the
coupling function fðϕÞ. These models show that whether
scalar hair exists or not, depends crucially on how the scalar
behaves near the horizon and at spatial infinity, shaped by
the choice of fðϕÞ.
At this point it is useful to distinguish between primary

and secondary scalar hair [19]. A primary scalar hair
corresponds to an independent parameter of the black hole
solution that is not determined by conserved charges or
asymptotic data. By contrast, a scalar hair is referred to as
secondary if it depends on the conserved charges.
In parallel to these developments, it has been shown

that a covariant definition of scalar charge enables the
formulation of no-hair theorems by requiring regularity
both at spatial infinity and on the bifurcation surface in
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asymptotically flat black holes [32,33]. The key insight is
to define the scalar charge through a closed 2-form Qϕ.
When the 4-dimensional theory admits a shift symmetry
from a real scalar,1 one defines a current J associated with
this symmetry and writes dJ in terms of the scalar equation
of motion Eϕ, i.e., dJ ¼ −Eϕ. When evaluated on-shell2

dJ ≐ 0 and since the fields are invariant under the diffeo-
morphisms generated by k (the Lie derivative of the current
J with respect to k vanishes d{kJ ¼ 0) the closed 2-form
scalar charge is obtained through Qϕ ¼ {kJ.
A similar procedure can be applied to theories in which

the shift symmetry of a real scalar is broken by a scalar
potential. In these cases, ensuring that the scalar potential is
invariant under the diffeomorphisms generated by k guar-
antees that the scalar charge is, again, closed on-shell. This
construction ensures thatQϕ satisfies a Gauss law: it can be
integrated over any closed 2-surface and yields the same
result when evaluated either at spatial infinity or on the
bifurcation surface. The definition is manifestly covariant
and offers several advantages, such as allowing for a direct
connection with the charges obtained in the Wald formal-
ism and yielding a more natural appearance in the first law
when considering variations of the scalar at infinity.
For generic couplings in EsGB theories, the scalar sector

does not possess a shift symmetry. One might attempt to
enforce the closedness of the scalar charge by requiring the
Lie derivative of the coupling term fðϕÞG along the horizon
generator to vanish. However, in stationary configurations
this requirement imposes no additional constraint. The
nonclosedness of the 2-form scalar charge arises because
fðϕÞ couples directly to the Gauss-Bonnet term, rather than
playing the role of a conventional scalar potential.
Throughout this work, we keep fðϕÞ arbitrary and deal
with the scalar contribution in the 2-form scalar charge
(obtained after the contraction of the scalar equation of
motion with k) expressing it as an exact differential form
plus a bulk remainder Wk. This decomposition reveals a
covariant 3-form Wk that quantifies the obstruction to the
closedness of the scalar charge 2-form. We refer to the full
decomposition as the nonclosed-form scalar charge.
Although for generic couplings the 2-form scalar charge

is not closed on-shell, one can still formulate no-hair
statements by requiring the convergence of the correspond-
ing surface and bulk integrals at spatial infinity. In the
particular case of shift symmetry the obstruction term
vanishes. Otherwise, the scalar charge ceases to be purely
topological and can be interpreted using the framework of
the spontaneous scalarization mechanism [26], as we will
show. This phenomenon occurs when black hole solutions
with nontrivial scalar profiles emerge dynamically, even in

the absence of external sources. Indeed, it arises when a
constant scalar solution becomes unstable under small
scalar perturbations triggering the growth of a nontrivial
scalar configuration. Spontaneous scalarization provides a
mechanism for generating scalar hair without violating no-
hair theorems, relying instead on a dynamical instability
of the trivial scalar configuration. The process leads to
genuinely nonperturbative black hole solutions and offers a
framework for probing deviations from general relativity in
the strong-field regime, potentially observable in gravita-
tional wave signals [34].
In our context, scalarization can be interpreted in terms

of the asymptotic behavior of the scalar charge, through the
conditions encoded in the bulk term Wk. Indeed, it was
shown that backgrounds that satisfy ∂ϕfðϕ∞Þ ¼ 0 but
∂
2
ϕfðϕ∞Þ > 0, such a process would occur. Here, we show
that such particular set of linear perturbations generates a
nonzero contribution to the scalar charge viaWk, signaling
the breakdown of the scalar-free configuration and the
emergence of scalar hair. This provides a covariant and
geometric interpretation of the mechanism, unifying it with
the thermodynamic and charge-based analysis developed in
this work. Indeed, our results clarify the structure of scalar
charges in EsGB gravity, giving a physical interpretation to
the nonclosedness of the scalar charge, and offering a
systematic way to test the physical consistency of different
coupling functions. They also strengthen the foundation for
covariant no-hair theorems and have potential applications
in string-inspired black hole models and higher-curvature
gravitational theories.
We analyze the associated surface and volume integrals

and prove that the scalar charge remains convergent for a
wide class of coupling functions, including linear, quad-
ratic, exponential and polynomial forms. The shift sym-
metric limit is defined as the case where Wk vanishes and
the 2-form scalar charge becomes closed on-shell satisfying
a Gauss law. We also derive the Smarr formula for generic
scalar couplings in the theory.
This paper is organized as follows. Section II introduces

the theory and the equations of motion for the fields. In
Sec. III we compute the charges associated with the local
symmetries (Lorentz transformations and infinitesimal
diffeomorphisms) namely, the Lorentz and the Noether-
Wald charges. Then, in Sec. IV we construct the 2-form
scalar charge and show the 3-form bulk contribution. In
order to study no-hair theorems for EsGBmodels, in Sec. V
we study the convergence of the integrals that defines the
2-form scalar charge at spatial infinity and over the
bifurcation surface. In Sec. VI we construct the generalized
Komar charge from which we can find the Smarr formula,
that relates thermodynamic quantities at spatial infinity and
at the event horizon for black hole spacetimes. For generic
couplings the Smarr formula will have another bulk
contribution and we show that in the specific dilatonic
coupling that bulk term vanishes. We test our results for

1Here by shift symmetry we mean a dependence of the action
on the scalar ϕ, such that it is invariant under ϕþ ϕ0 where ϕ0 is
a constant.

2In what follows the notation ≐ means evaluated on-shell.
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different couplings in Sec. VI A and in Sec. VII we discuss
the implications of our findings for scalarized black holes.
Finally, we present our conclusions and future directions
in Sec. VIII.

II. THE THEORY AND ITS EQUATIONS
OF MOTION

Consider the EsGB action given by the integral of the
4-form Lagrangian L

S ¼
Z

L ¼ 1

16πGN

Z �
−⋆ðea ∧ ebÞ ∧ Rab

þ 1

2
dϕ ∧ ⋆dϕþ α0fðϕÞG

�
; ð2:1Þ

where α0 > 0 is a dimensionful constant parameter,3 ea is
the vierbein, Rab is the 2-form curvature of the Levi-Civita
connection, and G is the 4-form Gauss-Bonnet density
written in differential forms as

G ¼ 1

2
ϵabcdRab ∧ Rcd: ð2:2Þ

Under a general variation of the fields

δS ¼
Z

½Ea ∧ δea þ Eϕδϕþ dΘðea; δea;ϕ; δϕÞ�: ð2:3Þ

HereEa andEϕ are the Einstein equations and the equation
of motion for the scalar field, respectively, and Θ is the
presymplectic potential, which are given by,

16πGNEa ¼ {a⋆ðeb ∧ ecÞ ∧ Rbc

þ 1

2
ð{adϕ ∧ ⋆dϕþ dϕ ∧ {a⋆dϕÞ −DΔGB

a ;

ð2:4aÞ

16πGNEϕ ¼ −d⋆dϕþ α0∂ϕfðϕÞG; ð2:4bÞ

16πGNΘ ¼ ð−⋆ðea ∧ ebÞ þ 2α0fðϕÞR̃abÞ ∧ δωab

þ ⋆dϕδϕþ ΔGB
a ∧ δea: ð2:4cÞ

We have used the notation ∂ϕ ¼ ∂

∂ϕ and D as the Lorentz
covariant derivative, defined in the Appendix A, Eq. (A15).
Finally, the 2-form dual curvature4 is

R̃ab ≡ 1

2
ϵabcdRcd ð2:5Þ

and

ΔGB
d ≡ α0{aðdfðϕÞÞR̃a

d: ð2:6Þ

Note that these results coincide with those in Ref. [35]
when the axion field vanishes.5

III. LOCAL SYMMETRIES

The action in Eq. (2.1) is invariant under infinitesimal
transformations (diffeomorphisms) and local Lorentz trans-
formations. They act on the vierbein ea, the scalar ϕ, and on
derived geometric quantities such as the spin connection
ωab and the 2-form curvature Rab. Fields with Lorentz
indices transform under diffeomorphisms via the Lie-
Lorentz derivative (see for instance Ref. [36]) whereas
Lorentz scalars transform with the standard Lie derivative.
Details can be found in Appendix B.
We now compute both symmetries and their associated

Noether charges.

A. Infinitesimal transformations

The infinitesimal action of a diffeomorphism generated
by a vector field ξ on the fields is

δξϕ ¼ −{ξdϕ; ð3:1aÞ

δξea ¼ −ðDξa þ Pξ
a
be

bÞ; ð3:1bÞ

δξωab ¼ −ð{ξRab þDPξabÞ; ð3:1cÞ

where

Pξab ≡∇½aξb�: ð3:2Þ

The transformation of the fields under local Lorentz
transformations are given by

δσϕ ¼ 0; ð3:3aÞ

δσea ¼ σabeb; ð3:3bÞ

δσωab ¼ Dσab; ð3:3cÞ

δσRab ¼ 2σ½ajcRcjb�; ð3:3dÞ

where the antisymmetric parameter σab ¼ −σba is the
Lorentz symmetry generator. The scalar field is a
Lorentz scalar and remains invariant, while the vierbein,
spin connection and curvature transform according to
Eqs. (3.3b)–(3.3d). In particular, the transformation of3This parameter is, in principle, generic and not necessarily

related to string theory with dimensions ½L�2.
4In our conventions the Levi-Civita symbol is such that

ϵ0123 ¼ 1 and ϵ0123 ¼ −1.
5For a recent and comprehensive self-contained derivation of

Eqs. (2.4a)–(2.4c), we refer the reader to Ref. [35].
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the curvature follows from varying the spin connection
in Eq. (3.3c).

B. Local charges

1. Lorentz charge

Considering the general variation of the fields Eq. (2.3),
the theory is exactly invariant under local Lorentz trans-
formations Eq. (3.3). It is straightforward to verify the
appearance of a total derivative

δσS ¼
Z

dJ½σ� ¼ 0;

leading to the 2-form Lorentz charge

Q½σ� ¼ 1

16πGN
½−⋆ðea ∧ ebÞ þ 2α0fðϕÞR̃ab�σab; ð3:4Þ

which is related to the off-shell invariance of the action
under infinitesimal arbitrary parameters σab. This quantity
plays a central role in the Wald entropy formula, since
it is obtained by evaluating the integral of this charge over a
2–dimensional section of the horizon with σab ¼ nab (the
binormal to the event horizon), as noticed in Refs. [37,38].
In Sec. VI, we will use this charge to compute the black
hole entropy explicitly.

2. Noether-Wald charge (diffeomorphism charge)

Similarly to the Lorentz charge, here we consider the
general variation of the fields Eq. (2.3) and the infinitesimal
transformations in Eq. (3.1). The EsGB theory Eq. (2.1) is
invariant up to a total derivative

δξS ¼ −
Z

d{ξL:

After integrating by parts and using Noether identities, we
arrive at the off-shell identity

dJ½ξ� ¼ 0:

Then, there exists a 2-form Q½ξ� such that J½ξ� ¼ dQ½ξ�
which is the Noether-Wald charge

Q½ξ� ¼ 1

16πGN
f½⋆ðea ∧ ebÞ− 2α0fðϕÞR̃ab�Pξab −ΔGB

a ξag;

ð3:5Þ

where Pξab is the Lorentz parameter induced by ξ and ΔGB
a

encodes terms arising from the higher-derivative couplings
to curvature. The fðϕÞR̃ab term captures the Gauss-Bonnet
modification, while the ΔGB

a [defined in Eq. (2.6)] term
reflects the nonminimal scalar-curvature couplings. In the
Wald formalism, the surface integral of Q½ξ� is used to

define the conserved charge associated with a vector field ξ.
When evaluated on a 2-sphere at spatial infinity and for
the timelike Killing vector of a stationary spacetime, this
charge gives the mass.
In the next section we will construct the nonclosed-form

scalar charge for EsGB theory, which is one of the main
results of this work. The computation of the Noether-Wald
and Lorentz charges are relevant in the construction of
the generalized Komar charge and by consequence in the
Smarr formula, as we will discuss in Sec. VI.

IV. SCALAR CHARGE WITH A BULK
CONTRIBUTION

We give a detailed derivation of the 2-form scalar charge.
The contraction of the equation of motion for the scalar
field Eq. (2.4b) with a Killing vector k reads

16πGNð{kEϕÞ ¼ −{kd⋆dϕþ α0∂ϕfðϕÞ{kG: ð4:1Þ

It is assumed that all the fields (here Φ denotes any field)
are invariant under the action of a Killing vector k

δkΦ ¼ 0; ð4:2Þ

where by definition δkΦ ¼ −LkΦ. Thus,

LkΦ ¼ −{kdΦ − d{kΦ ¼ 0: ð4:3Þ

In particular, for the scalar field ϕ, we have

δkϕ ¼ −{kdϕ ¼ 0; ð4:4Þ

and for ⋆dϕ, it implies6

δk⋆dϕ ¼ −{kd⋆dϕ − d{k⋆dϕ ¼ 0: ð4:5Þ

For the Gauss-Bonnet term,

{kG ¼ 2{kRab ∧ R̃ab: ð4:6Þ

Using Eq. (B5) with ξ ¼ k together with the Bianchi
identity DRab ¼ 0 we obtain

{kG ¼ dXk; ð4:7Þ

with the Lorentz-scalar

X k ¼ ð−2Pab
k R̃abÞ: ð4:8Þ

6Because for a p-form ω and k a Killing vector, holds
Lkð⋆ωÞ ¼ ⋆LkðωÞ.
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Let us observe that in order to write

∂ϕfðϕÞ{kG ¼ ∂ϕfðϕÞdXk;

as a total derivative, we must consider the Leibniz rule

dð∂ϕfðϕÞX kÞ ¼ dð∂ϕfðϕÞÞ ∧ Xk þ ∂ϕfðϕÞdXk: ð4:9Þ

Isolating the term

∂ϕfðϕÞdXk ¼ dð∂ϕfðϕÞXkÞ − dð∂ϕfðϕÞÞ ∧ Xk; ð4:10Þ

and then replacing Eqs. (4.5) and (4.10) in Eq. (4.1), one
obtains

16πGNð{kEϕÞ ¼ d{k⋆dϕþ α0dð∂ϕfðϕÞX kÞ
− α0dð∂ϕfðϕÞÞ ∧ Xk: ð4:11Þ

If we name the 3-form

Wk ¼ dð∂ϕfðϕÞÞ ∧ Xk; ð4:12Þ

one can see that, in general, it is not possible to define a
closed 2-form scalar charge for EsGB theories such that
Wk ¼ dAk, with Ak a 2-form. However, if Wk ¼ 0, using
Eqs. (4.8) and (4.11) on-shell, one can define the closed
2-form scalar charge as7

Qϕ ¼ −
1

4π
½{k⋆dϕ − 2α0∂ϕfðϕÞPab

k R̃ab�: ð4:13Þ

In general, forWk≠0 it implies dQϕ¼− α0
4πWk. Integrating

over a Σ3 hypersurface whose boundaries are the bifurca-
tion surface and a 2-sphere at spatial infinity, we apply
Stokes’s theorem to define the balance equation for the
nonclosed-form scalar charge

Z
S2∞

Qϕ ¼
Z
BH

Qϕ −
α0

4π

Z
Σ3

Wk: ð4:14Þ

In this expression, the scalar charge is defined by the
surface integral of Qϕ at spatial infinity,

Σ≡
Z
S2∞

Qϕ:

In the derivation of the scalar charge associated with a
stationary black hole in EsGB gravity with a general

scalar coupling function fðϕÞ, the quantity Wk emerges
as a key obstruction to expressing the contraction of the
scalar field equation with a Killing vector k as a closed
differential form. The term Wk identically vanishes when
fðϕÞ is linear, corresponding to the shift symmetric case
studied in [39]. In that setting, the scalar charge qs can be
expressed purely as a surface integral evaluated at the
horizon or at spatial infinity, leading to the topological
formula

qs ¼
1

2
ακχðBHÞ; ð4:15Þ

where κ is the surface gravity of the black hole, χðBHÞ is
the Euler characteristic of the bifurcation surface BH and
α is a coupling parameter proportional to α0. In a more
general case [nonlinear coupling fðϕÞ], Wk does not
vanish and represents a bulk contribution that obstructs
the scalar charge from being expressible solely in terms of
boundary data. The result in Eq. (4.14) is also mentioned
in Ref. [39], so this procedure makes manifest when the
charge is closed (pure boundary term) and when a bulk
contribution appears.
Physically,Wk encodes how gradients of the scalar field

modulate the topological term across the spacetime, intro-
ducing nontrivial structure into the charge integral. As a
consequence, the scalar charge becomes sensitive to the full
spacetime configuration of the scalar and metric fields, and
cannot be determined without solving the coupled field
equations. Therefore, the presence of Wk signals the
breakdown of the shift symmetry and the corresponding
failure of the closedness of the scalar charge. Its vanishing
is both a necessary and sufficient condition for the scalar
charge to be determined entirely by topological and geo-
metric data on the boundary.

V. SCALAR CHARGE AT SPATIAL INFINITY
AND OVER THE BIFURCATION SURFACE

In this section, we explore the consequences of the bulk
obstruction in the scalar charge as Eq. (4.14), addressed in
the particular case of a static and spherically symmetric
metric

ds2 ¼ eAðrÞdt2 − eBðrÞdr2 − r2dΩ2
ð2Þ; ð5:1Þ

where dΩ2
ð2Þ ¼ dθ2 þ sin2 θdφ2 is the line element of the

unit 2–sphere. The behavior of the metric components and
the scalar field at spatial infinity is [31]8

7The normalization factor is purely conventional.

8We thank Athanasios Bakopoulos for kindly providing us
with this asymptotic expansion.
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eA ¼ 1 −
2M
r

þMΣ2

12r3
þ 24MΣα0∂ϕfðϕ∞Þ þM2Σ2

6r4

þ 1024MΣ2α0∂2ϕfðϕ∞Þ þ 512M2Σα0∂ϕfðϕ∞Þ − 64Σ3α0∂ϕfðϕ∞Þ þ 96M3Σ2 − 3MΣ4

325r5
þOðr−6Þ; ð5:2aÞ

eB ¼ 1þ 2M
r

þ 32M3 − 5MΣ2

4r3
þ 768M4 − 208M2Σ2 − 384MΣα0∂ϕfðϕ∞Þ þ 3Σ4

48r4

þ 97MΣ4 þ 192Σ3α0∂ϕfðϕ∞Þ − 1536Σ2Mα0∂2ϕfðϕ∞Þ − 2464M3Σ2 − 6144M2Σα0∂ϕfðϕ∞Þ þ 6144M5

192r5
þOðr−6Þ;

ð5:2bÞ

ϕ ¼ ϕ∞ þ Σ
r
þMΣ

r2
þ 32M2Σ − Σ3

24r3
þ 12M3Σ − 24M2α0∂ϕfðϕ∞Þ −MΣ3

6r4

þ 9Σ5 − 928M2Σ3 − 1536MΣ2α0∂2ϕfðϕ∞Þ − 4608ΣM2α0∂2ϕfðϕ∞Þ þ 6144ΣM4 − 12288M3α0∂ϕfðϕ∞Þ
1920r5

þOðr−6Þ:
ð5:2cÞ

In this asymptotic expansions,M and Σ are two parameters
associated to the mass and the scalar charge respectively,
while ϕ∞ is the background value of ϕ. In what follows, we
will see that in order to have a nontrivial scalar charge, Σ
should become a secondary hair.
The Killing vector that generates the horizon is kt ¼ δμt

and the momentum map in the orthonormal frame is,

P10
k ¼ A0

2
e
ðA−BÞ

2 ¼ −P01
k : ð5:3Þ

For the dual of the 2-form curvature R̃ab, the only relevant
component is R̃01 (see Appendix A),

R̃01 ¼
e−B − 1

r2
e2 ∧ e3: ð5:4Þ

At spatial infinity, we consider the form of the scalar field in
Eq. (5.2c),

ϕ − ϕ∞ ∼ Σ=r

as the relevant asymptotic order and then perform the
Taylor expansion of fðϕÞ about ϕ∞, which reads as

fðϕÞ ¼
X∞
k¼0

fðkÞðϕ∞Þ
k!

ðϕ − ϕ∞Þk: ð5:5Þ

Correspondingly, the asymptotic behavior of the first
derivative of the function fðϕÞ with respect to the scalar
field is

∂ϕfðϕÞ ¼
X∞
k¼1

fðkÞðϕ∞Þ
ðk − 1Þ! ðϕ − ϕ∞Þk−1: ð5:6Þ

Evaluating Qϕ at spatial infinity with Eqs. (5.2c) and (5.6)

Z
S2∞

Qϕ ¼ −
1

4π

Z
S2∞

ð{k⋆dϕ − 2α0∂ϕfðϕÞPab
k R̃abÞ ð5:7Þ

¼ ΣþOðr−3Þ: ð5:8Þ

On the other hand, evaluating Qϕ over the bifurcation
surface where k ¼ 0, then {k⋆dϕ ¼ 0. Moreover, for the
momentum-map Eq. (B7)

Pab
k ¼BH κnab; ð5:9Þ

where κ is related to the Hawking temperature T ¼ κ
2π

and nab is normalized as nabnab ¼ −2. Assuming that ϕ is
regular and constant over bifurcation surface, then9

Z
BH

Qϕ ¼ 2α0

4π

Z
BH

∂ϕfðϕÞPab
k R̃ab

¼ 2α0

4π
∂ϕfðϕhÞκ

Z
BH

nabR̃ab ð5:10Þ

¼ 2α0κ∂ϕfðϕhÞχðBHÞ ð5:11Þ

where χðBHÞ is the Euler characteristic of the bifurcation
surface and ϕh stands for the value of the scalar field at the

9Here, we have used the Gauss-Bonnet theorem [40] for the
integral

Z
BH

nabR̃ab ¼ 4πχðBHÞ;

and Eq. (5.11) holds.
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event horizon. In this work, the bifurcation surface has the
topology of a 2-sphere, such that χðBHÞ ¼ 2 and

Z
BH

Qϕ ¼ 4α0κ∂ϕfðϕhÞ: ð5:12Þ

Now, following Eq. (4.14), we need to use Eqs. (5.3)
and (5.4) together with

∂
2
ϕfðϕÞ ¼

X∞
k¼2

fðkÞðϕ∞Þ
ðk − 2Þ! ðϕ − ϕ∞Þðk−2Þ; ð5:13Þ

to compute the contribution from the 3-form Wk. The
analysis of the asymptotic behavior of each factor in
the integrand is done considering a static, spherically
symmetric black hole,

∂rϕ ∼ −
Σ
r2

þOðr−3Þ;

eðA−BÞ=2 ∼ 1 −
2M
r

þ Σ2

8r2
þOðr−3Þ;

A0ðrÞ ∼ 2M
r2

þOðr−3Þ;

ð1 − e−BÞ ∼ 2M
r

þOðr−2Þ:

Replacing the above in Eq. (4.12)

−
α0

4π

Z
Σ3

Wk ¼ −α0
Z

∞

rh

∂
2
ϕfðϕ∞Þ ·Oðr−5Þdr: ð5:14Þ

The integrand in the last equation behaves as Oðr−5Þ
ensuring absolute convergence for any coupling fðϕÞ that
is smooth near ϕ∞. Consequently, the scalar charge is finite
at spatial infinity even whenWk ≠ 0. This finite bulk piece
will reappear in the next section, where we recast the
relation between quantities measured at horizon and at
spatial infinity into the Smarr formula.
Finally, the balance Eq. (4.14) for the scalar charge reads,

Σ ¼ 4α0κ∂ϕfðϕhÞ −
α0

4π

Z
Σ3

Wk: ð5:15Þ

This result can be read as a no-(primary)hair theorem.
The scalar charge is not an independent parameter, but is
completely fixed by horizon data and the integral of the
bulk contribution. If Σ ¼ 0, Eq. (5.15) enforces

4κ∂ϕfðϕhÞ ¼
1

4π

Z
Σ3

Wk:

Hence, the value of ∂ϕfðϕhÞ is fixed by the bulk integral
and the temperature. When the bulk term vanishes, implies
either T ¼ 0 (extremal) or ∂ϕfðϕhÞ ¼ 0.

VI. GENERALIZED KOMAR CHARGE
AND SMARR FORMULA

The Smarr formula was first derived as a consequence of
the homogeneity of the entropy and Euler’s theorem [41],
relating black hole thermodynamic quantities measured at
spatial infinity and at the horizon. Komar integrals [42]
have been demonstrated to be useful for deriving the Smarr
formula for stationary black holes [43]. Following the
framework presented in Ref. [44], one can construct the
Komar integrals within the covariant formalism [45–47],
resulting in an expression that combines surface and
volume integrals. The analysis made in Ref. [44] is applied
in Lovelock theories with constant couplings for static
black holes. Additionally, in Ref. [48] is shown that for
Lovelock and fðRÞ theories, the volume integral can
always be rearranged as a surface term, as a consequence
of a generalized Komar charge which is always closed on-
shell by construction. It yields in a Smarr formula purely
from surface integrals. Let us comment on the procedure:
one starts computing the generalized 2-form Komar charge,
which is by definition [48]

K½k�≡ −Q½k� þ ωk; {kL ≐ dωk: ð6:1Þ

HereQ½k� is the Noether-Wald charge evaluated in a Killing
vector k and the 2-form ωk is defined implicitly by taking
the interior derivative with the Lagrangian evaluated
on-shell. Since it is closed on-shell by construction, i.e.,
dK½k� ¼ 0, the Smarr formula is obtained integrating
over a spacelike hypersurface Σ3 whose boundaries are
∂Σ3 ¼ S2∞ ∪ BH (a 2-sphere at spatial infinity and the
bifurcation surface).
After using Stoke’s theorem we obtain

R
S2∞

K½k� ¼R
BHK½k�, where k is the Killing vector generating the
horizon. In pure Einstein theory for stationary asymptoti-
cally flat spacetimes, the left-hand side is evaluated using
the asymptotic form of the metric yielding the ADM
massM. The right-hand side is computed at the bifurcation

surface, where k ¼ 0 and Pkab ¼BH κnab. After taking into
account the generalized zeroth law [49], the right-hand side
results in two times the temperature T multiplied by the
Bekenstein-Hawking entropy S. Equating both integrals
results in the usual Smarr formula M ¼ 2TS.
Contrary to pure Einstein theory and those considered in

Ref. [48], in EsGB a bulk piece remains since the coupling
fðϕÞmultiplies the Gauss-Bonnet invariant and it cannot be
reformulated as a surface term. Indeed, the term {kL
evaluated on-shell is the responsible of the bulk contribu-
tion for the generalized Komar charge. By consequence, an
unavoidable volume term will appear in the Smarr formula.
In this section we will derive the Smarr formula for

stationary, asymptotically flat black holes in EsGB gravity
following the mentioned approaches.
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We first take the trace of the Einstein Eq. (2.4a), isolate the Lagrangian and evaluate it on-shell

ð16πGNÞðea ∧ EaÞ ¼ ð16πGNÞð−2LÞ þ 2α0fðϕÞGþ dðea ∧ ΔGB
a Þ þ ð16πGNÞEϕ þ d⋆dϕ − α0∂ϕfðϕÞG ð6:2Þ

ð16πGNÞL ≐ α0fðϕÞGþ 1

2
dðea ∧ ΔGB

a Þ þ 1

2
d⋆dϕ −

1

2
α0∂ϕfðϕÞG ð6:3Þ

and after taking the interior derivative of the Lagrangian, using the invariance of the fields under Killing vectors k and the
Leibniz rule, we obtain the following expression for {kL

ð16πGNÞ{kL ≐ α0fðϕÞdXk −
1

2
α0∂ϕfðϕÞdXk −

1

2
d{kðea ∧ ΔGB

a Þ − 1

2
d{k⋆dϕ ð6:4Þ

¼ d

�
α0
�
fðϕÞ − 1

2
∂ϕfðϕÞ

�
Xk −

1

2
{kðea ∧ ΔGB

a Þ − 1

2
{k⋆dϕ

�
þ α0d

�
1

2
∂ϕfðϕÞ − fðϕÞ

�
∧ Xk: ð6:5Þ

With the Noether-Wald charge in Eq. (3.5) the exterior derivative of the generalized Komar charge is given by

dK½k� ¼ −dQ½k� þ {kLjon−shell ð6:6Þ

¼ 1

16πGN

�
d

�
−⋆ðea ∧ ebÞPkab þ ΔGB

a ka −
α0

2
∂ϕfðϕÞXk −

1

2
{k⋆dϕ

þ 1

2
ð−ΔGB

a ka þ ea ∧ {kΔGB
a Þ

�
þ α0d

�
1

2
∂ϕfðϕÞ − fðϕÞ

�
∧ Xk

�
: ð6:7Þ

If we define

Yk ≡ dfðϕÞ ∧ Xk; Zk ≡ 1

2
Wk − Yk; ð6:8Þ

then Eq. (6.6), provided dK½k� ¼ 0 reads

dK̃½k� þ α0

16πGN
Zk ¼ 0; ð6:9Þ

where K̃½k� is the exact sector of (6.6) and we call it the nonclosed-form generalized Komar charge

K̃½k� ¼ 1

16πGN

�
−⋆ðea ∧ ebÞPkab þ α0∂ϕfðϕÞR̃abPab

k þ 1

2
ðΔGB

a ka þ ea ∧ {kΔGB
a Þ − 1

2
{k⋆dϕ

�
: ð6:10Þ

Integrating dK½k� over a Σ3 hypersurface whose boundaries are the bifurcation surface and a 2-sphere at spatial infinity and
using Stokes’ theorem, the balance equation for the Smarr formula with a bulk contribution reads

Z
S2∞

K̃½k� ¼
Z
BH

K̃½k� − α0

16πGð4Þ
N

Z
Σ3

Zk: ð6:11Þ

To evaluate the above balance equation (6.11), we will consider an asymptotically flat fall-off, as given in Eq. (5.2), that
include hairy black holes with a generic coupling fðϕÞ for EsGB. Indeed, the integral of the nonclosed-form generalized
Komar charge at spatial infinity gives

Z
S2∞

K̃½k� ¼ M
2
þ Σ
8GN

; ð6:12Þ
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where M is the ADM mass and Σ is the scalar charge. On the other hand, the integral over the bifurcation surface gives

Z
BH

K̃½k� ¼ 1

16πGN

Z
BH

ð−⋆ðea ∧ ebÞPkab þ α0∂ϕfðϕÞR̃abPab
k Þ

¼ κ

2π

A
4GN

þ 1

16πGN
α0∂ϕfðϕhÞκ4πχðBHÞ ð6:13Þ

¼ κ

2π

�
A

4GN
þ α0π∂ϕfðϕhÞ

GN

�
; ð6:14Þ

withA denoting the area of the event horizon. The second term in the right-hand side of the last equation, corresponds to the
scalar contribution shown in Eq. (5.11) and it must not be understood as part of the Wald entropy.
The Wald entropy S for EdGB is given by the integral on the bifurcation surface of the Lorentz charge Eq. (3.4) for the

parameter σab ¼ nab, yielding

S ¼ A
4GN

þ 2πα0fðϕhÞ
GN

: ð6:15Þ

At the moment, the balance Eq. (6.11) for the Smarr formula reads

M þ Σ
4GN

¼ 2TSþ 2α0
�

κ

2GN
ð∂ϕfðϕhÞ − 2fðϕhÞÞ −

1

16πGN

Z
Σ3

Zk

�
; ð6:16Þ

where the bulk integral in the balance Eq. (6.11) turns out to be convergent for any coupling fðϕÞ

−
α0

16πGN

Z
Σ3

Zk ¼ −α0
Z

∞

rh

�
1

2
∂
2
ϕfðϕ∞Þ − ∂ϕfðϕ∞Þ

�
·Oðr−5Þdr; ð6:17Þ

provided the smoothness of fðϕÞ near ϕ∞ and considering that its fall-off appears at order Oðr−5Þ.

After some algebra, we may define the conjugate
thermodynamical potential to α0 in order to present the
Smarr formula in a more familiar way10

Φα0 ≡
�

1

16πGN

Z
Σ3

Yk −
κfðϕhÞ
GN

�
: ð6:18Þ

Using the integral of the nonclosed generalized Komar
charge at spatial infinity Eq. (6.12) and the integral of the
nonclosed generalized Komar charge over the bifurcation
surface (6.14) in the balance equation for the Smarr formula
Eq. (6.11), with the entropy definition in Eq. (6.15) and the
conjugate thermodynamical potential defined in Eq. (6.18),
the Smarr formula for EsGB theories reads

M ¼ 2TSþ 2α0Φα0 ; ð6:19Þ

with M the ADM mass, T the Hawking temperature, S the
entropy and Φα0 the conjugate thermodynamical potential

which must be understood in the framework of extended
thermodynamics.
Remarkably, from Eq. (6.11) when Zk ¼ 0, i.e.,

fðϕÞ ¼ 1

2
∂ϕfðϕÞ; ð6:20Þ

there is no bulk contribution and dK½k� ¼ dK̃½k� ¼ 0. This
is the particular case for EdGB theories with the exponen-
tial coupling11

fðϕÞ ¼ e2ϕ:

Since the Smarr formula is the integral version of the first
law, we vary the entropy Eq. (6.15) with respect to M, ϕ∞
and α0 to obtain the first law for EsGB, which can be
verified, e.g., for the solution of Eq. (5.1), such that

δM ¼ TδS −
Σ
4
δϕ∞ þ 2Φα0δα

0: ð6:21Þ

10Since α0 is a dimensionful parameter, it is expected to be a
conjugate thermodynamical potential to α0 in the Smarr formula
and in the first law. See Refs. [50,51].

11Here the integration constant obtained from solving (6.20) is
set to 1, as it can be reabsorbed in the coupling constant α0
appearing in the action (2.1). However, once testing particular
couplings in this work, we will make explicit the constant C.
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A similar result about the role of the background value
of the scalar field ϕ∞ in the first law was found in
Refs. [52,53], for Einstein-Maxwell-dilaton theories.

A. Particular cases

Nowwe focus in studying some relevant cases, where we
show some explicit formulas to the results coming from
Eq. (5.15) which is the 2-form scalar charge with a bulk
contribution, the entropy (6.15) and the conjugate thermo-
dynamical potential (6.18).

1. Linear coupling: f ðϕÞ=Cϕ, C∈R

The shift-symmetric case is the simplest coupling
describing hairy black holes [18,54]. From the definition
of the scalar charge, we will require the explicit form of
the derivatives with respect to the scalar field, ∂ϕfðϕÞ ¼ C
and ∂

2
ϕfðϕÞ ¼ 0. Since the second derivative of the

function with respect to the scalar field vanishes, the bulk
term in the 2-form scalar charge in Eq. (5.15) also vanishes.
Then, the scalar charge simply is

Σ ¼ 4Cα0κ: ð6:22Þ

From Eq. (6.15) the entropy S reads,

S ¼ A
4GN

þ 2Cπα0ϕh

GN
; ð6:23Þ

and the conjugate thermodynamical potential fromEq. (6.18)

Φα0 ¼
1

16πGN

Z
Σ
Yk − C

κϕh

GN
: ð6:24Þ

With the previous results, the Smarr formula Eq. (6.19) holds.

2. Dilatonic coupling: f ðϕÞ=Ce2ϕ, C∈R

For EdGB theories, the existence of hairy black hole
solutions was reported in [21,55]. Similarly to the previous
case, we will require to have at hand the first and second
derivatives of the dilatonic coupling with respect to the
scalar field ∂ϕfðϕÞ ¼ 2Ce2ϕ and ∂

2
ϕfðϕÞ ¼ 4Ce2ϕ. Since

the second derivative does not vanish, the bulk term Wk in
the 2-form scalar charge Eq. (5.15) will have a contribution
from a volume integral. Although there is no analytical
expression, the scalar charge is given by

Σ ¼ 8Cα0κe2ϕh −
α0

4π

Z
Σ3

Wk: ð6:25Þ

The entropy S is computed with the formula in Eq. (6.15)
and reads

S ¼ A
4GN

þ 2Cπα0e2ϕh

GN
: ð6:26Þ

As we mentioned in Sec. VI, the Smarr formula for black
holes in EdGB theories, is given by the integration of a
closed generalized Komar charge: the bulk term Zk
Eq. (6.8) vanishes. The conjugate thermodynamical poten-
tial Eq. (6.18) is

Φα0 ¼
1

16πGN

Z
Σ3

Yk −
κ

GN
Ce2ϕh : ð6:27Þ

Using the last equations, it can be verified that the Smarr
formula Eq. (6.19) is satisfied.
With the thermodynamics completed, we now turn to the

scalarization mechanism in EsGB theories.

VII. SCALARIZATION AND GENERAL
COUPLINGS

In this section, we aim to interpret the scalarization
mechanism in terms of the asymptotic behavior of the
scalar charge, through the conditions encoded in the bulk
term Wk. Let us first briefly review the basic aspects of
the process.
In the context of EsGB theories, it is assumed the

existence of a constant scalar background ϕ ¼ ϕ∞.
12

Allowing small perturbations around ϕ∞ of the form

ϕ ¼ ϕ∞ þ ϵδϕð1Þ þOðϵ2Þ; for ϵ ≪ 1: ð7:1Þ

A Taylor expansion of the coupling function and its
derivative yields

fðϕÞ ¼ fðϕ∞Þ þ ϵδϕð1Þ
∂ϕfðϕ∞Þ þOðϵ2Þ; ð7:2Þ

∂ϕfðϕÞ ¼ ∂ϕfðϕ∞Þ þ ϵδϕð1Þ
∂
2
ϕfðϕ∞Þ þOðϵ2Þ: ð7:3Þ

Plugging these expansions into the scalar equation of
motion Eq. (2.4b) and keeping terms up to OðϵÞ, we obtain

Eϕ ¼ −ϵd⋆dδϕð1Þ þ ∂ϕfðϕ∞ÞG
þ ϵδϕð1Þ

∂
2
ϕfðϕ∞ÞGþOðϵ2Þ: ð7:4Þ

Imposing that the constant scalar solution ϕ ¼ ϕ∞ satisfies
the background equation, requires ∂ϕfðϕ∞Þ ¼ 0, so that
the unperturbed configuration solves the equation at zeroth
order. At linear order in ϵ, the perturbation obeys the
equation

d⋆dδϕð1Þ þm2
effðrÞδϕð1Þ ¼ 0; ð7:5Þ

where the m2
effðrÞ is the effective mass squared and given

by m2
effðrÞ ¼ −∂2ϕfðϕ∞ÞGðrÞ. Since GðrÞ > 0 outside the

event horizon of a Schwarzschild spacetime, the sign of

12One may set ϕ∞ ¼ 0.
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m2
eff is determined by the second derivative of the coupling

function. When this quantity is positive, ∂2ϕfðϕ∞Þ > 0, the
scalar perturbation becomes tachyonic and grows dynami-
cally, indicating the onset of spontaneous scalarization
and the formation of a nontrivial scalar configuration.
A particular coupling in EsGB admits spontaneous scala-
rization when the following two conditions are simulta-
neously satisfied:
(1) The scalar background must solve the field equa-

tions,

fðϕ∞Þ ¼ const; ∂ϕfðϕ∞Þ ¼ 0: ð7:6Þ

(2) The trivial configuration must be unstable under
scalar perturbations,

∂
2
ϕfðϕ∞Þ > 0: ð7:7Þ

These criteria ensure the existence of a bifurcation point
in the parameter space, from which new branches of hairy
black hole solutions can emerge. Considering the condi-
tions in Eqs. (7.6) and (7.7) one can determine that the
linear and the dilatonic coupling are not subject to the
scalarization mechanism.
Inserting the perturbation of the scalar field Eq. (7.1) into

the nonclosed-form scalar charge Eq. (4.14), we may find a

perturbed expression for that charge. After imposing the
scalarization condition (7.6) we find that the scalar charge

vanishes at zeroth order Qð0Þ
ϕ ¼ 0.

At first order, however, the same condition allows for a
nontrivial contribution, leading to a linearized scalar charge
of the form

Σð1Þ ¼ −
1

4π

Z
S2∞

{k⋆dðδϕð1ÞÞ

¼ −
α0

4π

Z
Σ3

∂
2
ϕfðϕ∞Þdðδϕð1ÞÞ ∧ Xk; ð7:8Þ

where the equation in the middle comes from Eq. (4.13)
and the right-hand side term is the bulk contribution given
by Eq. (4.12), without the surface integral at the bifurcation
surface.
Indeed, the volume integral in Eq. (7.8) together

with the condition Eq. (7.7) implies that scalarization
may occur since the perturbation δϕð1Þ can generate
a nonvanishing perturbed scalar charge proportional
to ∂

2
ϕfðϕ∞Þ. Additionally, the scalarization condition

Eq. (7.7) gives support to the nonclosedness of the scalar
charge and the bulk term provides a geometric measure of
the instability.
We list our main results about scalar charges and

scalarization for more general couplings in the Table I.

TABLE I. Summary of results for different couplings in EsGB theories.

Coupling
Scalar charge, Wald entropy
and thermodynamic potential Scalarization

Linear Σ ¼ 4Cα0κ No
S ¼ A

4GN
þ 2Cπα0ϕh

GN

Φα0 ¼ 1
16πGN

R
Σ3 Yk − C κϕh

GN

Dilatonic Σ ¼ 8Cα0κe2ϕh − α0
4π

R
Σ3 Wk No

S ¼ A
4GN

þ 2Cπα0e2ϕh
GN

Φα0 ¼ 1
16πGN

R
Σ3 Yk − C κe2ϕh

GN

C ϕ2

2
ð1þ βϕ2Þ Σ ¼ 4Cα0κðϕh þ 2βϕ3

hÞ − α0
4π

R
Σ3 Wk Yes [29], for ϕ∞ ¼ 0

S ¼ A
4GN

þ Cπα0ϕ2
hð1þβϕ2

hÞ
GN

Φα0 ¼ 1
16πGN

R
Σ3 Yk − C κϕ2

hð1þβϕ2
hÞ

2GN

Even polynomial
fðϕÞ ¼ Cϕ2n; n > 0

Σ ¼ 8nCα0κϕ2n−1
h − α0

4π

R
Σ3 Wk Yes, for n ¼ 1

and ϕ∞ ¼ 0 [26]
S ¼ A

4GN
þ 2Cπα0ϕ2n

h
GN

Φα0 ¼ 1
16πGN

R
Σ3 Yk − C κϕ2n

h
GN

Odd polynomial
fðϕÞ ¼ Cϕ2nþ1

Σ ¼ 4Cα0κð2nþ 1Þϕ2n
h − α0

4π

R
Σ3 Wk No

S ¼ A
4GN

þ 2πCα0ϕ2nþ1
h

GN

Φα0 ¼ 1
16πGN

R
Σ3 Yk − C κϕ2nþ1

h
GN
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VIII. CONCLUSIONS

In this work we have presented a covariant analysis of
the thermodynamic charges of stationary, asymptotically
flat black holes in Einstein-scalar-Gauss-Bonnet gravity
with a general scalar coupling function fðϕÞ. A key
element of our analysis has been the construction of the
nonclosed-form scalar chargeQϕ in Eq. (4.14). Indeed, this
is possible by considering the scalar field equation
of motion contracted with the Killing generator of the
horizon k. In doing so, we uncovered a bulk term given
by a 3-form Wk, which measures the nonexact part of the
nonclosed-form scalar charge. Then, the conditionWk ¼ 0
emerges as the necessary and sufficient criterion for the
2-form scalar charge to satisfy a Gauss law and be defined
purely by boundary data. Physically, Wk encodes the
coupling between gradients of the scalar field and the
topological Gauss-Bonnet term. Its vanishing corresponds
to the particular case of linear coupling, fðϕÞ ¼ ϕ, in
which the 2-form scalar charge is closed and can be fully
expressed in terms of the Euler characteristic of the
bifurcation surface. For more general coupling functions
fðϕÞ, the obstruction termWk does not vanish and depends
on the full radial profile of the fields. Thus, it captures
genuinely dynamical information beyond the purely topo-
logical and geometric data of the boundaries.
In evaluating the surface integrals that define the

nonclosed-form scalar charge, we observe that at spatial
infinity, it remains finite for a broad class of coupling
functions. The asymptotic expansion of the integrand at

infinity shows that it decays at least as Σþ ∂ϕfðϕ∞Þ
Oðr3Þ , ensuring

its convergence and resulting in
R
S2∞

Qϕ ¼ Σ. When evalu-
ated at the bifurcation surface, the charge depends only on
the horizon values of the scalar field and the surface gravity,
yielding a finite result. Regarding the convergence of the
bulk contribution, we find that the 3-form Wk decays at
infinity as Oðr−5Þ for any smooth coupling fðϕÞ near ϕ∞.
This guarantees the volume integral in Eq. (4.14) to be
absolutely convergent, even when Wk ≠ 0. Hence, the
scalar charge remains finite across the full spacetime,
including configurations that explicitly break shift sym-
metry. From Eq. (5.15), this finiteness provides an explan-
ation for the wide variety of coupling functions fðϕÞ for
which regular hairy black hole solutions have been found in
the literature, as the decay properties of Wk ensure the
convergence of the scalar charge irrespective of the specific
form of the coupling.
It is worth noting that our construction of the nonclosed-

form scalar charge differs from the one presented in
Ref. [35] for the particular coupling fðϕÞ ¼ e−ϕ and in
the absence of the axion field. There, the authors promote
the constant coupling α0 to a dynamical field lsðxÞ and add
a 3-form Lagrange-multiplier C enforcing the constraint
dls ¼ 0, thereby endowing the theory with global sym-
metries whose Noether 3-currents are closed on-shell.

Then, in a stationary background the 2-form scalar charge
is closed on-shell since it is constructed as the contraction
of a Killing vector k of the global Noether current, and there
is no bulk contribution. By contrast, in this work we follow
a procedure based on the equations of motion: contracting
the scalar equation of motion with {k and reorganizing
terms yields on-shell dQ½k� ¼ − 1

4πWk, which makes
manifest the gravitational scalar contribution that appears
in scalarized black hole models and reproduces Prabhu’s
observation in Ref. [39] that is, without shift symmetry, a
bulk term remains.
Regarding the generalized Komar charge for EsGB

theories, we observed that in general this charge will have
a bulk contribution. The Smarr formula then acquires a
volume integral encoded in the conjugate thermodynamic
potential to α0, consisting in the term Yk proportional to the
exterior derivative of the coupling function. In the particu-
lar case fðϕÞ ¼ e2ϕ, the Smarr formula will be fully
defined by surface integrals.
As we pointed out, the theories under consideration

depend explicitly on the dimensionful parameter α0.
Therefore, in order to write a consistent Smarr formula
and first law, one has to introduce a conjugate thermody-
namic potential Φα0 , in the spirit of black hole chemistry
[43]. The entropy obtained from the integral of the Lorentz
charge on the bifurcation surface, for the particular param-
eter σab ¼ nab, was computed in Eq. (6.15). It is important
to emphasize that the Wald entropy is related to the Lorentz
charge, and not with the contribution from the Noether-
Wald charge. This distinction can be easily seen from the
integration of the nonclosed generalized Komar charge over
the bifurcation surface in Eq. (6.14): it yields a term
proportional to the surface gravity that cannot be identified
with TS. The Lorentz charge involves fðϕÞ itself, whereas
the Noether-Wald charge depends on its derivative ∂ϕfðϕÞ
as can be seen from Eq. (3.5). The inclusion of Φα0 is then
mandatory in order to recover the standard form of the
Smarr formula in Eq. (6.19), with S being the Wald entropy.
The resulting conjugate thermodynamic potential will have
the volume integral that accounts for the nonexactness of
the generalized Komar charge. The same argument applies
to the first law in Eq. (6.21), which is obtained by varying
the Wald entropy with respect to the mass, the value of the
scalar at infinity and α0.
Since our nonclosed scalar charge was constructed from

the equations of motion, it will have implications for the
spontaneous scalarization mechanism. Within our frame-
work, these conditions have a natural charge-based inter-
pretation: the background scalar charge vanishes at zeroth
order, but first-order perturbations generate a nontrivial
scalar charge Σ. In this sense, the onset of scalarization can
be viewed as the dynamical generation of scalar charge via
a nonvanishing Wk.
In view of Eq. (4.14) it is natural to ask whether a

nonvanishing bulk term Wk may have implications for
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phase transitions in EsGB black holes.13 For a fixed
coupling function fðϕÞ, Wk is a function of the fields
and generally takes different values when evaluated on
distinct branches of solutions within the same theory. Since
it enters in the balance equation of the scalar charge
between asymptotic and horizon quantities, it may affect
the scalar contribution of the thermodynamic potentials in a
given ensemble. A systematic comparison of thermody-
namic potentials across branches would be required to
determine whether the role that the bulk term plays in
specific models. Another natural question concerns the
extension of the present construction to nonstationary
spacetimes. In that setting, the event horizon of a dynami-
cal black hole is no longer a Killing horizon and, in
general, does not admit a bifurcation surface BH on which
the horizon generator k vanishes. As a consequence, the
steps in our derivation of charges, that rely on the
existence of a Killing vector k and on identities evaluated
at BH, do not directly apply. In this regime, one may
construct extensions of our formalism to radiative or
dynamical settings (see, e.g., [57–59]). A systematic
treatment of this case is left for future work.
Beside the previous extensions,14 other concrete gener-

alizations of our framework deserve further investigation. It
would be natural to extend the present analysis to include
rotation, where additional contributions to the Smarr
formula and the first law will appear and the structure of
Wk, leading to a richer scenario. Another interesting
direction is to study the near-horizon geometry in the
presence of Wk ≠ 0, to see whether any universal relation
emerges, when the asymptotic region is modified. Finally,
exploring the holographic interpretation of Wk in asymp-
totically AdS spacetimes could shed light on the dual field
theory meaning of the bulk term and its thermodynamic
consequences [60,61].
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APPENDIX A: VIERBEIN, CONNECTION, AND
CURVATURE COMPONENTS FOR STATIC,
SPHERICALLY SYMMETRIC METRICS

We consider the following four-dimensional metric with
signature þ − −−

ds2 ¼ eAðrÞdt2 − eBðrÞdr2 − r2dΩ2
ð2Þ; ðA1Þ

where dΩ2
ð2Þ ¼ dθ2 þ sin2 θdφ2 is the line element of the

unit 2-sphere.
Following the conventions and formulas presented in

Appendix F.1 of Ref. [62], the orthonormal coframe
(vierbein) adapted to the metric (A1) is given by

e0 ¼ eAðrÞ=2dt; e1 ¼ eBðrÞ=2dr;

e2 ¼ rdθ; e3 ¼ r sin θdφ: ðA2Þ

From these expressions, and applying Cartan’s first
structure equation, the Levi-Civita spin connection
ωa

b ¼ ωμ
a
bdx

μ is defined through the relation

Dea ≡ dea − ωa
b ∧ eb ¼ 0; ðA3Þ

where D is the exterior Lorentz-covariant derivative.
We obtain the nonvanishing components of the spin
connection 1-form,

ω0
1 ¼ −

1

2
A0ðrÞe−BðrÞ=2e0; ðA4Þ

ω2
1 ¼ −

1

r
e−BðrÞ=2e2; ðA5Þ

ω3
1 ¼ −

1

r
e−BðrÞ=2e3; ðA6Þ

ω3
2 ¼ −

1

r
cot θ e3: ðA7Þ

Next, we compute the curvature 2-form Ra
b ¼

1
2
Rμν

a
bdx

μ ∧ dxν using Cartan’s second structure equation

Ra
b ≡ dωa

b − ωa
c ∧ ωc

b; ðA8Þ

where d is the exterior derivative. The nonvanishing
components of the curvature 2-form are

R0
1 ¼

�
1

2
A00 þ 1

4
A02 −

1

4
A0B0

�
e−Be0 ∧ e1; ðA9Þ

R0
2 ¼

1

2r
A0e−Be0 ∧ e2; ðA10Þ

R0
3 ¼

1

2r
A0e−Be0 ∧ e3; ðA11Þ

13See for instance Ref. [56], where phase transitions in
asymptotically flat Lovelock black holes are shown.

14We thank our anonymous referee for bringing to our
attention to these interesting relations.
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R1
2 ¼

�
−

1

2r
B0e−B

�
e1 ∧ e2; ðA12Þ

R1
3 ¼

�
−

1

2r
B0e−B

�
e1 ∧ e3; ðA13Þ

R2
3 ¼

1

r2
ðe−B − 1Þe2 ∧ e3: ðA14Þ

The Lorentz covariant derivative whose action on a
Lorentz tensor p-form with r contravariant and s covariant
indices is

DTa1���ar
b1���bs ¼ dTa1���ar

b1���bs −
Xr
i¼1

ωai
c ∧ Ta1���c���ar

b1���bs

þ
Xs

j¼1

ωc
bj ∧ Ta1���ar

b1���c���bs ðA15Þ

APPENDIX B: LIE-LORENTZ DERIVATIVE
AND MOMENTUM MAP

In this appendix we briefly review the Lie-Lorentz
derivative of the vielbein and the spin connection. A
detailed derivation can be found in Sec. II of the
Ref. [63] and references therein.
When a tensor carries Lorentz indices, its variation under

infinitesimal transformations generated by a vector field ξ
is not simply given by minus the standard Lie derivative,
since it does not transform covariantly under local Lorentz
transformations. More explicitly, if T is a Lorentz tensor

δξT ¼ −LξT; ðB1Þ

it is not Lorentz covariant. Because of that, for any Lorentz
tensor T we must write its variation with the Lie-Lorentz
derivative which is defined as

δξT ¼ −LξT þ δσξT; ðB2Þ

where δσξT is a compensating local Lorentz transformation
which renders δξT Lorentz covariant.
For the 1-form vielbein ea in Eq. (B2) reads

δξea ¼ −ðDξa þ Pξ
a
be

bÞ ðB3Þ

where

Pξ
ab ¼ ∇½aξb�; ðB4Þ

is the Lorentz-momentum map. Similarly, for the 1-form
spin connection in Eq. (B2)

δξω
ab ¼ −ð{ξRab þDPξ

abÞ: ðB5Þ

In particular, when ξ is a Killing vector k

δkea ¼ 0; δkω
ab ¼ 0: ðB6Þ

For stationary asymptotically flat black holes with bifurcate
horizons, if k is the Killing vector whose Killing horizon
coincides with the event horizon, the Lorentz-momentum
map is identified with the Killing bivector

Pab
k ¼ ∇½akb�;

which evaluated on the bifurcation sphere BH results [64]

Pk
ab ¼BH κnab; ðB7Þ

where κ is the surface gravity related to the Hawking
temperature by T ¼ κ

2π and nab is the binormal to the event
horizon normalized as nabnab ¼ −2.
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