PHYSICAL REVIEW D 114, 034042 (2026)

Pressure-energy equations of state of the nucleon
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The pressure-energy equations of state in the nucleon are derived from the gravitational form factors,
which parametrize matrix elements of the energy-momentum tensor (EMT), together with EMT
conservation. The pressure and energy densities naturally separate into two distinct components. The
static pressure distribution, arising from the Lorentz trace part of the EMT, as manifested in the spatial stress
% T, is equal to minus the corresponding trace part of the energy density. This relation may be interpreted as a
consequence of the full or partial depletion of the gluon and quark condensates through the pressure-volume
relation. The resulting trace anomaly—and sigma term—induced pressure is shown, through its volume
scaling, to play a pivotal role in QCD confinement. In contrast, the dynamic pressure distribution, associated
with the traceless part of the stress tensor, equals 1/d of the corresponding traceless part of the energy density,
where d is the spatial dimension. These static and dynamic components together satisfy the pressure-balance
condition in the nucleon. We further show that the same pressure-energy equations of state hold for vortices in
type-1I superconductors, where the static pressure-energy relation originates from the depletion of the
Cooper-pair condensate. Moreover, these equations of state are identical to those of the ACDM cosmological

model, where the static pressure-energy relation is generated by the cosmological constant.

DOI: 10.1103/1hsy-xvgx

I. INTRODUCTION

A comprehensive understanding of how QCD gives rise
to linear confinement in heavy quarkonium—its origin and
underlying dynamics—remains a central and longstanding
theoretical challenge. It is intuitively related to the notions of
pressure and force. The energy-momentum tensor (EMT) is
the fundamental operator for characterizing mass, energy,
and pressure in quantum field theory. In particular, the
gravitational form factors (GFFs) of the quark and gluon
components of the EMT in hadrons can be accessed from
generalized parton distribution (GPD) analysis with model-
dependent extractions and are calculable in lattice QCD.

Considerable recent interest has focused on the pressure
distributions inside hadrons. The D-term, one of the gravi-
tational form factors of the energy-momentum tensor, is
accessible through GPDs [1,2] measured in hard exclusive
processes. The Fourier transform of the D-term can be
interpreted as the internal pressure distribution of hadrons, in
close analogy with that of a fluid [3,4]. The energy and
pressure distributions of quarks and gluons derived from the
energy-momentum tensor are analyzed within the instant
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and front forms of relativistic dynamics. The separate quark
and gluon contributions are obtained in the Breit, elastic,
infinite-momentum, and Drell-Yan frames [5,6].
Experimental access to the quark and gluon D-form factors
is provided through GPDs, which can be extracted from
deeply virtual Compton scattering (DVCS) [7-10].
Extensive theoretical works followed. These include formal
discussions of mass, energy, and pressure decompositions
[11-13], transverse momentum [14], momentum currents
[15,16], twist-4 C q.¢ form factors [17], and large-momentum
behavior [18]. Heavy quarkonium productions near thresh-
old [19-23] have been considered a viable way to extract the
glue trace anomaly form factor. The gravitational form
factors have been approached with chiral theories [24-28],
holographic formalism [29-32], light-front formalism
[33-37], Schwinger-Dyson equations [38], the quark-
soliton model [39], the Massachusetts Institute of
Technology (MIT) bag model [40], and skyrmion
[41]. In particular, the behaviors of the quark and gluon
D-form factors in lattice calculation are consistent with
those extracted from experiments, although the extraction is
model dependent and statistically limited and the lattice
results are not yet at the continuum limit [42,43].

II. MASS AND REST ENERGY

The mass, energy, and pressure of hadrons are encoded
in the EMT, constructed from quark and gluon operators in
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the symmetric, gauge-invariant Belinfante form,

{uov}

Z 277 Doy = GUGE+ gﬂGaﬁGaﬂ, (1)

where the color indices are summed and not shown
explicitly. The quark sector contains a sum over quark
flavors f. The hadron mass is determined by the trace of the
EMT, which in QCD is known to exhibit a quantum (trace)
anomaly after renormalization [44-47],

TZ = TZ# + TZI“ (2)

where T%, denotes the trace anomaly contribution
and T%, the quark sigma term contribution. They have
the expressions

P) _
TZ/J = 2(—9)G ﬂGa/)’ + Zym(g)mfl//fl//f,
S
Tou = mel/_/fl//fv (3)
=

and both are renormalization group invariant. Thus,

(P| [T TUX)IP) _(P|[ 5y
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(4)
where y = 1/4/1 — (v/c)? is the factor in Lorentz trans-

formation. This demonstrates that the hadron mass is scale
and frame independent, as expected for a Lorentz scalar.
Lattice QCD calculations [48] show that the trace anomaly
provides the dominant contribution to the nucleon mass
(~91%), while the strange and u + d sigma terms from
disconnected insertions contribute ~6%. The remaining
~3% arises from the u + d valence contribution in the
connected insertion [12,13].

On the other hand, the decomposition of the rest
energy follows from the Hamiltonian H = [ d*XT%(x).
As a symmetric rank-two tensor, the QCD energy-momen-
tum tensor can be decomposed into a traceless part
associated with scale-symmetric dynamics and a trace part
associated with explicit and anomalous breaking of scale
symmetry [49,50],

M=

Wy __ TuY 1 vTP

T = Tw + P lg” T, (5)
where d is spatial dimensions. Up to this point, the
separation is scale and scheme independent. However,
the traceless part 7% can be further decomposed into
quark and gluon contributions, which are individually scale
dependent. In this case, the rest energy E( can be written as
the sum of the traceless and trace components [49,50],

Ey=Ey+ Eoy. (6

N

where
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As shown in the second line of Eq. (7), the nucleon matrix
elements of the traceless EMT T at rest, which encode the
quark kinetic and potential energies and the gluon field
energy, are proportional to 3 /4 of the second moments of the
parton distribution functions obtained from the operator
product expansion [48—50]. These correspond to the quark
and gluon momentum fractions on the light front, (x),(x)
and (x) (). They are scale dependent and require specifi-

(B + EZ)] P)/(PIP)

l\)l'—‘

W

cation of a renormalization scheme, such as the MS scheme.

In the rest frame, 3/4 of the rest energy E, arises from
the traceless component 7%, while the remaining 1/4
comes from the trace part [49,50]. More generally, in d
spatial dimensions, the trace part contributes 1/(d + 1) of
the rest energy, and the traceless part contributes the
remaining d/(d + 1). This partition is determined solely
by the spatial dimension d. Since energy, unlike mass, is
frame dependent, these results apply only in the rest frame.

III. GRAVITATIONAL FORM FACTORS

The nucleon mass and rest energy can also be obtained
from the forward limit of the GFFs of the EMT. The off-
forward GFFs are encoded in GPDs [1,2], which are
accessed experimentally through DVCS and deeply virtual
meson production at JLab [51], HERMES [52], and
COMPASS [53], and are calculable in lattice QCD
[43,54-56]. These form factors may provide insight on
the spatial distributions of mass, energy, and pressure in the
nucleon. They contain the following terms [57-59] for the
quarks and gluons:

(P'|Tg5(0)|P)
{ur} — (w)a
P iP

(P/) |:TAq.y(q2> +

a'q —9"q V7
+TDq.g(q2> +Mg“C,y(q*) [u(P).  (9)
In the forward limit, A, ,(0) = (x), ,(u) gives the quark
and gluon momentum fractions, while J,, ,(0) = (A, ,(0) +

B,,(0))/2 gives the corresponding angular momentum
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fractions [59]. They obey the sum rules A,(0) +A,(0) =1
and J,(0) + J,(0) = 1/2. By analogy with the stress tensor
of a continuous medium, it has been suggested [3,4] that the
D, ,(¢*) form factors encode the shear forces and pressure
distributions of quarks and gluons inside the nucleon.
Similarly, C,,(0) has been identified with the pressure-
volume work [5,12,13,60]. This interpretation is consistent
with the fact that C(0) equals the normal stress 7% (0) [12].

From the GFFs, it was shown [60] that the nucleon
mass obtained from the trace reads M = ((x),(u)+
(x),(u))M +4(C,(0) + C,4(0))M, whereas the rest energy
is Eg = ({x)4 (1) + () ()M + (Cy(0) + Cy(0))M. They
apparently differ from the four-term decomposition in
Egs. (7) and (8) and have led to some controversy
[11,60-62]. Once C, ,(0) is identified through the forward
matrix elements of the spatial stress 77/, namely,
1{P|IT"(0)|P)

(Cq(o) + C(](O))M = _g <P|P>

1 1
= Z (fa + fU)M - Z (<x>q + <x>g)M’
(10)

where f,/f, denotes the anomaly and sigma-term fractions
of the nucleon mass, respectively, one recovers Egs. (4),
(7), and (8) [13]. Since C,(¢*) + C,(g*) =0 for all ¢°
as a consequence of EMT conservation, d,7** = 0, these
terms are often discarded. Doing so yields the inconsistent
decomposition M = E, = (A;(0) +A,(0))M, instead
of Egs. (4), (7), and (8). Therefore, the expression for
C,(0) 4+ C,(0) should be retained, rather than set to zero,
to maintain consistency between the Lorentz- and
charge, parity and time reversal(CPT)-covariant GFF
decomposition and the decomposition based on the irre-
ducible components of the EMT.

Beyond restoring consistency in the mass and energy
decompositions, C(0) = C,(0) + C,(0), being related to the
spatial diagonal component 7% of the EMT, admits an inter-
pretation as the total pressure-volume work [11-13,60]. The
fact that C(0) = 0 implies that the net total pressure vanishes,
reflecting a balance between the quark kinetic pressure and
gluon radiation pressure, on the one hand, and the trace
contribution of the EMT on the other. This relation is
analogous to the virial theorem for a nonrelativistic bound
state [13], in which the virial of the kinetic energy is balanced
by that of the potential, i.e., the spatial moment of the force

(ie., 7- F) [63,64]. We should note that C, and C, do not
vanish separately. To gain deeper insight into the role of
pressure, one must examine its local distribution.

IV. DEFINITION OF PRESSURE

It is important to distinguish between two notions of
pressure. The first is the thermodynamic pressure, defined

for a system in thermal equilibrium that is homo-
geneous and extensive, P = kzT(2R%), ;, where Z is
the partition function. The second is the mechanical
pressure, defined through the spatial components of the
energy-momentum tensor, P = 1 (T'"), with the EMT given

by (T*(x)) = \/%_g 52%). In systems such as an ideal gas,

perfect fluid, or plasma—where thermal equilibrium,
homogeneity, and isotropy hold—the two definitions
coincide. The same is true in finite-temperature QCD once
the trace anomaly is properly incorporated into the
EMT [65].

Although a neutron star is globally inhomogeneous, it
can be described by local thermal equilibrium because the
microscopic mean free path is much shorter than the scale
of density variation, validating the local density approxi-
mation. The situation is markedly different for the nucleon.
As an eigenstate of the Hamiltonian, it carries no entropy
and does not admit a thermodynamic description.
Moreover, the interaction range of quarks and gluons is
comparable to the nucleon size, precluding local thermo-
dynamic equilibrium. Consequently, a thermodynamic
pressure cannot be defined. Nevertheless, a local mechani-
cal pressure can be defined through the nucleon matrix
elements of the energy-momentum tensor with curvilinear
coordinates. The EMT is obtained from the variation of the
action with respect to the metric, as described in the last
paragraph. In the nucleon, the variation of the metric is with
respect to the nucleon two-point function,

(N|T"(r)|N) ~ im 2 51nC2(1,g)’ (11)

<N|N> T2 /—gT 6gﬂl/(r)

where Cy(7,9) — |Z |>¢~En7 denotes the nucleon two-point
correlation function in the Euclidean path-integral formal-
ism under the action Socp = [ d*x\/=gLqcp ().

Noting that an isotropic spatial variation of the metric
gi;(x) corresponds to a local variation of the spatial volume,

dv(r) = 6(1/—g(r)) [66], the mechanical pressure is

LNTHOIN) o
3 (NIN) ov(r)

pmech(r) = (12)

The last term is the normal stress in a continuous medium
[67]. As we shall show, it plays a central role in elucidating
the origin of the trace-anomaly contributions to the energy
density and pressure distributions in the nucleon, as well as
the volume scaling of the different components of energy
and pressure. In the following, we focus exclusively on the
mechanical pressure p...» which we denote simply by p.

V. OFF-DIAGONAL EMT MATRIX ELEMENTS

It has been suggested that the mechanical pressure can be
extracted from the gravitational form factors of the energy-
momentum tensor 7" [3,4]. In the Breit frame, the
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normalized off-diagonal EMT matrix elements (7% (0))) =

(P

,8)/2E are

2
(TN = M[AG) + 4B =32 D) +4() (13)
«ﬂ%@%ﬁ{ﬂﬁ+5ﬂMﬁ—zﬂw%+aﬁ} (14)
2 2
(T%(q*) =M [(Cliqj + %@7612) D]E/qu )+ %51']' % - 5:'1'5(612)} ; (15)

where (T")) is decomposed into traceless and trace
components with respect to the spatial indices. In addition,
as shown in Egs. (2) and (3), the off-forward matrix
elements of the trace, (7%, can be expressed in terms
of the combined trace-anomaly and quark sigma-term
operators. We, therefore, define the mass form factor from
the total trace operator as

(TiN(a*) = MG,(g*). (16)
From now on, we shall consider the combined quark and
glue form factors, so that there is no scale dependence.

It has been noted [13,62] that, since C(g*) =0 as
a consequence of EMT conservation, Eq. (13) is equal
to Eq. (16). Choosing A(g¢*),B(q*), and G,(q*) as
independent form factors, whose forward limits satisfy
A(0) =G,,(0) =1 and B(OP =0, the D(g?) form factor
can be expressed [13,30] as

(17)

In this case, D(0), the so-called D-term, is expressed in
terms of the square radii of the A and G,, form factors,

1
D(0) = g [{r)a = () M2, (18)
where (r?) = —%” | 2—o for the form factor F(g?).

As such, the D-term does not need to be regarded as a
fundamental parameter, as sometimes suggested [4].
Rather, it can be expressed as the difference between the
mean-square radius (r?), associated with A(g?) and the
mean-square radius (r?),, of the mass form factor G,,(¢?).
Equivalently, it may be written as the difference between

'We thank F. Yuan for pointing out that D, and D
can be determined separately in experiments and lattice QCD.
In that case, one may introduce f, J(q ,u) such that
D (,(q u) =1 (Ago(@® )=F g0 (@ ﬂGm(q )+4C,, (¢* )M

where fq(q /'{)+fg(q /4) _1

Byy(4 1)
+ 2R,

the radii extracted from the trace form factor {7%)(¢?) in
Eq. (16) and the energy form factor (7%°)(4?) in Eq. (14)
[41,62]. These radii are experimentally accessible and
calculable in lattice QCD. Recent lattice studies [42,43]
find D(0) to be negative, implying that the mass distribu-
tion from the trace anomaly and sigma terms is more
spatially extended than the quark and gluon energy dis-
tributions reflected in (r?),.

Denoting (T%)(4?) as the energy form factor E(g?), it
can be decomposed into trace and traceless components
corresponding to the operator 7%. Substituting D(g?) from
Eq. (17), one obtains

E(@?) = (10(@) = E@) + Eulg®). (19)

where
E(q?) = M [2A() + L5 Bl@?) + 5G| (20)
Eo(q?) = 5 Guld?). 1)

On the other hand, the total pressure form factor,
P(q*) =3(T") =3Mqg*D(q*), can be decomposed
analogously into traceless and trace components

2

P(q?) = M |G A¢) + 1 5 B@) + 5, Gul )|, (22)
Polg?) = =" Gule?) (23)

In the forward limit, these reduce to the corresponding

terms in the forward matrix element of 7'/ in Eq. (10). From
Egs. (20), (21), (22), and (23), one observes that the
pressure and energy form factors are related as follows:

(24)

(25)
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In the forward limit, they reproduce the corresponding
relations between the T and T% matrix elements for both
the traceless and trace parts in Egs. (7), (8), and (10).

A. Spatial distribution

It is customary in the literature to assume that, in the
Breit frame where the energy transfer vanishes, the spatial
distribution is obtained from the three-dimensional Fourier
transform of the relevant form factor, as in the nonrelativ-
istic case,

3
F(r) = / (;lﬂ_(; eTF(q%)] p—o- (26)

However, it has been pointed out [68-72] that this
definition of a time-independent three-dimensional density
is not valid for systems with relativistic constituents. The
main issue is that the coordinate appearing in the Fourier
transform is not defined relative to the position of the
hadron itself. To remedy this, one introduces a localized
wave packet to describe the hadron state. In this framework,
the hadron size A, the spatial width of the wave packet R,
and the Compton wavelength 1/M must satisfy the
hierarchy [72]

I/M<R<A (27)

so that relativistic localization effects are suppressed while
the wave packet remains small compared to the intrinsic
size of the hadron. This condition is well satisfied for atoms
and nuclei, where A exceeds 1/M by many orders of
magnitude. In contrast, for the nucleon, A ~ 0.8 fm, while
1/My ~ 0.2 fm. There is, therefore, insufficient separation
of scales to choose a wave packet size R satisfying this
double inequality, and the resulting density inevitably
retains sensitivity to the choice of R [72].

In lattice QCD, the spatial density can be computed
directly. The absence of an intrinsic reference point for the
hadron position can be resolved by inserting conserved
point-split charge operators or point operators with a
normalization factor Z, on quark lines other than the
one carrying the local operator and on the same time slice.
By the Ward identity, these insertions leave the quark
propagators unchanged while introducing spatial coordi-
nates x; associated with the spectator quarks. These
coordinates define an unambiguous reference point for
the nucleon position. The resulting construction yields a
spatial density independent of the Breit frame Fourier
transform and provides a direct test of the approximation
based on form factors. Details will be reported else-
where [73].

Although the three-dimensional Fourier transform of
nucleon form factors does not provide a rigorously defined
spatial density, it may still serve as a reasonable approxi-
mation for the proton in cases where the distribution has the

same sign and the mean-square radius, obtained from the
slope of the form factor at g?> =0, characterizes the
system’s size. (The neutron electric form factor is a
well-known exception.) With this caveat, we proceed to
extract spatial distributions from the Fourier transform in
the Breit frame in the present work.

In terms of spatial distributions, the energy density can
be decomposed as €(r) = &(r) + e,(r), where &(r) and
€.(r) denote the traceless and trace contributions, respec-
tively. These are expressed in terms of the coordinate-space
distributions A(r), B(r), and G,,(r),

e(r) =M (34014 3B0)+ 136a(0) ). 28
eulr) =5 Gulr). (29)

Similarly, the pressure is decomposed as p(r) =
p(r) + pu(r), where the traceless and trace components
are given by

) = (GA0) + 5B +366ul)). (30)
pulr) = =5 G1). (1)

From these expressions, the pressure-energy equations of
state follow directly:

pu(r) = —eu(r), (32)

p(r) =—&(r). (33)

The direct lattice evaluation of the spatial distributions from
the corresponding 7% and T operators, using the pre-
scription described above, yields the same equations
of state.

These equations of state have been obtained previously
by examining the twist-2 and twist-4 gravitational form
factors [39]. In this work, we investigate the underlying
physical origins of them, analyze their volume-scaling
properties, and compare them with analogous equations
of state in other physical systems.

Before proceeding, we examine the total pressure dis-
tribution. It was found in the lattice calculation [42] that the
total pressure distribution derived from p(r)/M =
2L () ‘“3—5”) exhibits a sign change, with negative
pressure at larger distances, thereby ensuring the mechani-
cal stability of the nucleon. This sign change can be
understood from the combined behavior of p(r) and
pu(r). Using lattice results [43] for A(r) and G,,(r) in

Egs. (30) and (31), we plot p(r)/M and p(r)/M in Fig. 1.

034042-5
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FIG. 1.

Left panel: 4zr%p(r)/M and 4zr’p,(r)/M plotted separately as functions of r. Right panel: the total 4zr>p(r)/M as a

function of r. The latter agrees with the result obtained from the lattice calculation of D(r) [43].

The contribution from B(r) is neglected since B(0) = 0,
and a quenched lattice calculation shows that both Bq(qz)
and B,(¢?) are nearly flat in the region |¢%| < 2 GeV? [74].

The combined pressure p(r) = p(r) + py(r), shown in
the right panel of Fig. 1, coincides with that obtained from
D(r) in lattice calculations [42,43]. It has been noted that
from the von Laue stability condition [75],

/d3rp(r) =0, (34)

there should be a node in p(r). Such a node structure has
been predicted in various models, including the chiral quark
model [76] and the Skyrmion model [41], and has also been
inferred from a combination of lattice QCD calculations
and experimental data [77].

The von Laue stability condition admits a clear physical
interpretation. The spatial integral of p(r) corresponds
to the forward matrix element: [d*rp(r)=1A(0)
and [drpy(r) = —1G,(0) [13], as seen from Eq. (10).
With A(0) = G,,(0) = 1, the condition reflects a balance
between the positive traceless contribution and the negative
trace component. Since (r?), < (r?),, this implies
D(0) < 0 from Eq. (18), the inner region is dominated
by the repulsive traceless pressure, while the outer region is
governed by the attractive trace part, ensuring mechanical
stability.

The traceless pressure p, originates from the quark
kinetic and potential energies and the gluon radiation
pressure encoded in the 7% matrix elements. It is positive
and satisfies p, = 1&(r) [Eq. (33)], the familiar radiation
equation of state in d = 3. This relation applies to relativ-
istic quarks in the nucleon. For baryons containing heavy
quarks, however, the energy is dominated by the heavy-
quark mass [78]. Using the equation of motion,
) {00}

Wuy D yy=—tpy(D-a)yy +mgPuyy, Eq. (7)
and Eq. (8) reveal that the hadron energy is Ey =~ my.
The gravitational form factors, Eqs. (20) and (21), then

imply that E(g?) is dominated by G,,(g?). By contrast, the
heavy-quark sigma-term contributions to the pressure
cancel between Egs. (32) and (33), leading to Py (g*) <
Ey(g?) and correspondingly in coordinate space,

pu(r) <ey(r). (35)

VI. ORIGIN OF p,.(r) AND €,.(r)

While the energy density is positive, the trace pressure-
energy equation of state in Eq. (32) implies a negative
pressure, in contrast to the positive pressure of matter and
radiation in Eq. (33). Such negative pressure corresponds to
an inward stress, indicating mechanical binding of the
system. It has been suggested that the trace anomaly and
sigma terms in the hadron originate from depleting or
decondensating the gluon and quark condensates of the
QCD vacuum [12,13,79,80]. Owing to conformal sym-
metry breaking, QCD develops a gluon condensate asso-
ciated with the trace anomaly. In addition, the quark
condensate signals spontaneous chiral symmetry breaking,
with the quark condensate as the order parameter.

Together, the gluon and quark condensates determine the
structure of the vacuum energy-momentum tensor. In the
vacuum

(7) = 3 (T8, (36)

so that the vacuum energy density €., =3 (T%) < 0 and
the corresponding pressure p,,. = —€,,c are spatially uni-
form constants. The trace components of the nucleon
energy density €,(r) and pressure p.(r) are matrix
elements due to the trace anomaly and the quark-loop
contributions to the sigma terms. In lattice QCD, these
contributions are evaluated from the disconnected inser-
tions of three-point correlation functions,

C3(DI) = (G,0) - (0)(G»), (37)
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where G, is the nucleon propagator and (O) is the vacuum
expectation value of the operator. The second term removes
the contribution in which the operator insertion is uncorre-
lated with the nucleon propagator. Consequently, the
extracted nucleon matrix element measures the change in
the corresponding condensate induced by the presence of
the nucleon. Since the vacuum expectation value of the
trace of the EMT is negative ((7}) < 0), a depletion of this
negative vacuum condensate in the nucleon produces a
positive vacuum-subtracted trace matrix element and hence
a positive contribution to the nucleon mass. The magnitude
of this contribution is determined by the relative size of the
first and second terms in Eq. (37), i.e., the extent to which
the negative vacuum energy density is depleted in the
nucleon.

To estimate the magnitude of this depletion, we consider
an idealized model in which the vacuum condensates are
completely dissolved in a spherical region of uniform
energy density. The corresponding mass contribution is
M, = [(T}))|Vess, where the effective volume Vg is
approximated by Vg = %”(rz)fr/ %, with (r2),, the mean-
square radius of the nucleon trace anomaly distribution.
Since more than 90% of the nucleon mass is generated by
the trace anomaly, we use the lattice determination [81],
<r2>tlr/ 2= 0.89(10) fm, together with the phenomenologi-
cal gluon condensate [79], “;‘*G"”GW = 0.012 GeV*, and
the leading-order f function to estimate M,,. ~ 750 MeV.
This is close to the trace-anomaly contribution to the
nucleon mass, approximately 854 MeV, corresponding to
91% of the nucleon mass. A similar estimate can be made
for the quark condensate. Using (gq) ~ —(270 MeV)? and
a characteristic radius of approximately 0.8 fm, we obtain a
condensate contribution of about 36 MeV to the zN sigma
term. This is comparable to the disconnected-insertion
result from lattice QCD, about 30 MeV [82]. Together,
these estimates support the picture that a substantial
fraction of the nucleon mass originates from the depletion
of the gluon and quark condensates of the QCD vacuum.

A. Volume scaling and confinement

Since the pressure is the functional derivative of the
energy with respect to local volume variations [i.e.,
Eq. (12)], the local pressure-energy equations of state in
Eq. (32) imply global volume scaling. We shall explore the
volume scaling based on these equations of state and their
corresponding pressures.

Consider the total energy as an integral of the energy
density with curvilinear coordinates

E:/d3x\/—g(x)e(x). (38)

We introduce the metric to facilitate scale changes.
Therefore,

V:/d3x\/—g(x). (39)

Defining the local volume density v(x) = +/—g(x), then
6V (x) = év(x). Now consider the functional variation with
respect to dv(x),

OE = /d3x[€(x)5v(x) + v(x)de(x)]. (40)
Therefore,
0E () & vl be(x)
o) (x) + o )50()(), (41)

where the second term accounts for the response of the
energy density to the local change in volume. From the
equation of state for the trace part of the energy density in
Eq. (32) and the definition of p,,., in Eq. (12), one finds
that

ey (x) _
—5U(x) =0. (42)

In other words, ¢, does not respond to local volume
variation, consistent with the fact that it reflects the uniform
gluon and quark condensates in the vacuum. As a conse-
quence,

OE,

50(x) = €, (x). (43)

For a uniform dilation v(x) — av(x), E, scales as the
volume,

Ela) = [ dxarte, —aEo().  (44)
Similarly,
V= /d3xv(x) = V(a) = aV(1). (45)

Combining Egs. (44) and (45),

Ey(a)
Etr ( 1 )

Thus, E,, scales as the volume. The mechanical pressure
conjugate to the virtual volume variation is then

_ V()
= W = Etr x V. (46)

dE,(V
Peff,tr = - ;ﬂ(/ )

= —constant. (47)

This constant attractive pressure as the hadron expands
implies volume (radial) confinement and is the 3D
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extension of the linear confinement, which are familiar in
heavy quarkonium cases. This is the major conclusion we
obtain from the trace part of the pressure-energy equation
of state. On the other hand, for the traceless part

OE 1_
Sv(x) - —ge(x), (48)
Eq. (41) becomes
»(x) gi((’g - —%‘@(x). (49)

For a uniform dilation v(x) — av(x) everywhere, then
Eq. (49) becomes an ordinary differential equation. Upon
integration,

de 4d
?ez—g?v:éou)_‘w. (50)

Since V = [ d’xv « v, Eq. (50) is

€ V43, (51)
From E = [ d®xvé, the volume scaling of E is

Ex V3, (52)
The corresponding pressure is then

_ dE(V)
P —— L= V3, 53
eff v ¢ (53)

which is positive and decreases with volume.

The volume scalings of E, and E are analogous to the
MIT bag model, where the bag constant gives a linear V
dependence of the rest energy and the quark and gluon
energies are inversely proportional to the bag radius R (or
V~1/3). The equilibrium volume V,, is determined by the
pressure balance condition dEy/dV = 0, which is just the
virial theorem [13]. By analogy, we can determine P (. by
defining P Vo = — [ d*re,(r) = —M /4 with the equi-
librium volume V,, estimated from the spatial distribution
G,,(r). A similar definition can be obtained for Py in
Eq. (53). At the equilibrium volume Vi, Pey = —Pegr -

Since p = —e¢ is a signature property for the condensate,
this suggests that the presence of condensates generates a
confining mechanism—to the extent that the vacuum
condensate is largely depleted by the hadron, the total
pressure is balanced between the dynamical pressure from
quarks and gluons and the static, vacuum-induced pressure
from the depletion of the condensates. This is consistent
with the conclusion based on volume scalings from the
total pressure-volume work and energy relations [12,13].

The force and its relation to normal and shear stresses are
given in Appendix A.

We should note that this volume confinement is distinct
from color confinement mechanisms based on monopoles
or center vortices [83—-85]. Rather, it represents a three-
dimensional manifestation of linear confinement, as realized,
for example, in charmonium. Within a renormalization
group framework, the Wilson-loop potential and its deriva-
tive can be related to the trace anomaly [86,87],

V(r) & PIE)WL(rT)
R e (A (3]
L[ B3%B*W, (r,
+ lim gy LTEWL(r L) (54)

L—oo <WL(I",L>> ’

where W, (r,T)/W(r,L) denote the space-time and
space-space Wilson loops with spatial separation r.
Lattice simulations reveal a linear potential between infi-
nitely heavy quark-antiquark pairs from Eq. (54) [86],
consistent with the Wilson-loop area law [88], and the
formation of a flux tube between separated color sources
[89]. These results support a picture of a constant vacuum
energy density (T%). It is found in a lattice simulation of
chromo field distribution between two static color sources
[90] that after a distance of ~0.75 fm, a flux tube of the
action density is formed with a constant cross sectional area
A, and the static potential between the heavy quark-
antiquark pair then takes the form

V(r) = ey Ar = or, (55)

which gives rise to the linearly increasing potential, with ¢
being the string tension [90].

VII. VORTEX OF TYPE-II SUPERCONDUCTOR

It was pointed out [13] that hadrons share a close analogy
with vortices in type-II superconductors in terms of their
energetics and pressure-energy relations. In a vortex, the
external magnetic field penetrates the core and decays
radially with the London penetration depth 4;. The local
density of superconducting electrons, n., vanishes in the
normal-phase core and recovers to its bulk value over

the coherence length £. The system is type II when the

Ginzburg-Landau parameter satisfies k = % > %

Type-II superconductors are described by the Ginzburg-
Landau equation, which determines the superconducting
order parameter y(r), with the local condensate density
given by n. = |w(r)|%. We focus here on the energetics, in
particular the origin of the various contributions to the
vortex-core energy relative to the Meissner state [91]. The
Ginzburg-Landau energy of a vortex contains several
contributions that admit a one-to-one correspondence with
those in a hadron. The magnetic field energy is analogous

034042-8



PRESSURE-ENERGY EQUATIONS OF STATE OF THE NUCLEON

PHYS. REV. D 114, 034042 (2026)

to the chromoelectric and chromomagnetic field energies in
Eq. (7). The supercurrent energy corresponds to the quark
kinetic and potential energies in Eq. (7). Finally, the energy
cost of depleting the Cooper-pair condensate, characterized
by the lower critical field H ., parallels the trace-anomaly
and sigma-term contributions in Eq. (8), representing the
energy required to deplete the vacuum gluon and quark
condensates inside the hadron.

A variational approach is employed [91], in which the
order parameter is assumed to take the form ¥(p, ¢) =
flp)e™™ and f(p) = p/\/p* + R?, where p is the cylin-
drical radial coordinate and R is a variational parameter
characterizing the core radius. The condensate density is
then given by n. = |¥|?> = f(p)% The free energy per unit
length of the vortex line, expressed in units of

¢oH./(2\/2x), is obtained as

F r LeR? 4y
=———F+——=—-K —
IpoH./(2v27) 8 8k

where R' = R/J; and K, and K, are modified Bessel
functions of the second kind. The first term represents the
cost of depleting the condensation and is proportional to
the core area. The second and third terms arise from the
supercurrent and magnetic field energies. The equilibrium
condition, obtained by minimizing the energy with respect
to the area, ‘fl—’ZA = 0, determines R to be of order ;. For
R’ ~ 1, the ratio K((R')/K(R') varies slowly, and the third
term is effectively dominated by the 1/R’ dependence. In
this regime, condensate depletion produces a constant two-
dimensional free-energy density and hence a constant
negative pressure. This is balanced by the positive dynami-
cal pressures arising from the magnetic field and super-
current contributions, which satisfy a radiationlike equation
of state p = ¢/d with d = 2. Therefore,

Ko(R')

26K (R)R'” (56)

Pan(R) = Sean(R) + -+ (57)

Psta = —€stas

The ellipsis represents small contributions from the terms
that deviate from 1/R’ in Eq. (56).

The wunderlying physics of vortices and hadrons
is fundamentally different. In superconductivity, the
Cooper-pair condensate spontaneously breaks a global
U(1) symmetry and generates a gauge-boson mass through
the Anderson-Higgs mechanism. In contrast, the gluon
condensate in QCD arises from the explicit breaking of
conformal symmetry via the trace anomaly and is not
associated with spontaneous symmetry breaking or gluon
mass generation, while the quark condensate is the order
parameter of the spontaneous chiral symmetry breaking.
Nevertheless, their static pressure-energy equations of state
are identical because of the presence of condensates. In this
sense, the volume-confinement mechanism operates analo-
gously in the two systems.

VIII. COSMOLOGICAL CONSTANT

It has been pointed out that the trace matrix element
bears a close analogy to the cosmological constant [12,13].
Both are associated with the metric ¢** in the context of the
energy-momentum tensor and, therefore, obey the same
pressure-energy relation. In particular, the pressure equals
the negative of the corresponding energy density as a
consequence of the metric structure.

To solve the Friedmann equations, one needs to specify
the equations of state relating pressure and energy density
for the different components of the Universe. In the
standard ACDM cosmological model, these equations of
state are given by

p = we, (58)

where @ is the proportionality constant. As discussed
above, w = —1 for the cosmological constant.” This is
identical to the pressure-energy equation of state for the
trace component in QCD and the condensate-depletion
contribution in a superconducting vortex.

For radiation and relativistic neutrinos, @ = 1/d (with
d = 3 in this case). This is identical to the relation for
relativistic quarks and gluons in hadrons [Eq. (33)], as
well as for the electrons and magnetic field in a super-
conducting vortex [Eq. (57)]. For nonrelativistic matter,
o ~ 0, which likewise parallels the case of heavy-quark
hadrons [Eq. (35)].

The physics of gravity and gauge theory is fundamen-
tally different. In hadrons and vortices, negative pressure
corresponds to an inward stress and hence attraction,
whereas in cosmology it drives accelerated expansion,
effectively acting as repulsion. Nevertheless, their pres-
sure-energy equations of state are formally identical. This
raises a natural question: since the p = —e part of the
pressure-energy relation in hadrons and vortices originates
from condensates, could the cosmological constant like-
wise arise from a condensate? We leave this possibility for
future investigation.

IX. SUMMARY

By identifying the mass form factor obtained from the
matrix elements of the trace of the EMT with that defined
through the gravitational form factors, one can express the
pressure form factor D(g?) in terms of A(q?), B(¢?), and
the mass form factor G,,(¢*), once EMT conservation is
taken into account. This, in turn, leads to the pressure-
energy form factor relations for both the traceless and trace
parts of the EMT.

“Recent baryon acoustic oscillation data from the Dark Energy
Spectroscopic Instrument have raised tensions regarding the
constancy of the cosmological constant—this issue is beyond
the scope of the present work.
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Interpreting the local mechanical pressure—namely, the
matrix element of 177 (r)—as the stress defined by the
functional derivative of the nucleon energy with respect to
the local volume, we demonstrate that the trace part of the
energy scales linearly with the volume. This supports the
interpretation that the trace part of the energy acts as a
potential arising from the depletion of the gluon and quark
condensates inside the nucleon. The associated static
pressure is a negative constant, leading to a mechanism
of volume confinement, analogous to the linear potential in
charmonium. In contrast, the traceless part of the dynamical
energy associated with quark and gluon fields scales as
V=173, leading to a positive pressure in Eq. (33). There are
several ways to decompose the nucleon rest energy
[13,49,60,61], and it is the decomposition of 7% and 7%
into their traceless and trace components that establishes
the pressure-energy equations of state, thereby clarifying
their origins and physical significance.

It is noteworthy that vortices in type-1I superconductors
obey the same equations of state as the nucleon. The common
feature shared by hadrons and vortices is that their stability
originates from the presence of condensates, which generate a
negative constant pressure that provides confinement.

In addition, we point out that the standard cosmological
model, ACDM, with a cosmological constant, obeys the
same set of equations of state. The equation of state for
nonrelativistic matter is likewise analogous to that of a
hadron containing heavy quarks. Given that the cosmo-
logical constant plays a role similar to the trace anomaly in
QCD, it has been speculated that, as in QCD, it may
originate from a condensate [12,13]. This intriguing pos-
sibility will be explored in future work.
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APPENDIX: SHEAR STRESS AND FORCE

We shall discuss the force in relation to the normal stress
(pressure) and shear stress. The spatial distribution from the
{TY) form factor is [4]

rrl 1

(1) (r) = (ﬂ ‘56""’2>S(r)+6“p(r), (A1)

where p(r) is the normal stress and s(r) is the shear stress.
Defined from the Fourier transform D(r), they are

2 1d ,d
R R 1)
P =320 aPw

(A2)

Replacing ¢*>D(g?) in terms of the A(g?),B(q?), and
G,,(¢*) form factors in Eq. (17),

7*B(q?)
apm?* |’
2 2
q°B(q*)
' A3
Ry ] (A3)
[
T = diag(p,, p. p:), (AS)

where the radial pressure p,(r) and tangential pressure
pi(r) are [5]

pr(r) +2p,(r)

p(r) = 3 (A6)

s(r) = p,(r) = pi(r).

Therefore, the shear stress s(r) is actually the pressure
anisotropy, instead of the truly off-diagonal shear. In this
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case, Eq. (A4) becomes

pi(r) + =0. (A7)
Several integral relations can be derived [4,5]. Among them
is the von Laue condition in Eq. (34). _

One can define the differential force dF"' from the spatial
part of the EMT with the T/ acting on the infinitesimal
surface dA normal to the j direction, i.e.,

dFi(r) =T (r)n'dA, (A8)
where n/ = r//r, and we have simplified {7T")(r) as
T (r). Since T%(r) has the form

rirl 1

Tii(r) :5ijp(r)+(r2 —56’7) (r), (A9

dljiiir) _ <p(r) +§s(r))ni = p,(r)n'.

(A10)

It has been argued [92] that the force should be directed
outward in order to avoid collapse of the system. Indeed, it
is found that p(r) +3s(r) >0 in a recent lattice calcu-
lation [43]. This shows that the force does not change sign,
in contrast to the pressure p(r), which means that for the
region of r that p(r) is negative due to the fact that the static
pressure from the trace part in Fig. 1 is filled up by the s(r).

While the force is directed outward, its integration over
any closed surface vanishes. The surface integral

Fi :]{Tijn/dA:/ajTUd%:o (A11)
S Vv

becomes a volume integral due to the Gauss law and it
vanishes because of conservation of EMT for a static,
spherical bound system. There is no net force on any
surface. This also proves why p,(r) does not change sign.
Finally, one can consider the traceless and trace parts of the
force through p(r) and s(r) in Eq. (A10).
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