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Inspired by the significant virtual contributions of the subprocesses D�=B� → Dπ and ρ → ωπ=KK̄ in
the three-body hadronic B meson decays, we study the off-shell effects of the resonance K� decaying into
the K�π orKρ system in the decays B → K�πh and B → Kρh (with h ¼ π; K) within the perturbative QCD
approach. The strong coupling constants gK�K�π and gK�Kρ involved in this work are derived from the
coupling constant gρωπ under the flavor SU(3) symmetry. The CP averaged branching fractions for the

quasi-two-body decays B → K�½→ K�π�h and B → K�½→ Kρ�h are predicted to be on the order of 10−9 to
10−7 in this study. And the branching fractions for the decays B → K�½→ Kρ�h are found to be around half
of the corresponding results for the B → K�½→ K�π�h channels, mainly due to the phase space difference
between the Kρ and K�π pairs originating from the intermediate state K�. Experimental data for the K�

decaying into the final states K�π and Kρ in the B meson decays is expected to be obtained by the LHCb
and Belle-II experiments in the near future.
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I. INTRODUCTION

Charmless three-body hadronic B meson decays have
attracted significant interest in recent years due to the
valuable CP violation information and abundant resonance
structures in their decay products. Research on relevant
decay processes imposes strong constraints on the
Cabibbo-Kobayashi-Maskawa (CKM) matrix elements
[1,2], and could potentially provide evidence for physics
beyond the Standard Model. Utilizing the Dalitz-plot
technique [3], numerous experimental analyses for the
three-body B decays have been performed by the
BABAR [4–11], Belle [12–15], and LHCb Collaborations
[16–22]. The rich phenomenology of CP violation in these
decays offers the opportunities to understand the complex
interactions among final states and probe the underlying
CP violation mechanism. In particular, the observations of
large localized CP asymmetries have triggered extensive
theoretical investigations [23–47]. Moreover, the out-
comes of Dalitz-plot analyses typically include the con-
tributions from various resonant states, expressed in terms
of the quasi-two-body fit fractions and CP asymmetries.
In parallel, corresponding theoretical studies have

been carried out within quasi-two-body framework-based
methods [48–67].
The resonance contributions in the three-body B decays

are predominantly localized around their respective pole
masses in the invariant mass distributions of the daughter
particles. While the virtual contributions, also variously
known as the off-shell effects of resonances, are indispen-
sable to the total amplitudes of specific decay channels,
even when the pole masses of the resonances lie far outside
the kinematically allowed phase space. For instance, the
virtual contributions from the off-shellD� and B� in theDπ
system were found to be non-negligible in the amplitude
analyses of B → Dπh (with h ¼ π; K) decays [68–73].
Specifically, the central values of the fit fractions for the
virtual D�0 and B�0 states were reported as 7.6% and 3.6%
in the B− → Dþπ−K− decay [71], and 10.79% and 2.69%
in the B− → Dþπ−π− decay [73], respectively. The detailed
discussion for the virtual contributions originated from D�0

and D�� in B → Dπh decays on the theoretical side is
found in Ref. [74]. In Ref. [20], the LHCb Collaboration
reported an unexpectedly large fit fraction around 30% for
the subprocess ρð1450Þ → KþK− in the B� → π�KþK−

decay. One of the best interpretations is that the contribu-
tion from the off-shell effect of ρð770Þ was included in the
measurement of the ρð1450Þ contribution for the kaon pair
[75]. The results in Refs. [57,76,77] reveal that the quasi-
two-body branching ratios from the off-shell ρð770Þ for the
kaon pair system in the relevant B decays are comparable
to those from the excited states ρð1450Þ and ρð1700Þ.
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In Ref. [78], the branching fraction of B̄0 → D�þρð770Þ−
½→ ωπ−� was measured to be ð1.48þ0.37

−0.63Þ × 10−3, which is
larger than half of the total branching fraction ð2.46�
0.18Þ × 10−3 for the decay B̄0 → D�þωπ− [79], which
means that a large coupling for ρð770Þ → ωπ will signifi-
cantly contribute to the distribution of ωπ in the low-energy
region for the related B decays [80].
Motivated by the studies for the off-shell effects from

D�=B� → Dπ and ρ → ωπ=KK̄ in the three-body B
decays, we will investigate in this work the virtual con-
tributions arising from the subprocesses K� → K�π and
K� → Kρ in the charmless three-body decays B → K�πh
and B → Kρh.1 As is well known, the K� resonance
predominantly decays to its final stateKπ, with a branching
fraction close to 100% [79]. The natural decay modes
K� → K�π and K� → Kρ are kinematically forbidden, as
the K� pole mass lies below the thresholds of its decay
products. However, the K�K�π and K�Kρ vertices are
playing the crucial role in the theoretical studies of the
K� → Kππ decay rate [81–84]. Given the large available
phase space, the contributions from the off-shell K� could
be substantial in relevant three-body B meson decays. For
the B → K�πh and B → Kρh decays, the experimental
measurements are found for Bþ → K�þπ−πþ,
Bþ → K�þπ∓K�, B0 → K�0πþπ− and B0 → K�0π�K∓
by the ARGUS [85], BABAR [86,87], and Belle
Collaborations [88,89]. Meanwhile, Belle has reported
the first observation of the three-body decay B0 →
Kþρ0π− [88]. The total branching fractions (or upper
limits) for the concerned three-body decays were measured,
but the corresponding partial branching fractions for the
decays involving K�π and Kρ pairs have yet to be
determined in these experiments. Within the factorization
approach, the branching ratios for the decays Bþ →
K�þπþπ− and B0 → K�0πþπ− were calculated [90], con-
sidering only resonance contributions for the πþπ− system.
In the previous studies [53–64], the contributions from

multiple intermediate resonance states in the charmless
three-body B meson decays have been investigated by
using the perturbative QCD (PQCD) approach [91–93]
based on the kT factorization theorem. The consistency
between the theoretical predictions and experimental data
shows the applicability of the PQCD factorization
approach in studying the quasi-two-body B meson decays.
In this work, we shall focus on the virtual contributions
from K� in the B → K�πh and B → Kρh decays within the
framework of the PQCD approach. The excitations
K�ð1410Þ and K�ð1680Þ have been observed to decay
to K�π and Kρ final states in the reaction K−p →
K̄0πþπ−n by the LASS Collaboration [94,95], with the
branching ratios BðK�ð1410Þ → K�πðKρÞÞ > 40%ð< 7%Þ

and BðK�ð1680Þ → K�πðKρÞÞ ¼ 29.9þ2.2
−5.0%ð31.4þ5.0

−2.1%Þ
[79]. Evidences for K�ð1410; 1680Þ → K�π or Kρ in the
Kππ distribution have also been found in the amplitude
analyses of Bþ → J=ψðψð2SÞÞKþπþπ− [96,97] and Bþ →
χc1ð2ÞKþπþπ− decays [98]. Since well-defined distribution
amplitudes for higher-massK� excitations and precise exper-
imental data are currently lacking, we leave the contributions
from K�ð1410; 1680Þ → K�π and Kρ in the concerned
decays to future studies.
The rest of this paper is organized as follows. In Sec. II,

we give a brief review of the PQCD framework for the
concerned decay processes. In Sec. III, we present the
numerical results and give necessary discussions. A sum-
mary is presented in Sec. IV. The Lorentz-invariant decay
amplitudes and the factorization formulas in the PQCD
approach for the relevant decays are provided in the
Appendix.

II. FRAMEWORK

In the PQCD formalism, the decay amplitude for the
hadronic B meson decay is expressed as the convolution of
a hard kernel with the distribution amplitudes of both the
initial Bmeson and the final-state hadrons. For a quasi-two-
body decay B → R½→ h1h2�h, the h1h2 pair which pro-
ceeds by the intermediate state R moves collinear while the
bachelor meson h recoils energetically. Compared with the
framework for two-body B decays, the two-meson distri-
bution amplitudes are newly introduced to describe the
interaction between the meson pair h1h2. Then, the fac-
torization formula of the decay amplitude A for the B →
K�½→ K�πðKρÞ�h decay is written as [40,53]

A ¼ ϕB ⊗ H ⊗ ϕP-wave
K�πðKρÞ ⊗ ϕh; ð1Þ

where the symbol ⊗ stands for the convolution in parton
momenta and the hard kernel H is given by the Feynman
diagrams with one hard gluon exchange. The complete set
of leading-order Feynman diagrams for the concerned
decays is presented in Fig. 1. Among these, Figs. 1(a)
and 1(c) are referred to as the emission diagrams, while
Figs. 1(b) and 1(d) represent the annihilation diagrams. As
essential inputs, the universal hadron distribution ampli-
tudes ϕB, ϕP-wave

K�πðKρÞ, and ϕh absorb the nonperturbative

dynamics in the hadronization processes. In this work, we
employ the light-cone distribution amplitudes for the heavy
B meson and the light π and K mesons as specified in
Refs. [56,57,99], with detailed functional forms and
parameters provided therein and in the references they
contain.
For the decay process of a vector resonance (VR) into a

vector (V) and a pseudoscalar (P) meson, the related form
factor FVPðsÞ can been defined from the matrix element
[100–102]

1For simplicity, we generally use the abbreviation K� ¼
K�ð892Þ and ρ ¼ ρð770Þ in the following sections.
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hVðpV; λÞPðpPÞjjμð0Þj0i ¼ iϵμναβενðpV; λÞpα
Pp

βFVPðsÞ;
ð2Þ

where jμ is the isovector part of the electromagnetic
current, ε and λ are the polarization vector and polarization
parameter for the final state V, and p ¼ pV þ pP and s are
the momentum and the squared invariant mass for the
resonance VR, respectively. In the vector meson dominance
model, the form factor FVPðsÞ, which incorporates the
coupling for VR → VP, is parametrized as [103–106]

FVPðsÞ ¼
gVRVP

gVR

m2
VR

DVR
ðsÞ : ð3Þ

Here, the excited states of VR in the form factor have not
been taken into account. Then, the decay amplitude for the
quasi-two-body process B → K�½→ K�πðKρÞ�h can be
written as

MQ2B ¼ hðK�πðKρÞÞK�hjHeff jBi
¼ gK�K�πðKρÞϵμναβε

μ
K�

R
ενK�ðρÞp

α
πðKÞp

β

×
1

DK�ðsÞM
2Bε�K�

R
· pB; ð4Þ

where Heff represents the effective Hamiltonian and
M2Bε�K�

R
· pB is the decay amplitude for the B → K�h

decay. To make a distinction, εK�
R
denotes the polarization

vector for the intermediate state K�, and εK� is for the final
state K�. In this work, the components of the amplitude
associated with the form factor are parametrized into the
distribution amplitudes for K� → K�πðKρÞ in the final
form of amplitude A for the quasi-two-body decay, while
the parts of polarizations and momenta are included in the
formula of the differential branching fraction as shown
in Eq. (17).
For the P-wave distribution amplitudes of the K�π (Kρ)

system, we here only need to consider the longitudinal
polarization component, which can be collected into [99]

ϕP-wave
K�πðKρÞ;Lðx; sÞ ¼

−1ffiffiffi
6

p
h ffiffiffi

s
p

=ϵLϕ0ðx; sÞ

þ =ϵL=pϕtðx; sÞ þ ffiffiffi
s

p
ϕsðx; sÞ

i
; ð5Þ

with p and s denoting the momentum and the square of
invariant mass for the K�πðKρÞ pair, respectively. The
symbol ϵL represents the longitudinal polarization vector
and x is the momentum fraction of the positive quark in the
intermediate vector resonance K�. The twist-2 and twist-3
distribution amplitudes are parametrized as

ϕ0ðx;sÞ¼3fK�πðKρÞðsÞffiffiffi
6

p xð1−xÞ

×

�
1þajj1K�3ð2x−1Þþajj2K�

3

2
ð5ð2x−1Þ2−1Þ

�
;

ð6Þ

ϕtðx; sÞ ¼
3fTK�πðKρÞðsÞ

2
ffiffiffi
6

p ð2x − 1Þ2; ð7Þ

ϕsðx; sÞ ¼
3fTK�πðKρÞðsÞ

2
ffiffiffi
6

p ð1 − 2xÞ; ð8Þ

with the Gegenbauer moments ajj1K� ¼ 0.03� 0.02 and

ajj2K� ¼ 0.11� 0.09 [99]. The factor fK�πðKρÞðsÞ in Eq. (6)
is related to the transition form factor FK�πðKρÞðsÞ, which
includes the coupling for K� → K�πðKρÞ. Following the
treatment of the subprocess ρ → ωπ in Ref. [80], we have
the parametrization

fK�πðKρÞðsÞ ¼
gK�K�πðKρÞmK�fK�

DK�ðsÞ ; ð9Þ

where mK� and fK� denote the mass and decay constant of
the K� meson, respectively. Here, the denominator DK�,
modeled by a Breit-Wigner propagator, is defined as

DK� ðsÞ ¼ m2
K� − s − i

ffiffiffi
s

p
ΓK� ðsÞ: ð10Þ

Following the form for ρ → ωπ in Refs. [106,107], the
energy-dependent width of the K� including the coupled
channels Kπ, K�π, and Kρ can be expressed as

B

h

K*

b

FIG. 1. The leading order Feynman diagrams for the decays B → K�hwith the subprocesses K� → K�π andK� → Kρ. The symbol⊗
represents the insertion of the four-fermion vertices in the effective theory and × denotes the possible attachments of hard gluons.
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ΓK�ðsÞ ¼ ΓK�
m2

K�

s

�
q1ðsÞ

q1ðm2
K�Þ

�
3

þ g2K�K�π
12π

q32ðsÞ

þ g2K�Kρ

12π
q33ðsÞ; ð11Þ

where the momentum magnitudes of one of the decay
products in the rest frame of the intermediate state are
given by

q1ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmK þmπÞ2�½s − ðmK −mπÞ2�

p
2

ffiffiffi
s

p ; ð12Þ

q2ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmK� þmπÞ2�½s − ðmK� −mπÞ2�

p
2

ffiffiffi
s

p ; ð13Þ

and

q3ðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½s − ðmK þmρÞ2�½s − ðmK −mρÞ2�

q
2

ffiffiffi
s

p ; ð14Þ

respectively. In this work, the coupling constants gK�K�π
and gK�Kρ are derived through the flavor SU(3) symmetry
relation, explicitly expressed as g2K�K�π ¼ g2K�Kρ ¼ 3

4
g2ρωπ

[108,109]. According to the discussions in Ref. [80], we
adopt the input value gρωπ ¼ 16.0� 2.0 GeV−1. The

derived coupling g2K�K�π is consistent with the result
g2
K�K�π
4π ¼

18 GeV−2 in Ref. [82]. We also employ isospin symmetry,
taking K�þ as an example, which leads to the relation

jgK�þK�0πþðK0ρþÞj ¼
ffiffiffi
2

p jgK�þK�þπ0ðKþρ0Þj ¼
ffiffi
6

p
3
jgK�K�πðKρÞj.

For the factor fTK�πðKρÞðsÞ in the twist-3 distribution
amplitudes ϕt;sðx; sÞ, we use the assumption
fTK�πðKρÞðsÞ=fK�πðKρÞðsÞ ≈ fTK�=fK� as in [53] with the

result fTK�=fK� ¼ 0.853 [99].
With the help of the polarization sum relations

X
λ¼0;�

ε�μðp; λÞενðp; λÞ ¼ −gμν þ pμpν

p2
; ð15Þ

X
λ¼0;�

jϵμναβpμ
hε

νðpV; λÞpα
Pp

βj2 ¼ sjpV
�!j2j ph

�!j2ð1 − cos2θÞ;

ð16Þ

the differential branching fraction of the B → K�
½→ K�πðKρÞ�h decays can be expressed as [80]

dB
ds

¼ τB
sq3

2ð3Þq
3
h

24π3m7
B
jAj2; ð17Þ

τB being the mean lifetime of the Bmeson. In the rest frame
of the intermediate resonance, the magnitudes of the
momenta q2 and q3 are related to the K�π and Kρ pairs

as shown in Eqs. (13) and (14), and the expression of qh for
the bachelor meson h is described as

qhðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½m2

B − ð ffiffiffi
s

p þmhÞ2�½m2
B − ð ffiffiffi

s
p

−mhÞ2�
p

2
ffiffiffi
s

p ; ð18Þ

where mB and mh are the masses for the B meson and the
bachelor h, respectively. By combining contributions from
the relevant Feynman diagrams shown in Fig. 1, we obtain
the Lorentz-invariant decay amplitudes A for the consid-
ered B decays, which are provided in the Appendix. In
addition, the CP averaged branching ratio B is defined as

B ¼ BðB̄ → f̄Þ þ BðB → fÞ
2

; ð19Þ

while the direct CP asymmetry ACP is given by

ACP ¼ BðB̄ → f̄Þ − BðB → fÞ
BðB̄ → f̄Þ þ BðB → fÞ ; ð20Þ

where f denotes the final state and B̄ → f̄ is the CP
conjugate mode of B → f.

III. RESULTS AND DISCUSSIONS

Before the numerical analysis, we first introduce the
input parameters adopted in our calculations in Table I,
which includes the masses and decay constants for the
initial and final states, the decay widths of the K�, the
lifetimes of the BðsÞ mesons, and the Wolfenstein param-
eters of the CKM matrix.
Based on the formula of the differential branching ratio

in Eq. (17) and the decay amplitudes given in the
Appendix, we calculate the CP averaged branching frac-
tions and the directCP asymmetries for the quasi-two-body
decays B → K�½→ K�π�h and B → K�½→ Kρ�h, with the
results listed in Tables II and III, respectively. The first error
for each PQCD prediction comes from the uncertainty of
the shape parameter in the B meson distribution ampli-
tudes, specifically ωB ¼ 0.40� 0.04 GeV for Bþ;0 or
ωBs

¼ 0.50� 0.05 GeV for B0
s. The second error is

induced by the Gegenbauer moments ajj1K� ¼ 0.03� 0.02

and ajj2K� ¼ 0.11� 0.09 for the K�πðKρÞ distribution
amplitudes, combined with the coupling constant
gρωπ ¼ 16.0� 2.0 GeV−1, which is utilized to determine
the values of gK�K�π and gK�Kρ. The last one stems from the
variations of the chiral masses mπ

0 ¼ ð1.4� 0.1Þ GeV and
mK

0 ¼ ð1.6� 0.1Þ GeV, as well as the Gegenbauer
moment ah2 ¼ 0.25� 0.15 for the distribution amplitudes
of bachelor pion and kaon. The errors associated with
uncertainties in other parameters are negligible and
have been omitted here. One interesting thing is that
the error for the PQCD-predicted branching fraction
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BðB → K�½→ Kρ�hÞ caused by the uncertainty of gρωπ
adopted in this work is larger than that for the correspond-
ing branching fraction BðB → K�½→ K�π�hÞ. This is
because the coupling constant gK�K�πðKρÞ derived from
gρωπ appears in both the numerator and denominator of
the factor fK�πðKρÞðsÞ in Eq. (9). While this configuration
partially cancels the variation effect of gK�K�πðKρÞ on the
branching fraction, the cancellation magnitude depends
critically on the terms independent of gK�K�πðKρÞ in the
denominator. Here, different ranges of the invariant mass
squared s in these two types of decay produce varying

cancellation magnitudes. Due to the isospin symmetry, the
branching fractions of the quasi-two-body decays involving
a neutral pion (or rho meson) as a decay product of the
intermediateK� state are half of those listed in Tables II and
III, while their CP asymmetries remain identical.
As shown in Tables II and III, the branching fractions

contributed by the off-shell K� states for the considered
three-body decays range from 10−9 to 10−7. Among them,
the branching fractions predicted for the decays B → K�½→
Kρ�h in Table III are approximately 55% of those for B →
K�½→ K�π�h in Tables II. This suppression arises from

TABLE I. The input parameters adopted in numerical calculations [79,99].

Mass (GeV) mB� ¼ 5.279 mB0 ¼ 5.280 mB0
s
¼ 5.367

mK�� ¼ 0.892 mK�0 ¼ 0.896 mρ ¼ 0.775
mK� ¼ 0.494 mK0 ¼ 0.498 mπ� ¼ 0.140
mπ0 ¼ 0.135

Decay constant (GeV) fB ¼ 0.190 fBs
¼ 0.230 fπ ¼ 0.130

fK ¼ 0.156 fK� ¼ 0.217 fTK� ¼ 0.185

Decay width (GeV) ΓK�� ¼ 0.0514 ΓK�0 ¼ 0.0473

Lifetime (ps) τB� ¼ 1.638 τB0 ¼ 1.517 τB0
s
¼ 1.520

Wolfenstein parameters λ ¼ 0.22501� 0.00068 A ¼ 0.826þ0.016
−0.015

ρ̄ ¼ 0.1591� 0.0094 η̄ ¼ 0.3523þ0.0073
−0.0071

TABLE II. PQCD predictions of the CP averaged branching fractions and the direct CP asymmetries for the
quasi-two-body B → K�½→ K�π�h decays.

Decay modes B ACPð%Þ
Bþ → K�0½→ K�þπ−�πþ ð4.59þ1.42þ0.05þ0.59

−1.00−0.06−0.57 Þ × 10−7 −1.5þ0.2þ0.1þ0.1
−0.3−0.3−0.2

Bþ → K�þ½→ K�0πþ�π0 ð3.41þ1.07þ0.06þ0.32
−0.75−0.06−0.31 Þ × 10−7 −21.2þ2.7þ2.2þ1.1

−2.7−2.1−1.1

Bþ → K�þ½→ K�0πþ�K̄0 ð1.50þ0.34þ0.13þ0.37
−0.27−0.12−0.32 Þ × 10−8 −34.4þ2.2þ2.7þ6.4

−2.5−2.2−5.2

Bþ → K̄�0½→ K�−πþ�Kþ ð3.04þ0.94þ0.15þ0.39
−0.56−0.05−0.33 Þ × 10−8 11.0þ2.1þ5.7þ3.5

−2.0−5.8−2.4

B0 → K�þ½→ K�0πþ�π− ð3.69þ1.05þ0.12þ0.46
−0.73−0.09−0.44 Þ × 10−7 −42.0þ4.6þ4.6þ2.2

−4.0−3.8−2.1

B0 → K�0½→ K�þπ−�π0 ð1.02þ0.24þ0.05þ0.19
−0.16−0.03−0.18 Þ × 10−7 −9.4þ0.3þ1.2þ1.1

−0.1−0.6−1.1

B0 → K�þ½→ K�0πþ�K− ð6.89þ0.51þ0.34þ2.35
−0.51−0.32−1.75 Þ × 10−9 −32.0þ3.3þ2.8þ4.4

−5.1−4.2−7.9

B0 → K�−½→ K̄�0π−�Kþ ð3.49þ0.39þ1.66þ0.57
−0.22−1.15−0.39 Þ × 10−9 19.8þ0.5þ6.9þ9.6

−2.3−17.0−12.0

B0 → K�0½→ K�þπ−�K̄0 ð1.34þ0.24þ0.20þ0.32
−0.18−0.18−0.27 Þ × 10−8 0

B0 → K̄�0½→ K�−πþ�K0 ð2.83þ0.98þ0.06þ0.39
−0.68−0.05−0.37 Þ × 10−8 0

B0
s → K�−½→ K̄�0π−�πþ ð7.09þ2.56þ0.60þ0.06

−1.79−0.59−0.06 Þ × 10−7 −13.9þ1.9þ1.5þ1.2
−2.1−1.4−1.2

B0
s → K̄�0½→ K�−πþ�π0 ð1.22þ0.51þ0.13þ0.19

−0.33−0.12−0.18 Þ × 10−8 −70.4þ7.9þ6.5þ6.7
−7.5−6.0−6.1

B0
s → K�þ½→ K�0πþ�K− ð4.67þ1.48þ0.15þ0.59

−0.98−0.10−0.56 Þ × 10−7 −36.1þ4.7þ5.1þ0.8
−3.7−4.4−0.7

B0
s → K�−½→ K̄�0π−�Kþ ð5.53þ1.19þ0.72þ0.80

−0.84−0.64−0.72 Þ × 10−7 49.8þ0.1þ1.7þ5.2
−0.8−2.7−4.9

B0
s → K�0½→ K�þπ−�K̄0 ð5.73þ1.83þ0.11þ0.73

−1.25−0.10−0.71 Þ × 10−7 0

B0
s → K̄�0½→ K�−πþ�K0 ð3.59þ0.49þ0.70þ0.69

−0.30−0.62−0.59 Þ × 10−7 0
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phase space differences; namely, the mass combination
mK þmρ is greater than mK� þmπ . In addition, one can
observe similar CP asymmetries for the same decay with
different subprocesses in Tables II and III. In the Standard
Model, direct CP violation in a B meson decay arises from
the interference of tree and penguin amplitudes. The
predicted large CP asymmetries are attributed to sizable
interference between these amplitudes, whereas small ones
result from scenarios where either the tree or penguin
amplitude dominates. Since only the penguin diagrams
contribute to the B0

ðsÞ → K�0½→ K�þπ−ðKþρ−Þ�K̄0 and

B0
ðsÞ → K̄�0½→ K�−πþðK−ρþÞ�K0 decays, direct CP viola-

tion does not occur in these modes.
In Table IV, we present the available experimental data of

the branching fractions and CP asymmetries for the two-
body B → K�h decays [79]. Under the isospin symmetry of
strong decays, the subprocesses K� → Kπ satisfy the

relationships BðK�→Kπ�Þ
BðK�→KπÞ ¼ 2

3
and BðK�→Kπ0Þ

BðK�→KπÞ ¼ 1
3
. By combin-

ing the data in Table IV and assuming
BðK� → KπÞ ≈ 100%, one can obtain the branching frac-
tions for the B → K�½→ Kπ��h decays via the quasi-two-
body approximation

BðB → K�½→ Kπ��hÞ ¼ BðB → K�hÞ × BðK� → Kπ�Þ:
ð21Þ

Defining the ratio

RK�π ¼
BðB → K�½→ K�π��hÞPQCD
BðB → K�½→ Kπ��hÞexp

; ð22Þ

we find that RK�π is concentrated between approximately
5% and 8% for all measured decay channels, which is quite
small as expected, except for the case related to
B0
s → K�−πþ. But it should be noted that a significant

discrepancy persists between the theoretical predictions and
experimental measurement of BðB0

s → K�−πþÞ, with the
predicted value [55,99,110–114] being about three times
larger than measured [79,115]. A similar ratio RKρ is also
55% of RK�π . Collectively, the K�π and Kρ contributions
are negligible and physically insignificant, considering that
the K� predominantly decays via theKπ channel ð≈100%Þ.
As the phase space expands in B meson decays, however,
the ratios of branching fractions for associated quasi-two-
body channels become significantly enhanced.
Up to now, several three-body decays of B → K�πh have

been observed by the ARGUS, BABAR, and Belle
Collaborations [85–89]. In this work, the central values
of the PQCD-predicted branching fractions for the
decays Bþ → K�0½→ K�þπ−�πþ, B0 → K�þ½→ K�0πþ�π−,
and B0 → K�þ½→ K�0πþ�K− correspond to 0.61%,
0.67%, and 0.15% of the measured three-body branching

TABLE III. PQCD predictions of the CP averaged branching fractions and the direct CP asymmetries for the
quasi-two-body B → K�½→ Kρ�h decays.

Decay modes B ACPð%Þ
Bþ → K�0½→ Kþρ−�πþ ð2.46þ0.76þ0.22þ0.32

−0.53−0.22−0.30 Þ × 10−7 −1.1þ0.2þ0.3þ0.1
−0.2−0.4−0.1

Bþ → K�þ½→ K0ρþ�π0 ð1.91þ0.60þ0.18þ0.17
−0.43−0.18−0.17 Þ × 10−7 −20.3þ2.6þ2.2þ1.0

−2.5−2.0−1.0

Bþ → K�þ½→ K0ρþ�K̄0 ð9.37þ2.40þ1.28þ2.48
−1.84−1.10−2.10 Þ × 10−9 −29.8þ2.8þ1.5þ4.6

−2.8−0.9−3.2

Bþ → K̄�0½→ K−ρþ�Kþ ð1.57þ0.47þ0.15þ0.20
−0.30−0.13−0.16 Þ × 10−8 5.2þ3.0þ7.5þ4.5

−1.7−6.9−4.9

B0 → K�þ½→ K0ρþ�π− ð2.02þ0.57þ0.19þ0.25
−0.40−0.19−0.24 Þ × 10−7 −41.5þ4.4þ4.6þ2.0

−4.0−3.9−2.0

B0 → K�0½→ Kþρ−�π0 ð5.20þ1.17þ0.47þ0.99
−0.79−0.45−0.92 Þ × 10−8 −9.7þ0.3þ1.3þ1.0

−0.1−0.9−1.1

B0 → K�þ½→ K0ρþ�K− ð3.48þ0.24þ0.28þ1.01
−0.23−0.31−0.80 Þ × 10−9 −46.0þ3.6þ2.3þ4.3

−4.6−3.1−4.1

B0 → K�−½→ K̄0ρ−�Kþ ð2.01þ0.19þ0.92þ0.30
−0.16−0.72−0.22 Þ × 10−9 23.8þ2.7þ6.7þ10.7

−4.0−9.9−12.8

B0 → K�0½→ Kþρ−�K̄0 ð7.82þ1.62þ1.41þ2.00
−1.22−1.21−1.65 Þ × 10−9 0

B0 → K̄�0½→ K−ρþ�K0 ð1.59þ0.54þ0.16þ0.22
−0.38−0.15−0.21 Þ × 10−8 0

B0
s → K�−½→ K̄0ρ−�πþ ð3.68þ1.33þ0.41þ0.03

−0.93−0.41−0.03 Þ × 10−7 −12.8þ1.8þ1.5þ1.1
−2.0−1.4−1.1

B0
s → K̄�0½→ K−ρþ�π0 ð7.74þ3.41þ1.12þ1.09

−2.23−1.05−1.02 Þ × 10−9 −59.8þ7.6þ6.7þ6.2
−7.9−6.0−5.8

B0
s → K�þ½→ K0ρþ�K− ð2.67þ0.84þ0.27þ0.34

−0.57−0.26−0.32 Þ × 10−7 −34.4þ4.4þ5.0þ0.7
−3.8−4.3−0.5

B0
s → K�−½→ K̄0ρ−�Kþ ð3.12þ0.77þ0.47þ0.47

−0.53−0.43−0.42 Þ × 10−7 47.1þ0.5þ2.0þ5.2
−1.5−3.3−5.1

B0
s → K�0½→ Kþρ−�K̄0 ð3.21þ1.03þ0.32þ0.41

−0.69−0.30−0.39 Þ × 10−7 0

B0
s → K̄�0½→ K−ρþ�K0 ð1.94þ0.33þ0.38þ0.39

−0.21−0.35−0.34 Þ × 10−7 0
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fractions BðBþ → K�þπ−πþÞ ¼ ð7.5 � 1.0Þ × 10−5,
BðB0 → K�0πþπ−Þ ¼ ð5.5� 0.5Þ × 10−5, and BðB0 →
K�0πþK−Þ ¼ ð4.5� 1.3Þ × 10−6, respectively, as pre-
sented in the Review of Particle Physics [79], where
these values represent averages derived from results in
Refs. [85–89]. Besides, the B0 → Kþρ0K− decay has also
been observed for the first time by the Belle Collaboration
[88] and the corresponding partial branching fraction for
mKπ ∈ ½0.75; 1.20� GeV was also presented. Under isospin
symmetry, one also has BðB0 → K�þ½→ Kþρ0�π−Þ≈
BðB0→K�þ½→K0ρþ�π−Þ

2
¼ 1.01 × 10−7, which is 3.6% of the

measured BðB0 → Kþρ0π−Þ ¼ ð2.8� 0.7Þ × 10−6 by
Belle. Compared to the B → Dωπ channel, where off-shell
ρ contribution dominates [78–80], the PQCD predictions
indicate that the K� → K�π and Kρ contributions in the
concerned three-body B decays are substantially smaller.
Similar conclusions were obtained in a very recent study for
the charmed decays B → DV�½→ VP� [116], but they
considered only the K� → Kρ contribution and ignored
the more important K� → K�π term in the specific decay
processes.
Unlike the two-body B-meson decays with fixed kin-

ematics, the quasi-two-body decay amplitudes exhibit
strong dependence on the invariant mass of intermediate
resonance daughter particles. In Fig. 2, we plot the differ-
ential branching fractions for the Bþ → K�0½→ K�þπ−�πþ
and Bþ → K�0½→ Kþρ−�πþ decays with the invariant mass
mK�πðKρÞ ranging from threshold to 3.5 GeV. The area
between each curve and the horizontal axis reflects the
difference in branching ratios of the two decay channels as
discussed in the previous paragraph. For a full resonant
contribution in the B meson decay, the bulk of the
corresponding branching fraction concentrates where the
invariant mass of the decay products equals the pole mass
of the resonance. However, strong phase-space suppression
near threshold shifts the peak positions in the differential
branching fractions for the Bþ → K�0½→ K�þπ−�πþ and

Bþ → K�0½→ Kþρ−�πþ decays to approximately 1.4 GeV
and 1.6 GeV; this feature could be misinterpreted as the
signal of new resonance contributions. Meanwhile, the off-
shell components may also bias the extraction of contri-
butions from excited states such as the K�ð1410Þ and
K�ð1680Þ. It should also be noted that in the kinematic
region of K�π or Kρ where the virtual K� contribution
exists, there may be contributions from other full resonance
states and final-state interactions. The predicted CP asym-
metries in this work can be clearly observed only if the
virtual contribution of the K� is dominant. However, due to
the current lack of Dalitz plot analysis and partial wave
analysis for those three-body B meson decays, it is difficult
to determine the significance of such virtual contributions
in the discussed phase space, necessitating further exper-
imental verification.
In Table V, we list the available data on the branching

fractions for the B → K�ð1410; 1680Þh decays [79],
derived from experimental analyses of the related quasi-
two-body modes with the subprocesses K�ð1410; 1680Þ →
Kπ [4,7,12,14,19]. Except for BðB0 → K�ð1680Þþπ−Þ
which has a definite value, the others are only given an

TABLE IV. Available experimental data on the branching
fractions and CP asymmetries for the B → K�h decays [79].

Decay modes Bexp ACPð%Þ
Bþ → K�0πþ ð1.01� 0.08Þ × 10−5 −2.1� 3.2
Bþ → K�þπ0 ð6.8� 0.9Þ × 10−6 −39� 21

Bþ → K̄�0Kþ ð5.9� 0.8Þ × 10−7 4� 5

B0 → K�þπ− ð7.5� 0.4Þ × 10−6 −27� 4

B0 → K�0π0 ð3.3� 0.6Þ × 10−6 −15� 13

B0 → K��K∓ < 4 × 10−7 � � �
B0 → K�0K̄0 þ K̄�0K0 < 9.6 × 10−7 � � �
B0
s → K�−πþ ð2.9� 1.1Þ × 10−6 � � �

B0
s → K��K∓ ð1.9� 0.5Þ × 10−5 � � �

B0
s → K�0K̄0 þ K̄�0K0 ð2.0� 0.6Þ × 10−5 � � �

FIG. 2. Differential branching fractions for the Bþ → K�0½→
K�þπ−�πþ and Bþ → K�0½→ Kþρ−�πþ decays with the invariant
mass mK�π or mKρ ranging from threshold to 3.5 GeV.

TABLE V. Available experimental data on the branching
fractions for the B → K�ð1410; 1680Þh decays [79]. Upper limits
for the branching fractions are set at 90% confidence level.

Decay modes Bexp

Bþ → K�ð1410Þ0πþ < 4.5 × 10−5

Bþ → K�ð1680Þ0πþ < 1.2 × 10−5

B0 → K�ð1680Þ0π0 < 7.5 × 10−6

B0 → K�ð1410Þþπ− < 8.6 × 10−5

B0 → K�ð1680Þþπ− ð1.41� 0.10Þ × 10−5
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upper limit at 90% confidence level. Using the PDG
values BðK�ð1680Þ → K�πÞ ¼ 29.9% and BðK�ð1680Þ →
KρÞ ¼ 31.4%, together with 2=3 for the K�0πþ and K0ρþ
fractions, one obtains

BðB0 →K�ð1680Þþ½→K�0πþ�π−Þ ¼ ð2.81� 0.20Þ× 10−6;

ð23Þ

BðB0 →K�ð1680Þþ½→K0ρþ�π−Þ ¼ ð2.95� 0.21Þ× 10−6:

ð24Þ

Then, it is easy to obtain the ratios
BðB0→K�þ½→K�0πþ�π−ÞPQCD
BðB0→K�ð1680Þþ½→K�0πþ�π−Þ¼

13.1% and
BðB0→K�þ½→K0ρþ�π−ÞPQCD
BðB0→K�ð1680Þþ½→K0ρþ�π−Þ ¼ 6.8%, suggesting that

the off-shell K� contribution is not very significant in the
partial wave analysis of the K� family. It is important to
notice that the reported BðB0 → K�ð1680Þþπ−Þ ¼ ð1.41�
0.10Þ × 10−5 by LHCb [19] is consistent with BABAR’s
result BðB0 → K�ð1680Þþπ−Þ < 2.5 × 10−5 [7] but not
with BðB0 → K�ð1680Þþπ−Þ < 1.0 × 10−5 presented by
Belle [14]. Due to the lack of precise experimental data
for other decays, this conclusion still needs to be further
confirmed. Namely, future high-statistics experiments by
Belle II and LHCb are expected to search for the K� meson
and its excited particles through intermediate states K�π and
Kρ in the Kππ spectrum from relevant charmless B meson
decays.

IV. SUMMARY

In this work, we studied the virtual contributions
originated from K� → K�π and K� → Kρ in the charmless
three-body B meson decays by employing the PQCD
approach. We calculated the CP averaged branching
fractions and the direct CP asymmetries for the quasi-
two-body B → K�½→ K�π�h and B → K�½→ Kρ�h decays.
The branching fractions for the concerned decays
range from 10−9 to 10−7, among which the predicted

BðB → K�½→ Kρ�hÞ are approximately half of
BðB → K�½→ K�π�hÞ. The natural decay modes of K� →
K�π and Kρ are blocked since the resonance pole mass is
below the thresholds of the K�π and Kρ pairs, and the K�
meson is widely accepted as decaying almost one hundred
percent into Kπ. As the phase space expands in B meson
decays, however, the ratios of the predicted BðB → K�

½→ K�π��hÞ to the experimentally measured BðB → K�

½→ Kπ��hÞ mainly range from 5% to 8% in this work.
Several decays of B → K�πh and B → Kρh have been
measured by different collaborations but without any
information for the K� family in the K�π and Kρ systems.
Based on the existing experimental data for the branching
fractions of related three-body B decays, PQCD calcula-
tions indicate that the virtual contributions from K� → K�π
and Kρ in these decays are small. More information on the
K� and its excitations decaying intoK�π andKρ final states
in the B meson decays is expected to be measured in the
future high-statistics experiments by Belle II and LHCb.
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APPENDIX: DECAY AMPLITUDES

With the subprocesses K�þ → fK�0πþ; K0ρþg,
K�0 → fK�þπ−; Kþρ−g, K�− → fK̄�0π−; K̄0ρ−g and
K̄�0 → fK�−πþ; K−ρþg, the concerned quasi-two-body
decay amplitudes are given as follows:

AðBþ → K�0πþÞ ¼ GFffiffiffi
2

p
�
V�
ubVus½a1FLL

Ah þ C1MLL
Ah � − V�

tbVts

��
a4 −

a10
2

�
FLL
Th þ

�
C3 −

C9

2

�
MLL

Th þ
�
C5 −

C7

2

�
MLR

Th

þ ða4 þ a10ÞFLL
Ah þ ða6 þ a8ÞFSP

Ah þ ðC3 þ C9ÞMLL
Ah þ ðC5 þ C7ÞMLR

Ah

�	
; ðA1Þ

AðBþ → K�þπ0Þ ¼ GF

2

�
V�
ubVus½a2FLL

TK� þ C2MLL
TK� þ a1ðFLL

Th þ FLL
Ah Þ þ C1ðMLL

Th þMLL
Ah Þ�

− V�
tbVts

�
3

2
ða9 − a7ÞFLL

TK� þ 3C10

2
MLL

TK� þ 3C8

2
MSP

TK� þ ða4 þ a10ÞðFLL
Th þ FLL

Ah Þ

þ ða6 þ a8ÞFSP
Ah þ ðC3 þ C9ÞðMLL

Th þMLL
Ah Þ þ ðC5 þ C7ÞðMLR

Th þMLR
Ah Þ

�	
; ðA2Þ
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AðBþ→K�þK̄0Þ¼GFffiffiffi
2

p
�
V�
ubVud½a1FLL

AK� þC1MLL
AK� �−V�

tbVtd

��
a4−

a10
2

�
FLL
TK� þ

�
a6−

a8
2

�
FSP
TK� þ

�
C3−

C9

2

�

×MLL
TK� þ

�
C5−

C7

2

�
MLR

TK� þ ða4þa10ÞFLL
AK� þ ða6þa8ÞFSP

AK� þðC3þC9ÞMLL
AK� þ ðC5þC7ÞMLR

AK�

�	
;

ðA3Þ

AðBþ → K̄�0KþÞ ¼ GFffiffiffi
2

p
�
V�
ubVud½a1FLL

Ah þ C1MLL
Ah � − V�

tbVtd

��
a4 −

a10
2

�
FLL
Th þ

�
C3 −

C9

2

�
MLL

Th þ
�
C5 −

C7

2

�
MLR

Th

þ ða4 þ a10ÞFLL
Ah þ ða6 þ a8ÞFSP

Ah þ ðC3 þ C9ÞMLL
Ah þ ðC5 þ C7ÞMLR

Ah

�	
; ðA4Þ

AðB0 → K�þπ−Þ ¼ GFffiffiffi
2

p
�
V�
ubVus½a1FLL

Th þ C1MLL
Th � − V�

tbVts½ða4 þ a10ÞFLL
Th þ ðC3 þ C9ÞMLL

Th þ ðC5 þ C7ÞMLR
Th

þ
�
a4 −

a10
2

�
FLL
Ah þ

�
a6 −

a8
2

�
FSP
Ah þ

�
C3 −

C9

2

�
MLL

Ah þ
�
C5 −

C7

2

�
MLR

Ah

�	
; ðA5Þ

AðB0 →K�0π0Þ ¼GF

2

�
V�
ubVus½a2FLL

TK� þC2MLL
TK� �−V�

tbVts

�
3

2
ða9−a7ÞFLL

TK� þ 3C10

2
MLL

TK� þ 3C8

2
MSP

TK�

−
�
a4 −

a10
2

�
ðFLL

Th þFLL
Ah Þ−

�
a6−

a8
2

�
FSP
Ah −

�
C3−

C9

2

�
ðMLL

Th þMLL
Ah Þ−

�
C5−

C7

2

�
ðMLR

Th þMLR
Ah Þ

�	
;

ðA6Þ

AðB0 → K�þK−Þ ¼ GFffiffiffi
2

p
�
V�
ubVud½a2FLL

AK� þ C2MLL
AK� � − V�

tbVtd

�
ða3 þ a9 − a5 − a7ÞFLL

AK� þ ðC4 þ C10ÞMLL
AK�

þ ðC6 þ C8ÞMSP
AK� þ

�
a3 −

a9
2
− a5 þ

a7
2

�
FLL
Ah þ

�
C4 −

C10

2

�
MLL

Ah þ
�
C6 −

C8

2

�
MSP

Ah

�	
; ðA7Þ

AðB0 →K�−KþÞ ¼ GFffiffiffi
2

p
�
V�
ubVud½a2FLL

Ah þC2MLL
Ah �−V�

tbVtd

�
ða3þa9 −a5−a7ÞFLL

Ah þðC4þC10ÞMLL
Ah þðC6þC8ÞMSP

Ah

þ
�
a3−

a9
2
−a5þ

a7
2

�
FLL
AK� þ

�
C4−

C10

2

�
MLL

AK� þ
�
C6−

C8

2

�
MSP

AK�

�	
; ðA8Þ

AðB0 → K�0K̄0Þ ¼ −
GFffiffiffi
2

p
�
V�
tbVtd

��
a4 −

a10
2

�
FLL
TK� þ

�
a6 −

a8
2

�
ðFSP

TK� þ FSP
AK� Þ þ

�
C3 −

C9

2

�
MLL

TK� þ
�
C5 −

C7

2

�

× ðMLR
TK� þMLR

AK� Þ þ
�
4

3

�
C3 þ C4 −

C9 þ C10

2

�
− a5 þ

a7
2

�
FLL
AK� þ

�
C3 þ C4 −

C9 þ C10

2

�

×MLL
AK� þ

�
C6 −

C8

2

�
ðMSP

AK� þMSP
AhÞ þ

�
a3 −

a9
2
− a5 þ

a7
2

�
FLL
Ah þ

�
C4 −

C10

2

�
MLL

Ah

�	
; ðA9Þ

AðB0 → K̄�0K0Þ ¼ −
GFffiffiffi
2

p
�
V�
tbVtd

��
a4 −

a10
2

�
FLL
Th þ

�
a6 −

a8
2

�
FSP
Ah þ

�
C3 −

C9

2

�
MLL

Th þ
�
C5 −

C7

2

�
ðMLR

Th þMLR
Ah Þ

þ
�
4

3

�
C3 þ C4 −

C9 þ C10

2

�
− a5 þ

a7
2

�
FLL
Ah þ

�
C3 þ C4 −

C9 þ C10

2

�
MLL

Ah

þ
�
C6 −

C8

2

�
ðMSP

Ah þMSP
AK� Þ þ

�
a3 −

a9
2
− a5 þ

a7
2

�
FLL
AK� þ

�
C4 −

C10

2

�
MLL

AK�

�	
; ðA10Þ
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AðB0
s → K�−πþÞ ¼ GFffiffiffi

2
p

�
V�
ubVud½a1FLL

TK� þC1MLL
TK� �−V�

tbVtd½ða4 þ a10ÞFLL
TK� þ ða6 þ a8ÞFSP

TK� þ ðC3 þC9ÞMLL
TK�

þ ðC5 þC7ÞMLR
TK� þ

�
a4 −

a10
2

�
FLL
AK� þ

�
a6 −

a8
2

�
FSP
AK� þ

�
C3 −

C9

2

�
MLL

AK� þ
�
C5 −

C7

2

�
MLR

AK�

�	
;

ðA11Þ

AðB0
s → K̄�0π0Þ ¼ GF

2

�
V�
ubVud½a2FLL

TK� þ C2MLL
TK� � − V�

tbVtd

��
−a4 −

3a7
2

þ 5C9

3
þ C10

�
FLL
TK� −

�
a6 −

a8
2

�
FSP
TK�

þ
�
−C3 þ

3a10
2

�
MLL

TK� −
�
C5 −

C7

2

�
MLR

TK� þ 3C8

2
MSP

TK� −
�
a4 −

a10
2

�
FLL
AK� −

�
a6 −

a8
2

�
FSP
AK�

−
�
C3 −

C9

2

�
MLL

AK� −
�
C5 −

C7

2

�
MLR

AK�

�	
; ðA12Þ

AðB0
s → K�þK−Þ ¼ GFffiffiffi

2
p

�
V�
ubVus½a1FLL

Th þ C1MLL
Th þ a2FLL

AK� þ C2MLL
AK� � − V�

tbVts½ða4 þ a10ÞFLL
Th þ ðC3 þ C9Þ

×MLL
Th þ ðC5 þ C7ÞMLR

Th þ
�
4

3

�
C3 þ C4 −

C9 þ C10

2

�
− a5 þ

a7
2

�
FLL
Ah þ

�
a6 −

a8
2

�
FSP
Ah

þ
�
C3 þ C4 −

C9 þ C10

2

�
MLL

Ah þ
�
C5 −

C7

2

�
MLR

Ah þ
�
C6 −

C8

2

�
MSP

Ah þ ða3 þ a9 − a5 − a7Þ

× FLL
AK� þ ðC4 þ C10ÞMLL

AK� ðC6 þ C8ÞMSP
AK�

�	
; ðA13Þ

AðB0
s → K�−KþÞ ¼ GFffiffiffi

2
p

�
V�
ubVus½a1FLL

TK� þ C1MLL
TK� þ a2FLL

Ah þ C2MLL
Ah � − V�

tbVts½ða4 þ a10ÞFLL
TK� þ ða6 þ a8Þ

× FSP
TK� þ ðC3 þ C9ÞMLL

TK� þ ðC5 þ C7ÞMLR
TK� þ

�
4

3

�
C3 þ C4 −

C9 þ C10

2

�
− a5 þ

a7
2

�
FLL
AK�

þ
�
a6 −

a8
2

�
FSP
AK� þ

�
C3 þ C4 −

C9 þ C10

2

�
MLL

AK� þ
�
C5 −

C7

2

�
MLR

AK� þ
�
C6 −

C8

2

�
MSP

AK�

þ ða3 þ a9 − a5 − a7ÞFLL
Ah þ ðC4 þ C10ÞMLL

Ah þ ðC6 þ C8ÞMSP
Ah

�	
; ðA14Þ

AðB0
s → K�0K̄0Þ ¼ −

GFffiffiffi
2

p
�
V�
tbVts

��
a4 −

a10
2

�
FLL
Th þ

�
a6 −

a8
2

�
FSP
Ah þ

�
C3 −

C9

2

�
MLL

Th þ
�
C5 −

C7

2

�
ðMLR

Th þMLR
Ah Þ

þ
�
4

3

�
C3 þ C4 −

C9 þ C10

2

�
− a5 þ

a7
2

�
FLL
Ah þ

�
C3 þ C4 −

C9 þ C10

2

�
MLL

Ah

þ
�
C6 −

C8

2

�
ðMSP

Ah þMSP
AK� Þ þ

�
a3 −

a9
2
− a5 þ

a7
2

�
FLL
AK� þ

�
C4 −

C10

2

�
MLL

AK�

�	
; ðA15Þ

AðB0
s → K̄�0K0Þ ¼ −

GFffiffiffi
2

p
�
V�
tbVts

��
a4 −

a10
2

�
FLL
TK� þ

�
a6 −

a8
2

�
ðFSP

TK� þ FSP
AK� Þ þ

�
C3 −

C9

2

�
MLL

TK� þ
�
C5 −

C7

2

�

þ ðMLR
TK� þMLR

AK�Þ þ
�
4

3

�
C3 þ C4 −

C9 þ C10

2

�
− a5 þ

a7
2

�
FLL
AK� þ

�
C3 þ C4 −

C9 þ C10

2

�

×MLL
AK� þ

�
C6 −

C8

2

�
ðMSP

AK� þMSP
AhÞ þ

�
a3 −

a9
2
− a5 þ

a7
2

�
FLL
Ah þ

�
C4 −

C10

2

�
MLL

Ah

�	
; ðA16Þ

in whichGF is the Fermi coupling constant and VuqðtqÞ (q ¼ b; s and d) are the CKMmatrix elements. The combinations ai
of the Wilson coefficients are defined as
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a1 ¼ C2 þ
C1

3
; a2 ¼ C1 þ

C2

3
; ðA17Þ

and

ai ¼
(
Ci þ Ciþ1

3
; for i ¼ 3; 5; 7; 9;

Ci þ Ci−1
3

for i ¼ 4; 6; 8; 10:
ðA18Þ

In Eqs. (A1)–(A16), the symbols F and M stand for the
individual amplitudes of the factorizable and nonfactorizable

Feynman diagrams. The superscriptsLL,LR, and SP denote
the contributions from ðV − AÞðV − AÞ, ðV − AÞðV þ AÞ,
and ðS − PÞðSþ PÞ operators, respectively. The subscripts
TK� and Th identify the amplitudes from the emission
diagrams in Figs. 1(a) and 1(c), corresponding to the B →
K� and B → h transitions, while the subscripts AK� and Ah
refer to the amplitudes for the annihilation diagrams in
Figs. 1(b) and 1(d). The specific expressions for these general
amplitudesare thesameas in theappendixofRef. [58]with the
replacement ϕ → K�, and are omitted here.
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