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We propose a novel test of the unitarity of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) mixing
matrix at collider experiments. Our approach exploits the incomplete cancellation between t-channel
neutrino exchange and s-channel gauge-boson contributions that arises in the presence of violation of the
flavor-diagonal PMNS unitarity conditions in weak boson pair production, leading to an anomalous growth
of the cross section with energy. Such effects are generic in extensions of the Standard Model in which light
neutrinos mix with heavier states, and can manifest at colliders as long as the characteristic energy of the
process remains below the mass threshold of the new degrees of freedom. After briefly reviewing these
scenarios, we employ our strategy to derive model-independent bounds on flavor diagonal unitarity-
violating effects using LEP II data. We then present sensitivity projections for future lepton and hadron
colliders, demonstrating that they are well suited to probe the unitarity of the neutrino mixing matrix with

this method.
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I. INTRODUCTION

In order to explain the suppression of neutrino masses,
the Standard Model (SM) is often extended with additional
neutral fermions generally assumed to be heavier than the
electroweak scale. In a theory presenting n additional states
on top of the three SM neutrinos, the mass matrix of the
neutral fermions has the following structure:

JN433 /k43n )
M = , 1
<-A4n3 /x4nn ( )

where Mj3; and M, are symmetric matrices, and
M, 3 = M . The complex-symmetric matrix M can be
expressed via Takagi factorization as M = U*MU?, where
M is a real diagonal matrix whose diagonal elements
are the nonnegative square roots of the eigenvalues of
MM = UM?U?, and U is a unitary matrix (Ut = U™).
The mass eigenvalues in M can be sorted into two sets: one
containing the three masses of the light SM neutrinos, 1,
with i = 1, 2, 3, and one comprising the masses M w, of the
n additional heavy neutral fermions V.. The unitary matrix
U can be written in block form as
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where U, describes the superposition of the light neutrinos
mass eigenstates v; in the active neutrino state of flavor

3 n

) = D (U ) + D (Us)H N (3)
k=1

i=1

and is commonly denoted as the Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) [1,2] matrix.! In the presence
of mixing between the light neutrinos and the heavy neutral
fermions, the SM leptonic charged current Lagrangian is
modified as

g = . .
L=—"_W;Z,"(U% v, + USN,) +Hec. (4
AV ™ ( 5NV (4)

with ¢,, a = (e, u, 7), being the vector of the left-handed
(LH) SM charged leptons, and with U5, accounting for the
new heavy N; components in v,. Imposing the unitarity of
the matrix U straightforwardly implies deviations from
unitarity for the PMNS matrix

'We work in the flavor basis, wherein the mass matrix of the
charged leptons is diagonal with real nonnegative entries.
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The parameters €,5 (@,f=e, p, ) in Eq. (6) are
responsible for enhancing lepton flavor violating
(LFV) transitions such as y — ey, t — uy and 7 — ey,
with respect to the SM rates. Experimental bounds on
these rare processes are particularly strong, and provide
constraints at the level of |e,,| S 107 and |e,,|, |e,| <
6 x 1073 [3-5]. The parameters 5, >0 (a = e, u, 7) in

Eq. (5) encode flavor diagonal ;onunitarity effects.
They are constrained by global fits to high precision
electroweak data at the level of §, <2 x 1073, 0, 2%

10™* and &, <5 x 1073 [4-7], while somewhat weaker
bounds are also obtained from neutrino oscillations data
[8—12].

An interesting way to test diagonal nonunitarity
effects sourced by the PMNS matrix is to search for
processes in which such effects may spoil perturbative
unitarity of certain cross sections in high energy
collisions. A particularly promising environment is then
provided by the Ilepton-antilepton colliders, and, to
some degree, by the upcoming high-luminosity (HL)
phase of the LHC experiment. Indeed, as long as the
energy of the process remains below the scale of the
heavy neutral fermion masses, nonunitarity effects can
induce an anomalous energy scaling of the cross section
in interactions involving the exchange of the light
neutrinos. The effect can then be investigated at hadron
colliders via the WTW~ fusion, and at lepton colliders
via the WHW~ production. The same underlying mecha-
nism has been recently exploited to test the unitarity of
the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing
matrix, by studying the anomalous growth of the pp —
WHW-~ cross section at the LHC, and at various future
hadron colliders [13] (see also [14] for similar bounds
on nonunitarity for the first row of the CKM matrix.)
Assessing how accurately the proposed method can
constrain nonunitarity effects in the neutrino mixing
with the available data, as well as with measurements at
future pp, ete™ and putu~ colliders, is the main goal of
this work. To this purpose, in the next section, we
examine the theoretical expectations for the size of the
parameters J, in well-motivated neutrino mass models.
Subsequently, we derive bounds on o, from the avail-
able LEP data, as well as for the projected sensitivity of
the future high-energy facilities such as HL-LHC, FCC-
ee, FCC-hh, CLIC, ILC, and the muon collider. Our
conclusions are presented in the final section.

II. NEUTRINO MASS MODELS AND PMNS
NONUNITARITY

A. Type I seesaw

In the type I seesaw model [15—18], three heavy singlet
Majorana fermions Nz = (N, N,, N3) are added to the
SM. Consequently, the matrices M in Eq. (1) and U in
Eq. (2) have dimension 6 x 6.> In the basis (v, N%) with
v, = (Ve, vy, v;) the mass matrix has the following struc-

ture:
O mp
Mg = N 7
T (sz) M) (7)

where M is a matrix of Majorana masses that, with a proper
choice of basis, can be taken as diagonal. The matrix mp),
proportional to the Higgs boson vacuum expectation value
(vev), hosts the Dirac masses. The suppression of the light
neutrino masses is obtained under the natural assumption
that all the entries in the 3 x 3 matrix @ = mpM~" are < 1.
In this limit, the light neutrino mass matrix is given by

m, = Vi,V ~ —mDﬁm{), (8)

where 71, = diag(m;, m,, m3) and V is a unitary matrix.
Note that V; differs from the exact (nonunitary) light
neutrino mixing matrix U, by terms of O(m3/M?). It is
easily seen that, after neglecting the unphysical minus sign,
the last expression is reproduced by writing mp in the
Casas-Ibarra (CI) parametrization [22] as

1 ~
mp = Vim2RT M, (9)

provided that R is an arbitrary complex 3 x 3 orthogonal
matrix and that the Yukawa couplings Y determining the
Dirac mass matrix mp = Yv are pelrturbative.3

At the leading order in € the complete mixing matrix that
diagonalizes My in Eq. (7) is given by [24]

1-1le60 0
Uw . . (10)
0" 1-100

and hence, in type I seesaw models, the deviation from
unitarity in Eq. (5) is given by

A minimal version of the type I seesaw, consistent with all
current neutrino data and predicting a massless lightest neutrino,
can be obtained by adding only two new neutral fermions
[19-21].

The matrix R can be parametrized, for example, as
R = diag(£1, £1, £1)R®)(253)R13) (23)R1? (z),), with RO
being a rotation matrix acting in the (ij) plane with a complex
angle z;; [22,23].
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6
5{1 ZZ|9(11'|2’ (11)
i=4

in which, by using Eq. (9), the light-heavy mixing matrix
can be written as

1
0 =V;\/m,R" . 12
This shows that, in the type I seesaw model, the active-
sterile neutrino mixing is intrinsically related to the
suppression of light neutrino masses.

Can some of the parameters J, of the type I seesaw be
sufficiently large to be observable? In principle, yes.
However, taking as an order of magnitude estimate 7, ~
0(0.1 eV) and M ~ O(400 GeV) (for the consistency of
the seesaw approximation, the lowest possible values for
the entries in M cannot be below the electroweak scale), we
see that violation of unitarity at the level of §, ~ 107 can
be ensured only if some entries in the matrix R exceed
O(10%). Clearly, this requirement implies a certain amount
of fine-tuning, in particular in the structure of the Dirac
mass matrix mp [see Eq. (9)].

B. Inverse seesaw and double seesaw models

In the inverse seesaw (IS) [25] and double seesaw (DS)
[26] models, two triplets of SM singlet fermions Np =
(N{,N,,N3) and S; = (S}, S,,S53) are introduced. The
mass matrix for the neutral states is 9 x 9 and, in the basis
N = (v, N%, Sp), has the following structure:

0 mb 0
P 0 M
Misps=|mp 0 M| = . (13)

M, M
0 MT &

where, in the second expression,

e () (3 )

Without loss of generality, the Majorana mass term S 1S,
in Egs. (13) and (14) can be taken as diagonal by a field
redefinition of the S; neutral fermions. The matrix M that
couples Ng and S, can be factorized as UgM W’L with M
diagonal with real non-negative entries. The unitary matrix
Uy can then be absorbed in a redefinition of the Ny fields,
while the unitary matrix W; is defined in terms of three real
and three imaginary physical parameters [27].

The mass matrix Mg pg can result in a suppression of
the active neutrino masses if suitable hierarchies among its
entries are assumed. The IS model assumes i < m, < M,
so that an approximate diagonalization yields the light
neutrino mass matrix

1 r 11

m, = Vi,V ~ —M{)MMD =mpghymp. (15)

This equation shows that a suppression of the light
neutrino masses can be obtained through small values
of the lepton number violating (LNV) entries in ji, without
the need for exceedingly small values of the ratio m /M.
Consequently, large values of the N, masses are not
mandatory, and these new states could well lie within
experimental reach. In contrast, the present analysis
assumes that, in all cases, the heavy neutrino masses
lie well above the energy scale of the experiments
considered. However, the IS model, as well as the DS
and the linear seesaw (LS) models discussed below, allow
the suppression of light neutrino masses to be effectively
decoupled from the active-sterile neutrino mixing angle.
As a result, in these models the mixing can remain
sizeable without requiring unnatural fine-tuning.
Adopting a ClI-like parametrization in the IS model, we have

1
mp = M\/ﬁR\/ﬁzsz. (16)

Afterdiagonalization, the N and S, states giverise to apair of
heavy quasi-Dirac neutrinos N with masses of O(M) and a
characteristic splitting of O(fi) < O(M). The mixing
between the light and heavy sectors is regulated by the block
diagonal 1 x 2 matrix

Given that the ratio ji ﬁ is a suppression factor within the IS
model, the leading contribution to the PNMS unitarity
violation in 667 is given by the second block, that, with a
slight abuse of notation, we denote #;,. We have

1 A 1
leﬁm%;W:VZN/mDRTﬁ, (18)

which, notably, is not suppressed by the large scale M. Taking
m, ~ 0(0.1 eV) and i ~ O(100 keV), we see that it would
be sufficient to have entries of O(10) in R to generate a
violation of unitarity at the level of 5, ~ 107*. Entries of this
magnitude are not forbidden by symmetry arguments or by the
requirement of Yukawa perturbativity, and various analysis of
neutrino phenomenology based on R-matrix scans often
extend to even larger values [28].4

*In R-matrix scans, the real part of the complex angles z;; (see
footnote 3) is generally varied as an ordinary angle, say
0 < Relz;;] < 2z, while in principle Im[z;;] can take values in
the range [—oo, o0]. Of course too large values lead to non-
perturbative Yukawa couplings, making the approach inconsis-
tent, regardless of naturalness considerations. Let us note,
however, that taking Im[z] ~ Re[z] ~ z, well within their natural
range, yields | cos z| = |coshz| = 11.6, while the type I seesaw
perturbative limit [R;;| < v*/(M;m;) [28] where M,(m;) denote
heavy (light) mass eigenvalues, can easily exceed O(100).
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The DS model assumes for the entries in the mass matrix
in Eq. (13) the hierarchy ji > M > m,. The expression for
the light neutrino mass matrix given in Eq. (15) and the CI-
like parametrization in Eq. (16) remain valid also in this
case. However, in the DS model, j ﬁ represents an
enhancement factor and so the leading term sourcing the
PNMS unitarity violation in 09" is the first block in Eq. (17)

1 .1 . /3 — 1
O :mSW/"M:VLVmURT\/ﬁM’ (19)

which is enhanced by a factor \/ji/M > 1 with respect to
the type 1 seesaw case.

C. Linear seesaw model

Another model that can be realized with new degrees of
freedom at a low scale is the LS model [29,30], which
involves the same number of additional neutral fermions as
in the previous case. In the basis (v, N%,S;), the mass
matrix reads

0 mh m!
MLS = mp 0 M s (20)
my, MT i/\l

where the nonzero 31 entries m;, are generated by the vev of
a Higgs doublet similarly to mj, and, thus, are naturally of
the order of the weak scale. Assuming the hierarchy
my,mp <K M, an approximate diagonalization performed
as in Eq. (13), with M%) = (mL, m?), yields

1
m, = mp—zfi

T mD—m{MmD—mLT)—mL. (21)

M MT

Note that if 1 — 0, the expression becomes linear in the
active neutrino Yukawa couplings Y = mp /v to the right-
handed neutrinos Ng, hence the name linear seesaw. The
matrix

1 1 .1 1 1

controls the mixing between the light and heavy sectors of
the theory.

A Cl-like parametrization can be written down also for
the LS model [31,32], however, it has a block matrix form
that renders the expressions for the deviations from
unitarity more complicated. From Eq. (22) we can see that
the unitarity violation parameter given by 00" contains
three additional terms besides the ones in Eqgs. (18) and
(19), of which two are a pair of Hermitian conjugate
combinations [33]. All in all, the expected order of
magnitude of unitarity violation is given by

2 2 P ~2
00" ~ 0[@ (1 +m—§+ﬂﬁ+”—>]. (23)
m m

Which of these terms will dominate depends on the specific
choice of the model parameters. Assuming, for example,
that the terms containing /i are negligible, the violation of
unitarity is determined by terms of order (m3, + m?)/M?,
and can be sizable if mp or m; are not much smaller
than M.

II1. UNITARITY VIOLATION AT LEPTON
COLLIDERS

The violation of unitarity in the PMNS matrix is
expected to break perturbative unitarity at the amplitude
level in the process’

25 (P1)Ca(p2) = WH (k)W (ky), (24)

where a = e, u, 7 label the initial state leptons. In the SM,
this process proceeds via s-channels mediated by the Higgs
boson, Z boson, and photon, and via #-channel involving
the exchange of the neutrino mass-eigenstates v;. The
corresponding tree-level Feynman diagrams are shown in
Fig. 1. In order to assess the power of lepton colliders to
constrain nonunitarity effects, we restrict ourselves to
consider electron and muon initial states, and work in
the limit where the corresponding masses vanish—as
justified by the typical energy of the processes we consider.
In this limit we then neglect the Higgs boson s-channel
contribution. We can then write the amplitude for £} #; —
WHW~ as

My = Ml + M, (25)

where M/, and M, represent the s-channel and ¢-channel
amplitudes, respectively. The potential presence in M, of
terms spoiling the PMNS matrix unitarity prevents the
exact cancellation of the terms proportional to the final state
momenta contained in the two amplitudes, which gauge
invariance otherwise ensures.

In order to expose the origin of these terms, consider the
t-channel contribution corresponding to diagram (a) in
Fig. 1. We have

3 3
Mi =) |USPMi= MY USSP, (26)
i=1 i=1

where the second equality holds once neutrino mass square
differences are neglected so that M’ = M, can be factored

>The first computation of the related tree-level cross section
can be found in Ref. [34]. Radiative corrections to the process
were first discussed in Refs. [35-37].
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t Wi
5 Wt
7.4
Vi
' W,
; w,
FIG. 1. Tree level Feynman diagrams for the processes

it - WHW—, a = e, u, 7. As explained in the text, the Higgs
boson contribution is neglected. The arrows on the fermion lines
indicate the momentum flow.

out from the sum. If the PMNS mixing matrix is unitary,
then

3
DU =1, (27)
i=1

holds for each row a.

In frameworks where the SM neutral fermion sector is
enlarged by adding n new states that mix with the SM
neutrinos, as in the neutrino mass models reviewed in
Sec. II, unitarity holds for the full (3 + n) x (3 + n) matrix
U. However, if the characteristic mass scale of the heavy
neutrinos lies well above the typical energy at which the W
boson pair production is probed, the #-channel diagrams
involving their exchange are effectively negligible. The
sum over 7-channel contributions is therefore restricted to
the three light propagating degrees of freedom, whose
mixing terms do not saturate the unitarity relation, see
Eq. (5). The quantities J, defined in Eq. (5) thus para-
metrize the deviation from unitarity for the specific initial
state lepton a = e, p, 7. As we will show below, this
deviation spoils the cancellation of s- and f-channel
contributions, thereby resulting in an anomalous growth
of the cross section as long as the energy remains below the
mass scales of the new states.

The amplitude in Eq. (25) can be compactly written as

M, = —ie2[o(p)Ta u(pa)ley (ki)ek (ky),  (28)

where we indicated with ¢,(k,) and ¢, (k,) the polarization
vectors of the W' and W~, respectively. The effective
vertex I, is given under the approximation of massless
initial state by

v 1 - - 1%
ToZeps = 3 (7pav = vprsGa) VPH (ki + ka, —ka, —ky)
Sa

+W7”(152 — ko) (1 =7s). (29)
W

with sy = sin Oy, Oy, being the Weinberg angle, e the unit
electric charge, and

3
é:a = Z |Ulczli|2 =1- 5(1' (30)
i=1

The flavor universal effective couplings gy 4 in Eq. (29)
are given by

- gvx — 9ax s
=—-1+==, ===, =——, (31
v o TG AT (31)

where M, istheZbosonmass,gV:—%+2S%V, gA:—%.

The y term in Eq. (31), which weights the contribution
of the virtual Z channel, is real since we neglect the Z
width contribution. The function V,,W(kl,kz,k3) arises
from the Feynman rule for the trilinear vertex
Vy(ki )W, (ky)W; (ks), with V € {y,Z}, and is given by

Vﬁuu(kl’ k2a k’i) = (kl - kZ);lgﬁu + (kZ - k3)[}g/w
+ (k3 = k1), 90 (32)

for incoming momenta: k; + k, + k3 = 0. The Mandelstam
variables s and ¢ appearing in the above equations are
given by

s = (p1+ p2)*, t=(pr—ky)*. (33)
The square amplitude for the process £5¢; — WTW—,

averaged over the initial state spins and summed over the
final state polarizations, can be written as

|M(l|2 = |HSM|2 + 5(1A1 + 5§A27 (34)

where |M3M? is the SM contribution and the extra terms
vanish in absence of unitarity violation.

By retaining only the leading orders in the s/M32, > 1
expansion, with My, the W boson mass, we find

2 2 2
aym s ) M7 )
== (g g 02

(12 7[2 S2 S
Ay =W K—) s2 + <—>4(3 + c2 )] , (35)
4 My, )"® A\ M3, ©

with ay, = €?/(4xs%,) and s, denoting the sine square of
the electroweak angle, while cg = cos® and sg = sin 0,
with @ being the scattering angle between the e™ and W+
momenta. Notice that the correction J,A; x —8,s, is
always negative, while 52A,, that contains a term
o 6252, is always positive. Thus, for small §,, the unitarity
violation effects will suppress the cross section at low
energies with respect to the SM. However, for any
given value of §, there will be a certain value of the

i
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FCC-ee @ tf threshold

ffa/”syl

[ — 5, =001
050
L — 6,=0.1

I . . T R
200. 500. 1000.

V3 [GeV]

L . . I
2000. 5000.

FIG. 2. The ratio of the total cross section including the NP
contributions [Eq. (36)] for §, = 0.01 (blue solid line) and 6, =
0.1 (green solid line), relative to the SM prediction (5, = 0) as a
function of the center-of-mass energy.

center-of-mass energy s for which the §2AM, correction
starts dominating, and the cross section will then over-
shoots the SM prediction. This behavior is clearly
illustrated in Fig. 2. For the sake of the present analysis,
we have used the exact expressions of the AM, and AM,
terms, which are given in Appendix A.

The differential cross section for the process reads

daa _ ﬂW i
(E)_ansM “

where By = /1 —4M3,/s is the W boson velocity in the
center-of-mass frame.

In Fig. 2 we plot the ratio of the total cross section
Eq. (36) for the two values 6, = 0.1 and 6, = 0.01, relative
to the SM prediction (corresponding to o, =0), as a
function of 4/s. If a deviation from unity is measured
for this ratio, this could be straightforwardly interpreted as
the effect of unitarity-breaking in the lepton mixing matrix.
As the center-of-mass energy reaches the mass scale of
these new states, the cross section starts to fall with
increasing energy. In the following sections, we exploit
the deviations induced by the J, parameters to assess the
sensitivity of collider experiments to the unitarity violation
effects they imply.

2

) (36)

IV. LEPTON COLLIDER BOUNDS ON 4,

In order to investigate the power of lepton colliders to
constrain the diagonal unitarity violating effects encoded in
the &, parameters, we set up y? tests that highlight the
parameter ranges allowed at 95% confidence level (CL).

Starting with LEPII, we utilize the measurements [38]
reported in Table I of the ete™ — WT W™ cross section, o,
and the relative experimental errors, €;, where the subscript

TABLE I. LEPII data used for the »? analysis with six degrees
of freedom.

Vsi [GeV] o; [pb] €; [pb]
183 15.83 0.36
189 16.05 0.22
192 16.80 0.50
196 17.39 0.35
200 16.91 0.32
202 17.11 0.46

i =1,2,...6 denotes the six different center-of-mass ener-
gies /s; at which the measurements were performed.
The y? test we use is then given by

O,

( l)>2 <1259, (37)

6 i
O; — O,\5;
){2 = E ( ! "SM;S'i) ¢
i=1 4

where o, is the tree-level cross section for the ete™ —
WHW~ process, including effects of violation of PMNS
unitarity (5, # 0), ogmy =o0,.(5, =0) is the SM cross
section, and o;/o5\(s;) is a rescaling factor that effectively
accounts for next-to-leading order (NLO) corrections,
experimental cuts, and detector efficiencies. The resulting
bound on §, that accounts for unitarity violations in the first
row of the PMNS matrix is

d, $0.0135 (LEPII), (38)
at 95% CL.

To forecast a possible bound obtainable at the FCC-ee,
we perform a y’-test targeting the projected number of
events expected at the center-of-mass energy of /s =
350 GeV with a benchmark luminosity of £ = 1.8ab~ !,
corresponding to 5 years of operation [39,40]. We obtain

) (Nobs — ]Vexp)2 -r (6. — osm)

2
P = <3841, (39)

N, exp Osm

where we have taken into account only the statistical error.
Systematic errors related to the setup of the experiment, as
well as the contribution to the overall uncertainty of yet
unknown higher order corrections are expected to be
important, although one can hope that, by the time the
measurement will be performed, these uncertainties will
eventually be reduced at a level not exceeding the stat-
istical error.
With this assumption, we obtain for the 95% CL limit
achievable at the FCC-ee, the following projection:
5, <1.6x1074 (FCC-ee). (40)
We remark that even if the effects of PMNS unitarity
violation on the cross section generally grow with the
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V5 = 330 GeV, 6, = 0.1]
————— Vs =350 GeV, 6, =0 1

V5=3T&V. 6, =01 3

7,:.‘ fffff Vs=3TeV, 0u=0
1071 n L L S|
—1. —0.5 0. 0.5 1.

cos ©

FIG. 3. The angular distribution of the differential cross section
at two fixed energies: /s = 350 GeV (blue solid line: including
the NP contribution with §, = 0.1, blue dashed line: SM result)
and /s = 3 TeV, corresponding to the center-of-mass energies
of FCC-ee and CLIC (green solid line: including the NP
contribution with §, = 0.1, green dashed line: SM result). The
different behavior of the curves reflects the interplay between the
two contributions appearing in Eq. (34) as a function of /s.

energy, the FCC-ee bound is primarily due to the extremely
high luminosity of the machine, which enhances the
sensitivity of the process to the anomalous o, effect, even
for a center-of-mass energy not far above the electroweak
scale. Future e e~ linear colliders and/or muon colliders,
which are designed to run at center-of-mass energies well
above the TeV scale, will be able to probe genuine high-
energy effects due to, respectively, 5, and 9. In particular,
we consider the cases of the future e*e™ International
Linear Collider (ILC) [41-43] and Compact Linear
Collider (CLIC) [44-46], respectively expected to run at
1 TeV for an integrated luminosity of 8 ab™!, and at 3 TeV
for an integrated luminosity of 5 ab™'. Repeating the
previous analysis we then find

5, <9.6x 1073
5, <9.1 x1073

(ILC),

(CLIC), (41)
at a 95% CL. For the muon collider, we consider two
possible benchmark points: BM1 with /s =3 TeV and
L=1ab"!, and BM2 with /s =10TeV and L=

10 ab™! [47]. In these cases, assuming as before that
statistical errors dominate, we obtain at 95% CL

(BML1),
(BM2). (42)

5, 522x107*
8,<31x1073

To conclude the section, we mention the possibility of
using angular cuts to isolate the new physics contribution
from the SM background at a fixed energy, a strategy that is
described in Ref. [13], where an analogous study of the
effects of violation of unitarity in the quark mixing matrix

is presented. The effectiveness of this strategy is illustrated
in Fig. 3 for the benchmarks of FCC-ee and CLIC
discussed above. Evidently, in the high energy regime
where the cross section is dominated by the unitarity-
violating terms, an angular cut centered around the scatter-
ing angle ® = z/2 would enhance the effects of PMNS
unitarity violation, so that deviations from the SM pre-
diction are more easily detected in this angular region.

V. UNITARITY TESTS AT HADRON COLLIDERS

Present and future hadron colliders can use the same
method to probe the unitarity of the PMNS matrix by
means of the inverse process

pp = Cil5ji,  a=eur, (43)
proceeding via a pair of W bosons produced from initial
quarks, where on top of the charged lepton pair, two jets jj
appear in the final state. The corresponding (partonic)
Feynman diagrams are shown in Fig. 4.

To estimate the size of the cross section for this process,
we resort to the effective vector boson approximation
(EVBA) [48]. This computational scheme replaces the
virtual W bosons emitted from the initial quark lines with
real W vector bosons, emitted with probabilities that
depend on whether they are longitudinally (L) or trans-
versely (T) polarized. The related partonic square ampli-
tude admits the same decomposition presented in Eq. (34)
for leptonic initial states, but we need to distinguish among
the initial WW polarizations. In particular, for the
WTW~ — £1¢, process the square amplitude can be
decomposed as

M = MG+ 5,00+ A ()

where AB = {LL,TT, LT} indicate the different polariza-
tion combinations and |[M4%5|* denotes the SM contribution
[48,49]. The expressions for the AM{‘E terms are given in
Appendix B.

Using the results given in Ref. [50], we obtain for the
differential distribution of the cross section as a function of
invariant mass m, of the resulting lepton pair

@ ——— > a
W+t

< ([

@

viy

-
W
o —4——— ) G2

FIG. 4. Tree level Feynman diagrams for the processes
pp = jjEits, (a = e, u, ). The arrows on the fermion lines
indicate the momentum flow.
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do
e
am, (pp = JJ)
= Llhqz [LLL )Gevlﬁ/(mgf)
Lﬁ/sf ;
+ Lyr( @ty (n2,) + Lir(@olfy ()] (45)

where L,p are the WW Iluminosities for the AB =
(LL),(TT), (LT) polarizations, o445, (m,,) are the corre-
sponding polarized cross sections for the WTW~ — £+¢~
|

process evaluated at the lepton-pair invariant mass, and the
symbol L%1%2(z) denotes the differential parton luminosity
for initial ¢,¢q, quark state carrying a fraction z =
m2,/(aS) of the total hadronic center-of-mass energy
square denoted by S, while the sum extends over all pairs
of u, d, s, ¢, b quarks and antiquarks that can produce a
WHW~ pair.’

In the limit where the initial quark energy is much above
the W boson mass, the polarized WW luminosities [48] and
the quark luminosities are given by

L (a) = (aw>2i[(1—l—a)loga+2(l—a)],

A

87 /) a

Lrr(a) = =(8) 120 - )G+ ) + 2+ P toga log ()]

2
aMy,

(04774 21 2 m%f
Lir(a) = o ;[—7+6a—|—a —4(1 4 a)logallog M)
{4

L% (z) = 4\/§
Z

where, with a slight abuse of notation, L, indicates the
sum of both the L; 7 and Ly, contributions, and f, and f,,
denote the parton distribution functions of quarks ¢, and ¢,
inside the colliding proton pairs.

In order to assess the possibility offered by hadron
colliders, in the following we again compare the cross
section obtained for a nonvanishing value of §, to the
SM case.

With respect to the cleaner case offered by lepton
colliders, we expect that the presence of sizable back-
grounds due to the Z boson or the photon, for instance, will
inevitably worsen the reach of our methodology.
Nevertheless, we point out that these machines offer a
unique possibility for testing unitarity breaking effects
involving 7 lepton pairs, which complement the results
obtained at a lepton colliders using electron or muon initial
states. Having said that, in this first exploratory analysis we
neglect the possible effects of certain background processes
in gauging the reach of the upcoming HL phase of LHC
[51,52] and the FCC-hh collider, as for example the
contribution of diagrams similar to the first one in Fig. 4
with the W bosons replaced by Z bosons or photons, which
would add incoherently to the jjZ#~ production. In first
approximation this is justified since the contribution from
the Z-diagrams is suppressed with respect to the WTWw~=
signal by the smaller Zgq and ZZ# couplings [49], while
the contribution from y diagrams can be kept under control
by selecting final states containing jets with sizable trans-
verse momentum [53]. However, more refined estimates
should not dispense with a dedicated treatment of these, as

d
a1 (%),

(46)

l
well as other, background processes, and should also
account for detector effects specific to each experiment.
In order to derive the potential unitarity bounds that
could be set by the high luminosity phase of LHC on 6., we
perform a y? test as in Eq. (39), by considering the total
cross section from Eq. (45) integrated in the range
200 GeV < myw < 1 TeV. With the PDFALHC21 PDFs

given in Ref. [54] and setting \/§ = 13 TeV, the HL-LHC
luminosity benchmark of £ =3 ab™! [51] gives

8, <1.0x10  (HL-LHC,95% CL), (47)

for every flavor a@ = e, u, 7. Notice that the bound is flavor
blind, being obtained in the massless-fermion limit and
under the assumption that the background is given solely by
the SM process WTW~ — £1¢,. As mentioned before,
this constraint can thus also be applied to the &, case, which
is not accessible at lepton colliders.

We extend the analysis to assess the reach of the
proposed method at the future circular hadron collider
FCC-hh [55,56], operating at /S = 100 TeV. For the
computation in Eq. (45) we again use the PDF4LHC21

PDFs given in Ref. [54], with VS = 100 TeV and factori-
zation scale § = zS. Using the y? test as in Eq. (39), and

®The contributions of the ¢ and b-quarks are strongly sup-
pressed for the center-of-mass energy of the HL-LHC and,
therefore, can be neglected in this setting. They must however
be included when assessing the power of the upcoming FCC-hh
experiment.

015026-8



TESTING THE UNITARITY OF THE LIGHT NEUTRINO ...

PHYS. REV. D 114, 015026 (2026)

considering the total cross section from Eq. (45) integrated
over the range 200 GeV < myy <9 TeV, we obtain
S, <44 x 1073 (FCC-hh,95% CL) (48)

for every lepton flavor a = e, y, 7, and ignoring, again, the
effect of potential backgrounds.

VI. CONCLUSIONS

We have proposed a strategy to probe the unitarity of the
PMNS matrix using W boson pair production at collider
experiments. At electron-positron and muon colliders, the
key observable is the ratio of the £Z1¢; - WTW~™ (a = e,
() cross section to its SM prediction: any nonzero value of
the flavor-diagonal nonunitarity parameters J, spoils the
gauge cancellation between s- and f-channel amplitudes,
inducing an anomalous energy growth in the cross section
at energies below the mass threshold of the new heavy
states responsible for the loss of unitarity in the mixing
matrix. At hadron colliders, the same effect can be inves-
tigated by analyzing the inverse process, pp - WTW~ —
£Ye5jj (a=e, u, t). Thus, our strategy enables hadron
colliders to probe possible unitarity-violating effects in the
7 sector, which are inaccessible at experimental facilities
based on electron or muon initial states.

The results obtained for the flavor-diagonal nonunitarity
parameters at a 95% confidence level are summarized in
Table II. We remark that the applicability of our method is set
by the mass of the lightest new state N. For the lepton-collider
projections this means My > /s, ranging from My >
350 GeV (FCC-ee benchmark) to My > 10 TeV (muon
collider BM2). For the hadron-collider bounds, instead, the
relevant constraint is My > mp2*, which is typically of the
TeV order at HL-LHC and about 10 TeV at the FCC-hh.

Taken at face value, the bounds in Table II show that the
proposed method can indeed complement, and potentially
even outclass, the results of electroweak precision mea-
surements especially in the electron and tau sectors. The

TABLE II. Summary of the bounds achievable by the different
collider experiments. The bounds obtainable at hadron collider
hold for all flavors a = e, u, 7.

Experiment Vs [TeV]  L]ab™}] Bound

FCC-ee 0.35 1.8 5, <1.6x 107
ILC 1 8 5, <9.6 x 1072
CLIC 3 5 5, <9.1 x 1072
u-collider BM1 3 1 5,522x107
p-collider BM2 10 10 5,<31x107°
HL-LHC 13 3 8, <1.0x 1073
FCC-hh 100 30 8, <44 %107

extent to which loop corrections, background processes and
detector effects will affect the proposed method will require
a case-by-case dedicated study, which goes beyond the
scope of this paper.
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APPENDIX A

We provide below the complete analytical expressions for the quantities A, appearing in Eq. (34)

4o, >
Al == W

(1=3)*(1 = 2Bwee + fy) 2 (MZ — s)

{s(1=F) | -8+ 248y co

= B (7 +9¢}) = 168co + 2847 + 3¢} -+ 2cb) = 83ycd — 3441 - )]

oMY [4 —8Bwco(2—53) + F2(9 + A (11— 1352) — 1952)

+ 483 co(=1 4 1253, + ¢4 (1 = 252,))) = B, (10 + 53, + 3c3 (2 + s3,) + 4c(1 = 5%))
+ 4B co(3 + g — 10s3,) + 5 (1 + 1553, + 4cgsy, — ch(5 — 13s3,))

= 8% casty - 34 (1 - )5k ] |

(A1)
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4o, m?

82 = TR (0 = 28wce + A3

|4 = 16Byco + B3 (9 + 11c3) — 4, co(1 = c3)

= 2845 + 3¢} + 2¢b) + 4B} co(3 + &) + iy (1 - 5¢3)|. (A2)

The definitions of the symbols appearing in Egs. (A1)—(A2) can be found in Sec. IIL

APPENDIX B

We list below the expressions for the unitarity-violation corrections to the polarized square amplitudes |M§""§|2 for the
process WTW~ — ¢£7¢~, for the combinations of polarization AB = {LL,TT,LT}

s[0= B =380 + 3 +4c0 - 2ico)]

ALL — 16a3y7* (1 = ¢§) (B = 3w + 2ce)
: (1=B5)*(1 + B3y — 2Bwce)* (s — M3,
- 2M3 [209 = 3pw(1 = s3) = Bysiy — 6B costy + 2By costy + By (1 + 25%1/)} },
ALL — 16“%”2(1 - Cé)(ﬁ%v = 3fw + 2C®)2
: (1= 3)*(1 + By — 2Pwee)?
o 32a3,7*(1 — c3)

(14 B - 2Bwee) (s — M)

{s [2 — B = 3Bwceo + 3 co + 4 + F(1 — 2cg))]

—2M3 (1 +2¢% — Bco(2 — k) = Bsky + Iivcost + By <1—sw—2c@sw>]}

32a5,7*(1 = cg) (1 + By = 2Pwce + 2cp)

{s(l - B%) [—1 + 283 co + 3¢k + 6By — 4y — (1 + 56(29):|

+ M2 [1 =3¢k +4cq + pl(1+ 3 (1 = 12s3,) —4s%,) + 4pwed (53 — 2) + 4By costy

ATT —
? (1+py = 2Bwee)? ’
ALT — 64a3,m?
L (1= B3)(1+ By — 2Bwee) (s — M3)
+4B3,co(3(1 + cd)s% —2) + 2% (1 — 253, — 4chsh + A (5 - 2sw))] }
ALT _ 3203,
P (1=By)(1+ By = 2Bwco)’

{1 — 83,0 — 3¢ — 8Bwed + 4ch + B (1 + ) + 285 (1 + 5cg)}. (B1)
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