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Current and forthcoming galaxy redshift surveys, such as DESI and Euclid, are going to bring
cosmological analysis to an unprecedentedly exquisite level of precision in the determination of the
cosmological parameters. However, these efforts require a high degree of control over theory and systematics,
to obtain unbiased results. In this sense, the cosmic variance associated to finite-volume effects represents a
major challenge and should adequately accounted for. In this work, we revisit the definition of cosmic
variance and develop a novel framework to describe it using a “galaxy biasing” formalism. In particular, we
use halo/galaxy Eulerian perturbation theory to relate the density field from an arbitrary cosmic realization to
its counterpart having statistical properties reproducing the ensemble average, introducing a new set of bias
parameters. We then apply this idea to the description of the nonlinear shift of baryon acoustic oscillations
(BAO), disentangling the source of uncertainty from cosmic variance and galaxy biasing associated with the
measurement of the BAO scale. We finally check our analytical argument against cosmological variance-
suppressed N-body simulations, finding an expected reduction in the uncertainty on the BAO peak position.
We conclude that extra care should be used when inferring cosmological information from perturbative
approaches involving the estimation of bias parameters and propose new practical strategies to optimally

leverage the novel formulation of cosmic variance presented herein in cosmological analysis.
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I. INTRODUCTION

Current and forthcoming large-scale galaxy redshift
surveys, such as DESI [1] and Euclid [2], are going to
deliver unprecedented three-dimensional maps of the
Universe, whose analyses promise to shed light onto
unsolved key questions about cosmology and fundamental
physics, such as unveiling the nature of dark matter (e.g.,
[3,4]) and dark energy (e.g., [5-9]), testing the validity of
general relativity as theory of gravity (e.g., [10-12]), and
probing primordial non-Gaussianities and the inflationary
scenario (e.g., [13,14]), among others. In particular, the
DESI collaboration has recently presented the strongest
detection ever of baryon acoustic oscillations (hereafter
BAO (baryon acoustic oscillations)) achieving subpercent
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precision in the determination of the position of the
acoustic peak [15,16].

In this golden era of precision cosmology, it is very
timely to develop a complete understanding of all the
ingredients associated to the measurements of cosmologi-
cal parameters and, in particular, their related uncertainties.
In this work, we analyze two important uncertainty con-
tributions, which are strongly coupled: (i) cosmic variance,
arising from the intrinsic variance imprinted in the initial
density field, and (ii) galaxy biasing, describing galaxy
formation effects. The former stems from the particular
random realization of the Gaussian random field. The latter
concerns the complex nonlinear processes driving galaxy
formation under different physical conditions, and depends
on the characteristics of the host halo and of the cosmic web
environment where it resides, among others. Theoretical
analytical models typically include a set of free parameters
aimed at describing galaxy biasing and fit them to obser-
vations. However, in this practical framework, it is impos-
sible to know the relative contribution of galaxy bias and
cosmic variance and the latter is not taken into account at
the level of the estimation of the bias parameters, but only
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as an additional uncertainty contribution. In other words,
the estimation of the bias parameters is performed by
assuming the average matter power spectrum, and neglect-
ing the cosmic variance effect coming from surveying a
limited cosmological volume.

In this paper we aim at disentangling cosmic variance
and galaxy biasing and estimate separately the contribu-
tions coming from these two effects. To do so, we present a
novel formalism based on halo/galaxy Eulerian perturba-
tion theory, to treat cosmic variance in a similar way as
done for galaxy biasing, and to mathematically disentangle
the two effects. This is particularly relevant for several
applications, such as e.g. (i) BAO reconstruction, in which
one needs to make assumptions on the numerical value for
the galaxy bias, (ii) cosmological information extraction,
such as inferring cosmological parameters from BAO, and
(iii) galaxy evolution studies, which use the galaxy bias as
observational constraints to shed light onto the physics
driving galaxy formation.

The paper is structured as follows. In Sec. II, we briefly
review the Eulerian perturbation theory approach. In
Sec. III, we present the formalism to model cosmic variance
underlying this work. In Sec. IV, we discuss the integral
constraint and incorporate it in the cosmic variance treat-
ment presented herein. In Sec. V, we apply the novel
cosmic variance formulation to the nonlinear BAO shift.
Section VI presents the numerical results validating the
analytical framework. In Sec. VII, we present a few
strategies to practically apply the ideas presented in this
work to galaxy surveys and optimally extract cosmological
information. We conclude in Sec. VIIIL.

II. EULERIAN PERTURBATION THEORY

According to [17], the expansion of the matter density
contrast in Eulerian perturbation theory can be written as a
sum of perturbative contributions,

where 6" denotes the nth order contribution and 7 is the
time variable (e.g., conformal time or In a).

If we discretize Fourier modes (or grid cells) and collect
the density field §(k) into a vector with indices i, j, k, ...,
the convolution integrals appearing in perturbation theory
can be written as discrete sums with coupling matrices (or
tensors). The nonlinear density field then takes the form

2 3
5 =0k + > Fdkoh + > Fisokey + . (2)
jk Jkl
where 8" denotes the linear density field and F 1(71) ;. are the
discretized Eulerian perturbation theory kernels encoding
mode coupling (for details see, e.g., [17]).

In the continuum limit, the nth order contribution in
Fourier space can be written explicitly as

d’q,

D"(n) / (Z])E ) (27)3
X 8p (k - Zn:qa>Fn(q1, < Q) f[éL(qa),
(3)

where D(7) is the linear growth factor, 5, denotes the Dirac
delta distribution enforcing momentum conservation, and
F, are the (symmetrized) Eulerian perturbation theory
kernels.

Collecting the perturbative contributions and transform-
ing back to real space, the nonlinear matter density contrast
can be written schematically as

5(") (k’ ;/]) =

8(x) =8, (x) + 6@ (x) + 63 (x) 4. (4)

At second order, the density field admits the operator
expansion

8@ (x) =167 (x)+ C25:;(X)sY(x) 4 ¢36, (x) V2D(x), (5)

where the coefficients ¢, ¢,, and c; are fixed by the
underlying gravitational dynamics (e.g., ¢; = 17/21 and
¢, = 2/7 in an Einstein—de Sitter universe), s;; is the tidal
tensor,

5x) = (g% = 500 ) ). ©

Neglecting total-derivative and convective terms, or
equivalently working with locally smoothed fields, the
nonlinear density contrast may be written in the schematic
form

8(x) = 8. (x) + 187 (x) + e255(x)s7 (x) + O(57).  (7)

This expression makes it explicit that, although gravita-
tional evolution is intrinsically nonlocal, Eulerian per-
turbation theory necessarily generates local composite
operators such as &7 (x), accompanied by nonlocal tidal
contributions. In the remainder of the paper, we neglect
for simplicity nonlocal terms, and use only the following
local relation

8(x) = 8, (x) + €162 (X) + 453 (x) + ... (8)

Afterwards, on sufficiently large scales where the density
perturbations are small, the galaxy density can be modeled
in a similar perturbative way as powers of the nonlinear
density field through the series,
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5,(x) = by + by8(x) + %bzéz(x) Yoo (9)

We notice that we will refer to “galaxy bias” throughout the
paper, but the same argument holds true for any biased
tracer of the dark matter field. This expression provides a
practical framework to describe the clustering of dark
matter tracers by means of perturbation theory techniques.
In this framework, the two-point correlation function of the
dark matter field can computed as & = (5(x;)5(x,)), and
similarly for galaxies £, = (5,(X1)d,(xX2)). While for this
paper we have limited the Eulerian expression to just a local
relation for simplicity, it is a well-established result that the
galaxy bias has crucial nonlocal contributions up to third
order (e.g., [18-20]). This simple formalism sets the basis
for our treatment and will be used in the remainder of
the paper.

From Eq. (9), it is evident that the clustering and
phenomenology of the biased field is determined by the
parameters b, b,, and others used to describe the model.
These value for these parameters depend on redshift, on the
analyzed tracer and its properties (e.g., the bias parameters
will be different for different galaxy populations), and are
meant to model all the physical processes related to the
considered tracers: halo/galaxy formation and its depend-
ence on the large-scale structure environment and on the
anisotropic clustering, galaxy evolution, and baryon phys-
ics, among others.

III. A NOVEL FRAMEWORK FOR COSMIC
VARIANCE

The Eulerian framework developed in Sec. II implicitly
assumes an infinite volume and provides analytical expres-
sions corresponding to the ensemble average of the dark
matter and halo/galaxy fields. How does this picture change
when we consider an arbitrary realization of the Universe
in a finite volume? The statistical properties of such a
realization will tend to converge to the ensemble average on
small scales, but they may diverge significantly at the
largest scales due to their poor sampling. This is a well-
known situation for the large-scale modes of the power
spectrum and analogously for the two-point correlations
functions measurements on large scales. While this issue is
normally treated as just a source of uncertainty, it has a
deeper physical meaning: in fact, whenever a perturbative
framework is applied to perform cosmological measure-
ments from a clustering observables, the found bias
parameters b; and b, will include the degenerate effect
of cosmic variance and of galaxy biasing. This aspect may
become a problem in several aspects of cosmological
analysis, in which a value for the bias needs to be assumed,
as is the case for BAO reconstruction.

To disentangle the two aforementioned effects, we
introduce in this work a novel way of treating the density
field from arbitrary realization as a “biased” tracer of its

counterpart version featuring statistical properties identical
to the ensemble average, which is the quantity described in
Eq. (8). In particular, by calling & the density field from an
arbitrary realization in a finite volume, we can write,

5,(X) = b(),dm + bl,dmé(x) +%b2,dm62(x) + ... (10)

This expression assumes again that the “biased”
dark matter field has just tiny fluctuations with respect
to its counterpart with average properties. In the limit for
the volume that tends to infinity, by 4y, = 1, by gy — O,
and § — 6.

In this picture, we have disentangled the effects of
cosmic variance and of galaxy biasing, at the expense of
introducing a new set of parameters modeling the former. In
this way, the bias parameters will now be variance-free and
will truly correspond to the biasing effect.

To develop an intuitive understanding of the meaning of
by 4m and b, 4, let us use the formalism of Lagrangian
perturbation theory (LPT). In LPT, the Lagrangian and
Eulerian coordinates q and x are related through the
displacement field W as: x = q + ¥(q). The displacement
field in first-order LPT (Zel’dovich approximation [21]) is
related to the initial linear density field through the relation

5~V - ¥(q). (11)

Given that the cosmic variance stems from the initial
conditions, one can write an expression similar to Eq. (10)
also for the initial density field from an arbitrary realiza-
tion. In this sense, the two bias parameters b, and b, will
control the displacement field through Eq. (11), and hence,
determine the nonlinear dynamics of the system. The
values of the initial density field are fully characterized
mode by mode in Fourier space by the amplitude—
regulated by the linear power spectrum—and the phase.
Both the amplitude and the phase contribute to cosmic
variance. It is straightforward to understand how the
amplitude, by definition, sources cosmic variance in the
two-point statistics. The phases, instead, do not necessarily
impact two-point statistics, but induce cosmic variance
in the one-point statistics. This is clear if one considers
paired simulations, whose initial density values are related
through a rotation of angle § — 6 + z, i.e., a change of
sign in configuration space. In this case, such simulations
will have exactly the same amplitude mode by mode, but
the one-point PDF will be symmetric with respect to zero
density. These effect in the initial conditions are then
propagated in a nontrivial way through the nonlinear
evolution of cosmic structures.

IV. INTEGRAL CONSTRAINT

In large scale structure cosmology, another source of
uncertainty stemming from surveying a finite volume is the
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so called integral constraint, which consists in a potential
bias arising from the estimation of the mean density of the
Universe using the surveyed volume itself. In particular,
inside a survey volume the estimator forces the average
density inside the observed volume to vanish,

/5(X)d3x =0. (12)
v

However, the mean overdensity o, within the survey
volume does not necessarily vanish,

Sy = / 5(x)d*x # 0. (13)

Therefore, the measured density fluctuations are actually
5(x) = 8(x) — &y. In this picture, the largest-scale modes
are suppressed, the clustering amplitude is biased low on
large scales, and the measured correlation function differs
from the true one.

Therefore, cosmic variance quantifies the statistical
fluctuations of the survey mean due to long modes, while
the integral constraint represents the bias that is introduced
by forcing those long modes to zero by the estimator. In this
sense, the integral constraint is, strictly speaking, not a
cosmic variance term, but a distortion that arises from the
estimator due to the cosmic variance. While in a standard
analysis the integral constraint is treated by modifying the
theory at the clustering level, in this formalism we simply
express the final observed galaxy density field by using
Eq. (9),

0y(x) = 6,(x) =, (14)

where &,y is the measured mean galaxy number density
within the survey volume. By expanding Eq. (9) and
defining b, = by — ,, the contribution from the integral
constraint gets reabsorbed in the definition of the constant
term by, therefore it implies no extra bias parameters. In this
way, the cosmic variance contribution can be disentangled
from galaxy bias as explained in the previous sections with
no further complications.

V. THE NONLINEAR BAO SHIFT

In this section, we apply the model for cosmic variance
introduced in Sec. III to study its impact on the determi-
nation of the nonlinear BAO scale from clustering mea-
surements. In particular, we rely on the formalism by [22],
wherein the authors derive analytical expressions for the
nonlinear BAO shift of the density field and of biased
tracers by means of Eulerian perturbation theory. Let us
express the density field as 5(x) = §;(x) + 5,(x), i.e., as
the sum of a long-wavelength component §,—sourcing the
BAO shift—and a short-wavelength component §; on
scales comparable to the BAO scale. In this framework,

the nonlinear BAO shift of the real space correlation
function for the dark matter field reads [22],

131,
Aa—a—l—ﬁwl) (15)

and for biased tracers,

131
Aa=a—-1=—_[1
@=a 105(

70 by\
L)@ o

where b; and b, are the Eulerian bias parameters defined in
Eq. (9). At this stage, b; and b, include the degenerate
effect from true galaxy biasing and from cosmic variance.
To disentangle the two, let us rewrite Eq. (16) in two parts:
one part related to the intrinsic cosmic variance of the dark
matter field with respect to the ensemble average, con-
trolled by the bias parameters b 4, and b; g,

131
Adgy = —— (1 +

and the other related to galaxy biasing and controlled by the
parameters b, , and b, ,

131
Aa3(1+

70 b2,dm 2
131b1‘dm) @ an

70 bz,g ”
TS —> (67, (18)

131b,,

were we have expressed also the “biased” dark matter field
as &' (x) = 8)(x) + 8;(x). We notice that in Eq. (17) we are
considering only the long-range component §; and neglect-
ing the short-wavelength part, which has negligible con-
tribution to the BAO shift [22]. In this formulation, it is
straightforward to understand that cosmic variance alone
can induce an additional non-negligible BAO shift, espe-
cially in small volumes, which can be comparable to the
one induced by galaxy biasing. Therefore, one should pay
extra care when estimating the BAO shift using perturbative
approaches, such as, e.g., effective field theory, applied to
small volumes. These results can be intuitively understood
by considering that the BAO shift is driven at first order by
the Zel’dovich displacement [21], which will be sensitive to
an excess overdensity in a simulation volume with respect
to the ensemble average, and will typically result in an extra
shrinking of the BAO scale compared to the mean BAO
shift. It is important to stress that in a realistic cosmological
analysis, the estimation of the bias parameters is performed
by relating the “ensemble average” dark matter field to the
biased tracers of a specific realizations. Therefore, by
construction the estimated bias parameters will include
the degenerate contribution from the bias and from cosmic
variance. While this is in principle accounted for in the
estimation of the uncertainty of the bias parameters, in
Sec. VII we propose a few strategies to disentangle these
effects and suppress the contribution to the uncertainty on
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the estimated cosmological parameters due to cosmic
variance.

VI. EMPIRICAL VALIDATION WITH
SIMULATIONS

In this section, we investigate the variance associated to
the measurements of the BAO scale by using N-body
simulations, with the aim of showing that controlling the
variance in the initial conditions results in a suppression of
the uncertainty on the BAO scale. To this end, we consider
the UNIT simulations suite [23], designed to provide precise
predictions for nonlinear statistics of the galaxy distribu-
tion. The simulations of the UNIT project were run either
with the standard GADGET TreePM code [24,25] or with the
particle mesh FastPM code [26], and include a variety of
different realizations in different volumes and resolutions.
Specifically, the flagship runs, as well as other simulation
within the suite, were run by adopting the fixing and pairing
techniques for initial conditions, to suppress cosmic vari-
ance and provide a robust framework for galaxy clustering
analysis.

In this work, we consider the suite of 2 x 100 fixed-and-
paired simulations run with FastPM in V = (1 A~! Gpc)?
volumes and with N = 10243 dark matter particles. In
particular, we consider the output at z = 0 and make use of
the measurements of the isotropic two-point correlation
function in real space for the dark matter particles and both
in real and in redshift space for the haloes made available
by the UNIT consortium.

We estimate the BAO peak position in a model-inde-
pendent fashion as follows. We first fit a broadband shape
polynomial of the type A(r) =ar~2+br~' +c, with a, b, ¢
free parameters (see, e.g., [27,28]). Afterward, we
subtract it from the full correlation function, to keep only
the BAO peak “wiggly” part. Then, we fit a Gaussian
function to the peak component of the correlation function,
in the scales range r € [90, 120]h~! Mpc, and consider the
centroid of the Gaussian as a model-independent position
of the acoustic peak. We notice that more sophisticated
ways of fitting the BAO peak position based on templates
of the input linear power spectrum are available from the
literature (e.g., [29] and references therein). However, since
here we are only interested in a model-independent
estimate of the position of the acoustic peak and not in
determining the a parameter, we limit our methodology to
what is described above. Finally, we build the distribution
of BAO peak positions for each of the studied cases
mentioned above and estimate the ensemble average value
as the median of the distributions and use the (84th—50th,
50th—16th) percentiles as associated upper and lower
uncertainties.

We apply this BAO fitting procedure on the following
sets of simulations:

(i) 100 standard simulations;

(i) 100 fixed-amplitude simulations;

(iii) 2 x 50 paired simulations;

(iv) 2 x 50 fixed-and-paired simulations.

We show the resulting BAO peak position distributions
in Fig. 1 and report the numerical results in Table 1. We
notice that in all the studied cases, the BAO peak position is
well converged at subpercent level in the different studied
cases and there is no apparent systematics introduced by
using fixing and/or pairing techniques with respect to the
ensemble of the 100 standard simulations. The sample of
100 fixed-and-paired simulations has always the smallest
variance among the studied cases, by a factor ~5.4 with
respect to the traditional ensemble average of the dark
matter in real space, by a factor ~3.4 for the haloes in real
space, and by a factor ~3.9 for the haloes in redshift space.
The fixing and pairing techniques produce a suppression in
the uncertainty on the BAO peak: a factor ~2.1 (fixing) and
~1.5 (pairing) for the real-space dark matter field, a factor
~1.6 (fixing) and ~1.7 (pairing) for the real-space halo
field, and a factor ~1.8 (fixing) and ~1.7 (pairing) for the
redshift-space halo field. The same results can be also
visually appreciated by looking at the distributions shown
in Fig. 1. From these results, we infer that fixing and pairing
have different, complementary effects on the overall error
budget on the BAO peak position: the fixing technique
reduces the large-scale bias of each individual realization
with respect to the ensemble average, while stacking
couples of paired simulations reduced the uncertainty
due to the deviation from the average nonlinear shift.

VII. APPLICATION TO GALAXY SURVEYS

In this section, we briefly illustrate two potential differ-
ent ways stemming from the idea presented in this work, to
separate the contributions from cosmic variance and galaxy
biasing in BAO analysis. In particular, this could be
achieved through:

(i) An optimal combination of the clustering from
different complementary tracers. It has been shown
that adequately fitting the postreconstruction com-
bined BAO signal from different tracers, such as,
e.g., galaxies and cosmic voids, can lead up to a
~10%-20% precision improvement in the determi-
nation of the position of the acoustic peak (e.g.,
[29,30]). Here, we propose to shift the focus and
tailor the combination in such a way not to neces-
sarily maximize the achieved statistical precision,
but rather to cancel out cosmic variance. This can be
achieved by (i) revisiting the definition of the two
prereconstruction samples in such a way that they
trace exactly complementary density regimes, or
(ii) finding the optimal set of weights in the
computation of two-point correlation function from
the combined postreconstruction samples. This strat-
egy aims at mimicking the usage of two paired
realizations, fully exploiting the information from
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FIG. 1.
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Distributions of the BAO peak position measured from the two-point correlation function from FastPM simulation from the
UNIT project, as measured from the dark matter field in real space (a), the halo field in real space (b) and in redshift space (c) at z = 0. We
display the distribution from 100 standard simulations as a blue solid line, from 100 fixed-amplitude simulations as an orange dashed
line, from 2 x 50 paired realizations as a green dotted-dashed line, and from 2 x 50 fixed-and-paired simulations as a purple dotted line.

the full density range and should be accurately tested
on detailed mock catalogs;

The application of cosmic variance suppression
techniques (e.g., fixing and pairing techniques) both
to the true observed data and to the mock catalogs
adopted to estimate the covariance matrices. In
particular, the application of backward inversion
methods relying on the negative displacement
(see, e.g., [31,32] and references therein) field or
forward Bayesian reconstruction techniques (e.g.,
[33-38] and references therein) to obtain the initial
conditions underlying the observed data, coupled to
fixing and pairing techniques, would yield a vari-
ance-suppressed version of the observed Universe
and its (paired) anti-Universe. While fixed-and-
paired mock catalogs feature a significant suppres-
sion of cosmic variance and are therefore not
suited to be employed in traditional cosmological
analysis [39], we argue that their usage would be
consistent and legitimate if applied to the analysis of
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“fixed-and-paired” observed clustering measure-
ments. Extra care in this sense should be paid when
performing the reconstruction, both in inversion and
Bayesian forward models. In the former, the accu-
racy of the reconstruction method will significantly
impact the final result when evolving the initial
conditions forward in time after having applied
the cosmic variance suppression techniques. As
for the latter, one does not want to impose a
given BAO shift through the cosmology adopted
to compute the linear power spectrum, otherwise the
final result will be naturally biased toward it.
Potential ways of copying with this issue are
sampling either the power spectrum, or the BAO
shift as part of the reconstruction procedure. The
former allows the practitioner to have a cosmology-
agnostic reconstruction of the initial conditions,
while the latter to obtain a posterior distribution
for a to draw values from when generating samples
for the initial conditions.
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TABLE I. Numerical results from the fitting of the BAO scale
in different samples of N-body simulations from the UNIT project.
The first column summarizes the investigated sample of simu-
lations, the second column reports the median BAO scale value
from the full distribution of the sample, and the third and fourth
column report the upper and lower uncertainty values associated
to the BAO peak position, estimated as (84th—50th, 50th—16th)
percentiles. The three sections of the table refer to the results for
the real-space dark matter field (top), the real-space halo field
(mid), and the redshift-space halo field (bottom) at z = 0.

Sample rg Argup Arpiow
DM real space

100 standard 105.6 24 2.6
100 fixed 105.3 1.3 1.3
100 paired 105.5 1.6 1.9
100 fixed-and-paired 105.4 0.5 0.5
Haloes real space

100 standard 105.3 2.6 2.0
100 fixed 105.4 1.3 1.6
100 paired 105.8 1.4 1.4
100 fixed-and-paired 105.4 0.6 0.7
Haloes redshift space

100 standard 105.8 3.8 2.8
100 fixed 105.9 1.7 1.8
100 paired 105.9 1.8 2.1
100 fixed-and-paired 105.8 0.7 0.9

We leave the exploration of these ideas for future
publications.

VIII. CONCLUSIONS

In this work, we have presented a novel formulation of
cosmic variance in an Eulerian perturbation theory fashion.
In particular, we have proposed a framework to study cosmic
variance leveraging the formalism usually adopted to treat
biased tracers of the dark matter field. Such formulation
effectively disentangles the contribution of cosmic variance
from the one of true galaxy bias by means of a new set of free
parameters modeling the “cosmic variance bias” effect. We
have applied this formalism to the perturbative approach to
compute the nonlinear BAO shift originally proposed by
[22], showing that cosmic variance alone can account for a
significant bias on the nonlinear BAO shift, which is
degenerate with the nonlinear shift stemming from the
nonlinear gravitational growth of cosmic structures.

Afterward, we have tested the impact of cosmic variance
on the determination of the BAO peak position from
cosmological simulations. In particular, we considered a
suite of simulations comprising 100 standard, 100 fixed,
2 x 50 paired, and 2 x 50 fixed-and-paired simulations. We
have determined the BAO peak position for each realization
in a model-independent fashion and built the resulting
distributions for each aforementioned class of simulations.
In this way, we have shown that both the fixing and pairing

techniques reduce the variance of the BAO scale distribu-
tion by a factor ~1.5-2 both for the dark matter field in real
space and for the haloes in real and redshift space at z = 0.
This indicates that each of them removes one of the source
of uncertainties, which are found to have a similar con-
tribution to the total error budget. Specifically, the pairing
technique averages out the shift from couples of simula-
tions, while the fixing technique alleviates the contribution
to the variance due to the large-scale bias effect. The
combination of the two techniques yields a suppression of
the variance by a factor ~4-5.

Finally, we have proposed two practical strategies, to be
tested in future work, to disentagle cosmic variance and
galaxy biasing effects in a realistic cosmological analysis.
Specifically, one strategy consists in optimally leveraging
the complementary properties of different samples in a
multitracer analysis, either through a proper definition of
the samples or via a weighting scheme. Cosmic voids have
been proposed as a complementary tracer for BAO mea-
surements [40—42] and shown to improve galaxy-only BAO
constraints when combined with galaxy clustering [29,30].
These approaches could be naturally extended to a paired
BAO analysis by optimizing the BAO scale shift between
tracers, rather than the BAO signal to noise, which was the
primary objective in those works. The more challenging
possibility consists in applying variance and pairing sup-
pression techniques to the reconstructed initial conditions
used to generate paired constrained simulations of the
Universe conditions underlying real observations, as well
asto the initial conditions used to generate the mock catalogs
used to estimate the covariance matrices. To this end, we
need to have a complex nonlinear and nonlocal bias
description (see, e.g., [20,43-45]) implemented in a full
Bayesian framework [38]. In future work, we will test these
techniques and assess the realistic gain in using them by
applying this framework to DESI-like mock galaxy catalogs
and combine it with state-of-the-art analysis techniques such
as BAO reconstruction and effective field theory.
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