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We investigate the global structure of the gauged two-higgs-doublet model (G2HDM), a framework that
extends the Standard Model by introducing a dark sector governed by the gauge symmetry
U(1)y x SU(2),. The full gauge symmetry of the theory, including the visible sector, is given by the
universal covering group G = U(1)y x SU(2), x SU(3)¢ x U(1)y x SU(2). However, the true gauge
group may instead be a quotient G = G/T, where T is the center of G or a subgroup thereof, leading to
different global structures that cannot be distinguished by local experiments. We explore the physical
implications of these global structures, analyzing their effects on Wilson, 't Hooft, and dyonic line
operators, as well as the periodicity of the CP-violating € angles associated with each group factor.
Furthermore, we determine the minimal electric and magnetic charges that arise after electroweak
symmetry breaking, highlighting their dependence on the choice of I'. These findings provide a systematic
characterization of the G2ZHDM’s global properties and their potential phenomenological consequences.
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I. INTRODUCTION

The discovery of the 125 GeV Higgs boson in 2012 at
CERN’s Large Hadron Collider (LHC) was a landmark
achievement that not only confirmed the accuracy of the
Standard Model (SM) but also solidified its central role in
modern particle physics. The SM is based on the gauge
group G = U(1)y x SU(2), x SU(3), which has been
extensively tested in local experiments, demonstrating
remarkable agreement with experimental data. However,
the global structure of the gauge group remains an open
question. The physically realized gauge group could be a
quotient group [1,2] G = G/T’, where T is the discrete
center of G or a subgroup of it. For the SM, I can be 1, Z,,
Z,, or Zg. Since both G and G share the same Lie algebra,
they exhibit identical local dynamics. Consequently, any
differences between these gauge groups would manifest
only in global properties, which could have profound
implications for topics such as anomaly cancellation,
topological effects, and the behavior of nonperturbative

“Contact author: xxue @phy.ecnu.edu.cn
"Contact author: tcyuan @phys.sinica.edu.tw

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010/2025/111(11)/115018(27)

115018-1

objects like monopoles and instantons. Understanding the
global structure of the SM gauge group is therefore crucial
for fully grasping the theoretical underpinnings of funda-
mental interactions.

Generalized symmetries [3—5] have undergone remark-
able developments in recent years, significantly enhancing
our understanding of symmetry in theoretical physics. These
extensions of conventional symmetries go beyond tradi-
tional point-particle interactions, encompassing symmetries
that act on extended objects and more intricate structures.
They include higher-form symmetries [6—8], noninvertible
symmetries [9,10], and other advanced frameworks, broad-
ening the scope of symmetry-based approaches in modern
physics.

In gauge theories, line operators [11-13] and @ angles
[12,14,15] are indispensable tools for exploring nonpertur-
bative phenomena and topological structures. Foundational
studies [16,17] introduced Wilson [18] and ’t Hooft [19]
loops, which provided critical insights into electromagnetic
duality [20]. These operators, functioning as probes into
gauge field dynamics, have enabled a deeper investigation
into key concepts such as screening, confinement, and
duality, enriching our understanding of Yang-Mills gauge
theories.

Global structures of the SM had been analyzed from the
viewpoint of line operators in [11]. In this paper, we
investigate the line operators in a particle model known
as the gauged two-Higgs-doublet model (G2HDM)

Published by the American Physical Society
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[21-25], a theory that incorporates various dark matter
candidates. The corresponding gauge group is given by

G=U()yxSUQ2), xSUB3)cxU(1)x xSUQ2)y. (1)

Here, G represents the universal covering of the gauge
group. The minimal matter content of the model [24,25] is
tabulated in Table I for convenience.' A subtle ambiguity
arises from the quotient of the discrete center group I" and
its subgroups, yielding G = G/T". The reason why G can
legitimately take this form is that both G and G share the
same dynamics and cannot be distinguished by experiments
performed locally. We note that G contains two U(1) s, two
SU(2) s, and various I" can be constructed. Therefore the
general gauge group of G2ZHDM can be written as

G:U(I)YXSU(Z)LXSUS)CXU(I)XXSU(Z)H7 2)

and I" can take on one of the following forms>: 1, Z, (two
choices), Z;, Zs (two choices), Z, X Z,, Z, X Z5 (two
choices), Z, x Zg (two choices). Alternatively, it can be
expressed as

U(1)y xSU(2), x SU(3)¢ x U(1), x SU(2)
= .

G=

(3)

Here, U(1), x U(1), represents a mixture of SM hyper-
charge U(1), and dark hypercharge U(1)y, forming two
independent U(1) s that we will elaborate on in further
detail in Sec. I'V. This mixing allows for a broader range of
interactions between the visible and dark sectors, consis-
tent with the extended symmetry structure of the model.
Furthermore, the matter content of the minimal G2ZHDM, as
presented in Table I, remains invariant under the appro-
priate transformations governed by the discrete group I'.
This invariance ensures the theoretical consistency of the
framework and aligns with the symmetry constraints
imposed by the extended gauge structure.

The main focus of this work is to extend the SM results
in [11], obtaining the spectra of line operators and the
periodicity of various CP violating € angles in the minimal
G2HDM gauge group specified by either Eq. (2) or (3) with
appropriate choices of I'. In Sec. II, we provide a concise
review of the model and discuss the possible structures of
its quotient groups. Section III reviews some general

'For phenomenology purposes, a Stueckelberg field S with
mass My for the U(1) was also introduced in [21-25] to provide
gauge invariant mass for the physical dark photon. We will omit
this issue here since it is irrelevant to what we are discussing in
what follows.

*Note that while the center of SU(2) x SU(2) is Zy X Zo# Z,,
the center of SU(2) x SU(3) is Z, x Z3 = Z4. This is in accor-
dance with the algebra version of the Chinese remainder theorem,
which states that when m and n are two distinct positive coprime
integers, Z,, X Z, = Z,,,.

features of line operators, exploring the spectra of the line
operators and periodicity of the 6 angles for SU(N),
SU(N)/Zy and (U(1) x SU(N))/Zy, as well as the dis-
tinct behaviors of @ angles in these three theories. These
results of the line operators and #-angles are then applied to
the G2HDM in Secs. IV and V, respectively. Specific values
of the 6 angles leading to CP invariant theories are also
given. Section VI examines the effects of spontaneous
symmetry breaking by the Higgs condensations on the
spectra of the line operators. In particular, the minimal
electric and magnetic charges are deduced for different
choices of I" for several examples of the quotients. Impact
from the symmetry breaking to the 6 terms is also
discussed. Section VII summarizes our paper. The
Witten effect [26] exhibited in the Abelian lines for
(U(1)x SU(2))/Z,, (U(1)xSU(3))/Z;, and (U(1) x
SU(2) x SU(3))/Zg is shown in the Appendix.

II. GZHDM—A CONCISE REVIEW

The dark sector of the minimal G2HDM is based on a
hidden gauge group U(1)y x SU(2),, which is a dark
replica of the electroweak SM with its minimal matter
content shown in Table I. A distinguishing feature of
G2HDM is to group together the two Higgs doublets H,
and H, in the popular inert two-Higgs-doublet model of
dark matter, forming a two-dimensional spinor representa-
tion of a hidden SU(2), group. This is denoted by H in
Table I. Another hidden doublet @ is also necessary to
introduce in order to provide masses to the hidden particles
in the model. This aspect will be elaborated further in
Sec. VI when we discuss symmetry breaking effects. One
may specify explicitly all the quantum numbers of a particle
P by using the notation P(RSU(2)L7RSU(Z)H’RSUG)C))q,h'
Here R denotes the particle representation under the group
G, and the subscripts g and & represent the hypercharge
under U(1)y and dark hypercharge under U(1)y, respec-
tively. The normalization for the Abelian group we adopted
hereis: ¢ = ¥ = 6Y and h = X = 2X. This implies that all
particles listed in Table I for the minimal G2ZHDM have
integral values of ¢ and h.> Thus, H = H(2,2, 1); _, is the
bidoublet, @y = H(1,2,1),, is the hidden doublet, etc.

Another distinctive feature of the G2ZHDM model is the
presence of an accidental discrete symmetry, known as 4
parity, under which all SM particles are h-parity even. This
symmetry emerges naturally within the model and, if
unbroken, ensures the stability of the lightest h-parity
odd particle. Consequently, the lightest A-parity odd
particle can serve as a viable dark matter candidate.
Depending on the parameter space, this candidate may

We note that the U (1) quantum numbers presented in Table [
are slightly modified compared to those used in previous works
[24,25]. These changes affect neither the cancellations of gauge
and gravitational anomalies discussed below nor the previously
phenomenological studies.
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TABLE I. Matter content in the minimal G2ZHDM. Physical SM hypercharge ¥ and dark hypercharge X are given by ¥ = ¥/6 and
X =X/2

Matter fields SU(?2), SU(3)¢ SUQ2)y U(l)y U(l)g h parity B L
0, = (uL,dL)T 2 3 1 1 0 (_'_’_._)T % 0
UR = (MR,MI}}I)T 1 3 2 4 -1 (—"-,—)T % 0
Dy = (df,dg)T 1 3 2 -2 1 (= +)T % 0
ull 1 3 1 4 -2 - % 0
s 1 3 1 -2 +2 - ! 0
Ly = (vp,er)t 2 1 1 -3 (+. )T 0

Ng = (vg, V)T 1 1 2 0 _ (+,=)T 0 1
Ep= (el eq)" 1 1 2 -6 ! (=) 0

Vi 1 1 1 0 -2 - 0

el 1 1 1 -6 +2 - 0
H=(H, H)" 2 1 2 3 -1 (+,-)°t 0 0
;= (@.0,)" 1 1 2 0 +1 (=) 0 0

be a hidden scalar HY (the neutral component of the inert
doublet H,), a hidden Dirac fermion v, or a hidden gauge
boson W’. This & parity offers a compelling explanation for
the stability of dark matter within the G2ZHDM framework.
The h-parity assignments for the matter content in minimal
G2HDM are summarized in the seventh column in Table 1.
For the hidden gauge bosons, it is notable that while W’ is
h-parity odd, the dark photon and dark Z boson are h-parity
even. Recent studies of dark matter phenomenology in
minimal G2ZHDM can be found in [24,25,27,28].

With the quantum number assignments for the fermion
content in the minimal G2HDM, it is straightforward to
verify that the model is free from both gauge and gravita-
tional anomalies, mixed or unmixed. Additionally, since the
model includes 12 left-handed doublets of SU(2), and 24
right-handed doublets of SU(2)y, it is also free from
Witten’s global SU(2) anomaly [29], just like SM.

For the global baryon and lepton number assignments of
the fermions in the minimal G2ZHDM, as provided in the
last two columns of Table I, it can be readily confirmed that
while B and L are anomalous, B — L is also anomaly-free
per generation in G2ZHDM.

D LSUQ2)} =) BSU(2)} = +1,
S LY =) BV =-18,
> LSUQ2); =) BSUQ2)} = -2,
Y LX? =) BX*=+4,
Y LXY =) BXV=0. (4)
We note that the anomalies of LSU(2)?, BSU(2)?, LY?,

and BY? per generation have the same values in both the
SM and minimal G2ZHDM.

Besides the three SM 6 angles discussed in the previous
section, we have two more @ angles, 8,; and Oy for SU(2)
and U(1)g, respectively. Under the global lepton number
U(1), [or global baryon number U(1)g] rotation with
angle a, according to the analysis of the mixed anomalies in
Eq. (4), we have

éy - éy - 18“,

92L d 92L + a,

92]_] g 92]_] - 205,

Therefore, in this model, the two SU(2) 6 angles, 8,; and
6,y are unphysical and can always be rotated away by
chiral rotation; while two linear combinations can be
defined: 0y + 186,, and Oy + 26,;, both of which are
physical. Following [11], in our analysis in Sec. V for the
angles in G2ZHDM, we will ignore the effects of the global
mixed anomalies from the lepton number and baryon
number currents to the two angles 0,; and 0,y.

Since the covering group G in Eq. (1) has a total of five
factors, there are many ways to do the partitions for
quotienting. Thus it is useful to classify its quotient group
G given by Eq. (2) [or (3)] into various patterns. We will
focus on the following three specific partitions:

U(1) x SU2) x SU3)  U(1) x SU(2)
(4) G= T x - :
(B) G- U(1) ;SU(3)

U(1) x SU2)  SU(2)
r, T,
U(1) x SUQ2)  SU(3)
r T,

p

U(1) x SU(2)

(© G="% (©)

P

For case (A), G has eight possibilities:

U(1)yxSUQ2), xSUB)e o U(1)yxSU(2)y U(1)yxSU(2) xSU(3)
r, O VR T,

U(1)yxSUQ)y U(W)yxSU@2)yxSUB)e , U)xxSU2),

r, ’ r, r, ’

€ x
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U(1)yxSU(2) ;xSU(3)
T,

Y—>Vand X — A.

For <case (B), G | has
UWLSUGle 5 UWpSUR)y o SUR)
U)SUR)y L, SUR)  USUG) ,, U(,xSUQ), |,

rm r” ’ r[) m

U)yxSUB)e o U)xxSUR)L o SUF(2>”, plus four other terms

%

U(I)Y;SU(Z)L, plus four other terms with

eight  possibilities:

U(I)Y?SUG)C X

SUQ2)y
T b

n

P m
with Y - V and X — A.

For case (C), G has oiur possibilities:
U)yxSUQR)y o U)xxSUR), o SUB)c Uy xSUQ@)y
T, T, T, ° T,
U(])Y;SUQ)L X SUF(3)C, plus two other terms with ¥ — V
and X — A.

Together, we have 20 possible quotient groups G for the
three cases of (A), (B), and (C). Furthermore, we can
even allow one or both U(1) factors to lie outside the
center quotient structure, as seen in cases like
G=U(1)x SU(Z}XPSU“) x Um;fl’(z), U(1)xU(1) XSLF]—iZ)X
SU(2)xSU(3)

rm

, and similar patterns. However, these construc-

tions are relatively straightforward and do not introduce any
new features beyond what we will be exploring in the
following sections for the previous three cases. As such, we
will not delve into these cases further and will instead focus
on the three representative cases of (A), (B), and (C).

III. LINE OPERATORS

For a simple SU(N) group, its center is a discrete cyclic
group Zy. For example, the center of SU(3) is Z3, while the
center of the semisimple group SU(2) x SU(3) is Zg.
When considering a quotient group G = G/T’, where T’
is a discrete subgroup of the center of the universal covering
group G (with ' = 1 corresponding to the universal cover
itself), the local properties of the quotient group remain
unchanged. Fortunately, the global symmetries differ under
different associated gauge groups [1,2]. For example, as
mentioned earlier the I' in the SM U(1), x SU(2), x
SU(3)¢ can be 1, Z,, Z3, or Zg, and the global properties
are all different in each case [11].

A Wilson line, a special configuration of Wilson loop
[18], is a static operator extending along the time direction,
representing a electrically charged object with infinite mass
sitting at the origin. A non-Abelian Wilson line operator,
defined in terms of the Lie algebra g of a gauge group G, is
expressed as

WelC] = TrgPexp (i L th()), (7)

where Ay = A{T“(R) with T%(R) the generators of g in a
representation R of G, C is a line along the time direction,
and P denotes path ordering. Wilson line operators exist for
any representation R and, as elements of the gauge
symmetry, must remain invariant under any choice of TI'.

Wilson lines are denoted as A,/W, where A, is the weight
lattice of g, and W is the Weyl group. A purely electric line
is characterized by the label (1¢,0), where A¢ € A, with the
equivalent relation A¢ ~ wA¢, where we W.

A ’t Hooft line, a special configuration of 't Hooft loop
[19], which represents an infinitely heavy magnetically
charged particle sitting at the origin, is expressed as

Ty [C] = Trg-Pexp (1/ th(”;), (8)
C

where R* is the representation associated with the dual Lie
algebra g* of g, corresponding to the gauge group G. 't
Hooft lines are represented as A,,/W, where A,, is the
weight lattice of the dual g*, or equivalently, the dual of
root lattice of g. A purely magnetic line is labeled by
(0,4™), where A" € A, with A" ~wA™ and we W.

For a quotient group G = G/T, the Wilson and ’t Hooft
lines form subsets of the corresponding Wilson and 't Hooft
lines associated with G. For each G, these lines exhibit
partially distinct lattices, depending on the choice of I'. The
lines of interest are those that demonstrate different
behavior under varying I'. Specifically, the distinct lattices
are given by A,/A, = Z, for Wilson lines and A,,/A., =
Zy for ’t Hooft lines. Here, A, and A, represent the root
and coroot lattices of the Lie algebra g, respectively.

Dyons, classical configurations that carry both electric and
magnetic charges, can arise in both Abelian [30-33] and non-
Abelian [34] gauge theories. When quantized, these dyons
become quantum states carrying both electric and magnetic
charges. More generally, there exist Wilson-"t Hooft non-
Abelian dyonic lines, which can be labeled as

(z¢,7") €T xT. 9)

The pairs (z¢,z") ~ (wz¢, wz™) with we W form a class,
with the center imposing invariance, reflecting constraints on
the charges. As noted earlier, only z¢ elements invariant under
transformations by elements of I" are allowed. The existence
and structure of magnetic charges are further constrained by
the following generalized Dirac quantization condition,
which must be satisfied: If two non-Abelian dyonic lines,
(z¢,2™) and (z¢, Z™), are present, they can coexist only if the
following condition is met [35]:
27" —=z7" =0 (mod N). (10)
In summary, Wilson and ’t Hooft lines correspond to
heavy electric and magnetic insertions in space, respec-
tively. Once Zy is determined for the quotient group,
Wilson lines can be directly constructed, while the gener-
alized Dirac quantization condition [35] places restrictions
on both the magnetic and dyonic lines. In general, if the
conditions permit, a larger value of N allows the existence
of a greater number of magnetic lines.
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FIG. 1. Spectra of line operators for SU(2) in (a) and SU(2)/Z,
at @ = 0 (b), 27 (c), respectively. Last case of (c) represents the
Witten effect. See [11] for more detailed discussions.

The introduction of the 6 term highlights the crucial role
of 8 angles [12,14,15] as topological parameters in shaping
the structure of the quantum vacuum. This is particularly
significant in the context of strong interactions in QCD,
where the 6 angle is closely tied to CP violation and poses
the so-called strong CP problem, related to the neutron
electric dipole moment. The Peccei-Quinn mechanism
[36,37] proposed addressing this issue by introducing
the axion particle [38,39], allowing for the dynamical
adjustment of the 6 angle and stabilizing the vacuum state
of the system.

Moreover, the global structure of the gauge group affects
the periodicity of the 8 angle [11]. In systems such as
SU(N) and SU(N)/Zy, the global structure of the gauge
group determines the allowed range of # value, influencing
the complexity of the vacuum state and the behavior of line
operators. For the gauge group SU(N), the periodicity of
the 6 angle is given by 6€][0,2x). However, for
SU(N)/Zy, the presence of the center group extends the
periodicity of the 6 angle to

0e[0,2zN). (11)

This extension of the € angle’s periodicity is linked to the
theory of SU(N)/Zy, which allows instantons to carry a
fractional charge of % [40-42].

The broader range of 0 value enables the system to
explore different topological sectors [43], thereby distin-
guishing gauge theories with distinct physical properties.

The existence of these unique topological sectors enriches
the theoretical framework and provides a broader context
for studying gauge theories with varying topological
characteristics.

The Witten effect [26] informs us that when the 0 angle is
shifted by @ — 6 + 2z, the pairs of minimal lattices (z¢, z™)
transform as (z¢,z™) — (z¢ 4z, z™). Thus, purely mag-
netic lines can turn into dyonic lines via the Witten effect.
The @ angle can also be interpreted as additional solutions
to Eq. (10). Specifically, for G = SU(3)/Z;, when 0
undergoes a rotation € — 6 + 2zn with n =0, 1, 2, the
lattices transform as (z¢,z") — (z° + nz”, z™). This rela-
tionship is clearly illustrated in Figs. 1 and 2 for the SU(2)
and SU(3), respectively, where the blue boxes represent the
smallest classes of this theory, and the green circles denote
the allowed lattices [11].

In the case of U(N) = (U(1) x SU(N))/Zy theory, the
U(1) factor @ angle, denoted as 0, extends to [0,27N?),
instead of the usual [0, 27). Meanwhile, the periodicity of
the SU(N) 0 angle, denoted as 8, remains unchanged.
This extended range introduces a richer structure in terms
of vacuum states and the behavior of line operators, thereby
distinguishing different gauge theories based on the
allowed values of @ angle and their physical implications.
This effect is particularly pronounced in the magnetic
sector through the Witten effect [11], as we will explore
further in Sec. V.

In Table II, we summarize the periodicity of the CP-
violating @ angles for SU(N), SU(N)/Zy, and (U(1) x
SU(N))/Zy = U(N) obtained in [11].

In the SM, the 0 angle for SU(3),, denoted as 65, plays a
central role in phenomenology. The extremely small value
of 65 (65 < 107'9), inferred from the nonobservation of a
neutron electric dipole moment, represents a major unre-
solved issue in particle physics. For the 6 angle of SU(2),,
denoted as 6,; , the presence of an anomalous global B + L
symmetry allows it to be rotated away by chiral rotation.
However, as Tong pointed out in [11], there is a caveat that
warrants a clarification: There is actually a linear combi-
nation of 8,; and @y [the @ angle of U(1) with the physical
hypercharge Y = ¥/6] in the SM that cannot be rotated

FIG. 2. Spectra of line operators for SU(3) in (a) and SU(3)/Z; at = 0 (b), 2z (c), and 4x (d), respectively. Last two cases of
(c) and (d) represent the Witten effect. See [11] for more detailed discussions.
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TABLE II.  Periodicity of the CP-violating 6§ angles for SU(N), SU(N)/Zy, and U(N) = (U(1) x SU(N))/Zy.
SU(N) SU(N)/Zy UN) = (U(1)xSU(N))/Zy
Periodicity Oy €[0.27) Oy €[0.22N) de[0.22N%), 0y €[0. 27)

away. This is due to the fact that the global baryon and
lepton number symmetry currents, when coupled to the
gauge fields of SU(2), and U(1)y, suffer from mixed
anomalies per generation as

> LSUQ2); =) BSU(2)] = +1,
> LV?=> BV?=-18. (12)

Nevertheless, B — L remains anomaly-free in the SM.
Consequently, under a global lepton number U(1); [or
baryon number U(1),] transformation with parameter e,
the 6,; and 0y angles transform as follows:

62[, —)6’2L—|—0{, éy —)éy— 1805 (13)

Thus, while 8,; can be rotated away by appropriate «, there

is always one physical combined @ angle 8y + 186, that
remains for the unbroken electromagnetism U, (1) [11].

IV. LINE OPERATORS IN G2HDM

We will now explore the line operators for some
examples of the three representative cases of quotients
discussed in Sec. II.

We begin by establishing some common notations. The
center of the two SU(2), and SU(2), will be denoted as
Z,; and Z,y, respectively, while the center of SU(3). is
simply denoted as Z;. Let z§ represent the center weight
lattice of SU(2),, x§ for SU(2)y, and z§ for SU(3)., with
the symbols z7', x7', and z5' denote their root lattices,
respectively. The SM and dark hypercharges of U(1), and
U(1)y are denoted by ¢ = ¥ = 6Y with magnetic charge g
and h = X = 2X with magnetic charge k, respectively. As
noted earlier, we adopt the convention that both ¢, h € Z. To
avoid word clutter, we’ll use “electric charge” and “mag-
netic charge” to refer to either the SM or dark versions of
these charges. The context will make it clear which one is
being referred to.

First, consider the following quotient

U(1)y x SU2), x SUB)e U(1)yx SUQ2),
r % r

)4 m

G=

. (14)

which is one of the eight possibilities of case (A). The
possible I" for quotienting is therefore

I = {1 X 17Z2L X 1,1 X Z2H7Z3 X leZL XZ2H7Z6L
X 1,Zy X Zoy, Zey X Loy }. (15)

The first quotient generator is associated with the centers of
SU(2), and SU(3)., combined with an appropriate U(1),
rotation, while the second is linked to the center of SU(2) ,
accompanied by a U(1)y factor. These quotients are
generated by

— pRinl — plint jinz§ dinzS
5_ e Ly ® n ® w=e tﬂ681ﬂ22631ﬂz3’
7= 224 ®p= e2inh pinxs. (16)

Here, 77, p, and @ belong to the centers of SU(2),, SU(2),
and SU(3)., respectively, obeying #* =1, p*> =1, and
@* = 1. As mentioned before, g is the U(1)y charge and &
is the U(1) charge. For example, the center group Zg; x 1
is generated by & x y%, Z3 X Z,y by & x y, and Z,; x 1 by
53 X ;(2, etc.

As in the SM case [11], the generalized Dirac quantiza-
tion condition for the gauge group of G2ZHDM is most
easily obtained by studying purely electric or magnetic
lines. Thus, there are two types of line operators to be
considered, two Wilson lines for each quotient factor in
Eq. (15) referred to as Wilson lines & and y, named after
their respective quotient generators, and their magnetic dual
of 't Hooft lines. They are labeled by three electrical
charges (z§, z§. ¢) and three magnetic charges (z%', 2%, g),
and the other is labeled by two electrical charges (x5, &) and
two magnetic charges (x7', k). These two sets of charges are
linked together via the generalized Dirac quantization
condition (GDQC), which is given by [35]

e m 2

_dimgg 2 j _2iah
e % 6gemz2z2 e3mz§z;”€mx§x;”e 0k 1. (17)
Or, equivalently, in terms of electric and magnetic charges

—6g9q + 32525 + 22525 + 3x5xy —6kh =0 (mod 6).

(18)

For each choice of I" in Eq. (15), we have to solve the
spectra of the line operators in sequence.

I' = 1 x 1: With no quotients, both Wilson lines £ and y
are unrestricted. Wilson lines & with electric charges
25=0, 1 25=0, 1, 2, and g€Z, are all allowed.
Similarly, Wilson lines y have electric charges x5 =0, 1
and h €Z. The GDQC dictates that magnetic charges can
only take values g € Z with z5' = 0 mod 2, z§' = 0 mod 3
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_O_Z)e
Z2é O
9:0¢O—;
q:

;S
Il
o
a
=)

FIG. 3. T=1x1 for G = SV SUBc , VS,

» "
Abelian lines generated by (¢, g) = {(0,1),(1,0)} and (h, k) =
{(0,1),(1,0)} can be included.

and k€Z with xJ' =0 mod 2, respectively. This non-
Abelian portion of the resulting spectrum corresponding
to SU(2), x SU(3)c x SU(2)y is shown in Fig. 3 with the
green circles representing the allowed charges. The left side
of Fig. 3 coincides with the SM result [11], as it should!
Additionally, Abelian lines with (q,g) = {(0,1),(1,0)}
and (h, k) = {(0,1),(1,0)} can be added to generate any
other electric and magnetic lattices.

I' =Z,; x 1: Wilson lines y are unrestricted, thus as in
previous cases, the electric charges # €Z with x§ =0, 1
and magnetic charges k€Z with xJ' =0 mod 2 are all
allowed. On the other hand, the Wilson lines &, invariant
under 53, are restricted by g = z5 mod 2 with z§ =0, 1, 2
in both cases. The GDQC requires magnetic charges g to
take g=0 when zJ'=0mod2 and g :% when
z53 =1 mod 2, while z§' = 0,1,2 mod 3. The resulting
spectrum of these line operators corresponds to U(2), X
SU3)e x U(1)x x SU(2), and is shown in Fig. 4. Again,

m
23

25" z

<
Il
=)
_
Il
—
=}
Il
o
<
Il
—

FIG. 4. T =Zy x1for G = U(l)yst(Fz)Lxsuo)C o UxSUQ),

» L
Abelian lines generated by (¢, 9) = {(0,1),(2,0)} and (h, k) =
{(0,1),(1,0)} can be included.

2 k=1/2 @)
b o

k=0
_ 25 5
10910, 90, 00, 5 T,

FIG.5. T =1x Z,, for G = Y8V xSUB)e o U xSUR)y,

Abelian lines generated by (g, g) = {(O,pl), (1,0)} and (h”,] k) =
{(0,1),(2,0)} can be included.

the left side of Fig. 4 agrees with the SM result. Additional
Abelian lines can be generated by (¢,g) = {(0,1),(2,0)}
and (h,k) = {(0,1),(1,0)}.

I' =1 x Z,y: Wilson lines ¢ are unrestricted, with g €Z
and z5 =0, 1, z§ =0, 1, 2. The corresponding magnetic
charges are g€ Z, z7' = 0 mod 2 and z5§' = 0 mod 3. On
the other hand, Wilson lines y, invariant under y, are
restricted by & = x§ mod 2. The GDQC demands magnetic
charges k to satisfy 2k = x5' mod 2. The spectrum repre-
senting SU(2), x SU(3)- x U(2)y is shown in Fig. 5.
Additional Abelian lines are generated by (g,9) =
{(0.1). (1.0)} and (k. k) = {(0. 1). (2.0)}.

I' = Z; x 1: Wilson lines y are unrestricted. However,
Wilson lines & must be invariant under &> and are restricted
by g = z§ mod 3. Each of these cases has z5 = 0, 1. The
GDQC, now allowing solely SU(3). magnetic charges,
requires 3g = z5' mod 3. While z5' = 0 mod 2, there are no
SU(2), magnetic charges. The resulting spectrum of line
operators corresponds to SU(2), x U(3)c x U(1)y x
SU(2)y and is shown in Fig. 6. This also agrees with SM
result. The Abelian lines generated by (g, g) = {(0, 1),
(3,0)} and (h, k) = {(0,1),(1,0)} can be included.

I' =Z,; x Z,y: The behavior of Wilson lines £ and their
corresponding magnetic charges follows the pattern seen in
the case of I' = Z,; x 1, while y follows the pattern of the
I' =1 x Z,y case. The resulting spectrum corresponding to
U(2), x SU(3)- x U(2) is shown in Fig. 7. Additional
Abelian lines with the generators (g, g) = {(0,1),(2,0)}
and (h,k) = {(0,1),(2,0)} can be included.

I'=2Zs x1: While Wilson lines y are unrestric-
ted, Wilson lines £ should be invariant under generator
£ This implies that the Abelian electric charges
satisfy g = 3z5 —2z§ mod 6. Just like in the SM case
[11], all the particles in the minimal G2ZHDM satisfy this
relation. In this scenario, the spectrum of line operators
becomes more abundant, particularly the 't Hooft lines,
which can take SU(2), x SU(3). magnetic charges
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o0 90 0o

—0 25 z$5

10910, 00, 90, ¢ T, 7
q:

g=0g=0"g¢g=1¢g=1

U(1)yxSU(2), ><SU(3)c 1)X><SU(2)
r, I,

FIG. 6. T=2;x1 for G =

Abelian lines generated by (¢, g) = {(0, 1), (3,0)} and (h, k) =
{(0,1),(1,0)} can be included.

Zm

25
i 25
z3" z" z3"
io i e i 0
4 e
=1/2 *
-0

%3 2
25 28 25 h=0=1
q=1"q¢g=0g=1"¢=0¢=1
FIG. 7. T=Zy xZyy for G="1r$V0 500 U(1)xSUQR)y,

Abelian lines generated by (¢, ¢g) = {(0,1),(2,0)} and (h,k) =
{(0,1),(2,0)} can be included.

6g = 3z +2z% mod 6. The resulting spectrum corre—
sponding to S(U(2), x U(3)¢) x SU2),; x U(1)y* is
shown in Fig. 8 with its left side agreeing with SM.
Additional Abelian lines are generated by (g,9) =
{(0,1).(6,0)} and (h, k) = {(0,1), (1,0)}.

I' = Z5 x Z,y: The behavior of Wilson lines £ and their
corresponding magnetic charges follows the pattern seen in
the case of I' = Z5 x 1, while y follows the pattern of the
I' =1 x Z,y case. The resulting spectrum corresponding to
SU(2), xU(3)c x U(2)y is shown in Fig. 9. Additional
Abelian lines with the following generators (¢, g) = {(0, 1),
(3,0)} and (h, k) = {(0,1),(2,0)} can be included.

I' = Z¢;, X Z,y: The behavior of Wilson lines £ and their
corresponding magnetic charges follows the pattern seen in
the I' = Z4; x 1 case, while y follows the pattern of the

*Following Hucks [2], we define S(U(2)x U(3)) =

(U(1) x SU(2) x SU(3))/Z.

23
23" 23"
g=1/6 @)
g=2/3 —.—)
z ZT
g=5/6 @)
g=1/3 —‘—) o
12 @@ $ i
g=0¢——.—> H hloh—0
g=Oh=3"q=49=1"q=2¢=5
FIG. 8 T'= Z6LX1 for G= )y><SU(2) ><SU(3) (1)X><SU2) )

Abelian lines generated by (¢, g) = {(0, 1) (6, 0)} and (h k) =
{(0,1),(1,0)} can be included.

2 02 02 O
9=23 @10,
ifi,i*

z k_1/2 @)
elle <5© <5

>, k=0 >,
9:0“ z ; B h=0h=1"

g=0g=0 qfqul =2¢q=2

U(1)yxSU(2), xSU(3
G = U <rp> 3)c

{(0,1),(3,0)}

FIG. 9. I'= Z3 X ZZH for
w Abelian lines generated by (g,9)=
and (h, k) = {(0,1),(2,0)} can be included.

I' =1 x Z,y case. The resulting spectrum corresponding to
S(U(2), xU(3)¢) x U(2) is shown in Fig. 10. In addi-
tion, Abelian lines with the following generators (g, g) =
{(0,1),(6,0)} and (h, k) = {(0, 1), (2,0)} canbe included.

Let’s consider yet another one of the eight possibilities of
case (A),

U(1)yxSU2)y xSUB)c
r

U(l)yxSU((2),

G:
Lo

(19)

p

This pattern is similar to Eq. (14) with the SM U(1), x
SU(2); and its dark replica U(1)y x SU(2), in the two
quotient factors interchanged, so the possible I" is similar to
Eq. (15) with L < H, namely,

I'= {1 X 1, 1x Z2L?ZZH X 1,Z3 X 1’Z2H X Z2va6H
X 1,Z3 X ZZL’Z6H X ZZL}' (20)
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23
23" z3" z3"
g—l/ﬁio i ® i ®
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25" 23" 23"
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—1/3
A 404’ 2 ¥ af
25 25" 25" k=1/2 .
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e k:0 €
g=0~¢—.zg *_‘_z)g % h=h=1"
q=0g=3 " q=49=1"qg=2¢=5

FIG. 10. T'=Zg, xZ,y forG=

Abelian lines generated by (¢, g) = {(0, i) (6,0)} and (h k) =
{(0,1),(2,0)} can be included.

U(1)yxSU(2),xSU(3)¢ X U()xxSUQR)y
r T, .

The two discrete cyclic groups in Eq. (20) correspond to
generators:

h b e 2 e
5 — 621756 ® p Qw= e2ur6€mxze3mz3’

= e2im% Qn= e2im% pinzs. (21)

Although the generators have changed, the GDQC remains
the same as Eq. (18).

The analysis is completely mirroring the previous
example. The resulting spectra of the line operators for
each element of I" in Eq. (20) are shown in Figs. (11-18),
respectively. We will not bother the details here.

As our third example, consider a significantly different
quotient,

U(l)y xSUB)c U4 xSUQ)y  SUE2)

G= L (22
r, r, r,
zg"
zy'
io i 0 i
952 “72
zy
io i o i o
: xz I2 23"
g " O
bo"bobo
€ g: €
--9le-, “ 00, 5 Iy
h=0h=0 =0h=0 h 0h=0
FIG. 11. T=1x1 for G = (1>x><SU(2)H><SU(3)c )y;SU(Z)

Abelian lines generated by (g, g) = {(0 1) (1,0)} and (h, k) =
{(0,1),(1,0)} can be included.

h:(Jh:O

(UyXSU(Z)L.

FIG. 12. T'=1xZ, for G =

Abelian lines generated by (q. g) = {(0, 1) (2,0)} and (h k) =
{(0,1),(1,0)} can be included.

U(l)Xst(Fz)Hsto)C

FIG. 13.

Abelian lines generated by (g, g)
{(0,1),(2,0)} can be included.

zy zy
O i: O :: O
x5 x5 x5
3" zy'
O i: O O
_’_:r)g x5 x5 25"
AT .

=2y, x1 for G = Y xst<r2>Hst<3>c y (quuau.
= {(0, 1), (1,0)} and (h, k) =

h=Oh=0"h=1h=1 "h=2h=2"
FIG. 14, T =2 x 1 for G = “eSt2nStle » S0 SURL,

Abelian lines generated by (¢, g) = {(0, 1), (1,0)} and (h, k) =
{(0,1),(3,0)} can be included.
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g=0¢=1

FIG. 15. T'=Z,yxZy; forG=

» m
Abelian lines generated by (¢, ¢g) = {(0,1),(2,0)} and (h, k)

{(0,1),(2,0)} can be included.

U(1)xxSU2)yxSU(3) ¢
(1hxSUQYSUR)e

U(1)yxSU(2),
T 3

Z

=5/6 @)
k=1/3 -O— i-‘-

/ ¥ 3 3 '

Ty T2 T2 O
-2 0l0 bo & e 0
g:

_ 2§ 2§

k_o*——.—;%*—‘—x’g s g=0g=0"

h=0h=3 h=4h=1" h=2h=5

FIG. 16. T'=Zg;x1for G =

(1>X><SU(2)HXSU(3)C X u( y;SU@) .

Abelian lines generated by (g, g) = {(0 1) (1,0)} and (h, k) =

{(0,1),(6,0)} can be included.

7 3" oA
O O O
k72/3 _._z)e Ie xe
xh' Zw’2” Zx’{‘ :
io f o f o
F=15 970, 5 w5 B
zy' ' Ty g=1/2 .
oo 0o 0o
€ g: €
kzo*“‘_}g“_x); s ” g=0g=1"

T
h=0h=0" h=1lh=1 h=2h=2

U(1)yxSUQ)yxSUB)c o U(1

FIG.17. T'=Z;xZ,; forG =

» "
Abelian lines generated by (¢, ¢g) = {(0,1),(2,0)} and (h, k) =

{(0,1),(3,0)} can be included.

JyxSU(2),
T,

3
3 3
k=1/6 @) @)
k=12/3 O,
x5 5
3 3
k=5/6 @) . @)
k=1/3 -‘—> m
2 2
o o g=1/2 @
-2 0l0 & @ $ o 0
€ g: €
k=0*——.—> *—Q—> = g=0g=1"

h=0h=3 4h =1 72h75

FIG. 18. T'=Zy xZ,; for G =YWxSU2ixSUGJc

Abelian lines generated by (g, ¢g) =
{(0,1),(6,0)} can be included.

U()yxSU(2),
T 3

{(0,1),(2,0)} and (h, k) =

which is one of the eight possibilities of case (B), in which
the original two U(1) groups have been combined into
U(1), and U(1),. The SM hypercharge ¥ and dark
hypercharge X now mix together. We assume the “vector”
hypercharge U(1), to be g, = g + h and the other “axial”
hypercharge U(1), as g_ = q — h.

As before, we need to identify its centers and subgroups,
and then determine their generators. The possible I' for
quotienting in Eq. (22) is

F={1x1x1,1x1x2Zy;,1xZyyx1,Z3x1x1,
1XZoy X 2oy, Z3s x 1 X Zsy, 23 X Loy X 1,

Z3 X Zyy xZy }. (23)
The generators for the Wilson lines are given by
E= i) @ @ = € fn(q+)ezmzs
g = e"ld-) @ p = emila-) emixs
n = e"a, (24)

Since the U(1) charges have changed, it is necessary to
modify the GDQC as

2ingy

_ foe m 2io e m i€ 2"“]
e~ 3 Y+ pinT Ty pFINTTY Hinx3XY o

29- —

(25)

with g, being the “magnetic”
equivalently,

counterpart of ¢g,. Or,

—69_q_=0 (mod6).
(26)

=69, g +32525 +22575 +3x5x7'

With this modified GDQC, we can repeat the same
exercises as in the two previous examples to obtain the
spectra of the line operators. The results are shown in
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Figs. (19-26) for each element of I" in Eq. (23), respec-
tively. Details will be omitted here. We just note that the
spectra change dramatically compared to the previous two
examples.

O O
O O f O

11+:0q+:0q+—0 q- —0q7—0

FIG. 19. T=1x1x1forG= x L xSUQ)y o, U2,

Abelian lines generated by (¢.,g,) = {(0,1),(1,0)} and
(g-,9-) ={(0,1),(1,0)} can be included.

RUBTSH

¢+ =0g4+=0¢4. =0

U(1), xSU@3),
T,

FIG 20. T=1x1x2Z, forG= VXSU(”C x UaxSUQ)y

( ). Abelian lines generated by (g, g+)
(q ,g-) =1{(0,1),(1,0)} can be included.

O O
O O wi O

Q+:OQ+:0(Z+:0

{(0.1).(1,0)} and

u( )VXSU(3>C I)AXSU(Z)

FIG 21. T=1xZyx1forG=
( l Abelian lines generated by (g, g+)
(q ,g-) ={(0,1),(2,0)} can be included.

2%

{(0.1), (1 0)} and

O O

FIG 2. T=2Zy;x1x1 forG=" )vst@c

UL Abelian lines generated by (g4, g+) = {(0, 1) (3,0)} and
( q-,9-) ={(0,1),(1,0)} can be included.

AxSU2)y
r,

a
O O xy' 22
O Q=12 @) O
g9+=0 g-=0
D00 —0g, =0 g Cog—1" #

FIG. 23. T=1xZ,;xZ,, for G= ”<‘>VXSU(3)

Sul Z)L . Abelian lines generated by (q+,g+) = {(0, 1) (1, (m))} and
(q ,g-) =1{(0,1),(2,0)} can be included.

Ul)s FSU(z)H X

FIG. 24. T=Zyx1xZ,, for G = U“)vxw@c x YaxSUQy 5
SU(Z) . Abelian lines generated by (¢, g+) ={(0,1), (3 0)} and
(q ,g-) ={(0,1),(1,0)} can be included.

‘ ‘ m m

T3 2
@0 -0 @ O

g-=0

m

q+=Oq+=1q+=2Z§ qf=0qf=1mS =
FIG. 25. T=ZyxZ,;x1 for G =Y WSU‘”C U xSUQ@y o
SU(Z),

. Abelian lines generated by (g, g+)
(q ,g9-) ={(0,1),(2,0)} can be included.

{(0.1). (3 0)} and

m

3 22

¢-=0g¢-=1

23
¢+ =0q4 =1g4 =2

FIG. 26. T'=Z3xZyyXZ,; for G= u) V><SU(3)

su2,

U0xSU Ly

{0, 1) (3.0)} and

. Abelian lines generated by (g, g+)
(q ,g9-) ={(0,1),(2,0)} can be included.

There are still 17 types of G with different central
quotient divisions that have not been discussed. However,
we have already clarified the basic method and the
remaining cases are quite similar to those above, so there
is no need to present the extensive analysis here. For
example, consider G = U(I)YIX_SU(Z)” X SU(z)IfXU(I)X X SUF(3)C,

P m n

which is one of the four possibilities of case (C). Suppose
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I' = Zyy X Z,; x Z3. The Wilson lines are (¢ = x5 mod 2;
x5=0,1), (h =z§ mod 2;z§ =0,1), and (z§ =0). The
corresponding ’t Hooft lines are (2g = x4 mod 2;
' =0,1 mod2), (2k=2z mod 2;zy =0,1 mod 2),
and (z§ =0,1,2 mod 3), respectively. Taking G =
U(1),xSU(2) xSUB)c o SUR)yxU(1)
P Lo

I' = Z5 x Zy, the Wilson lines are (¢_ = z§ mod 3;z§ =
0,1;z5=0,1,2) and (¢, =x5 mod 2;x§ =0,1). The
corresponding 't Hooft lines are (g_ = z% mod 3;z) =
0 mod 2;z% =0,1,2 mod 3) and (g, =x5 mod2;x} =0,
Imod2). When I'=Zg x Z,y, the Wilson lines are
(q-=(3z5—-2z§) mod 6;z5=0,1;z§=0,1,2) and (g, =
x$ mod 2; x5 = 0, 1). The corresponding ’t Hooft lines
are  (g- = (32 +2z§) mod 6;z5 = 0,1 mod 2;z§ =
0,1,2 mod 3) and (g, = x5 mod 2;x5 = 0,1 mod 2).

Y as another example, when

V. THETA ANGLES—WITTEN EFFECT

In this section, we discuss the spectra of line operators
under the variations of the CP violating 8 angles in minimal
G2HDM, as illustrated in Fig. I(c) for the case of

U(2)/Z, and Figs. 2(c) and 2(d) for the case of

U(3)/Z5. The 0 angle of U(1) does not change the
spectra or correlation functions of the local operators.
However, in the presence of monopoles or spatial bounda-
ries, it alters the spectra of line operators through the Witten
effect. For example, in the case of (U(1) x SU(2))/Z,, the
Abelian lines are (¢, g) = {(2,0), (0, 1)}, with € [0, 8x).
Hence, the Witten effect for the Abelian lines in this
case has 4 x 3 possible combinations, associated with
the different values of z5=0, 1, zi' =0, 1, and
0 = 2r,4x,6x. The Witten effect for these 12 Abelian
lines of the Z, case are shown in Figs. 27-29 in the
Appendix. For the case of (U(1) x SU(3))/Z3, there will
be 8 x 9 = 72 combinations of Abelian lines with Witten
effect, and for (U(1) x SU(2) x SU(3))/Zs, there will be
35 x 36 = 1260 combinations. Therefore, for these Z; and
Z¢ cases, we have selected two representative values of the
0 to show the Witten effect in the Abelian lines in Figs. 30
and 31, respectively, in Appendix. As mentioned in Sec. II,
we will ignore global anomalies and focus only on the
spectra of line operators and the Witten effect. To be more
specific, we will study the impacts from the Witten effect to
the line operators in GZHDM when the 6 angles vary from
the different choices of the quotients.

Before diving into the minimal G2HDM, let’s consider
the general cases first. Introduce two canonically normal-
ized gauge fields, & and a with the corresponding strengths
fand f for U(1) and SU(N), respectively. Without any
quotienting, the form of U(1) x SU(N) 6 term is

d*xtr(*ff) + i d*x*ff. (27)

S
0= 1672

162

with both @ and 8, € [0, 27). Using these two gauge fields,
one can construct a combined gauge field a + al, with its
field strength denoted as F. Then the 6 term for the

%il/(l\’) theory can be expressed as follows [11],

On
1627

0 — NOy

S "
0= 1622N2

d*xtr(*FF) + / d*x*(tr F)(tr F).

(28)

The periodicity for the @ angles can then be easily read off

as @y €1[0,27) and 6 € [0,27N?), in accord with Table II.

We now generalize to the case of M that

is relevant to us, where M and N are coprime, i.e.,
g.c.d.(M,N) =1, such that Zy x Z); = Zy, . Without
any quotienting, the 6 term for the U(1) x SU(N) x
SU(M) theory is

Mo
So = 16 ];/d4Xtr(*fN1MfN1M)
NOy,
+F d*xw(* frdyfuly)
s
+ 0 | T (29)

Introduce two gauge fields, denoted ay + aly and
ay + aly,, with the corresponding field strengths

Fy=fy+ fly,
Fy=fu+fly. (30)

U(1)xSU(N)xSU(M)

The 0 term for the 7
NxM

theory is then given as

Mo
16HZ/d4Xtr(*FN1MFN1M)

NGO
+—M/d4xtr(*FM1NFM1N)
167°

60— NM?6, — MN26,,
167> (N x M)?

Sg:

/d4X*tr(f1NxM)tr(f1NxM)-
(31)

The last factor tr(fly,,) in the second line can be
simplified to tr(Fy1,,) or tr(Fy1y). The periodicity of
the @ angles can then be read off from Eq. (31):
Oy €[0,27), 6y, €[0,27), while O€[0,22N>M?), in
accord with Table II.

We can now consider how the choice of each quotient
extends the ranges of 6 angles in minimal G2HDM.
Specific values of these 8 angles corresponding to formally
CP invariant (or equivalently, time reversal invariant)
theories at the Lagrangian level are also shown. We will
not consider the possibilities of spontaneous symmetry
breakings at these specific angles in this work.
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According to the above analysis, for the quotient group
G we first studied in Eq. (14), namely,

U(1)y xSU(2), xSUB)c U1y x SU2),

G= ,
T, T,

(32)

we have the following 0 term,

30
= 1672ZL2/d4xtr(*F2L13F2L13)

20
167:2 / d4xtr(*F312F312)

Oy — 186, — 120,
1672 - 36

So

+

/ d*x*tr(fyle)tr(fyls)

Orn
+ 167>

Oy — 260,y
+ 167% -4

d*xtr(*FopFay)

/ e tr(FyL)in(Fy L), (33)

I' =1 x 1: All 9 angles have periodicity 2z. When all of
them take O or z, the resulting theories are invariant under
the CP transformation.

TABLE IIL

I' = Z,;, x 1: The periodicity of ) extends, becoming
87, while all other angles have the same range [0, 27). The
CP invariant theories are specified by: 65,0y, 60,5 = 0, ;
from Eq. (33), Oy = 0,4z when 6,; = 0, and 0y = 27,67
when 6,; = n.

I' =1 x Z,y: The periodicity of Oy is 8, while all other
angles have the same range [0,27). The CP invariant
theories are specified by: 65, 9y, 0,; =0, x; from Eq. (33),
Oy = 0,47 when 0, = 0, and Oy = 2, 6z when 6, = 7.

[ =Z; x 1: The periodicity of 6y is 18z, while all
other angles have the same range [0,27). The CP in-
variant theories are specified by: 6, , Ox.0,y = 0, ; when
03 =0, one has 9,/ =0,97; and when 03 =7z, one
has 0y = 3z, 127.

I =Z,; x Z,;: Both 0, and Oy have periodicity 87,
while all other angles have the same range [0, 27). The CP
invariant theories are specified by: 6; = 0,7; when
0,;, =0, one has @y = 0,4z; when 0,;, =z, one has
0y = 27, 6z; when 0,5 = 0, one has 0y = 0, 4z; and when
0,y = 7, one has Oy = 2r, 67.

I = Zg, x 1: The periodicity of 8y is 72z, while all other
angles have the same range [0, 27). The Zg; part is exactly

Ranges of the CP violating 6 angles and their specific values in CP invariant theories, corresponding

to different choices of I" for the quotient group in Eq. (32).

r Ranges of 65,0,;,6,;  Ranges of Oy, 0y CP invariant theory
1x1 [0,27) [0,27) All angles 0 or 7
Z, x1 [0, 27) 9y €0, 87), Orp, 03,05 = 0, ;
Oy €[0,27). 0,y =0= 0y =0,47:0,;, =7 = 0y = 2x, 6.
1 x Zoy [0,27) Oy €0,27), 051.05.0y =0,
Oy €[0,87). Oy =0= 0y =0,47,0,; = 7 = Oy = 27,61
Z3 x1 [01 27[) éy (S [O, 187[), 92L* 92[.[, éx’ = O, T,
Oy €[0,27). 0;=0= 0y =0,97;,0; = 7 = 0y = 37, 12x.
2, X 2oy [0,27) Oy.0x €0, 8x7), 05 =0, . ~
92L = O = gy = O,4ﬂ';92L =1 = ey = 271',67'[;
Oy =0 = 0y = 0,410, = 1 = Oy = 27, 6.
Zg, x1 [0,27) 0y €[0,72x), Orp,0x =0, By, = 0,0, =0 = 0y = 0,36m;
Oy €[0,27). 0y, = 0,0y = 7 = Oy = 127, 48x;
0y, = 7,05 =0 = Oy = 187, 54x;
Oy =70, =71= 0y = 307, 667.
Z3 x Loy [0,2x) 0y €0,18x), 0 = 0.7 )
Oy €10, 87). 03 =0= 0y =0,97,0,5 = 0= 0x =0,4x;
O =n= 0y =31,127,0,y = = Oy = 2nx,6m.
Zs; X Zry [0,27) 0y €[0,72x), Oy =0 = 0y =0, 4x;
Oy €[0,87). Oy = 1 = Oy = 21, 67;

0y, =0,0; =0 = 0y = 0,36m;

0y, = 0,0y = 7 = Oy = 127, 48x;
0y, = 7,05 =0 = Oy = 187, 54x;
0,y =70 =1= Oy = 30z, 667.

115018-13



YANG, GUO, LI, XUE, and YUAN

PHYS. REV. D 111, 115018 (2025)

the same as in SM [11], so for the CP invariant theories, we
have

0y =0,0, =0 = 0y =0,36x;

0y, =0,0; = 1 = 0y = 127, 487;

0y, = 7,05 =0 = Oy = 187, 54x;

0,, = 7,05 = = 0y = 307, 667. (34)
Meanwhile, we can have 0y and 6, taking 0 or z, which
are both CP invariant.

I = Z; x Z,y: The periodicity of @y and 0y are 87 and
187, respectively, while all other angles have the same
range [0,2x). The CP invariant theories are just as in the
theories of ' = Z3 x 1 and I" = 1 x Z,. Among these, 0y,
6,;, and 05 are similar to I' = Z; x 1, and 8y, 6,y are
similar to I' =1 x Z,y. Thus 6,; = 0, 7, and
03 =0= 0y, =0,9,
0y == 0y =3r,12x,

62}1 =0 = éx :0,477.',
Oy =7 = Oy =2m.6m.  (35)
[ =Zg xZoy: Oy, 0, and 0y are just like the case in

F=Zy x1, and Oy, 6, are just like the case
iHFIIXZQH.

The results of the above analysis for this example of G in
Eq. (32) are summarized at Table III. For the Witten effect
in the Abelian lines for this quotient group, one can refer to
Figs. 1, 2, 27, 28, 29, 30, and 31.

Next, let us discuss an alternative quotient

U(l)y xSU(2)y % U(1),xSU(2), XSU(3)C

G= ,
r, T, T,

(36)

which is one of the four possibilities of case (C). The 6
angles @y and Oy turn into @, and @,. Specifically,
SU(3)¢/Z5 is now stand-alone and not connected with
any U(1), so now the period of 65 is [0, 27 - 3) according to
Table II. The analysis is identical to that of the previous
example, so we will not present the details here. The results
for this example of G in Eq. (36) are summarized in
Table IV. Similarly, for the Witten effect in the Abelian
lines for this quotient group, one can refer to Figs. 1, 2, 27,
28, 29, 30, and 31.

The 6 angles in the two quotient groups G discussed
above are merely representative examples. For the remain-
ing possible center quotienting for G, the corresponding
periodicity of the 8 angles and their specific values for CP
invariant theories are similar to these two examples and will
not be elaborated further here.

TABLE IV. Same as Table III for the quotient group in Eq. (36).

r Ranges of 65,0,;,60,y Ranges of 0y, 0, CP invariant theory
1x1x1 [0,27) [0,27) All angles 0 or 7.
1xZ,; x1 [0,27) by €10,27); 05,0,y =0, 7,0y =0, 7;
0, €0.87) 0,y =0= 0, =0,4r;
92L = = éA = 271',67[.
Zoy x1x1 [0,27) 0y €10, 8x); 05,0, = 0,710, =0, ;
0, €[0,2x) 0y =0 =0y =0.4x,
92[.1 == év = 2]7,671'.
1x1x2Z; 051,60, €10, 27); 6y.0,€[0,27) 653 = 0, 37; others = 0, 7.
05 €10, 6n)
Zyy X Zoy x 1 [0,27) 6y.0, €[0,87) 03 =0,7; 0, =0 =0, =0,4r;
0y, == 0, =2z, 6m;
Oy =0 = 0y =0,4r;
Oy =7 = év = 2r, 67.
1xZy x2Zs 01,0, €10,21); 0y €0, 2x); 0y = 0,370,y =0, 7,0, =0, ;
05 €0, 67) 0, €0, 87) Oy =0 = 0, =0,4x;
0, == 0, =2x,6m.
Zyy x 1x Z; 01,0, €10, 21); 0y, €0, 8x); 0y = 0,370, =0,71,0, =0, 7;
05 €0, 67) 0, €[0,2x) Oy =0 = 0y =0,4r;
92[.[ =1 = év = 271',671'.
Zy; X Zyy X Zs 01,0, €10, 21); 0.0, €[0,87) 0y =0,37;0,, =0 = 0, =0,4r;

93 (S [0, 67T)

92L == éA = 27[,67[;
O,y =0= 0y =0,4n;
92[.1 =1 = év = 27[,671'.
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VI. SYMMETRY BREAKING

Vacuum expectation values of line operators provide
powerful gauge invariant ways to probe the phase structures
of gauge theories, provided that the lines are infinitely long
or closed loop. Distinctive features are observed with or
without the spontaneous symmetry breaking by the Higgs
mechanism in the theories.

The spontaneous breaking of higher-form symmetry
impacts the nonlocal object that it acts upon. For the
breaking of 1-forms, it acts on Wilson and 't Hooft lines,
even the more general dyonic lines. The vacuum expectation
value of a Wilson line W¢[C] (or ’t Hooft line T¢|[C] in the
magnetic sector or dyonic line in the mixed sector) follows
an area law without Higgs field condensates, or a perimeter
law with Higgs condensates. For large loops, the area law
decays much faster than the perimeter law. Thus area law
indicates a confinement phase corresponding to a symmetry-
preserving scenario (like the quantum chromodynamics in
SM), whereas perimeter law suggests a deconfined Higgs
phase with symmetry breaking, leading to short range
screening Yukawa force (like the electroweak sector in
SM). The Coulomb phase is another possible deconfined
phase independent of the above two extremes, having along-
range force (like the electromagnetism in SM). The area and
perimeter laws are scale dependent, while the Coulomb law
is scale independent. Therefore, the 1-form symmetry
breaking exhibits behaviors very distinctive from those of
ordinary O-form symmetry breaking, where the key differ-
ence lies in the order parameters, which are the vacuum
expectations of the nonlocal operators rather than the local
ones. As in the case of O-form symmetry, spontaneous
symmetry breaking of 1-form symmetry is accompanied by
a Goldstone excitation, which is exactly the massless spin 1
gauge boson for the U(1) gauge theory. In minimal
G2HDM, the photon and its hidden partner dark photon,
can be interpreted as these Goldstone excitations due to
spontaneous symmetry breakings of the associated 1-form
symmetries. For arecent introductory review on higher-form
symmetries, see for example [6].

In the following, we will explore the behaviors of the line
operators of the electroweak SM SU(2), x U(1), and its
hidden replica SU(2), x U(1)y under the influence of
spontaneous symmetry breaking by the Higgs mechanism
in minimal G2ZHDM. In the minimal G2HDM framework,
two Higgs fields contribute to the breaking of the original
gauge symmetries. The first step involves the hidden Higgs
field, H(1,2,1),, with the SM and dark hypercharges
g=0and h =1, respectively, to break the SU(2), x U(1)y
symmetry at a high scale down to the so-called “dark
electromagnetism” U(1),. The second step involves the
bidoublet Higgs field, H(2,2,1);_; which condenses to
break the SU(2); x U(1), symmetries down to the ordi-
nary electromagnetism U(1),,. This latter Higgs field
belongs to a two-dimensional representation of both
SU(2); and SU(2), with ¢ = 3 and h = —1, respectively.

According to the SM Higgs mechanism, the allowed
electromagnetic electric charge Q., satisfies the Gell-
Mann-Nishijima formula,

qa_ %
Qem = ¢+ (37)
where ¢/6 represents the U(1), hypercharge, and A{ € Z is
two times the Cartan generator of SU(2), with 45 = 0 for
the one-dimensional representation (singlet), 45 = £1 for
the fundamental representation, 15 = £2, 0 for the adjoint
representation, and so on. Note that z§, entered in the
Wilson lines and GDQC, satisfies z5 = 45 mod 2, while its
magnetic counterpart is z3' =15 mod 2 with A%’ €Z.
Similarly, the dark electric charge Qp in the dark sector
is given by’
h  p5
0p =5+ (38)
where h/2 is the dark hypercharge of U(l)y, p5" €Z,
x5 = p5™ mod 2 for the hidden SU(2),.

The higher-form symmetry breaking follows the Higgs
condensation. After symmetry breaking, while the electric
charges of the Wilson lines are determined by Eqgs. (37) and
(38), most expectation values of the "t Hooft and dyonic
lines associated with the U(1); and SU(2), [as well as
their hidden partners U(1)y and SU(2),] exhibit area laws
and remain confined in the process. Only those lines in the
Higgs phase become deconfined, with the magnetic charges
determined by GDQC as

6g =1 = 6g =2
2k = pi = 2k = x5

(mod 2) = G, = 69,
(mod 2) = Gp = 2k. (39)

The magnetic charges G, and G are representing the
magnetic counterparts of the U(1),, and U(l), sym-
metries. One can easily check that the two sets of formulas
in Eq. (39) can be obtained by applying the GDQC of
Eq. (18) to SM Higgs doublet H and hidden Higgs doublet
@4, respectively. In general, by examining different quo-
tients, we can determine the minimal electric and magnetic
charges of the line operators under symmetry breaking.

Consider first the following quotient, the spectrum of
which we have analyzed in Sec. IV:

U(1)y xSU(2), xSUB3)e_ U(1)x xSU(2),
r, . T, ‘

G=

(40)

*When the bidoublet H(2, 2, 1); _; condenses and breaks the
SM down to U(1),,, in the second step, it will mix the visible SM
SU(2), x U(1)y sector and the hidden SU(2), x U(1)y sector.
For simplicity, we will ignore such small mixings here, since
these effects are suppressed by the ratio of the SM and hidden
vacuum expectation values, which is assumed to be small.
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The different choices of I" may lead to distinct symmetry-
breaking patterns, which in turn dictate the electric and
magnetic charge spectra in both the visible and dark
sectors.

Here and henceforth, we will adopt the convention
similar to that of the SM [11], representing the Wilson
line before symmetry breaking by W(Rsy(),, Rsu(2),
RSU@)C)L]’h, just as representing the particle content in
the model discussed in Sec. II. After symmetry breaking
of the dark sector in the first step, we represent the Wilson
line by W(Rsu(z)u RSU(3)C)q'

I' =1 x 1: In the first step of symmetry breaking, the
minimum dark electric charge Qp :% arises from the
Wilson line in the representation (1,1,1) ;. In the second
step of symmetry breaking, the minimal electric charge
Oem = % is derived from the Wilson line in the representa-
tion (1,1),. The corresponding dark magnetic and mag-
netic charges are Gp = 2 and G, = 6, emerging from the
't Hooft lines with p5' =2, k=1 and 45 =6, g =1,
respectively.

I' = Z,; x 1: The minimum dark electric charge remains
Op = % from the Wilson line (1,1,1),,, and the minimal
electric charge increases to Q., = %, derived from the
Wilson line (1,1),. The corresponding dark magnetic and
magnetic charges are Gp =2 and G, =3, from the
't Hooft lines with py' =2, k=1 and 15 =3, g=1,
respectively.

I'=1x2Z,y: The minimum dark electric charge
increases to Qp = 1, originating from the Wilson line
(1,1,1),,, while the minimal electric charge returns to
Qem = &, from the Wilson line (1,1),. The corresponding
dark magnetic and magnetic charges are G, =1 and
G.n, = 6, with the parameters of the ’t Hooft lines
pr=1,k=1and ' =6, g = 1, respectively.

I' = Z; x 1: The minimum dark electric charge is Qp =
1 from the Wilson line (1,1, 1), ;, and the minimal electric
charge Qg = ¢ comes from the Wilson line (1,3),. The
corresponding dark magnetic and magnetic charges are
Gp =2 and G, = 2, respectively. These dark magnetic
and magnetic charges arise from the ’t Hooft line with
pr=2k=1and 1) =2, g= % respectively. Note that
OemGem = 3. While 0pGp = 1.

I'=27,;, XxZ,y: The minimum dark electric charge is
Qp = 1, derived from the Wilson line (1,1,1),. And the
minimal electric charge Q.,, = %is derived from the Wilson
line (1,1),. The corresponding dark magnetic and mag-
netic charges are G, = 1 and G, = 3, from the 't Hooft
lines with p4' =1, k =1 and A3' = 3, g = 4, respectively.

I'=7Z¢ x1: The minimum dark electric charge is
Qp = 1 from the Wilson line (1,1,1),, and the minimal
electric charge Q,,,, =  from the Wilson line (2,3)_,. The
corresponding dark magnetic and magnetic charges are

Gp =2 and G, = 1, respectively. These arise from the ’t
Hooft lines with p)' =2, k=1and A =1, g = %, respec-
tively. Note that Qe Gen = 3, While 0pGp = 1.

I'=27Z5 xZ,y: The minimum dark electric charge is
Qp = 1 from the Wilson line (1,1,1),,. And the minimal
electric charge is Q.,,, = ¢ from the Wilson line (1, 3),. The
corresponding dark magnetic and magnetic charges are
Gp =1 and G, = 2, arise from the 't Hooft lines with
oy =1k :% and A =2, g = %, respectively. Note that
QemGem = 3, while 0pGp = 1.

I'=Z¢; X Zyy: The minimum dark electric charge is
Qp = 1, derived from the Wilson line (1,1,1), and the
minimal electric charge Q.. :% from the Wilson line
(2,3)_,. The corresponding dark magnetic and magnetic
charges are Gp = 1 and G, = 1, respectively. These arise
from the ’t Hooft lines with p4' =1, k = and A3 =2,
g= é, respectively. Note that Q. ,Gen = %,
Q DGD - 1

We note that when U(1), and SU(3) are combined and
quotiented by a Z;, and also when U(1),, SU(2), and
SU(3). are combined and then quotiented by a Zg;, the
resulting spectrum is no longer consistent with the electro-
magnetic Dirac quantization condition (DQC) Q.,Gem EZ.
This inconsistency suggests that the minimal Dirac mag-
netic monopole does not consistent with the fractional
charge of the quarks. Consequently, it implies that magnetic
monopoles must also carry a color magnetic charge,
reflecting by an additional term in the GDQC and thereby
rendering the spectrum more consistent. This was pointed
out some time ago in [35] and demonstrated by Tong [11]
from the perspective of SM line operators. The monopole
given by the GDQC is now aligned with the fractional
charge of the quark. Indeed, as seen in Figs. 6, 8, 9, and 10,
the associated ’t Hooft lines do carry SU(3). magnetic
charges. This implies that in these cases, the gauge group of
physical theory at lower energy is actually U(3). rather
than U(1),, X SU(3)c.

The results of the above minimal charges for the gauge
quotient group in Eq. (40) are summarized in Table V.

We next turn our attention to the quotient,

while

U(1)y x SU(2)y x SU(3)e  U(1)y x SU(2),
r, x r, ‘

G=

(41)

Although this quotient group differs slightly from the
previous one with the two SU(2) factors interchanged,
this leads to subtle differences in their spectra.

When searching for the minimal (dark) electric charge
and (dark) magnetic charge under different elements of I,
they differ from the previous case. The main difference in
this case compared to the previous one is that the two non-
Abelian SU(2), and SU(2), are separated from their
respective U(1), and U(1)y first and reorganized later,
since the symmetry breaking still follows the patterns
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TABLE V. The minimal (dark) electric charge and minimal (dark) magnetic charge resulting from the two-step symmetry breaking of
the gauge group in Eq. (40), along with the corresponding Wilson and ’t Hooft lines.

Wilson lines and the
corresponding minimal
dark electric charge in

the first step of

't Hooft lines and the

corresponding minimal

dark magnetic charge
in the first step of

Wilson lines and the
corresponding minimal
electric charge in the
second step of

’t Hooft lines and the

corresponding minimal

magnetic charge in the
second step of

r symmetry breaking symmetry breaking symmetry breaking symmetry breaking

1x1 W(LL1)y, = Qp=1 py=2k=1=Gp=2 W1, = Q=1 MH=6g=1=G,=6
Zy, x1 W(1,1),, = 0p=1 py=2k=1=Gp,=2 W(11), = Q=5 M=39=3=GCpn=3
1xZyy WL, =0p=1 pr=Lk=1=G,=1 W1 1), = Q=1 M =6g=1=G=56
Zyx1 W(1,1,1),, = Qp=1 pr=2k=1=Gp=2 W(.3), = Om=¢t M=29=1=GCG,, =2
Zy; X Zoy WL 11), = 0p=1 pr=1Lk=i=G,=1 W(1), = Qm=35 M=39=3=GC=3
Zg x1 W(,1,1)y, = Qp =1 pr=2k=1=Gp=2 W2.3) = 0m=3 M=1g=t=>GCgp=1
Zy X Zoy W(1,1,1)y, = Op = pr=Lk=1=>Gpy=1 W3, = Oem=¢t A =29=1=Gep =2
Zes X Zoy W(1,1,1)p, = Qp = pr=lLk=1=Gp=1 W2.3)_, = Om=% M=2g9=1i=GCG,=1

of SU22), xU(1)y = U(1l), and SU2)y x U(1)y —
U(1)p, with the constraints on charges imposed by the
invariance under any group element of the center. In the
calculation of the minimal (dark) electric charge, both
the constraints from the center as well as the Gell-Mann-
Nishijima formulas Eq. (37) and its hidden partner Eq. (38)
must be taken into account. For the calculation of the
minimal (dark) magnetic charge, the main focus is on the
constraints from the center invariance and the deconfined
magnetic charge Eq. (39). Nevertheless, the analysis for
this quotient group in Eq. (41) is similar to previous case.
Details are given as follows.

I' =1 x 1: The minimum dark electric charge Qp = % is
derived from the Wilson line (1,1,1),,. The minimal
electric charge Q. :% originates from the Wilson line
(1,1),. The corresponding dark magnetic and magnetic
charges are Gp = 2 and G, = 6, arising from the ’t Hooft
lines with p5' =2, k =1 and A}’ = 6, g = 1, respectively,
identical to those discussed above.

I' = 1 X Z,; : The minimum dark electric charge O, =1
is derived from the Wilson line (2, 1,1),,, and the minimal

electric charge Q.,, = % is obtained from the Wilson line
(1,1),. Since h = z5 mod 2 now and Qp, is only related to
x5 but not z5, we can conveniently set x5 = 0. The
corresponding dark magnetic and magnetic charges are
Gp =2 and G, = 6, respectively. Although one may ini-
tially think G.,, = 3 due to 2k =z} and z5' = 0,1 mod 2,
considering the conditions of Eq. (39) and that x/' can only
take values 0 mod 2, the magnetic charges must be even,
hence the minimal G, = 6. These charges arise from the
't Hooft lines with p5' =2, k=1 and A5 =6, g=1,
respectively.

' = Zyy x 1: The minimum dark electric charge 0, =1
is derived from the Wilson line (1,1,1), ; and the minimal
electric charge Q.,,, = ¢ comes from the Wilson line (1,1),.

Since g = x§ mod 2 and Q,,, are only related to z5, we can

set z5 = 0. The corresponding dark magnetic and magnetic
charges are G, = 2 and G, = 6, respectively, because the
magnetic charges are required to be even by Eq. (39). These
charges arise from the 't Hooft lines with p5' =2, k =1
and A5’ = 6, g = 1, respectively.

I' = Z5 x 1: The minimum dark electric charge Op = 1
is derived from the Wilson line (1,1, 1), and the minimal
electric charge Q.,,, = ¢ comes from the Wilson line (1,3),.
The corresponding dark magnetic and magnetic charges are
Gp =2 and G, = 2, respectively. These arise from the
't Hooft lines with p5' =2, k=1 and 1§ =2, g= %
respectively. Note that Qe Ge = 1, while 0 Gp = 2.

I'=2Z,y xZ,;: The minimum dark electric charge
Qp =3 is originated from the Wilson line (2,1,1);.
And the minimal electric charge Q. = % is derived from
the Wilson line (1,1),. The corresponding dark magnetic
and magnetic charges are Gp =2 and G, = 6, respec-
tively. These charges arise from the 't Hooft lines with
py =2, k=1and A} =6, g =1, respectively.

I' = Z¢y x 1: The minimum dark electric charge Qp, = %
arises from the Wilson line (1,1,1),;. And the minimal
electric charge Q. :% is derived from the Wilson line
(1,3),. This results from g = 3x5 — 2z§ mod 6, where Q.,
is only dependent on z§ but not x5, allowing us to set
z5 = 0. The corresponding dark magnetic and magnetic
charges are Gp = 2 and G, = 2, respectively, since G, is
required to be even according to Eq. (39). These charges
arise from the ’t Hooft lines with py' =2, k=1 and
M=2 g= %, respectively. Note that Q.,Gen = %,
while QpGp = 1.

I' = Z3 x Z,; : The minimum dark electric charge Qp =
1 originates from the Wilson line (2,1,1),,. And the
minimal electric charge Qe = is derived from the
Wilson line (1,3),. The corresponding dark magnetic
and magnetic charges are Gp =2 and G, =2,
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respectively. These charges arise from the ’t Hooft lines
with pf =2, k=1and A =2, g =3 respectlvely Note
that Q. ,Gem = 3, while QpGp = 1.

I'=Z¢y xZy;: The minimum dark electric charge
Op :% arises from the Wilson line (2,1,1),,, and the
minimal electric charge Q.,, = %is derived from the Wilson
line (1,3),. The corresponding dark magnetic and mag-
netic charges are Gp =2 and G, = 2, respectively,
arising from the ’t Hooft lines with p)' =2, k=1 and

m=2, g=4 nrespectively. Note that QunGem =7,
while QpGp = 1.

Again, in this case, we find that if I" contains the center of
SU(3), the electromagnetic DQC is violated. The above
results of the minimal charges for the quotient in Eq. (41)
are summarized in Table VI.

Now, let us continue with the exotic quotient whose line
operators have been analyzed in Sec. III,

U(1)y xSUQ), x SUB)e U1, x SUQ)y

G =
Fn Iﬁm

(42)

While Nature may not be kind enough to select this
configuration at her unbroken phase, we have explored it
for completeness. The GDQC to be used for this quotient
group has been given previously in Eq. (26) We note
that g, = 7— (kcosa+ gsina) and g_ =—=(—ksina +
gcosa) with an arbitrary angle a are possﬁale as well,
should one use g, = +v2(hcosa+ gsina) and g_ =
V2(=hsina + gcosa) to begin with. Requiring g, to
be quantized Just like ¢ and h are, one must have a =7,
leading to g, = 1 (g £ k).

I' =1 x 1: The minimum dark electric charge Q) :%

originates from the Wilson line (1,1,1),,. And the

minimal electric charge Q,, =+ is derived from the

6
Wilson line (1,1);. The corresponding dark magnetic
and magnetic charges

are Gp=2 and G, =06,

TABLE VI

respectively, arising from the ’t Hooft lines with p4' = 2,
k=1 and 45’ = 6, g = 1 respectively.

I'=7Z,, x1: The hypercharges are constrained by
q+h=1z5 mod 2. The minimum dark electric charge

Qp =3 arises from the Wilson line (1,1,1),,. The
minimal electric charge Q. :% is derived from the
Wilson line (1,1);. This derived from g+ h=
14+ 1 =0 mod 2. The corresponding dark magnetic and
magnetic charges are G, = 2 and G, = 6, respectively,
arising from the ’t Hooft lines with p' =2, k=1 and
A =6, g =1 respectively.

I'=1xZ,y: The hypercharges are constrained by
q—h = x5 mod 2. The minimum dark electric charge
Op = % +0 :% is derived from the Wilson line
(1,1,1),,. And the minimal electric charge Qe = ¢ +0 =
¢ comes from the Wilson line (1,1),. The hypercharges
follow from g —h =1 —1 = 0 mod 2. The corresponding
dark magnetic and magnetic charges are Gp =2 and
G, = 6, respectively, arising from the ’t Hooft lines with

py =2, k=1and A} =6, g = 1, respectively.

I'=Z;x1: The hypercharges are constrained by
g+ h = z5 mod 3. The minimum dark electric charge
Op =%+0=4 originates from the Wilson line
(1,1,3),,. The minimal electric charge Qe =4+ 0 =1
is derived from the Wilson line (1,3),. The hypercharges
follow from g + 7 =1 4+ 1 = 0 mod 3. The corresponding
dark magnetic and magnetic charges are G, =2 and
G, = 6, respectively, arising from the ’t Hooft lines with

py =2, k=1and A} =6, g = 1, respectively. Note that

despite the presence of Z3, both Q.,G., = 1 and Q,Gp =
1 are integers.

I'=2Z,; xZ,y: The hypercharges are constrained by
g+h=2z5mod2 and g —h = x§ mod 2. The minimum
dark electric charge Qp :% arises from the Wilson line
(1,1,1) ;. The minimal electric charge Qe = ¢ is derived
from the Wilson line (1,1),. The corresponding dark

Minimal (dark) electric charge and minimal (dark) magnetic charge resulting from the two-step symmetry breaking of the

gauge group in Eq. (41), along with the corresponding Wilson and ’t Hooft lines.

Wilson lines and the
corresponding minimal
dark electric charge in

the first step of

’t Hooft lines and the

corresponding minimal

dark magnetic charge
in the first step of

’t Hooft lines and the

corresponding minimal

magnetic charge in the
second step of

Wilson lines and the
corresponding minimal
electric charge in the
second step of

r symmetry breaking symmetry breaking symmetry breaking symmetry breaking

1x1 (111)01:>QD_% Py =2k=1=Gp=2 W(1,1)1:>Qem:é A =6g=1= G, =06
1xZ, W2, 1.1)y, = 0p=% p=2k=1=Gpy=2 W(1,1)1:>Qem:% A =6g=1= G, =6
Zy x1 W1, 1,1)y, = 0p=% P =2k=1=Gy=2 W(1,1)1:>Qem=% Ay =6,9g=1= G, =6
Zyx1 wW1,1,1)y, = 0p =1 Py =2k=1=Gp=2 W(1,3)1:>Qem:% l§1=Z,g=%=>Gem:2
Zry X Zyy W2, 1.1)y, = 0p=% p=2k=1=Gpy=2 W(1,1)1:>Qem:% Ay =6,g=1= G, =6
Zey x 1 W1, 1,1)y, = 0p=% py=2k=1=Gpy=2 W(1,3), = Oem = ¢ M =29=1= Gey=2
Z3x1Zy W2, 1,1)y, = Q0p=1 py=2k=1=Gp=2 WIL3), = Om=¢t M=29=31=GCG, =2
Zoy X 2y, W(27171)0,1=>QD:% pr=2k=1=Gp=2 W(1s3)1=>Qem:é ﬂ?:Z,gzéiGem:Z
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magnetic and magnetic charges are Gp = 1 and G, = 3,
respectively, arising from the ’t Hooft lines with p5' =1,
k= % and Ay =3, g= %, respectively. Note that
QemGem = 5, While 0pGp = 1.

I' = Zg; x 1: The minimum dark electric charge O, =1
is derived from the Wilson line (1,2,3),_;. The minimal
electric charge Q., = —%—I— 1 :% is derived from the
Wilson line (2,3)_;. This is because ¢+ h =3z5—
2z§ mod 6, which allows us to set g+h=-3-1=
—4 mod 6. The corresponding dark magnetic and magnetic
charges are Gp =2 and G, = 6, respectively, arising
from the ’t Hooft lines with p5' =2, k=1 and A}’ =6,
g = 1, respectively. Note that despite the presence of Zg,
both Q.Gern = 3 and QpGp = 1 are integers.

I' = Z; x Z,: The minimum dark electric charge O, =
arises from the Wilson line (1,1,3),,. The minimal
lectric charge Q. :% is derived from the Wilson line
(1,3),. This is because ¢+h=2z{mod3 and
q—h =x5 mod 2, allowing us to set g+h=1+1=
Omod 3 and g —h =1—-1=0 mod 2. The correspond-
ing dark magnetic and magnetic charges are Gp = 2 and
G., = 6, respectively, arising from the 't Hooft lines with
=2, k=1and 1] =6, g =1, respectively. Note that
despite the presence of Z3, both Q.,,G., = 1 and OpGp =
1 are integers.

I' = Z¢; X Z,y: The hypercharges are now restricted by
g+ h=3z5—2z5 mod 6 and g —h = x5 mod 2,
allowing us to set g+ h=-3—-1=-4mod 6 and
q—h=-34+1=0mod 2. The minimum dark electric
charge Q) = %is derived from the Wilson line (1,2, 3), _;.
The minimal electric charge Q.,, = % is derived from the
Wilson line (2, 3)_;. The corresponding dark magnetic and
magnetic charges are Gp = 1 and G, = 3, respectively,
arising from the ’t Hooft lines with p =1, k =1 and
My =3, g=4, respectively. Note that QenGem =3,
while 0pGp = 1.

1
2
e

TABLE VIIL
the corresponding Wilson and 't Hooft lines.

We note that in the cases of Z,; X Z,y and Zg; X Z>y,
both the electromagnetic DQC and its dark version are
violated. The results of the above minimal charges for the
gauge quotient group in Eq. (42) are summarized in
Table VII.

Besides the above three cases of quotients G studied in
this section, others can be analyzed in a similar manner and
we will not explore further here.

We now turn our attention to the 6 terms before and
after the electroweak symmetry breaking in minimal
G2HDM.

We denote B,,,, F{,,, G, as the field strength for U(1)y,
SU(2), and SU(3)C, respectively, and C,, and Ff; , as the
field strength for U(1)3 and SU(2). The 0 term of these
fields before symmetry breaking is given by

b ¢ 02 33

» + * Fal“/ F¢

Sy =
" 167236 1672 2 Ly
63 93/*
IS5 G Ga
+16 22 w
9X 9x 0o QH auv g
AT 27/ C“Coutieray | Fi Fiywr  (43)

where g; (i = 1, 2, 3), gy and gy are the gauge coupling
constants. Recall that the gauge field of the SM U(1)y
hypercharge is normalized such that Y €Z/6, and the
gauge field of the dark U(1)y hypercharge is normalized
such that X € Z/2.

After symmetry breakings, Eq. (43) reduces to

e? 0y + 180 )
16ﬂ2Y3762L / (*FemFemu) + -

)
eD QX + 292]_] v
* 16712? (*FgemFdem,ﬂp) + - (44)

ng

Minimal (dark) electric charge resulting from the two-step symmetry breaking of the gauge group in Eq. (42), along with

Wilson lines and the
corresponding minimal
dark electric charge in

the first step of

’t Hooft lines and the

corresponding minimal

dark magnetic charge
in the first step of

’t Hooft lines and the

corresponding minimal

magnetic charge in the
second step of

Wilson lines and the
corresponding minimal
electric charge in the
second step of

r symmetry breaking symmetry breaking symmetry breaking symmetry breaking
1x1 (111)01:>QD_% =2k=1=Gp=2 W(11)1:>Qem:é A=6g=1= Gpn=06
Zy x1 W(111)01:>QD_% Py =2k=1=Gp=2 W(1,1)1:>Qem:% A =6g=1= G =06
1xZyy W(111)01:>QD:% Py =2k=1=Gp=2 W(1,1)1:>Qem:% A =6g=1= G, =06
Zyx1 W(113)01:>QD=% Py =2k=1=Gp=2 W(1,3)1:>Qem:% A =6g=1= G, =06
Zy X Loy WA11)y, =0p=35 pr=1Lk=3=Gy,=1 W1, = Qm=¢t M=39=5=>GCu=3
Ze x 1 W(1,2,3)y_, = 0p=1 py=2k=1=Gp=2 W2,3) 3= 0m=5 4 =69=1=Gn=06
Zy X Zyy W(1,1,3)y, = 0p=% P =2k=1=Gp,=2 W(1,3)l:>Qem:% M =6g=1= G, =6
Zg xZyy  W(1,2,3),,=>0p=% pr=lk=i=Gp=1 W(2.3) 3= Om=35 MH=39=3=GCu=3
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Here, e=g0:/\/ o+  (ep=9x9u/\ 9% + 93)

denotes the (dark) electric charge and Flep,y (Faem) 18

the (dark) electromagnetic field strength.
We observe that besides the electromagnetic € angle,

Y

Oy = %, as first derived in [11], we also have the

dark electromagnetic 6 angle, 0., = %. Both combi-
nations are precisely those that cannot be rotated by chiral
rotation as we demonstrated earlier. Just like in the case of
SM [11], this is of no coincidence: it follows from the
’t Hooft anomaly matching conditions, and the fact that
both H(2,2,1); _; and H(1,2,1),, provide masses to all
the SM and hidden fermions in minimal G2ZHDM. They are
physical and cannot be transformed away.

The admissible ranges for ., and 0y, resemble non-
breaking 6 angles, and both depend on the choices of T

For electromagnetism, regardless of the choice of quo-
tient group G, as long as I' contains either 1 or Z,;, the
gauge group of electromagnetism is U(1)., X SU(3)c.
with O, €[0,2702,). In contrast, when I' contains the
element Z5 or Z,; x Zs, the unbroken gauge group at low
energy becomes U(3)., and 6., €[0, 187 - 02,). In par-
ticular, when I" contains Z,; x Zs, the periodicity of 8., is
[0, 27), which coincides with the minimum fractional quark
charge of %

On the other hand, for dark electromagnetism, regardless
of the choice of G, as long as I" contains either 1 or Z,, the
gauge group of dark electromagnetism is U(1), and
Ogem € [0, 27 - 0%), where Q) is the minimum dark charge.

These observations imply that when I' contains
1,Z,,,Z,y or Z,; X Zyy, the unbroken gauge group at
low energy remains U(1),,, < SU(3).. However, when "
contains Zs,Z,; X Z3,Zoy X Z3 or Zy; X Zry X Zs, the
low energy gauge group is always U(3).. Meanwhile,
the dark electromagnetism gauge group remains consis-
tently U(1) . These results are derived from the symmetry-
breaking patterns discussed above.

VII. SUMMARY

In this work, we have extended the analysis of line
operators in the SM to the minimal G2ZHDM. We enumerate
possible quotient groups G = G/T" for the minimal
G2HDM, with the covering group G specified in Eq. (1)
and quotient patterns provided in Eq. (6). Notably, exper-
imental validation is required to determine the correct
gauge group in practice. As in the SM, the global structure
of the G2HDM is influenced by the choice of the discrete
group I" used for quotienting. We determine the spectra of
Wilson, ’t Hooft, and dyonic line operators for several
examples within the quotient patterns and their associated
I's. With the inclusion of an additional hidden sector
U(1)y x SU(2),—a dark replica of the SM electroweak
gauge group—and a minimal matter content, the resulting
spectra are significantly richer than those in the SM, as
demonstrated in Sec. IV.

The Witten effect was also incorporated by including the
five CP-violating 0 terms for the G2ZHDM gauge group.
Similar to the SM, the Witten effect transforms all ’t Hooft
lines into dyonic lines. Combined with nonperturbative and
topological effects, we examined the impact of these terms
on the periodicity of the @ angles and their specific values
for CP-invariant theories in detail for the two quotient cases
in Egs. (32) and (36). The rich features of the periodicity
and CP-invariant theories are summarized in Tables III
and IV.

As is well known, after electroweak symmetry breaking
in the SM, the 0,; term for SU(2), can be eliminated
through by a chiral transformation, owing to the anomalous
B + L global current. However, as noted in [11], a residual
Oep, term remains for QED, which is a linear combination of
6,, and Oy, given by 6., = (0y + 186,,)/36. The physical
implications of a nonzero QED 6., term at low energies
were highlighted by Hsu [44.,45]. Analogously, in minimal
G2HDM, we find that the 6,5 term for SU(2), can be
similarly rotated away via a corresponding transformation.
This leaves behind a residual O, = (Ox + 260,5)/4 term
for the unbroken dark QED sector. These angular relations
are consistent with considerations based on mixed anoma-
lies of the global baryon and lepton number currents.

After the symmetry breaking in different quotient gauge
groups, we found many minimal (dark) electric and (dark)
magnetic charges. For any gauge group with U(1), and
U(1)y, when I' contains a factor of Z3, Zg; , or Zgy [more
precisely, when there is a SU(3). center charge], the
minimal electric and magnetic charges do not satisfy the
electromagnetic DQC Q. G, € Z. The Dirac monopole is
inconsistent with the fractional charge of the quarks.
Therefore, the existence of colored magnetic charge is
required to provide additional contribution to the pure
electromagnetic DQC, which must be replaced by the
GDQC like Eq. (18), depending on the quotient center
[35]. However, for other cases of I', the minimal electric
and magnetic charges do satisfy it. The minimal dark
electric and magnetic charges do satisfy QpGp €Z for the
hidden U(1),, for any I'. On the other hand, when the gauge
group contains U(1), and U(1), where the hypercharge
and its dark counterpart are mixed, for I" contains either
Zy; X Zoy, Zer X Loy, or Zey X Zy;, the possible values of
charge h and g are more diverse and flexible. As a result,
when searching for the minimal charges, inconsistencies
with both the electromagnetic DQC and its dark version
may also arise. Tables V-VII summarize the minimal
charges and their Wilson and ’t Hooft lines we found
for the quotient groups Eqs. (40)—(42), respectively.

While we have explored the global properties and
distinctions of all potential theories in the minimal
G2HDM in detail, these discussions remain theoretical
and do not imply the experimental observability of these
differences, for instance, at the LHC.

Nevertheless, some general observations in parallel to
those in the SM [11] can be made.
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TABLE VIII. T required for neutral quarks (electrically neutral colored Wilson lines) in the various quotient gauge groups in case (A).

Oem =0,0p #0 Op=0,0n#0 Oem=0,0p=0

Quark r

Quark

r Quark r

1x1,Z, x1,

U()yxSUQ), xSUB)e o, UD)yxSUR)y
Ty T 1xZy,

U()yxSU(2)3xSUB)¢ X U(1)xxSU(2),,

w(12,3),,,

Zy X Zoy

W(1,2,3)4 1x1,1x2Zy

U(1)yxSU(2)

r,

T

U(1)yxSU(2), xSU(3)¢

T,

U(1)yxSU(2), x U(1)xxSU(2);xSU(3)¢

W(l,n,3),, All except
Zry x1,

Zoy X 2y,

All

H
x T,

W(l,n,3),,

r,

T

U(1)yxSU(2), xSU(3)¢ x U(1),xSU(2)
T

P

U(1)yxSU(2)yxSU(3)c x U(1),xSU(2),

» Ly

U(1)yxSU(2)y, x U(1),xSU(2), xSU(3)¢

T,

T

U()yxSU(2), X U(1)4x8U(2) 4 xSU3)¢

T,

Ly

W(n,1,3),,

W(n,1,3),,

W(2.1.3)o

W(2.1.3),,

1x1,Z, x1,
1xZy,
Zy X Zoy

All W(1,1,3),,

All except
1xZ,y,
Zoy X2y,

W(1,1,3), 1x1,1xZy,
Zry x 1,

Zoy X2y

1x1,Zy x1 W(1,1,3), 1x1,1xZy,
Zry x 1,

Zoy X2y

1x1,Z,; x1,
1xZy,
Zy, X Zry

W(1,1.3),, 1x1,Zy x1,
1xZy,

Zy X Loy

W(1,1.3),,  1x1,Zy x1,
1xZy,

Zy X Loy

W(1.1.3),,  1x1,Zy x1,
1xZy,

Zy X Loy

W(1,1.3),,  1x1.Zy x1,
1xZy,

Zy X Loy

W(1,1.3),,  1x1.Zy x1,
1xZy,

Zy X Loy

(@)

(i)

(iii)

If SM neutral quarké' W(1,2,3), [or more generally

W(1,2,3),, with h # 0] exists in Nature and is

part of the representation of quotient group

G = VWyxSUQ@),xSUB)e o U)xxSU()
- T T

2 then I" must

be 1x1, Zy, x1, 1x Zyy, or Zs, X Zoy. Other
representations of neutral quarks are allowed in this
quotient group. For instance, neutral quark
W(1,1,3)y, with Qg = Qp = 0 also require I to
be in the above four choices only. On the other hand,
the I" required for the neutral quark W(n, 1,3),, ; with
Ocm # 0, Op = 0 can be of any choice.

In the case of the quotient group G =
U(I)YXSUI@HXSU@)C % U(I)X§SU(2)L’ the SM neutral
quark W(pl, 2,3), is allowed provided that I" is 1 x
1or 1 x Z;. The neutral quark W(n, 1,3),, , requires
I" to be any of its options except 1 X Zy;,Z,y X Zy;,
while the neutral quark W(1, 1, 3),, , requires I" to take
1x 1, 1x ZZL’ Z2H X 1, or ZZH X ZZL'

In the case of the quotient group
G— U(1)VxSU(r2)Lst(3)C % U(I)V;SU(2)H’ there is only
P m

one type of neutral quark, namely W (1,1, 3),, and

®This is actually the electrically neutral colored Wilson line.
We follow the nomenclature used in Ref. [11].

(iv)

)

it requires that I' can be 1x1,Z,; x 1,1 xZ,y,
or Z,; X Zyy.

For the above three and other 17 quotient gauge
groups corresponding to the three cases (A), (B),
and (C) discussed in Sec. II, the possible I" for
all neutral quarks is tabulated in Tables VIII-X,
respectively.

For comparison, suppose a magnetic monopole is
discovered that satisfies the minimal electromagnetic
DQC for charged leptons (i.e., colorless dyonic line
operators) but not for quarks. In this case, I" must
contain either the factor Zg; or Zgy, depending on
whether the monopole charge resides in the SM or the
dark sector. This follows from the fact that nontrivial
magnetic monopoles satisfying the minimal electro-
magnetic DQC for charged leptons require I' = Z,;
or I' = Z,y. Furthermore, to ensure color neutrality,
the condition z§ = 0 must hold in the GDQC. As a
result, I' must necessarily include Z¢; or Zg.

Finally, we direct interested readers to a similar analysis of
line operators in [46] within the context of the left-right
symmetric model [47,48]. Moreover, extending these inves-
tigations to the Pati-Salam model [49], which is based on the
semisimple gauge group SU(2), x SU(2)g x SU(4)c,isan
intriguing direction for future research. We leave this
exploration for future work.
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TABLE IX. T required for neutral quarks (electrically neutral colored Wilson lines) in the various quotient gauge groups in case (B).

Om=0,0p #0 Op=0,0en #0 Om=0,0p=0
Quark r Quark r Quark r
U(l)y;SU@)( « U(l)xlfSU(Z)H % SUF(Z), W(1,2,3), 1x1x1,1x1xZy, Wn13),, Allexcept W(1,1,3))0 1x1x1,1x1x2Zy,
r ' 1xZyy x1, 1x1xZy, 1xZy x1,
1% Zoy X2y 1% Zyy xZy 1 X Zyy X2y
U(l)y;SU@)( « U(I)X?SU(Z),_ « SUF(2>H W(1,2,3), 1x1x1, W(n,1,3),,  All except W(1,1,3),, 1x1x1,
r ' 1xZ, x1 1xZy x1, 1xZy x1,
1xZy XZoy 1x1xZyy,
1xZy xZoy
UM)yxSUQ)y  UWxxSUB)e o SUR)  W(1,n,3), All except W(2,1,3)p, 1x1x1, W(1,1,3),, 1x1x1,
Tr o t Zoy x1x1, Zoy x1x1 1x1xZy,
Zoy x1x 2y, Zoy x1x1,
Zoy X1 X Zy,
U)yxSUQ), o UyxSUB)e o SUQy  W(1,1,3),, All except W(2,1,3),, 1x1xl1, W(1,1,3),, 1x1x1,
’ K " 1x1xZy, Zy, x1x1, Zy, x1x1,
Zy x1xZyy 1x1xZyy, 1x1xZyy,
Zy x1xZyy Zy x1xZy
UM)yxSUB)e o U4 xSUQ)y o SUR), W(1,1,3),, 1x1,Z,; x1,
T, T, T, 1xZyy,
Zy, xZoy
UM)yxSUB)e y U1, xSUQ), o, SUQ), W(1,1,3), 1x1,Z,; x1,
T, T, T, 1% Zyy,
Zy, xZoy
UW)yxSUQ)y o UML), xSUB)c o, SUR), W(1,1,3), 1x1,Z,; x1,
T, T T, 1xZyy,
Zy, xZoy
U)yxSUQ), o UM);xSUB)c y, SUQ), W(1,1,3), 1x1,Z,; x1,
T, T, T, 1% Zyy,
Zy, xZoy

TABLE X. T required for neutral quarks (electrically neutral colored Wilson lines) in the various quotient gauge groups in case (C).

Oem=0,0p #0 Op=0,0em #0 Oem=0,0p=0
Quark r Quark r Quark r
U(1)yxSUQR), o UDxSUQ@) o SUGe  W(1,2,3),, 1x1x1, w(2.1.3),, 1x1x1, W(1,1,3),, 1x1x1,
T F " Zy, x1x1, Zy x1x1, Zy x1x1,
1xZyx1, 1xZyx1, 1xZy x1,
Zy, xZoy x1 Zy, xZoy x1 Zy xZyy x1
Uy SUQYy o VSUE) o SUBe  W(L,2,3)g, 1x1x1, W(2.1.3),, 1x1x1, W(1.1.3),, 1x1x1,
r " 1xZy x1 Zyy x1x1 1xZ, x1,
Zry x1x1,
Zoy xZy x1
Uy xSUQR), , U(),xSUQR), o SUG): W(1.1,3)y,  1x1,Zy x1,
r, T L, 1x Z2H7
Zy, X Zoy
Uy xSUQR)y o UM, xSUQ), | SUG): W(.1.3),, 1x1.Zy x1,
r, T L 1x Z2H7
Zy, X Zoy
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APPENDIX: WITTEN EFFECT FOR THE ABELIAN LINES
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FIG. 27. Witten effect for the Abelian lines in %ZSU@) where FIG. 28. Witten effect for the Abelian lines in U(l);fu(z) where
0=10,87)—(1/3). (@) 25 =0,z =0,0=0,4z. (b) z5=0, 6=1[0,87)—(2/3). (@ z5=0,28 =1,6=0. (b) z5=0,
B =0,0=2761 (c) 25=120=00=04r dz5=1, Z=1,0=2x () 2=02z20=1,0= 4z () z5=0,

% =0,0 =2z,61. 2 =1.0 = 6.
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