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We extend our earlier work on the linearized perturbations of static black holes in Einstein-Maxwell-
dilaton (EMD) theories to the case where the black holes are solutions in an enlarged theory including also
an axion. We study the perturbations in a three-parameter family of such (Einstein-Maxwell-dilaton-axion)
EMDA theories. The systems of equations describing the linearized perturbations can always be separated,
but they can only be decoupled when the three parameters are restricted to a one-parameter family of
EMDA theories, characterized by a parameter b that determines the coupling of the axion to the
ϵμνρσFμνFρσ term. In the specific case when b ¼ 1, the theory is related to an N ¼ 2 supergravity. In this
one case we find that the perturbations in the axial and the polar sectors are related by a remarkable
transformation, which generalizes one found by Chandrasekhar for the perturbations of Reissner-
Nordström in Einstein-Maxwell theory. This transformation is of a form found in supersymmetric
quantum mechanical models. The existence of such mappings between the axial and polar perturbations
appears to correlate with those cases where there is an underlying supergravity supporting the solution,
even though the black hole backgrounds are nonextremal and therefore not supersymmetric. We prove the
mode stability of the static black hole solutions in the supersymmetric EMDA theory. For other values of
the parameter b in the EMDA theories that allow decoupling of the modes, we find that one of the radial
potentials can be negative outside the horizon if b is sufficiently large, raising the possibility of there being
perturbative mode instabilities in such a case.

DOI: 10.1103/1b6k-f38p

I. INTRODUCTION

The study of linearized perturbations of black hole
solutions in Einstein and Einstein-Maxwell theories has
a long history, dating back to the investigations of the
perturbations of the Schwarzschild solution of Einstein
gravity or Einstein-Maxwell theory by Regge and Wheeler
in the 1950s [1,2]. Subsequent work in the 1970s and 1980s
extended these results by considering black holes carrying
electric charge and/or angular momentum. An important
application of these early perturbative analyses was that
they allowed one to initiate an investigation of stability.
Stability analysis itself requires a multilevel approach, the

first step of which is always the addressing of the question
of mode stability. This is a question that can sometimes (but
only sometimes) be easily settled by an energy integral
analysis, such as that provided in [3] for Schwarzschild,
in [4] for Kerr, and by us in [5] for static Einstein-Maxwell-
dilaton (EMD) black holes. We will find that an energy
integral analysis suffices to establish stability for some, but
not all, of the perturbations we discuss.
Our own work closely parallels that of Chandrasekhar

and Xanthopoulos, in their study of the linearized pertur-
bations of Reissner-Nordström black holes in Einstein-
Maxwell theory [6–10]. This involved making gauge
choices so as to isolate the perturbative degrees of freedom
of the metric and Maxwell fields into quantities obeying
a tractable system of coupled differential equations that
could eventually be separated and diagonalized. One of the
striking features that was found in this analysis of Reissner-
Nordström was that the axial modes and the polar modes,
which decouple from each other at the outset of the
analysis, obey ostensibly very different systems of sec-
ond-order differential equations which, nonetheless, turn
out to be closely related to one another. In particular, the
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spectra of modes in the axial and polar sectors are related
by a one-to-one mapping, of the kind encountered in
supersymmetric quantum mechanical models.
A rather different approach to the study of linearized

black-hole perturbations was developed by Teukolsky, who
worked in the Newman-Penrose tetrad formulation of the
Einstein or Einstein-Maxwell equations, with the pertur-
bative degrees of freedom being described by gauge-
invariant quantities involving the Weyl curvature and
Maxwell field strength. In the case of the perturbations of
the Reissner-Norström black hole, Teukolsky’s approach
provides a unified description of the axial and polar
perturbations of the Chandrasekhar and Xanthopoulos
analysis in terms of complex fields obeying a single
master equation.
The Teukolsky approach can also be applied to the case

of rotating black holes, proving again a complete separation
and decoupling of the second-order perturbation equations.
However, no analogous complete diagonalization of the
equations has been achieved in the case that both charge
and rotation are turned on.
In our previous work on the perturbations of static black

holes in the EMD theories, we were able to carry out a
complete separation and diagonalization of the system of
equations, both in the axial and polar sectors [5]. It was
evident, however, that the close relation between the modes
of the axial and polar sectors that was previously seen in
the perturbations of the Reissner-Nordström solution in
Einstein-Maxwell theory could no longer occur in the EMD
case. Principally, in the EMD case the axial perturbations
are governed by two decoupled second-order equations,
while the polar perturbations are governed by three
decoupled second-order equations, and there can no longer
exist a one-to-one mapping between the modes in the two
sectors. A natural expectation might therefore be that a
Teukolsky type of analysis of the perturbations could be
problematical.
In the present paper we extend beyond the EMD system,

by including now in addition an axionic scalar field in the
theory. Specifically, the class of Einstein-Maxwell-dilaton-
axion (EMDA) theories that we shall consider is described
by the Lagrangian,

L¼ ffiffiffiffiffiffi
−g

p �
R−

1

2
ð∂ϕÞ2 − eaϕF2 −

1

2
ecϕð∂χÞ2 þ bχF̃μνFμν

�
;

ð1:1Þ

where F̃μν ≡ 1
2
ϵμνρσFρσ is the Hodge dual of the Maxwell

tensor Fμν. The constants a, b and c can a priori be taken to
be arbitrary.
The background static solutions that we shall consider in

these EMDA theories will be exactly the same charged
static Gibbons-Maeda black holes [11] that served as the
background solutions in the EMD theories [5]. In particu-
lar, the axion field vanishes in the background solution.

However, the axion does enter at the level of the linearized
perturbations around the background solution, and in fact it
gives rise to a third degree of freedom obeying a second-
order differential equation in the axial sector. This means
that there will now be three perturbative modes in each of
the axial and polar sectors, raising the possibility that a
matching of the axial and the polar modes might now occur.
Indeed, as we shall show, for appropriate choices of the
coupling constants a, b, and c, we do find that the axial
and polar modes are related in an extension of the relations
seen for the perturbations of Reissner-Nordström in
Einstein-Maxwell theory.
In the EMD truncation of the EMDA system (in which

the axion field χ is set to zero), the Lagrangian (1.1) is
invariant under a global symmetry,

ϕ ⟶ ϕþ λ; Aμ ⟶ e−
1
2
aλAμ: ð1:2Þ

The kinetic term for the axion in the EMDA theory will
share this symmetry too if the axion is scaled also,
according to

χ ⟶ e−
1
2
cλχ: ð1:3Þ

However, the Chern-Simons term bχF̃μνFμν will break the
global symmetry unless the constants a and c are chosen
such that

c ¼ −2a: ð1:4Þ

For any choice of the parameters there is, of course, another
global symmetry under which the axion is shifted by an
additive constant.
In what follows we shall not, for now, impose the

relation (1.4) but, as will emerge later, the diagonalization
of the axial perturbation equations seems only to be
possible if Eq. (1.4) holds, together with the additional
restriction that a ¼ 1.
In Sec. II we set up the perturbative analysis, giving the

background solution and then obtaining the equations
describing linearized perturbations around the background.
We focus exclusively on the axial sector in this section,
because in the polar sector the linearized analysis is
identical to that in the EMD theories that we studied
extensively in [5]. As in our previous paper, we consider the
full system of scalar, electromagnetic and gravitational
perturbations. All the decoupled equations we eventually
obtain contain contributions from the metric perturbations,
and hence are only applicable when the angular mode
number l, which arises in the separation of variables, is
greater than or equal to 2.
In Sec. III we separate variables in the axial sector,

obtaining three coupled second-order radial equations. For
general values of the parameters a, b, and c in the EMDA
Lagrangian it does not appear to be possible to diagonalize
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the three second-order radial equations. In Sec. IV we
follow a slightly different approach in which the linearized
axial perturbations are described in terms of a system of six
coupled first-order radial equations, and then in Sec. V
we show how the system can be diagonalized in the case
where the parameters a and c in the EMDA Lagrangian
are specialized to the values a ¼ 1, c ¼ −2. The axial
perturbations can then be described in terms of three
decoupled second-order radial equations of the form
ð∂2r� þ ω2 − V−

ðpÞÞZ−
ðpÞ ¼ 0, where p is a constant that

can be any of the three roots of a certain cubic equation.
In Sec. VI we show that if the remaining parameter b in

the specialized EMDA Lagrangian is taken to be b ¼ �1,
then the three potentials V−

ðpÞðrÞ in the axial sector can be

related, one-to-one, with the three potentials Vþ
ðpÞðrÞ that

we found previously in the polar sector in [5]. (In particular,
in the b2 ¼ 1 case the constant p in the axial sector then
satisfies exactly the same cubic equation as the one arising
in the polar sector.) The relation that we find between
Vþ
ðpÞðrÞ and V−

ðpÞðrÞ for each of the three p values is of the

same kind that was previously found by Chandrasekhar in
the simpler cases of Schwarzschild or Reissner-Nordström
black holes in Einstein or Einstein-Maxwell gravity,
in which a pair of axial and polar potentials V� can be
written in terms of a superpotential W ¼ f þ β, with
V� ¼ �∂r�f þ f2 þ 2βf ¼ �∂r�W þW2 − β2, where β
is a constant. The solutions for the radial modes in the
axial and polar sectors can then also be mapped into one
another. Such systems are known in the literature as
“supersymmetric quantum mechanical” models (see, for
example, [12–15]).
We also show explicitly in Sec. VI that the axial

potentials V−
ðpÞðrÞ are all non-negative outside the outer

horizon in the b2 ¼ 1 case. An analogous result in the polar
sector was obtained previously in [5]. These results are
sufficient to establish mode stability for the charged static
Gibbons-Maeda black holes, viewed now as solutions in
the a ¼ 1, c ¼ −2, b2 ¼ 1 EMDA theory.
A striking feature of supersymmetric quantum mechani-

cal relations between the axial and polar potentials in the
Schwarzschild and Reissner-Nordström cases studied by
Chandrasekhar is that the theories in which the black hole
backgrounds are embedded can themselves be extended to
supergravities. That is to say, the theory of Einstein gravity
in which the Schwarzschild perturbations were studied can
be supersymmetrized by adding a fermionic sector, giving
N ¼ 1 supergravity. Likewise, the Einstein-Maxwell
theory in which the Reissner-Nordström perturbations were
analyzed can be supersymmetrized to N ¼ 2 supergravity.
It is tempting to think that there may be a deeper underlying
relation between the “supersymmetry” of the supersym-
metric quantum mechanical models that arise in these
perturbation analyses and the fact that the underlying
theories in which the black holes reside are supergravities.

Our new results in this paper may provide further insight
into this question. The supersymmetric quantum mechani-
cal relation between the axial and polar modes that we find
here works onlywhen the parameter b in the a ¼ 1, c ¼ −2
family of EMDA Lagrangians takes the value b ¼ 1 or
b ¼ −1. Remarkably, it is precisely in these cases that the
EMDA theory is related to a supergravity theory. In this
case the a ¼ 1, c ¼ −2, b ¼ �1 Lagrangian is not itself the
bosonic sector of a supergravity theory, but we can easily
augment the Lagrangian by adding an additional Maxwell
field Hμν, to give the Lagrangian (6.25), and this theory is
then the bosonic sector of a supergravity (in fact, a
consistent supersymmetric truncation of STU supergravity,
which is N ¼ 2 supergravity coupled to three vector
multiplets [19]). If we wish to extend the notion of linking
the supersymmetric quantum mechanical relation between
axial and polar modes to a possible underlying explanation
rooted in a supergravity, then in our current case we should
also include the perturbations of the Hμν field in the
analysis. As can be seen from the Lagrangian (6.25), the
charged static Gibbons-Maeda black holes will still be
solutions in this extended theory (with Hμν ¼ 0 in the
background), and the analysis of the perturbations of Hμν

will be rather simple, because they will be totally
decoupled from all the other perturbations. We carry
out this analysis also in Sec. VI, and show that indeed the
axial and polar perturbations in the Hμν sector have
potentials that are again related via a supersymmetric
quantum mechanical model; in this case, a very simple
one. Thus the notion of a linkage between the occurrence
of the supersymmetric quantum mechanical relations
on the one hand, and the fact that the underlying theories
where this arises are supergravities, is somewhat
strengthened by our results.
In Sec. VII we consider the perturbations in the more

general one-parameter family of EMDA theories where
a ¼ 1 and c ¼ −2 but with b now arbitrary. The polar
sector was already fully analyzed in [5] (now specialized to
a ¼ 1), and in particular the polar potentials were seen to
be always non-negative outside the horizon. The situation
with the axial potentials obtained in this paper turns out
to be more interesting. We find that of the three axial
potentials V−

ðpÞðrÞ, where p is any of the three roots of the
cubic equation (5.16), only the case when p is positive (it is
always the case that just one root is positive) has the
possibility of having the potential be negative outside the
outer horizon. We find the conditions under which this can
in fact occur, and establish lower bounds on the value of b2,
beyond which there can be a region outside the horizon for
which the potential is negative. The lowest positive value
for which this can occur is for the minimum angular mode

number l ¼ 2, and the bound is b >
ffiffiffiffiffiffi
365
112

q
¼ 1.80525….

Thus, if the coupling of the axion to the topological term
ϵμνρσFμνFρσ is too large, then the possibility of mode
instabilities can arise.
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The paper concludes with a summary and further
discussion in Sec. VIII. Included in this discussion is an
elaboration of the relations between the axial and polar
sectors in the a ¼ 1, c ¼ −2, b2 ¼ 1 theories and the
general notation of supersymmetric quantum mechanical
models. There are also two Appendixes. In Appendix A, we
give a more detailed discussion of the system of three
coupled second-order radial equations in the a ¼ 1, c ¼ −2
theories, and their relation to the diagonalized equations we
obtained in Sec. V. In Appendix B we exhibit some plots of
the various axial and polar potentials for different values
of b, showing in particular how one of the axial potentials
can become negative outside the outer horizon when b is
sufficiently large.

II. LINEARIZED PERTURBATIONS

A. The background solutions

The equations of motion following from the Lagrangian
(1.1) are

Rμν ¼
1

2
∂μϕ∂νϕþ 1

2
ecϕ∂μχ∂νχ

þ 2eaϕ
�
FμρFν

ρ −
1

4
FρσFρσgμν

�
;

∇νðeaϕFμν − bχF̃μνÞ ¼ 0;

□ϕ¼ aeaϕF2þ 1

2
cecϕð∂χÞ2;

∇μðecϕ∇μχÞþ bF̃μνFμν ¼ 0: ð2:1Þ

The static electrically-charged black hole solutions of the
EMD theory were constructed by Gibbons and Maeda [11].
In the notation we shall be using here, which is the same
as in [5], as solutions of the EMDA theory (1.1) they are
given by

ds2 ¼ −Δdt2 þ dr2

Δ
þ R2ðdθ2 þ sin2θdφ2Þ;

e−aϕ ¼ f
2a2

1þa2− ; χ ¼ 0; A ¼ Q
r
dt;

Δ ¼ fþf
1−a2

1þa2− ; R ¼ rf
a2

1þa2− ; f� ¼ 1 −
r�
r
: ð2:2Þ

(Note that we are now including the axion χ, which
vanishes in these background solutions.) The electric
charge Q is related to the radii r� of the outer and inner
horizons by

Q2 ¼ rþr−
1þ a2

: ð2:3Þ

Note that in the limit when the dilaton coupling a goes
to zero, the metric and Maxwell field reduce to those

of the Reissner-Nordström solution, and the dilaton field
vanishes.

B. Parametrization of the perturbations

Since the background is static and spherically symmet-
ric, the perturbations of the metric can, without loss of
generality, be taken to have the form,

ds2 ¼ −e2νdt2 þ e2μ1dr2 þ e2μ2dθ2 þ e2ψðdφ − BαdxαÞ2;
ð2:4Þ

where we index the coordinates ðt; r; θ;φÞ as (0,1,2,3), the
index α ranges over α ¼ ð0; 1; 2Þ, and all quantities are
taken to depend on t, r and θ, but to be independent of the
azimuthal angle φ. Note that the metric has the form of a
Kaluza-Klein reduction from 4 to 3 dimensions, where the
reduction is performed on the azimuthal coordinate φ.
We shall choose the natural tetrad frame ea ¼ eaμdxμ

with

e0 ¼ eνdt; e1 ¼ eμ1dr; e2 ¼ eμ2dθ;

e3 ¼ eψðdφ − BαdxαÞ; ð2:5Þ

in order to describe the metric (2.4). Note that we are using
the index a to run over the tetrad-frame values ð0; 1; 2; 3Þ
and the index μ to run over the coordinate-frame values
(0,1,2,3). The inverse tetrad Ea

μ is given by

E0
μ
∂μ ¼ e−ν

�
∂

∂t
þB0

∂

∂φ

�
; E1

μ
∂μ ¼ e−μ1

�
∂

∂r
þB1

∂

∂φ

�
;

E2
μ
∂μ ¼ e−μ2

�
∂

∂θ
þB2

∂

∂φ

�
; E3

μ
∂μ ¼ e−ψ

∂

∂φ
: ð2:6Þ

The complete set of fields parametrizing configurations
of the perturbed system comprise the metric fluctuations
ðδν; δμ1; δμ2; δψ ; δBαÞ, the Maxwell field fluctuations
δFab, and the dilaton and axion fluctuations δϕ and δχ.
As has been mentioned, these can be divided into the two
disjoint sets,

Axial∶ ðδB0; δB1; δB2; δF0 3; δF1 3; δF2 3; δχÞ; ð2:7Þ

Polar∶ ðδν; δμ1; δμ2; δψ ; δF0 1; δF0 2; δF1 2; δϕÞ; ð2:8Þ

with the axial fluctuations changing sign under a reversal of
the azimuthal angle φ, while the polar fluctuations remain
invariant. Because the background solution is azimuthally
invariant, the equations governing the linearized axial
fluctuations will then necessarily be decoupled from those
governing the polar fluctuations.
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Note that since the axion does not enter into the
linearized polar equations, and because the axion vanishes
in the background solutions, the analysis of the polar sector
will be completely unchanged from that given in our
previous paper [5], and so we can just refer to that paper
for all the polar results that we shall need.
We now expand all the fields around the values that they

take in the Gibbons-Maeda black hole background, writing

ν ¼ ν̄þ ϵδν; μ1 ¼ μ̄1 þ ϵδμ1;

μ2 ¼ μ̄2 þ ϵδμ2; ψ ¼ ψ̄ þ ϵδψ ;

Bα ¼ ϵδBα; ϕ ¼ ϕ̄þ ϵδϕ; χ ¼ ϵδχ; ð2:9Þ

together with the field strength

Fab ¼ F̄a b þ ϵδFab: ð2:10Þ

By comparing these expressions, together with Eq. (2.4)
with the black hole solution in Eq. (2.2), it follows that
the expressions for the background fields (denoted by the
overbars) are

ν̄ ¼ 1

2
logΔ; μ̄1 ¼ −ν̄;

μ̄2 ¼ logR; ψ̄ ¼ logRþ log sin θ;

B̄α ¼ 0; aϕ̄ ¼ 2 log r − 2 logR; F̄0 1 ¼
Q
r2
; ð2:11Þ

whereΔ and R are given in Eq. (2.2), and all components of
the background field strength F̄a b other than F̄0 1 ¼ −F̄1 0

vanish.

C. The axial perturbation equations

In the tetrad basis that we are employing, the equations
of motion (2.1) take the form

ðEinÞa b ≡ Rab −
1

2
Rηab −

1

2
ϕaϕb þ

1

4
ϕcϕcηab

−
1

2
ecϕχaχb þ

1

4
ecϕχcχcηa b

− 2eaϕ
�
FacFb

c −
1

4
ηa bFcdFcd

�
¼ 0; ð2:12Þ

ðMaxÞa≡eaμ∂νð
ffiffiffi
g

p
EbμEcνðeaϕFbc−bχF̃bcÞÞ¼0; ð2:13Þ

Eϕ ≡□ϕ − aeaϕFabFab −
1

2
cecϕχaχa ¼ 0; ð2:14Þ

Eχ ≡ ∂μð
ffiffiffi
g

p
ecϕEaμχaÞ þ b

ffiffiffi
g

p
F̃a bFab ¼ 0; ð2:15Þ

where ϕa ¼ Eμ
a∂μϕ, etc., and □ϕ ¼ 1ffiffi

g
p ∂μð ffiffiffi

g
p

EaμϕaÞ in

terms of tetrad quantities. The Bianchi identities for the
Maxwell field are given by

ðBianchiÞa ≡ eaμεμνρσ∂νðebρecσFbcÞ ¼ 0: ð2:16Þ

The linearized axial equations of motion, involving the
fields listed in Eq. (2.7), come from the components
ðEinÞ1 3 and ðEinÞ2 3 of the Einstein equations (2.12), the

component ðMaxÞ3 of the Maxwell equations (2.13), the
axion equation Eχ (2.15), and the components ðBianchiÞ1
and ðBianchiÞ2 of the Bianchi identities (2.16). Since the
only nonvanishing component of the background Maxwell
field F̄a b is given by F̄0 1 ¼ Q

r2, it follows that the equations
for the linearized axial perturbations are as follows:
From the Einstein equations (2.12) we have

ðEinÞ1 3∶ eν̄−μ̄2
1

sin2θ
∂θðsin3θ δG12Þ þ e−ν̄þμ̄2 sin θ ∂tδG01

−
4Q
r2

eaϕ̄δF0 3 ¼ 0;

ðEinÞ2 3∶ e−2μ̄2∂rðe2ν̄þ2μ̄2δG12Þ − e−2ν̄∂tδG02 ¼ 0: ð2:17Þ

[Note that G ¼ dB is the field strength of the Kaluza-Klein
1-form B appearing in the metric (2.4), with coordinate
components Gαβ, with α and β ranging over 0, 1 and 2.
Following our conventions the nonunderlined numerical
indices on G in Eq. (2.17) indicate coordinate index values.]
The Maxwell equation (2.13) gives,

ðMaxÞ3∶ e−ν̄−μ̄2∂tδF0 3 − e−2μ̄2−aϕ̄∂rðeν̄þμ̄2þaϕ̄δF1 3Þ

− e−2μ̄2∂θ

�
δF2 3 þ e−aϕ̄

bQ
r2

δχ

�

þQ sin θ
r2

δG01 ¼ 0: ð2:18Þ

The axion equation (2.15) gives

Eχ∶ − e−2ν̄þcϕ̄
∂
2
t δχ þ e−2μ̄2∂rðe2ν̄þ2μ̄2þcϕ̄

∂rδχÞ

þ e−2μ̄2þcϕ̄ 1

sin θ
∂θðsin θ ∂θ δχÞ −

4bQ
r2

δF2 3 ¼ 0:

ð2:19Þ

Finally, the Bianchi identities (2.16) give

ðBianchiÞ1∶ ∂tδF2 3 ¼ eν̄−μ̄2
1

sin θ
∂θðsin θ δF0 3Þ;

ðBianchiÞ2∶ ∂tδF1 3 ¼ eν̄−μ̄2∂rðeν̄þμ̄2δF0 3Þ; ð2:20Þ

Note that aside from the axion equation (2.19), all the other
equations (absent their axion contributions) are exactly the
same as those obtained in Ref. [5], where some more details
of their derivation can be found.
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III. SECOND-ORDER EQUATIONS
FOR AXIAL PERTURBATIONS

One approach to extracting the complete system of
equations for the axial perturbations is to construct directly
a set of second-order differential equations. This follows
essentially the same procedure that was employed in [7] for
Reissner-Nordström, and that we employed in [5] for the
static charged black holes in the EMD theories; now, of
course, with the added complication of the axion field.
An essential step, when analyzing the system of axial

equations, is that we decompose all fluctuations into modes
with time dependence e−iωt, with ω assumed to be nonzero.
Thus time derivatives in the equations of motion become
multiplication by −iω, allowing certain fields to be solved
for algebraically. The general strategy is then, as set out
in [5], as follows:
Taking the time derivative of ðMaxÞ3 and then using

ðBianchiÞ1 and ðBianchiÞ2 allows δF1 3 and δF2 3 to be
eliminated. δG01 can then be eliminated using ðEinÞ1 3.
Another disentanglement of equations can be achieved by
taking the ∂θ derivative of ðEinÞ1 3, and the ∂r derivative of
ðEinÞ2 3, and using the Bianchi identity ∂rδG02 − ∂θδG01 ¼
δtδG12. The upshot is that the equations can now be
separated, yielding ODEs in r, by writing

δF0 3ðt; r; θÞ ¼
iωlðlþ 1Þe−ν̄

r sin θ
e−iωtB0 3ðrÞC−1

2

lþ1ðcos θÞ

¼ −iω e−ν̄

r
e−iωtB0 3ðrÞ∂θPlðcos θÞ; ð3:1Þ

δG12ðt;r;θÞ¼
2iωμlðlþ1Þe−2ν̄−μ̄2

3sin3θ
e−iωtG12ðrÞC−3

2

lþ2ðcosθÞ

¼−2iωe−2ν̄−μ̄2

μ
e−iωtG12ðrÞ∂θðcscθ∂θPlðcosθÞÞ;

ð3:2Þ

δχðt; r; θÞ ¼ −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p
e−μ̄2−

1
2
cϕ̄ e−iωtχðrÞPlðcos θÞ;

ð3:3Þ

where we have defined

μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ − 2

p
; ð3:4Þ

(recall that we are restricting the mode number l to l ≥ 2,
since we are considering the coupled perturbations that

include the gravitational modes). The quantities CðλÞ
n ðxÞ are

the Gegenbauer polynomials. [See Eq. (139) of Chapter 5
of [6] for some useful recurrence relations for the

Gegenbauer polynomials. Note that C
1
2

lðxÞ ¼ PlðxÞ, where
PlðxÞ are the Legendre polynomials.] Note that the Bianchi
identity ðBianchiÞ1 can be used to obtain the algebraic
relation,

B2 3 ¼ −lðlþ 1ÞB0 3: ð3:5Þ

Implementing the above procedures, we arrive at the
following three coupled ordinary differential equations for
the three radial functions B0 3ðrÞ, G12ðrÞ and χðrÞ,

ð∂2r� þ ω2ÞB0 3 þ T1B0 3 þ S1G12 þ P1χ ¼ 0;

ð∂2r� þ ω2ÞG12 þ T2G12 þ S1B0 3 ¼ 0;

ð∂2r� þ ω2Þχ þ T3χ þ P1B0 3 ¼ 0; ð3:6Þ

where

T1 ¼ −e4ν̄
�
aν̄0ϕ̄0 þ 1

4
a2ϕ̄02 þ 1

2
aϕ̄00

�
−

1

r2
e2ν̄þaϕ̄

�
4Q2

r2
þ lðlþ 1Þ

�
;

T2 ¼ −e4ν̄
�
aν̄0ϕ̄0 þ 1

4
a2ϕ̄02 þ 1

2
aϕ̄00 þ 2

r2
−
2

r
ν̄0 −

a
r
ϕ̄0
�
−

1

r2
e2ν̄þaϕ̄ðlðlþ 1Þ − 2Þ;

T3 ¼ −e4ν̄
�
−ða − cÞν̄0ϕ̄0 þ 1

4
ða − cÞ2ϕ̄02 − 1

2
ða − cÞϕ̄00 þ 2

r
ν̄0 −

ða − cÞ
r

ϕ̄0
�
−

1

r2
e2ν̄þaϕ̄lðlþ 1Þ;

S1 ¼ −
2μQ
r3

e2ν̄þaϕ̄;

P1 ¼ −
2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

Q
r3

e2ν̄−
c
2
ϕ̄: ð3:7Þ

Note that the derivatives ∂r� in Eq. (3.6) are with respect to the tortoise coordinate r� defined by

∂r� ¼ e2ν̄∂r: ð3:8Þ
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We have also made use of the background relations given in
Eq. (2.11) to write μ̄2 in terms of r and ϕ̄ using

eμ̄2 ¼ re−
1
2
aϕ̄: ð3:9Þ

For general values of the coupling constants a, b, and c
in the EMDA theory (1.1) it does not appear to be possible
to diagonalize the three second-order radial equations (3.6).
We have, however, succeeded in diagonalizing the equa-
tions in the special case when

a ¼ 1; c ¼ −2: ð3:10Þ

Notice that this is a particular instance of the c ¼ −2a class
of EMDA theories that we mentioned in the introduction,
for which the Lagrangian has the global R symmetry given
in Eqs. (1.2) and (1.3).

IV. FIRST-ORDER EQUATIONS FOR AXIAL
PERTURBATIONS

It will be useful at this stage to adopt an approach that
rather closely parallels the discussion of the polar sector
that we gave previously in [5], as this will be helpful later
on when we find circumstances under which the axial and
polar sectors can be related. This approach is based on
directly dealing with a system of coupled first-order radial
equations. We can obtain our system of separated first-
order equations by making the following substitutions in
the equations (2.17), (2.18), (2.19), and (2.20):

δG01 ¼ 2e−μ̄2e−iωtG01ðrÞ csc θ∂θPl;

δG02 ¼
2e−μ̄2

μ
e−iωtG02ðrÞ∂θðcsc θ∂θPlÞ;

δG12 ¼ −2iω
e−2ν̄−μ̄2

μ
e−iωtG12ðrÞ∂θðcsc θ∂θPlÞ;

δF0 3 ¼ −iω
e−ν̄

r
e−iωtB0 3ðrÞ∂θPl;

δF1 3 ¼
e−ν̄

r
e−iωtB1 3ðrÞ∂θPl;

δF2 3 ¼
e−μ̄2

r
e−iωtB2 3ðrÞPl;

δχ ¼ −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þ

p
e−μ̄2−

1
2
cϕ̄e−iωtχðrÞPl: ð4:1Þ

Note that the fields G12, B0 3, and χ are the ones that
remained in our previous construction of the second-order
equations (3.6), after making use of the various Bianchi
identities, Maxwell and Einstein equations. Now, by no
longer using the Bianchi, Maxwell and Einstein equations
to eliminate variables, we can recast the system as an
extended set of variables obeying first-order equations, as
detailed below.
Substituting Eq. (4.1) into the Bianchi, Maxwell,

Einstein, and axion equations, the angular dependence
can be seen to factor out upon using standard properties
of the Legendre polynomials, as does the time dependence,
and we are left with the purely radial equations

ðEinÞ1 3∶
2Q
r

B0 3 − e2μ̄2G01 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þðl − 1Þ

p
G12 ¼ 0; ð4:2Þ

ðEinÞ2 3∶ e−μ̄2∂rðeμ̄2G12Þ − e−2ν̄G02 ¼ 0; ð4:3Þ

ðBianchiÞ1∶ lðlþ 1ÞB0 3 þ B2 3 ¼ 0; ð4:4Þ

ðBianchiÞ2∶ re−μ̄2∂r

�
1

r
eμ̄2B0 3

�
− e−2ν̄B1 3 ¼ 0; ð4:5Þ

ðMaxÞ3∶ 1

r
eμ̄2∂rðre−μ̄2B1 3Þ þ ω2e−2ν̄B0 3 þ e−2μ̄2B2 3 −

2Q
r

G01 −
2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lðlþ 1Þp

Q
r3

e−
1
2
cϕ̄χ ¼ 0; ð4:6Þ

Eχ∶ χ00 þ 2ν̄0χ0 þ
�
ω2e−4ν̄ − μ̄02ðμ̄02 þ 2ν̄0Þ − cϕ̄0

�
μ̄02 þ ν̄0 þ 1

4
cϕ̄0
�
− μ̄002

−
1

2
cϕ̄00 − lðlþ 1Þe−2μ̄2−2ν̄

�
χ þ 2bQffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lðlþ 1Þp e−2ν̄−
1
2
cϕ̄

r3
B2 3 ¼ 0; ð4:7Þ

dG∶ eμ̄2∂rðe−μ̄2G02Þ þ ω2e−2ν̄G12 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 2Þðl − 1Þ

p
G01 ¼ 0: ð4:8Þ

(We have used the background relations in reducing the equations to this form.)
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We now introduce the auxiliary variable ξ ¼ χ0, and we
also make use of the purely algebraic equations (4.2) and
(4.4) to solve for G01 and B2 3, thus eliminating them from
the remaining system of differential equations. We are left
with six independent variables,

fG02;G12; B0 3; B1 3; χ; ξg; ð4:9Þ

which will satisfy first-order equations. As in the Reissner-
Nordström and EMD cases we define

n ¼ 1

2
lðlþ 1Þ − 1 ¼ 1

2
μ2: ð4:10Þ

Thus we arrive at the system of six first-order equations,

G0
02 ¼ μ̄02G02 þ ð2n e−2μ̄2 − ω2e−2ν̄ÞG12 þ

2
ffiffiffiffiffiffi
2n

p
Q

r
e−2μ̄2B0 3;

G0
12 ¼ e−2ν̄G02 − μ̄02G12;

B0
0 3 ¼

�
1

r
− μ̄02

�
B0 3 þ e−2ν̄B1 3;

B0
1 3 ¼

�
2ðnþ 1Þe−2μ̄2 − ω2e−2ν̄ þ 4Q2

r2
e−2μ̄2

�
B0 3 −

�
1

r
− μ̄02

�
B1 3 þ

2
ffiffiffiffiffiffi
2n

p
Q

r
e−2μ̄2G12 þ

2b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þp

Q
r3

e−
1
2
cϕ̄χ;

χ0 ¼ ξ;

ξ0 ¼
�
2ðnþ 1Þe−2μ̄2−2ν̄ þ μ̄02ðμ̄02 þ 2ν̄0Þ þ cϕ̄0

�
μ̄02 þ ν̄0 þ 1

4
cϕ̄0
�
þ μ̄2

00 þ 1

2
cϕ̄00 − ω2e−4ν̄

�
χ

þ 2b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þp

Q
r3

e−2ν̄−
1
2
cϕ̄B0 3 − 2ν̄0ξ: ð4:11Þ

V. DIAGONALIZATION OF THE AXIAL MODES

Having obtained the system of six coupled first-order
equations (4.11) describing the axial perturbations of the
static black holes in the EMDA theories (1.1), we now
proceed by using these to derive diagonalized second-order
equations of the form,

ð∂2r� þ ω2ÞZ− − V−Z− ¼ 0; ð5:1Þ

where, for each Z−, the function V−ðrÞwill be the potential.
The fact that the perturbations in the axial sector can be
completely described by three coupled second-order equa-
tions for B0 3, G12, and χ, as we saw in Sec. III, suggests that
we should try an ansatz of the form,

Z− ¼ f1G12 þ f2B0 3 þ f3χ; ð5:2Þ

where the functions fiðrÞ are to be determined.
Substituting (5.2) into (5.1) and making repeated use

of the six first-order equations (4.11) yields an equation of
the form,

e1G02 þ e2G12 þ e3B0 3 þ e4B1 3 þ e5χ þ e6ξ ¼ 0: ð5:3Þ

Since the six fields ðG02;G12; B0 3; B1 3; χ; ξÞ are treated as
being independent here, this means that the coefficients ej
must all vanish,

ej ¼ 0; 1 ≤ j ≤ 6: ð5:4Þ

Each of the coefficients ej will depend upon the functions
fi, the background metric functions, and derivatives
thereof. The coefficients e2, e3 and e5 will also depend
on the unknown potential function V−.
The coefficients e1, e4, and e6 are independent of V−,

and each consists of a single term that can immediately be
solved for f1, f2, and f3. In fact, we simply have

e1 ¼ 2fþf
1−a2

1þa2− f01 ¼ 0 ⇒ f1 ¼ c1;

e4 ¼ 2fþf
1−a2

1þa2− f02 ¼ 0 ⇒ f2 ¼ c2;

e6 ¼ 2ðfþf−Þ2f
−4a2

1þa2− f03 ¼ 0 ⇒ f3 ¼ c3; ð5:5Þ

for constants ci to be determined. Substituting these
constant expressions for the fi back into Eq. (5.3), the
remaining equations for j ¼ 2, 3 and 5 lead to the following
conclusions.

C. N. POPE, D. O. ROHRER, and B. F. WHITING PHYS. REV. D 112, 124064 (2025)

124064-8



First we solve e2 ¼ 0 for the potential V−, finding

V− ¼ 1

ð1þ a2Þ2c1r5
fþf

−4a2

1þa2− ½2ðnþ 1Þð1þ a2Þ2c1r3

− ð1þ a2Þ½½ð2nð1þ a2Þ þ ð5 − a2ÞÞr− þ 3ð1þ a2Þrþ�c1 − 2
ffiffiffiffiffiffi
2n

p
Qð1þ a2Þc2�r2

þ ½ð3r− þ 7ð1þ a2ÞrþÞr−c1 − 2
ffiffiffiffiffiffi
2n

p
Qð1þ a2Þ2c2r−�r − ð4þ a2Þc1r−2rþ�: ð5:6Þ

Up until this point, the calculations have proceeded rather analogously to those that we performed when analyzing the
polar perturbation sector in the EMD theory (and therefore also in the polar sector in our present EMDA case). However, we
now encounter obstacles to proceeding further, for generic values of the coupling constants a, b, and c in the theory.
Substituting the solutions for fi in Eq. (5.5) and the solution (5.6) for V− into the remaining equations e3 ¼ 0 and e5 ¼ 0,
gives the conditions,

�
3 − a2

1þ a2
r− þ 3rþ

�
c1c2 þ 2

ffiffiffiffiffiffi
2n

p
Qðc12 − c22Þ þ 2b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ

p
Qf

að2aþcÞ
1þa2− c1c3 ¼ 0; ð5:7Þ

ffiffiffiffiffiffi
2n

p
Qrðr − r−Þc2c3 − b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ

p
Qrðr − r−Þf

að2aþcÞ
1þa2− c1c2 − BðrÞc1c3 ¼ 0; ð5:8Þ

where BðrÞ is quadratic in r and independent of the constants ci,

BðrÞ ¼ 1

2ð1þ a2Þ2 ½4ð1þ a2Þ½ð1þ a2Þrþ þ ð1 − a2Þr−�r2

þ r−½ða2c2 − 4Þr− − ð1þ a2Þðacþ 10Þrþ�rþ ðacþ 2Þð3þ a2 − acÞr−2rþ�: ð5:9Þ

Because of the occurrence generically of terms with
incommensurate fractional powers of the metric function
f−, Eq. (5.7) requires that we must impose the condition
c ¼ −2a. This then implies that

BðrÞ ¼ ðr − r−Þ
1þ a2

½2½ð1þ a2Þrþ þ ð1 − a2Þr−�r
− 3ð1 − a2Þr−rþ�; ð5:10Þ

and therefore to be able to solve Eq. (5.8) for all r we must
have a ¼ 1 (since, without loss of generality, we may
assume a is non-negative). Thus we can only solve the full
system of equations ej ¼ 0 if the constants a and c in the
Lagrangian (1.1) are restricted to take the values

a ¼ 1; c ¼ −2: ð5:11Þ

Accordingly, we shall assume from now on that Eq. (5.11)
are imposed.
With these assumptions, the equations e3 ¼ 0 and e5¼0

now imply the algebraic conditions,

ðr− þ 3rþÞc1c2 þ 2
ffiffiffiffiffiffi
2n

p
Qðc21 − c22Þ

þ 2b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ

p
Qc1c3 ¼ 0; ð5:12Þ

ð
ffiffiffiffiffiffi
2n

p
c3 − b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þ

p
c1ÞQc2 − 2rþc1c3 ¼ 0: ð5:13Þ

Introducing a new dimensionless parameter p in place of c1
by defining

c1 ¼ −
pc2r−
4
ffiffiffiffiffiffi
2n

p
Q
; ð5:14Þ

Eq. (5.13) then implies

c3 ¼ −
b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ 1Þp

Qc2p
2ðpþ 2nÞrþ

; ð5:15Þ

and so Eq. (5.12) implies that p must satisfy the cubic
equation

Λ̃ðpÞ≡ p3r− þ p2½2nð1þ b2Þr− − 2ð1 − b2Þr− − 6rþ�
− 4npðr− þ 7rþÞ − 32n2rþ ¼ 0: ð5:16Þ

The final conclusion, then, is that we have three linearly
independent diagonalized axial eigenfunctions,

Z−
ðpÞ ¼ c1G12 þ c2B0 3 þ c3χ; ð5:17Þ

obeying the second-order wave equations,

ð∂2r� þ ω2ÞZ−
ðpÞ − V−

ðpÞZ
−
ðpÞ ¼ 0; ð5:18Þ
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where c1 and c3 are given in terms of c2 by Eqs. (5.14) and (5.15) and p is any of the three roots of Eq. (5.16). With
the requirement that rþ ≥ r− in Eq. (5.16), p is then restricted to lie in three specific, real ranges, as established below,
and in Sec. VII A. The corresponding potentials V−

ðpÞ are given by substituting Eqs. (5.14) and (5.15) into Eq. (5.6) with

a ¼ 1; that is,

V−
ðpÞ ¼

ðr − rþÞ½8ðnþ 1Þr3 − 4ð2ðnþ 1Þr− þ 3rþÞr2 þ ð3r− þ 14rþÞr−r − 5r−2rþ�
4ðr − r−Þ2r4

−
8nðr − rþÞrþ
pðr − r−Þr3

: ð5:19Þ

It is straightforward to see, as we shall now show, that for all valid values of the parameters, the three roots pi of the
cubic polynomial (5.16) are all real, and furthermore that two are negative and the third is positive. The discriminant of
cubic (5.16) is given by

Dp ¼ 64n2½16ðnþ 1Þ3r−3rþb6 þ ðnþ 1Þ2ðr−2 þ ð48n − 34Þr−rþ − 95rþ2Þr−2b4
þ 2ðnþ 1Þ½ðn − 1Þr−3 þ ð24n2 þ 2nþ 7Þr−2rþ þ ð157nþ 53Þr−rþ2 þ 69rþ3�r−b2
þ ½ðnþ 1Þr− − rþ�2½r−2 þ 2ð8nþ 3Þr−rþ þ 9rþ2��: ð5:20Þ

This can be written as

Dp ¼ 64n2½16ðnþ 1Þb2r−rþ½3rþ − ðnþ 1Þb2r−�2 þ rþ2½3rþ − ðnþ 1Þð3þ b2Þr−�2
þ 4ðnþ 1Þð77nþ 25Þb2r−2rþ2 þ r−½r− þ 2ð8nþ 3Þrþ�½rþ − ðnþ 1Þr−�2
þ 2ðnþ 1Þb2r−3½ðn − 1Þr− þ ð24n2 þ 2nþ 7Þrþ� þ ðnþ 1Þ2b4r−3½r− þ ð48n − 34Þrþ��; ð5:21Þ

which is a sum of manifestly positive terms for all b2, since
we are concerned only with modes with l ≥ 2 and there-
fore n ≥ 2. This establishes that the three roots pi are
all real.
From the cubic (5.16) it follows that the roots pi obey

p1p2p3 ¼
32n2rþ
r−

> 0 and

p1p2 þ p2p3 þ p1p3 ¼ −
4nðr− þ 7rþÞ

r−
< 0: ð5:22Þ

Ordering the roots as p1 ≤ p2 ≤ p3, the first equation
here implies that either pi > 0 for all i, or else p1 < 0 and
p2 < 0 with p3 > 0. The second equation in (5.22) implies
that we cannot have all pi > 0, and therefore it must be that

p1 ≤ p2 < 0; p3 > 0: ð5:23Þ

Having successfully separated and diagonalized the
equations describing the linearized axial fluctuations
around the static black hole solutions in the a¼1, c¼−2
class of EMDA theories, we are in a position to study the
question of mode stability. This would be established, by
the energy integral method we used previously [5], if the
potentials V−

ðpÞ could be shown to be non-negative every-

where outside the horizon at r ¼ rþ. Before addressing this
question for general values of the remaining parameter b in
the EMDA theories [see Eq. (1.1)], we shall first consider

the special case where b2 ¼ 1. This is of particular interest
because then, the theory is actually closely related to the
bosonic sector of an N ¼ 2 supergravity. As we shall now
see, not only are the axial potentials manifestly non-negative
outside the horizon in this case but also, we can establish a
remarkable one-to-one mapping between the potentials,
and also the modes, in the axial and the polar sectors.
This generalizes earlier results obtained by Chandrasekhar
for the axial and polar modes in the perturbations of
Schwarzschild [16] and Reissner-Nordström [10].

VI. THE SUPERGRAVITY CASE:
a= 1, c= − 2, b2 = 1

A. Relation between V − and V +

If we assume not only a ¼ 1 and c ¼ −2, as in
Eq. (5.11), but in addition

b2 ¼ 1; ð6:1Þ

then the cubic equation (5.16) for p becomes

Λ̃1ðpÞ≡ p3r− þ p2½4nr− − 6rþ�
− 4npðr− þ 7rþÞ − 32n2rþ ¼ 0: ð6:2Þ

This is identical, with p replaced by q, to the cubic equation
that we found in [5] characterizing the diagonalized modes
and potentials in the polar sector, after specializing that
result to a ¼ 1. [See Eq. (5.18) in [5].]
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This raises the possibility that we might be able to
establish a one-to-one mapping between the potentials, and
between the modes, of the axial sector and the polar sector
in the EMDA theory. This would be a striking extension of
the analogous relation between the axial and polar sectors
of the perturbations of the Reissner-Nordström black holes,
which was established in [10] and elaborated upon in [6].
The relation that was found in [10] between the

potentials in the axial and polar sectors for the Reissner-
Nordström perturbations took the form,

V� ¼ �∂r�f þ αf2 þ 2βf; ð6:3Þ

where f is related to a superpotentialW ¼ f þ β, and α and
β are certain constants. In our present case, we shall look
for precisely such a relation (6.3) also. Note that from
Eq. (6.3) it follows that:

Vþ − V− ¼ 2∂r�f: ð6:4Þ

The expression in [5] for Vþ in the EMD case is quite
complicated, even under the specialization a ¼ 1 that
we now require, and we shall not reproduce it here. [It
is given by the function g in Eq. (5.14) of [5], and
associated equations].
Rather than viewing the potentials V� as being depen-

dent on the black hole parameters r− and rþ, with p as
being the roots of the cubic equation (6.2), it is easier to
view r− and p as being the two adjustable parameters, with
rþ then being obtained by solving Eq. (6.2) to give

rþ ¼ p½p2 þ 4np − 4n�r−
2ð2nþ pÞð8nþ 3pÞ : ð6:5Þ

Using this, and inserting the expressions for V�
ðpÞ into

Eq. (6.4), we find that

fðpÞ ¼
r−ðr − rþÞ½ð4nþ 2pÞr − pr−�

2r2ðr − r−Þð4nrþ pr−Þ
; ð6:6Þ

It can now be verified that there do indeed exist constants α
and β such that Eq. (6.3) both hold, with

αðpÞ ¼ 1; βðpÞ ¼
4nðnþ 1Þ
ð2nþ pÞr−

; ð6:7Þ

and hence

V�
ðpÞ ¼ �∂r�fðpÞ þ f2ðpÞ þ

8nðnþ 1Þ
ð2nþ pÞr−

fðpÞ: ð6:8Þ

B. Relation between the Z+ and Z − eigenfunctions

The radial equations in the axial and polar sectors obey

½∂2r� þ ω2 − V��Z� ¼ 0; ð6:9Þ

for each of the three roots p, with − corresponding to the
axial sector and þ to the polar sector. In view of Eq. (6.8) it
is evident that Eq. (6.9) can be written as

D−DþZ− þ ðω2 þ β2ÞZ− ¼ 0; ð6:10Þ

DþD−Zþ þ ðω2 þ β2ÞZþ ¼ 0; ð6:11Þ

where we have defined

D� ¼ ∂r� � ðf þ βÞ; ð6:12Þ

and the constant β is given in Eq. (6.7).
Acting with Dþ on the axial equation (6.10) it can be

seen that DþZ− obeys the polar equation (6.11). Similarly,
acting with D− on the polar equation (6.11) it can be seen
that D−Zþ obeys the axial equation (6.10). In fact, we can
choose normalizations of the solutions so that the relations
between Z− and Zþ take the form,

D−Zþ ¼ ðiω − βÞZ−; DþZ− ¼ ðiωþ βÞZþ: ð6:13Þ

Thus we have an explicit one-to-one mapping between each
mode of the radial wave equation for the axial modes Z−

and the polar modes Zþ. This generalizes the analogous
relation between the axial and polar modes in the case of
the perturbations of the Reissner-Nordström black hole,
which was established by Chandrasekhar in [10].

C. Algebraically special modes

It was observed previously, for example in [17,18], that
there can exist certain exceptional solutions of the equa-
tions for linearized perturbations of black hole metrics that
have the feature of being purely ingoing or purely outgoing.
These solutions, which are not relevant when considering
putative unstable modes obeying physically-motivated
boundary conditions on the horizon and at infinity, have
nonetheless been the subject of some investigations. In the
context of perturbations of Schwarzschild or Kerr, these
modes were referred to as “Algebraically Special” pertur-
bations, since they preserved the Algebraically Special
form of the Weyl tensor. In [18], Chandrasekhar extended
the notion of algebraically special to Reissner-Nordström,
even though gravitational and electromagnetic perturba-
tions are inextricably coupled there. Here, for convenience,
we do the same, and use the term “Algebraically Special” to
describe the similar, special generalizations that we find
here of the Schwarzschild and Reissner-Nordström modes.
We observe from Eqs. (6.10) and (6.11) that one can

obtain such algebraically special solutions for Z− and Zþ
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having a very simple form, in the case where the frequency
ω takes the purely imaginary values,

ω ¼ �iβ; ð6:14Þ

and where Zþ or Z− obey the first-order equations

DþZ− ¼ 0; D−Zþ ¼ 0; ð6:15Þ

respectively. Thus, the algebraically special solutions are
given by

Z� ¼ exp

�
�
Z

r
ðfðr0Þ þ βÞe−2ν̄ðr0Þdr0

�
: ð6:16Þ

Substituting in the expressions for fðpÞ and βðpÞ from
Eqs. (6.6) and (6.7), we find

Zþ
ðpÞ ¼ eβðpÞr�

�
1 −

r−
r

�1
2

�
4nþ pr−

r

�
−1
;

Z−
ðpÞ ¼ e−βðpÞr�

�
1 −

r−
r

�
−1
2

�
4nþ pr−

r

�
; ð6:17Þ

where r� ¼
R
r e−2ν̄ðr0Þdr0 ¼ rþ rþ logð r

rþ
− 1Þ is the tor-

toise coordinate. [Note that these algebraically special
polar and axial solutions are inversely related, with
Zþ
ðpÞZ

−
ðpÞ ¼ 1.] Including the time dependence e−iωt, with

ω ¼ �iβ, these special explicit solutions have the forms,

e−iωtZþ
ðpÞ ¼ eβðpÞðr��tÞ

�
1 −

r−
r

�1
2

�
4nþ pr−

r

�
−1
;

e−iωtZ−
ðpÞ ¼ e−βðpÞðr�∓tÞ

�
1 −

r−
r

�
−1
2

�
4nþ pr−

r

�
; ð6:18Þ

Note that although these are of interest as explicit exact
solutions of the linearized equations, they do not obey
physically interesting boundary conditions. This is because
if they are ingoing on the future horizon they are also
ingoing at past null infinity I−, and conversely if outgoing
on future null infinity Iþ they are also outgoing on the
past horizon.
As well as the pair of algebraically special solutions

obtained above, one can also, of course, construct in each
case the corresponding “second solution” by the standard
Wronskian method. Thus one also has the explicit (up to
quadrature) second solutions of the form,

Z̃þ
ðpÞðrÞ ¼ Zþ

ðpÞðrÞ
Z

r e−2ν̄ðr0Þ

ðZþ
ðpÞðr0ÞÞ2

dr0;

Z̃−
ðpÞðrÞ ¼ Z−

ðpÞðrÞ
Z

r e−2ν̄ðr0Þ

ðZ−
ðpÞðr0ÞÞ2

dr0; ð6:19Þ

where Zþ
ðpÞ and Z

−
ðpÞ are given in Eq. (6.17). The integrals in

Eq. (6.19) are rather involved to evaluate explicitly. We just
remark here that these second solutions Z̃þ

ðpÞ and Z̃
−
ðpÞ do not

have the feature of being purely ingoing or purely outgoing,
unlike the solutions (6.17).

D. Positivity of the V − potentials

The positivity of the axial potentials V− outside the
horizon in the supergravity case a ¼ 1, c ¼ −2, b2 ¼ 1
may be established using the same techniques that we
employed for the polar potentials Vþ in the general EMD
case in [5].
We already showed in Sec. V that for valid values of the

parameters the three roots p of the cubic equation (6.2) are
real, and furthermore two are negative and one positive.
Thus, when we instead choose to solve (6.2) for rþ, as in
Eq. (6.5), there will be three disjoint real ranges for p, two
negative and one positive, that correspond to the situations
of interest to us where rþ > r−. Writing n in terms of l, as
in Eq. (4.10), the solution for rþ in Eq. (6.5) implies that
ðrþ − r−Þ factorizes over the rationals,

rþ − r−

¼ ½pþ 2ðl− 1Þ�½p− 2ðlþ 2Þ�½pþ 2ðlþ 2Þðl− 1Þ�r−
2½pþ ðlþ 2Þðl− 1Þ�½3pþ 4ðlþ 2Þðl− 1Þ� :

ð6:20Þ

Thus, we can easily identify the three segments in the
ranges of p for which ðrþ − r−Þ > 0, namely,

ð1Þ∶p>2ðlþ2Þ;
ð2Þ∶ −ðlþ2Þðl−1Þ<p<−2ðl−1Þ;

ð3Þ∶ −2ðlþ2Þðl−1Þ<p<−
4

3
ðlþ2Þðl−1Þ: ð6:21Þ

Generically, we need to consider modes with l ≥ 2. We
can then parametrize l and r (outside the horizon) by

l ¼ 2þ y; r ¼ rþð1þ zÞ; ð6:22Þ

where y ≥ 0 and z ≥ 0. For the three cases in Eq. (6.21)
we can parametrize the valid ranges of p in terms of x ≥ 0,
with

Case ð1Þ∶ p ¼ 2ðlþ 2Þð1þ xÞ;

Case ð2Þ∶ p ¼ −ðlþ 2Þðl − 1Þ þ lðl − 1Þ
1þ x

;

Case ð3Þ∶ p ¼ −2ðlþ 2Þðl − 1Þ þ 2ðlþ 2Þðl − 1Þ
3ð1þ xÞ :

ð6:23Þ
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For each of the three cases, we can plug these para-
metrizations into the expression (5.19) for the potential
V−
ðpÞ. We find that in each case the potential V−

ðpÞ then takes
the factorized form,

V− ¼ RP; ð6:24Þ

where for each of the three cases R is a simple manifestly
positive rational function of x, y, and z, and P is a
somewhat complicated multinomial in x, y, and z. In fact
in case (1) P has 177 terms, in case (2) P has 207 terms, and
in case (3) P has 169 terms. Remarkably, the coefficient of
each term in each of the three multinomials P is positive,
thus proving that V− is positive outside the horizon for each
of the three cases in (6.21).
It was already established in [5] that the polar potential

Vþ was positive outside the horizon for the case of static
black holes in the whole class of EMD theories with
arbitrary values of a. Thus, in particular, Vþ is positive
outside the horizon for the case a ¼ 1, which corresponds
to the potential in the polar sector in our present analysis of
the perturbations around static black holes in the a ¼ 1,
c ¼ −2, b2 ¼ 1 EMDA theory. Thus, combined with our
new analysis here of the axial sector in this theory, we have
obtained a complete demonstration of the linearized mode
stability of the static black holes in this EMDA theory.
Some illustrative plots showing examples of the three

axial and three polar potentials, for the case of the l ¼ 2
modes, can be found in Fig. 1 in Appendix B. In particular,
it can be seen that for b ¼ 1, all the potentials are indeed
positive outside the horizon, consistent with the positivity
proof we gave above.

E. Relation to N = 2 supergravity

STU supergravity is N ¼ 2 supergravity coupled to
three vector multiplets [19]. Thus its bosonic sector
comprises the metric, four Uð1Þ Maxwell gauge fields,
three dilatons and three axions. There exists a supersym-
metric consistent truncation in which two dilatons and two
axions are set to zero and the four Maxwell fields are set
pairwise equal, together with corresponding truncations in
the fermionic sector. (The truncation is discussed in a
number of papers, including, for example, [20,21].) The
bosonic sector of this truncated theory is described by the
Lagrangian,

L ¼ ffiffiffiffiffiffi
−g

p �
R −

1

2
ð∂ϕÞ2 − eϕF2 −

1

2
e−2ϕð∂χÞ2 þ χF̃μνFμν

−
e−2ϕ

1þ χ2e2ϕ
ðeϕH2 þ χH̃μνHμνÞ

�
; ð6:25Þ

whereHμν is the field strength of the second Maxwell field.
Note that the first line in (6.25) is exactly the same as our

EMDA Lagrangian (1.1) when a ¼ 1, c ¼ −2, and b ¼ 1.
It can be seen that the Gibbons-Maeda static black hole
solutions that we are taking to form the backgrounds in the
EMDA theories will also be solutions of the theory (6.25),
in which we take the additional Maxwell field to vanish,
Hμν ¼ 0. Furthermore, the linearized perturbations around
the static Gibbons-Maeda black holes within this super-
gravity theory will comprise precisely the modes we have
already obtained in the EMDA theory with a ¼ 1, c ¼ −2,
b2 ¼ 1, together with a rather simple and totally decoupled
system of modes for the Hμν field, obeying the equa-

tion ∇μðe−ϕ̄δHμνÞ ¼ 0.

F. Inclusion of the Hμν field of the supergravity theory

As discussed in Sec. VI E, we can also view the Gibbons-
Maeda black hole for a ¼ 1 as being a solution of the
N ¼ 2 supergravity whose bosonic sector is described by
the Lagrangian (6.25). As we mentioned, the complete set
of linearized bosonic perturbations within this theory will
comprise exactly the perturbations within the EMDA
theory as we have discussed already earlier in this section,
together with a decoupled system describing the perturba-
tions of the Hμν field; these obey ∇μðe−ϕ̄δHμνÞ ¼ 0. (As
usual, the overbars denote background quantities.) These
perturbations will themselves divide into disjoint axial and
polar sectors.
Because of the fact that the δHμν perturbations are

decoupled from the other perturbations in the EMDA
sector, it is in fact rather straightforward to implement
the separation of variables, and the construction of the
second-order radial equations for each of the axial and
polar perturbations, by making appropriate truncations and
modifications to results we have already presented here and
in [5]. For example, in the axial sector we just take the
Bianchi identities (4.4) and (4.5), with the components Bab

replaced by the corresponding components Cab associated
with the δHab perturbations, and then we take the Maxwell

equation (4.6), with Bab replaced by e−2ϕ̄Cab (to take
account of the opposite sign of the dilaton coupling in the
exponential prefactor in the kinetic term for Hab). At the
same time the G01 and χ terms should be omitted (since
δHab does not couple to any other perturbations). In the
polar sector, we can analogously read off the equations
from Eqs. (4.16)–(4.18) of [5], sending Bab → Cab in the

Bianchi identity and Bab → e−2ϕ̄Cab in the Maxwell
equations, and also with the perturbations of the metric
and the dilaton field omitted. In each of the axial and polar
sectors, appropriate additional r-dependent scaling redefi-
nitions are also then needed, in order to arrive at radial
functions Z�

H that obey standard ð∂2r� þ ω2 − V�
HÞZ�

H ¼ 0

wave equations.
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The upshot is that in the axial sector we can write

δH03ðt;r;θÞ¼−
iωe−ν̄þϕ̄

r
e−iωtZ−

HðrÞ∂θPlðcosθÞ; ð6:26Þ

and in the polar sector,

δH1 2ðt; r; θÞ ¼ −
iωe−ν̄þϕ̄

r2
e−iωtZþ

HðrÞ∂θPlðcos θÞ; ð6:27Þ

with the other components of δHab being expressed just in
terms of Z−

HðrÞ and Zþ
HðrÞ. Specifically, we find

δH1 3 ¼ eν̄−μ̄2∂rðre−μ̄2Z−
HðrÞÞe−iωt∂θPlðcos θÞ;

δH2 3 ¼ −
lðlþ 1Þe−μ̄2þϕ̄

r
Z−
HðrÞe−iωtPlðcos θÞ; ð6:28Þ

in the axial sector, and

δH1 2 ¼ −
iωe−ν̄þϕ̄

r2
Zþ
HðrÞe−iωt∂θPlðcos θÞ;

δH0 1 ¼
lðlþ 1Þe−μ̄2þϕ̄

r2
Zþ
HðrÞe−iωtPlðcos θÞ; ð6:29Þ

in the polar sector.
The radial equations then turn out to be

ð∂2r� þ ω2 − V�
HÞZ�

H ¼ 0; ð6:30Þ

where the axial and polar potentials are given by

V�
H¼2ðnþ1Þe2ν̄þϕ̄

r2
þe4ν̄

�
1

4
ϕ̄02�

�
ν̄0ϕ̄0 þ1

2
ϕ̄00
��

; ð6:31Þ

Thus, we can find a function fH such that

V�
H ¼ �∂r�fH þ f2H þ 2βHfH; ð6:32Þ

with

fH ¼ 1

2
e2ν̄ϕ̄0; βH ¼ 2ðnþ 1Þeϕ̄

r2ϕ̄0 : ð6:33Þ

Explicitly, the two potentials in Eq. (6.31) are given by

V−
H ¼ ðr − rþÞ½8ðnþ 1Þr3 − 4ð2nþ 3Þr−r2 þ 3ðr− þ 2rþÞr−r − 5r−2rþ�

4r4ðr − r−Þ2
; ð6:34Þ

Vþ
H ¼ ðr − rþÞ½8ðnþ 1Þr3 − 4ð2nþ 1Þr−r2 − ðr− þ 6rþÞr−rþ 3r−2rþ�

4r4ðr − r−Þ2
; ð6:35Þ

and, as can be seen from Eq. (2.2), the function fH and the
constant βH in Eq. (6.33) are given by

fH ¼ −
r−ðr − rþÞ
2r2ðr − r−Þ

; βH ¼ −
2ðnþ 1Þ

r−
: ð6:36Þ

It can easily be seen, by writing r ¼ ð1þ zÞrþ, rþ ¼
ð1þ wÞr− and n ¼ 2þ y, that Vþ

H and V−
H are both non-

negative everywhere outside the horizon.
In the case of these axial and polar modes of the Hμν

field, the explicit algebraically special solutions that
we obtained in Eqs. (6.15) and (6.16) for the axial and
polar modes in the EMDA sector are extremely simple, and
we find

ω ¼ �iβH ¼∓ 2iðnþ 1Þ
r−

; ð6:37Þ

Zþ
H ¼ eβHr�

�
1 −

r−
r

�
−1
2

; Z−
H ¼ e−βHr�

�
1 −

r−
r

�1
2

;

ð6:38Þ

where r� ¼ rþ rþ logð r
rþ
− 1Þ is the tortoise coordinate.

For the two sign choices for ω in these special solutions, the
t and r dependences for these waves have the form,

e−iωtZþ
H ¼ eβHðr��tÞ

�
1 −

r−
r

�
−1
2 ð6:39Þ

and

e−iωtZ−
H ¼ e−βHðr�∓tÞ

�
1 −

r−
r

�1
2

: ð6:40Þ
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For the same reason as we already discussed for the triplets of explicit modes Z�
ðpÞ obtained in Eq. (6.17), these exact

solutions do not obey physically interesting boundary conditions. The second solutions of the analogous forms to those
given in Eq. (6.19) can also be constructed here. In fact it happens that in the polar sector, the second solution Z̃þ

H turns out
to have a relatively simple explicit form, namely,

Z̃þ
H ¼ ð2βHr−eβHðr−2rþÞEi½1þ 2βHrþ; 2βHðr − rþÞ� − e−βHrÞ ffiffiffi

r
p

2βH
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r − r−

p ðr − rþÞβHrþ
; ð6:41Þ

where Ei½α; z� ¼ R∞1 e−ztt−αdt is the exponential integral function.

To summarize, we have shown that if we view the a ¼ 1
Gibbons-Maeda charged static black holes as solutions in
the N ¼ 2 supergravity theory whose bosonic sector is
described by the Lagrangian (6.25), then the complete set
of linearized perturbations are described by the radial
functions Z�

i , for i ¼ 1, 2, and 3, together with the radial
functions Z�

H. For each of these, the associated potentials
ðVþ

1 ; V
þ
2 ; V

þ
3 ; V

þ
HÞ in the polar sector are related to the

corresponding potentials ðV−
1 ; V

−
2 ; V

−
3 ; V

−
HÞ in the axial

sector, as given in Eqs. (6.8) and (6.32). All the potentials
are non-negative outside the outer horizon, thus demon-
strating linearized mode stability for the a ¼ 1 Gibbons-
Maeda black holes as solutions of N ¼ 2 supergravity.

VII. THE a = 1, c= − 2 EMDA THEORIES
WITH b2 ARBITRARY

When b2 ≠ 1, the axial sector of the a ¼ 1, c ¼ −2
EMDA theories is no longer related to the polar sector in
the way we saw in the b2 ¼ 1 case in the previous section.
It is still of interest, however, to investigate the properties of
the potential V− in the axial radial wave equation.

A. Allowed ranges for p

When b2 is arbitrary, we can again view the cubic
equation Λ̃ðpÞ in Eq. (5.16) as a linear equation for rþ, with
p rather than rþ being taken to be a parameter of the
solutions. As in the b2 ¼ 1 case, there are generally three
allowable ranges for p, now dependent on b, which we find
by examining the expression for rþ − r−, namely,

rþ−r−

¼ r−ðp3þ½2nð1þb2Þ−2ð1−b2Þ−6�p2−32np−32n2Þ
2ðpþ2nÞð3pþ8nÞ ;

ð7:1Þ

and requiring ðrþ − r−Þ > 0.
There are two special values for b2 such that the

numerator of (7.1) has a factor which is also in the
denominator, namely when b2 ¼ 0 and when
b2 ¼ 4nþ3

12ðnþ1Þ. These correspond to cases where the cubic

(5.16) factorizes, with a linear factor that is independent of
rþ and r−,

b2 ¼ 0∶ Λ̃ðpÞ ¼ ðpþ 2nÞ½r−p2 − 2ðr− þ 3rþÞp − 16nrþ�;

b2 ¼ 4nþ 3

12ðnþ 1Þ ∶ Λ̃ðpÞ ¼ 1

6
ð3pþ 8nÞ½2r−p2 − 3ðr− þ 4rþÞp − 24nrþ�: ð7:2Þ

In each of these cases there is therefore a discrete root for p
that is independent of rþ and r−, and the two other roots lie
at points within ranges that depend upon the ratio rþ

r−
(which

must exceed 1). Thus, when b2 ¼ 0 we have

Fixed∶ p ¼ −2n; ð7:3Þ

Range ðiÞ∶ −
8n
3

< p < 4ð1 − ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p Þ < 0; ð7:4Þ

Range ðiiÞ∶ 0 < 4ð1þ ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p Þ < p < ∞; ð7:5Þ

and when instead b2 ¼ 4nþ3
12ðnþ1Þ we have

Fixed∶ p ¼ −
8n
3
; ð7:6Þ

RangeðiÞ∶ −2n<p<
15

4

 
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ64n

75

r !
<0; ð7:7Þ

RangeðiiÞ∶ 0<15

4

 
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ64n

75

r !
<p<∞: ð7:8Þ
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For all other values of b2 > 0, there are three valid ranges
for p, and these divide into two classes, one for
0 < b2 < 4nþ3

12ðnþ1Þ, and the other for 4nþ3
12ðnþ1Þ < b2 < ∞. In

the first case, the numerator in Eq (7.1) has a zero, pz ¼ pa,
between − 8n

3
and −2n, and an allowable range for p is

− 8n
3
< p < pa < −2n; in the second case, the numerator

has a zero, pz ¼ pb, between −∞ and − 8n
3
, and an

allowable range for p is −∞ < pb < p < − 8n
3
. Using

the location of each zero, we can solve rþ − r− ¼ 0 in
Eq. (7.1) for b2 in terms of that zero (pz ¼ pa or pz ¼ pb),

b2¼ðpzþ2nÞ½2ðlþ2Þ−pz�½pzþ2ðl−1Þ�
2p2

zðnþ1Þ >0 ∀ pz<−2n;

ð7:9Þ

and then factor the numerator of eq (7.1) into
ðp − pzÞðp − p−Þðp − pþÞ, where p� are solutions (see
below) to the resulting quadratic equation. The additional
allowable ranges for p are then −2n < p < p− < 0
and 0 < pþ < p < þ∞.

While it would be most convenient to express our results
in terms of b2, the task of then solving the cubic for p
makes this impractical. What we have found is that, as we
change b2 from 0 to ∞, one root of the cubic moves from
p ¼ −2n to −∞. If we choose a p in this latter range, then
we can simultaneously find the value of b2 for which this is
a root, and solve the remaining quadratic for the other two
roots for p. This is the approach we use, whereby we can
obtain appropriate ranges for all roots p, and for b2, that are
parametrized in terms of a real variable x lying in the
range 0 < x < ∞.
For b2 lying in the range 0 < b2 < 4nþ3

12ðnþ1Þ, it will be
parametrized as

b2¼4ð4nþ3Þx3þ12ð2nþ1Þx2þ9nx
3ðnþ1Þð3þ4xÞ2ð1þxÞ ; with 0<x<∞;

ð7:10Þ

and we find that the three valid ranges for p are

Range ðiÞ∶ −
8n
3

< p < pa < −2n where pa ¼ −
2nð3þ 4xÞ
3ð1þ xÞ ; ð7:11Þ

Range ðiiÞ∶ − 2n < p < p−;a < 0 where p−;a ¼
4ð3ð1þ xÞð3þ 5xÞ − ffiffiffiffiffiffi

Pa
p Þ

ð3þ 4xÞ2 ; ð7:12Þ

RangeðiiiÞ∶ 0 < pþ;a < p < ∞ where pþ;a ¼
4ð3ð1þ xÞð3þ 5xÞ þ ffiffiffiffiffiffi

Pa
p Þ

ð3þ 4xÞ2 ; ð7:13Þ

where Pa ¼ 3nð1þ xÞð3þ 4xÞ3 þ ½3ð1þ xÞð3þ 5xÞ�2: ð7:14Þ

Similarly, for b2 lying in the range 4nþ3
12ðnþ1Þ < b2 < ∞ it will be parametrized as

b2 ¼ ð1þ 4xÞð4nx2 þ 8nxþ 4nþ 12xþ 3Þ
12ð1þ xÞ2ðnþ 1Þ < ∞; with 0 < x < ∞; ð7:15Þ

and we find that the three valid ranges for p are

RangeðiÞ∶ −∞ < pb < p < −
8n
3

where pb ¼ −
8n
3
ð1þ xÞ; ð7:16Þ

RangeðiiÞ∶ − 2n < p < p−;b < 0 where p−;b ¼
3ð5þ 8xÞ − ffiffiffiffiffiffi

Pb
p

4ð1þ xÞ2 ; ð7:17Þ

RangeðiiiÞ∶0 < pþ;b < p < ∞ where pþ;b ¼
3ð5þ 8xÞ þ ffiffiffiffiffiffi

Pb
p

4ð1þ xÞ2 ; ð7:18Þ

where Pb ¼ 3n½4ð1þ xÞ�3 þ ½3ð5þ 8xÞ�2: ð7:19Þ

Note that the special case b2 ¼ 1 here corresponds to x ¼ 1
2
.
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It should also be noted that in all cases, we have that for
any given choice of the parameter values, there are two
negative roots and one positive root, in accordance with
what we found in Sec. V and Sec. VII A.

B. Conditions under which V − can be
negative outside the horizon

The three axial potentials, corresponding to the three
roots pi of the cubic polynomial (5.16), are given by

Eq. (5.19). Note that the parameter b does not appear
explicitly in the expression (5.19); it enters only in the
cubic (5.16) whose roots determine the three values pi for
the parameter p. Note also that the potential V−

ðpÞ in

Eq. (5.19) is of the form,

V−
ðpÞ ¼ −

A
p
þ B; ð7:20Þ

where A and B are independent of p, and given by

A ¼ 8nðr − rþÞrþ
ðr − r−Þr3

;

B ¼ ðr − rþÞ½8ðnþ 1Þr3 − 4ð2ðnþ 1Þr− þ 3rþÞr2 þ ð3r− þ 14rþÞr−r − 5r−2rþ�
4ðr − r−Þ2r4

: ð7:21Þ

The function A is manifestly positive outside the outer horizon, and by writing

r ¼ rþð1þ zÞ; rþ ¼ r−ð1þ wÞ; ð7:22Þ

it follows that B can be written as

B ¼ ðr − rþÞr−2rþ
4r4ðr − r−Þ2

½8ðnþ 1Þð1þ wÞ2z3 þ 4ð1þ wÞ½4nþ 1þ 3ð2nþ 1Þw�z2

þ ½8nþ 1þ 2ð16n − 1Þwþ 24nw2�zþ 2w½4n − 1þ 2ð2n − 1Þw��: ð7:23Þ

Since n ≥ 2 it can be seen that B is also manifestly positive
outside the outer horizon. It follows that if p is negative
then the potential V−

ðpÞ is definitely positive outside the

horizon. In other words, the axial potential V−
ðpÞðrÞ only has

the possibility of being negative outside the horizon in the
case where the root p is positive. It may be recalled that we
showed in Sec. V that the three roots are always real, and
that two of them are negative while the third is positive.
Numerical examples show that under certain circum-

stances the potential can in fact be negative in some region
outside the horizon. For example, if the parameters are
taken to be such that

rþ ¼ 2r−; l ¼ 2; b ¼ 5; ð7:24Þ
then for the positive root, p ≈ 1.83155, the potential is
negative in the region rþ < r < rmax near to the horizon,
where rmax ≈ 1.925rþ. It is of interest, therefore, to inves-
tigate more extensively to establish when the potential can
be negative outside the outer horizon.

C. Some properties of the potential

The potential V−
ðpÞðrÞ takes the form,

V−
ðpÞ ¼

ðr − rþÞ
4r4ðr − r−Þ2

UðrÞ; ð7:25Þ

where

UðrÞ ¼ 8ðnþ 1Þr3 − 4½ð2ðnþ 1Þr− þ 3rþ�r2

þ ð3r− þ 14rþÞr−r − 5r−2rþ −
32nðr − r−Þrþr

p
:

ð7:26Þ

As we have already observed, the potential outside the
horizon cannot be negative unless p is positive. The
potential will be negative there if and only if UðrÞ is
negative for some r > rþ.
The function UðrÞ is cubic in r, and therefore has three

roots r1, r2, and r3. These are either all real, or else one is
real with the other two being a complex-conjugate pair. In
the limits of large negative and positive r we have

UðrÞ ⟶ −∞ when r ⟶ −∞;

UðrÞ ⟶ þ∞ when r ⟶ þ∞: ð7:27Þ

We also have

Uð0Þ ¼ −5rþr−2 < 0; Uðr−Þ ¼ −3ðrþ − r−Þr−2 < 0;

ð7:28Þ
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and

r1r2r3 ¼
5

8ðnþ 1Þ rþr−
2 > 0: ð7:29Þ

If the roots are all real, then with r1 ≤ r2 ≤ r3 it must be
that r3 at least is positive (r1 and r2 could be both positive
or both negative). If there is only one real root, r3, then r3
must again be positive. We can now establish the following:
(1) U(r) can have at most one root outside the horizon

at rþ:
It follows from Eq. (7.29) that in the case of three

real roots, at most one can lie outside the horizon at
rþ. Suppose all three were outside rþ; in this case

r1
rþ

r2
rþ

r3
rþ

¼ 5

8ðnþ 1Þ
r−2

rþ2
; ð7:30Þ

implying a contradiction since the left-hand side
would be greater than 1 while the right-hand side
would be less than 1. Suppose instead two roots lay
outside the outer horizon; in this case

r1
r−

¼ 5

8ðnþ 1Þ
rþ
r3

r−
r2

: ð7:31Þ

The right-hand side would be less than 1, and hence
0 < r1 < r−. But there cannot exist just one root
between 0 and r−, since as seen in Eq. (7.28),UðrÞ is
negative both at r ¼ 0 and r ¼ r−. Thus, UðrÞ can
have at most one root outside the outer horizon.
Suppose, then, that there exists just one root, r3,

outside the outer horizon. Solving Uðr3Þ ¼ 0 for p
and substituting this back into UðrÞ gives

UðrÞ ¼ ðr − r3Þ
r3ðr3 − r−Þ

P2ðrÞ; ð7:32Þ

where

P2ðrÞ ¼ 8ðnþ 1Þr3ðr3 − r−Þr2
− r−½8ðnþ 1Þr23 − ð8nþ 5Þr3r−
þ 2r3rþ − 5r−rþ�rþ 5ðr3 − r−Þr−2rþ:

ð7:33Þ

Letting rþ ¼ r−ð1þ wÞ, r ¼ rþð1þ zÞ and n ¼
2þ y it can be seen that for positive y, z, and w
the discriminant of the quadratic P2ðrÞ is positive,
and furthermore that the two (real) roots r1 and r2
must both be positive, with 0 < r1 ≤ r2 < r−. In
other words, if UðrÞ has one root outside the outer
horizon, then the other two roots are real and lie
between 0 and r−.

(2) If UðrþÞ > 0 then UðrÞ > 0 for all rþ ≤ r < ∞:
We have

UðrþÞ¼
2ðrþ−r−Þrþ

p
½pr−þð4np−2p−16nÞrþ�;

ð7:34Þ

and hence if this is to be positive we must have

p ¼ ur− þ 16nrþ
2ð2n − 1Þrþ þ r−

; ð7:35Þ

with u > 0. Writing rþ ¼ r−ð1þ wÞ, it follows that

U0ðrþÞ ¼
r−3

½2ð2n − 1Þrþ þ r−�
½48nþ ð8nþ 1Þu

þ 2½64n2 þ 72nþ ð16n − 1Þu�w
þ 8nð32nþ 28þ 3uÞw2

þ 128nðnþ 1Þw3�; ð7:36Þ

which is manifestly positive since n ≥ 2. Since, as
we showed above, UðrÞ can have at most one zero
for r > rþ, and sinceUðrÞ ⟶ þ∞ as r ⟶ þ∞, it
follows that if UðrþÞ > 0 then UðrÞ cannot be
negative outside the outer horizon.
The conclusion from the properties established

above is that if the potential V−ðrÞ is to be negative
in some region outside the outer horizon, then it
must be that UðrÞ would have to be negative on the
horizon, i.e., UðrþÞ < 0.
We have

UðrþÞ ¼ 2ðrþ − r−ÞrþWðrþÞ;

WðrþÞ ¼
pr− − 2ðpþ 8n − 2npÞrþ

p
: ð7:37Þ

If UðrþÞ < 0 it therefore follows that WðrþÞ < 0.

D. Lower bounds on b2 for having V − ðrÞ < 0 outside r+
We know that V−ðrÞ is always non-negative outside the

outer horizon if b2 ¼ 1, and we know from numerical
examples that V−ðrÞ can become negative in some region
outside the horizon if b2 is sufficiently large. It is therefore
of interest to determine bounds on b2, and, in particular, to
determine the lowest value of b2 for which the potential can
be negative outside the horizon. This can be done as
follows.
We already showed that if UðrþÞ > 0 then U0ðrþÞ > 0

and furthermore UðrÞ is then greater than zero outside
the horizon. Thus, in order to be able to have UðrÞ < 0 in
some region outside the horizon, UðrþÞ would have to be
negative. The threshold case is then when UðrþÞ ¼ 0.
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Solving this for p, we have that

UðrþÞ ¼ 0 ⇒ p ¼ 16nrþ
2ð2n − 1Þrþ þ r−

: ð7:38Þ

Substituting this value for p into the cubic equation Λ̃ðpÞ given in Eq. (5.16), we can solve for b2, finding

b2 ¼ ½r− þ 2ð2nþ 3Þrþ�½3r−2 − 2r−rþ þ ðnþ 1Þð2n − 1Þrþ2�
16ðnþ 1Þr−rþ½r− þ 2ð2n − 1Þrþ�

: ð7:39Þ

It can easily be seen by writing

rþ ¼ r−ð1þ wÞ; n ¼ 2þ y; ð7:40Þ

that b2 is positive for all valid values of the parameters (that
is, y ≥ 0 and w ≥ 0).
It can also easily be seen that viewing b2 in Eq. (7.39) as

a function of y and w, and differentiating with respect to w,
gives

∂b2

∂w
> 0; ∀ w ≥ 0: ð7:41Þ

This implies that the threshold value of b2, above which the
potential can become negative outside the horizon, is as
small as possible when w approaches zero, that is, in the
extremal limit

rþ ⟶ r−: ð7:42Þ

Setting rþ ¼ r− in Eq. (7.38) and Eq. (7.39) then implies
that at threshold,

p ¼ 16n
4n − 1

; b2 ¼ ð4nþ 7Þð16n2 þ 8n − 7Þ
16ðnþ 1Þð4n − 1Þ : ð7:43Þ

This gives the threshold values of b2 for each
n ¼ 1

2
lðlþ 1Þ − 1. Thus, we have for l ¼ 2; 3; 4; 5 � � �

that

bmin ¼ f1.80525; 2.53171; 3.23273; 3.93299;…g: ð7:44Þ

If b exceeds these values, then the potential will be negative
in some region outside the outer horizon. Thus the smallest
lower bound is for the l ¼ 2 angular mode, and

is b >
ffiffiffiffiffiffi
365
112

q
.

VIII. SUMMARY AND DISCUSSION

The goal of this paper was to study the linearized
perturbations of black hole solutions in theories of the
kind that one encounters in supergravity. Such theories
typically involve scalar fields in addition to the metric and

Maxwell fields, and consequently the analysis of the
linearized perturbations is considerably more complicated
than in pure Einstein or Einstein-Maxwell gravity. Our
focus in this paper has been on the perturbations of static
charged black holes in a three-parameter class of EMDA
theories, described by the Lagrangian (1.1).
A number of general features emerged in the course of

our analysis of the linearized perturbations. The equations
describing the dynamics of the perturbed fields can be
separated for all choices of the three parameters in the
EMDA Lagrangian. That is to say, the angular and time
dependence can be factored off, thereby reducing the
problem to the analysis of ordinary differential equations
satisfied by the radial functions. The equations describing
the perturbations in the polar sector, which are disjoint
from those for the axial sector, are identical to those arising
in the study of linearized perturbations in a family of
Einstein-Maxwell-Dilaton theories. We studied these pre-
viously in [5]. The polar perturbations were reduced to
three functions obeying three decoupled second-order
radial equations. In the axial sector, we showed in the first
five sections of the current paper that the perturbations are
described by a coupled system of three second-order radial
equations, which cannot in general be diagonalized.
Diagonalization is possible in the special case where two
of the three parameters in the EMDA Lagrangian (1.1) are
fixed, namely a ¼ 1 and c ¼ −2.
By this means, we arrived at a one-parameter family of

EMDA theories,

L¼ ffiffiffiffiffiffi
−g

p �
R−

1

2
ð∂ϕÞ2 − eϕF2 −

1

2
e−2ϕð∂χÞ2 þ bχF̃μνFμν

�
;

ð8:1Þ

for which the linearized perturbations can be essentially
fully analyzed, in the sense that they can be reduced to three
axial functions obeying three decoupled second-order
equations, and three polar functions obeying three
decoupled radial equations. The remaining free parameter
in the family of EMDA theories (8.1) is the constant b in
the Lagrangian (1.1) (with a ¼ 1 and c ¼ −2), which
characterizes the strength of the axionic coupling to the
topological term ϵμνρσFμνFρσ .
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We showed that the potentials V−
ðpÞðrÞ in the diagonal-

ized radial equations describing the linearized perturbations
in the axial sector are all non-negative outside the horizon
when b2 ¼ 1, and in fact for all values of b2 that are
sufficiently small. If the potentials are all non-negative,
then this establishes the linearized mode stability of the
black hole solution.
If, however, b2 is larger than certain threshold values

(which themselves depend on the angular mode number l),
then one of the three axial potentials will become negative
in a region outside, and near to, the outer horizon. Under
such circumstances there no longer exists a simple energy
argument establishing mode stability, and a more detailed
investigation, perhaps numerical, would be needed in order
to see whether mode instabilities could then actually arise.
The threshold values of b2 are given in Eq. (7.43). Thus,
taking b to be positive without loss of generality, then the
smallest of the thresholds, which occurs for the l ¼ 2

mode, is at b ¼
ffiffiffiffiffiffi
365
112

q
≈ 1.80525. If b exceeds this value

then one of the l ¼ 2 modes in the axial sector has a
potential that is negative in a region outside and near to the
outer horizon.
One specific member of the one-parameter family of

theories described by the Lagrangian (8.1) is particularly
notable, namely when b ¼ 1 (or, equivalently, and related
by an orientation reversal, b ¼ −1). We showed that in this
specific case the potentials Vþ

i ðrÞ appearing in the three
decoupled polar radial equations ð∂2r� þ ω2 − Vþ

i ÞZþ
i ¼ 0

(for i ¼ 1, 2, and 3) are related to the three potentials V−
i ðrÞ

appearing in the three decoupled axial radial equations
ð∂2r� þ ω2 − V−

i ÞZ−
i ¼ 0. In fact, for each value of i the

corresponding polar and axial potentials are expressible in
terms of a “superpotential,” with

V� ¼ �∂r�W þW2 − β2; ð8:2Þ

where W ¼ f þ β and the superpotential function f and
constant β are given in Eqs. (6.6) and (6.7). The axial and
polar fields are also related, with D�Z∓ ¼ ðiω� βÞZ�,
where D� ¼ ∂r� �W, as discussed earlier.
Systems where there exists such a relation between

two potentials are known in the literature as “supersym-
metric quantum mechanical” models. (See, for example,
[12–15,22,23].) Defining a supercharge

Q ¼ ðpþ iWÞb; ð8:3Þ

where p ¼ −i∂r� is a momentum operator and b is a
fermionic operator obeying

fb†;bg ¼ 1; fb;bg ¼ 0; fb†;b†g ¼ 0;

½p;b� ¼ 0; ½p;b†� ¼ 0; ð8:4Þ

it can be seen that fQ†;Qg ¼ 2H, with the Hamiltonian H
being given by

H ¼ 1

2
ð−∂2r� þ Vþ þ β2Þbb† þ 1

2
ð−∂2r� þ V− þ β2Þb†b:

ð8:5Þ

Representing b by the matrix b ¼ ð 0 1

0 0
Þ, this implies

H ¼ 1

2

 
−∂2r� þ Vþ þ β2 0

0 −∂2r� þ V− þ β2

!
; ð8:6Þ

and so by defining

Z ¼
�
Zþ

Z−

�
; ð8:7Þ

the polar and axial equations can be written in the
unified form

HZ ¼ 1

2
ðω2 þ β2ÞZ: ð8:8Þ

There is another special property of the one-parameter
family of Lagrangians (8.1) when b ¼ 1, namely that in this
case it is a consistent truncation of the bosonic theory given
in Eq. (6.25). This latter theory is the bosonic sector of an
N ¼ 2 supergravity, which is itself the consistent trunca-
tion of a largerN ¼ 2 theory known as STU supergravity.1

This supersymmetric consistent truncation of STU super-
gravity is implemented in the bosonic sector by setting its
four Maxwell fields equal in pairs, yielding Fμν and Hμν in
Eq. (6.25), while at the same time setting two of its three
dilatons to zero and two of its three axions to zero.
(Corresponding truncations in the fermionic sector must
also be implemented.)
As we showed in Sec. VI F, the axial and polar radial

functions Z�
H associated with the perturbations of the

additional Hμν field in the N ¼ 2 supergravity theory also
have potentials V�

H that are related via a superpotential.
Thus, the feature of the a ¼ 1, c ¼ −2, b ¼ 1 EMDA
theory, of having axial and polar sectors that are related as a
supersymmetric quantum mechanical model, persists also
for all the bosonic perturbations within the full N ¼ 2
supergravity theory.

1It should be noted that although the Maxwell field Hμν in the
bosonic Lagrangian (6.25) can be consistently truncated by
setting Hμν ¼ 0, thereby yielding the EMDA theory described
by the Lagrangian (8.1), there is no analogous supersymmetric
truncation of the supergravity theory whose bosonic sector is
given by (6.25). That is to say, the bosonic theory described by
the Lagrangian (8.1) is not itself the bosonic sector of any
supersymmetric theory.
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DATA AVAILABILITY

The graphs in Figs. 1 and 2 were plotted from equations
appearing in this paper and in reference [5], as detailed in
the figure captions.

APPENDIX A: THE COUPLED a = 1;c= − 2
SECOND-ORDER EQUATIONS

In Sec. III we obtained the system of three coupled
second-order equations describing the axial perturbations
in the three-parameter EMDA theories in Eq. (3.6), but we
were unable to diagonalize the equations for general values
of the parameters a, b, and c. We then went on to study the
system in terms of a set of six first-order equations, and we
showed how we could diagonalize the system if the special
choice of parameters a ¼ 1 and c ¼ −2 was made. It is of
interest now to return to the direct second-order analysis of
Sec. III, but now imposing the specialization,

a ¼ 1; c ¼ −2: ðA1Þ
With this done, we find that the coupled second-order
system given by Eqs. (3.6) and (3.7) takes the form,

ð∂2r� þω2þT1ÞΨþe2ν̄þϕ̄

r3
MΨ¼0; Ψ¼

0
B@
G12

B03

χ

1
CA; ðA2Þ

where T1 is the given in Eq. (3.7), but now with a ¼ 1, and
M is the constant matrix,

M¼

0
B@

r−þ3rþ −2
ffiffiffiffiffiffi
2n

p
Q 0

−2
ffiffiffiffiffiffi
2n

p
Q 0 −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ1Þp

bQ

0 −2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðnþ1Þp

bQ r− − rþ

1
CA:

ðA3Þ
Since the nondiagonal term in Eq. (A2) is of the form of an
overall function times the symmetric constant matrix M, it
is evident that the system can be diagonalized by means of
an orthogonal transformation. The final conclusion for the
form of the resulting decoupled equations will be equiv-
alent to the decoupled equations that we obtained in Sec. V.

To make this more precise, the orthogonal matrix S that
diagonalizes M, that is, M ⟶ SMST ¼ Mdiag, has com-
ponents Sij such that

Si1
Si2

¼ 2
ffiffiffi
n

p ffiffiffiffiffiffiffiffiffiffi
r−rþ

p
ðr− þ 3rþ − siÞ

;

Si3
Si2

¼ −
4nr−rþ þ ðr− þ 3rþ − siÞsi

2b
ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p ffiffiffiffiffiffiffiffiffiffi
r−rþ

p ðr− þ 3rþ − siÞ
; ðA4Þ

for i ¼ 1, 2 and 3, where si denotes the roots of the cubic
equation,

s3−2ðr−þrþÞs2
þðr−2−3rþ2þ2r−rþ½1−2n−2ðnþ1Þb2�Þs
þ4r−rþ½nðr−−rþÞþðnþ1Þb2ðr−þ3rþÞ�¼0: ðA5Þ

Comparing with the discussion in Sec. V, it is evident that
we must have

Si1
Si2

¼ c1
c2

;
Si3
Si2

¼ c3
c2

; ðA6Þ

where c1 and c3 are given in terms of c2 in Eqs. (5.14)
and (5.15), with p taken to be the root pi of the cubic
(5.16). Indeed, it can be verified that these equations hold,
provided that p is related to s by

s ¼ r− þ
�
3þ 8n

p

�
rþ: ðA7Þ

In particular one finds that the cubic equation (A5)
becomes equivalent to the cubic equation (5.16) if Eq. (A7)
holds.

APPENDIX B: SOME EXAMPLE POTENTIALS

Here we present some plots of the three axial potentials
V−
i and the three polar potentials Vþ

i appearing in the radial
wave equations describing the linearized perturbations of
the static charged Gibbons-Maeda black holes, viewed as
solutions in the family of a ¼ 1, c ¼ −2 EMDA theories
described by the Lagrangian (8.1). The six plots here show
the potentials for b ¼ 0, 0.5, 1, 2, 3 and 4, as described
in the caption to Fig. 1. Note that the potentials all vanish
on the outer horizon, being proportional to ðr − rþÞ. At
large r the potentials all go to zero, with the asymptotic

behaviour V ∼ lðlþ1Þ
r2 .

In the case that b ¼ 1 we can also include the potentials
V�
H for the axial and polar perturbations of the additional

Maxwell fieldHμν of theN ¼ 2 supergravity theory whose
bosonic sector is described by the Lagrangian (6.25). This
gives the plots shown in Fig. 2.
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FIG. 1. Some example plots of the axial and polar potentials ðV−
1 ; V

þ
1 ; V

−
2 ; V

þ
2 ; V

−
3 ; V

þ
3 Þ corresponding to the roots ðp1; p2; p3Þ

ordered as p1 < p2 < p3, for rþ ¼ 1.5r−, l ¼ 2, for various values of b, as indicated. The dimensionless ratio r=r− is plotted from
the outer horizon at r=r− ¼ 1.5 to r=r− ¼ 6 along the horizontal axis. The dimensionless quantity VðrÞr−2 is plotted along the
vertical axis, for the various potentials ðV−

1 ; V
þ
1 ; V

−
2 ; V

þ
2 ; V

−
3 ; V

þ
3 Þ. The top pair of almost superimposed potentials in the b ¼ 1 plots

correspond to the middle root p2, with the red line being the axial potential V−
2 . The middle pair of almost superimposed b ¼ 1 plots

correspond to the smallest root p1, with the orange line being the axial potential V−
1 . The bottom pair of almost superimposed b ¼ 1

plots correspond to the largest root p3 (that is, the positive root), with the brown line being the axial potential V−
3 . One can see how

the potentials change as b is adjusted, and in particular how the axial potential V−
3 becomes negative in a region outside the outer

horizon when b is large enough. The axial potentials V−
i are given in Eq. (5.19), with p being any of the three roots pi of the cubic

equation (5.16). The polar potentials Vþ
i are given by the function g in Eq. (5.14) of Reference [5], with the constants c1 and c3 being

given by Eqs. (5.16) and (5.17) of [5], and q being any of the three roots qi of the cubic equation (5.18) of [5] (in all equations, the
constant a is set equal to 1).
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FIG. 2. This is the same as the middle-left panel above, showing the potentials ðV−
1 ; V

þ
1 ; V

−
2 ; V

þ
2 ; V

−
3 ; V

þ
3 Þ for b ¼ 1, but now with the

potentials ðV−
H; V

þ
HÞ included as well. These are the pair of lines that are just above the previous middle pair ðV−

1 ; V
þ
1 Þ. The light blue line

is the axial potential V−
H . The potentials V−

H and Vþ
H are given in Eqs. (6.34) and (6.35) of this paper.
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