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We derive an exact relation among the normalized branching fractions of Λb → Λνν̄ and B → Kð�Þνν̄,
within the lepton-number-conserving effective Hamiltonian in which only active neutrinos contribute to the
invisible final state. Although the effective Hamiltonian contains 18 independent Wilson coefficients, the
three normalized rates depend on only two independent combinations of them, leading to an exact algebraic
relation. Remarkably, the central values of the coefficients of this baryon-meson relation are close to 1=4
and 3=4, which appear in the heavy-to-heavy b → c semileptonic sum rule among the branching fractions
of Λb → Λcτν̄ and B → Dð�Þτν̄. Once the decay rate of B → K�νν̄ is measured, the decay rate of Λb → Λνν̄
can be determined in a model-independent manner for new-physics scenarios involving only active
neutrino interactions, thereby providing a clean target prediction for future experiments. This clearly
demonstrates that observables in baryonic and mesonic b → sνν̄ transitions will serve as a compact
consistency test and a powerful probe for discriminating among new-physics scenarios.
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I. INTRODUCTION

Because of the Glashow-Iliopoulos-Maiani mechanism
[1], rare decays induced by the b → s flavor-changing
neutral current (FCNC) provide sensitive probes of short-
distance new physics beyond the Standard Model (SM).
The consistent tensions observed in b → slþl− ðl ¼ e; μÞ
transitions [2–5] further motivate complementary probes in
channels with neutrinos in the final state [6]. Among them,
the b → sνν̄ modes are theoretically especially clean
because, apart from the form-factor uncertainty, they are
free from long-distance hadronic contributions [7,8]. In
particular, B → Kð�Þνν̄ provides an important benchmark
for testing new physics.
Belle II Collaboration has reported the first measure-

ment of Bþ→Kþνν̄, obtaining BðBþ→Kþνν̄Þ¼ð2.3�
0.7Þ×10−5, which corresponds to a 2.7σ excess over the
SM prediction [9]. Combining with the Belle [10,11] and
BABAR results [12,13], the world average is BðBþ →
Kþνν̄Þ ¼ ð1.3� 0.4Þ × 10−5 [9], which leads to

BðBþ → Kþνν̄Þ
BðBþ → Kþνν̄ÞSM

¼ 2.75� 0.86: ð1Þ

Thus, the current data can still be regarded as consistent with
the SM prediction at the 2σ level. In contrast, searches for
B → K�νν̄ by Belle Collaboration yield 90% confidence
level upper bounds only [11]:

BðB0 → K�0νν̄Þ < 1.8 × 10−5; ð2Þ

BðBþ → K�þνν̄Þ < 6.1 × 10−5; ð3Þ

while the corresponding Belle II result is still pending.
Beyond the mesonic sector, the baryonic decay Λb →

Λνν̄ offers complementary information of the b → sνν̄
FCNC because of its distinct hadronic structure. Several
theoretical studies have explored this mode within low-
energy effective Hamiltonian frameworks [14,15], including
scenarios with left- and right-handed neutrinos [16]. It has
also been analyzed within the StandardModel effective field
theory [17] as well as in scenarios with heavy mediators
[18], invisible light particles [19], and other new-physics
contributions [20,21]. These analyzes show that baryonic
channels can provide powerful and complementary con-
straints on new-physics scales and operator structures. In
addition, rare c → uνν̄ and b → qνν̄ (q ¼ d, s) FCNC
transitions in both meson and baryon sectors have been
investigated as sensitive null tests of the SM, with
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comprehensive model-independent analyses and global fits
presented in Refs. [22–24].
Although no experimental measurement of Λb → Λνν̄ is

currently available, it is well motivated to ask whether
baryonic and mesonic b → sνν̄ observables can be related
in a robust and model-independent way. This possibility
is also motivated by the baryon-meson sum rule established
for b → c semileptonic decays [25–33]. In this work, we
derive an exact baryon-meson relation among the normal-
ized branching fractions of Λb → Λνν̄ and B → Kð�Þνν̄,
assuming that the invisible final states are active neutri-
nos described the lepton-number-conserving effective
Hamiltonian. Therefore, once the decay rate of B → K�νν̄
is measured, the decay rate of Λb → Λνν̄ can be determined
in a model-independent manner within this effective
Hamiltonian. This demonstrates that baryonic and mesonic
b → sνν̄ observables provide a powerful consistency test
and thereby help discriminate among new-physics scenarios.
Experimentally, B → Kð�Þνν̄ modes are being actively

explored, and future measurements, especially of B0 →
K�0νν̄ at Belle II [34], will provide essential input for such
tests. By contrast, the baryonic mode Λb → Λνν̄ remains
much more challenging to access directly. Belle II cannot
produce Λb baryons, while hadron-collider experiments
such as LHCb can produce them copiously and enable
precision measurements in several channels [35].
Nonetheless, their poor missing-energy resolution renders
measurements of invisible final states challenging. This
makes future high-luminosity eþe− colliders at the Z pole,
such as FCC-ee and CEPC, particularly attractive for this
mode [36–40]. In the same environment, Bs → ϕνν̄ is also
expected to be probed with comparable or even better
sensitivity to the b → sνν̄ transitions [40,41].

II. THEORETICAL FRAMEWORK

In order to study possible new-physics effects in the
b → sνiν̄j transition, we adopt the following low-energy
effective Hamiltonian:

Heff ¼ −
4GFffiffiffi

2
p V�

tsVtb
αðMZÞ
4π

CSM
L

X3
i;j¼1

½ðδij þ Cij
LÞOij

L

þ Cij
RO

ij
R � þ H:c:; ð4Þ

with

Oij
L ¼ ðs̄γμPLbÞðν̄iγμð1 − γ5ÞνjÞ;

Oij
R ¼ ðs̄γμPRbÞðν̄iγμð1 − γ5ÞνjÞ: ð5Þ

PL;R ¼ ð1 ∓ γ5Þ=2 represent the left- and right-handed
projection operators, respectively. The indices i, j ¼ 1,
2, 3 are the neutrino generations and the matrix V denotes
the Cabibbo-Kobayashi-Maskawa (CKM) matrix [42,43].
For the numerical value of the CKM components, we used
jVtbV�

tsj ¼ 0.0406� 0.0009, which are fitted without using
the new-physics-sensitive observables [44–46]. The SM
Wilson coefficient (WC) is given by [47]

CSM
L ¼ −

Xt

sin2 θWðMZÞ
; Xt ¼ 1.471� 0.012; ð6Þ

which includes the next-to-leading-order (NLO) QCD
[48,49] and NLO electroweak corrections [50]. Following
Refs. [47,50], we use the six-active flavor value of the weak-
mixing angle, sin2 θWðMZÞ ¼ 0.23140 [51]. For the fine-
structure constant, we use the latest value, αðMZÞ−1 ≃
127.96 [51]. The effects of new physics are parametrized
through 18 independent WCs Cij

L;R (all that vanish in the SM
limit). Since all operators are conserved in both QCD and
QED, the WCs do not have scale dependence. Throughout
this analysis, we assume that all neutrinos appearing in Heff
are left-handed. Note that, in contrast to a convention adopted
in the previous literature, we defineHeff with CSM

L factorized
out in Eq. (4), following the analysis of b → c semileptonic
decays. From a mathematical point of view, however, this is
just convention of new-physics sector, and the final results of
our analysis remain unchanged. Our relation is derived within
effective Hamiltonian in Eq. (4). It could be violated if
additional invisible particles, right-handed neutrinos, or
lepton-number-violating operators contribute.
By using this effective Hamiltonian, we obtain the

following b → sνν̄ signal strengths with respect to the
SM prediction for the branching fractions1 and a longi-
tudinal polarization fraction FLðK�Þ:

μðB → Kνν̄Þ ¼ BðB0;þ → K0;þνν̄Þ
BðB0;þ → K0;þνν̄ÞSM

¼ 1

3

 X3
i¼1

j1þ Cii
L þ Cii

Rj2 þ
X3
i≠j

jCij
L þ Cij

R j2
!
; ð7Þ

1In several references [6,52–55], this ratio is denoted by RKð�Þ
νν .
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μðB → K�νν̄Þ ¼ BðB0 → K�0νν̄Þ
BðB�0 → K0νν̄ÞSM

¼ 1

3

�X3
i¼1

ðj1þ Cii
Lj2 þ jCii

Rj2 − 1.18ð10ÞRe½ð1þ Cii
LÞC�ii

R �Þ

þ
X3
i≠j

ð0.20ð2ÞjCij
L þ Cij

R j2 þ 0.80ð2ÞjCij
L − Cij

R j2Þ
�
; ð8Þ

μðΛb → Λνν̄Þ ¼ BðΛb → Λνν̄Þ
BðΛb → Λνν̄ÞSM

¼ 1

3

�X3
i¼1

ðj1þ Cii
Lj2 þ jCii

Rj2 − 0.37ð14ÞRe½ð1þ Cii
LÞC�ii

R �Þ

þ
X3
i≠j

ð0.41ð4ÞjCij
L þ Cij

R j2 þ 0.59ð4ÞjCij
L − Cij

R j2Þ
�
; ð9Þ

μðFLðK�ÞÞ ¼ FLðB0 → K�0νν̄Þ
FLðB0 → K�0νν̄ÞSM

¼ 1

3

1

μðB → K�νν̄Þ
�X3

i¼1

j1þ Cii
L − Cii

Rj2 þ
X3
i≠j

jCij
L − Cij

R j2
�
; ð10Þ

where the uncertainties comes from the form factors. For the form factors, we adopt the results obtained from refined fits for
B → K [56], B → K� [57], and Λb → Λ transitions [58], whose form factors are parametrized by Bharucha-Straub-Zwicky
(BSZ) z-series expansion with N ¼ 3 [59]. Details of the uncertainty calculation are given in the Appendix.

The updated SM predictions are

BðB0 → K0νν̄ÞSM ¼ ð4.35� 0.19� 0.21Þ × 10−6;

BðB0 → K�0νν̄ÞSM ¼ ð7.87� 0.88� 0.37Þ × 10−6;

BðΛb → Λνν̄ÞSM ¼ ð7.97� 0.75� 0.38Þ × 10−6;

FLðB0 → K�0νν̄ÞSM ¼ 0.44� 0.04; ð11Þ

where the first uncertainty arises from the form-factor
determinations, while the second reflects the other uncer-
tainties (dominated by CKM).2 Up to the CKM para-
meters, we find that these values are consistent with
Refs. [15,16,45,57,61].
The predicted signal strengths are theoretically corre-

lated via the b → sνiν̄j WCs in the effective Hamiltonian.

III. EXACT BARYON-MESON RELATION

From the expressions given in the previous section, we
arrive at the following very compact formula among the
three signal strengths (normalized to the SM predictions):

μðΛb → Λνν̄Þ ¼ ð0.26� 0.05ÞμðB → Kνν̄Þ
þ ð0.74 ∓ 0.05ÞμðB → K�νν̄Þ; ð12Þ

where all dependence on 18 WCs is identical on both sides.
The quoted uncertainties in the two coefficients arise from
the form factors and are fully anticorrelated. As discussed
below, one can derive this formula a straightforward way.
The algebraic origin of the relation becomes transparent
once the signal strengths are rewritten in terms of the two
independent WC combinations introduced below.
Because of the parity conservation in QCD,

hK̄ðpKÞjs̄γμγ5bjB̄ðpBÞi ¼ 0 holds in the hadronizations.
This leads to [62]

3μðB → Kνν̄Þ ¼
X
i

X
j

jCij
þj2; ð13Þ

with Cij
� ≡ δij þ Cij

L � Cij
R . On the other hand, although the

vector and baryonic channels are more involved [63], their
expressions can still be written in the form of

3μðB → K�νν̄Þ ¼
X
i

X
j

ðaþjCij
þj2 þ a−jCij

− j2Þ; ð14Þ

3μðΛb → Λνν̄Þ ¼
X
i

X
j

ðbþjCij
þj2 þ b−jCij

− j2Þ; ð15Þ

with aþ ¼ 0.20, a− ¼ 1 − aþ ¼ 0.80, bþ ¼ 0.41, and
b− ¼ 1 − bþ ¼ 0.59. The interference between Cþ and
C− is absent after integrating over the unobserved neutrino
kinematics. These three equations immediately lead to the
identity

2For the charged modes, we obtain BðBþ → Kþνν̄ÞSM ¼
ð4.72� 0.20� 0.22Þ× 10−6 and BðBþ → K�þνν̄ÞSM ¼ ð8.61�
0.95� 0.41Þ× 10−6, where triply Cabibbo-suppressed tree-level
contributions, Bþ → τþð→ Kð�Þþν̄τÞντ, are not included [60]. In
the Belle II analysis [9], the tree-level processes are included in
the background model, not in the signal. We also find that the
charged mode for μðB → K�νν̄Þ is almost the same equation as
Eq. (8).
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μðΛb → Λνν̄Þ ¼ bþ − aþ
a−

μðB → Kνν̄Þ

þ b−
a−

μðB → K�νν̄Þ: ð16Þ

Here, all dependence on the WCs has been eliminated. This
relation is algebraically exact within the effective
Hamiltonian of Eq. (4), while its coefficients depend on
hadronic form factors and, therefore, carry uncertainties in
their numerical evaluation. Including the form-factor uncer-
tainties, details of their treatment are given in the Appendix,
one can derive the relation in Eq. (12). In this way, this
identity does not depend on whether neutrino flavor is
conserved or violated.
Interestingly, we find that the central values of the

coefficients for the pseudoscalar- and vector-meson modes
in the relation (12) are close to 1=4 and 3=4, respectively,
which appear in the b → c semileptonic sum rule in the
heavy-quark limit [29,31]. This numerical agreement should
not, however, be interpreted as implying a common spin-
counting origin. In the heavy-to-heavy (b → c) transitions,
the pseudoscalar (D) and vector-meson ðD�Þ form a heavy-
quark spin multiplet, and the coefficients 1=4 and 3=4 can be
understood directly from heavy-quark spin symmetry
[64,65] and the corresponding spin counting. By contrast,
K andK� do not form a heavy-quark spin multiplet. At large
recoil, the form factors in the heavy-to-light (b → s)
transitions are related within the corresponding channels
but are not unified into the independent soft form factors
governing B → K and B → K�. The present b → s relation
instead follows from the explicit two-dimensional Wilson-
coefficient dependence in Eqs. (13)–(15).
Mathematically, this follows from the fact that no three

linearly independent vectors can exist in a two-dimensional
vector space. This should be contrasted with generic b → c
semileptonic sum rules, where residual terms remain, but
the resulting relation still provides a good approximation.
In the b → sνiν̄j observables, this space is spanned by two

summations of the WCs:
P

i;j jCij
þj2 and

P
i;j jCij

− j2. Hence,
any observable whose dependence on the WCs lies in this
two-dimensional space obeys a similar exact relation,
irrespective of neutrino flavor violation. Thus, in a similar
analysis, we derive another exact consistency relation from
Eq. (10) (see also [6]):

1 ¼ ð0.20� 0.02Þ μðB → Kνν̄Þ
μðB → K�νν̄Þ

þ ð0.80 ∓ 0.02ÞμðFLðK�ÞÞ; ð17Þ

with anticorrelation between the uncertainties of the two
terms. Again, all dependence on 18 WCs is canceled in the
right-hand side.
Along similar lines, one can also construct a known

relation between the inclusive and exclusive decays [6,7]:

μðB → Xsνν̄Þ ¼ ð0.34� 0.01ÞμðB → Kνν̄Þ
þ ð0.66 ∓ 0.01ÞμðB → K�νν̄Þ; ð18Þ

where μðB → Xsνν̄Þ ¼ BðB→ Xsνν̄Þ=BðB→ Xsνν̄ÞSM and
the uncertainties are fully anticorrelated. Interestingly, again,
we found that this expression is broadly consistent with the
baryon-meson relation (12):

μðΛb → Λνν̄Þ ≈ μðB → Xsνν̄Þ: ð19Þ

This intriguing agreement was already pointed out in the
study of the b → c semileptonic sum rule [26,32,33].
In this manner, the observables of BðΛb → Λνν̄Þ and

FLðK�Þ can be indirectly determined from the measure-
ments of BðB → Kð�Þνν̄Þ in a model-independent way. This
relation connects among the baryonic and mesonic chan-
nels in a theoretically clean way and can provide a
complementary probe of possible new-physics effect. In
particular, if future measurements establish a violation of
these relations, this would indicate the presence of new
physics beyond the framework with only left-handed
neutrinos.
In Fig. 1, following the argument in Ref. [61], we show

the correlation among b → sνν̄ observables. For BðΛb →
Λνν̄Þ and FLðK�Þ, we use the relations (12) and (17)
without taking the theoretical uncertainties. The orange and
green colored regions indicate predictions of the pure Cii

L
(C11

L ¼ C22
L ¼ C33

L ≠ 0 and the others are zero) and pure Cii
R

FIG. 1. The contours of BðΛb → Λνν̄Þ × 105 and FLðK�Þ are
shown as red and blue lines, respectively, on the BðBþ → Kþνν̄Þ
and BðB0 → K�0νν̄Þ plane. The orange and green regions
represent the pure Cii

L and Cii
R scenarios, respectively, including

the 1σ form-factor uncertainties.
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scenarios, respectively. The yellow-shaded region is the
current data of BðBþ → Kþνν̄Þ in Eq. (1). The gray-shaded
region is excluded at 90% confidence level by the Belle
B0 → K�0νν̄ search in Eq. (2).
Using jCij

− j2 ≥ 0, one can readily derive the EFT bound
[61,62]:

BðB0 → K�0νν̄Þ

≥ aþ
BðB0 → K�0νν̄ÞSM
BðBþ → Kþνν̄ÞSM

BðBþ → Kþνν̄Þ

¼ ð0.34� 0.04ÞBðBþ → Kþνν̄Þ: ð20Þ

For small BðB0 → K�0νν̄Þ, we show the theoretically
excluded parameter region by the EFT bound (at the 2σ
level) as the dark-purple-shaded region.
To gain further insight into this correlation, Fig. 2 shows

the corresponding plot including all uncertainties, where
the value of μðB → Kνν̄Þ is fixed to the latest data in
Eq. (1). Predicted μðΛb → Λνν̄Þ and μðFLðK�ÞÞ are shown
by the red and blue regions, respectively. We find that these
uncertainties are currently dominated by μðB → Kνν̄Þexp,
while the form-factor uncertainties also give a sizable
contribution. Again, the gray-shaded region and dark-
purple-shaded region are excluded by the Belle and the
EFT bounds, respectively.
It is clearly shown that once B → K�νν̄ is measured, the

branching fraction of Λb → Λνν̄ and the polarization
fraction FLðK�Þ can be predicted rather concretely and
tested in future measurements. In particular, the current
data already set the upper bound μðΛb → Λνν̄Þ ≤ 2.6 (2.8)
at the 1σð2σÞ level.

IV. DISCUSSION AND CONCLUSIONS

In this paper, we have established the robust relation
among the branching fractions of Λb → Λνν̄ and
B → Kð�Þνν̄, assuming decoupled right-handed neutrinos.
We find the fact that this relation remains exact even in the
presence of 18 independent WCs can be understood from
the explicit structures in Eqs. (13)–(16). As a result, once
the decay rate of B → K�νν̄ is measured at Belle II, that of
Λb → Λνν̄ can be inferred immediately in a model-inde-
pendent way within new-physics scenarios involving only
active neutrinos.
The present relation is algebraically exact within the

effective Hamiltonian of Eq. (4), while its coefficients
depend on hadronic form factors and carry uncertainties in
their numerical evaluation. Consequently, any significant
experimental deviation from this relation would provide
evidence for physics beyond this framework, such as
additional light dark particles [66–72], light right-handed
neutrinos [16,62], or lepton-number violation [73–76]. This
result, thus, establishes b → sνν̄ observables as a powerful
tool for discriminating among new-physics scenarios in
future experiments. How significantly these effects violate
this relation will be investigated in future work.
We have also pointed out that the coefficients of this

baryon-meson relation are numerically close to those of the
b → c semileptonic sum rule. Although this numerical
agreement is suggestive, a direct heavy-quark-symmetry
derivation is not available for the heavy-to-light b → s case.
In the present work, this relation is derived instead from the
explicit structure of the rates. Related heavy-to-light semi-
leptonic sum rules have recently been discussed in charm
decays [77], where residual terms remain while the sum-
rule relation can still be phenomenologically useful.
It is worth emphasizing once again that, even in the

absence of data for the baryon mode, the meson modes
alone are sufficient to provide a meaningful validation in a
model-independent way. According to Ref. [78], it is
expected that Belle II can observe B → K�0νν̄ at early
stage. Both sensitivities on the branching fractions of Bþ →
Kþνν̄ and B0;þ → K�0;þνν̄ are 10% level, and the one on
FLðK�Þ is 0.08 with 50 ab−1. These sensitivities should be
sufficient to enable an experimental verification of the exact
consistency relation for the polarization fraction in (17) and
hopefully also of the inclusive relation in (18) [79].
Finally, the corresponding b → dνν̄ modes offer a

natural extension of the b → sνν̄ analysis. Although they
are additionally CKM-suppressed in the SM, Belle mea-
surements of the mesonic channels have already established
upper limits [10,11]. They, therefore, remain well-
motivated targets for future searches, particularly in light
of the significantly improved sensitivity expected at next-
generation experiments.

FIG. 2. Prediction of the baryon-meson relation using the Belle
II result, μðB → Kνν̄Þexp ¼ 2.75� 0.86. The red band represents
μðΛb → Λνν̄Þ labeled on the left axis, whereas the blue region
represents μðFLðK�ÞÞ labeled on the right axis, with 1σ uncer-
tainties obtained from the form factors and μðB → Kνν̄Þexp. The
black dashed line is a prediction for μðB → Kνν̄Þ ¼ 1.
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APPENDIX: UNCERTAINTY FOR THE
BRANCHING RATIO OF THE B → M

TRANSITION

In general, the form factors of the B → MðM ¼ K;K�Þ
transitions (and also Λb → Λ transition) are parametrized
by the BSZ z-series expansion [59] (BSZ-type expansion
for the Λb → Λ decays [58]):

F i
B→Mðq2Þ ¼

1

1 − q2

m2
i;pole

XN−1

n¼0

αin½zðq2Þ − zð0Þ�n; ðA1Þ

with

zðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − t0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþ − q2

p
þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tþ − t0
p ; ðA2Þ

where the label i denotes the type of form factors, mi;pole

is the mass of the lowest-lying resonance, and t� ¼
ðMB �MMÞ2, t0 ¼ tþ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tþðtþ − t−Þ

p
. [For the Λb → Λ

decays, t0 ¼ ðmΛb
−mΛÞ2 ¼ q2max, and zð0Þ in Eq. (A2)

should be zðq2maxÞ.] In our analysis, we truncate the z-series
expansion at N ¼ 3, since jzðq2Þjmax ≤ 0.1. The z-series
coefficients αin, together with their uncertainties and cova-
riances, are determined from lattice QCD, dispersive bounds,
and light-cone sum rules.
Below, we briefly summarize how the uncertainties in αin

propagate to the branching ratio in our analysis. Since the

branching ratios B are a quadratic form of the form factors,
they can formally be written in the following form:

B ¼
X
i;j

αiCijαj; ðA3Þ

where αi denotes the coefficient vector with components αin
(we relabeled the index i). The matrix Cij consists of entries
given by functions of the WCs after performing the momen-
tum (q2) integration, with Cij ¼ Cji. The covariance of the
vector αi is given as the correlation matrix ρij, defined by

Covðαi; αjÞ ¼ σiρijσj; ðA4Þ

where σi denotes the uncertainty of αi with hσii ¼ 0. Here,
any matrix element ρij satisfies −1 ≤ ρij ≤ 1 and ρii ¼ 1.
We use the correlation matrix ρij for the decays of B →

Kνν̄ [56], B → K�νν̄ [57], and Λb → Λνν̄ [58], together
with the uncertainties of the coefficients αi, to calculate the
uncertainties of the branching ratios.
To propagate the form-factor uncertainties, we consider a

shift in the parameters αi → αi þ σi. Expanding the branch-
ing ratio B to first order then gives

B → B þ ΔB; ΔB ≃
X
i

∂B
∂αi

σi: ðA5Þ

The variance of B can be obtained by

VarðBÞ ¼ hðΔBÞ2i

≃
��X

j

∂B
∂αj

σj

��X
k

∂B
∂αk

σk

��

¼
X
j;k

∂B
∂αj

hσjσki
∂B
∂αk

≕
X
j;k

∂B
∂αj

Covðαj; αkÞ
∂B
∂αk

¼
X
j;k

∂B
∂αj

σjρjkσk
∂B
∂αk

; ðA6Þ

which is consistent with Ref. [59]. Therefore, we obtain

VarðBÞ ≃
X
i;j;k;l

αiðCij þ CjiÞσjρjkσkðCkl þ ClkÞαl

¼ 4
X
i;j;k;l

αiCijσjρjkσkCklαl; ðA7Þ

where we used Cij ¼ Cji. Eventually, the branching ratios
including the form-factor uncertainty are represented by

B �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarðBÞ

p
: ðA8Þ
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