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Real-time quantum dynamics on the fuzzy sphere: Chaos and entanglement
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We study the real-time quantum dynamics of a matrix model consisting two bosonic fields on the fuzzy
sphere S% using the Gaussian state approximation. Starting from the Hamiltonian formulation and using
Wick’s theorem, we derive a closed set of coupled nonlinear differential equations governing the time
evolution of the one- and two-point correlation functions. The thermal equation of state is found by
maximizing the von Neumann entropy over Gaussian states and solving the algebraic self-consistency
equation(s) leading to a complete determination of the symplectic spectrum of the covariance matrix. We
identify near-thermal initial conditions and use them to solve the equations of motion and employ our
findings to probe chaos by calculating the largest Lyapunov exponent at various temperatures. Our results
demonstrate that the latter tends to zero at a finite temperature indicating that the quantum dynamics respect
the Maldacena-Shenker-Stanford bound across all temperatures, while approaching toward the classically
chaotic regime at high temperatures. Finally, we examine the entanglement dynamics of the model in real-
time by considering a sequence of bipartitions of the Hilbert space and computing the entanglement

entropy and clearly exhibit the fast scrambling features that emerge in due detail.
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I. INTRODUCTION AND SUMMARY OF RESULTS

Recently, there has been ample interest in exploring and
quantifying chaos emerging from various matrix models
[1-17]. Interest in this area is especially propelled by a
result due to Maldacena-Shenker-Stanford (MSS) [6],
which briefly states that the largest Lyapunov exponent
for quantum chaotic dynamics is controlled by a temper-
ature dependent bound and is given by A; < 2zT. It is
demonstrated that the Sachdev-Ye-Kitaev (SYK) [7,18]
model saturates this bound, while it is also expected to be so
for the Banks-Fischler-Shenker-Susskind (BFSS) model [19],
it appears to be rather a formidable task to prove it. Classical
chaotic dynamics of the BFSS model is studied in [4] as
an approximation to the quantum dynamics of the system in
the high temperature regime where it is found that the
largest Lyapunov exponent is given as A; =
0.2924(3) (A pooreT)'/*, meaning that the MSS bound is
not obeyed only below a critical temperature, namely
T.~0.015, while it remains parametrically smaller than
2T for T > T,.. Some other recent work on matrix models
exploring aspects of chaotic dynamics and related issues
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within the classical regime are given in [8,9,12,15,16,20-22].
Investigations of the BFSS and related matrix models in
the Euclidean signature dates back to early and mid 2000’s
[23-25] and more recently to [26-28]. These works have
shown that the BFSS model and similar variants exhibit two
distinct phases. For the BFSS model, one of these is
described by essentially a large number of coincident DO-
branes in the ’t Hooft limit, for which the system is holo-
graphically dual to a black-brane configuration whose low-
temperature geometry can be obtained using gauge-gravity
duality. The thermodynamic properties and phase structure of
these models have been investigated both analytically and
numerically using Euclidean time compactification and
Monte Carlo techniques and comprehensive expositions to
these results can be found in [29,30]. It is also important to
mention the treatment of fuzzy scalar field as a multitrace
matrix model [31] and generalized hermitian matrix model
[32] in the spirit of [33]. Nevertheless, it does not seem
possible in any immediate way to quantitatively connect them
to the chaotic dynamics these models are expected to exhibit.

Thus a key challenge in more rigorously testing the
MSS bound in BFSS and similar matrix models is the
need for proper real-time techniques that may be used to
explore quantum dynamics and chaos within such models.
Recently, a promising new alternative approach based on
an approximation using Gaussian states has been proposed
and applied to the BFSS model [13,14] and related matrix
models. This method allows for studying real-time quan-
tum dynamics in a nonperturbative framework and is
related to the self-consistent 2PI techniques in quantum
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field theory [34] as we will remark in Sec. II. 4. and also
used in quantum chemistry as well as for analyzing many-
body systems [35,36]. Within this approximation the
quantum state is represented by a Gaussian density matrix
(or equivalently a Gaussian Wigner distribution) which
allows for the entire dynamics to be expressed in terms of
one- and two-point correlation functions, which, as is
well-known, suffice to completely characterize Gaussian
states [37—40]. Higher-order correlation functions are
expressed in terms of the latter via Wick contraction,
which essentially amounts to reducing the infinite hierarchy
of Schwinger-Dyson-like equations stemming from the
Heisenberg equations of motion for such models to a finite
set of nonlinear differential equations that can be solved
numerically. Applications of this approach to the BFSS
model and its bosonic part have shown that the largest
Lyapunov exponent satisfies the MSS bound 4; < 2zT for
all temperatures and vanishes at a low but a finite
temperature. It does not, however by any means, allow
to demonstrate that the MSS bound is saturated for the
BFSS model since it does not capture the full quantum
dynamics, nor does it preserve the supersymmetry of the
latter. Nevertheless, it provides a powerful framework for
taking the quantum effects into account, albeit within the
restricted domain of Gaussian states for studying chaos in
matrix models beyond the purely classical treatment.

In this work, we apply the Gaussian state approximation
(GSA) to investigate the real-time quantum dynamics on the
fuzzy-sphere S% [41] (see [42] for a review of the literature
on S%). In particular, we focus our attention to a bosonic two-
matrix model on $% x R where R stands for time. Starting
from the Hamiltonian, we compute the Heisenberg equations
of motion and using Wick’s theorem we obtain a truncated
set of ordinary nonlinear coupled differential equations for
the one- and two-point correlation functions in the most
general Gaussian state. These equations govern the quantum
dynamics of the model, while a key ingredient in extracting
physically relevant solutions out of them in order to probe
chaotic dynamics is the suitable selection of the initial
conditions. This is also necessary to be able to link our
results to what may be expected in the classical limit, i.e., at
high temperatures. Thus, firstly, a detailed statistical
mechanics analysis is called for to obtain the thermalization
conditions and the equation of state to describe the thermo-
dynamic properties of the system. This is achieved by
maximizing the von Neumann entropy for the most general
Gaussian density matrix at fixed energy, which allows us to
find and characterize the thermal equilibrium in terms of the
symplectic eigenvalues of the covariance matrix of the
Gaussian (i.e., the connected part of the two-point functions).
These are expressed in terms of characteristic frequencies wy,
whose form depends whether the interaction potential is
—437,1X:. X2 which is O(2)-symmetic and involve both
planar and nonplanar contributions via the Wick contraction
or of the form £Tr(X,X,X,X,), which breaks the O(2)

symmetry to the dihedral group D, and lead to solely planar
2+ +40)
involving the quantity C defined through Eq. (2.26). We
determine that C satisfies a self-consistency equation, as
derived in the text in (2.39) and solve it numerically and
obtain its value at any given temperature 7' and the other
parameters, namely the mass y of the scalar fields, R the
radius of S% and the matrix level, N, of the system. This
avails us to unambiguously determine the symplectic eigen-
values f; of the covariance matrix and hence the von
Neumann entropy as well as other physically relevant
quantities, such as the energy E at a given temperature T
and the total coordinate dispersion (TrX,X;) which takes
the value C at thermal equilibrium. For the O(2)-symmetric
potential the same analysis leads to system of N coupled
algebraic equations on the covariances of the modes, which
we have also successfully solved numerically. Nevertheless,
as may be expected, thermal equilibrium conditions lead to a
static solution of the truncated equations of motion, which is
easily verified both analytically and numerically. To proceed,
we determine configurations which are drawn randomly
from classical Gaussian ensembles of suitable variances but
are close enough to the thermal equation of state and hence
dynamical so that the time evolution generated by the
equations of motion with these initial data allows us to
study the emerging chaotic behavior of the model. Energy, as
well as the total coordinate dispersion, versus temperature
plots of the thermal equilibrium and the latter dynamical
thermal equilibrium states are graphically represented by the
plots given in Fig. 2 which clearly depict the thermal
similarity of these configurations. Averaging over several
(typically between seven and nine) such initial configura-
tions we have determined the largest Lyapunov exponent 4;,
of the model at a given value of the parameters, y, R in the 't
Hooft limit, at the matrix level N =5 as function of the
temperature. Our results, presented in Sec. III clearly
demonstrate the dependence of A; over a wide range of
temperatures and its decrease toward zero at a finite 7" value,
which clearly demonstrate the effect of quantum dynamics
becoming more attenuated at lower temperatures and driving
the system toward a nonchaotic regime. Thus, the quantum
dynamics of the model within GSA respects the MSS bound
at all temperatures. At higher 7 values, we find that both the
classical and the quantum dynamics are significantly chaotic
and similar in this respect. We also seize the opportunity to
model how the 1; changes with curvature by plotting its
response to the radius R at several different values of 7.
Finally we thoroughly examine the entanglement
dynamics of our model by decomposing the system into
two subsystems in a sequential manner. Although the GSA
does not lead to unitary time evolution, it ensures that pure
states evolve into pure states—a property that makes
computing entanglement entropy feasible [14]. In the most
general setting the latter is obtained via the von Neumann

terms. In the latter case, we find that @, :=
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entropy of the reduced density matrix p, = Trpp, where
the full Hilbert space admits a bipartite decomposition
‘H = H, ® Hjp. Taking into consideration that our system
consists of 2N? canonical modes, we introduce a sequence
of bipartitions H = H.; ® H.,, where H; contains the
modes with / < L and H.; those with [ > L. The entan-
glement entropy S, is then computed from the symplectic
eigenvalues of the reduced covariance matrix obtained by
restricting that of the full system to the first (L + 1)?
modes. In Sec. IV we present our results for N =5, 4 = %
across bipartite levels L =0, 1,2,3,4 for the planar and
L =1,2,3,4 for the full interaction both of which dem-
onstrate the fast scrambling features comprising of an initial
sharp increase followed by a saturation toward a constant
value expected from a chaotic quantum system as well as
other related aspects in due detail.

I1. BASICS

In this section we describe the model on which we focus
our attention in this paper. We start with the Hamiltonian
description, obtain the Heisenberg equations of motion,
introduce the Gaussian state approximation which will be
used to obtain a truncated set of equations of motion
approximating the quantum dynamics.

A. The model and the equations of motion

We consider a two-matrix model on S% x R where
S2 stands for the fuzzy 2-sphere and R stands for time.
Let us start with writing out the Hamiltonian operator
which can be expressed as

Here, X ; (with i, j = 1,2) are N x N Hermitian matrices,
ﬁ’i = a,f( ; represent the conjugate momentum operators,
which are also N x N Hermitian matrices; )A(j =X i

f’j = P;, and they satisfy the canonical commutation
relations in the standard quantum mechanical sense, as
will be written explicitly below in an appropriate basis. L,
(a =1,2,3) are the N x N Hermitian generators of SU(2)
in the spin % irreducible representation satisfying the
SU(2) algebra commutation relations; [L,, L] = i€ p.L..
In above, [L,, -] are the derivations on S% as usual. We may
also note that R is the radius of the fuzzy sphere, y > 0 is
the mass of the scalar fields, X ;» and 4 > 0 stands for the
coupling constant. The matrix fields X; and their conjugate
momenta 131- are functions of the time, i.e., their matrix
entries are time dependent.

We see that this Hamiltonian has a global SU(2)
symmetry which is implemented by the adjoint action of
Uesu(2); X, - U'X,u, P, - U'P,U, L,— U'L,U.
It also has a rigid O(2) symmetry rotating the matrices

X; among themselves; X; — Rinj, where R€ 0(2). In
what follow, we will also consider the model with only the
planar interaction potential %Tr(f( 1X,X,X,) which breaks
the O(2) symmetry to the dihedral group Dj.

It is convenient and also proves to be more suitable for
the ensuing numerical analysis of the equations of motion
to work with the real polarization operator, which we
denote as Z;,,,, with [ =0,1,..., N -1, -1 < m < [, which
are N x N Hermitian matrices, Zle = Z,,, carrying the
spin-/ UIRR of SU(2). They are complex linear combi-
nations of the more familiar complex polarization operators
T,,, satisfying Tfm = (=1)"T,_,, and like the latter form a
basis for the N x N matrices. Definition and some useful
properties of real polarization operator relevant for our
purposes are given in the Appendix A. We can expand the

fields X; and their conjugate momenta P; in this basis as

j(i = ngmzlm’ pi = Zi)fmzlm'
Im

Im

(2.2)

Taking the trace, we are able to write the Hamiltonian
in (2.1) as

i) 1 Dlm plm [(1+1 lm $rim
= (Prtrs (w2 N it

A

L5 Limy rlomy $lams rlym
A X R R R ) (23)

where we have used the fact that Tr(Z;,,Zy,) = S8
(see Appendix A) and defined

bl

mymynsmy

_ jchbbls

mymymsmy

_ jchhbl

mymsmy;iny s (24)
with Kﬁ,&fﬁfg’;}hm = Tr(Zy,m, Z1,m, Z1my Zi,m,)- Sum over the
repeated indices /, and m, will be implicitly assumed from
now on. Explicit expressions for computing the traces
IC%Z,,%I;‘MW in terms of the Wigner 6j-symbols and the
Clebsch-Gordan coefficients are given in the Appendix A.
In what follows, we are going to be essentially working in
the ’t Hooft limit, which is readily obtained by taking
N — o0 and 1 — 0 while keeping A oo = AN fixed.
Letting X/ — /1,_1/6)?5’”, pPim - /1,1/65(,1-'", t— /1,_1/3t,
R — /1,_1/3R, u— /1,1/3u, we can scale Aspeoi t0 1. Thus,
practically ’t Hooft limit is attained by simply letting 1 — %
In the analytical developments we will keep the coupling A
for generality and set it to 4, in numerical calculations."

'Note that, since our model has only SU(2) rather than an
SU(N) symmetry (as is usually the case in flat models like the
BFSS), nonplanar contributions will not be suppressed by # as we
will concretely see later. Nevertheless, it proves convenient to use
the coupling strength as noted above to probe the chaotic dynamics.
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B. Heisenberg equations of motion
In the basis (2.2) the canonical commutation relations
between the fields and their conjugate momenta take the
form,

= iélllzém‘mzéij. (25)

[j({lml ﬁl_zmz]
i s
Thus, we can view our system to be composed of 2N?
canonical modes labeled with / =0,1,...N -1, |m| <,
i =1,2. In the noninteracting limit 4 — O there are 2N

harmonic oscillator with /-dependent frequencies w;o) =

2+ ZH) I mode for each field being 2I + 1-fold

degenerate. For future reference, let us also note that the
|

at}’\(llm — i)lm’ a }A(lm _ ﬁlzm

“im I(l+1
atPll :_|:(ﬂ2+ (R )

atlslzm = _[<ﬂ2 +

1(1R+ 1))

where we have defined

AN AN bkl
Nonismymy 7= Komymismymy, = Koyt msm

_ chhbl

L1
mymsmomy ~ ’CZ o

Mym3ni Ny s

(2.8)

to cast the equations in a relatively compact form. We have
in total 2 x 2N? = 4N? coupled first-order nonlinear differ-
ential equations for X f-'”, Pf’”, which can not be solved in
general in any practical sense. Thus, we consider an
approximation which goes beyond the classical regime
and captures features of the quantum dynamics as we
describe next.

C. Gaussian state approximation

In this paper, we use the Gaussian state approximation
method to investigate the real-time evolution of the system
described by the Hamiltonian (2.1) and the operator
equations of motion (2.7). The essence of this method
relies on introducing the most general Gaussian state,
which is fully characterized by the expectation values of
5(5’", 135’” and their variances in this state, i.e., in terms of
the one-point and two-point functions [14,37,38].
Evaluating the expectation values of the Heisenberg
equations motion in the most general Gaussian state,
Wick’s theorem ensures that a truncated set of coupled
first-order differential equations emerge for the one-point
and two-point functions.

To be more concrete, let us introduce a compact notation
by writing the column vector with operator entities as

1 11,1
>X " N”’lmzlr-:’lzm‘;

zero mode is of the form A% := 1 (PY)2 + ”72 (X992, since
Zoo « Iy commutes with all Z;,, and hence decouples from
the rest and will not have any effect on the dynamics of
the O(2) symmetric model. This does not happen for the
model with the D,-symmetric interaction potential
’%Tr(f( X,X,X,) and therefore we keep the [ = 0 term in
what follows.

The Heisenberg equations of motion for X/ and P are

A A

o, X" = i[H, X!, o,Pm = i[H,P™. (2.6)

Using the cyclic property of the trace and after some
algebra, it can be shown that they take the form,

ll my XlszXZ;mg:|

111 l my {rlymy $rl3my
/\/,,1,,;1,,312,,1z gl g } (2.7)

|
&= (Xim Xim plm P)T | where T stands for the matrix
transpose. Correspondingly ¢ := (X, Xim, plm_ plm)T
the column vector filled with the eigenvalues of X,
P!™ spanning the 4N?-dimensional canonical phase space,
with the usual symplectic form Q, whose explicit form will
be given as a block matrix in what follows. In general,
given a state described by a density matrix p, the expect-
ation value of operators O are given in their usual form
(O) = tr(p O). Using the Wigner function” W,(&) asso-
ciated to the density matrix p, the expectation values
can be expressed as (O) = [dVW,(E)Wy (&), where
dV ¢ stands for the volume element for the 4N*-dimensional
phase space.

The Wigner function W,(&) of the most general
Gaussian density matrix p is [37-39]

= Ne3EE7 (-0,

W;($) (2.9)

Here &,:= (£,) are the one-point functions which are
constituting the center of the Gaussian and

’In a notation adapted to our present setting and suppressing all
the indices we may give the definition as [39]
X Y
5):

1 . Y|.
W[)(X,P) = W/dYe_IPTY<X+E[)
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«‘fuéb» <§a (i §b§a> <§a><gh> (210)

is the covariance matrix, i.e., the two-point functions, which is arranged into a block matrix where a, b are the collective
indices over 7, j and [, m as appropriate. This notation is quite standard in the literature [37-39,43] and adapted to the

index structure of the present problem. We also note that N~ y/det(X~!) is the normalization of the Gaussian Wigner
function W;(&), which ensures that [ dV:p(£) =1 and is equivalent to the condition’ trp = 1.
We can concisely give the Wick’s theorem in the form,

<(§a1 - gal)(g@ - Eaz) e (%az,l gaz,, Z H ga, éaj - éaj»

Pairings i,j

<(éa1 - Zjal)(zjaz - Eaz) T (éa%,l - Eaz,,+1)>s =0, (2'11)

where the subscript s stands for symmetrization, which is relevant whenever ;ga, and Eak do not commute. Evidently, this
occurs if one of them is X/ and the other is P/". In the Gaussian state the Hamiltonian reads

A 1/, 5 W+T1)\ opne 1y Sl Sl <
(H) =5 <<P€’"P€’”> + (/42 X e )><X€’”Xf’"> + Ao, (XY™ KRG 3X§4’"“>>, (2.12)
whose form in terms of the one- and two-point functions after applying Wick’s theorem (2.11) is relegated to the
Appendix B 1

Equations of motion for the one-point functions are obtained as

o,(X\™M) = (PY™), 9%y = (P3™). (2.13)

0,(P™) = —{ (ﬂz n ”IR—“)) (R 4 A (™) () (™)
(RN RTRE™) + (KR (K (KR >>>}, (2.14)

Py = ={ (42 + PR SN (SR 517
+ (RS R) + (R + (KRR >>>} (2.15)

As for the variances <()A(§‘m'5(§?m2 W, (X 5|m113j2m2 », and ((Pﬁ‘m'lsj?mz ), their equations of motion are calculated in the same
manner using the Wick’s theorem. Since they are somewhat lengthy, their explicit form is presented in the Appendix B 1
The main point here is that (2.13)—(2.15), (B2)—(B9) together form a truncated set of first-order coupled nonlinear
differential equations and govern the quantum dynamics of the system within the Gaussian state approximation.

D. Thermal equilibrium and the equation of state

Although, it is possible to look for the solutions of the truncated equations of motion with an arbitrary set of initial
conditions, proceeding in such a manner will not allow us in general to connect the resulting dynamics to the thermal properties
of the system, since ultimately we would like to extract how the largest Lyapunov exponent changes with temperature. Thus, it
is important for us to determine the thermal equilibrium conditions and consider thermal or in fact nearly thermal states’ as
possible initial data for the equations of motion. We may first recall that the standard considerations in statistical mechanics
imply that a system becomes thermalized once the entropy is maximized while keeping the energy fixed. Thus, we may
determine the thermal equilibrium configuration of our system using this basic principle. It is a well-known fact that for a

*We may note that here the tr operation is standing for the trace in the canonical Hilbert space over which & act, and should be
d1st1ngu1shed from Tr, which denotes the trace over the N x N-matrices.

“In the next subsection, we will see that the thermal states are static solutions to the equations of motion, and hence nearly thermal
initial states are sought after and identified to probe nontrivial dynamics.
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Gaussian density matrix p, the von Neumann entropy S = —Tr(p In p) can be expressed in terms of the symplectic eigenvalues
of the covariance matrix X [43-47]. If the symplectic form of the canonical coordinates £ is denoted by €, Williamson’s
theorem [39,48] ensures that the eigenvalues of the product matrix X come in complex pairs £if, where the real positive
numbers, f, are called the symplectic eigenvalues of X. The von Neumann entropy can be expressed in terms of the symplectic

eigenvalues as
SzZ(fk—f—l) In <fk+l>—(fk—l> In (fk—l) (2.16)
T 2 2 2 2

Thus, X describes a pure Gaussian state if and only if f;, = 1/2 V k, in which case the von Neumann entropy vanishes as
expected. In the present model, we may express the covariance matrix X and the symplectic form as block matrices,

rim S l'm' lm pl'm’ " emm’
z[lm][/'m/] _ <<<Xz Xj » «Xz Pj »)’ Q[lm][l’m’] _ < 0 5”5 5,’1')' (217)

ij plml'm’' plm pl'm’ ij 1 smm’
pimx;m ) (PP =57 8"" Sy 0

Both of these matrices are 2Ny, X 2Nty = 4N? x 4N? dimensional with each block of size 2N? x 2N2.

The thermal equilibrium state is expected to share the symmetries of the Hamiltonian unless the symmetries are
spontaneously broken. For our model (2.1) (with 4*> > 0) each term of the potential V := 1 Tr(u?X7 — 43", [X;. X]?) is
separately positive definite (since X; are Hermitian) and therefore its minimum value is zero, implying that each term has to
vanish separately at the minimum, which is only possible with vanishing vacuum expectation value (VEV) for the fields
X™_ Thus, both the SU(2) and the O(2) symmetries separately indicate that’

ki =0.  (P")=0, (2.18)

while the latter is also readily implied by the time reversal symmetry. Due to the SU(2) symmetry the two-point functions
have the general structure,

(RIMEE™Y = 6, (1)5,00bmm, (PIMPEY =6, (1))8,88m ™, (2.19)

and (()A(ﬁ""‘f’f'"z » = 0 as a consequence of the time reversal symmetry. Thus, the covariance matrix has the structure,

L o (DS 85, 0
Zgljm][lm] _ < (1) j ) (2.20)

0 0, (DS 5™ s

It can be easily seen that the £ matrix has 4N? eigenvalues +if, with k (k = 1,...,2N?) being the collective index
running over i, [ and m. Due to the SU(2) and O(2) symmetries, the eigenvalues depend only on /, they are 2/ 4 1-fold
degenerate at each value of / and can be written as

Ji= Gxx(l)ap (l) (221)

In view of these considerations performing the sums over the indices i and m bring an overall factor of two and a factor of
2/ + 1 under the summation symbol, respectively. The von Neumann entropy takes the form,

*For tachyonic mass 2 < 0, vanishing VEVs for X/ is still an extremum of the potential but it is a local maximum rather than a
minimum as the second derivative of the potential is negative definite at this value of the VEVs. In fact, for configurations such as the
diagonal matrices or vanishing of one of the matrices V — % u? Z(ﬂ;‘)z < 0 (4¢ standing for the eigenvalues of b'¢ ;) indicating that
V — —oo0 as 4, — oo and hence that the potential is not bounded from below for > < 0.

Let us also note that for a model with three matrices, in addition to the quadratic and quartic terms a cubic term is also possible and this
can lead to nontrivial fuzzy sphere type vacua for 4> > 0. Indeed, we may note that the maximally supersymmetric massive deformation of
the BFSS, namely the Berenstein-Maldacena-Nastase (BMN) model with SU(N) gauge and SO(3) x SO(6) global symmetry is known to
have fuzzy sphere vacua which spontaneously breaks the SU(N) gauge symmetry either completely or to a product of U(n;)’s depending
on whether the vacua is a single fuzzy sphere at level N or a direct sum of k fuzzy spheres at levels n;, respectively [49-51]. Quantum
dynamics of the bosonic part of this model is currently under investigation using the Gaussian state approximation [52].
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N-1
S=2)» (21+1 K
1=0

Using (2.18) and (2.19), we may write ( ) in (2.12) as

RZ

; ll+1 A limy $rlomy $rlzms lym
()= (1+ 1)(%(1) + (ﬂ2+ ( ))axx(l)) 5 o, (1™ P X5 XG™),

[

I(l+1 A
Z 2l +1 < l) + </,42 —+ ( R )>0xx(l)> +EHf'r]LflnIlzllt%lzmzoxx(ll)Gxx(ZZ)'
l

It is worthwhile to inspect the interaction term in more detail. From the first line of (2.23), we have

IR ol &l &l &l IR
Hr}nlmz;;hnu <X11m1X12m2X23msX24m4> ]C 20314

The last expression stems from £(Tr(X,X,X,X,)-
Tr(X,X,X,X,)) after performing the traces and evaluating
it in the Gaussian state. The possible Wick contractions are
indicated in the diagram in Fig. 1, where the planar and
nonplanar contributions are denoted by the abbreviations P.
and N.P., respectively. Using (()A(glm‘f(j?mz » =0 fori#j,
we see that the nonvanishing planar and nonplanar con-
tributions come only from the first and the second term of
this expression [or equivalently of (2.24)], respectively.

1. Planar interaction

We first consider the model with the planar interaction
potential %Tr(f( 1X,X,X,) as it is analytically more trans-
parent and paves the way for the treatment of the model
with the nonplanar term included as we will see later on.
We observe that this model breaks the O(2) symmetry.
Nevertheless, it is broken only to a discrete dihedral
subgroup D, generated by (X,.X,) = (£X,,+(F)X>),
(X1, X,) = (£X,,£(F)X,), which also continues to
imply (2.18). We have

11151 1 L &l .
,lez"é;"h%‘ <X 1m1X 2m2X 3m3X24m4>
g LihblL
_}lemlmvmz xx(l]) (l )

=S o0

lymy lymy

) SCFRICARENAENEL Y

I b

(lem] lemlzlzmzzlzmz)

:—ZZ 2[1 +1 (212 + 1) xx( l)axx(IZ)

:% <1§(21+ 1)6“(1))2,

=0

(2.25)

Limy $rlomy $rlamy $lymy
mlmzmzm4<X1 Xl X2 X2 >

1 1 1 1
E) In <f1 + 5) - <f[ - E) In (fl — §>:| . (222)
(2.23)
Jolhalals (Sl gl gl glamay (2 04)

where we have used >, Z;,Z,, = (2I+1>]IN (see
Appendix A for a quick proof.)
Defining

2

C:= (2l+ Do, (1),
1

(2.26)

i
o

we may write the energy as

= (H) = Z;(zw 1) {a,,p(l) + (;ﬂ + 1(1; 1))%(1)}

N AC?
2N’

(2.27)

We would like to note that the quantity C defined in (2.26)
is clearly independent of [ but depends on N. It will play a
crucial role in our analysis as it will become abundantly
clear from the ensuing discussions. In particular, we may
define the total coordinate dispersion as

(Tek X)) = (((5(5"’5(5’”» + (X&) (228

Z| =

We easily find that +(TrX,X;)=2C once (2.18)
and (2.19) are used. We W111 revisit thlS point after we
determine the thermal equilibrium configuration, which we
take up next.

X1 X1 XX, X1X2X1 X5
LJ L
N.P.
LJ P. LJ
FIG. 1. Planar and nonplanar contractions.
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2. Thermal equilibrium
Our goal is to maximize the entropy of the system at

fixed energy. By introducing the Lagrange multiplier f,
let us write

L:=S-pE- Eeq)’ (2.29)
where E, denotes the total energy of the system at thermal
equilibrium. We already know that the entropy of the
system is given in the form (2.22) and from that expression
it is readily seen that it is a monotonically increasing
function of the symplectic eigenvalues f;. Thus, the
entropy will be maximized if the conditions

oL __ 8 _, 0 _,
agxx (l) B aaxx ( l) aoxx (l) B ,
oL N OE

a0, () a0, (1) Pas, (1)

are satisfied. These equations yield

=0, (2.30)

98 6,,(1) (1+1)  aC
a—ﬁ’;"T_ﬁ(21+1)<u2+T+W>,
0Saxx(l)_

T =2l +1), (2.31)

from which we infer the thermal equilibrium condition

to be
) [, WD) ac
axx<z>‘<"+ B N)

Q

(2.32)

In fact, it can be readily verified that together with this
condition the configuration specified via (2.18) and (2.19)
constitute a static solution of the set of Egs. (2.13)—(2.15),
(B2)-(B9). This means that the system is indeed in
mechanical equilibrium in the thermalized state.

It is very useful to define the characteristic frequency

of the system at thermal equilibrium as ;:=
(ﬂ2+l<11;1>+%). As 1 — 0 this becomes a)go) =

u+ Z(IRJE]), which are nothing but the harmonic frequen-

cies of the noninteracting system in the 4 — O limit.
Using (2.31) and (2.32), we have

D=2 e =af 3
while from (2.31) and (2.33) we get
1

pe, = In (f’ - 12>, (2.34)
fi—3

which can be inverted to give the symplectic eigenvalues in
the final form,

1 P,
= —coth( —). 2.35
i = oo (%5") (2.33)
©
Let us also note that in the limit A — 0, f; — %coth(ﬂa;’ ),

which are nothing but the symplectic eigenvalues of 2N?
harmonic oscillators with frequencies wgo).

We may now compute the temperature of the system in a
standard manner by differentiating the entropy with respect

to the energy. We have

1 S dS (dE\-!
== =20 (2] =4 (2.36)
T OE dp\dp

where we have used®

ds ¥loasar, 1 P,

@ —Zl___p 20+ 1 wzcsch2<—),

TP BT T IZ:O] Jo

dE 1=

i _52(21 + 1)w?esch? (’%) (2.38)

=0

Inserting for f; from (2.35) and multiply both sides of the
first equation in (2.33) by 2/ + 1 and summing over all /,
we have

1 V=l coth </2—’ u?+ IUR%I) + zﬁc)
C=p2 ! 239
2;( ) 2 W) | ac ( )
H 7 I

where we have used the definition of C given in (2.26).
Clearly, the same equation follows from (2.26) by using the
equation for o, (/) in (2.33). The expression in (2.39) can be
called a self-consistency equation for C at thermal equilib-
rium. It can indeed be solved numerically to determine the
value of C at a given value of temperature 7 and the other
parameters u, R and the size N of the system, which can, in
turn, be used to completely determine o, (/) and o,,(/) as
well as all the other physically relevant quantities, such as the
energy E given in (2.27) and the symplectic eigenvalues f; at
a given temperature 7'. Thus, (2.39) is the final and the most
critical ingredient which allows us to unambiguously deter-
mine the equation of state. In particular, in the zero temper-

ature limit, limg_, . f; = % V [, (2.39) takes the form

®It is worthwhile to note that subsequent to the maximization
of the entropy S at fixed energy, the latter can be expressed as

AC?

e (2.37)

E:=) 2020+ Doyf; -
1
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10? [ Classical at 102t | Classical (Full System) ad
Dynamical Thermal a® at Dynamical Thermal (Full System) ‘ ‘
10! A Thermal Equilibrium a2 . A Thermal Equilibrium (Full System) 2 L]
[ 10! e *
o ? P
o e P
10%a a a & & + s .
. a ?
o v 100 @ @ & & ® +
2 10- =
5 107t o
. +
1077 101
+ +
1073
1072 T
" T
1074
10771 10° 10T 10771 10° 10T
Temperature (T) Temperature (T)
(a) (b)
10 2
10
[ [
o8 ot
a ® o ® g a2
a ? = a ¢
101 a B + 1 e I F
a @ + 10 A +
& a4 ad aaaaa?t s
’ +
* v
10° 0 *
2 z ¥
o + a2
= =
= 101 : F 10m1 *
1 ¥
1072 ) 1072
1 Classical | Classical (Full System)
» Dynamical Thermal » Dynamical Thermal (Full System)
10-3 3 A Thermal Equilibrium 10-3 2 A Thermal Equilibrium (Full System)
10T 10° 107 107! 10° 10t
Temperature (T) Temperature (T)
(c) (d)
FIG 2. E/ N2 and total coordmate dispersion, (T rX;X;), vs T ((a) & (c) for planar interaction, (b) & (d) for the full system) for
=5 u=1LR=521=1
N-1 N-1
1 21 +1 AC3
Cly_g=:Cy = 5 § (2.40) Ey=) (2l+ 1o, —2—N°. (2.41)

In Fig. 2 the energy and the total coordinate dispersion
versus the temperature plots are provided to demonstrate the
thermal equilibrium profile of the system.

The ground-state energy, i.e., the energy at 7 = 0, is then
given as

3. Nonplanar term

We now return to the treatment of the nonplanar term. From (2.24), we have

Kbt (X1 KRG = =Koty Oex (1) cx (12)
= _Zzaxx Gxx 12) (lemlzlzmzzl]mlzlzmz)
Lymy Lymy
I N-1 N-1
= =) (=D)L 4 1)(20 + 1o, (1 )Gxx(lz){ e }
l, N=L N-I
Il 2 3 2
= Z 2ll +1 212 + )Gxx(ll)ﬂxx(ZZ)G(llv 12) (242)
I
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Details of the calculation leading to this result are provided
in the Appendix A. As we anticipated and remarked earlier
in Footnote 1, we observe that (2.42) is not suppressed by
1/N? compared to the planar term, since the contribution of
the 6 symbol within the sum varies with /,, [, and does not
amount to a 1/N? suppression.
Defining D(I) = )= (2I' +
write the energy as

l (204 1 )|:o-pp(l)+<ﬂ2+l(l];1)>o'xx(l):|

Ao, A
L INT20+1
+95 € 22}:( +1)

Do (I)G(I1,I') we may

2

E=(H) =

Il
=}

o (DD(D). (2.43)

Maximization of the entropy works along the same lines as
before and yields

aD(1).

(l+1) AC
W, = \/ﬂ2+w+—— (2.45)

R? N

which are thus both modified by the /-dependent term:
—AD(I). Expressions in (2.33) and (2.35) remain in the
same form with the understanding that @,; is now given
by (2.45). Also = T~! follows identically from 1 = 9 as
before.

Substituting  6,,(1) = s5-coth(3) im0 C=
S50+ Doy (l) and D(1) = X020 + o (1)G(LT),
we obtain a system of N coupled nonlinear equations for
the N unknowns & = (6,,(0),0.(1),....,0,(N—1)),
which can be generically expressed as

1 P [6] _
o (1) = 2w1[]cth( 5 > 1=0,1,..N—1,

oppl) , U(I+1) AC 2.4
Oppl) _ 2D, (244 (2.46)
=S D). (244)
while the effective frequency becomes where
- (+1) 2
N )
(5] = \/ﬂ + +5 % (21 + Do (1') AE (2 + 1o (G 1), (2.47)

Thus, the consistency equation for C given in (2.39)
generalizes to the system of coupled equations given in
(2.46). Ignoring the G(I,I')-dependent term reduces to the
planar case as expected, since then w; depends on & only
through C =>",(2l' + 1)o,(I'), and the system (2.46)
collapses to the equation for C. In particular, at 7 =0

(f = o), coth(fw;/2) - 1 and f; — 1/2 and a§§:°)(l) =

m which still remains a system of N coupled algebraic
1

equations. We have solved (2.46) numerically and obtained
the profiles of E/N? as well as %(Trf(,f(,»} for the full
interaction term. It is readily observed from Fig. 2(b), 2(d),
that there is no substantial change in the thermal character-
istics after the inclusion of the nonplanar interaction term.

At this point it is also worthwhile to comment on the
connections between the present approach and the earlier
work in the literature exploring the quantum field theory on
the fuzzy sphere [42,53-56]. These works considered the
theory of a single real scalar field on the fuzzy sphere with a
quartic interaction and obtained the 1-loop effective action,
whose results revealed that the continuum limit of the
renormalized theory at 1-loop differs from that on the
continuum sphere S? by a finite correction to the kinetic
energy which arises from the nonplanar loop integration.
This is a mild /-dependent quantum contribution to the
dispersion relation indicative of UV/IR mixing, i.e., the

|

emergence of an IR singularity from integrating out the
UV degrees of freedom, encountered in the quantum
effective actions of field theories on noncommutative
spaces such as the noncommutative planes Rj [57].
Thus, this mild correction to the kinetic energy can be
considered as the regularization of the UV/IR mixing on the
noncommutative plane R32, which indeed appears back in
the scaling limit that takes S% to RJ. In comparison, the
GSA approximation we are using in this work evaluates the
2-loop diagrams with a single vertex (i.e., the figure-8
diagram and its nonplanar counterpart), where the full
propagator appear in the loops (as opposed to the bare
propagators used in 1PI effective action calculations) and it
is obtained by solving the self-consistency equations (2.46).
This is essentially equivalent to the 2PI self-consistent
approach [34] mentioned in the introduction applied at the
one-vertex level. We can indeed make the connection
between these two approaches somewhat more concrete
by nothing that our result for the effective squared
frequency @7 given via (2.45) or (2.47) together with
Egs. (2 46) have precisely the renormalization contribu-
tions 4€ and —AD(!) to the bare squared frequencies (wgo) )?
for the planar and nonplanar interactions, respectively.
These terms have a structure similar to the planar and
nonplanar 1-loop two-point functions [42,53-56] with the
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4.0r —— Planar System
—— Full System

0 10 20 30 40 50
Temperature (T)

(2)

=

S, 2nEV2C,

10-7 —— S (Planar System)
—— S (Full System)
--- 2nEV2C/N (Planar System)
--- 2nEV2C/IN (Full System)
10™ 1071 10° 10T
Temperature (T)

(b)

10710

FIG. 3. (@) §/Ngot vs T, (b) S, 27EK vs T at N =5, y = 75, R =5, A =% and Nyor = 2N* = 50.

full propagator o,.(l) in place of the bare propagator
(Z(IR%I) +u?)7'. The I-dependent contributions to the
frequencies via D() parallels the mild /-dependent con-
tribution to the dispersion relation of the 1-loop approach
outlined above.

Variation of entropy with temperature is plotted in Fig. 3,
where we also demonstrate that the Bekenstein bound

[58,59] S <2zEK, with K := /L(TtX,X;) is satisfied.

Indeed, we find that S < 27E\/2C/N. We may remark
that the small dent in the entropy of the full configuration as
seen in the red curve in Fig. 3(b) around T ~ 107! is caused
by the contribution of the decoupled / = 0 mode to the total
entropy, which intersects the sum of the rest around this
temperature. Total entropy is still monotonically increasing,
as it should be, albeit with a slightly lower rate around this
temperature.

E. Choosing the initial conditions

We have already noted that the thermal equilibrium
conditions yield a static solution for the equations of
motion (2.13)—(2.15), (B2)—(B9). Linearization of the latter
around this solution leads to small fluctuations as one can
recognize both analytically and numerically. Thus, as may
be naturally expected, by inspecting the small fluctuations
about this thermal state we can not probe the chaotic
dynamics of the system under study. Nevertheless, we can
follow the approach given in [14] to choose initial data,
which is close enough to the thermal state but yet
dynamical so that the time evolution generated by the
equations of motion allows us to study the emerging
chaotic behavior. To serve this purpose, let us imagine a
mixed state at temperature 7 whose dispersions o, (I) and
0,,(l) are separated into quantum contributions due to a

pure state at 7 =0 corresponding to f; :% V [ and

classical contributions describing the thermal fluctuations

and write this as’

Gxx(l) = ng(l) + Gix(l)’

o,p(l) = 0?,,,(1) +0%,(1). (2.48)

This picture suggests that, we may construct quantum states
that are classical mixtures of pure Gaussian states, which
approximate the Gaussian thermal state at temperature 7T
quite well. To be more concrete, consider a pure state with
nonvanishing one-point functions (X/") = X and (P™) =
P and denote it as |X!™, Pm)(X!m, P!™|. This is not a
thermal state, but can be obtained from the zero-temperature
Gaussian pure state centered at the origin of the phase space,
0,0)(0,0]|, by shifting the coordinates and momenta, via
| X!m, Plmy = exp(iX! P 4 iP™X™)|0,0).° Subsequently,
we can think of forming a classical mixture of such states,
say with the density matrix p, == (|X/m Plm)(X!m pim|) |
with (-). representing the averaging over the classical
probabilities and where the coordinate and momentum
displacements are selected randomly from Gaussian distri-

. . . ! !
butions with zero mean and the variances (Xf’"X;’" ). =

o5 (1)8"' 5™ 5;; and (PImPE™) =6, (1)5" 8™ 5,
tively. The state obtained in this manner is dynamical as each
of the shifted pure states are time-dependent and their time
evolution is obtained by solving Egs. (2.13)—(2.15),

(B2)—(B9) with the initial conditions,

respec-

’As noted in [14], it is possible to choose a different separation
such that o¥,(l), 6%,(l) are not at zero temperature and the
displacements are randomly picked from Gaussians with different
variances. As this is not necessary in practice, we will not pursue
it any further.

The notation here simply means that the expectation values of
Xf’” and I:’f’" in this state are )_(ﬁ’", Pf’”, respectively. Obviously,
these are not the eigenstates of X or P!
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FIG. 4. Variation of <Trf(,f(,-) /N with time (in units of classical Lyapunov time 7; = A;') plotted at N =35, R=35,

p=1/10, 1= 1/5.

imlm' \ __ " smm’
(X; Xj >>—02x(l)5”5 51’]’9

(PImPLmy = oY, (D)8 5" s, (2.49)
and the nonvanishing one-point functions (X!) = X!m
and (Pim) = pim.

An initial state prepared in this manner, fits very well
with the thermal equation of state with small statistical
errors. Firstly, we observe from Fig. 2 both the energy and
total coordinate dispersion 4 (TrX,X,) calculated by aver-
aging over the values obtained on the set of randomly
shifted pure states (we use seven to nine randomly shifted
initial conditions at each temperature) matches in a nice
way with that of the thermal equilibrium state. Next, we
also look at the time evolution of the i (TrX;X;). Unlike
the energy, this is not a constant of the motion.
Nevertheless, as we see from Fig. 4 it fluctuates with
rather small amplitudes somewhat above its thermal
equilibrium value at a given temperature. This behavior
of the total coordinate dispersion is also encountered in the
BFSS model and its bosonic part as discussed in [14].
Thus, in contrast to the thermal state, which is only a static

solution of Egs. (2.13)—(2.15), (B2)—(B9), the classical
mixture of time-dependent pure states as we have con-
structed above can be interpreted to constitute a dynamical
thermal state. Therefore, we expect that their nontrivial
solutions encodes the chaotic motion, which will be
discussed next.

III. DYNAMICS AND CHAOS

We have written a C++ code that solves the equations of
motion (2.13)—(2.15), (B2)-(B9) where the dynamical
thermal states are taken as initial conditions. In particular,
we have obtained the solutions of these equations at several
distinct values of the temperature at the matrix level N = 5
andR=5u= % and A = %, the latter corresponding to the
’t Hooft limit as already noted earlier. At each temperature,
for the given parameter values we average over seven to
nine coordinate and momentum displaced states randomly
picked from the Gaussian distributions with the variances
oy and o}, as explained in the previous section.

In order to probe the chaotic dynamics, we have
calculated the largest Lyapunov exponent, 4; by evaluating
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FIG. 5. 1, time series at N =5, R=5, u=1/10, A =1/5.

the exponential growth between two solutions whose initial
&, = (Xi P ) values differ by 6¢, = (5X| 6P ), with
the norm ||6&(¢)|| ~ 107>, Thus, for each of the seven to
nine randomly selected initial condition at a fixed 7', we
performed a calculation of A; as a function of time and
subsequently averaged over them. In our simulations we
have used time step-size Af~ 1073 at low temperatures
T <0.2 and At~ 107*,107 for the rest. Some details of
the steps followed in the evaluation of 4; are summarized in
the Appendix C 2 The resulting time series for this process
at T = 1.6 and T = 10 are presented in the Fig. 5, where
for convenience we use the scale of the Lyapunov time
7, = 7! in the horizontal axis, which is evaluated from
the classical Lyapunov exponent at the given temperature.
We see that for both the planar and full interaction
configurations there is a transient behavior within the first

2720) where 1; grows and decreases sharply and converges

to a saturation value for t 2 21<LO) in the former and 1 2 4T(LO>

in the latter case. One of our main results is given in Fig. 6
where we show the variation of 4; with temperature. From
this figure, we see that the largest Lyapunov exponent 4; is
vanishing around 7', < 0.8 for the planar and 7. < 0.1 for
the full system. It is also observed that A; values are
increasing with temperature which means that quantum
system is chaotic for T > T, and becomes more so with

increasing temperature as naturally expected, while the
quantum effects become dominant and starts to suppress
chaos as the system gets colder. Thus, the MSS bound [6] is
respected across all temperatures with 4; — 0 at a finite
temperature. In Fig. 7 we present a comparison of the
N =4 and N =5 results from which we observe that
Ar scales quite alike in both cases for both the planar and
full interaction configurations.

1000 .

101} +4

AL
e

1072 +

10-3f

MSS Bound (2nT)
Quantum (Full System)
Classical (Full System)
Quantum (Planar System)
Classical (Planar System)

0—1

10°

T

107 102

FIG. 6. 1, as a function of temperature 7 at N =5, R =5,

p=1/10, 1= 1/5.
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FIG. 7. 1; as a function of temperature 7 at N =4, N =5 comparison. R =5, u = 1/10. (a) Planar Interaction and (b) Full

Interaction.

For comparison, we have also calculated the Lyapunov
exponent for the corresponding classical systems (planar
and full) using the solutions of the subsystem of
Egs. (2.13)—(2.15) for the one-point functions with same
set of initial conditions for temperatures 7' > 1, since as we
see from Fig. 2 that around’ 7 < 1 the classical configu-
ration predicted by the displaced pure states starts to divert
from the thermal equilibrium and hence are not reliable'” for
T < 1. These results demonstrate that the largest Lyapunov
exponent for both the planar and full quantum system
approach toward that of the respective classical system at
higher temperatures 7 > 10%, while they remain safely
below and do not show any tendency to exceed the latter.
We also observe that the 4; values of the full system is a bit
higher than that of the planar system across all temperatures.

Profile of 1, with respect to the radius of R of S% is
plotted in Fig. 8 at a fixed temperature 7 = 5. We see that
A;, remains essentially steady for R 2 3, while it starts to
decrease slowly as R goes below 3. This results suggests
that the chaotic dynamics is robust against the change in
the radius of the fuzzy sphere within a large interval of the
latter, while it is also plausible to observe some decrease in
A as R gets smaller, since /(I + 1)/R? term in w; behaves
as an additional effective mass-squared contribution due to
curvature which increases with decreasing R, driving the
system to be more harmonic and less chaotic.

IV. ENTANGLEMENT

We now turn our attention to examine the dynamics of
the entanglement within the present model, by suitably
separating it into two subsystems in a sequential manner.

°In the full-interaction case, separation of x (TrX,X,) for the

classical configuration starts at a somewhat lower tempera-
ture 7 < 0.8.

We may still calculate the 4; at T < 1 for the classical case,

but the 1; values obtained may at most be lower bounds on their
actual values.

In general, computing the entanglement entropy in real
time is regarded as a difficult problem in the literature [14].
However, the point is that, although the Gaussian state
approximation does not lead to unitary time evolution, it
does ensure that pure states evolve into pure states in time,
which is a fact already emphasized and utilized in [14] in
the context of the BFSS model. For completeness, we give
a brief proof of this fact in Appendix B 2 It is precisely this
property of the GSA that makes the computation of
entanglement entropy feasible for our model too. We
may also note that there are real-time techniques applied
to coupled harmonic oscillators, as well as free bosonic and
fermionic models, that is models with only quadratic
potentials in order to compute the entanglement entropy
in [44,60-63]. The method we are going to outline and use
below relies on the use and evaluation of the reduced
covariance matrix and is therefore distinct and readily
applies to the interacting theories, but at the same time it
complements the aforementioned approaches in a sense
since it has the fuzzy structure naturally playing the role of

. S S T A
53%8 . i ‘ ‘ '
K 4_ l 1
1071
, pog
3 I i } I | ¢
) THE b AR
+ ¢ Quantum (Planar System)
Classical (Planar System)
) Quantum (Full System)
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101
R
FIG. 8. , versus the radius R of S2 at N=35, T =35,

u=1/10, 2 =1/5.
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the lattice discretization while keeping the underlying
symmetries [SU(2) in the present case] intact.

As it is already well-known (see for instance [39] and
references therein as an introduction to the extensive
literature), entanglement in a quantum system is a notion
that has been developed to understand and quantify how
the quantum information associated to the degrees of
freedom become ‘“‘scrambled’ and most frequently char-
acterized or measured by the entanglement entropy. To
compute the latter, it is sufficient (but not necessary in
general [64]) that the Hilbert space H of the system can be
decomposed as a direct product of two sub-Hilbert spaces
H, and Hp as H="H, ® Hp, i.e., the system has a
bipartite composition [39,65]. It is understood that this
separation is in general not unique and another decom-
position will yield, in general, a different entanglement
entropy as may be naturally expected. In quantum systems
exhibiting chaos, it is anticipated that the information gets
rapidly “scrambled’ between the states supported in H,
and Hp and quickly approaches toward a saturation value.
If 'H is finite-dimensional, the latter is called the “Haar-
Scrambled’ entanglement entropy in the literature [66].

Performing a partial trace over the full system’s density
matrix, p, i.e., tracing out either of the H, or Hjp yields a
reduced density matrix. For definiteness, we may consider
tracing over the latter, which yields the reduced density
matrix on H, as p, = trgp. The entanglement entropy
between the subsystems A and B is then nothing but the von
Neumann entropy in Hy,, namely S, = —tr(pyInpy).
Reversing the argument yields Sz = —tr(ppInpp) and it
can be shown that S, = Sp as expected (see, for instance,
[39,65] for a general discussion).

If p stands for a density matrix of a Gaussian state, then
the reduced density matrix p, = trgp obtained after the
partial trace over the subspace Hp is also a Gaussian density
matrix and can be found by restricting the one- and two-
point functions characterizing p, or more precisely, W,(&) to
those in the H,, subsystem'" [40]. The important fact here is
that, regardless p is pure or mixed, p, or the corresponding
Wlﬁj (£), generally describes a mixed Gaussian quantum state
with nonvanishing von Neumann entropy, which is the
entanglement entropy between the subsystems A and B.
Since, the Hilbert space H our system is composed of 2N?

""The shortest way to see this is to use the Wigner
characteristic function y(&) = tr(pe=¢ %), the Fourier trans-
form of W,(p), which for a Gaussian state is of the form
2(8) = e UIUHEQL  Using  the notation &= (&4, EB),
Q =Diag(Q*,Q"), we have for p, corresponding to
2a(En) = try(pae%n) = tr(pei%" @ Ip), which means
that )(A(éAl)T:T )((fA,@,} =0) and this immediately yields
7(E4) = e BB TG QS which is a Gaussian with the
covariance matrix X, obtained from restricting X to the sub-
system A. This is equivalent to integrating W.(p) over the
coordinates £z, which is a lengthy calculation and therefore
omitted here.

canonical modes generated by the canonically conjugate
pairs X', P labeled with [=0,1,..N =1, |m| <1,
i = 1,2 with the /th mode of each field being 2/ + 1-fold
degenerate in its contribution to the entropy, we may
consider a sequence of bipartite systems

H=Haq ®H.L. (4.1)
where H; (H. ) denote the Hilbert space composed of the
2(L +1)* 2(N* = (L +1)?)) modes with [ =0,1,...L
(I=L+1,---N—1). Note that, each subspace has the
respective modes for both of the fields X; and X,. We may
as well form several other bipartite systems by randomly
allocating some of the N2 modes in the first subsystem and
the rest in the second (keeping the same modes for both
fields within a subsystem). Nevertheless, the separation in
(4.1) is useful to capture and illustrate several features of
the entanglement and to measure how the associated
entropy responds to the partitions. To calculate the latter,
we start from the Gaussian state which is of the form
| Xim, plm)(X!im plm| As emphasized earlier, this state is
pure but not in thermal equilibrium and its time evolu-
tion within the GSA is governed by Egs. (2.13)—(2.15),
(B2)—(BY) under which it remains pure with the von
Neumann entropy vanishing at all times. For a given set
of values of the parameters T, R, y, N, we compute the
entanglement entropy S.; as a function of time by
evaluating the von Neumann entropy from the symplectic
eigenvalues of the reduced covariance matrix X.; obtained
from X by restricting it to the first (L + 1)> modes.
Practically, ~.; is formed by omitting the rows and
columns of the latter for /[ > L. Thus, X, is a “bona
fide’ covariance matrix of a (mixed) Gaussian state and the
formula (2.22) applies with N — 1 replaced by L and f;
computed from the eigenvalues of Q ;X ;(7) at time 7.
Our findings are illustrated in Fig. 9, where we show the
time series for entanglement entropy S<;/Ng, Wwith
Ngot =2(L +1)? computed at N =5, 1=1 R=5,
u= % at the bipartite levels L = 0, 1,2,3 for the planar
and for L = 1,2, 3 for the full case (recalling that the [ = 0
mode of the full system decouples from the rest com-
pletely) for 7=1.6 and T = 10. We observe that the
entanglement entropy exhibits the expected scrambling
features, namely a fast and roughly a linear growth at
early times which tend toward a saturation at later times.
Fast growth continues about 212, before it lends to a
saturation value with small variations in time. In the figure,
we have also plotted the von Neumann entropy for the
initial pure state, which remains zero at all times apart from
very small fluctuations due to numerical discritization of
time, confirming that pure states remain pure in time. As
L increases saturation value of S.; gets smaller which is
expected since H.;, — H and hence S, tends to the von
Neumann entropy as L increases, or equally well from
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FIG. 9. S/Ngyy as a function of time.

S« = S. for the entanglement entropy. As a consistency
check we also verified the latter fact numerically.

We see that for (L + 1)?> < N? the saturation value of
S<z/2(L + 1)? for the planar model tends to the thermal
entropy (i.e., the von Neumann entropy at thermal equi-
librium) per degree of freedom, as can be seen from the
plots in Fig. 9(a) and 9(b) with S/2N? plotted as a straight
line, while we observe from 9(c) and 9(d) that in the full-
interaction configuration, saturation values are somewhat
below the thermal entropy (S — S;)/2N? (here since the
zero mode decouples from the dynamics, its contribution to
the total thermal entropy is subtracted). Thus, especially in
the planar case our results support the real-time thermal-
ization of pure states, which in a sense implies at the
quantum level a rather nontrivial equivalence between pure
states on one side indicating a microcanonical ensemble
and a mixed state on the other side describing thermal
equilibrium at 7 i.e., canonical ensemble [1,14].

In connection to our earlier comments in Sec. II regarding
the /-dependent nonplanar contribution to dispersion indica-
tive of UV/IR mixing, we may note that our results for the
entanglement entropy for the model with the full interaction
term takes this /-dependent nonplanar contribution —AD(/)

to the frequencies, w;, completely into account via the
solutions of the self-consistency equations (2.46) and as
noted above and observed from comparing Figs. 9(a)
and 9(b) with Figs. 9(c) and 9(d), respectively, its overall
effect appears to be a slight decrease in the saturation
values of the entanglement entropy in comparison to the
purely planar case.

Following [14], we have also defined an entanglement
saturation time 7z by fitting the profiles of entanglement
entropy to a function of the form S tanh(#/z). Here S adjust
for fits in each sub-partition H.; to capture the saturation
value of the entanglement entropy and at the same time lets
us to compare 7y, at different temperatures and L values. We
may introduce the inverse of the entanglement saturation
time Az := 73!, which can be compared with the Lyapunov
exponent 4; . We plot 4; and A as a function of 7', where 1
at a given T is obtained by averaging its values over all the
available bipartions (L = 0,1,2,3 for the planar and for
L =1,2,3 the full configurations), since we already rec-
ognize that the saturation time for entanglement entropy
does not vary much with temperature, this averaging is quite
suitable. We see from Fig. 10 that Ag is quite close to the
classical value of 1, at all temperatures for which the latter is
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FIG. 10. /; and Ag (averaged over all available H.; subsystems) as a function of temperature.

evaluated (i.e., T = 1). We may note the feature that A > 1;
across all temperatures while they become close to each
other at higher temperatures T ~ 10%. In other words, the
entanglement saturation time is always shorter than the
Lyapunov time and the difference becomes more significant
as the system gets colder.

V. CONCLUSIONS AND OUTLOOK

In this work, we have applied the GSA to investigate the
real-time quantum dynamics of a bosonic two-matrix model
on the fuzzy sphere. By truncating the Heisenberg equations
of motion via Wick’s theorem, we derived a closed system of
nonlinear coupled ordinary differential equations governing
the one- and two-point correlation functions in the most
general Gaussian state.

A central component of our analysis was the thermo-
dynamic characterization of the system. By maximizing the
von Neumann entropy of the most general Gaussian density
matrix at fixed energy, we established thermal equilibrium
conditions and derived the equation of state. In order to
probe the chaotic dynamics of the model, we constructed
dynamical initial configurations drawn from classical
Gaussian ensembles with variances calibrated so that the
dynamical configurations are close to the thermal equation
of state, which we confirmed by observing their agreement
with the equilibrium energy and total coordinate dispersion
x (TrX,X;) versus temperature curves. Averaging over
several such initial configurations, we computed the largest
Lyapunov exponent 4; across a wide range of temperatures
in the 't Hooft limit at matrix level N =5 and also
at N = 4.

Our results reveal a clear picture of the chaotic dynamics
within this model. At higher temperatures, both the classical
and quantum dynamics are found to be comparably and
significantly chaotic, consistent with the expectation that the
quantum effects become subdominant in this regime. As the
temperature is lowered, 4; decreases monotonically and

vanishes at a finite temperature, which we have estimated to
be T, ~ 0.8 and T\, = 0.1 for the planar and full interactions
respectively at N =5, (an similar 7, values at N =4)
signaling the suppression of chaos by quantum fluctuations
and the crossover to a nonchaotic regime as the system
becomes colder. We may emphasize that, this behavior
complies with the MSS bound 4; < 2zT at all temperatures
and also implies that the GSA captures essential features of
quantum effects on chaos.

Finally, we investigated the entanglement dynamics of the
system through a sequence of bipartitions H = H.; ® H.,
where the subsystem H; collects the 2(L + 1)? canonical
modes with angular momentum index / < L. The entan-
glement entropy S.; was computed from the symplectic
eigenvalues of the appropriate reduced covariance matrix.
For both the planar and the full interaction and across
bipartite levels (L = 0,1,2,3, L = 1,2, 3, respectively) the
entanglement entropy exhibits the hallmark behavior
expected of a fast scrambler: a sharp initial growth followed
by saturation toward a constant value. This behavior,
common to strongly chaotic quantum systems, further
corroborates the chaotic nature of the model and under-
scores the consistency of the GSA as a framework for
capturing quantum information-theoretic features of matrix
models.

It will also be interesting to explore connections of our
results with the recently emerging new measures of chaos
and entanglement such as the Krylov complexity [67-70].
Several other aspects of the application of the GSA to
matrix models with fuzzy geometry are under investigation,
including the dynamics and entanglement in the BMN
model [49-51] and will be reported [52] in the near future.
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APPENDIX A: FUZZY SPHERE AND THE
POLARIZATION OPERATORS

1. Fuzzy sphere

Definition of the fuzzy sphere [41] is quite well-known
in the literature. Here we give the basic definition and refer
the reader to [30,42] and an extensive list of references
there in for its various aspects.

Let us denote the SU(2) representations in the spin-
j= % irreducible representation by L, (a =1,2,3).
They satisfy the commutation relations,

{La’ 7Lb] = ieabcLC' (Al)

The fuzzy two-sphere, S% of radius R at the matrix level N
is defined in terms of the rescaled generators of SU(2),

R
Xa ==L, (A2)
TG+
and their commutation relations are given as
) = I ———¢ . A3
b(a )(b] J(_]+ 1) abcX ¢ ( )

They satisfy y2 = R?1,. As N goes to infinity, the standard
commutative S? is recovered.

An N x N matrix, say M € M at(N), is an element of the
fuzzy sphere S% at the matrix level N. Derivations on the
fuzzy sphere are given by the adjoint action of L,’s on M,

adL M := [L,, M], (A4)

and they obey the Leibniz rule. In particular, the Laplacian
on the fuzzy sphere takes the double commutator
form £2M := 2 [L,. [L,. M[[.

Any N x N matrix M can be expanded in a basis
provided for M at(N). For instance, M can be freely
generated by taking as many products of y, as may be
necessary; M = M, ;.. xi Xi, "+ Xi,» Where sum over the
repeated indices is implied. A particularly useful basis is
that of the polarization operators [71]. They can be thought
of as the analog of the spherical harmonics on the fuzzy
sphere. They form a basis for N x N-matrices, in a manner
similar to spherical harmonics forming a basis of C*
functions on the sphere. Concretely, the polarization oper-
ators 77, are N x N matrices with / =0,1,...,N —1 and
m=—I,—(l=1)---,1—1,1. They obey the orthogonality
relation,

Tr(T[mT-[}-’m/) = 511’6mm’7 (AS)
where the Hermitian conjugate is given by
T, = (=1)"T;_,. (A6)

Completeness relation, or the resolution of identity, takes
the form,

N (A7)

> T,T), = @+1) Ly.

This easily follows by noting that, being summed over the
index m, the 1hs must be a rotational invariant and therefore
must be proportional to the identity matrix Iy, while the
constant of proportionality is fixed by taking the trace of
both sides and using (AS5).

We may therefore write M =3, M,T,, for
any M € M at(N).

Derivations and the Laplacian on S% in this basis take the
form,

‘CBTlm = [L3, Tlm] = mTlm’

EiTlm = [Liv Tlm} = \/(l + m)(l tm + I)Tlmila
LT = L. [Li, Ty)] = (14 1)Ty,,.

(A8)

The product of two polarization operators expand as [71]

N-1 1
Thom Tiomy = 3 Y v/ Q2L+ 1) (20 + 1)(=1)V1!
l

m=-—I

LoLoo1 L,
X vat et ver (Ciimtm Time (A9)
2 2

2

2. Real polarization operator basis

For computational practicality in computer codes, we
have used the real polarization operator basis in our work.
The real polarization operator basis is defined analogously
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to the real spherical harmonics in the following manner,

55Ty +T7,) if m >0,

Zlm = TlO if m= O, (AIO)
5Ty = T},) if m <0.
It is readily seen that then Z m = Zim. Transformation

between Z;,, and T, can also be compactly expressed as

!
Ziw = > Uy Ty, (ALL)
k
where L{% takes the obvious form,
% (5mk + (_l)mam,—k) if m >0,
U = 5y if m=0, (Al2)
ﬁ(émk —(=D)"8,—x) if m<DO.
The transformation matrices satisfy
l 0,0
ST unul, = (=1)k6 p. (A13)
m=-—1
We can easily see that
Tr(zlmzl’m’) = 611 O » (A14)
(2141
Zzlmzlm = + )HN7 (AIS)

are the orthogonality and completeness relations in
this basis.
Likewise, we have the derivations analogous to (AS8)

L2Zpy = [Li.[Li. Zy]] = U1+ 1)Zy,. - (Al6)

ZTr(Zl]mllemzzllmlzlzmz)v

nmymy
} : 2 : h) () g 74

- mlkl mzkzum K, mk'
mymy kyk, k' Ky

=Y ot

= Tr(Tllkl leszl]k] lekz)’
kyky

3. Traces
In general, we have
INNN/
Ko miymsm,
= Tt(Z1,m, Ztymy Ztymy Z1,m,)

_ E 12 13 (la)
- uml Ky my, kz ms, kzuma k4Tr(Tl ky lekz lekz Tl4k4)
ko kaks

_ Z u(ll) u(lz) M(ls) u(lzx) K

my ki my ky Y my kst my kg
kykyksky

L,

kikoksky (A17)

where from [71] or using (AS5) and (A9),

L3l _
Kmlm2m3m4 - Tr(TI]ml lemz Tl3m3 Tl4m4)

“E“
E
+
i
—_
]

——
2N
= >
ZN

R_/—/

X 13 14 l Clm Cl m
N-1 N-1 N- Limylymy ™~ lzmylymy®
2 2 2

(A18)

For the trace involved in the planar interaction term (2.25),
we find

Ll _ E
Kmlm]mzmg - Tr(zllmlZl]mlzlzmzzlzmz)’

myms
= ZTT(Tl,nu Iym, lemz Tl[zmz)
_ 2L +1)2L+1)

N (A19)

We may note that this result follows from either directly
using the identity (A15) or noting first that the rotational
invariance of ICf,bf‘,fﬁl,%zmz implies, or use of (A13) explicitly
converts the trace in the Z;,, basis to that in the 7/, basis
and subsequently using (A7) in the latter.

For the trace involved in the nonplanar interaction
term (2.42), we have

Tr(T, LT, K, lek’ )s

L b 1)? _
= Z<2[1 + 1)(212 + 1)(—1)k1+k22<—1)2<N_1+1)(_1)‘]{ N-1 N-1 N-1 } Cﬁ?k]lzkzcﬁl—qkllz—kf

ks lq

2 2 2
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l2 [ : lq 2
= Z(le +1 1 N-1 (Cllkllsz) ,

ik, Lq 2

[\
~
)
—
S~—
—
—_—
N~—
Ea
+
>~
S
—
—
~—
_
+
S
—
—
—
~—
Q
——
>~
L
=

=24, +1)(2, + 1) (21 +1)(=1)!
1

2
N—-1 N-1
Z(Zl +1><2l +1)(_1)11+12+N—1 L 2 T2
1 2 [, N=1 N ’

= (2, + 1)(2L + 1)G(l,. 1), (A20)

] =
(=) —
*

i
——
’2 =

]
N’? o
’2
8| ~
——
. (3] o

where the equivalence of the traces in the first and third lines also follow from rotational invariance, with the overall
constant of proportionality matched, for instance, by using the fact that Z;y = T'jy. In arriving this result, we have used the
symmetry and orthogonality of the Clebsch-Gordan coefficients,

- / 2
G, qk]lz = (=1) b= 1C1k12k2 Z(Cllqk,lzk2> =1 (A21)
ki,
the selection rule k; 4+ k, = ¢ and in the last line the formula [71],

N-1 [ A I I A A
> @+ 1)( I)N”{u N1 u}{u No1oN-L (T

i (A22)
=0 2 2 2

—
WSS
£+
]
ofF ofF
——

APPENDIX B: EQUATIONS OF MOTION

1. Equations of motion for one- and two-point functions

Starting from the expression (2.12) and applying Wick’s theorem, we have the expectation value of the Hamiltonian in the
Gaussian state expressed as

. T, ams (1 1 Sl Sl &
() = 5 |21ty + (o4 o) i) 4 i (1 R

2
l l PN N N N N
=5 2t (42 4 SR Rt AR (R R )R
P R 5 (557 ) 5 (5
+ «X'lll my }?123'"3 >><<<Xlzszl4m4 N+ < lzmz > <X'124m4 > ) + <X'111 my > <)"(123m3 > «)’2112"12}?124'"4 »

+ (RS (CRRE) 4 (R RET) 4 (R (RS (R R >>] . (B1)

In a similar manner, evaluating (2.7) in the Gaussian state and applying Wick’s theorem we obtain the equations
in (2.13)—(2.15) as given in the text and the equations for the correlation functions which take the form,

ORI R = (P + (KPR,
OUXYMRG Y = (R P + (XY PR,
O XM RGN = (R P + (X3 PR, (B2)

lim plhom plimy plym Ll +1
ot iy = (i = { (e B

<<<Xllm1Xl3nu »«Xl4m4Xl;m5 » + <<X11lelgm3 >>< l4m4><5(l5m5>
+ <<X13mgXl;m5>>«Xlln11XI4m4>> + «Xllm]Xl4m4>>< l3mz>< l5m5>

Slomy $lim A
)RR + SN,

n «Xllle]smi»«Xll;mgxlum; >> + «X11m1X15ms >><Xhmz><)"(é4m4>)}’ (B3)
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0, (Kb Py — (Pl plimsyy _ {( ;

ot sy = (i = { (v +

0,5 Py — (Pl plmeyy {(

plimy plomy l
e e

oy =={ (4

L(L+1)
R?

X (R RDWCRE RSN A+ (RS RPN (K5
FQRPERETINERE RGO A+ (XSRS N (R (X5™)

><<XIZ"”X“'”1>> LI

+ «Xlzlmlxlsms >>«Xlzm3xl4m4>> + «XlzlmIXlSmS >>< 11”13>< l4m4>>}’

Ll +1)
R2

X (R RENRE R + (R R (RE™)

FEEREINCRYKE) A (R KRS (R

R N A
><<Xé”"zxi”"l )+ 5N i,

+ «Xllmlxlsms »«Xlsmthﬂu» + «Xllmlxlsms »< lsmz><)’zll4m4>)}’

l(lz+ )
R?

% («f(lzl"h 5(123'"3 » «5(114’"45\([15”75 » + «X2| m Xl23m3 » <X114M4> <Xllsm5>
+ (XGRS (RN R (XE)

)«X%mzx’”"]» LA

+ «Xllmlxlsms »«Xlzmleum» + «Xllmlxlsms >>< l3m2><)’zll4m4>)}’

I +1)
R2

X (R PR ERG™ X + (X PRI (X5™)
HRP XSRS P + (RY™V(XET ) (X5 PR
+ <<X15m5 Plzmz >>«Xl3m3Xl4m4 » + <<Xl5m5 Plzmz »< l3m3><}’zgm4>)

(1 - .
+ <ﬂ2 + M) «XiszPlllml W+ _Nf%iznl{;lgumS
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X (R PR EG) + (KRNI (K5 ™)
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Ll +1) Limy 3 lym AL
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X (R PENEER™RS™) + (KRNI (™)
+ (KPR P + (KNI (KB
+ (RSP RG) + (RGP (R (557))

I (1
+ <ﬂ2+7( ;* ))«X’Z’"ZP’I"“)H SN ams

X (R PYM R RI ) A (R P (R (R
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2. Lax structure of the equations of motion

We observe that the equations of motion can be
expressed as

ol

0,E=Q—=" GE

o= o)y oA (B10)
ox ox

< >

where the components of ==* can be obtained by computing

the total variation of (H ) The equation for the one-point
functions is therefore of the standard Hamiltonian form,
while multiplying both sides of the second equation with Q
from the right and using Q2 = —I twice we may cast it into

_ o OH) o(H)
0,(20) =5 (20) - (z0) S .
_ {Qag (zg)] (BI1)

from which we infer that the time evolution of XQ is
governed by a Lax-type equation which preserves the
eigenvalues of (£Q), which are the symplectic eigenvalues
of X. Thus, it follows that pure states evolve into pure states
under these time evolution equations.

APPENDIX C: COMPUTATIONAL METHODS
AND RESULTS

In this section we outline the computational methods we
have used in solving the equations of motion given explicitly
in Appendix B 1 and also those for obtaining the largest
Lyapunov exponent A; .

1. Integration method

We have used the symplectic Euler method for our
integrations, which, as the name suggests, is a symplectic

(B9)

integrator [14]. We can write our equations of motion as
given in Appendix B 1 in the implicit form as

9,(X) = FO((P)).
0,(P) = FRI((X). (X X)),
o (XX ) = FO(XPY),
O(XPY = FO((X). (XX ). (P P)),
O(PPY =FO(X). (XX).(XPY).  (C1)

Then the symplectic Euler method can be written as

()1 = (P), + RFA((X),, (XX D),
(X P Y1 = (X P Y, + RFDO((X),, (XX Do (P PY,),
(PP Yy = (PP Y, +hFOK), (X R Do (X P Vir),
(XX Dosr = (XX N, + RFO (X PY,10),

dnt

(X1 = (K + hFO((P),1). (€2)

This is our integration method and update order for the
equations of motion.

2. Lyapunov exponent

Computing the largest Lyapunov exponent, although
simple once the Hamilton equations of motion are solved
numerically, has to be done with some care. We can define
the largest Lyapunov exponent by

1 (1168 |>
Ay = lim —log< .
Fmer 3O
In practice, to control numerical errors we use the renorm-
alize-and-sum procedure illustrated in Fig. 11. We evolve

two nearby trajectories, & (¢) and &,(¢), over equal time
steps,

(C3)
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t;=1iAt, i=0,1,...,n, (C4)
and at each step we measure the separation,
6&(t)|l = 1€ (2:) — & ()]l (Cs)
then rescale it back to the initial length ||6£(0)]|, setting
[16&(z) | -
A = T~ S = ln(a,-). (C6)
16(0)| 2

The discrete estimator for 4; is then

SN I L,
“Nzn‘rn;“‘%(mn) a2 ) ()

':__\?f’gf»-" 16 168(t)

\‘u@\\"‘

FIG. 11. Lyapunov exponent computation.
Optionally, introducing the “local’ exponent A; =
+In(5;/5,_,), one finds

1 n
. > (C8)
i=1
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