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We study the real-time quantum dynamics of a matrix model consisting two bosonic fields on the fuzzy
sphere S2F using the Gaussian state approximation. Starting from the Hamiltonian formulation and using
Wick’s theorem, we derive a closed set of coupled nonlinear differential equations governing the time
evolution of the one- and two-point correlation functions. The thermal equation of state is found by
maximizing the von Neumann entropy over Gaussian states and solving the algebraic self-consistency
equation(s) leading to a complete determination of the symplectic spectrum of the covariance matrix. We
identify near-thermal initial conditions and use them to solve the equations of motion and employ our
findings to probe chaos by calculating the largest Lyapunov exponent at various temperatures. Our results
demonstrate that the latter tends to zero at a finite temperature indicating that the quantum dynamics respect
the Maldacena-Shenker-Stanford bound across all temperatures, while approaching toward the classically
chaotic regime at high temperatures. Finally, we examine the entanglement dynamics of the model in real-
time by considering a sequence of bipartitions of the Hilbert space and computing the entanglement
entropy and clearly exhibit the fast scrambling features that emerge in due detail.
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I. INTRODUCTION AND SUMMARY OF RESULTS

Recently, there has been ample interest in exploring and
quantifying chaos emerging from various matrix models
[1–17]. Interest in this area is especially propelled by a
result due to Maldacena-Shenker-Stanford (MSS) [6],
which briefly states that the largest Lyapunov exponent
for quantum chaotic dynamics is controlled by a temper-
ature dependent bound and is given by λL ≤ 2πT. It is
demonstrated that the Sachdev-Ye-Kitaev (SYK) [7,18]
model saturates this bound, while it is also expected to be so
for the Banks-Fischler-Shenker-Susskind (BFSS) model [19],
it appears to be rather a formidable task to prove it. Classical
chaotic dynamics of the BFSS model is studied in [4] as
an approximation to the quantum dynamics of the system in
the high temperature regime where it is found that the
largest Lyapunov exponent is given as λL ¼
0.2924ð3Þðλ’t HooftTÞ1=4, meaning that the MSS bound is
not obeyed only below a critical temperature, namely
Tc ≈ 0.015, while it remains parametrically smaller than
2πT for T > Tc. Some other recent work on matrix models
exploring aspects of chaotic dynamics and related issues

within the classical regime are given in [8,9,12,15,16,20–22].
Investigations of the BFSS and related matrix models in
the Euclidean signature dates back to early and mid 2000’s
[23–25] and more recently to [26–28]. These works have
shown that the BFSS model and similar variants exhibit two
distinct phases. For the BFSS model, one of these is
described by essentially a large number of coincident D0-
branes in the ’t Hooft limit, for which the system is holo-
graphically dual to a black-brane configuration whose low-
temperature geometry can be obtained using gauge-gravity
duality. The thermodynamic properties and phase structure of
these models have been investigated both analytically and
numerically using Euclidean time compactification and
Monte Carlo techniques and comprehensive expositions to
these results can be found in [29,30]. It is also important to
mention the treatment of fuzzy scalar field as a multitrace
matrix model [31] and generalized hermitian matrix model
[32] in the spirit of [33]. Nevertheless, it does not seem
possible in any immediate way to quantitatively connect them
to the chaotic dynamics these models are expected to exhibit.
Thus a key challenge in more rigorously testing the

MSS bound in BFSS and similar matrix models is the
need for proper real-time techniques that may be used to
explore quantum dynamics and chaos within such models.
Recently, a promising new alternative approach based on
an approximation using Gaussian states has been proposed
and applied to the BFSS model [13,14] and related matrix
models. This method allows for studying real-time quan-
tum dynamics in a nonperturbative framework and is
related to the self-consistent 2PI techniques in quantum
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field theory [34] as we will remark in Sec. II. 4. and also
used in quantum chemistry as well as for analyzing many-
body systems [35,36]. Within this approximation the
quantum state is represented by a Gaussian density matrix
(or equivalently a Gaussian Wigner distribution) which
allows for the entire dynamics to be expressed in terms of
one- and two-point correlation functions, which, as is
well-known, suffice to completely characterize Gaussian
states [37–40]. Higher-order correlation functions are
expressed in terms of the latter via Wick contraction,
which essentially amounts to reducing the infinite hierarchy
of Schwinger-Dyson-like equations stemming from the
Heisenberg equations of motion for such models to a finite
set of nonlinear differential equations that can be solved
numerically. Applications of this approach to the BFSS
model and its bosonic part have shown that the largest
Lyapunov exponent satisfies the MSS bound λL ≤ 2πT for
all temperatures and vanishes at a low but a finite
temperature. It does not, however by any means, allow
to demonstrate that the MSS bound is saturated for the
BFSS model since it does not capture the full quantum
dynamics, nor does it preserve the supersymmetry of the
latter. Nevertheless, it provides a powerful framework for
taking the quantum effects into account, albeit within the
restricted domain of Gaussian states for studying chaos in
matrix models beyond the purely classical treatment.
In this work, we apply the Gaussian state approximation

(GSA) to investigate the real-time quantum dynamics on the
fuzzy-sphere S2F [41] (see [42] for a review of the literature
on S2F). In particular, we focus our attention to a bosonic two-
matrix model on S2F ×R where R stands for time. Starting
from the Hamiltonian, we compute the Heisenberg equations
of motion and using Wick’s theorem we obtain a truncated
set of ordinary nonlinear coupled differential equations for
the one- and two-point correlation functions in the most
general Gaussian state. These equations govern the quantum
dynamics of the model, while a key ingredient in extracting
physically relevant solutions out of them in order to probe
chaotic dynamics is the suitable selection of the initial
conditions. This is also necessary to be able to link our
results to what may be expected in the classical limit, i.e., at
high temperatures. Thus, firstly, a detailed statistical
mechanics analysis is called for to obtain the thermalization
conditions and the equation of state to describe the thermo-
dynamic properties of the system. This is achieved by
maximizing the von Neumann entropy for the most general
Gaussian density matrix at fixed energy, which allows us to
find and characterize the thermal equilibrium in terms of the
symplectic eigenvalues of the covariance matrix of the
Gaussian (i.e., the connected part of the two-point functions).
These are expressed in terms of characteristic frequenciesωl,
whose form depends whether the interaction potential is
− λ

2

P
i;j½X̂i; X̂j�2 which is Oð2Þ-symmetic and involve both

planar and nonplanar contributions via the Wick contraction
or of the form λ

2
TrðX̂1X̂1X̂2X̂2Þ, which breaks the Oð2Þ

symmetry to the dihedral group D4 and lead to solely planar

terms. In the latter case, we find thatωl≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ2þ lðlþ1Þ

R2 þ λC
N Þ

q
involving the quantity C defined through Eq. (2.26). We
determine that C satisfies a self-consistency equation, as
derived in the text in (2.39) and solve it numerically and
obtain its value at any given temperature T and the other
parameters, namely the mass μ of the scalar fields, R the
radius of S2F and the matrix level, N, of the system. This
avails us to unambiguously determine the symplectic eigen-
values fl of the covariance matrix and hence the von
Neumann entropy as well as other physically relevant
quantities, such as the energy E at a given temperature T
and the total coordinate dispersion 1

N hTrX̂iX̂ii which takes
the value C at thermal equilibrium. For the Oð2Þ-symmetric
potential the same analysis leads to system of N coupled
algebraic equations on the covariances of the modes, which
we have also successfully solved numerically. Nevertheless,
as may be expected, thermal equilibrium conditions lead to a
static solution of the truncated equations of motion, which is
easily verified both analytically and numerically. To proceed,
we determine configurations which are drawn randomly
from classical Gaussian ensembles of suitable variances but
are close enough to the thermal equation of state and hence
dynamical so that the time evolution generated by the
equations of motion with these initial data allows us to
study the emerging chaotic behavior of the model. Energy, as
well as the total coordinate dispersion, versus temperature
plots of the thermal equilibrium and the latter dynamical
thermal equilibrium states are graphically represented by the
plots given in Fig. 2 which clearly depict the thermal
similarity of these configurations. Averaging over several
(typically between seven and nine) such initial configura-
tions we have determined the largest Lyapunov exponent λL
of the model at a given value of the parameters, μ, R in the ’t
Hooft limit, at the matrix level N ¼ 5 as function of the
temperature. Our results, presented in Sec. III clearly
demonstrate the dependence of λL over a wide range of
temperatures and its decrease toward zero at a finite T value,
which clearly demonstrate the effect of quantum dynamics
becoming more attenuated at lower temperatures and driving
the system toward a nonchaotic regime. Thus, the quantum
dynamics of the model within GSA respects the MSS bound
at all temperatures. At higher T values, we find that both the
classical and the quantum dynamics are significantly chaotic
and similar in this respect. We also seize the opportunity to
model how the λL changes with curvature by plotting its
response to the radius R at several different values of T.
Finally we thoroughly examine the entanglement

dynamics of our model by decomposing the system into
two subsystems in a sequential manner. Although the GSA
does not lead to unitary time evolution, it ensures that pure
states evolve into pure states—a property that makes
computing entanglement entropy feasible [14]. In the most
general setting the latter is obtained via the von Neumann
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entropy of the reduced density matrix ρ̂A ¼ TrBρ̂, where
the full Hilbert space admits a bipartite decomposition
H ¼ HA ⊗ HB. Taking into consideration that our system
consists of 2N2 canonical modes, we introduce a sequence
of bipartitions H ¼ H≤L ⊗ H>L, where H≤L contains the
modes with l ≤ L and H>L those with l > L. The entan-
glement entropy S≤L is then computed from the symplectic
eigenvalues of the reduced covariance matrix obtained by
restricting that of the full system to the first ðLþ 1Þ2
modes. In Sec. IV we present our results for N ¼ 5, λ ¼ 1

5
,

across bipartite levels L ¼ 0; 1; 2; 3; 4 for the planar and
L ¼ 1; 2; 3; 4 for the full interaction both of which dem-
onstrate the fast scrambling features comprising of an initial
sharp increase followed by a saturation toward a constant
value expected from a chaotic quantum system as well as
other related aspects in due detail.

II. BASICS

In this section we describe the model on which we focus
our attention in this paper. We start with the Hamiltonian
description, obtain the Heisenberg equations of motion,
introduce the Gaussian state approximation which will be
used to obtain a truncated set of equations of motion
approximating the quantum dynamics.

A. The model and the equations of motion

We consider a two-matrix model on S2F ×R where
S2F stands for the fuzzy 2-sphere and R stands for time.
Let us start with writing out the Hamiltonian operator
which can be expressed as

Ĥ ¼ 1

2
Tr
�
P̂2
i þ μ2X̂2

i −
½La; X̂i�2

R2
−
λ

2

X
i;j

½X̂i; X̂j�2
�
: ð2:1Þ

Here, X̂i (with i; j ¼ 1; 2) are N × N Hermitian matrices,
P̂i ¼ ∂tX̂i represent the conjugate momentum operators,
which are also N × N Hermitian matrices; X̂†

i ¼ X̂i,
P̂†
i ¼ P̂i, and they satisfy the canonical commutation

relations in the standard quantum mechanical sense, as
will be written explicitly below in an appropriate basis. La,
(a ¼ 1; 2; 3) are the N × N Hermitian generators of SUð2Þ
in the spin N−1

2
irreducible representation satisfying the

SUð2Þ algebra commutation relations; ½La; Lb� ¼ iϵabcLc.
In above, ½La; ·� are the derivations on S2F as usual. We may
also note that R is the radius of the fuzzy sphere, μ > 0 is
the mass of the scalar fields, X̂i, and λ > 0 stands for the
coupling constant. The matrix fields X̂i and their conjugate
momenta P̂i are functions of the time, i.e., their matrix
entries are time dependent.
We see that this Hamiltonian has a global SUð2Þ

symmetry which is implemented by the adjoint action of
U∈ SUð2Þ; X̂i → U†X̂iU, P̂i → U†P̂iU, L̂a → U†L̂aU.
It also has a rigid Oð2Þ symmetry rotating the matrices

X̂i among themselves; X̂i → RijX̂j, where R∈Oð2Þ. In
what follow, we will also consider the model with only the
planar interaction potential λ

2
TrðX̂1X̂1X̂2X̂2Þ which breaks

the Oð2Þ symmetry to the dihedral group D4.
It is convenient and also proves to be more suitable for

the ensuing numerical analysis of the equations of motion
to work with the real polarization operator, which we
denote as Zlm, with l ¼ 0; 1;…; N − 1, −l ≤ m ≤ l, which
are N × N Hermitian matrices, Z†

lm ¼ Zlm, carrying the
spin-l UIRR of SUð2Þ. They are complex linear combi-
nations of the more familiar complex polarization operators
Tlm satisfying T†

lm ¼ ð−1ÞmTl−m and like the latter form a
basis for the N × N matrices. Definition and some useful
properties of real polarization operator relevant for our
purposes are given in the Appendix A. We can expand the
fields X̂i and their conjugate momenta P̂i in this basis as

X̂i ¼
X
lm

X̂lm
i Zlm; P̂i ¼

X
lm

P̂lm
i Zlm: ð2:2Þ

Taking the trace, we are able to write the Hamiltonian
in (2.1) as

Ĥ ¼ 1

2

�
P̂lm
i P̂lm

i þ
�
μ2 þ lðlþ 1Þ

R2

�
ðX̂lm

i X̂lm
i Þ

þ λHl1l2l3l4
m1m2m3m4

X̂l1m1

1 X̂l2m2

1 X̂l3m3

2 X̂l4m4

2

�
; ð2:3Þ

where we have used the fact that TrðZlmZl0m0 Þ ¼ δll0δmm0

(see Appendix A) and defined

Hl1l2l3l4
m1m2m3m4

¼ Kl1l2l3l4
m1m2m3m4

−Kl1l3l2l4
m1m3m2m4

; ð2:4Þ

with Kl1l2l3l4
m1m2m3m4

≔ TrðZl1m1
Zl2m2

Zl3m3
Zl4m4

Þ. Sum over the
repeated indices la and ma will be implicitly assumed from
now on. Explicit expressions for computing the traces
Kl1l2l3l4

m1m2m3m4
in terms of the Wigner 6j-symbols and the

Clebsch-Gordan coefficients are given in the Appendix A.
In what follows, we are going to be essentially working in

the ’t Hooft limit, which is readily obtained by taking
N → ∞ and λ → 0 while keeping λ’t Hooft ¼ λN fixed.
Letting X̂lm

i → λ−1=6t X̂lm
i , P̂lm

i → λ1=6t X̂lm
i , t → λ−1=3t t,

R → λ−1=3t R, μ → λ1=3t μ, we can scale λ’t Hooft to 1. Thus,
practically ’t Hooft limit is attained by simply letting λ → 1

N.
In the analytical developments we will keep the coupling λ
for generality and set it to 1

N in numerical calculations.1

1Note that, since our model has only SUð2Þ rather than an
SUðNÞ symmetry (as is usually the case in flat models like the
BFSS), nonplanar contributions will not be suppressed by 1

N2 as we
will concretely see later. Nevertheless, it proves convenient to use
the coupling strength as noted above to probe the chaotic dynamics.
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B. Heisenberg equations of motion

In the basis (2.2) the canonical commutation relations
between the fields and their conjugate momenta take the
form,

½X̂l1m1

i ; P̂l2m2

j � ¼ iδl1l2δm1m2δij: ð2:5Þ

Thus, we can view our system to be composed of 2N2

canonical modes labeled with l ¼ 0; 1;…N − 1, jmj ≤ l,
i ¼ 1; 2. In the noninteracting limit λ → 0 there are 2N2

harmonic oscillator with l-dependent frequencies ωð0Þ
l ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

μ2 þ lðlþ1Þ
R2

q
, lth mode for each field being 2lþ 1-fold

degenerate. For future reference, let us also note that the

zero mode is of the form Ĥ00 ≔ 1
2
ðP̂00

i Þ2 þ μ2

2
ðX̂00

i Þ2, since
Z00 ∝ IN commutes with all Zlm and hence decouples from
the rest and will not have any effect on the dynamics of
the Oð2Þ symmetric model. This does not happen for the
model with the D4-symmetric interaction potential
λ
2
TrðX̂1X̂1X̂2X̂2Þ and therefore we keep the l ¼ 0 term in

what follows.
The Heisenberg equations of motion for X̂lm

i and P̂lm
i are

∂tX̂
lm
i ¼ i½H; X̂lm

i �; ∂tP̂
lm
i ¼ i½Ĥ; P̂lm

i �: ð2:6Þ

Using the cyclic property of the trace and after some
algebra, it can be shown that they take the form,

∂tX̂
lm
1 ¼ P̂lm

1 ; ∂tX̂
lm
2 ¼ P̂lm

2 ;

∂tP̂
lm
1 ¼ −

��
μ2 þ lðlþ 1Þ

R2

�
X̂lm
1 þ λ

2
N ll1l2l3

mm1m2m3
X̂l1m1

1 X̂l2m2

2 X̂l3m3

2

�
;

∂tP̂
lm
2 ¼ −

��
μ2 þ lðlþ 1Þ

R2

�
X̂lm
2 þ λ

2
N ll1l2l3

mm1m2m3
X̂l1m1

2 X̂l2m2

1 X̂l3m3

1

�
: ð2:7Þ

where we have defined

N l1l2l3l4
m1m2m3m4

≔ Kl1l2l3l4
m1m2m3m4

þKl2l1l3l4
m2m1m3m4

−Kl1l3l2l4
m1m3m2m4

−Kl2l3l1l4
m2m3m1m4

; ð2:8Þ
to cast the equations in a relatively compact form. We have
in total 2 × 2N2 ¼ 4N2 coupled first-order nonlinear differ-
ential equations for X̂lm

i , P̂lm
i , which can not be solved in

general in any practical sense. Thus, we consider an
approximation which goes beyond the classical regime
and captures features of the quantum dynamics as we
describe next.

C. Gaussian state approximation

In this paper, we use the Gaussian state approximation
method to investigate the real-time evolution of the system
described by the Hamiltonian (2.1) and the operator
equations of motion (2.7). The essence of this method
relies on introducing the most general Gaussian state,
which is fully characterized by the expectation values of
X̂lm
i , P̂lm

i and their variances in this state, i.e., in terms of
the one-point and two-point functions [14,37,38].
Evaluating the expectation values of the Heisenberg
equations motion in the most general Gaussian state,
Wick’s theorem ensures that a truncated set of coupled
first-order differential equations emerge for the one-point
and two-point functions.
To be more concrete, let us introduce a compact notation

by writing the column vector with operator entities as

ξ̂ ≔ ðX̂lm
1 ; X̂lm

2 ; P̂lm
1 ; P̂lm

2 ÞT , where T stands for the matrix
transpose. Correspondingly ξ ≔ ðXlm

1 ; Xlm
2 ; Plm

1 ; Plm
2 ÞT is

the column vector filled with the eigenvalues of X̂lm
i ,

P̂lm
i , spanning the 4N2-dimensional canonical phase space,

with the usual symplectic form Ω, whose explicit form will
be given as a block matrix in what follows. In general,
given a state described by a density matrix ρ̂, the expect-
ation value of operators Ô are given in their usual form
hÔi ≔ trðρ̂ ÔÞ. Using the Wigner function2 W ρ̂ðξÞ asso-
ciated to the density matrix ρ̂, the expectation values
can be expressed as hÔi ≔ R

dVξW ρ̂ðξÞWÔðξÞ, where
dVξ stands for the volume element for the 4N2-dimensional
phase space.
The Wigner function W ρ̂ðξÞ of the most general

Gaussian density matrix ρ̂ is [37–39]

W ρ̂ðξÞ ¼ N e−1
2
ðξ−ξ̄ÞTΣ−1ðξ−ξ̄Þ: ð2:9Þ

Here ξ̄a ≔ hξ̂ai are the one-point functions which are
constituting the center of the Gaussian and

2In a notation adapted to our present setting and suppressing all
the indices we may give the definition as [39]

W ρ̂ðX;PÞ ¼
1

ð2πÞ2N2

Z
dY e−iP

TY

�
X þ Y

2

����ρ̂
����X −

Y
2

	
:
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Σab ≔ ⟪ξ̂aξ̂b⟫ ¼ 1

2
hξ̂aξ̂b þ ξ̂bξ̂ai − hξ̂aihξ̂bi ð2:10Þ

is the covariance matrix, i.e., the two-point functions, which is arranged into a block matrix where a, b are the collective
indices over i, j and l, m as appropriate. This notation is quite standard in the literature [37–39,43] and adapted to the
index structure of the present problem. We also note that N ∼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðΣ−1Þ

p
is the normalization of the Gaussian Wigner

function W ρ̂ðξÞ, which ensures that
R
dVξρðξÞ ¼ 1 and is equivalent to the condition3 trρ̂ ¼ 1.

We can concisely give the Wick’s theorem in the form,

hðξ̂a1 − ξ̄a1Þðξ̂a2 − ξ̄a2Þ � � � ðξ̂a2n − ξ̄a2nÞis ¼
X

Pairings

Y
i;j

hðξ̂ai − ξ̄aiÞðξ̂aj − ξ̄ajÞis;

hðξ̂a1 − ξ̄a1Þðξ̂a2 − ξ̄a2Þ � � � ðξ̂a2nþ1
− ξ̄a2nþ1

Þis ¼ 0; ð2:11Þ

where the subscript s stands for symmetrization, which is relevant whenever ξ̂al and ξ̂ak do not commute. Evidently, this
occurs if one of them is X̂lm

i and the other is P̂lm
i . In the Gaussian state the Hamiltonian reads

hĤi ¼ 1

2

�
hP̂lm

i P̂lm
i i þ

�
μ2 þ lðlþ 1Þ

R2

�
hX̂lm

i X̂lm
i i þ λHl1l2l3l4

m1m2m3m4
hX̂l1m1

1 X̂l2m2

1 X̂l3m3

2 X̂l4m4

2 i
�
; ð2:12Þ

whose form in terms of the one- and two-point functions after applying Wick’s theorem (2.11) is relegated to the
Appendix B 1
Equations of motion for the one-point functions are obtained as

∂thX̂l1m1

1 i ¼ hP̂l1m1

1 i; ∂thX̂l1m1

2 i ¼ hP̂l1m1

2 i; ð2:13Þ

∂thP̂l1m1

1 i ¼ −

�

μ2 þ l1ðl1 þ 1Þ
R2

�
hX̂l1m1

1 i þ λ

2
N l1l3l4l5

m1m3m4m5
ðhX̂l3m3

1 ihX̂l4m4

2 ihX̂l5m5

2 i

þ hX̂l5m5

2 i⟪X̂l3m3

1 X̂l4m4

2 ⟫þ hX̂l3m3

1 i⟪X̂l4m4

2 X̂l5m5

2 ⟫þ hX̂l4m4

2 i⟪X̂l3m3

1 X̂l5m5

2 ⟫Þ
�
; ð2:14Þ

∂thP̂l1m1

2 i ¼ −

�

μ2 þ l1ðl1 þ 1Þ
R2

�
hX̂l1m1

2 i þ λ

2
N l1l3l4l5

m1m3m4m5
ðhX̂l3m3

2 ihX̂l4m4

1 ihX̂l5m5

1 i

þ hX̂l5m5

1 i⟪X̂l3m3

2 X̂l4m4

1 ⟫þ hX̂l3m3

2 i⟪X̂l4m4

1 X̂l5m5

1 ⟫þ hX̂l4m4

1 i⟪X̂l3m3

2 X̂l5m5

1 ⟫Þ
�
: ð2:15Þ

As for the variances ⟪X̂l1m1

i X̂l2m2

j ⟫, ⟪X̂l1m1

i P̂l2m2

j ⟫, and ⟪P̂l1m1

i P̂l2m2

j ⟫, their equations of motion are calculated in the same
manner using the Wick’s theorem. Since they are somewhat lengthy, their explicit form is presented in the Appendix B 1
The main point here is that (2.13)–(2.15), (B2)–(B9) together form a truncated set of first-order coupled nonlinear
differential equations and govern the quantum dynamics of the system within the Gaussian state approximation.

D. Thermal equilibrium and the equation of state

Although, it is possible to look for the solutions of the truncated equations of motion with an arbitrary set of initial
conditions, proceeding in such a manner will not allow us in general to connect the resulting dynamics to the thermal properties
of the system, since ultimately we would like to extract how the largest Lyapunov exponent changes with temperature. Thus, it
is important for us to determine the thermal equilibrium conditions and consider thermal or in fact nearly thermal states4 as
possible initial data for the equations of motion. We may first recall that the standard considerations in statistical mechanics
imply that a system becomes thermalized once the entropy is maximized while keeping the energy fixed. Thus, we may
determine the thermal equilibrium configuration of our system using this basic principle. It is a well-known fact that for a

3We may note that here the tr operation is standing for the trace in the canonical Hilbert space over which ξ̂ act, and should be
distinguished from Tr, which denotes the trace over the N × N-matrices.

4In the next subsection, we will see that the thermal states are static solutions to the equations of motion, and hence nearly thermal
initial states are sought after and identified to probe nontrivial dynamics.
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Gaussian density matrix ρ̂, the von Neumann entropy S ¼ −Trðρ̂ ln ρ̂Þ can be expressed in terms of the symplectic eigenvalues
of the covariance matrix Σ [43–47]. If the symplectic form of the canonical coordinates ξ is denoted by Ω, Williamson’s
theorem [39,48] ensures that the eigenvalues of the product matrix ΣΩ come in complex pairs �ifk, where the real positive
numbers, fk, are called the symplectic eigenvalues of Σ. The von Neumann entropy can be expressed in terms of the symplectic
eigenvalues as

S ¼
X
k

�
fk þ

1

2

�
ln

�
fk þ

1

2

�
−
�
fk −

1

2

�
ln

�
fk −

1

2

�
: ð2:16Þ

Thus, Σ describes a pure Gaussian state if and only if fk ¼ 1=2 ∀ k, in which case the von Neumann entropy vanishes as
expected. In the present model, we may express the covariance matrix Σ and the symplectic form as block matrices,

Σ½lm�½l0m0�
ij ¼

�
⟪X̂lm

i X̂l0m0
j ⟫ ⟪X̂lm

i P̂l0m0
j ⟫

⟪P̂lm
i X̂l0m0

j ⟫ ⟪P̂lm
i P̂l0m0

j ⟫

�
; Ω½lm�½l0m0�

ij ¼
�

0 δll
0
δmm0

δij

−δll0δmm0
δij 0

�
: ð2:17Þ

Both of these matrices are 2NTot × 2NTot ¼ 4N2 × 4N2 dimensional with each block of size 2N2 × 2N2.
The thermal equilibrium state is expected to share the symmetries of the Hamiltonian unless the symmetries are

spontaneously broken. For our model (2.1) (with μ2 > 0) each term of the potential V̂ ≔ 1
2
Trðμ2X̂2

i − λ
2

P
i;j½X̂i; X̂j�2Þ is

separately positive definite (since X̂i are Hermitian) and therefore its minimum value is zero, implying that each term has to
vanish separately at the minimum, which is only possible with vanishing vacuum expectation value (VEV) for the fields
X̂lm
i . Thus, both the SUð2Þ and the Oð2Þ symmetries separately indicate that5

hX̂lm
i i ¼ 0; hP̂lm

i i ¼ 0; ð2:18Þ

while the latter is also readily implied by the time reversal symmetry. Due to the SUð2Þ symmetry the two-point functions
have the general structure,

⟪X̂l1m1

i X̂l2m2

j ⟫ ¼ σxxðl1Þδijδl1l2δm1m2 ; ⟪P̂l1m1

i P̂l2m2

j ⟫ ¼ σppðl1Þδijδl1l2δm1m2 ; ð2:19Þ

and ⟪X̂l1m1

i P̂l2m2

j ⟫ ¼ 0 as a consequence of the time reversal symmetry. Thus, the covariance matrix has the structure,

Σ½lm�½l0m0�
ij ¼

�
σxxðlÞδll0δmm0

δij 0

0 σppðlÞδll0δmm0
δij

�
: ð2:20Þ

It can be easily seen that the ΣΩ matrix has 4N2 eigenvalues �ifk with k (k ¼ 1;…; 2N2) being the collective index
running over i, l and m. Due to the SUð2Þ and Oð2Þ symmetries, the eigenvalues depend only on l, they are 2lþ 1-fold
degenerate at each value of l and can be written as

fl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σxxðlÞσppðlÞ

q
: ð2:21Þ

In view of these considerations performing the sums over the indices i and m bring an overall factor of two and a factor of
2lþ 1 under the summation symbol, respectively. The von Neumann entropy takes the form,

5For tachyonic mass μ2 < 0, vanishing VEVs for X̂lm
i is still an extremum of the potential but it is a local maximum rather than a

minimum as the second derivative of the potential is negative definite at this value of the VEVs. In fact, for configurations such as the
diagonal matrices or vanishing of one of the matrices V → 1

2
μ2

Pðλai Þ2 < 0 (λai standing for the eigenvalues of X̂i) indicating that
V → −∞ as λa → �∞ and hence that the potential is not bounded from below for μ2 < 0.

Let us also note that for a model with three matrices, in addition to the quadratic and quartic terms a cubic term is also possible and this
can lead to nontrivial fuzzy sphere type vacua for μ2 > 0. Indeed, we may note that the maximally supersymmetric massive deformation of
the BFSS, namely the Berenstein-Maldacena-Nastase (BMN) model with SUðNÞ gauge and SOð3Þ × SOð6Þ global symmetry is known to
have fuzzy sphere vacua which spontaneously breaks the SUðNÞ gauge symmetry either completely or to a product of UðnkÞ’s depending
on whether the vacua is a single fuzzy sphere at level N or a direct sum of k fuzzy spheres at levels nk, respectively [49–51]. Quantum
dynamics of the bosonic part of this model is currently under investigation using the Gaussian state approximation [52].
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S ¼ 2
XN−1

l¼0

ð2lþ 1Þ
��

fl þ
1

2

�
ln

�
fl þ

1

2

�
−
�
fl −

1

2

�
ln

�
fl −

1

2

��
: ð2:22Þ

Using (2.18) and (2.19), we may write hĤi in (2.12) as

hĤi ¼
X
l

ð2lþ 1Þ
�
σppðlÞ þ

�
μ2 þ lðlþ 1Þ

R2

�
σxxðlÞ

�
þ λ

2
Hl1l1l3l4

m1m2m3m4
hX̂l1m1

1 X̂l2m2

1 X̂l3m3

2 X̂l4m4

2 i;

¼
X
l

ð2lþ 1Þ
�
σppðlÞ þ

�
μ2 þ lðlþ 1Þ

R2

�
σxxðlÞ

�
þ λ

2
Hl1l1l2l2

m1m1m2m2
σxxðl1Þσxxðl2Þ: ð2:23Þ

It is worthwhile to inspect the interaction term in more detail. From the first line of (2.23), we have

Hl1l1l3l4
m1m2m3m4

hX̂l1m1

1 X̂l2m2

1 X̂l3m3

2 X̂l4m4

2 i ¼ Kl1l2l3l4
m1m2m3m4

hX̂l1m1

1 X̂l2m2

1 X̂l3m3

2 X̂l4m4

2 i −Kl1l3l2l4
m1m3m2m4

hX̂l1m1

1 X̂l2m2

1 X̂l3m3

2 X̂l4m4

2 i: ð2:24Þ

The last expression stems from λ
2
ðTrðX̂1X̂1X̂2X̂2Þ−

TrðX̂1X̂2X̂1X̂2ÞÞ after performing the traces and evaluating
it in the Gaussian state. The possible Wick contractions are
indicated in the diagram in Fig. 1, where the planar and
nonplanar contributions are denoted by the abbreviations P.
and N:P:, respectively. Using ⟪X̂l1m1

i X̂l2m2

j ⟫ ¼ 0 for i ≠ j,
we see that the nonvanishing planar and nonplanar con-
tributions come only from the first and the second term of
this expression [or equivalently of (2.24)], respectively.

1. Planar interaction

We first consider the model with the planar interaction
potential λ

2
TrðX̂1X̂1X̂2X̂2Þ as it is analytically more trans-

parent and paves the way for the treatment of the model
with the nonplanar term included as we will see later on.
We observe that this model breaks the Oð2Þ symmetry.
Nevertheless, it is broken only to a discrete dihedral
subgroup D4 generated by ðX̂1; X̂2Þ → ð�X̂1;�ð∓ÞX̂2Þ,
ðX̂1; X̂2Þ → ð�X̂2;�ð∓ÞX̂1Þ, which also continues to
imply (2.18). We have

Kl1l2l3l4
m1m2m3m4

hX̂l1m1

1 X̂l2m2

1 X̂l3m3

2 X̂l4m4

2 i
¼Kl1l1l2l2

m1m1m2m2
σxxðl1Þσxxðl2Þ

¼
X
l1m1

X
l2m2

σxxðl1Þσxxðl2ÞTrðZl1m1
Zl1m1

Zl2m2
Zl2m2

Þ

¼
X
l1

X
l2

ð2l1 þ 1Þð2l2 þ 1Þσxxðl1Þσxxðl2ÞTr
�
IN
N2

�

¼ 1

N

X
l1

X
l2

ð2l1 þ 1Þð2l2 þ 1Þσxxðl1Þσxxðl2Þ

¼ 1

N

�XN−1

l¼0

ð2lþ 1ÞσxxðlÞ
�2

; ð2:25Þ

where we have used
P

m ZlmZlm ¼ ð2lþ1Þ
N IN (see

Appendix A for a quick proof.)
Defining

C ≔
XN−1

l¼0

ð2lþ 1ÞσxxðlÞ; ð2:26Þ

we may write the energy as

E≔ hHi ¼
XN−1

l¼0

ð2lþ 1Þ
�
σppðlÞ þ

�
μ2 þ lðlþ 1Þ

R2

�
σxxðlÞ

�

þ λC2

2N
: ð2:27Þ

We would like to note that the quantity C defined in (2.26)
is clearly independent of l but depends on N. It will play a
crucial role in our analysis as it will become abundantly
clear from the ensuing discussions. In particular, we may
define the total coordinate dispersion as

1

N
hTrX̂iX̂ii ≔

1

N
ð⟪X̂lm

i X̂lm
i ⟫þ hX̂lm

i ihX̂lm
i iÞ: ð2:28Þ

We easily find that 1
N hTrX̂iX̂ii ¼ 2

N C once (2.18)
and (2.19) are used. We will revisit this point after we
determine the thermal equilibrium configuration, which we
take up next.

FIG. 1. Planar and nonplanar contractions.
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2. Thermal equilibrium

Our goal is to maximize the entropy of the system at
fixed energy. By introducing the Lagrange multiplier β,
let us write

L ≔ S − βðE − EeqÞ; ð2:29Þ

where Eeq denotes the total energy of the system at thermal
equilibrium. We already know that the entropy of the
system is given in the form (2.22) and from that expression
it is readily seen that it is a monotonically increasing
function of the symplectic eigenvalues fl. Thus, the
entropy will be maximized if the conditions

∂L
∂σxxðlÞ

¼ ∂S
∂σxxðlÞ

− β
∂E

∂σxxðlÞ
¼ 0;

∂L
∂σppðlÞ

¼ ∂S
∂σppðlÞ

− β
∂E

∂σppðlÞ
¼ 0; ð2:30Þ

are satisfied. These equations yield

∂S
∂fl

σppðlÞ
2fl

¼ βð2lþ 1Þ
�
μ2 þ lðlþ 1Þ

R2
þ λC

N

�
;

∂S
∂fl

σxxðlÞ
2fl

¼ βð2lþ 1Þ; ð2:31Þ

from which we infer the thermal equilibrium condition
to be

σppðlÞ
σxxðlÞ

¼
�
μ2 þ lðlþ 1Þ

R2
þ λC

N

�
: ð2:32Þ

In fact, it can be readily verified that together with this
condition the configuration specified via (2.18) and (2.19)
constitute a static solution of the set of Eqs. (2.13)–(2.15),
(B2)–(B9). This means that the system is indeed in
mechanical equilibrium in the thermalized state.
It is very useful to define the characteristic frequency

of the system at thermal equilibrium as ωl ≔ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ2 þ lðlþ1Þ

R2 þ λC
N Þ

q
. As λ → 0 this becomes ωð0Þ

l ≔ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ lðlþ1Þ

R2

q
, which are nothing but the harmonic frequen-

cies of the noninteracting system in the λ → 0 limit.
Using (2.31) and (2.32), we have

σxxðlÞ ¼
fl
ωl

; σppðlÞ ¼ ωlfl; ð2:33Þ

while from (2.31) and (2.33) we get

βωl ¼ ln

�
fl þ 1

2

fl − 1
2

�
; ð2:34Þ

which can be inverted to give the symplectic eigenvalues in
the final form,

fl ¼
1

2
coth

�
βωl

2

�
: ð2:35Þ

Let us also note that in the limit λ → 0, fl →
1
2
cothðβω

ð0Þ
l
2
Þ,

which are nothing but the symplectic eigenvalues of 2N2

harmonic oscillators with frequencies ωð0Þ
l .

We may now compute the temperature of the system in a
standard manner by differentiating the entropy with respect
to the energy. We have

1

T
¼ ∂S

∂E
¼ dS

dβ

�
dE
dβ

�
−1

¼ β; ð2:36Þ

where we have used6

dS
dβ

¼
XN−1

l¼0

∂S
∂fl

∂fl
∂β

¼ −
1

2
β
XN−1

l¼0

ð2lþ 1Þω2
l csch

2

�
βωl

2

�
;

dE
dβ

¼ −
1

2

XN−1

l¼0

ð2lþ 1Þω2
l csch

2

�
βωl

2

�
: ð2:38Þ

Inserting for fl from (2.35) and multiply both sides of the
first equation in (2.33) by 2lþ 1 and summing over all l,
we have

C ¼ 1

2

XN−1

l¼0

ð2lþ 1Þ
coth

�
β
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ lðlþ1Þ

R2 þ λC
N

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ lðlþ1Þ

R2 þ λC
N

q : ð2:39Þ

where we have used the definition of C given in (2.26).
Clearly, the same equation follows from (2.26) by using the
equation for σxxðlÞ in (2.33). The expression in (2.39) can be
called a self-consistency equation for C at thermal equilib-
rium. It can indeed be solved numerically to determine the
value of C at a given value of temperature T and the other
parameters μ, R and the size N of the system, which can, in
turn, be used to completely determine σxxðlÞ and σppðlÞ as
well as all the other physically relevant quantities, such as the
energyE given in (2.27) and the symplectic eigenvalues fl at
a given temperature T. Thus, (2.39) is the final and the most
critical ingredient which allows us to unambiguously deter-
mine the equation of state. In particular, in the zero temper-
ature limit, limβ→∞fl ¼ 1

2
∀ l, (2.39) takes the form

6It is worthwhile to note that subsequent to the maximization
of the entropy S at fixed energy, the latter can be expressed as

E ≔
X
l

2ð2lþ 1Þωlfl −
λC2

2N
: ð2:37Þ
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CjT¼0 ≕C0 ¼
1

2

XN−1

l¼0

2lþ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ lðlþ1Þ

R2 þ λC0

N

q : ð2:40Þ

The ground-state energy, i.e., the energy at T ¼ 0, is then
given as

E0 ¼
XN−1

l¼0

ð2lþ 1Þωl −
λC2

0

2N
: ð2:41Þ

In Fig. 2 the energy and the total coordinate dispersion
versus the temperature plots are provided to demonstrate the
thermal equilibrium profile of the system.

3. Nonplanar term

We now return to the treatment of the nonplanar term. From (2.24), we have

−Kl1l3l2l4
m1m3m2m4

hX̂l1m1

1 X̂l2m2

1 X̂l3m3

2 X̂l4m4

2 i ¼ −Kl1l2l1l2
m1m2m1m2

σxxðl1Þσxxðl2Þ
¼ −

X
l1m1

X
l2m2

σxxðl1Þσxxðl2ÞTrðZl1m1
Zl2m2

Zl1m1
Zl2m2

Þ

¼ −
X
l1l2

ð−1Þl1þl2þN−1ð2l1 þ 1Þð2l2 þ 1Þσxxðl1Þσxxðl2Þ
(
l1 N−1

2
N−1
2

l2 N−1
2

N−1
2

)

≕ −
X
l1l2

ð2l1 þ 1Þð2l2 þ 1Þσxxðl1Þσxxðl2ÞGðl1; l2Þ: ð2:42Þ

(a)

(c) (d)

(b)

FIG. 2. E=N2 and total coordinate dispersion, 1
N hTrX̂iX̂ii, vs T ((a) & (c) for planar interaction, (b) & (d) for the full system) for

N ¼ 5, μ ¼ 1
10
, R ¼ 5, λ ¼ 1

5
.
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Details of the calculation leading to this result are provided
in the Appendix A. As we anticipated and remarked earlier
in Footnote 1, we observe that (2.42) is not suppressed by
1=N2 compared to the planar term, since the contribution of
the 6j symbol within the sum varies with l1, l2 and does not
amount to a 1=N2 suppression.
Defining DðlÞ ≔ P

N−1
l0¼0

ð2l0 þ 1Þσxxðl0ÞGðl; l0Þ we may
write the energy as

E ¼ hĤi ¼
XN−1

l¼0

ð2lþ 1Þ
�
σppðlÞ þ

�
μ2 þ lðlþ 1Þ

R2

�
σxxðlÞ

�

þ λ

2N
C2 −

λ

2

X
l

ð2lþ 1ÞσxxðlÞDðlÞ: ð2:43Þ

Maximization of the entropy works along the same lines as
before and yields

σppðlÞ
σxxðlÞ

¼ μ2 þ lðlþ 1Þ
R2

þ λC
N

− λDðlÞ; ð2:44Þ

while the effective frequency becomes

ωl ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ lðlþ 1Þ

R2
þ λC

N
− λDðlÞ

r
; ð2:45Þ

which are thus both modified by the l-dependent term:
−λDðlÞ. Expressions in (2.33) and (2.35) remain in the
same form with the understanding that ωl is now given
by (2.45). Also β ¼ T−1 follows identically from 1

T ¼ ∂S
∂E as

before.
Substituting σxxðlÞ ¼ 1

2ωl
cothðβωl

2
Þ into C ¼P

lð2lþ 1ÞσxxðlÞ and DðlÞ ¼ P
l0 ð2l0 þ 1Þσxxðl0ÞGðl; l0Þ,

we obtain a system of N coupled nonlinear equations for
the N unknowns σ⃗ ¼ ðσxxð0Þ; σxxð1Þ;…; σxxðN − 1ÞÞ,
which can be generically expressed as

σxxðlÞ ¼
1

2ωl½σ⃗�
coth

�
βωl½σ⃗�

2

�
; l ¼ 0; 1;…; N − 1;

ð2:46Þ

where

ωl½σ⃗� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þ lðlþ 1Þ

R2
þ λ

N

X
l0
ð2l0 þ 1Þσxxðl0Þ − λ

X
l0
ð2l0 þ 1Þσxxðl0ÞGðl; l0Þ

s
: ð2:47Þ

Thus, the consistency equation for C given in (2.39)
generalizes to the system of coupled equations given in
(2.46). Ignoring the Gðl; l0Þ-dependent term reduces to the
planar case as expected, since then ωl depends on σ⃗ only
through C ¼ P

l0 ð2l0 þ 1Þσxxðl0Þ, and the system (2.46)
collapses to the equation for C. In particular, at T ¼ 0

(β → ∞), cothðβωl=2Þ → 1 and fl → 1=2 and σðT¼0Þ
xx ðlÞ ¼

1
2ωl½σ⃗ðT¼0Þ� which still remains a system ofN coupled algebraic

equations. We have solved (2.46) numerically and obtained
the profiles of E=N2 as well as 1

N hTrX̂iX̂ii for the full
interaction term. It is readily observed from Fig. 2(b), 2(d),
that there is no substantial change in the thermal character-
istics after the inclusion of the nonplanar interaction term.
At this point it is also worthwhile to comment on the

connections between the present approach and the earlier
work in the literature exploring the quantum field theory on
the fuzzy sphere [42,53–56]. These works considered the
theory of a single real scalar field on the fuzzy sphere with a
quartic interaction and obtained the 1-loop effective action,
whose results revealed that the continuum limit of the
renormalized theory at 1-loop differs from that on the
continuum sphere S2 by a finite correction to the kinetic
energy which arises from the nonplanar loop integration.
This is a mild l-dependent quantum contribution to the
dispersion relation indicative of UV/IR mixing, i.e., the

emergence of an IR singularity from integrating out the
UV degrees of freedom, encountered in the quantum
effective actions of field theories on noncommutative
spaces such as the noncommutative planes Rn

θ [57].
Thus, this mild correction to the kinetic energy can be
considered as the regularization of the UV/IR mixing on the
noncommutative plane R2

θ, which indeed appears back in
the scaling limit that takes S2F to R2

θ. In comparison, the
GSA approximation we are using in this work evaluates the
2-loop diagrams with a single vertex (i.e., the figure-8
diagram and its nonplanar counterpart), where the full
propagator appear in the loops (as opposed to the bare
propagators used in 1PI effective action calculations) and it
is obtained by solving the self-consistency equations (2.46).
This is essentially equivalent to the 2PI self-consistent
approach [34] mentioned in the introduction applied at the
one-vertex level. We can indeed make the connection
between these two approaches somewhat more concrete
by nothing that our result for the effective squared
frequency ω2

l given via (2.45) or (2.47) together with
Eqs. (2.46) have precisely the renormalization contribu-

tions λC
N and −λDðlÞ to the bare squared frequencies ðωð0Þ

l Þ2
for the planar and nonplanar interactions, respectively.
These terms have a structure similar to the planar and
nonplanar 1-loop two-point functions [42,53–56] with the
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full propagator σxxðlÞ in place of the bare propagator
ðlðlþ1Þ

R2 þ μ2Þ−1. The l-dependent contributions to the
frequencies via DðlÞ parallels the mild l-dependent con-
tribution to the dispersion relation of the 1-loop approach
outlined above.
Variation of entropy with temperature is plotted in Fig. 3,

where we also demonstrate that the Bekenstein bound

[58,59] S ≤ 2πEK, with K ≔
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N hTrX̂iX̂ii

q
is satisfied.

Indeed, we find that S ≪ 2πE
ffiffiffiffiffiffiffiffiffiffiffiffi
2C=N

p
. We may remark

that the small dent in the entropy of the full configuration as
seen in the red curve in Fig. 3(b) around T ≈ 10−1 is caused
by the contribution of the decoupled l ¼ 0mode to the total
entropy, which intersects the sum of the rest around this
temperature. Total entropy is still monotonically increasing,
as it should be, albeit with a slightly lower rate around this
temperature.

E. Choosing the initial conditions

We have already noted that the thermal equilibrium
conditions yield a static solution for the equations of
motion (2.13)–(2.15), (B2)–(B9). Linearization of the latter
around this solution leads to small fluctuations as one can
recognize both analytically and numerically. Thus, as may
be naturally expected, by inspecting the small fluctuations
about this thermal state we can not probe the chaotic
dynamics of the system under study. Nevertheless, we can
follow the approach given in [14] to choose initial data,
which is close enough to the thermal state but yet
dynamical so that the time evolution generated by the
equations of motion allows us to study the emerging
chaotic behavior. To serve this purpose, let us imagine a
mixed state at temperature T whose dispersions σxxðlÞ and
σppðlÞ are separated into quantum contributions due to a
pure state at T ¼ 0 corresponding to fl ¼ 1

2
∀ l and

classical contributions describing the thermal fluctuations

and write this as7

σxxðlÞ ¼ σ0xxðlÞ þ σcxxðlÞ;
σppðlÞ ¼ σ0ppðlÞ þ σcppðlÞ: ð2:48Þ

This picture suggests that, we may construct quantum states
that are classical mixtures of pure Gaussian states, which
approximate the Gaussian thermal state at temperature T
quite well. To be more concrete, consider a pure state with
nonvanishing one-point functions hX̂lm

i i ¼ X̄lm
i and hP̂lm

i i ¼
P̄lm
i and denote it as jX̄lm

i ; P̄lm
i ihX̄lm

i ; P̄lm
i j. This is not a

thermal state, but can be obtained from the zero-temperature
Gaussian pure state centered at the origin of the phase space,
j0; 0ih0; 0j, by shifting the coordinates and momenta, via
jX̄lm

i ;P̄lm
i i¼ expðiX̄lm

i P̂lm
i þ iP̄lm

i X̂lm
i Þj0;0i.8 Subsequently,

we can think of forming a classical mixture of such states,
say with the density matrix ρ̂c ≔ hjX̄lm

i ; P̄lm
i ihX̄lm

i ; P̄lm
i jic,

with h·ic representing the averaging over the classical
probabilities and where the coordinate and momentum
displacements are selected randomly from Gaussian distri-
butions with zero mean and the variances hXlm

i Xl0m0
j i

c
¼

σcxxðlÞδll0δmm0
δij and hPlm

i Pl0m0
j i

c
¼ σcppðlÞδll0δmm0

δij, respec-
tively. The state obtained in this manner is dynamical as each
of the shifted pure states are time-dependent and their time
evolution is obtained by solving Eqs. (2.13)–(2.15),
(B2)–(B9) with the initial conditions,

(a) (b)

FIG. 3. (a) S=Ndof vs T, (b) S; 2πEK vs T at N ¼ 5, μ ¼ 1
10
, R ¼ 5, λ ¼ 1

5
and Ndof ¼ 2N2 ¼ 50.

7As noted in [14], it is possible to choose a different separation
such that σ0xxðlÞ, σ0ppðlÞ are not at zero temperature and the
displacements are randomly picked from Gaussians with different
variances. As this is not necessary in practice, we will not pursue
it any further.

8The notation here simply means that the expectation values of
X̂lm
i and P̂lm

i in this state are X̄lm
i , P̄lm

i , respectively. Obviously,
these are not the eigenstates of X̂lm

i or P̂lm
i .
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⟪X̂lm
i X̂l0m0

j ⟫ ¼ σ0xxðlÞδll0δmm0
δij;

⟪P̂lm
i P̂l0m0

j ⟫ ¼ σ0ppðlÞδll0δmm0
δij; ð2:49Þ

and the nonvanishing one-point functions hXlm
i i ¼ X̄lm

i

and hPlm
i i ¼ P̄lm

i .
An initial state prepared in this manner, fits very well

with the thermal equation of state with small statistical
errors. Firstly, we observe from Fig. 2 both the energy and
total coordinate dispersion 1

N hTrX̂iX̂ii calculated by aver-
aging over the values obtained on the set of randomly
shifted pure states (we use seven to nine randomly shifted
initial conditions at each temperature) matches in a nice
way with that of the thermal equilibrium state. Next, we
also look at the time evolution of the 1

N hTrX̂iX̂ii. Unlike
the energy, this is not a constant of the motion.
Nevertheless, as we see from Fig. 4 it fluctuates with
rather small amplitudes somewhat above its thermal
equilibrium value at a given temperature. This behavior
of the total coordinate dispersion is also encountered in the
BFSS model and its bosonic part as discussed in [14].
Thus, in contrast to the thermal state, which is only a static

solution of Eqs. (2.13)–(2.15), (B2)–(B9), the classical
mixture of time-dependent pure states as we have con-
structed above can be interpreted to constitute a dynamical
thermal state. Therefore, we expect that their nontrivial
solutions encodes the chaotic motion, which will be
discussed next.

III. DYNAMICS AND CHAOS

We have written a C++ code that solves the equations of
motion (2.13)–(2.15), (B2)–(B9) where the dynamical
thermal states are taken as initial conditions. In particular,
we have obtained the solutions of these equations at several
distinct values of the temperature at the matrix level N ¼ 5

and R ¼ 5, μ ¼ 1
10
and λ ¼ 1

5
, the latter corresponding to the

’t Hooft limit as already noted earlier. At each temperature,
for the given parameter values we average over seven to
nine coordinate and momentum displaced states randomly
picked from the Gaussian distributions with the variances
σcxx and σcpp as explained in the previous section.
In order to probe the chaotic dynamics, we have

calculated the largest Lyapunov exponent, λL by evaluating

(a) (b)

(c) (d)

FIG. 4. Variation of hTrX̂iX̂ii=N with time (in units of classical Lyapunov time τL ¼ λ−1L ) plotted at N ¼ 5, R ¼ 5,
μ ¼ 1=10, λ ¼ 1=5.
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the exponential growth between two solutions whose initial
ξ̄a ≡ ðX̄i

lm; P̄
i
lmÞ values differ by δξ̄a ≡ ðδX̄i

lm; δP̄
i
lmÞ, with

the norm kδξðtÞk ≈ 10−5. Thus, for each of the seven to
nine randomly selected initial condition at a fixed T, we
performed a calculation of λL as a function of time and
subsequently averaged over them. In our simulations we
have used time step-size Δt ∼ 10−3 at low temperatures
T ≲ 0.2 and Δt ∼ 10−4; 10−5 for the rest. Some details of
the steps followed in the evaluation of λL are summarized in
the Appendix C 2 The resulting time series for this process
at T ¼ 1.6 and T ¼ 10 are presented in the Fig. 5, where
for convenience we use the scale of the Lyapunov time
τL ¼ λ−1L in the horizontal axis, which is evaluated from
the classical Lyapunov exponent at the given temperature.
We see that for both the planar and full interaction
configurations there is a transient behavior within the first

2τð0ÞL where λL grows and decreases sharply and converges

to a saturation value for t≳ 2τð0ÞL in the former and t≳ 4τð0ÞL
in the latter case. One of our main results is given in Fig. 6
where we show the variation of λL with temperature. From
this figure, we see that the largest Lyapunov exponent λL is
vanishing around Tc ≲ 0.8 for the planar and Tc ≲ 0.1 for
the full system. It is also observed that λL values are
increasing with temperature which means that quantum
system is chaotic for T ≥ Tc, and becomes more so with

increasing temperature as naturally expected, while the
quantum effects become dominant and starts to suppress
chaos as the system gets colder. Thus, the MSS bound [6] is
respected across all temperatures with λL → 0 at a finite
temperature. In Fig. 7 we present a comparison of the
N ¼ 4 and N ¼ 5 results from which we observe that
λL scales quite alike in both cases for both the planar and
full interaction configurations.

(a) (b)

(c) (d)

FIG. 5. λL time series at N ¼ 5, R ¼ 5, μ ¼ 1=10, λ ¼ 1=5.

FIG. 6. λL as a function of temperature T at N ¼ 5, R ¼ 5,
μ ¼ 1=10, λ ¼ 1=5.
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For comparison, we have also calculated the Lyapunov
exponent for the corresponding classical systems (planar
and full) using the solutions of the subsystem of
Eqs. (2.13)–(2.15) for the one-point functions with same
set of initial conditions for temperatures T ≥ 1, since as we
see from Fig. 2 that around9 T ≲ 1 the classical configu-
ration predicted by the displaced pure states starts to divert
from the thermal equilibrium and hence are not reliable10 for
T ≲ 1. These results demonstrate that the largest Lyapunov
exponent for both the planar and full quantum system
approach toward that of the respective classical system at
higher temperatures T ≳ 102, while they remain safely
below and do not show any tendency to exceed the latter.
We also observe that the λL values of the full system is a bit
higher than that of the planar system across all temperatures.
Profile of λL with respect to the radius of R of S2F is

plotted in Fig. 8 at a fixed temperature T ¼ 5. We see that
λL remains essentially steady for R≳ 3, while it starts to
decrease slowly as R goes below 3. This results suggests
that the chaotic dynamics is robust against the change in
the radius of the fuzzy sphere within a large interval of the
latter, while it is also plausible to observe some decrease in
λL as R gets smaller, since lðlþ 1Þ=R2 term in ωl behaves
as an additional effective mass-squared contribution due to
curvature which increases with decreasing R, driving the
system to be more harmonic and less chaotic.

IV. ENTANGLEMENT

We now turn our attention to examine the dynamics of
the entanglement within the present model, by suitably
separating it into two subsystems in a sequential manner.

In general, computing the entanglement entropy in real
time is regarded as a difficult problem in the literature [14].
However, the point is that, although the Gaussian state
approximation does not lead to unitary time evolution, it
does ensure that pure states evolve into pure states in time,
which is a fact already emphasized and utilized in [14] in
the context of the BFSS model. For completeness, we give
a brief proof of this fact in Appendix B 2 It is precisely this
property of the GSA that makes the computation of
entanglement entropy feasible for our model too. We
may also note that there are real-time techniques applied
to coupled harmonic oscillators, as well as free bosonic and
fermionic models, that is models with only quadratic
potentials in order to compute the entanglement entropy
in [44,60–63]. The method we are going to outline and use
below relies on the use and evaluation of the reduced
covariance matrix and is therefore distinct and readily
applies to the interacting theories, but at the same time it
complements the aforementioned approaches in a sense
since it has the fuzzy structure naturally playing the role of

(a) (b)

FIG. 7. λL as a function of temperature T at N ¼ 4, N ¼ 5 comparison. R ¼ 5, μ ¼ 1=10. (a) Planar Interaction and (b) Full
Interaction.

FIG. 8. λL versus the radius R of S2F at N ¼ 5, T ¼ 5,
μ ¼ 1=10, λ ¼ 1=5.

9In the full-interaction case, separation of 1
N hTrX̂iX̂ii for the

classical configuration starts at a somewhat lower tempera-
ture T ≲ 0.8.

10We may still calculate the λL at T < 1 for the classical case,
but the λL values obtained may at most be lower bounds on their
actual values.
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the lattice discretization while keeping the underlying
symmetries [SUð2Þ in the present case] intact.
As it is already well-known (see for instance [39] and

references therein as an introduction to the extensive
literature), entanglement in a quantum system is a notion
that has been developed to understand and quantify how
the quantum information associated to the degrees of
freedom become “scrambled’ and most frequently char-
acterized or measured by the entanglement entropy. To
compute the latter, it is sufficient (but not necessary in
general [64]) that the Hilbert space H of the system can be
decomposed as a direct product of two sub-Hilbert spaces
HA and HB as H ¼ HA ⊗ HB, i.e., the system has a
bipartite composition [39,65]. It is understood that this
separation is in general not unique and another decom-
position will yield, in general, a different entanglement
entropy as may be naturally expected. In quantum systems
exhibiting chaos, it is anticipated that the information gets
rapidly “scrambled’ between the states supported in HA
and HB and quickly approaches toward a saturation value.
If H is finite-dimensional, the latter is called the “Haar-
Scrambled’ entanglement entropy in the literature [66].
Performing a partial trace over the full system’s density

matrix, ρ̂, i.e., tracing out either of the HA or HB yields a
reduced density matrix. For definiteness, we may consider
tracing over the latter, which yields the reduced density
matrix on HA as ρ̂A ¼ trBρ̂. The entanglement entropy
between the subsystems A and B is then nothing but the von
Neumann entropy in HA, namely SA ¼ −trðρA ln ρAÞ.
Reversing the argument yields SB ¼ −trðρB ln ρBÞ and it
can be shown that SA ¼ SB as expected (see, for instance,
[39,65] for a general discussion).
If ρ̂ stands for a density matrix of a Gaussian state, then

the reduced density matrix ρ̂A ¼ trBρ̂ obtained after the
partial trace over the subspaceHB is also a Gaussian density
matrix and can be found by restricting the one- and two-
point functions characterizing ρ̂, or more precisely,W ρ̂ðξÞ to
those in theHA subsystem11 [40]. The important fact here is
that, regardless ρ̂ is pure or mixed, ρ̂A or the corresponding
WA

ρ̂ ðξÞ, generally describes a mixed Gaussian quantum state
with nonvanishing von Neumann entropy, which is the
entanglement entropy between the subsystems A and B.
Since, the Hilbert space H our system is composed of 2N2

canonical modes generated by the canonically conjugate
pairs X̂lm

i , P̂lm
i labeled with l ¼ 0; 1;…N − 1, jmj ≤ l,

i ¼ 1; 2 with the lth mode of each field being 2lþ 1-fold
degenerate in its contribution to the entropy, we may
consider a sequence of bipartite systems

H ¼ H≤L ⊗ H>L; ð4:1Þ

whereH≤L (H>L) denote the Hilbert space composed of the
2ðLþ 1Þ2 (2ðN2 − ðLþ 1Þ2Þ) modes with l ¼ 0; 1;…L
(l ¼ Lþ 1; � � �N − 1). Note that, each subspace has the
respective modes for both of the fields X1 and X2. We may
as well form several other bipartite systems by randomly
allocating some of the N2 modes in the first subsystem and
the rest in the second (keeping the same modes for both
fields within a subsystem). Nevertheless, the separation in
(4.1) is useful to capture and illustrate several features of
the entanglement and to measure how the associated
entropy responds to the partitions. To calculate the latter,
we start from the Gaussian state which is of the form
jX̄lm

i ; P̄lm
i ihX̄lm

i ; P̄lm
i j. As emphasized earlier, this state is

pure but not in thermal equilibrium and its time evolu-
tion within the GSA is governed by Eqs. (2.13)–(2.15),
(B2)–(B9) under which it remains pure with the von
Neumann entropy vanishing at all times. For a given set
of values of the parameters T, R, μ, N, we compute the
entanglement entropy S≤L as a function of time by
evaluating the von Neumann entropy from the symplectic
eigenvalues of the reduced covariance matrix Σ≤L obtained
from Σ by restricting it to the first ðLþ 1Þ2 modes.
Practically, Σ≤L is formed by omitting the rows and
columns of the latter for l > L. Thus, Σ≤L is a “bona
fide’ covariance matrix of a (mixed) Gaussian state and the
formula (2.22) applies with N − 1 replaced by L and fl
computed from the eigenvalues of Ω≤LΣ≤LðtÞ at time t.
Our findings are illustrated in Fig. 9, where we show the
time series for entanglement entropy S≤L=Ndof with
Ndof ¼ 2ðLþ 1Þ2 computed at N ¼ 5, λ ¼ 1

5
, R ¼ 5,

μ ¼ 1
10

at the bipartite levels L ¼ 0; 1; 2; 3 for the planar
and for L ¼ 1; 2; 3 for the full case (recalling that the l ¼ 0
mode of the full system decouples from the rest com-
pletely) for T ¼ 1.6 and T ¼ 10. We observe that the
entanglement entropy exhibits the expected scrambling
features, namely a fast and roughly a linear growth at
early times which tend toward a saturation at later times.
Fast growth continues about 2τ0L, before it lends to a
saturation value with small variations in time. In the figure,
we have also plotted the von Neumann entropy for the
initial pure state, which remains zero at all times apart from
very small fluctuations due to numerical discritization of
time, confirming that pure states remain pure in time. As
L increases saturation value of S≤L gets smaller which is
expected since H≤L → H and hence S≤L tends to the von
Neumann entropy as L increases, or equally well from

11The shortest way to see this is to use the Wigner
characteristic function χðξÞ ¼ trðρ̂e−iξ̂TΩξÞ, the Fourier trans-
form of Wξðρ̂Þ, which for a Gaussian state is of the form
χðξÞ ¼ e−

1
2
ξTΩTΣΩξþiξ̄TΩξ. Using the notation ξ≡ ðξA; ξBÞ,

Ω≡ DiagðΩA;ΩBÞ, we have for ρ̂A corresponding to
χAðξAÞ ¼ trAðρAe−iξ̂TAΩξAÞ ¼ trðρ̂e−iξ̂TAΩξA ⊗ IBÞ, which means
that χAðξAÞ ¼ χðξA; ξB ¼ 0Þ and this immediately yields
χðξAÞ ¼ e−

1
2
ξTAΩ

T
AΣAΩAξþiξ̄TAΩAξA , which is a Gaussian with the

covariance matrix ΣA obtained from restricting Σ to the sub-
system A. This is equivalent to integrating Wξðρ̂Þ over the
coordinates ξB, which is a lengthy calculation and therefore
omitted here.
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S≤L ¼ S>L for the entanglement entropy. As a consistency
check we also verified the latter fact numerically.
We see that for ðLþ 1Þ2 ≪ N2 the saturation value of

S≤L=2ðLþ 1Þ2 for the planar model tends to the thermal
entropy (i.e., the von Neumann entropy at thermal equi-
librium) per degree of freedom, as can be seen from the
plots in Fig. 9(a) and 9(b) with S=2N2 plotted as a straight
line, while we observe from 9(c) and 9(d) that in the full-
interaction configuration, saturation values are somewhat
below the thermal entropy ðS − S0Þ=2N2 (here since the
zero mode decouples from the dynamics, its contribution to
the total thermal entropy is subtracted). Thus, especially in
the planar case our results support the real-time thermal-
ization of pure states, which in a sense implies at the
quantum level a rather nontrivial equivalence between pure
states on one side indicating a microcanonical ensemble
and a mixed state on the other side describing thermal
equilibrium at T i.e., canonical ensemble [1,14].
In connection to our earlier comments in Sec. II regarding

the l-dependent nonplanar contribution to dispersion indica-
tive of UV/IR mixing, we may note that our results for the
entanglement entropy for the model with the full interaction
term takes this l-dependent nonplanar contribution −λDðlÞ

to the frequencies, ωl, completely into account via the
solutions of the self-consistency equations (2.46) and as
noted above and observed from comparing Figs. 9(a)
and 9(b) with Figs. 9(c) and 9(d), respectively, its overall
effect appears to be a slight decrease in the saturation
values of the entanglement entropy in comparison to the
purely planar case.
Following [14], we have also defined an entanglement

saturation time τE by fitting the profiles of entanglement
entropy to a function of the form S̃ tanhðt=τEÞ. Here S̃ adjust
for fits in each sub-partition H≤L to capture the saturation
value of the entanglement entropy and at the same time lets
us to compare τE at different temperatures and L values. We
may introduce the inverse of the entanglement saturation
time λE ≔ τ−1E , which can be compared with the Lyapunov
exponent λL. We plot λL and λE as a function of T, where λE
at a given T is obtained by averaging its values over all the
available bipartions (L ¼ 0; 1; 2; 3 for the planar and for
L ¼ 1; 2; 3 the full configurations), since we already rec-
ognize that the saturation time for entanglement entropy
does not vary much with temperature, this averaging is quite
suitable. We see from Fig. 10 that λE is quite close to the
classical value of λL at all temperatures for which the latter is

FIG. 9. S=Ndof as a function of time.
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evaluated (i.e., T ≳ 1). We may note the feature that λE > λL
across all temperatures while they become close to each
other at higher temperatures T ≈ 102. In other words, the
entanglement saturation time is always shorter than the
Lyapunov time and the difference becomes more significant
as the system gets colder.

V. CONCLUSIONS AND OUTLOOK

In this work, we have applied the GSA to investigate the
real-time quantum dynamics of a bosonic two-matrix model
on the fuzzy sphere. By truncating the Heisenberg equations
of motion viaWick’s theorem, we derived a closed system of
nonlinear coupled ordinary differential equations governing
the one- and two-point correlation functions in the most
general Gaussian state.
A central component of our analysis was the thermo-

dynamic characterization of the system. By maximizing the
von Neumann entropy of the most general Gaussian density
matrix at fixed energy, we established thermal equilibrium
conditions and derived the equation of state. In order to
probe the chaotic dynamics of the model, we constructed
dynamical initial configurations drawn from classical
Gaussian ensembles with variances calibrated so that the
dynamical configurations are close to the thermal equation
of state, which we confirmed by observing their agreement
with the equilibrium energy and total coordinate dispersion
1
N hTrX̂iX̂ii versus temperature curves. Averaging over
several such initial configurations, we computed the largest
Lyapunov exponent λL across a wide range of temperatures
in the ’t Hooft limit at matrix level N ¼ 5 and also
at N ¼ 4.
Our results reveal a clear picture of the chaotic dynamics

within this model. At higher temperatures, both the classical
and quantum dynamics are found to be comparably and
significantly chaotic, consistent with the expectation that the
quantum effects become subdominant in this regime. As the
temperature is lowered, λL decreases monotonically and

vanishes at a finite temperature, which we have estimated to
be Tc ≈ 0.8 and Tc ¼ 0.1 for the planar and full interactions
respectively at N ¼ 5, (an similar Tc values at N ¼ 4)
signaling the suppression of chaos by quantum fluctuations
and the crossover to a nonchaotic regime as the system
becomes colder. We may emphasize that, this behavior
complies with the MSS bound λL ≤ 2πT at all temperatures
and also implies that the GSA captures essential features of
quantum effects on chaos.
Finally, we investigated the entanglement dynamics of the

system through a sequence of bipartitionsH ¼ H≤L ⊗ H>L,
where the subsystemH≤L collects the 2ðLþ 1Þ2 canonical
modes with angular momentum index l ≤ L. The entan-
glement entropy S≤L was computed from the symplectic
eigenvalues of the appropriate reduced covariance matrix.
For both the planar and the full interaction and across
bipartite levels (L ¼ 0; 1; 2; 3, L ¼ 1; 2; 3, respectively) the
entanglement entropy exhibits the hallmark behavior
expected of a fast scrambler: a sharp initial growth followed
by saturation toward a constant value. This behavior,
common to strongly chaotic quantum systems, further
corroborates the chaotic nature of the model and under-
scores the consistency of the GSA as a framework for
capturing quantum information-theoretic features of matrix
models.
It will also be interesting to explore connections of our

results with the recently emerging new measures of chaos
and entanglement such as the Krylov complexity [67–70].
Several other aspects of the application of the GSA to
matrix models with fuzzy geometry are under investigation,
including the dynamics and entanglement in the BMN
model [49–51] and will be reported [52] in the near future.
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APPENDIX A: FUZZY SPHERE AND THE
POLARIZATION OPERATORS

1. Fuzzy sphere

Definition of the fuzzy sphere [41] is quite well-known
in the literature. Here we give the basic definition and refer
the reader to [30,42] and an extensive list of references
there in for its various aspects.
Let us denote the SUð2Þ representations in the spin-

j ¼ N−1
2

irreducible representation by La (a ¼ 1; 2; 3).
They satisfy the commutation relations,

½La; ; Lb� ¼ iϵabcLc: ðA1Þ
The fuzzy two-sphere, S2F of radius R at the matrix level N
is defined in terms of the rescaled generators of SUð2Þ,

χa ≔
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jðjþ 1Þp La; ðA2Þ

and their commutation relations are given as

½χa; χb� ¼ i
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jðjþ 1Þp ϵabcχc: ðA3Þ

They satisfy χ2a ¼ R21N. As N goes to infinity, the standard
commutative S2 is recovered.
An N × N matrix, sayM∈M atðNÞ, is an element of the

fuzzy sphere S2F at the matrix level N. Derivations on the
fuzzy sphere are given by the adjoint action of La’s on M,

adLaM ≔ ½La;M�; ðA4Þ
and they obey the Leibniz rule. In particular, the Laplacian
on the fuzzy sphere takes the double commutator
form L2M ≔ 1

R2 ½La; ½La;M½½.

Any N × N matrix M can be expanded in a basis
provided for M atðNÞ. For instance, M can be freely
generated by taking as many products of χa as may be
necessary; M ¼ Mi1i2���ikχi1χi2 � � � χik , where sum over the
repeated indices is implied. A particularly useful basis is
that of the polarization operators [71]. They can be thought
of as the analog of the spherical harmonics on the fuzzy
sphere. They form a basis for N × N-matrices, in a manner
similar to spherical harmonics forming a basis of C∞

functions on the sphere. Concretely, the polarization oper-
ators Tlm are N × N matrices with l ¼ 0; 1;…; N − 1 and
m ¼ −l;−ðl − 1Þ � � � ; l − 1; l. They obey the orthogonality
relation,

TrðTlmT
†
l0m0 Þ ¼ δll0δmm0 ; ðA5Þ

where the Hermitian conjugate is given by

T†
lm ¼ ð−1ÞmTl;−m: ðA6Þ

Completeness relation, or the resolution of identity, takes
the form,

X
m

TlmT
†
lm ¼ ð2lþ 1Þ

N
IN: ðA7Þ

This easily follows by noting that, being summed over the
index m, the lhs must be a rotational invariant and therefore
must be proportional to the identity matrix IN , while the
constant of proportionality is fixed by taking the trace of
both sides and using (A5).
We may therefore write M ¼ P

l;m MlmTlm for
any M∈MatðNÞ.
Derivations and the Laplacian on S2F in this basis take the

form,

L3Tlm ¼ ½L3; Tlm� ¼ mTlm;

L�Tlm ¼ ½L�; Tlm� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl ∓ mÞðl�mþ 1Þ

p
Tlm�1;

L2Tlm ¼ ½Li; ½Li; Tlm�� ¼ lðlþ 1ÞTlm: ðA8Þ

The product of two polarization operators expand as [71]

Tl1m1
Tl2m2

¼
XN−1

l

Xl

m¼−l

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2l1 þ 1Þð2l2 þ 1Þ

p
ð−1ÞN−1þl

×

(
l1 l2 l
N−1
2

N−1
2

N−1
2

)
Clm
l1m1l2m2

Tlm: ðA9Þ

2. Real polarization operator basis

For computational practicality in computer codes, we
have used the real polarization operator basis in our work.
The real polarization operator basis is defined analogously
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to the real spherical harmonics in the following manner,

Zlm ¼

8>><
>>:

1ffiffi
2

p ðTlm þ T†
lmÞ if m > 0;

Tl0 if m ¼ 0;
iffiffi
2

p ðTlm − T†
lmÞ if m < 0:

ðA10Þ

It is readily seen that then Z†
lm ¼ Zlm. Transformation

between Zlm and Tlm can also be compactly expressed as

Zlm ¼
X
k

UðlÞ
mkTlk; ðA11Þ

where UðlÞ
mk takes the obvious form,

UðlÞ
mk ¼

8>><
>>:

1ffiffi
2

p ðδmk þ ð−1Þmδm;−kÞ if m > 0;

δ0k if m ¼ 0;
iffiffi
2

p ðδmk − ð−1Þmδm;−kÞ if m < 0:

ðA12Þ

The transformation matrices satisfy

Xl

m¼−l
UðlÞ
mkU

ðlÞ
mk0 ¼ ð−1Þkδk;−k0 : ðA13Þ

We can easily see that

TrðZlmZl0m0 Þ ¼ δll0δmm0 ; ðA14Þ

X
m

ZlmZlm ¼ ð2lþ 1Þ
N

IN; ðA15Þ

are the orthogonality and completeness relations in
this basis.
Likewise, we have the derivations analogous to (A8)

L2Zlm ¼ ½Li; ½Li; Zlm�� ¼ lðlþ 1ÞZlm: ðA16Þ

3. Traces

In general, we have

Kl1l2l3l4
m1m2m3m4

¼ TrðZl1m1
Zl2m2

Zl3m3
Zl4m4

Þ
¼

X
k1k2k3k4

Uðl1Þ
m1;k1

Uðl2Þ
m2;k2

Uðl3Þ
m3;k3

Uðl4Þ
m4;k4

TrðTl1k1Tl2k2Tl3k3Tl4k4Þ

¼
X

k1k2k3k4

Uðl1Þ
m1;k1

Uðl2Þ
m2;k2

Uðl3Þ
m3;k3

Uðl4Þ
m4;k4

Kl1l2l3l4
k1k2k3k4

; ðA17Þ

where from [71] or using (A5) and (A9),

Kl1l2l3l4
m1m2m3m4

¼ TrðTl1m1
Tl2m2

Tl3m3
Tl4m4

Þ

¼
Y4
i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2li þ 1Þ

p X
lm

ð−1Þm
(
l1 l2 l
N−1
2

N−1
2

N−1
2

)

×

(
l3 l4 l
N−1
2

N−1
2

N−1
2

)
Clm
l1m1l2m2

Cl−m
l3m3l4m4

:

ðA18Þ

For the trace involved in the planar interaction term (2.25),
we find

Kl1l1l2l2
m1m1m2m2

¼
X
m1m2

TrðZl1m1
Zl1m1

Zl2m2
Zl2m2

Þ;

¼
X
m1m2

TrðTl1m1
T†
l1m1

Tl2m2
T†
l2m2

Þ;

¼ ð2l1 þ 1Þð2l2 þ 1Þ
N

: ðA19Þ

We may note that this result follows from either directly
using the identity (A15) or noting first that the rotational
invariance of Kl1l1l2l2

m1m1m2m2
implies, or use of (A13) explicitly

converts the trace in the Zlm basis to that in the Tlm basis
and subsequently using (A7) in the latter.
For the trace involved in the nonplanar interaction

term (2.42), we have

X
m1m2

TrðZl1m1
Zl2m2

Zl1m1
Zl2m2

Þ;

¼
X
m1m2

X
k1k2k01k

0
2

Uðl1Þ
m1k1

Uðl2Þ
m2k2

Uðl1Þ
m1k01

Uðl2Þ
m2k02

TrðTl1k1Tl2k2Tl1k01
Tl2k02

Þ;

¼
X
k1k2

TrðTl1k1Tl2k2T
†
l1k1

T†
l2k2

Þ;

¼
X
k1k2

ð2l1 þ 1Þð2l2 þ 1Þð−1Þk1þk2
X
l;q

ð−1Þ2ðN−1þlÞð−1Þq
(
l1 l2 l
N−1
2

N−1
2

N−1
2

)
2

Clq
l1k1l2k2

Cl−q
l1−k1l2−k2 ;
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¼
X
k1k2

ð2l1 þ 1Þð2l2 þ 1Þð−1Þk1þk2
X
l;q

ð−1Þl1þl2−lð−1Þq
(
l1 l2 l
N−1
2

N−1
2

N−1
2

)
2

ðClq
l1k1l2k2

Þ2;

¼ ð2l1 þ 1Þð2l2 þ 1Þ
XN−1

l¼0

ð2lþ 1Þð−1Þl1þl2−l

(
l1 l2 l
N−1
2

N−1
2

N−1
2

)
2

;

¼ ð2l1 þ 1Þð2l2 þ 1Þð−1Þl1þl2þN−1

(
l1 N−1

2
N−1
2

l2
N−1
2

N−1
2

)
;

≕ ð2l1 þ 1Þð2l2 þ 1ÞGðl1; l2Þ; ðA20Þ
where the equivalence of the traces in the first and third lines also follow from rotational invariance, with the overall
constant of proportionality matched, for instance, by using the fact that Zl0 ¼ Tl0. In arriving this result, we have used the
symmetry and orthogonality of the Clebsch-Gordan coefficients,

Cl−q
l1−k1l2−k2 ¼ ð−1Þl1þl2−lClq

l1k1l2k2
;

X
k1k2

ðClq
l1k1l2k2

Þ2 ¼ 1; ðA21Þ

the selection rule k1 þ k2 ¼ q and in the last line the formula [71],

XN−1

l¼0

ð2lþ 1Þð−1ÞN−1−l

(
l1 l2 l
N−1
2

N−1
2

N−1
2

)(
l1 l2 l
N−1
2

N−1
2

N−1
2

)
¼

(
l1 N−1

2
N−1
2

l2
N−1
2

N−1
2

)
: ðA22Þ

APPENDIX B: EQUATIONS OF MOTION

1. Equations of motion for one- and two-point functions

Starting from the expression (2.12) and applyingWick’s theorem, we have the expectation value of the Hamiltonian in the
Gaussian state expressed as

hĤi ¼ 1

2

�
hP̂lm

i P̂lm
i i þ

�
μ2 þ lðlþ 1Þ

R2

�
hX̂lm

i X̂lm
i i þ λHl1l2l3l4

m1m2m3m4
hX̂l1m1

1 X̂l2m2

1 X̂l3m3

2 X̂l4m4

2 i
�

¼ 1

2

�
hP̂lm

i P̂lm
i i þ

�
μ2 þ lðlþ 1Þ

R2

�
hX̂lm

i X̂lm
i i þ λHl1l2l3l4

m1m2m3m4
ðhX̂l1m1

1 ihX̂l2m2

1 ihX̂l3m3

2 ihX̂l4m4

2 i

þ ⟪X̂l1m1

1 X̂l2m2

1 ⟫ð⟪X̂l3m3

2 X̂l4m4

2 ⟫þ hX̂l3m3

2 ihX̂l4m4

2 iÞ þ hX̂l1m1

1 ihX̂l2m2

1 i⟪X̂l3m3

2 X̂l4m4

2 ⟫

þ ⟪X̂l1m1

1 X̂l3m3

2 ⟫ð⟪X̂l2m2

1 X̂l4m4

2 ⟫þ hX̂l2m2

1 ihX̂l4m4

2 iÞ þ hX̂l1m1

1 ihX̂l3m3

2 i⟪X̂l2m2

1 X̂l4m4

2 ⟫

þ ⟪X̂l1m1

1 X̂l4m4

2 ⟫ð⟪X̂l2m2

1 X̂l3m3

2 ⟫þ hX̂l2m2

1 ihX̂l3m3

2 iÞ þ hX̂l1m1

1 ihX̂l4m4

2 i⟪X̂l2m2

1 X̂l3m3

2 ⟫

�
: ðB1Þ

In a similar manner, evaluating (2.7) in the Gaussian state and applying Wick’s theorem we obtain the equations
in (2.13)–(2.15) as given in the text and the equations for the correlation functions which take the form,

∂t⟪X̂
l1m1

1 X̂l2m2

1 ⟫ ¼ ⟪X̂l2m2

1 P̂l1m1

1 ⟫þ ⟪X̂l1m1

1 P̂l2m2

1 ⟫;

∂t⟪X̂
l1m1

1 X̂l2m2

2 ⟫ ¼ ⟪X̂l2m2

2 P̂l1m1

1 ⟫þ ⟪X̂l1m1

1 P̂l2m2

2 ⟫;

∂t⟪X̂
l1m1

2 X̂l2m2

2 ⟫ ¼ ⟪X̂l2m2

2 P̂l1m1

2 ⟫þ ⟪X̂l1m1

2 P̂l2m2

2 ⟫; ðB2Þ

∂t⟪X̂
l1m1

1 P̂l2m2

1 ⟫ ¼ ⟪P̂l1m1

1 P̂l2m2

1 ⟫ −

�

μ2 þ l2ðl2 þ 1Þ
R2

�
⟪X̂l2m2

1 X̂l1m1

1 ⟫þ λ

2
N l2l3l4l5

m2m3m4m5

× ð⟪X̂l1m1

1 X̂l3m3

1 ⟫⟪X̂l4m4

2 X̂l5m5

2 ⟫þ ⟪X̂l1m1

1 X̂l3m3

1 ⟫hX̂l4m4

2 ihX̂l5m5

2 i
þ ⟪X̂l3m3

1 X̂l5m5

2 ⟫⟪X̂l1m1

1 X̂l4m4

2 ⟫þ ⟪X̂l1m1

1 X̂l4m4

2 ⟫hX̂l3m3

1 ihX̂l5m5

2 i

þ ⟪X̂l1m1

1 X̂l5m5

2 ⟫⟪X̂l3m3

1 X̂l4m4

2 ⟫þ ⟪X̂l1m1

1 X̂l5m5

2 ⟫hX̂l3m3

1 ihX̂l4m4

2 iÞ
�
; ðB3Þ

S. KÜRKCÜOĞLU and B. ÖZCAN PHYS. REV. D 114, 065014 (2026)

065014-20



∂t⟪X̂
l1m1

2 P̂l2m2

1 ⟫ ¼ ⟪P̂l1m1

2 P̂l2m2

1 ⟫ −

�

μ2 þ l2ðl2 þ 1Þ
R2

�
⟪X̂l2m2

1 X̂l1m1

2 ⟫þ λ

2
N l2l3l4l5

m2m3m4m5

× ð⟪X̂l1m1

2 X̂l3m3

1 ⟫⟪X̂l4m4

2 X̂l5m5

2 ⟫þ ⟪X̂l1m1

2 X̂l3m3

1 ⟫hX̂l4m4

2 ihX̂l5m5

2 i
þ ⟪X̂l3m3

1 X̂l5m5

2 ⟫⟪X̂l1m1

2 X̂l4m4

2 ⟫þ ⟪X̂l1m1

2 X̂l4m4

2 ⟫hX̂l3m3

1 ihX̂l5m5

2 i

þ ⟪X̂l1m1

2 X̂l5m5

2 ⟫⟪X̂l3m3

1 X̂l4m4

2 ⟫þ ⟪X̂l1m1

2 X̂l5m5

2 ⟫hX̂l3m3

1 ihX̂l4m4

2 iÞ
�
; ðB4Þ

∂t⟪X̂
l1m1

1 P̂l2m2

2 ⟫ ¼ ⟪P̂l1m1

1 P̂l2m2

2 ⟫ −

�

μ2 þ l2ðl2 þ 1Þ
R2

�
⟪X̂l2m2

2 X̂l1m1

1 ⟫þ λ

2
N l2l3l4l5

m2m3m4m5

× ð⟪X̂l1m1

1 X̂l3m3

2 ⟫⟪X̂l4m4

1 X̂l5m5

1 ⟫þ ⟪X̂l1m1

1 X̂l3m3

2 ⟫hX̂l4m4

1 ihX̂l5m5

1 i
þ ⟪X̂l3m3

2 X̂l5m5

1 ⟫⟪X̂l1m1

1 X̂l4m4

1 ⟫þ ⟪X̂l1m1

1 X̂l4m4

1 ⟫hX̂l3m3

2 ihX̂l5m5

1 i

þ ⟪X̂l1m1

1 X̂l5m5

1 ⟫⟪X̂l3m3

2 X̂l4m4

1 ⟫þ ⟪X̂l1m1

1 X̂l5m5

1 ⟫hX̂l3m3

2 ihX̂l4m4

1 iÞ
�
; ðB5Þ

∂t⟪X̂
l1m1

2 P̂l2m2

2 ⟫ ¼ ⟪P̂l1m1

2 P̂l2m2

2 ⟫ −

�

μ2 þ l2ðl2 þ 1Þ
R2

�
⟪X̂l2m2

2 X̂l1m1

2 ⟫þ λ

2
N l2l3l4l5

m2m3m4m5

× ð⟪X̂l1m1

2 X̂l3m3

2 ⟫⟪X̂l4m4

1 X̂l5m5

1 ⟫þ ⟪X̂l1m1

2 X̂l3m3

2 ⟫hX̂l4m4

1 ihX̂l5m5

1 i
þ ⟪X̂l3m3

2 X̂l5m5

1 ⟫⟪X̂l1m1

2 X̂l4m4

1 ⟫þ ⟪X̂l1m1

2 X̂l4m4

1 ⟫hX̂l3m3

2 ihX̂l5m5

1 i

þ ⟪X̂l1m1

2 X̂l5m5

1 ⟫⟪X̂l3m3

2 X̂l4m4

1 ⟫þ ⟪X̂l1m1

2 X̂l5m5

1 ⟫hX̂l3m3

2 ihX̂l4m4

1 iÞ
�
; ðB6Þ

∂t⟪P̂
l1m1

1 P̂l2m2

1 ⟫ ¼ −

�

μ2 þ l1ðl1 þ 1Þ
R2

�
⟪X̂l1m1

1 P̂l2m2

1 ⟫þ λ

2
N l1l3l4l5

m1m3m4m5

× ð⟪X̂l3m3

1 P̂l2m2

1 ⟫⟪X̂l4m4

2 X̂l5m5

2 ⟫þ ⟪X̂l3m3

1 P̂l2m2

1 ⟫hX̂l4m4

2 ihX̂l5m5

2 i
þ ⟪X̂l3m3

1 X̂l5m5

2 ⟫⟪X̂l4m4

2 P̂l2m2

1 ⟫þ hX̂l3m3

1 ihX̂l5m5

2 i⟪X̂l4m4

2 P̂l2m2

1 ⟫

þ ⟪X̂l5m5

2 P̂l2m2

1 ⟫⟪X̂l3m3

1 X̂l4m4

2 ⟫þ ⟪X̂l5m5

2 P̂l2m2

1 ⟫hX̂l3m3

1 ihX̂l4m4

2 iÞ

þ
�
μ2 þ l2ðl2 þ 1Þ

R2

�
⟪X̂l2m2

1 P̂l1m1

1 ⟫þ λ

2
N l2l3l4l5

m2m3m4m5

× ð⟪X̂l3m3

1 P̂l1m1

1 ⟫⟪X̂l4m4

2 X̂l5m5

2 ⟫þ ⟪X̂l3m3

1 P̂l1m1

1 ⟫hX̂l4m4

2 ihX̂l5m5

2 i
þ ⟪X̂l3m3

1 X̂l5m5

2 ⟫⟪X̂l4m4

2 P̂l1m1

1 ⟫þ hX̂l3m3

1 ihX̂l5m5

2 i⟪X̂l4m4

2 P̂l1m1

1 ⟫

þ ⟪X̂l5m5

2 P̂l1m1

1 ⟫⟪X̂l3m3

1 X̂l4m4

2 ⟫þ ⟪X̂l5m5

2 P̂l1m1

1 ⟫hX̂l3m3

1 ihX̂l4m4

2 iÞ
�
; ðB7Þ

∂t⟪P̂
l1m1

1 P̂l2m2

2 ⟫ ¼ −

�

μ2 þ l1ðl1 þ 1Þ
R2

�
⟪X̂l1m1

1 P̂l2m2

2 ⟫þ λ

2
N l1l3l4l5

m1m3m4m5

× ð⟪X̂l3m3

1 P̂l2m2

2 ⟫⟪X̂l4m4

2 X̂l5m5

2 ⟫þ ⟪X̂l3m3

1 P̂l2m2

2 ⟫hX̂l4m4

2 ihX̂l5m5

2 i
þ ⟪X̂l3m3

1 X̂l5m5

2 ⟫⟪X̂l4m4

2 P̂l2m2

2 ⟫þ hX̂l3m3

1 ihX̂l5m5

2 i⟪X̂l4m4

2 P̂l2m2

2 ⟫

þ ⟪X̂l5m5

2 P̂l2m2

2 ⟫⟪X̂l3m3

1 X̂l4m4

2 ⟫þ ⟪X̂l5m5

2 P̂l2m2

2 ⟫hX̂l3m3

1 ihX̂l4m4

2 iÞ

þ
�
μ2 þ l2ðl2 þ 1Þ

R2

�
⟪X̂l2m2

2 P̂l1m1

1 ⟫þ λ

2
N l2l3l4l5

m2m3m4m5

× ð⟪X̂l3m3

2 P̂l1m1

1 ⟫⟪X̂l4m4

1 X̂l5m5

1 ⟫þ ⟪X̂l3m3

2 P̂l1m1

1 ⟫hX̂l4m4

1 ihX̂l5m5

1 i
þ ⟪X̂l3m3

2 X̂l5m5

1 ⟫⟪X̂l4m4

1 P̂l1m1

1 ⟫þ hX̂l3m3

2 ihX̂l5m5

1 i⟪X̂l4m4

1 P̂l1m1

1 ⟫

þ ⟪X̂l5m5

1 P̂l1m1

1 ⟫⟪X̂l3m3

2 X̂l4m4

1 ⟫þ ⟪X̂l5m5

1 P̂l1m1

1 ⟫hX̂l3m3

2 ihX̂l4m4

1 iÞ
�
; ðB8Þ
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∂t⟪P̂
l1m1

2 P̂l2m2

2 ⟫ ¼ −

�

μ2 þ l1ðl1 þ 1Þ
R2

�
⟪X̂l1m1

2 P̂l2m2

2 ⟫þ λ

2
N l1l3l4l5

m1m3m4m5

× ð⟪X̂l3m3

2 P̂l2m2

2 ⟫⟪X̂l4m4

1 X̂l5m5

1 ⟫þ ⟪X̂l3m3

2 P̂l2m2

2 ⟫hX̂l4m4

1 ihX̂l5m5

1 i
þ ⟪X̂l3m3

2 X̂l5m5

1 ⟫⟪X̂l4m4

1 P̂l2m2

2 ⟫þ hX̂l3m3

2 ihX̂l5m5

1 i⟪X̂l4m4

1 P̂l2m2

2 ⟫

þ ⟪X̂l5m5

1 P̂l2m2

2 ⟫⟪X̂l3m3

2 X̂l4m4

1 ⟫þ ⟪X̂l5m5

1 P̂l2m2

2 ⟫hX̂l3m3

2 ihX̂l4m4

1 iÞ

þ
�
μ2 þ l2ðl2 þ 1Þ

R2

�
⟪X̂l2m2

2 P̂l1m1

2 ⟫þ λ

2
N l2l3l4l5

m2m3m4m5

× ð⟪X̂l3m3

2 P̂l1m1

2 ⟫⟪X̂l4m4

1 X̂l5m5

1 ⟫þ ⟪X̂l3m3

2 P̂l1m1

2 ⟫hX̂l4m4

1 ihX̂l5m5

1 i
þ ⟪X̂l3m3

2 X̂l5m5

1 ⟫⟪X̂l4m4

1 P̂l1m1

2 ⟫þ hX̂l3m3

2 ihX̂l5m5

1 i⟪X̂l4m4

1 P̂l1m1

2 ⟫

þ ⟪X̂l5m5

1 P̂l1m1

2 ⟫⟪X̂l3m3

2 X̂l4m4

1 ⟫þ ⟪X̂l5m5

1 P̂l1m1

2 ⟫hX̂l3m3

2 ihX̂l4m4

1 iÞ
�
: ðB9Þ

2. Lax structure of the equations of motion

We observe that the equations of motion can be
expressed as

∂tξ̄ ¼ Ω
∂hĤi
∂ξ̄

;

∂tΣ ¼ Ω
∂hĤi
∂Σ

Σ − Σ
∂hĤi
∂Σ

Ω; ðB10Þ

where the components of ∂hĤi
∂Σ can be obtained by computing

the total variation of hĤi. The equation for the one-point
functions is therefore of the standard Hamiltonian form,
while multiplying both sides of the second equation with Ω
from the right and using Ω2 ¼ −I twice we may cast it into

∂tðΣΩÞ ¼ Ω
∂hĤi
∂Σ

ðΣΩÞ − ðΣΩÞ ∂hĤi
∂Σ

Ω;

¼
�
Ω
∂hĤi
∂Σ

; ðΣΩÞ
�
; ðB11Þ

from which we infer that the time evolution of ΣΩ is
governed by a Lax-type equation which preserves the
eigenvalues of ðΣΩÞ, which are the symplectic eigenvalues
of Σ. Thus, it follows that pure states evolve into pure states
under these time evolution equations.

APPENDIX C: COMPUTATIONAL METHODS
AND RESULTS

In this section we outline the computational methods we
have used in solving the equations of motion given explicitly
in Appendix B 1 and also those for obtaining the largest
Lyapunov exponent λL.

1. Integration method

We have used the symplectic Euler method for our
integrations, which, as the name suggests, is a symplectic

integrator [14]. We can write our equations of motion as
given in Appendix B 1 in the implicit form as

∂thX̂i ¼ Fð1ÞðhP̂iÞ;
∂thP̂i ¼ Fð2ÞðhX̂i;⟪X̂ X̂ ⟫Þ;

∂t⟪X̂ X̂ ⟫ ¼ Fð3Þð⟪X̂ P̂⟫Þ;
∂t⟪X̂ P̂⟫ ¼ Fð4ÞðhX̂i;⟪X̂ X̂ ⟫;⟪P̂ P̂⟫Þ;
∂t⟪P̂ P̂⟫ ¼ Fð5ÞðhX̂i;⟪X̂ X̂ ⟫;⟪X̂ P̂⟫Þ: ðC1Þ

Then the symplectic Euler method can be written as

hP̂inþ1 ¼ hP̂in þ hFð2ÞðhX̂in;⟪X̂ X̂ ⟫nÞ;
⟪X̂ P̂⟫nþ1 ¼ ⟪X̂ P̂⟫n þ hFð4ÞðhX̂in;⟪X̂ X̂ ⟫n;⟪P̂ P̂⟫nÞ;
⟪P̂ P̂⟫nþ1 ¼ ⟪P̂ P̂⟫n þ hFð5ÞðhX̂in;⟪X̂ X̂ ⟫n;⟪X̂ P̂⟫nþ1Þ;
⟪X̂ X̂ ⟫nþ1 ¼ ⟪X̂ X̂ ⟫n þ hFð3Þð⟪X̂ P̂⟫nþ1Þ;

hX̂inþ1 ¼ hX̂in þ hFð1ÞðhP̂inþ1Þ: ðC2Þ

This is our integration method and update order for the
equations of motion.

2. Lyapunov exponent

Computing the largest Lyapunov exponent, although
simple once the Hamilton equations of motion are solved
numerically, has to be done with some care. We can define
the largest Lyapunov exponent by

λL ¼ lim
t→∞

1

t
log

�kδξðtÞk
kδξð0Þk

�
: ðC3Þ

In practice, to control numerical errors we use the renorm-
alize-and-sum procedure illustrated in Fig. 11. We evolve
two nearby trajectories, ξ1ðtÞ and ξ2ðtÞ, over equal time
steps,
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ti ¼ iΔt; i ¼ 0; 1;…; n; ðC4Þ

and at each step we measure the separation,

kδξðtiÞk ¼ kξ1ðtiÞ − ξ2ðtiÞk; ðC5Þ
then rescale it back to the initial length kδξð0Þk, setting

αi ¼
kδξðtiÞk
kδξð0Þk ; S ¼

Xn
i¼1

lnðαiÞ: ðC6Þ

The discrete estimator for λL is then

λL ≈
S
tn

¼ 1

tn

Xn
i¼1

ln

�kδξðtiÞk
kδξð0Þk

�
¼ 1

nΔt

Xn
i¼1

lnðαiÞ: ðC7Þ

Optionally, introducing the “local’ exponent λi ¼
1
Δt lnðδi=δi−1Þ, one finds

λL ≈
1

n

Xn
i¼1

λi: ðC8Þ
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