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Very special relativity in accelerated frames: Nonrelativistic effects
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In this paper, we investigate the phenomenology of fermionic systems in uniform gravitational fields
within the framework of very special relativity (VSR). We focus on the case of gravitational spectroscopy

with ultracold neutrons, explored in experiments like gBOUNCE. Calculating the leading (¢”) and next-to-
leading (c~!) order corrections to the nonrelativistic Hamiltonian in an accelerated frame, we obtain the
perturbed fermionic energy spectrum. At leading order, we do not find any modifications except for a trivial
mass shift, thus preserving the equivalence between inertial and gravitational mass and particle-antiparticle
sectors. The next-to-leading order corrections, instead, introduce time-dependent anisotropic contributions
depending on the preferred spatial direction in VSR, and can then be used to probe novel Lorentz-violating
signatures. Taking gBOUNCE sensitivity as a benchmark, we derive a first rough constraint for the neutron
VSR parameter. Finally, we suggest alternative spin-flipping setups to better probe VSR effects and foresee

potential future research directions.
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I. INTRODUCTION

Lorentz symmetry certainly represents one of the fun-
damental pillars underpinning modern theoretical physics.
In recent decades, however, the quest to explain some of the
most puzzling enigmas in our understanding of nature has
led to the development of entire research lines focusing on
Lorentz-violating (LV) models. The latter were often
embedded within more fundamental paradigms, such as
string theory and quantum gravity [1-5], from which the
violation of Lorentz symmetry emerged at low energies as
an effective feature.

In this context, back in 2006, Cohen and Glashow
presented a new mechanism to produce neutrino masses
through Lorentz violation, which they called “very special
relativity” (VSR) [6,7]. Since then, the implications of the
VSR landscape have been extensively studied in different
areas; starting from the theoretical ones, such as the
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massiveness of photons [8] and gravitons [9-11], to the
more phenomenological ones, like corrections to scattering
processes and anomalies [12—14], to the gyromagnetic
factor of fermions [15] or to finite-temperature computa-
tions [16]. Within all these physical settings, calculations
have been performed from the perspective of inertial
systems, automatically excluding the possibility of accel-
erating observers or the effects coming from external
gravitational backgrounds. Instead, these scenarios have
been extensively explored using other LV approaches,
especially within the Standard Model Extension (SME)
[17-19]. In fact, constraints on several SME parameters
have already been obtained from tabletop experiments
involving gravity, such as neutron interferometry observa-
tions and spectroscopy [20-23]. However, the nature of the
SME is fundamentally different from that of VSR in the
sense that it only accounts for local corrections in the field
Lagrangians. Indeed, VSR contributions are inherently
nonlocal and, for that reason, they often transcend the
boundaries of SME formulations.

Therefore, the main objective of this paper is to partially
bridge the phenomenological gap between VSR and the
domain of tabletop gravitational experiments. In particular,
we focus on gravitational spectroscopy with ultracold
neutrons (UCNSs) [24]. This technique can generally reach
very high sensitivities and is used in experiments like

gBOUNCE [25-28] to investigate the quantized energy levels
induced by the Earth’s gravitational field when trapping
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UCNSs with a reflecting floor. Under these circumstances, the
simplest theoretical framework used to derive observatio-
nally consistent predictions is based on the Schrodinger
equation combined with a linear Newtonian potential,

ind,p = Hpg, (1)
where the Hamiltonian is

2 0’
H,p=mc"—mg -x ——. 2
qB g om ( )
The gravitational acceleration g is typically assumed to be
constant, homogeneous, and directed along the negative Z-
direction; g = —gz with g > 0. The presence of the bottom
mirror reflecting the freely falling neutrons is then simulated
by setting an appropriate boundary condition for ¢ at the
mirror’s height,

¢(z=10)=0. (3)

The solution of the time-independent Schodinger equation
featuring the Hamiltonian (2), i.e.,

H,zp = Ep, (4)

is well-known and is given by Airy functions,

on(e) = cNAi(Z - ZN), (5)

20
where we defined the quantities [29]

2y’ A2 \3 E
CN:ﬁ’ ZO:( )’ v =—x. (6)

Al (_z_N 2m?g mg
20

Here, Ai’({) represents the derivative of Ai({) with respect to
its argument § = % The energy eigenvalues E, are

determined by computing the zeros of the Airy function
appearing in the quantization condition,

Ai <— jg%) =0, (7)

which is derived by enforcing the boundary constraint (3) for
the neutron eigenfunctions (5).

Our goal is therefore to derive VSR corrections to the
above picture starting from first principles, specifically,
from the VSR equations of motion for a fermion in an
accelerating (noninertial) frame.

The outlook of the paper is as follows. After an
introduction to the basic concepts of VSR and its
Hamiltonian formulation, in Sec. II we present the con-
vention adopted for treating fermionic fields in curvilinear
coordinates and describe the geometrical landscape in

which we will work. Section III is dedicated to the
manipulation of the VSR equation in curvilinear coordi-
nates, in order to derive its corresponding Hamiltonian. The
nonrelativistic (NR) limit is, instead, investigated and
explicitly obtained in Sec. IV, where the machinery of
the Foldy-Wouthuysen transformation is applied. Finally,
in Sec. V we connect our results to realistic experimental
setups, while in Sec. VI we draw the respective conclusions
and foresee potential future research directions. Some of
the relevant calculations and details are provided in the
Appendixes at the end of the work and cited when needed.

A. VSR Dirac equation in inertial frames

Before we move on to the technicalities of treating
spinors in curvilinear coordinates, let us introduce some
basic concepts of VSR in inertial frames. We will refer to its
SIM(2) formulation [6], implying no invariant tensors other
than the usual Minkowski metric 77,,,.. Still, we shall assume
the existence of a preferred null spacetime direction,
labeled by n*, which remains unaltered under SIM(2)
transformations

nt* = Qn*,
SIM(2)

with QeR. (8)
This implies that quotients of scalar products involving the
vector n* in both the numerator and the denominator are
invariant under SIM(2), since the rescaling parameter
cancels out in the ratio. That allows us to write new
nonlocal terms in the particle Lagrangians which break
Lorentz symmetry down to the SIM(2) subgroup.

Given this background, the modified Dirac equation in
VSR can be written as

<i¢—m+i/1/_i0>w=0, (9)

where we use the “slashed” notation to represent contrac-
tions with gamma matrices. Note that (n - 9)~' should be
regarded as an inverse operator, which can be expressed, for
example, in the integral representation,

1 o0
. — —an-0 . 1
-t A dae "% (10)

Although the VSR term may seem daunting at first sight, in
the absence of interactions its only effect is to shift the
physical mass of the fermion to the new value

To avoid the encounter of runaway modes and remain
consistent Appendix C 4, we require the argument of the
square root to be positive, so that throughout the paper we
take
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A>—m?/2. (12)

Moreover, it is customary and reasonable to think of 1 as a
perturbative parameter due to the LV nature of VSR. For
this reason, approaching the nonrelativistic limit in Sec. IV,
we will further assume |1 < m?.

B. Hamiltonian formulation of inertial VSR

The time nonlocalities introduced by the new VSR
operator in (9) make it difficult to directly identify a
Hamiltonian for the fermion, as is usually done for
Lorentz-invariant (LI) systems. To overcome these com-
plications, we have developed an ad hoc approach which
generally involves three steps [30]:

(1) Multiply the equations of motion (EOM) for y by

—in - 0 from the left.

(2) Use the “squared” version of the EOM to replace the
second-order time derivatives of .

(3) Collect on one side terms that are linear in the time
derivative of y and write the EOM in the form of a
Schrodinger equation with the appropriate Hamil-
tonian, i.e., idgy = Hy.

Starting from (9), the first of the above steps leads us to the
equation,

(n-0d+ imn -0+ M)y = 0. (13)

Moving onto the second step, we have that the “squaring”
procedure in the noninteracting case returns a Klein-
Gordon (KG) equation for y with an effective mass my,

(& +m)y =0 gy = —(9,0' + mp)w. (14)

Now, we replace this expression for the second-order time
derivative into (13). As for the third step, by isolating all
terms proportional to first-order time derivatives on the left
side, we end up with

i ) .
(1 -—(n + }”)@) i0gyr

m
— (L0000 + m2) = Lyiniae, — inio, - 2 . (15)
- my i f my (A i m Y.
The operator on the left, which we define as

By =1-=(n + )3, (16)
m

satisfies the relation

; 1 1 A
my? —iy’y'o;, = B, <my0 +%y00i0’ —y/n'0,0;— in’ai) :

(17)

Thus, inverting 3, on the right side of Eq. (15), we arrive to
a time-evolution equation from which we identify the
following Hamiltonian:

I A
Hysg = my°® —iy°y'o; + ;Ba(yo —-7'n;).  (18)

Clearly, the first two terms are equivalent to those in the
Dirac Hamiltonian, while the third one represents the VSR
contribution. Therefore, in the limit A — 0, we recover the
LI scenario, as expected.

Dividing and multiplying the operator 3, on the right by
(1+L (" +y")0;), we can reexpress it as

1+Ly%ni0; + Lylg,
By=— ! 2o T wl (19)
1+W(nnf—5/)0,0]

Hence, defining 6"/ = % [y',7/] and the nonlocal operator

1, .. .
Ra_l =1 + W (I’lll’l] - 5”)8,0]-,

(20)

the final form of the VSR Hamiltonian in inertial frames is
given by

AR IR, :
Hysr = <m + _a> r’ - i<] + —26)7’07’[@
m m
- (y’ni + iyoyfn’njai + La”nja,). (21)
m m m

The momentum spectrum of the above Hamiltonian can be
computed to be identical to the one of a free particle of mass
my in special relativity

E = \/m}+p°, (22)

in agreement with the spectrum anticipated by the KG-like
dispersion relation in (14). Note that, even though Hysg
may not seem to satisfy the traditional Hermiticity criteria,
its spectrum (22) is still strictly real, suggesting that the
VSR Hamiltonian formulation is well-posed and unitarity
can be preserved. Indeed, there exists an extensive literature
on the possibility of meaningfully working with non-
Hermitian Hamiltonians in both quantum mechanics
(QM) and quantum field theory [31-34]. In this context,
the seeming lack of unitarity usually manifests when trying
to naively interpret the behavior of certain open quantum
systems with the toolkit of Hermitian QM (see, for
example, the Lee model [31,35,36]). This also points to
the possibility that VSR corrections effectively characterize
specific classes of open systems, describing the presence of
complex interactions with some background entities or the
environment [37].
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II. THEORETICAL FRAMEWORK
FOR CURVILINEAR COORDINATES

When dealing with fermions in curvilinear coordinates,
there are many conventions that need to be specified and
clarified. First, we introduce a set of local observers by
defining an orthonormal frame field {6, (x)}, which is
connected to the coordinate basis {d, } via the inverse tetrad
E4(x) as follows:

O(a)(x) = E(x)0,. (23)

The matrix E,* is the inverse of the tetrad matrix e“,, which
is in turn defined by its relation to the spacetime metric g,

9w = eauebynab’ (24)

with the Minkowski tensor 7,,;, representing the flat metric for
the tangent spaces. Throughout the rest of the paper, we denote
spacetime indices with Greek letters and tangent-space indices
with Latin ones, as usual. Starting from the “flat” gamma
matrices y“¢, we can define their “curved” version

= EM, (25)
which consistently satisfies the spacetime Clifford algebra
{r.ry =2¢9" (26)

Additionally, we recall the definition of the antisymmetrized
product 6*? of two flat y-matrices and introduce the block-
diagonal four-by-four matrices X as

) o 0
Moow=(] ) e
0 o

1
ab — _

a
with ¢/ being the two-dimensional Pauli matrices. When
separately taking into account spatial and time components
for both spacetime and tangent-space indices, we will prevent
any ambiguity with the tetrad indices (which mix both
typologies) by always placing Latin indices first when reading
from left to right. For other objects, any possible confusion is
avoided by considering their original geometric nature. For
brevity, Dirac indices will typically be omitted.

Finally, since the inverse power of c¢ is a natural
parameter for performing formal expansions in the gravi-
tational context, we shall retain the explicit c-units in our
equations when needed.

A. Spinor connection in curvilinear coordinates

To write down the Dirac equation in curvilinear coor-
dinates [38,39], it is crucial to define the action of the
spacetime covariant derivative D, on a Dirac spinor v,

Dy = o,y +T . (28)

Here, the spinor connection I, is defined by the expression
(401,

1 1
Fy Zaaba)ﬂ ab — Zaabgv/)EaD(aﬂEbP + {ﬂp a}Eba)a (29)

where @, ., is the spin connection and {,”,} are the
Christoffel symbols defined in General Relativity (GR)

1
{yﬂ a} = igpﬁ(augaﬁ + aagylj - aﬁg;wc)' (30)

We emphasize that both the curved gamma matrices and the
tetrads are designed to be automatically covariantly con-
stant [41-43],

Dy’ =0 +{,0 )}’ =L r’] =0, (31)

D,e’, = d,e, — {ﬂ/’b}e"p + o, »el, =0, (32)
which is something to keep in mind during the upcoming
calculations.

B. Spacetime for accelerated frames

According to the GR perspective, a laboratory on Earth’s
surface is constantly accelerating outward with a certain
acceleration a. This is because, instead of following a
geodesic, it remains at a fixed distance from the center of
the Earth. From the laboratory point of view, that leads
to an “apparent” acceleration g = —a for freely falling
objects, which is naturally ascribed to a gravitational force,
as in the familiar Newtonian picture.

As long as we want to describe sufficiently small patches
of spacetime, meaning small spatial volumes for small time
periods [44], and therefore deal with (almost) uniform
gravitational fields, as happens in the context of spectro-
scopic experiments with UCNs [20], the laboratory accel-
eration a can be safely considered constant and homo-
geneous. Thus, a natural way to geometrically describe this
accelerated setting is through the following spacetime line
element ds”> and metric tensor s

. 2
ds? = (1 +‘%> d(ct)? — dx?,

. 2
gﬂb—diag{ <1+¥> ,—1,—1,—1}, (33)

Cc

where we used x° = ct, a-x = a'x’ and momentarily
restored c-units. For convenience, in the rest of the article
we take the z-axis to coincide with the acceleration
direction a = az = —g.

The ds? in (33) agrees with the one obtained by charting
flat spacetime with Kottler-Mgller or Rindler coordinates
[45,46], which are the natural set of coordinates adopted by
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(noninertial) observers undergoing uniformly accelerated
motion. Hence, we should stress that the Riemann tensor
associated with (33) is zero,

R 5 =04, %p} =0, s} + 5o s = L5 o H 8}
=0, (34)

meaning that tidal effects o |x|?> are not depicted in this
scheme. However, for the level of precision required in the
present work, they would be irrelevant to the final result
anyway. Neglecting |x|? contributions, the geometric struc-
ture above is also approximately equivalent to the space-
time element measured by a static observer resting at some
fixed distance R from the center of a Schwarzschild
background. In fact, the latter represents a nonrotating
and accelerating observer whose proper reference frame
could be described through Fermi-Walker coordi-
nates [47,48].

The tetrads that naturally describe an observer standing
still in the laboratory, i.e., one that is stationary relative
to the accelerated coordinate chart {x*} characterized by
(33) are

a-x

e, = diag{V. 111} with V=1+=7.

1
E}* —diag{v,l,l,l}, (35)

leading to the curved gamma matrices below,

1 A A A
P =ESr =30 v =Efr" =y (36)
In Appendix A, we include all other geometric quantities
relevant to our calculations, such as the components of the
spinor connection I', and the Christoffel symbols.

III. VSR DIRAC EQUATION
IN CURVILINEAR COORDINATES

Following the usual prescription of General Relativity,
the extension of Eq. (9) to the context of curvilinear
coordinates is obtained through the replacement of partial
derivatives d, with covariant derivatives D,

<i72—m+i/1 ﬂD>w=0, (37)

n-

where the slashed notation is here used to indicate a
contraction with the curved gamma matrices y*. The
constancy condition of n* in inertial frames should also
be adapted to curvilinear coordinates. The simplest way to
do it is to assume its covariant derivative to vanish

D,n* = 0. (38)

Although it may not be the unique way to generalize the
concept of a constant n*, in this paper we will use (38) as a
working hypothesis. In fact, because of the zero curvature
(34), we do not encounter no-go constraints that would
forbid the existence of such a n* [20,49], and we can
always find solutions to the above equation. This also
means that n* would now be position-dependent in general,
while still being lightlike.

Alternatively, we might take n - Dn* = 0, the solution of
which is a set of null geodesics. Both possibilities allow us
to define the VSR equation (37) without any ambiguity,
since they eliminate ordering problems with the numerator
and the denominator of the nonlocal term. The preference
for one over the other depends solely on the assumed
fundamental origin of the preferred spacetime direction
in VSR.

A. “Curved” Hamiltonian in VSR

The procedure to obtain the Hamiltonian associated with
Eq. (37) is completely analogous to the one followed for the
inertial case in Sec. I B. Indeed, since the curvature tensor
vanishes, the commutator of covariant derivatives acting on
y vanishes accordingly,

1
[D/,n Dy]l// = - ZR/,wperpZUl// =0. (39)

From that, it is straightforward to show that the “squared”
EOM will have once again the KG structure, but now in
curvilinear coordinates. Recalling the definition (11) of m,
we find

(#“D,D, +m})y =0, (40)

implying the relation

Dyw = —(¢°) " (DD + mp)y = =VX(D,D' + m7)w.
(41)

At this point, to follow steps 1 and 2 from Sec. I B, we need

to first expand the contractions appearing in the curvilinear
equivalent of Eq. (13), i.e.,

(n-DP + imn- D+ M)y = 0. (42)
That gives the two following identities:

n-DP = n""D§ + (y°n' + n°%")D;Dy + y/n'D;D;
0

= nV}IOD(Q) + (%70 + noyi)DiDO + }/jniD,-Dj,

imn - D = imn°Dy + imn'D;. (43)
Replacing these expressions in (42) together with (41)

and factorizing the time covariant derivative of y in the
left-hand side, we obtain
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i n' )
i[1——(%° “1D. |D
(1= (Pt v )2 ) P

\% i 1n .
= (mV)/O +Z}/0Dipl - lFDi _EF}MD!ZDJ

j. l nl' .
+=Vy0 - ——OV’)W- (44)
m mn

Evaluating the covariant derivatives along spatial directions
we observe that, since I'; =0 (see Appendix A), they

always reduce to ordinary partial derivatives,

Diy = oy + Ty = oy,
DDy = 0;Diy +T'Dyy —{# }Dy = 9;0;r, (45)

except when time components are involved, e.g.,

1
D Doy = (9; = {0} +T1)Doy = <ai - V@'") Doy

(46)
Taking that into account, we can write Eq. (44) as
Vv , i lyl
iDyy = Bp (mVyo 90,0 — i 50, — 0,0,
m n mn
A An; .
+ =V ———(’)y’>v/, (47)
m mn

where we defined the operator

i n' . 1
BBI = l - E <}/0 Vno + 7’) (6, - ValV) . (48)

The latter satisfies a relation analogous to (17)

mVy? — iVyyio,

Voo ooai 1ai
= Bp <mVy0 90,0 — i 0, — —”—Oyfaiaj), (49)
m n mn

so that we recover the correct “curved” Dirac equation
when 4 — 0. Bearing that in mind, while also recalling

1, .
Doy = doy + Toy = doy + EVOYlaiVll/, (50)

we can identify from (47) and (49) the following simplified
expression for the Hamiltonian,

. 1 AB .
H%SR = mVy? — iy%' (Va,- + 50,»V> + 71) V(yo —iy'),

(51)

where we introduced the vector 7' as

i
vno’

(52)

il =
which is independent of the space-position x (more details
in Sec. III B). We can now eliminate the gamma structure in
the denominator of 5 by observing that

BpV(y® — iy

=RpV (70 =iy = (7 + Vi + 6V ﬁj)ai) ,

(53)
with the new nonlocal operator R defined to be

1 ' +nt 20;V 20;,Vo;V
Ry =1 t (a,.aj - 0; + sz . (54)

Thus, we can express Eq. (51) as
AR . [
Hysr = (1 —l——zD) Vy%(m —iy'o;) — iJ/Oy’diV
m 2
iRV”i L Oy ;)0 55
= eV iy +E(7}’”n,’+0 ii;)o; |. (55)
Finally, using the identity below,
| -1 -
RpV = V<1 +— (' + g’f)dial-) =VR, (56)
m .

we rewrite the noninertial VSR Hamiltonian,

AR s i .
Hysr = V<1 + m—;) (my® —iy%'0;) — 5707/’05‘/
W (i g
- R <ni7’ + (ri‘a; +o ’”j)az) . (57)

with the tilde in R, indicating the use of /i’ over n' in its
definition (20).

B. Properties of the vector i’

Let us stop for a moment to ponder over the properties of
the vector 7i’. By considering the constancy condition (38)
for spatial components, we find

0="Din/ =on +{/,In* = o, (58)
where we employed the results in Appendix A. The

implementation of (38) for the time component, instead,
yields

1
0="D;n" =0;n® + {°,}n* = on°® + VdiVnO. (59)
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Multiplying the last equation by V, we get
Von® + 9,Vn® = 0;(Vn®) = 0. (60)
Thus, as already mentioned, the combination of the n#-

components as defined into 7i’ is such that the latter does
not depend on spatial coordinates,

0;it) =0 " 0 61
./ — | — g .
in i <nov> ( )

Furthermore, since n* is lightlike,

goo(n°)? = V2(n°)? = —nin’ = n'n’ = |n|*,  (62)

the new 7’ turns out to be a unit vector

L
|| —W—l. (63)

Hence, we can identify 7’ as a time-dependent unit vector,
playing a similar role as n' in inertial frames, where the
VSR vector is usually rescaled to the form (1,7). In

addition, by considering the remaining two conditions that
arise from Eq. (38),

0 = Dyn' = o,n’ + Vo, Vn°,

1 A
0 =Dyn’ = o’ + 0V, (64)
we obtain the time-evolution equation for 7,

o 1 n' 1 ; n! 0
dtn :‘—/(3, m :W@n —Watn

iilii* o,V — 0,V « 1/c, (65)

where we highlighted its c-scaling at the end. This behavior
will be helpful for some considerations in the next sections.
Clearly, solving Eq. (65) allows us to find the dynamics of
the 7--components and to see how this special direction
changes over time (from the laboratory perspective).

After some calculations, included in the Appendix B, we
find that 77 does not undergo any motion in the equatorial
plane. However, its orientation does change in the azimu-
thal direction and tends to antialign with the local accel-
eration a.

C. Restoring Hermiticity and unitarity

Like in the inertial scenario, the noninertial VSR
Hamiltonian contains non-Hermitian terms, as shown in
Appendix C. For solutions of the Schrodinger-like equation
determined by (57), those contributions spoil the conser-
vation of probability amplitudes,

) =0, [ dxyly o (66)

However, the latter can be restored by introducing an
appropriate spinorial metric G into the definition of the
scalar product (-,-); as

o= [ dxv'Gy, (67)
where G has to satisfy [50]
0,G + i(H%SR)TG — iGHYysg = 0. (68)

This procedure is applied, for example, in the case of
nonhomogeneous gravitational fields [51], where the spi-
norial metric gets modified to \/—_gEOO (factor that equals
unity in our case). For more details, see [42,43,52] and
references therein.

In the VSR scenario, we obtain the spinorial metric,

A .
G=1 +W(1 -7 Ry, (69)

which is Hermitian and positive definite, as expected for a
good metric. More details on its derivation can be found in
Appendix C. Crucially, for every spinorial metric one can
always find a (nonunique) matrix A such that it holds the
decomposition

G = ATA. (70)
The latter suggests a redefinition y* = Ay of the spinor,

which implies the transformation of the original non-
Hermitian Hamiltonian 7 into a new one

HA = AHAT +iA~10,A, (71)

that is Hermitian with respect to the standard inner product
(i.e., using G = 1) and describes the same dynamics. For
our case, we obtain the following exact result:

IR, / 2R, MRy 0.i=
AZI"’T;"’ 1+ mza_m—gayyll’li' (72)

2%\/1+%+ 1 + 2R

m

In the hypothesis of VSR emerging as a minor departure
from the LI setting, we can reasonably take |A| < m?, as
already mentioned in Sec. T A. Therefore, expanding
formula (72) for small A-values, we find

) o
A=T+ W(l — 7% ;) Ry + O(2%), (73)
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and replacing it back in (71), we obtain the final expression of the transformed Hamiltonian at first order in A

Al 1 i i~
(Hysp)® = mVy® + m <VR0 2 [Fa. V]R3> i m 7o, VIRGY' t;

2

. 1 A ) ~ 1 ~ 1 ~
- l.j/oj/l (V@, + —0,»V> - l—zyoyl (VR()@, + EG,VR(; - E [lN"a, V]'Rg@,)
m

A . | | - A . _
- iﬁyoy-’ﬁ’ﬁj (vma,» + Eaivna -3 (75, V]Rga,-) + iz—mzal-/ﬁ 10,V Ry — [Fo, VIRG0:). (74)

where we defined 7, to be

1

Fo=— (A’ 4+ 1'7)0,0, (75)

m

with 7"/ being the spatial components of the Minkowski
metric. In the rest of the paper, for the sake of simplicity, we
drop the A-apex on the transformed Hamiltonian (74) and
spinors.

IV. NONRELATIVISTIC LIMIT

In this section, we develop a systematic approach to
obtain the NR limit of the Hamiltonian (74). Our analysis
constitutes a natural adaptation of the Foldy-Wouthuysen
(FW) transformation, which is commonly employed to
access the NR regime in the form of a Schrodinger equation
with systematic corrections in inverse powers of the Dirac
mass [53-55]. However, as we shall see, the choice for the
expansion parameter is more subtle in this particular
instance.

A. Foldy-Wouthuysen transformation

The standard way to proceed with the FW transformation
is the following. The first step is to divide the Hamiltonian
into the so-called “even” and “odd” contributions labeled,
respectively, by £ and 0,

H=my’+E+0. (76)
These operators are identified according to the number of

spatial gamma matrices involved and satisfy specific
commutation relations

€.7°=0. {6/} =0. (77)

Then, the FW unitary transformation U = e’ consists of a
change in the spinor and the Hamiltonian of the type

w =Uy, H =UHU —iU,U".  (78)

The operator S in the exponent of U is defined as

S=-——y%. (79)

Working in the NR domain, where mc? represents the
largest energy scale of the system, we can perform a formal
expansion of the transformed Hamiltonian (78) up to any
order in 1/m,

. . o 0 .
Hl — ezSHe—IS _ iezS_ (e—zS>

ot
i2 i3
= M+ 0[S, H] + 57 (8,18, H]] 4+ 5715, 15,18, 7))

i4

+ (S, [S, S, [S,H]]] = S - é S, 8]
N é 5. [S. 8] + O(m™). (80)

In this way, the particle-antiparticle sectors of a Dirac
system can be decoupled up to the desired precision by
iteratively applying FW transformations. In fact, the oper-
ator (79) is specially designed to cancel out the leading-
order odd contributions in each FW iteration.

B. Parameters controlling the perturbative expansion
and their order

Although the FW procedure is generally carried out
using an expansion in 1/m [54], formal 1/c-expansions are
better suited for gravitational (or noninertial) contributions,
because c¢ also plays a role in the derivation of the weak-
field (or low-acceleration) limit. This is common practice in
post-Newtonian (PN) approximations implemented in other
gravitational contexts [56,57]. The usual terminology used
to classify different groups of terms in the expansion is
shown in Table L.

TABLE 1. Correspondence table between the 1/c-expansion
and the post-Newtonian one (also look at Fig. 1 in [58]).

1/c-order PN-equivalent
OPN

¢! 0.5PN

2 IPN
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However, the presence of VSR corrections, which often
involve terms proportional to ¢?, undermines this strategy.
Hence, sticking to the parameter m allows us to develop the
following argument to identify leading order (LO) and
next-to-leading order (NLO) perturbations. Let us consider
the reduced Hamiltonian H/mc? and recall that

Then, there are only three dimensionless arrangements of
parameters that we could expect to appear in the non-
relativistic limit given by the FW procedure,

A p
{W,%,U}, (82)

with p representing momentum operators.

1. Leading order — OPN

Starting from (82), the combinations we can construct at
order 1/c* and up to first order in A are

@) AR A e

where, in constructing the above terms, we considered that
non-VSR terms (i.e., terms not proportional to 1) cannot
have odd powers of p, because there is no way to form
scalars with an odd number of vectors. Furthermore, we
point out that new nontrivial VSR structures (featuring ')
should appear with », ensuring that they vanish in the zero-
acceleration limit, thus recovering the correct inertial
scenario in VSR.

As we can see from (83), all 1/c2-corrections to H/mc?
are at most of order 1/m*. Then, it is sufficient to perform
the FW transformation up to order 1/m?, to obtain all OPN
Hamiltonian contributions. Clearly, during this process,
0.5PN and 1PN corrections, such as terms « v2, may also
be present, but they are easy to detect and discard safely. In
fact, any term A that becomes negligible at the nth FW step
cannot yield non-negligible effects in subsequent steps.
That is because all its contributions to the (n + 1)-iteration
are in some way derived from products of the type

£ )

L A
mc?’ mc?

A or higher order, (84)

which cannot produce lower PN-contributions, since the
even and odd operators are at most « ¢ even for the first
iteration, as we shall see later. An equivalent reasoning is
valid for terms that are already higher order in 1/m.

2. Next-to-leading order — 0.5PN

In going further into the 1/c-expansion, new structures
are expected to appear. 1PN corrections are already
extremely tiny in the standard LI context [59], so we focus
only on 0.5PN. Moreover, in the nonrotating LI case, there
are no 0.5PN components, implying that in our calculations
we can safely expect all of them to be VSR related.
Repeating the same analysis as before for 1/c*-combina-
tions, we obtain just one viable option,

1/ - {n/;nl;cv} (85)

Interestingly, the latter is o 1/m® in the reduced
Hamiltonian ’H/mcz. Thus, in order to find all 0.5PN
contributions, it is sufficient to perform the FW expansion
up to 1/m?. The complete 0.5SPN Hamiltonian is then
obtained adjoining these new perturbations with the pre-
vious LO result. Note that, due to the relatively low order of
our approximations, it will not be necessary to worry about
the eventual discrepancies emerging between exact and
iterative approaches to the NR limit [60-62].

C. Nonrelativistic Hamiltonian at 0PN

At this point, we can safely proceed with the imple-
mentation of the FW procedure. As outlined above, we start
with the LO evaluation at OPN. For convenience, we con-
tinue working with ¢ = 1. Expanding the Hamiltonian (55)
in powers of 1/m, we obtain its version up to 1/m’-
corrections,

A A . 1
CAN AVl — i1+ = )% Vo, +=9,V
Hvysr <m+m> /4 l( +m2>}’7< z+2 i )

A iz 1 . A i
—lﬁyynnj V6,-+§6,»V +ZWO- n;o;V
A i .
A ke i i
- ?}'knk(n nl + ﬂj)alvaj (86)

We should stress that up to now we have only neglected
terms based on their 1/m- and A-order. In the following, we
will also discard them based on their PN-order according to
the previous discussion in Sec. IV B. To proceed, we must
identify the even and odd operators from (86)

A A 4 .
&9 = 04 2 (1 0 _ 2 0((7i9,)2 + 0,0,
moy’ + (1 +0)y? =572 ((#'0,)* + 9,0)
. AN o A o inin
09 = —i| 1 +— )y"7'0; — i—5 ¢ y'/ ;0. (87)
m m :

The above expressions are already approximated up to
OPN. Moreover, we have excluded 1/ m3-terms from ©Y,
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because when included in the calculations of the relevant
structures in (90) they produce either:

(i) Even terms at most 1/m*.

(ii) Odd terms at most 1/m>, but higher order in other

parameters, such as 4 and 1/c.

Therefore, repeating this argument until necessary, all
contributions produced by those initial odd 1/m>-terms
become irrelevant.

The form of the Hamiltonian after the first transforma-
tion can be compactly written as the sum

1 1
H' = ymc* + & +%70[®g’5g] +%70(®g)2

- # (09,09, &) + - - - (88)

In principle, we should also have considered terms involv-
ing time derivatives of the operator S, as seen in (80).
However, being

N P N
§= =007 = iy, (WA)o; e 1/, (89)

those contributions belong to higher PN-orders and are then
negligible. Calculating each term in (88) up to the corre-
sponding accuracy level, we find

24 .
(07,69 = —i 70,
m

2\ .. 20
(©9)2 = (1 +W> 00+~ ('0,)°.

09, [09, £ = %yod,»ai, (@) =0,
0 = (09" — £9(69)’. (90)

Replacing these expressions into (88), after a few cancel-
lations, we end up with

H = (m +i> vy0 —l—yo(l —i2> 99 _ iizyoyiai.
m m*) m m
(O1)

Performing a second FW transformation has the only effect
of removing the remaining odd terms. Hence, it is straight-
forward to write down the final OPN nonrelativistic VSR
Hamiltonian for UCNSs in an accelerated frame,

A 9,0 A
M ﬂo((’“z)“ Tt (1 ‘m—>>
(92)

Given that at this order in 4, the effective mass from Eq. (11)
is my~m+A/m, we can reexpress this Hamiltonian to
better expose its analogy with (2), leading to

1 .

Thus, at leading order, there are no VSR modifications in
accelerated frames apart from the mass shift previously seen.
Even though we could have expected the lack of nontrivial
VSR terms at OPN from dimensional arguments, this out-
come is still noteworthy as it reveals at least three funda-
mental aspects: The absence of differences among particle-
antiparticle sectors, the validity of the equivalence between
inertial and gravitational mass (now in terms of the effective
mass m ), and lastly the fact that in the NR world (¢ — o)
the preferred direction does not appear to play a role. Those
features were not at all evident a priori from the relativistic
EOM (37).

Nevertheless, this result does not allow us to place
constraints on the VSR parameters by using observations
from gravitational spectroscopy experiments, such as
gBOUNCE. That is because, at OPN order, A enters the
nonrelativistic expressions just to correct the particle mass
from its Dirac value m to the effective one m;. Then, since
the neutron mass is an input parameter obtained from other
experiments, we have no way to disentangle its Dirac and
VSR components at LO. From that comes the necessity of a
higher-order approximation.

D. Next-to-leading order — ¢!

We now want to go further in the NR expansion and
compute the NLO corrections at 0.5PN. Taking into
account the discussion in Sec. IV B 2, the relevant even
and odd operators for this case are

A A
&9 = mvy° +E<1 + )0 + lwafnjdiv,
09 = —i(1 + v)y%0, — %707"01-1), (94)

where we already excluded all 1/m’-terms from (86),
together with the odd 1/m?-ones. Note that expressions
proportional to S are once again irrelevant for our expan-
sion. Indeed, they contain at most odd 1/m3- or even 1/m*-
contributions, which are both negligible here. Therefore,
the appropriate formula for the transformed Hamiltonian is
still (88). Repeating the calculations for the required
structures, we get
14

H = m(l + %) vy¥ + yo% + i#a”ﬁjaiv

—ivy%'0; — %707161'1]‘ (95)

Exactly as in the OPN case, the effect of performing a
second FW transformation is just to eliminate the odd part
of (95). Thus, we can directly read off the expressions of the
new 0.5PN operator,
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(0.5PN) . A
SHyge ) = —io

o' i;0;v. (96)
Naturally, the even part of (95) is incomplete since, by
truncating the expansion at 1/m?, we are missing out on
some OPN components. Consequently, the correct way to
obtain the final outcome up to 0.5PN order is to merge the
result in (92) with the above corrections, obtaining

0.5PN OPN 0.5PN
H%(SR ):H%<SR )+5H€/(SR )
0 7’ ‘
= — (1 —|1—-—)0;0
(meD)aroe+ 2 (1-2)a
. //{ ij"‘
127]1126 n,@jv, (97)

or in terms of the shifted mass m, and the explicit content
ofv=a-x

(0.5PN) _ 1 ) Y
H%SR —}’0 <mf+mfa-x +2—mfal.al) —Hmaunlal'

(98)

Contrary to what happened in the OPN expansion, we now
observe the existence of nontrivial VSR corrections, which
involve the special direction 72. Those can then be used to
experimentally test the VSR hypothesis.

V. COMPARISON WITH EXPERIMENTS

At this point, we are ready to connect our previous
results with qBOUNCE-like experiments and configurations.
To do that, we start by recognizing in (98) an unperturbed
Hamiltonian H, [equivalent to the one in (2)] and a
perturbation A originating from VSR

1 ‘
Hy= ‘X +=—20;0', 99
0o=my+ma x+2mf’ (99)
A ~
A=_——0c- (it xa), (100)
2m;

where we have specialized to matter particles, taking into
consideration that

oliilal = —iei* il = — ik ckiial.
matter

(101)

We should stress that the single term in A is analogous to
the spin-orbit coupling in the electromagnetic case, where
the spin operator is represented by S = %o‘.

As seen in (B12), the timescale ¢, of the #2-evolution is so
large that the vector 72 can effectively be considered
constant over the duration (~1072 s) of each measurement.
Thus, we can employ time-independent and degenerate
quantum perturbation theory to calculate the 0.5PN

corrections to the unperturbed energy levels defined by
H,. To do that, we first calculate the matrix elements Agﬂ of
the operator A in each degenerate eigenspace,

A5, = (N,51|AIN, 55,) (102)
where N is the quantum number labeling the unperturbed
spectrum and s;,s, = 1, | represents the spin projection
over the quantization direction, which in this case is the one
of the acceleration, i.e., 2. Recalling @ = (0,0, a), we use
the relation,

0 =2 i1
a.(ﬁxa;)_a(~2 ) ”J(r)m ) (103)

and the information on the unperturbed orthonormal energy
levels |N,s) of the quantum bouncing ball [59], to find

AN_al(O

- 104)
S8 2 (
2 2mf

7?2 —in!

i? + in'! )
Finally, setting to zero the determinant of A — ¢l,,,, we
obtain the value of the energy corrections

A
ey = :I:#siné,

f

(105)

which, remarkably, is independent of N, meaning that all
energy levels are split in the same way. Let us now present a
rough estimate for the simplest case @ = z/2, assuming the
neutron mass m, ~ 939.565 MeV/ ¢? [63] and the accel-
eration value a = 9.8049 m/s’> measured next to the

gBOUNCE experiment utilizing a falling corner cube [64].
If we imagine an experiment with the same sensitivity
reached by ¢BOUNCE, which is at the moment around
~10716 eV, deviations arising from VSR could be detec-

ted for values of +/|A| =1 TeV/c?. Nevertheless, the
latter is evidently a range far outside our assumption
|| < m?~ m}. Hence, additional clever ideas should be

implemented in the future to increase gBOUNCE sensitivity
to this particular effect.

Interestingly enough, it is possible to classify the
correction (100) according to the notation implemented
by Kostelecky and collaborators in their work [20], by
simply identifying

iz, (106)

KNRYij
B = 5

og

However, the bounds found in Ref. [20] for the trace of
such LV tensor are not helpful here, since the trace of (106)
vanishes exactly.
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VI. DISCUSSION AND CONCLUSIONS

In this work, we have taken an initial step toward
analyzing the gravitational phenomenology of VSR fer-
mionic systems by computing the leading and next-to-
leading order corrections to the nonrelativistic Hamiltonian
in an accelerated frame. That is equivalent to the scenario of
a uniform and homogeneous gravitational field, which can
be considered as the first approximation to real gravita-
tional backgrounds.

The absence of nontrivial modifications observed in the
OPN Hamiltonian further demonstrate the elusive nature of
peculiar LV realizations like VSR. The new corrections
found at 0.5PN depend instead on the preferred direction
introduced in the VSR algebra. Therefore, they can be used
to probe novel Lorentz-violating signatures and set new
constraints on the VSR parameter for the neutron sector.
However, current gravitational spectroscopy experiments,
such as gBOUNCE, only measure spin-conserving transi-
tions, which seem not sensible to the VSR perturbations in
the 0.5PN spectrum. Thus, new experimental configura-
tions are needed to enable the investigation of these effects.

Another interesting aspect that emerged from our study
is the peculiar time-dependent behavior of the preferred
spatial direction 72 in accelerated frames. In fact, while the
presence of acceleration is what allows for nontrivial VSR
terms, we have also shown that the greater the acceleration,
the more rapidly 7 tends to antialign with @, making the
new VSR correction in (105) vanish and weakening the
relevance of initial conditions. Furthermore, this evolution
should also depend on the underlying nature that we
assume for VSR. Indeed:

(1) If n* emerges from some new internal degree of
freedom, its evolution might occur only during
measurements, or more generally, during the neu-
trons’ lifetimes, as long as they remain in free fall.

(i) In contrast, if it arises from global spacetime
features, as usually considered, its evolution would
start together with the appearance of acceleration,
implying that in most cases 7z may have had enough
time to antialign with a.

One factor that we have neglected in this analysis is the
presence of Earth’s rotation. The latter could alter the
evolution of 72 because the interplay between the ongoing
rotational motion and the tendency to align with a may give
rise to a precession pattern. Moreover, when modeling
laboratories on Earth’s surface, rotational effects are cer-
tainly relevant, since they can naturally lead to extra 0.5PN
corrections. For these reasons, we wish to overcome this
limitation in the future.
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APPENDIX A: GEOMETRIC QUANTITIES
FOR ACCELERATED OBSERVERS

Here, we include the expressions of several geometric
quantities related to the spacetime metric in (33). Recalling
that V = 1 + %3 with @ constant and homogeneous, we first

list the nonzero components of the Christoffel symbols

1
01=_9.V,
{0 l} % i

{070} =Vo,V. (A1)

As already mentioned in the main text, the components of
the Riemann tensor are, instead, all zero. Then we move on
to the calculation of the components of the spinor con-
nection (29). Starting from the temporal one, we have

1
I = ZaabgaﬂEaa(atEbﬂ +1{o” )} E")

1
= Zaabgaﬂ{oﬂp}EuaEbp-

Using the expressions (Al), we obtain
U o 0 opi L o i ig 0
Iy =4° gooto’ i} Eo E; +ZU giito' 0} Ei'Eo

_ 1 0iy/2 1
=20 VOV gy

1 ..
= EO'OlaiV,

Vo,V
(A3)

where we also applied the formulas (35) for the tetrads.
Finally, using the properties of flat gamma matrices, we end
up with

1 1, .
[y ==0%0,V ==y%o,V.

5 5 (A4)

Repeating the same steps for the spatial components of I,
we arrive, instead, at

Fi — O, (AS)
meaning that only the time component of the spinor

covariant derivative Dy gets a modification from the
noninertial geometry.
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APPENDIX B: EVOLUTION OF i

Consider the differential equation (65) that determines
the time evolution of the unit vector 7,

o, = (it -a) — ', (B1)

where we remember that a’ = 9,V is the laboratory constant
acceleration vector, which is equal and opposite to the local
gravitational acceleration g. To mimic conditions analogous
to those on Earth’s surface, we choose the reference frame
such that the acceleration points along the Z-axis, i.e.,

a=(0,0,a), with a>0. (B2)
Moreover, since i is a unit vector, it is convenient to
parametrize it in spherical coordinates,

it = (sin @ cos @, sin O sin ¢, cos ). (B3)

Hence, we have

fi-a=acos. (B4)

Employing these choices of frame and parametrization, the
differential equation system (B1) reduces to

0,(sin @ cos ) = asin @ cos O cos @,
0,(sin @ sin ¢) = asinf cos O sin ¢,

0,(cos 0) = acos’0 — a. (B5)

We start by explicitly solving the third differential equation in
(B5). Defining the variable y(¢) = cos 0(¢) and assuming the
initial condition y(0) = cos 6, we get

1 _/}e—Zat
y(t) = cosO(r) = _W , (B6)
where we introduced the parameter
1 0 1 0
5= +y(0) 1+ cost, (B7)

1—y(0) 1—cosby’

Let us now turn to the solution of the first differential
equation. Using the auxiliary variable u(r) = sin6(r) x
cos ¢(t), we obtain,

du

%= auiy(o).

(B8)
subject to initial condition u(0) = sin@,cos @y = uy.
Equation (B8) can be solved by separation of variables,
thanks to the knowledge of the explicit solution for y(7) in
Eq. (B6). The final result is

e—tll‘

1 +ﬂe—2ar -

To find the explicit behavior on the equatorial plane we
observe that

u(t) = uo(1+ ) (B9)

) 2\/—8_’”
sinf(t) = /1 —y(1)* = T3 e
: 2VP
sinfy = ——. B10
=10 (B10)
Then, replacing it back in (B9), we derive
sin 6, e
t) = 1
COS¢( ) cos ¢0( +ﬁ> sin g(t) 1 +ﬁe—2at
= 08 ¢, (B11)

implying that the ¢-angle remains constant over time.
Assuming a = 9.8049 m/s? as in the main text and defining
the acceleration time scale 7, as

C
t, =—~ 107 s~ 115 days, B12
o= 5.~ 107 s~ 115 days (B12)

the time-dependency of the azimuthal angle can instead be

described by
% j— e_t/ta
_ -1
g(t) = COS (— m) N

from which it becomes clear that @ = z is a fixed point. Thus,
during the evolution of the system, the space direction
labelled by i tends to antialign with the local acceleration
vector a. The only exception to that is for 8, = 0 which looks
like a point of unstable equilibrium, in the sense that it is
stable over time evolution, but any small perturbation would
lead to a flip of the 7i-orientation.

(B13)

1. Kottler-Mgller coordinates and constant vectors

One of the possible charting of a flat spacetime is given
by Kottler-Mgller coordinates, which naturally adapt to
accelerating observers. Starting from a Minkowskian coor-
dinate system X* = {T,X,Y,Z} and taking the acceler-
ation a//Z, we can define the new curvilinear one
x* = {t,x,y,z} through the following definitions:

(B14)
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which leads to a spacetime element ds”> analogous to the
one seen in (33),

ds* = dT? — dX* = (1 + az)*d* — dx?. (B15)

The Jacobian transformation matrix which connects the
two coordinate charts is given by

cosh at __ sinh at

1+az 0 0 1+az
oxt 0 1 0 0
A (x) = = B16
) =55 0 o (B16)
—sinhat 0 O cosh at

At this point, the peculiar time dependence of 7i’ can be
directly explained using the Kottler-Mgller transformation
(B14). Let us start from a lightlike vector v* = (1°, v),
constant in the old inertial coordinates dy.v¥ = 0.
Transforming its components to the new coordinates using
(B16), we derive

o = A”ﬂ’vﬂ’

_ v" cosh at — v* sinh at
N 1+ az

v = (vX, 0¥, v% cosh at — v sinh at).

t

’

(B17)

Now, defining for v* a quantity analogous to 7 in the main
text, we obtain

i UXi
L L — BI8
Y v'(1+ az) (B18)

the components of which are given by

i 1

mX
vT cosh at — vZ sinh at

x (v%, oY, v% cosh at — v sinh at).

(B19)
Finally, considering (B19) for very long times ¢, we get

lim#* = (0,0, -1),

t (B20)
meaning that 7 tends to antialign with the acceleration,
exactly as it happened for #i’. Once again, the only
exception to that is for v//a, since it implies v? = v7
and then 7" is just constantly equal to

7 =(0,0,1). (B21)
Thus, this is another way to think about the origin of the
time-dependent behavior of 7.

APPENDIX C: HERMITICITY CONCERNS
AND SPINORIAL METRICS

In this appendix, we include more details on the strategy
followed to determine the spinorial metric G in VSR and its
respective decomposition.

1. Adjoint of the VSR Hamiltonian

Initially, we must establish that (57) is not Hermitian by
calculating its adjoint. The latter is defined by the relation

(Hyspy w) = (w. (Hygp)'w). (C1)

In order to move the nonlocal operators in the Hamiltonian
from one spinor to the other, we first observe that
RoVw = VR — [F5. VIRGy. (C2)

Moreover, exploiting the integral representation for R, and
integration by parts, we note that

/ PxyRyp = / Px(Roy)p. (C3)
Defining the operator
K =(1-777)Rs, (C4)

and dividing the Hamiltonian (57) into its parts at zero and
first order in 4, we respectively obtain

Hy = mVy® —ivVy’yio, — %yoyiaiV,
Hiy = VK(my° — iy®'o; + in'o;). (C5)

It is straightforward to see that, while H ) is Hermitian,
Hyy is not. In fact, we have

'HL) = KV(my® — iy%0; + iii'0;) + ik (' — y°y)o;V.
(Co)
This implies, as anticipated, that

(Hysr)™ = Hio) + H}) # Hisk: (C7)

2. Spinorial metric G in VSR

Our starting assumption for the calculation of G is

G=1+ (C8)
which is based on the following two observations:
(1) Inthe limit 4 — 0, we must recover a trivial spinorial
metric G = 1.
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(i) Since the Hamiltonian (57) contains up to linear
terms in 4, we expect the same for G.
Then, matching terms of equal order in A, the defining
relation (68) for the spinorial metric gets split into two
separate ones,

{ 9G) + i[H0), Gyl + i(Hfy = Hypy) = 0, ©9)

(M) Gay) + (Hiyy = Ha) Gy = 0.

At this point, it is straightforward to check that taking
G(1) = K both of the conditions above are satisfied, so that

(69) is really the correct solution of (68).

3. Metric decomposition

In order to achieve the decomposition of G = ATA, we
try searching for a A structured as follows:
A= b] + bQ]/O}/iFli, (ClO)

which we also assume to be Hermitian. Therefore, from
G = A2, we obtain the relations

(C11)

{ (01)° + (b2)* = 1 + 5 R,,

Since we want A to satisfy lim; A =1, meaning
lim;_o by = 1 and lim,_,, b, = 0, a possible solution when
solving for by is

L+45R,+ /1 +4R,
b, = (C12)

2 ’

and consequently
2%\/1 +45Ry+4/1+3R,

Plugging these formulas into (C10), we get to the expres-
sion (72) for A in the main text.

b2:—

(C13)

4. Positive-definiteness of G

The positivity of the spinor norm induced by the
generalized inner product requires to have

V oy #0. (C14)

(l//’ W)G > 0’
To prove the latter statement, we work in momentum space
to avoid unnecessary complications. In fact, by means of
Fourier transformations, since the metric G does not
contain x-dependent coefficients, we can rewrite the scalar
product as

ww)e = / D s )E@p).  (C15)

(27)*

where we use the “hats” to denote the Fourier transforms of
the spinors and the metric. Thus, the condition (C14)
reduces to

9 ()G (p) > 0,

which can be ensured by determining the positivty of
the eigenvalues of G. Defining the momentum p |
perpendicular to 72 as

Y i(p) £0. (Cl6)

v p,

pL=p—(a-pi, (C17)

we can write G(p) as
G=1+—5—(1-y%",). Cl18
+m2 +pi( 4 7”1) ( )

Therefore, thanks to the algebra of Dirac matrices, we can
easily calculate the determinant of G — ald, and find the
eigenvalues of G by solving

2 2 Al \2\2
0= 1+ﬁ_a “\,2 1.2
m-~+p7 m-+pj
22 A 2
= <1+ﬁ—2a<1+ 5 2) —|—(,12) . (C19)
m +pJ_ m +pJ_

The result is straightforward

19
= C20
“ { I+ mzszzL : ( )

Both solutions are clearly always positive for A > —m?/2,
demonstrating the positive-definiteness of the spinorial
metric G and its respective norm, as expected.
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