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Extraction of the pion-nucleon coupling constant using the effective-range
expansion with the left-hand cut
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We apply the generalized effective-range expansion of Du et al. [Phys. Rev. Lett. 135, 011903 (2025)],
which incorporates the left-hand cut from one-pion exchange to low-energy neutron—proton scattering in the

IS, and 3S, channels. The amplitude zero for the center-of-mass momentum near 0.35 GeV in the
1S, channel is naturally accommodated within this framework. We extract the pole position, scattering
length, effective range, shape parameter, and the pseudoscalar pion—nucleon coupling constant g2, /(47x) at
different expansion orders. The low-energy parameters are stable and consistent with established values,
while ¢2,/(4x) exhibits larger uncertainties. The extraction of g2,/(4x) is data driven, relying on the
analytic constraints from the left-hand cut and phase-shift data within the one-pion-exchange approximation.
Despite larger uncertainties compared to high-precision extractions, the consistency with established values
demonstrates that this framework can probe the left-hand-cut singularity.
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I. INTRODUCTION

The effective range expansion (ERE) [1,2] provides a
model-independent parametrization of the low-energy
two-body scattering amplitude, based on unitarity and
analyticity, and has been widely employed in the analysis
of near-threshold phenomena. Its importance has grown
significantly in recent decades with the discovery of
numerous exotic hadronic states and candidates located
close to two-body thresholds [3—11]. For two-particle
S-wave scattering in relativistic kinematics, the unitarized
amplitude takes the form
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T(s) = Bry/af(s) = oV (1)

With this convention, the S-wave amplitude f has the
dimension of length. Here, s is the center-of-mass (c.m.)
energy squared, k is the magnitude of the momentum of
either particle in the c.m. frame, and 6 is the phase shift.
The conventional ERE expands k cotd as a power series in
k? in the near-threshold region,

1 1
kcotd =—+ 3 rk? + vk* + O(k°), (2)
a

which defines the scattering length a, effective range r,
and shape parameter v,, with the sign of the first term
being convention dependent. The unitarity cut is isolated
in the ik term in Eq. (1), and k cot§ is free of singularities
in the vicinity of the threshold. The radius of convergence
of the Taylor-series expansion in Eq. (2) is limited by the
location of the nearest singularity in the complex energy
plane. When the exchanged particle is relatively light for
the r-channel exchange (or only slightly heavier than the
mass difference of the two scattering particles for the
u-channel exchange), the branch point of the left-hand
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cut (Ihc) can lie close to the threshold, severely restricting
the convergence domain of Eq. (2) [12,13]. See also
Ref. [14] for a pedagogical introduction.

To systematically incorporate such a near-threshold lhc, a
generalized ERE was recently proposed in Ref. [12]," given by

(k) — gd*(k*)

_dk)
Keok0 = 508 + gL () - L(O)]”

(3)

where d(k?) and the normalized 7i(k?) are polynomials in k2.
The logarithmic functions @R (k?) and L (k?), which are given
below, encapsulate the analytic structure introduced by the
lhc, while the parameter § quantifies its contribution and
encodes the coupling strength to the exchanged particle.
Other approaches that explicitly incorporate the long-range
potential arising from the one-particle exchange contributions
include the modified Liischer formalism [16—-19] and effec-
tive-field-theory constructions using a plane-wave basis
[20,21], which adapt the finite-volume quantization condition
to the long-range one-pion-exchange (OPE) force in order to
extract infinite-volume scattering amplitudes from lattice
QCD energy levels. A different and earlier strategy in
Ref. [22] employs a modified ERE to remove the long-range
(pion) physics from the short-range coefficients; it requires as
input the phase shift and Jost function of the specific long-
range potential, which for realistic interactions can typically
only be obtained numerically. Closely related is Ref. [23],
which exploits the same long-range OPE to predict correla-
tions among the -effective-range-expansion coefficients
directly in the infinite volume, but it can also be used to
analyze lattice data, see, e.g., [24-26]. In contrast, our
generalized ERE (3) yields an analytic expression for
k cot 6 that can be directly fitted to phase-shift data, making
it particularly suitable for analyzing existing experimental
data or serving as a consistency check for lattice QCD
extrapolations.

Since the discontinuity of the amplitude across the one-
particle exchange lhc originates from the corresponding
tree-level exchange diagram, one can extract the coupling
strength of the scattering particles to the exchanged particle
from the generalized ERE (3), as demonstrated for the case
of D*Dx coupling at an unphysical pion mass in Ref. [12].
Furthermore, under certain conditions, the generalized ERE
can naturally accommodate an amplitude zero, correspond-
ing to a pole of k cot . Since its location can be expressed in
terms of ERE parameters and the mass and coupling of the
long-range exchanged particle, the corresponding amplitude
zero can be understood as arising from an interplay between
the short-range and long-range forces [12], as seen in
Ref. [27] for neutron-one-neutron-halo-nucleus scattering
and in Ref. [28] for DD* scattering. This feature is inherent

"The reliability and a higher-order improvement of this scheme,
along with a kinematically relativistic version, have been addressed
in Ref. [15].
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FIG. 1. 'S, np scattering phase shift. Data points are from the

following references: SP82 (Ref. [32]), Nijm I, Nijm II, Reid93,
and Nijm93 (Ref. [33]), ESC96 (Ref. [34]), ChEFT (Ref. [35]),
SP40 (Ref. [36]), and PWA93 (Ref. [37]).

to the framework. In contrast, the conventional ERE (2)
lacks such zeros unless augmented by additional Castillejo-
Dalitz-Dyson poles; however, the connection to the long-
range force is missing. Such a near-threshold amplitude zero
potentially offers a promising test bed for validating this
scheme. Over the past several decades, experimental and
theoretical studies of the 'S, neutron-proton (np) phase shift
have consistently indicated the presence of an amplitude
zero (corresponding to the point 6 = 0) near k ~ 0.35 GeV,
as illustrated in Fig. 1 2 Given the presence of both OPE as a
long- but finite-range interaction and shorter-range forces,
the nucleon—nucleon (NN) scattering is an ideal case to
apply and test the generalized ERE of Eq. (3). Once the OPE
lhe is subtracted explicitly, the convergence of the gener-
alized ERE is controlled by the remaining singularities. The
nearest one is the two-pion-exchange (TPE) lhc, with branch
point at k = iM,, which formally sets the radius of con-
vergence of the residual low-energy expansion. The TPE
contribution is, however, of higher chiral order (next-to-
leading order), and its lhc branch point lies farther from the
physical region than that of the OPE. As shown in Ref. [31],
adding TPE allows for a reduction in the number of
short-range parameters, while y2. decreases only slightly
(see Table II therein). This indicates that, although TPE is
important for a precise description of NN amplitudes,
an OPE-only parametrization with additional short-range
parameters can effectively absorb part of the TPE contri-
butions for small |k?| < M2, which however could lead to a

’In fact, systematic uncertainties arising from potential model
dependence in the extraction of scattering phase shifts from low-
energy nucleon-nucleon interaction datasets are typically an order
of magnitude larger than statistical uncertainties [29]. Moreover,
when these substantial systematic errors are accounted for, partial-
wave correlations in the phase shifts effectively vanish [30].
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difference of the coupling determined here compared to the
values in the literature. Beyond this formal radius, the
generalized ERE (10) is better regarded as a Padé-like
parametrization constrained by the explicitly subtracted
OPE cut, rather than as a strictly convergent Taylor series.
On the physical axis, the next relevant structure is the NNz
inelastic threshold at k= 0.37 GeV (T, ~0.29 GeV),
above which there are inelastic corrections that remain
numerically small over the energy range fitted here. The 'S,
amplitude zero at k = 0.35 GeV lies just below this thresh-
old, within the region where the parametrization is reliable.

This framework has been successfully applied to
reproduce the DD* scattering amplitudes obtained from
the Lippmann-Schwinger equation (LSE) and to extract
the axial-vector D* Dz coupling constant [12]. It should be
noted that in that work the fit to the LSE amplitude
employed six equidistant pseudodata points, three of which
lie on the lhc, including one very close to the lhc branch
point. However, since experimental data are confined to the
physical region above the threshold, critical questions arise:
If only such physical-region data are available, how reliable
is this parametrization? To what extent can the coupling
constants be accurately extracted?

In this work, we analyze low-energy NN scattering phase
shifts in the physical region using the generalized ERE,
Eq. (3), with particular attention to the 'Sy np channel. We
extract the pseudoscalar zZNN coupling constant, as well as
the pole position, scattering length, and effective range. We
compare the results across different expansion orders with
established determinations in the literature to assess the
stability of the extraction. The paper is organized as follows.
After this Introduction, we present the theoretical formalism
in Sec. II. This includes a detailed derivation of the
generalized ERE for completeness in Sec. I A, the con-
struction of the NN scattering potential in Sec. I B, and the
definitions of physical parameters in Sec. II C. The fitting of
experimental NN data with the generalized ERE at different
orders is discussed in Sec. III. The paper concludes with a
brief summary in Sec. IV.

II. FORMALISM
A. ERE with the lhc

For S-wave elastic scattering, the contribution from the
t-channel one-particle exchange lhc is given by [12]

+1
L(kz)El/ dcosGZ 1 o

RS m2 /4 + k*
2/ l‘—l’l’lgx 4k?

. (4)
mg/4

where m,, denotes the mass of the exchanged particle.” The
branch point of the lhe is located at ki, = —m3, /4. This

*In this work, isospin-breaking effects between protons and
neutrons are neglected, rendering the partial-wave amplitudes of
the u- and t-channels identical.

implies that a larger exchanged-particle mass places the
branch point farther from threshold, thereby reducing the
influence of this singularity on the physical region within
the dispersion-relation framework. Therefore, in the sub-
sequent analysis, we restrict ourselves to OPE and neglect
contributions from heavier exchanges such as S-wave two
pions (or o in the one-boson exchange model), p, and w
mesons.

To simultaneously incorporate both the OPE lhc and the
unitarity cut, the formalism of Ref. [12] starts with the
N/D method [38,39], in which the scattering amplitude is
written as

n(k?)
d(k?)’

f(k?) = (5)
where the numerator n(k?) contains only the lhc and the
denominator d(k?) contains only the unitarity cut. Using dis-
persion relations, these functions can be expressed as [12]

n(k?) = ii(k*) + g(L(k*) = Lo). (6)
d(k*) = d(k*) = ikn(k*) = gd* (K*), (7)

where 7i(k*) and d(k?) are meromorphic functions intro-
duced in Ref. [12]. The parameter g, together with L, =
L(k* = 0) = —1/m2,, is chosen so that n(k*) is normalized
at threshold, i.e., 7(0) = 1.* The function d®(k?), which
cancels the Ihc contribution from —ikn(k*) and ensures that
d(k?) is free of the Ihc, is given by

i Mey /2 + ik

(k) = gplog = i (8)

Expanding 7i(k?) and d(k*) as polynomials of orders m
and n, respectively, the scattering amplitude can be para-
metrized as

I o d =g (k) )
Fimm(R?) 1370 7k + G(L(K*) = L)
where Zi,-,i =0,...,n, and ij,Jj= 1,...,m, are the expan-

sion coefficients. Comparing with the parametrization of the

“In the general formulation of Refs. [12,13,15], the residual
functions [including §(k?)] are analytic in a specified domain
before fixing the normalization. After dividing the numerator and
denominator by the same polynomial so that § becomes a constant
and imposing 7(0) = 1, the redefined 7i(k*) and d(k?) are in
general meromorphic and may contain poles. Over a finite physical
energy interval, however, the smooth energy dependence induced
by more distant singularities can be effectively absorbed into the
residual polynomials, including possible isolated poles (see, e.g.,
the last paragraph of Sec. III A in Ref. [15]) and the TPE lhc. In
practice, one can first try to approximate 7(k*) and d(k?) directly
by finite-degree polynomials for simplicity, i.e., the [m, n] para-
metrization in Eq. (9).
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scattering amplitude in Eq. (1), we obtain [12]

Yoo dik* — gd® (k%)

kcotd = L .
L+ 320 k% + G(L(K*) = Lo)

(10)

B. The S-wave NN OPE potential
and unitarized amplitude

The Lagrangian for the pseudoscalar form of the zZNN
coupling, together with the nucleon kinetic and mass terms,
is given by

Loy = N(iy*0, — my)N + ig,yNys7 - 7N, (11)

where my is the isospin-averaged nucleon mass,’ e 18
the pseudoscalar pion-nucleon coupling constant, and
7 denotes the Pauli matrices in the isospin space. The
isospin multiplets are defined as

P . [ ANESS Sl e A )
N = , T = , a0). (12
L
Alternatively, the zZNN coupling can take a derivative form
to reflect the fact that pions are pseudo-Nambu-Goldstone
bosons of the spontaneous chiral symmetry breaking, for

which the standard leading-order SU(2) chiral Lagrangian
for the zN interaction gives

Ly = %AN?”J@M,,N (13)

where g, denotes the nucleon axial-vector coupling con-
stant in the chiral limit. The chiral vielbein is defined as

u, = iu'0,u — iud,u’, (14)

with u?> = U and U = exp (i7 - 7/ F ;), where F,, is the pion
decay constant in the chiral limit. The zNVN couplings in the
Lagrangians (11) and (13) for on-shell particles are equiv-
alent, and the coupling constants are related to each other by
the Goldberger-Treiman relation, ¢,y = gamy/F, [40].
Corrections to this relation are small; see, e.g., Ref. [41].

From the Lagrangian (11), the tree-level OPE amplitude6
in the c.m. frame as shown in Fig. 2 reads

V(G) = 2yF 5o 102 (15)

where M, is the isospin-averaged pion mass, &; (7;) is
the spin (isospin) Pauli matrix of nucleon i, and g is the

5Strictly speaking, the chiral limit values of the various
parameters appear here, but to the order we are working, we
can equate these with their physical values.

In the c.m. frame, the #-channel momentum transfer is purely
spatial, ¢ = (0,g), and the amplitude reduces to the three-
dimensional form given in Eq. (15).

FIG. 2. Feynman diagram for the NN — NN process with
OPE.

three-momentum transferred by the pion. Using the
SU(2) Clebsch—Gordan coefficients, the isospin factor
evaluates to

<If|?1 D|l;) = (21,7‘(1.7‘ +1) - 3)51/»1,, (16)

where 1; and I, denote the total isospin of the initial and final
two-nucleon states, respectively. For S-wave scattering, the
spin-dependent term upon angular averaging simplifies as

[T .

5 4 (17)

01404 =

This follows from (g;q;)q = §§*6;; for an S-wave angular
average. Due to the Pauli exclusion principle, the total
(isospin, spin) of an S-wave NN system could be either (1, 0)
or (0, 1). As a consequence, the states |'S;, 7 = 1) and
|>S,,1 = 0) experience the same potential

Vo(k?) = —ganMZL(K), (18)

where the subscript 0 indicates the S wave. For the 'S
(I =1) and 3S; (I = 0) channels, the spin-isospin factor
yields the same projected OPE kernel V(g) = —¢>yq*/
(§* + M3). Writing §*/(§* +M3) = 1 = Mz /(§* + M3),
the first term is a short-range contact interaction (omitted
here), while the second term gives Eq. (18) after the S-wave
projection with t = —g>. Note that L(0) # 0; however, in
the N/D representation the lhc contribution enters through
the subtracted combination L(k?) — L, in Eq. (6), which
fixes the threshold normalization and does not affect the
Ihc discontinuity determined by Im L (k?). Starting from this
tree-level OPE and contact potentials, the unitarized ampli-
tude T(k?) can be obtained by solving the LSE. Noting that
the discontinuity of the amplitude across the one-particle
exchange lhc originates from the corresponding tree-level
exchange diagram, we obtain [12]

Im 7 (k*) = 8xv/sIm f(k*) = Im V,(k?), for k* < kf..

(19)

C. Extraction of low-energy parameters

Now we can relate the generalized ERE with lhc and
OPE potential to extract the coupling constant following
Ref. [12]. From Egs. (5) and (6) and noting that d(k?) is
free of the lhc, we obtain
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gIm L(k?)

Im () = S5

for k> < ki . (20)

Combining Egs. (18) and (19) and restricting our analysis to the near-threshold region, we obtain

Q%N _ g 4my 21
pra Ve @)

where d*¢ denotes the value of d(k?) at the branch point of the lhc, i.e.,

c mex i mex . mex ‘ g glogz
do,lh_Zd( ) ( Z( ) 2)+m . (22)

ex

This expression is obtained by evaluating Eq. (7) in the limit k> — —m2, /4 (i.e., k = img/2), where the logarithmic
singularities in —ikn(k?) and d®(k*) cancel, leaving the finite log2 term; see Ref. [12] for details.
Furthermore, from Egs. (2) and (10), the S-wave scattering length a, effective range r, and shape parameter v, can be

extracted directly as

d 1 .
"= (? " ’k>

L@
=242y <?+’ )

~ 16 g
— d2 +_i5— <l711 +
k2:0 5 mex

~ 87 y
=2 =5 - <2n1 +—

1

El

a

-~ 4g 27 . 16711
d - — = (23
m ) ( b 3 2)() + |:< 1 + mex) n2 + 3m€63X:| a ( )

The coefficients in the effective-range expression follow from the threshold expansions of Egs. (4) and (8),

1 2k 16K
me - m 3mi

L(k*) = —

+ O(k®),

AR (k) = —

1 4k 16k

mex 3m€X Smex

+ O(kS).

Expanding Eq. (10) to O(k*) and using k cots = 1/f + ik then reproduces the numerical coefficients given in Eq. (23).

III. RESULTS AND DISCUSSION

Using the np scattering phase shifts from Ref. (371,
which provide 11 data points for each of the |15y, 7 = 1)
and [3S;,1 = 0) channels below 350 MeV for the kinetic
energy in the laboratory frame (see Fig. 4) and serve as a
benchmark in chiral nuclear force studies (see, e.g.,
Refs. [43-45]), we perform fits with the generalized
ERE as given in Eq. (10).

As mentioned above, it allows us to extract the low-
energy parameters for the NN system, including the
pseudoscalar coupling constant, pole position, scattering
length, and effective range, and it also serves to test the
stability of the present parametrization scheme. Two
different fitting strategies are employed. In the first
strategy, we fit the phase shifts of the independent
channels |'S),/ =1) and [?S,,71=0) (the deuteron

"We use np rather than proton-proton (pp) scattering data
because the latter involves additional Coulomb effects [42] that
fall outside the present theoretical framework.

channel) separately.8 The second strategy consists in
performing a combined analysis by fitting to both
channels simultaneously while incorporating the high-
precision experimental measurement of the bound coher-
ent scattering length,

m,\ 1
a. = <1 +—> Z (3a|3S1> + a|130>), (24)

mp

where m,, and m, denote the neutron and proton masses,
respectively. The prefactor (1 + m,/m,) accounts for the

¥The effects of the S-D mixing due to the tensor force, via the
term &, - go, - ¢ in Eq. (15), are neglected in this analysis because
the D-state probability in the deuteron is only about 5% [46] and
does not affect the location of the lhc branch point. Accordingly,
the [3S,) phase shift is fitted as a single (uncoupled) S wave, and
the extracted r and v, are compared in Tables I and II with the
corresponding single-channel determinations. As the tensor force
is the dominant long-range interaction in this channel, the extracted
[*S;) coupling is less controlled than that from |'S,) and is
regarded as illustrative.
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standard conversion between the c.m. and laboratory
definitions of the bound coherent scattering length. In the
isospin-symmetric approximation m, = m, adopted in
this work, Eq. (24) reduces to a. = 5 (3aps,, + aj5)- A
quantitative estimate of isospin-breaking corrections to
this constraint is beyond the scope of the present work.
We take a, = 3.7384(20) fm from Ref. [47],” which was
measured via neutron interferometry in gaseous molecu-
lar hydrogen, entirely independent of the phase shift data
used in our fit.

A. Channel-by-channel fit

An excellent description of the |'Sy, /= 1) channel
phase shift is achieved with the [1, 2] order parametric
scheme'’ in Eq. (9). The extracted parameters, a virtual pole

at —66.4f8"56 keV on the unphysical Riemann sheet, a

scattering length of 23.721“8‘33 fm, and an effective range

of 2.68(3) fm (row 5 of Table I), show excellent agreement
with earlier results from Refs. [48-50] (rows 9 to 11), where
the pole positions in Refs. [48-50] are derived from the

conventional ERE [51] Epe = (1 — /1 + 2r/a)?/(rPmy).
The pseudoscalar coupling constant, g2/ (47) = 12.4733,
also falls within the accepted range and is compatible with
previous determinations [52—56] (rows 14 to 18) within the
conditional uncertainties discussed above. In particular, the
amplitude zero, corresponding to a pole of k cot 9, at around
k = 0.35 GeV, see Fig. 3, is properly produced.

For the |3S,,7 =0) channel, the [2, 1] parametric
scheme provides a good description of the data, yielding
a bound pole at —2222:1;‘ keV, a scattering length of
—5.416f8_'8832 fm, and an effective range of 1.749(7) fm
(row 7 of Table I), in good agreement with earlier studies
[37,48-50,57] (rows 9 to 13). In contrast, the pseudoscalar
coupling constant exhibits a larger uncertainty, specifically
g2n/(4m) = 18.313¢. Nevertheless, within uncertainties,
our extracted coupling remains consistent with previous
determinations [52-56]. The large uncertainty shows that
without the S-D mixing that arises from the OPE tensor
force, the sensitivity from only the S-wave phase shift to the
OPE is weaker than that in the |'Sy, 7 = 1) channel.

The extraction of the coupling constant g2, /(4x) pro-
vides a nontrivial consistency check of the OPE-driven lhc
contribution within the generalized ERE framework and
shows that the framework can be used to probe couplings
related to the one-particle exchange. In contrast to the low-
energy parameters (a,r, Epq.), which are tightly con-
strained by the phase shifts, the uncertainty of g2, /(4x)

The sign of the coherent scattering length quoted in Ref. [47]
has been converted to match the convention adopted in this work.

'9An almost equally good description of the phase shift can be
achieved with the [2, 1] order parametrization, leading to con-
sistent low-energy parameters and the pole position with the [1, 2]
parametrization.

T T
— Jpz for ['So, I =1)
I np|'So,I=1)data

=
o
3
o Uy
g
~e
75 -
710 -
715 -
_op L ! . ! .
0.0 0.1 0.2 0.3 0.4
k (GeV)
FIG. 3. Comparison of k cot § between the best fit and data for

the np |'Sy,7 = 1) channel [fit performed with the generalized
ERE (10) on scattering phase shift from Ref. [37] ].

is considerably larger, especially in the 3S;-only fit,
reflecting that the sensitivity to the lhc is weaker since it
is located in the unphysical region and is logarithmic.

B. Joint analysis of the IS, and 3S; channels

In this subsection, we perform a joint analysis of both
'S, I = 1) and |>S;, 1 = 0) channels under the constraint
of the coherent scattering length a,. = 3.7384(20) fm,
defined in Eq. (24). While the expansion orders and the
parameter values in Eq. (9) are different in general for the
two channels, their long-range potentials are identical, as
given in Eq. (18). This common long-range part implies
that §/d®™ should be the same for the two channels,
leading to the common g2, /(4z). Imposing this constraint
together with the central value of the coherent scattering
length, we fit the phase shifts of both channels using either
the same or different expansion orders.

For comparison, four distinct parametrizations of Eq. (9)
at different orders of the parametrization that provide a
good description of the data are considered. As shown in
the first four rows of Table I, all four sets yield highly
consistent values for the pole positions, scattering lengths,
effective ranges, and coupling constants. Within uncertain-
ties, these results agree with previous determinations (last
five rows of Table I). The extracted central values are stable
across these parametrizations; however, the central value
of the coupling constant tends to be smaller than several
recent high-precision determinations. The corresponding
fit results are displayed in Fig. 4. Only one representative
parametrization is plotted, as the differences among the
various schemes are visually indistinguishable. We
have also varied the input coherent scattering length
within its quoted uncertainty, a. = 3.7384(20) fm [47].
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TABLE 1. Extracted parameters for the NN |'S,,I = 1) and [*S,,I = 0) systems from a fit to the np scattering phase shifts of
Ref. [37] using the ERE with lhc (10). The table lists the pole position, scattering length, effective range, pseudoscalar coupling constant,
and y?/d.o.f. The first four rows present a joint analysis of both channels with a common g2, /(47z) and the fixed bound coherent
scattering length a, = 3.7384 fm, taken from the central value reported in Ref. [47]. Results of independent fits to the |'S, 7 = 1) and
[>S,,I = 0) channels are shown separately in rows 5-8, respectively. For comparison, rows 9—18 list values obtained from other
references. The sign of the scattering length quoted in Refs. [49,50] has been converted to match the convention adopted in this work,
i.e., kcotd = 1/a+ --- as in Eq. (2). The quoted pole positions refer to the first Riemann sheet for the |*S,, I = 0) state (the deuteron)
and the second Riemann sheet for the |'S,, 7 = 1) state. Negative values of Epq1e correspond to poles below the NN threshold.

ERE w/ lhc Epore (keV) a (fm) r (fm)

I'So) ’S1) |'So) *S1) |'So) 1’S1) ' So) P’S1) ‘%7 L

fen fua —66.33(4) —2208(4) 23.73(1) —-5.418(2) 2.68(1)  1.741(3) 122(1.4) 28

fua fua —66.33(4) -22107¢ 23.73(1) —-5.418(2) 2.68(1)  1.742(3) 128(1.2) L7

fe fe —66.34(4) -2211(5) 23.73(1) —5.418(2)  2.68(1)  1.7433) 119714 L4

fua fe —66.34(4) —2212(4) 23.73(1) —5.418(2) 2.68(1)  1.744(3) 127(1.2) om

2 - —66.410¢ e 23724010 e 2.68(3) e 12.4122 2

fr e —66.610% . 23701043 2 2.67(3) e 11.0°28 2
e e -2222+1% e —5.41610052 e 1.749(7) 18.3784 22
S e 2227413 e —5.416105%2 e L752(7)  22.6(1.6) 922

[48] —-66.5 —2237 23.719 —5.403 2.626 1.749

[49] —66.08(13) —2223(6) 23.748(10) —5.424(4) 275(5)  1.759(5)

[50] —66.08(16) —2223(10) 23.740(20) —5.419(7) 277(5)  1.753(8)

[37] e —2224.7(35) . e .

[57] co —2224.575(9) 23.74(2)

[53] 13.76(1)

[54] 13.69(19)

[52] 13.92(9)

[55] 13.74jg:(1)§

[56] 13.6(3)

175 F S PR The resulting uncertainty propagated to g¢2,/(4x) was
— fpo for [351,1 =0) found to be extremely small (about 0.07), negligible
150 : " ;201 o1 compared to the statistical errors.

: Table I also lists selected results for the pseudoscalar zN
coupling from earlier studies. Our extracted values of
g2/ (4x) fall into the broad range of existing determina-
tions. Following Yukawa’s theory, Bethe obtained an early
estimate of ¢2y/(47)~ 14 in the 1940s by solving the
Schrodinger equation for deuteron observables [58,59].
Nambu later estimated a value around 13.5 using the
Goldberger-Treiman relation [60,61]. Through pion pole
extrapolation of the renormalized Born approximation [62],
analyses of np and pp scattering data yielded g2 /(47) =
12.0(21) [63,64]. Subsequent partial-wave analyses of NN
" " Olf(GeV) 08 04 observables further confirmed the OPE contribution,

reported values around 14 [65] and 12 [66], respectively.

FIG. 4. Joint fit to the data from Ref. [37] using the generalized ~ In the 1990s, multienergy partial-wave analyses using the
ERE in Eq. (10). Nijmegen potential on the data of Ref. [37] produced

125

100 |

B

0 (degrees)

50 F
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G/ (4n) = 13.56(7)*"! [67] and 13.54(5)* [68]. A later
study that replaced the Nijmegen potential with a chiral
TPE potential obtained 13.68(7)* [31]. Determinations
have also been made from the zN data via dispersion
relations [53] and the Goldberger-Miyazawa-Oehme
sum rule [53,54], as well as from NN data, which yielded
13.6(3) [56]. More recent analyses include a covariance-
error partial-wave fit to a selected 3o-self consistent
database, giving ¢2y/(47) =13.98(8) [69], and a
Bayesian chiral-effective-field-theory analysis with fully
controlled uncertainties, reporting 13.92(9) [52]. A theo-
retical extraction based on pseudoscalar-meson domi-
nance and dispersion relations gives 13.74703 [55].
Comprehensive reviews of the history of g,y determi-
nations can be found in Refs. [70-73]. We note that the
central values extracted in the joint analysis are somewhat
smaller than several recent high-precision determinations
spreading from about 13.6 to 13.9; this difference may be
understood as contributions beyond the present OPE lhc
approximation (such as two-pion exchange, S-D mixing,
and NNz and NA coupled channels), which are not
included here. The extracted values of g2,/(4x) across
different expansion orders and schemes exhibit good
internal stability. We highlight that the extraction of
g>n/(4x) in this work is data driven within the OPE lhc
approximation adopted here, as it relies primarily on the
analytic constraints imposed by the lhc and the scattering
data. The spread among different expansion orders in
Table I provides a rough estimate of the truncation error.
Accordingly, we interpret the extracted g2 /(4x) as an
effective measure of the OPE lhc strength within the
present truncation, rather than as a competitive high-
precision determination of the physical coupling.

C. Extraction of shape parameter v,

To further validate the method, we have also extracted the
shape parameter v, and compared it with other studies. As
shown in Table II, the results from both the latest NLO low-
energy theorems (LETSs) [23,74] and the next-to-next-to-
next-to-leading order LETs [75] are broadly consistent with
the empirical values [29,76,77], whereas they differ signifi-
cantly from the earlier leading-order LETs [78] and from
methods that treat one-pion exchange perturbatively [79]. In
the channel-by-channel fits, our extracted values for both the
'Sy, I = 1) and |*S;,I = 0) channels agree well with the
results of Refs. [23,29,74-77]. In the joint analysis, their
'Sy, I = 1) values mostly fall within the error margins of

"Values marked with an asterisk are originally given in
terms of fﬁ n» Which relates to the pseudoscalar coupling via
gf[uNN,/(47t) :fzzz“NN’(mN’ —i—mN)z/M)zTi (with N,N' =n, p
and 7¢ = 7% 7%). As the relevant masses are not explicitly
specified in the cited references, we convert these values using
standard particle masses.

TABLEIL Extracted shape parameter v, for the NN |15, 1 = 1)
and ]>S,,7 = 0) systems from a fit to the np scattering phase
shifts of Ref. [37] using the ERE with lhc (10). The notation
follows that of Table I. In the row of Refs. [76,77], the |3S,,I = 0)
value is taken from Ref. [76] and the |'Sy,7 = 1) value from
Ref. [77], as Ref. [76] reports only the deuteron (3S;) parameters.

ERE w/ lhc v, (fm?)

'So) S1) |'So) 1*S1) %

ViER) e -0.52(8) 0.09(1) 5%

fua fua —0.56(8) 0.08(1) P

fra fr -0.51-008 0.08(1) L

fua frn —0.54(8) 0.08(1) 5

e -0.53(12) 008

Jey e —0.45(12) . 019
fry e 0.05(4) 023
e e 0.03790 9023

[29] —-0.48 0.045

[76,77] -0.5 0.04

[23.74] [~0.61,0.55] 0.06

[75] [-0.52,—-0.49] [-0.06,0.04]

[78] -19 -0.05

[79] -33 -0.95

our extraction, while our |3S 1, I = 0) result remains close to
them, even though we have not considered the S-D mixing
arising from the OPE tensor force. This consistency supports
the applicability of our generalized ERE with the lhc, the
|3S,) comparison being understood at the single-channel
level (S-D mixing neglected, as discussed above).

IV. SUMMARY

We have applied the generalized ERE with the lhc [12] to
low-energy NN scattering, with a focus on the np 'S
channel that exhibits an amplitude zero (6 = 0) near
k ~0.35 GeV (c.m. momentum), which cannot be accom-
modated using the traditional ERE without changes. Using
the np phase shifts of Ref. [37], we performed fits at several
expansion orders of Eq. (10), including separate fits to the
|'Sg, I = 1) and |3S;,1 = 0) channels and a joint fit con-
strained by a common zN coupling constant and the
coherent scattering length.

The extracted low-energy parameters, including the scat-
tering lengths, effective ranges, shape parameter, and sub-
threshold poles (a virtual state in 'S, and a bound state in 3S),
are consistent with established determinations and are stable
across different expansion orders. Notably, the pseudoscalar
zN coupling constant g2, /(4r) is extracted within the OPE
lhc approximation adopted here, relying primarily on analytic
constraints from the lhc and scattering data. The results,
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shown in Table I, are consistent with previous determinations
from various independent methods, supporting the appli-
cability of the framework in this setting. We find that the
central values of g2,/ (4r) extracted in the joint analysis tend
to be smaller than several recent high-precision determina-
tions around g2 /(4x) ~ 14, which may be understood as
contributions beyond the present OPE lhc approximation
(two-pion exchange, S-D mixing, and NNz and NA coupled
channels); those are not included here. We therefore regard
the extracted coupling as an effective measure of the OPE lhc
strength, as well as the validity of our method, rather than a
competitive high-precision determination.

These results indicate that explicitly including the lhc into
the ERE not only improves the description of low-energy
scattering observables but also provides a useful framework
for constraining the long-range lhc contribution from phase-
shift data. The generalized ERE with the lhc thus offers a
systematic parametrization for near-threshold systems with
light-particle exchanges, enhancing our understanding of the
role of OPE in low-energy hadronic interactions.
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