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Motivated by the potential experimental relevance of magnetically affected heavy-quark diffusion, we
consider here a five-dimensional nonlinear Einstein-Born-Infeld-dilaton model to not only holographically
model the QCD thermodynamics in a magnetic background but also to probe the charged inner structure of
a heavy quarkonium. The dual model’s gravitational equations of motion can be solved in analytical form
via the potential reconstruction method. Using a variety of tools—spectral functions, hydrodynamic
expansions, or hanging strings—we study the anisotropic diffusion constants and heavy-quark number
susceptibility, each time reporting closed form expressions.
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I. INTRODUCTION

Heavy-ion collisions at particle accelerators such as the
Large Hadron Collider (LHC) and the Relativistic Heavy
Ion Collider (RHIC) provide a controlled environment to
study matter under extreme conditions similar to those
shortly after the big bang. These collisions produce energy
densities and temperatures that exceed the QCD deconfine-
ment threshold, leading to the formation of the quark-gluon
plasma (QGP), a state of matter in which quarks and gluons
are no longer confined within hadrons but instead form a
strongly interacting, deconfined medium. The QGP
behaves as a nearly perfect liquid with low viscosity and
high opacity [1–3] and serves as a laboratory for under-
standing the strong interactions of quantum chromody-
namics (QCD). Among the key challenges is probing the
transport properties of the QGP, such as the diffusion of
heavy quarkonia [4,5], which offers insights into the
medium’s dynamic characteristics, meson flows [6], or
its response to external fields [7–10].
Transport coefficients in QGP are quantities that describe

how various properties, such as momentum, energy, charge,
etc. are transported within this exotic state of matter.

These coefficients provide valuable insights into the
QGP’s dynamic behavior and its response to external
influences. Some of the key transport coefficients include
the following:

(i) Diffusion coefficients: fundamental transport coeffi-
cients that characterizes the rate at which particles
diffuse or spread within the plasma. It quantifies how
momentum, energy, and other conserved quantities
are transported through random particle motion.

(ii) Viscosity coefficients: these include the shear (η)
and bulk viscosity (ζ), describing the resistance of
the QGP medium against changes in flow velocity
and volume, respectively. They influence the QGP’s
ability to flow collectively and its response to
external forces.

(iii) Conductivity coefficients: key examples are the
electrical (σ) and thermal conductivity (κ), determin-
ing the QGP’s ability to conduct electric charge and
thermal energy, respectively. They govern the trans-
port of charge and heat within the plasma.

Recent research has increasingly focused on how exter-
nal electromagnetic fields, particularly magnetic fields,
influence QCD-related phenomena [11,12]. Studies indi-
cate that, during the early stages of noncentral relativistic
heavy-ion collisions, a very strong magnetic field is
generated, which can significantly influence the various
phases of QCD [13–19]. This field is estimated to reach
strengths of approximately ∼0.3 GeV2. While it weakens
after the collision, it remains sufficiently strong during the
formation of the QGP to produce notable effects on several
QGP-related properties [20,21].
Magnetic fields play a crucial role in QCD. It has been

shown to play a destructive role on the deconfinement and
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chiral phase transition, contributing to a phenomenon
known as inverse magnetic catalysis [22–31]. Addi-
tionally, they influence the string tension of heavy quarks,
either increasing or decreasing depending on the magnetic
field’s direction [18,32,33]. A significant impact on charge
dynamics in QCD is also anticipated, leading to anomaly-
induced effects like the chiral magnetic field and chiral
vortical effects [34–38]. These phenomena could have
profound implications for the strong CP problem and
the generation of baryon asymmetry in the early universe
[39]. Additionally, they may give rise to diverse thermo-
dynamic phases and influence conventional charge trans-
port mechanisms in the QGP. Furthermore, they play a
crucial role in the anisotropic hydrodynamic framework
used to describe QCD [40–43].
When examining transport coefficients like the diffu-

sion constant, the magnetic field can have a significant
impact, such as making the diffusion process direction-
dependent. This means that particles may diffuse faster
along the magnetic field lines than across them. This
directional dependence is not just a theoretical prediction;
it could have observable consequences in experiments as
well. Accordingly, this paper aims to concentrate on the
diffusion of a heavy quark, such as charm c and bottom b,
in a QGP environment. The diffusion of quarkonia is
influenced by various other factors, including temperature
and density, as well as the interactions between the
quarkonium state and the constituents of the medium.
Understanding the diffusion of heavy quarkonia is thus
essential for interpreting experimental observations and
probing the properties of the strongly interacting matter
created in high-energy collisions, particularly in revealing
any anisotropic features in QCD transport properties,
which in turn might provide valuable information about
the deconfinement transition and QCD phase diagram in
the presence of a magnetic field. Let us refer to the review
[6] for more details.
In general, modeling the Brownian diffusion of a charged

particle with mass m and charge q in the presence of a
background magnetic field B can be achieved by employ-
ing the Langevin equation,

ṗ ¼ −γpþ qðẋ × BÞ þ RðtÞ: ð1:1Þ
Here p ¼ mẋ is the momentum and ẋðtÞ ¼ vðtÞ is the
velocity of the Brownian particle, γ is the friction coefficient,
andRðtÞ is thewhiteGaussian random force. The first term in
the equation signifies the presence of a frictional force,
resulting in energy dissipation experienced by the particle.
The second term represents the Lorentz force acting on the
particle. The third term accounts for a random force
originating from the particle’s interaction with a thermal
bath. These forces collectively induce random thermal
motion in the particle. The interaction between the
Brownian particle and the fluid particles, occurring at a
temperature T, facilitates an exchange of energy between

them, ultimately leading to the establishment of thermal
equilibrium. One way to conceptualize the particle’s behav-
ior is to consider it moving within the magnetic field,
simultaneously losing energy to the surrounding medium
while also experiencing random “impulse kicks” represented
by the random force.
The random force RðtÞ can be approximated as a series

of independent impulses, each characterized by a random
sign and magnitude, ensuring their average cancels out.
Each impulse is considered an independent random event,
implying that RðtÞ is statistically independent of Rðt0Þ for
t ≠ t0. This type of stochastic process is commonly referred
to as white noise, for which

hRiðtÞi ¼ 0; hRiðt1ÞRjðt2Þi ¼ κδijδðt1 − t2Þ: ð1:2Þ

Here, κ is the Langevin coefficient. The two parameters γ
and κ are not independent. This arises because both the
frictional and random forces stem from a common source
at the microscopic level, namely collisions with particles
within the thermal bath, and are related through the
following expression:

γ ¼ κ

2mT
; ð1:3Þ

where T is the temperature of the bath.
When we contemplate a constant magnetic field,

the diffusion process is primarily influenced by the mag-
netic field’s orientation along the transverse directions,
leading to

Dk ¼
T
mγ

; D⊥ ¼ Dk
1þ q2B2

m2γ2

; ð1:4Þ

whereDk andD⊥ are diffusion constants in the parallel and
perpendicular direction to the magnetic field, respectively.
The diffusion coefficient in the direction parallel to the
magnetic field is largely unaffected by the magnetic field
because the Lorentz force does not act along the field
direction. However, in the perpendicular direction, the
diffusion constant is significantly smaller compared to Dk
[44]. This reduction occurs because themagnetic field causes
charged particles to gyrate around the field lines [45].
In the present paper, we examine how a background

magnetic field influences the deconfinement phase tran-
sition and the diffusion of heavy quarks in QGP. Since the
physics near the deconfinement transition is highly non-
perturbative, we employ the gauge/gravity duality formal-
ism to model strongly coupled QCD in a magnetic
background [46–48]. There are two main approaches for
constructing holographic models: top-down and bottom-
up. Top-down models, such as the Sakai-Sugimoto model
[49,50], Witten model [51], Klebanov-Strassler model [52],
etc., originate from higher-dimensional string theory and
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are theoretically well founded. These frameworks have
proven successful in capturing key hadronic phenomena
such as confinement, chiral symmetry breaking, and the
meson spectrum. They have also been effectively applied to
studies of proton structure and deep inelastic scattering
[53–56]. Nevertheless, these top-down constructions are
not exact duals of QCD and still fail to capture certain
essential aspects of the theory. For instance, the magnetized
AdS background derived in [57,58] does not support a
Hawking/Page phase transition, making it unsuitable for
capturing the QCD-like confinement/deconfinement tran-
sition. While this issue can be addressed by introducing a
dilaton field by hand in a soft-wall model [59], such
modifications are not always consistent with all the
equations of motion. Additionally, top-down models often
struggle to reproduce the running coupling constant cor-
rectly, but there has been some recent progress in this
direction as well [52,60,61].
In contrast, bottom-up models are constructed phe-

nomenologically to incorporate key QCD properties,
even though they lack a direct string-theoretic origin.
By now, several bottom-up holographic QCD models
have been constructed that have successfully reproduced
desirable magnetized QCD features aligning well with
lattice QCD results [62–70]. For further discussions on
holographic magnetized QCD, see [71–96]. Holographic
QCD provides us with an approach to compute the
diffusion constant in a fully nonperturbative manner,
using black hole physics in the bulk. The presence of a
magnetic field introduces further anisotropies, making
the computation even more intricate. Here, we adopt a
well-motivated bottom-up phenomenological model of
the magnetized AdS/QCD model to investigate the
heavy quark diffusion.
The diffusion of heavy quarks and Brownian motion in

black hole physics can be studied using two distinct
approaches.1 The first method associates the Gubser-
Klebanov-Polyakov-Witten (GKPW) prescription, where
the retarded Green’s function is computed within the
AdS/CFT framework to analyze the system’s response to
perturbations, making it useful for studying transport
properties and nonequilibrium effects [47,48,99]. The sec-
ond approach utilizes the quantized scalar field states with
the Hartle-Hawking vacuum, representing a black hole
in thermal equilibrium, allowing the study of thermal
fluctuations [91,100].
The boundary Green’s functions computed through

the holographic action offer insights into the system’s
behavior, accurately predicting spectral functions, which
detail the energy levels of bound states. Additionally,
our investigation into the heavy quark diffusion coef-
ficient involves analyzing a Green’s function’s behavior

as the frequency approaches zero, illuminating how
heavy quarks diffuse within the system over time.
This analysis is grounded in the Kubo relation, a
foundational concept in statistical mechanics that con-
nects transport coefficients to correlation functions, such
as for example

D ¼ −
1

3χ
lim
ω→0

X3
i¼1

GR
ii

ω
: ð1:5Þ

Here, χ is the quark number susceptibility. Through
linear response analysis, the above relation can be
derived by considering how the system’s conserved
currents respond to small disturbances away from
equilibrium, accounting for spatial variations within
the system. More details on this can be found in
[101,102].
The basic idea of the second approach is to analyze

the fluctuations of the string worldsheet around a
classical solution, which, in the relevant scenarios,
corresponds to a straight string extending from the
boundary into the bulk. The induced metric on the
string worldsheet resembles a black hole geometry as
the bulk spacetime contains an event horizon. It reduces
the problem to studying two-dimensional quantum fields
in curved spacetime. By quantizing these fluctuations,
we can establish a connection between the quantum
modes of the string and the motion of its endpoint at the
boundary. This mapping enables the use of boundary
correlation functions to probe the excitation spectrum of
the worldsheet. Under the semiclassical approximation,
the thermal properties of Hawking radiation can be
linked to the Brownian motion of the string endpoint,
leading to the derivation of the Langevin equation that
governs its dynamics [100].
The effects of an external magnetic field on the heavy

quark current can be incorporated in different ways.
A straightforward method is to introduce a direct
coupling between the heavy quark and the electromag-
netic field. However, there are limitations of traditional
electromagnetic field descriptions in capturing how
heavy quark-bound states, or quarkonium, interact with
external magnetic fields as the standard Maxwell action
treats the quarkonium as a pointlike particle. While
quarkonium is electrically neutral overall, its internal
structure, resembling an electric dipole, suggests it could
still be affected by magnetic fields. To address this, a
more sophisticated framework that considers both non-
linearity and internal structure, thereby allowing for a
more refined description by effectively smearing out
charge distributions, is called for. One such nonlinear
model is the Einstein-Born-Infeld-dilaton (EBID) model.
Incorporating Born-Infeld (BI)-like terms into electro-
magnetic field descriptions enables more accurate

1For work related to heavy quark dissociation and energy loss
in real QCD, see [97,98].
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modeling of the quarkonium response to magnetic
fields, accounting for its internal arrangement.
The magnetic field dependent diffusion constants have

been computed using the Born-Infeld electrodynamics in a
holographic setting [91].2 Here, the soft-wall model was
implemented on the top-down magnetized AdS back-
ground of [57,58]. Unfortunately, soft-wall models face
several inconsistencies when it comes to effectively mod-
eling QCD through holography. For example, the dilaton
field is introduced into the action in an ad hoc manner, and
the area law of the Wilson loop is not always satisfied in
these models. Additionally, the dilaton field in soft-wall
models does not arise from a consistent gravity solution.
Moreover, the Hawking-Page phase transition is also absent
in the magnetized AdS backgrounds considered in soft-wall
models [57,58]. Since this transition corresponds to the
confinement/deconfinement phase transition in the dual
field theory, one therefore cannot consistently define the
deconfinement transition temperature.
In this work, we remedy some of the issues mentioned

above and investigate anisotropic magnetic field effects on
the diffusion constants in a self-consistent magnetic field
embedded EBID holographic model. In particular, we
consider the holographic magnetized QCD model of
[107], where closed-form magnetized AdS solutions of
the EBID action, which not only have a nontrivial and
consistent profile for the dilaton field but also exhibit a
magnetic field dependent Hawking-Page phase transition,
were obtained. We investigate the holographic Brownian
motion in the deconfined phase of this theory by the two
approaches discussed above, and analyze the interplay of
magnetic field and temperature on the quarkonia diffusion
and susceptibility.
The structure of the paper is as follows. In Sec. II,

we introduce the Einstein-Born-Infeld-dilaton gravity
model and discuss the corresponding solutions. In
Sec. III, we compute the heavy quark number suscep-
tibility using the spectral function approach and analyze
its behavior with temperature and magnetic field.
Sections IV and V are dedicated to the study of diffusion
coefficients, employing the hydrodynamic expansion
and hanging string approach, respectively. Finally, in
Sec. VI, we present our key findings, and we conclude
the paper with additional technical details provided in
the Appendix.

II. THE EINSTEIN-BORN-INFELD-DILATON
MODEL

The Einstein-Born-Infeld-dilaton action to study quar-
konium physics is given by

SEBI ¼ −
1

16πG5

Z
d5x

×

� ffiffiffiffiffiffi
−g

p �
Rþ fðϕÞ

ð2πα0Þ2 −
1

2
∂μϕ∂

μϕ − VðϕÞ
�

−
fðϕÞ

ð2πα0Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgμν þ 2πα0FμνÞ

q �
; ð2:1Þ

where G5 denotes the five-dimensional Newton’s con-
stant, R represents the Ricci scalar, Fμν stands for the field
strength tensor of the Uð1Þ gauge field, and ϕ denotes the
dilaton field. The Uð1Þ gauge field serves to introduce a
constant background magnetic field B. The interaction
between the Uð1Þ gauge field and the dilaton field is
characterized by the gauge kinetic function fðϕÞ, while
VðϕÞ denotes the dilaton potential. Note that in the
above type of bottom-up holographic models, the informa-
tion of the number of colors Nc is encoded in Newton’s
constant G5. In general, G5 ∼ N−2

c . For quarkonium dif-
fusion, which requires investigation of the gauge field
fluctuations, Newton’s constant does not appear expli-
citly. Accordingly, G5 or Nc does not influence the overall
behavior of diffusion constants in the large Nc holo-
graphic limit.
The string parameter α0 introduces a new dimensional

scale and is related to the Born-Infeld parameter b by the
relation b ¼ 1=ð2πα0Þ [108,109].3 Substituting this relation
into Eq. (2.1) and simplifying, one obtains the following
modified form of the EBID action:

SEBI ¼−
1

16πG5

Z
d5x

ffiffiffiffiffiffi
−g

p �
R

þ fðϕÞb2
�
1−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þFμνFμν

2b2

r �
−
1

2
∂μϕ∂

μϕ−VðϕÞ
�
:

ð2:2Þ

As the parameter b → ∞, the action collapses to the
Einstein-Maxwell-dilaton theory. For a nice review of
Born-Infeld electrodynamics, we refer the readers to [110].
The parameter b can be determined using the Wilson

loop, which now follows the area law in the confined
phase in our EBID model, unlike earlier soft-wall models.
This allows us to compute the string tension σ at zero
magnetic field and compare it with lattice QCD results.
The estimated central value

ffiffiffi
σ

p ¼ 0.43� 0.02 GeV gives
b ¼ 0.44 GeV2. For more details about the Born-Infeld
parameter, the reader is referred to [107]. In the limit as
the parameter b approaches ∞, the action tends towards
the Einstein-Maxwell theory asymptotically. We restrict

2For works related to the holographic Brownian motion in
different settings, including charged plasmas, rotating plasmas,
non-Abelian super Yang-Mills (SYM) plasmas, and nonconfor-
mal plasmas, see [103–106] for some examples.

3The relationship between b and α0 follows from the equiv-
alence of the effective action of an Abelian vector field coupled to
the open string with the Born-Infeld Lagrangian [108,109].
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ourselves here to a single gauge field, corresponding to a
single type of quarkonium.
By varying the action, one can derive the corresponding

Einstein, Maxwell, and dilaton equations of motion.
Remarkably, employing the following Ansätze for the
metric field gMN , dilaton field ϕ, and field tensors FMN ,

ds2¼L2e2AðzÞ

z2

�
−gðzÞdt2þ dz2

gðzÞþdx21þeB
2z2ðdx22þdx23Þ

�
;

ϕ¼ϕðzÞ; Fμν ¼Bdx2 ∧ dx3; ð2:3Þ

along with the following boundary conditions,

gð0Þ ¼ 1; gðzhÞ ¼ 0 and Að0Þ ¼ 0; ð2:4Þ

and combined with the potential reconstruction method
[62,111], the corresponding Einstein, Maxwell, and dilaton
equations of motion can be precisely solved in a closed-
form expression solely in terms of a single form function
AðzÞ.4 Here, L is the AdS length scale, which we will set to
one for simplicity. The detailed equations of motion are
given in [107]. The solutions are given as follows:

AðzÞ ¼ −az2; ð2:5Þ

gðzÞ ¼ 1 −
ez

2ð3a−B2Þð3az2 − B2z2 − 1Þ þ 1

ez
2
hð3a−B2Þð3az2h − B2z2h − 1Þ þ 1

; ð2:6Þ

ϕðzÞ ¼ ð9a − B2Þ log ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6a2 − B4

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2ð6a2 − B4Þ þ 9a − B2

p
þ 6a2z − B4zÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6a2 − B4
p

þ z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2ð6a2 − B4Þ þ 9a − B2

q
−
ð9a − B2Þ log ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9a − B2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6a2 − B4

p
Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

6a2 − B4
p ; ð2:7Þ

fðzÞ ¼ −
2

z2
e2B

2z2þ2AðzÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ B2z4e−2B

2z2−4AðzÞ

b2

s
ð−2gðzÞ þ 2B2z2gðzÞ þ 3zgðzÞA0ðzÞ þ zg0ðzÞÞ; ð2:8Þ

VðzÞ ¼ −b2
 
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ B2e−2B

2z2−4AðzÞz4

b2

s !
fðzÞ þ 1

2
e−2AðzÞð−2gðzÞð12 − 10B2z2 þ 4B4z4 þ 6zA0ðzÞð−3þ 2B2z2Þ

þ 9z2A0ðzÞ2 þ 3z2A00ðzÞÞ þ zðð9 − 6B2z2 − 9zA0ðzÞÞg0ðzÞ − zg0ðzÞÞÞ; ð2:9Þ

where z is the holographic radial coordinate that runs from
the asymptotic boundary to the horizon radius, i.e., from
z ¼ 0 to z ¼ zh. The solution described above corresponds
to a black hole, featuring a horizon located at z ¼ zh.
Additionally, it is worth noting the temperature and

entropy expressions corresponding to the black hole
solution, as they will be valuable for our later analysis
of the deconfinement transition temperature:

T ¼ z3he
−3AðzhÞ−B2z2h

4π
R zh
0 dξξ3e−B

2ξ2−3AðξÞ ;

SBH ¼ V3e3AðzhÞþB2z2h

4G5z3h
; ð2:10Þ

where V3 denotes the volume of the three-dimensional
spatial plane.
Here, the parameter a is the only free variable in the

gravity solution, meaning the solution is fully specified
once a is determined. Following [111], we set a ¼
0.15 GeV2 by ensuring that the Hawking-Page phase
transition temperature (see below for more details) to about

270 MeV at zero magnetic field in the pure glue sector
[115]. From Eq. (2.7), this choice of a imposes a restriction
on the magnetic field B, allowing a maximum value of
about 0.6 GeV [63].
In addition to the black hole solution, there is also the

thermal-AdS solution, which lacks a horizon. This solution
can be derived from the black hole solution by taking the
limit zh → ∞. In the dual field theory, the thermal-AdS and
black hole phases correspond to the confined and decon-
fined phases, respectively. Notably, there exists a Hawking-
Page type phase transition between the thermal-AdS and
black hole solutions. In particular, the thermal-AdS and
black hole phases exchange dominance as the temperature
is varied in the free energy landscape, with thermal-AdS
dominating the phase diagram at low temperatures, while
the black hole phase dominates the phase diagram at high
temperatures. The corresponding transition temperature is
found to be decreasing with increasing B. The explicit
behavior of the transition temperature with B is shown in

4For more details on the potential reconstruction method,
see [112–114].
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Fig. 1. The reader can check [62] to get more background
information on the black hole thermodynamics in the EMD
model and on [107] for EBID model. This holographic
result therefore predicts a form of inverse magnetic cataly-
sis in the deconfinement sector, qualitatively aligning with
the lattice results [22].

A. Fluctuation equations of motion

To analyze the diffusion coefficients and susceptibility,
we must first write the equations of motion for the relevant
gauge field fluctuations in the gravity side. These equations
can be derived from the Born-Infeld part of the gravity
action:

b2fðϕÞ
�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ FμνFμν

2b2

r �
: ð2:11Þ

This can also be rewritten as, see [107],

LBI ¼ b2fðϕÞ
 ffiffiffiffiffiffi

−g
p

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
gμν þ

Fμν

b

�s !
: ð2:12Þ

In deriving the equations of motion, we split the gauge field
in a classical background with a quantum fluctuation,
expressed as Fμν ¼ F̄μν þ F̃μν. Where, F̄μν comes from
the background magnetic field and it follows the same form
as provided in the Ansätze (2.3) and F̃μν is the fluctuation
part. We can expand the second term of Eq. (2.12) as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
gμν þ

Fμν

b

�s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
gμν þ

1

b
ðF̄μν þ F̃μνÞ

�s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
Gμν þ

F̃μν

b

�s
;

≈
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðGÞ

p �
1þ 1

2b
TrðG−1F̃Þ þ 1

8b2
ðTrðG−1F̃ÞÞ2 − 1

4b2
TrððG−1F̃Þ2Þ þ � � � :

�
; ð2:13Þ

where Gμν ¼ gμν þ F̄μν=b. Explicitly, the metric tensor Gμν

takes the form

Gμν ¼

2
6666664

g00 0 0 0 0

0 gzz 0 0 0

0 0 g11 0 0

0 0 0 g22
B
b

0 0 0 − B
b gg33

3
7777775
; ð2:14Þ

with determinant

G ¼ g00g11gzz

�
g22g33 þ

B2

b2

�
; ð2:15Þ

and inverse

Gμν ¼

2
666666664

1
g00

0 0 0 0

0 1
gzz

0 0 0

0 0 1
g11

0 0

0 0 0 g33
X − B

bX

0 0 0 B
bX

g22
X

3
777777775
; ð2:16Þ

where, X ¼ g22g33 þ B2

b2 . It is convenient if we decompose
the metric tensor Gμν into the symmetric (G) and anti-
symmetric (S) parts,

Gμν ¼

2
666666664

1
g00

0 0 0 0

0 1
gzz

0 0 0

0 0 1
g11

0 0

0 0 0 g33
X 0

0 0 0 0 g22
X

3
777777775
; Sμν ¼

2
6666664

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 − B
bX

0 0 0 B
bX 0

3
7777775
:

ð2:17Þ
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FIG. 1. The variation of the deconfined transition temperature
Tc with magnetic field, in units of GeV.
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To analyze the spectral function, we consider the vector
modes V ¼ ALþAR

2
and adopt the gauge choice Az ¼ 0

[116]. The modes are then expressed through a Fourier
expansion of the form ∼eik·x−iωt. We can obtain the
fluctuation equations of motion from the gauge field
equation,

∂μ

2
64 ffiffiffiffiffiffi

−g
p fðϕÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ ðF̄μνþF̃μνÞðF̄μνþF̃μνÞ
2b2

q ðF̄μνþ F̃μνÞ

3
75¼ 0: ð2:18Þ

At the linear order, the fluctuation equation of motion is
described as,

∂
2
zVi þ ∂zðln ð

ffiffiffiffiffiffiffi
−G

p
fðzÞGzzGiiÞÞ∂zVi −

Gtt

Gzz ω
2Vi ¼ 0;

ð2:19Þ

where i ¼ 1 corresponds to the fluctuation in the parallel
direction, whereas i ¼ 2 (or 3) corresponds to the fluc-
tuation in the perpendicular direction to the background
magnetic field. Interestingly, as in [117], the same equation
of motion for V1 and V2 can be obtained from the following
modified gauge equation,

∂μðfðϕÞ
ffiffiffiffiffiffiffi
−G

p
F̃μνÞ ¼ 0: ð2:20Þ

Using these expressions, it becomes evident that the term
TrðG−1F̃Þ in Eq. (2.13) vanishes due to the equation of
motion of the background gauge field. This approach
allows one to demonstrate that (2.19) and (2.20) lead to
the same equations of motion for fluctuations.

III. PROBINGQUARKNUMBER SUSCEPTIBILITY
VIA SPECTRAL FUNCTION ANALYSIS

A. A short review

To investigate the high-temperature phase of QCD and
its phase diagram, quark number susceptibility χ has
emerged as a key observable due to its significant variation
near the critical temperature Tc. In addition to χ, the ratio of
shear viscosity to entropy density (η=s) serves as another
key probe for investigating the QGP phase diagram
[118,119]. Quarks are always coupled to gluons at low
temperatures due to confinement, which modifies their
properties. The dressed quark propagator accounts for these
interactions and, as a result, differs from the free quark
propagator. It is generally expressed as

SðpÞ ¼ ZðpÞ
i=p −MðpÞ ; ð3:1Þ

where MðpÞ represents the momentum-dependent quark
mass function, arising from interactions with gluons,

while ZðpÞ is the wave function renormalization factor,
which influences the quark’s propagation probability. In
nonperturbative QCD approaches, such as those based on
Dyson-Schwinger equations [120–123], both MðpÞ and
ZðpÞ are computed to investigate confinement and chiral
symmetry breaking in the light flavor sector.
Mathematically, χ can be expressed as an integral

involving the dressed quark propagator and the quark-
gluon vertex [124,125], where the vertex describes the
interaction of quarks with an external vector current.
Lattice QCD simulations have played a critical role in
studying χ and its associated fluctuations in the vector
channel at high temperatures. These investigations have
revealed a strong correlation between χ and vector channel
fluctuations, which are significantly suppressed in the QGP
phase compared to the hadronic phase [126]. This sup-
pression is attributed to the weakening of quark-antiquark
interactions and the restoration of chiral symmetry
[127,128]. Conversely, in the hadronic phase, vector
channel fluctuations are enhanced due to strong quark
correlations and the presence of bound states. Furthermore,
lattice QCD studies suggest that in the QGP phase, quark
number and electric charge are primarily carried by quark-
like quadiparticles, shedding light on the reduction of
fluctuations in this regime [129]. Lattice QCD has been
instrumental in advancing our understanding of the QCD
phase diagram, the equation of state, and screening lengths
in the plasma phase [128]. These studies provide critical
insights into quark number susceptibilities and spectral
densities, which are essential for interpreting experimental
results from heavy-ion collisions. Moreover, the behavior
of χ near the critical endpoint (CEP) of the QCD phase
diagram aligns well with lattice QCD simulations, reinforc-
ing its significance as a probe of critical phenomena [124].
This underscores the importance of χ in exploring the QCD
phase structure. While χ can be determined from using
either the dressed quark propagator or the spectral function,
our focus here is on transport properties within finite-
temperature field theory, where real-time dynamics play a
crucial role. Consequently, we prefer to employ the spectral
function approach for our analysis.
The quark number susceptibility essentially measures the

response of the system’s quark number density nq to
variations in the quark chemical potential μ:

χ ¼ ∂nq
∂μ

				
μ¼0

: ð3:2Þ

In QCD, χ represents fluctuations in the conserved quark
number and quantifies the degree to which the quark
number deviates from its average value in thermal equi-
librium. These fluctuations, arising from both thermal and
quantum effects, provide valuable insights into the behavior
of conserved charges such as baryon number and electric
charge. They also help to illuminate the dynamics of the
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QGP and the transition between the hadronic and decon-
fined phases. A key reference paper is [130]. Intuitively,
one expects a rapid change in χ around deconfinement as a
large number of quarks get liberated.
We follow [126] here. To account for the variation in

quark number, the system is analyzed within the framework
of the grand canonical ensemble. In this ensemble, the
quark number density is described by the following
expression:

nq ¼
1

V
TrðNe−βðH−μNÞÞ

Z
; ð3:3Þ

where H represents the total energy of the system,
encompassing the kinetic energy of quarks and gluons
as well as the interaction energy between quarks. The
chemical potential μ regulates the quark number and
establishes the imbalance between quarks q and antiquarks
q̄ within the system. The vector channel is linked to
excitations in the system that correspond to a conserved
vector current. This is typically associated with the quark
number current

Jμ ¼ ψ̄γμψ ; ð3:4Þ

where, as usual, γμ are the Dirac gamma matrices, and ψ
represents the quark field. The particle number operator, N,
is defined as N ¼ R dVJ0ðt;xÞ, where J0 is the temporal
component of the conserved current. By utilizing Eqs. (3.2)
and (3.3), one can derive the following expression for the
susceptibility:

χ ¼ β

V
σ2N; ð3:5Þ

with σ2N ¼ hN2i − hNi2 and hNi ¼ nqV. This implies that
large-scale fluctuations in N are associated with a higher χ.
Near the phase transition, the sharp increase in σ2N signifies
critical phenomena. These fluctuations are inherent to
equilibrium systems and originate from the random thermal
motion of particles. The response function, such as χ,
quantifies the system’s reaction to small perturbations, such
as slight changes in μ. If hNi2 is negligible compared to
hN2i, the variance simplifies to

σ2N ≈ hN2i: ð3:6Þ

This approximation holds under the following conditions:

1. Condition 1: Small ensemble average hNi
(i) At low temperature or chemical potential (μ → 0),

the small number of quarks leads to hNi ≈ 0, making
hNi2 negligible.

(ii) In symmetric systems (e.g., q and q̄ numbers),
hNi ¼ 0, so hNi2 ¼ 0.

2. Condition 2: Dominance of fluctuations

(i) Close to the QCD critical point, large fluctuations
dominate due to long-range correlations, mak-
ing hN2i ≫ hNi2.

(ii) In the QGP phase, deconfined quarks exhibit sig-
nificant fluctuations, ensuring hN2i ≫ hNi2.

3. Condition 3: Statistical properties

For systems with Gaussian fluctuations around hNi ≈ 0,
the variance is primarily determined by hN2i, as hNi2 is
negligible.
Therefore, under the condition that hNi2 is negligible,

the final expression of χ simplified to

χ ¼ β

V
hN2iβ: ð3:7Þ

Now, it is known that

hN2iβ ¼
Z

dV
Z

dV 0hJ0ðt;xÞJ0ðt;x0Þiβ: ð3:8Þ

By translational invariance, the two-point correlation func-
tion hJ0ðt;xÞJ0ðt;x0Þiβ depends only on the relative spatial
separation x − x0. Therefore, one can set x0 ¼ 0 and rewrite
the expression:

hN2iβ ¼ V
Z

dVhJ0ðt;xÞJ0ðt; 0Þiβ: ð3:9Þ

Using this, the susceptibility finally takes the form

χ ¼ β

Z
dVhJ0ðt;xÞJ0ðt; 0Þiβ: ð3:10Þ

Introducing the Fourier transform to analyze the correlation
in terms of frequency and momentum:

J0ðt;xÞ ¼
1

ð2πÞ4
Z

d3kdωeiðk·x−ωtÞJ̃0ðω;kÞ; ð3:11Þ

where J̃0ðω;kÞ is the Fourier transform of J0ðt;xÞ. The
correlation function hJ0ðt;xÞJ0ðt0;x0Þiβ in Fourier space is
expressed as

hJ0ðt;xÞJ0ðt0;x0Þiβ
¼ 1

ð2πÞ4
Z

d3kdωS00ðω;kÞeik·ðx−x0Þe−iωðt−t0Þ: ð3:12Þ

Here, S00ðω;kÞ is the spectral function that encodes the
frequency and momentum dependence of the correlation.
Using the temporal invariance, we can further set t0 ¼ 0. In
the limit k → 0, the expression of χ reduces to
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χ ¼ β lim
k→0

Z
dω
2π

S00ðω;kÞ: ð3:13Þ

It is well established that the Kubo-Martin-Schwinger
(KMS) condition connects the symmetric correlator,
S00ðω;kÞ (the two-point function of currents), to the
imaginary part of the retarded Green’s function, GR

00ðω;kÞ,

S00ðω;kÞ ¼ −2 ImGR
00ðω;kÞ

1

1 − e−βω
: ð3:14Þ

Here, ð1 − e−βωÞ−1 originates from the thermal equilibrium
population, and GR

00ðω;kÞ represents the retarded Green’s
function, defined as

GR
00ðω; kÞ ¼ −i

Z
dt
Z

dVeiðk·x−ωtÞθðtÞ

× h½J0ðt;xÞ; J0ð0; 0Þ�iβ: ð3:15Þ

From Eq. (3.13), S00ðω;kÞ can be expressed in terms of the
inverse Fourier transform of χ. In the limit of long wave-
lengths and low frequencies, the expression simplifies to

S00ðω;kÞ ¼
2πδðωÞ

β
χ: ð3:16Þ

Using this relation, a connection between the imaginary
part of the Green’s function and the susceptibility can be
derived from Eq. (3.14):

ImGR
00ðω;kÞ ¼ −

1 − e−βω

2

2πδðωÞ
β

χ: ð3:17Þ

The real and imaginary components of the Green’s function
are connected through the Kramers-Kronig relation, which
arises as a fundamental consequence of causality,

ReGR
00ðω; kÞ ¼ P

Z
dω0

π

ImGR
00ðω0; kÞ

ω0 − ω
: ð3:18Þ

This connection emphasizes the interdependence of
the system’s dissipative (imaginary part) and reactive (real
part) properties. At equilibrium, the lowest energy states
(ω → 0) dominate the susceptibility, and considering the
long-wavelength limit, Eq. (3.18) simplifies to

lim
k→0

ReGR
00ð0;kÞ ¼ P lim

k→0

Z
dω0

π

ImGR
00ðω0;kÞ
ω0 : ð3:19Þ

Using Eqs. (3.13) and (3.14), and expanding ð1 − e−βω
0 Þ−1

in the low-frequency limit, a direct relationship between the
real part of the Green’s function and the susceptibility can
be obtained,

χ ¼ −lim
k→0

ReGR
00ð0;kÞ: ð3:20Þ

In later sections, we will compute GR
00ð0;kÞ using holog-

raphy and evaluate χ in the QGP medium.

B. The quark number susceptibility calculation

From Eq. (3.20), we focus on determining the 00
component of the retarded Green’s function, specifically
with regards to a small, generic variation in momentum. For
simplicity, we consider momentum along the x1 axis, which
matches the direction of the external magnetic field. By
aligning momentum with the magnetic field, we are
focusing on how the magnetic field affects the system’s
response. Since the quark number susceptibility is a scalar
and does not care about direction, it does not matter
which way the momentum points.5 This way, we can easily
compute the susceptibility, without losing sight of how the
magnetic field influences the system. Equation (2.20), in
radial gauge Vz ¼ 0, becomes

∂
2
zV0 þ ∂zðln ð

ffiffiffiffiffiffiffi
−G

p
fðzÞGzzG00ÞÞ∂zV0 −

G11

Gzz k
2V0 ¼ 0:

ð3:21Þ

Our main focus is on understanding the behavior of
susceptibility and diffusion coefficients at small momenta
k. This can be done using the hydrodynamic expansions.
In the hydrodynamics limit of large wavelength and small
frequency, one arrives at the following expression of χ
(see the Appendix for details):

χ ¼
�Z

0

zh

dzffiffiffiffiffiffiffi
−G

p
fðzÞGzzG00

�
−1

¼

0
B@Z zh

0

dz

e−AðzÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2B

2z2þ4AðzÞL4þ4B2π2z4α02
p

fðzÞ
z

1
CA

−1

: ð3:22Þ

The behavior of the susceptibility as a function of the
magnetic field for different temperatures in the deconfined
phase is shown in Fig. 2. An increase in χ with B is
observed at all temperatures, which suggests that the quark
number density becomes more sensitive to variations in the
magnetic field strength. Our analysis further indicates a
clear trend: as temperature increases, keeping the magnetic

5By taking the momentum in the x3 direction, we get the
following equation of motion for fluctuation:

∂
2
zV0 þ ∂zðln ð

ffiffiffiffiffiffiffi
−G

p
fðzÞGzzG00ÞÞ∂zV0 −

G33

Gzz k
2V0 ¼ 0:

This equation is similar to Eq. (3.21) except the last term.
However, as shown in the Appendix, both of these equations lead
to the same expression for χ.
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field constant, the quark number susceptibility also shows a
corresponding increase. This trend strongly suggests that
thermal influences play a significant role in the study
of QGP.
The behavior of the rescaled quark number susceptibility

as a function of temperature for different magnetic field
values is shown in Fig. 3. Here the black dots denote the
confinement-deconfinement transition temperature Tc. It is
noteworthy that for sufficiently large temperatures, the
behavior of the system becomes largely independent of the
background magnetic field. This aligns well with theoreti-
cal expectations, as other scales are suppressed at large
temperatures. Below the critical temperature (T < Tc),
corresponding to the confined phase, the quark number
susceptibility remains zero. This attribute stems from the
confinement phase being dual to the thermal-AdS back-
ground, characterized by the absence of a horizon and
temperature. This characteristic holds true across various
large Nc holographic QCD models, including our own.
However, in the deconfinement phase (dual to a black
hole), a significant increase in quark number susceptibility
is observed, particularly in association with quarkonia

pairs, notably in close proximity to the deconfinement
temperature. Notably, a distinct peak in quark number
susceptibility is evident near the deconfinement temper-
ature. We further observe a distinct thermal behavior of χ at
small and large magnetic field values, especially near the
deconfinement temperature. In particular, for small B, χ
first increases slightly with T near the deconfinement
temperature, whereas for large B, χ decreases substan-
tially near the deconfinement temperature. Accordingly,
our analysis suggests a distinct and potentially verifiable
influence of B on χ near the deconfinement temperature.

IV. DIFFUSION COEFFICIENT FROM
A HYDRODYNAMIC EXPANSION

Now, we will formulate the analytical expression of the
diffusion constant using hydrodynamic expansions. Let us
return to the equation of motion (2.19). For fluctuation in
the parallel direction, the equation of motion is given by

V 0
1 þ

γ0

γ
V 0
1 −

Gtt

Gzz ω
2V1 ¼ 0; ð4:1Þ

where γ is

γ ¼
ffiffiffiffiffiffiffi
−G

p
fðzÞGzzG11: ð4:2Þ

We now consider the following expansion of V1ðzÞ (small
ω) near the horizon,

V1ðzÞ ¼
�
1 −

z
zh

�
− iω
4πTðF0ðzÞ þ ωFωðzÞÞ: ð4:3Þ

The above expansion ensures the ingoing boundary con-
dition for the mode V1 at zh. Expanding in powers of
the variable ω, the equation at the lowest order can be
expressed as

∂zðγF0
0Þ ¼ 0; ð4:4Þ

implying that γF0
0 must be a constant, i.e., γF0

0 ¼ C1.
Accordingly, the general solution of F0 is given by

F0ðzÞ ¼ C1

Z
dz
γðzÞ þ C2: ð4:5Þ

The F0 solution is singular at the horizon. Therefore, we
must choose C1 ¼ 0 to avoid the singularity at z ¼ zh. This
leads to F0ðzÞ ¼ C2. After a first integration, the next to
leading order equation will be

iω
4πT

�
1 −

z
zh

�
− iω
4πT−1 C2

zh
þ
�
1 −

z
zh

�
− iω
4πT

ωF0
ω ¼ C3

γ
: ð4:6Þ

This leads to

F0
ω ¼ C3

ωγ

�
1 −

z
zh

� iω
4πT

−
iC2

4πTðzh − zÞ : ð4:7Þ
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FIG. 2. Quark number susceptibility χ as a function of magnetic
fields.
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FIG. 3. The rescaled quark number susceptibility χ=T2 as a
function of temperature for different values of the magnetic field,
in units GeV.
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The above equation can be further simplified by expanding
the term ð1 − z

zh
Þ iω
4πT for small ω, i.e., ð1 − z

zh
Þ iω
4πT ¼

1þOðωÞ. Then the above equation leads to

Fω ¼
Z

C3

ωγ
dzþ i

C2zh
4πT

ln

�
1 −

z
zh

�
þ C4: ð4:8Þ

The first and second terms both again have a singularity at
z ¼ zh. To avoid the singularity, one can choose

C3

ωγ
¼ iC2

4πTðzh − zÞ ; ð4:9Þ

which allows us to find C3 in terms of C2. The determi-
nation of C4, on the other hand, hinges on ensuring that
Fωðz ¼ zhÞ vanishes. However, its precise value will not be
needed. Combining these results, the expression of V1ðzÞ
becomes

V1ðzÞ ¼ C2

�
1 −

z
zh

�−iω
4πT
�
1þ 8πiωT

z2hL
ðL4 þ D̃2z4hÞ
e−3ðB

2−aÞz2h

×
Z

z

z�

dz
γðzÞ þ

iωzh
4πT

ln

�
1 −

z
zh

��
; ð4:10Þ

with

D̃ ¼ 2πα0Beð2a−B
2Þz2h ; ð4:11Þ

and z� incorporates C4 and is chosen ensuring
Fωðz ¼ zhÞ ¼ 0. In our EBID model, to get the retarded
Green’s function we need V1∂zV1

z3 in the z → 0 limit.
Moreover, to get χD we have to divide this expression
by ω and take ω → 0 [see Eq. (1.5)].
To compute the diffusion constant, we further require

near boundary expansions of V1 and ∂zV1. The near
boundary expansion of V1 is given by

V1jz→0 ¼ C2

�
1þ 8πiωT

z2hL
e3ðB2−aÞz2hðL4 þ D̃z4hÞ

Z
0

z�

dz
γðzÞ

�
;

ð4:12Þ

which allows us to determine C2 in terms of V1jz→0. On the
other hand, the derivative of V1 becomes

∂zV1 ¼ C2

iω
4πTzh

�
1 −

z
zh

�
− iω
4πT−1

�
1þ 8πiωT

z2hL
e3ðB2−aÞz2hðL4 þ D̃2z4hÞ

Z
z

z�

dz
γðzÞ þ

iωzh
4πT

ln

�
1 −

z
zh

��

þ C2

�
1 −

z
zh

�
− iω
4πT

 
8πiωT
z2hL

e3ðB2−aÞz2hðL4 þ D̃2z4hÞ
1

γðzÞ −
iω
4πT

1

1 − z
zh

!
: ð4:13Þ

Dropping the term quadratic in ω and taking z → 0, this
reduces to

∂zV1jz→0 ¼ C2

�
8πiωT
z2hL

e3ðB
2−aÞz2hðL4 þ D̃2z4hÞ

1

γð0Þ
�

þOðω2Þ: ð4:14Þ

Using Eqs. (4.12) and (4.14), and ignoring some prefactors,
the analytical expression of diffusion constant in the
parallel case can be written as

χDk ¼ ℑlim
ω→0

1

ω
lim
z→0

V1∂zV1

z3

¼ T
z2h

e3ðB2−aÞz2hð1þ D̃2z4hÞ; ð4:15Þ

where we have used γð0Þ ¼ L3=z3 and set the AdS length
scale L to 1.
The computational process remains nearly identical for

the transverse polarizations. The primary distinction lies in
determining the value of C3 in terms of C2 to prevent a

singularity at z ¼ zh. Doing that for the transverse case,
we get

C3 ¼
8πiωT
z2h

eð2B2−3aÞz2hC2: ð4:16Þ

Following the same approach as in the parallel case and
discarding some prefactors, the analytical expression for
the diffusion constant in the perpendicular direction is
found to be

χD⊥ ¼ T
z2h

eð2B2−3aÞz2h : ð4:17Þ

As expected, when B ¼ 0, the parallel and perpendicular
diffusion constants become equal, i.e., Dk ¼ D⊥.
The effect of the magnetic field on the parallel diffusion

coefficient Dk at different temperatures in the deconfined
phase is shown in Fig. 4. It is observed that Dk increases
with increasing magnetic field for all temperatures. This
indicates that the presence of a magnetic field enhances
the diffusion of heavy quarkonia in the parallel direction.
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The diffusion coefficient shows the most significant
increase with the magnetic field at the deconfinement
temperature T ¼ Tc. As the temperature increases above
Tc, the rate of increase of Dk with respect to the magnetic
field B decreases. This suggests that the diffusion of heavy
quarkonia is more sensitive to the magnetic field at lower
temperatures, particularly around Tc. At Tc, the rapid
increase in Dk with B might be due to the confinement-
deconfinement phase transition that affects the quarkonia
diffusion.
Figure 5 represents the perpendicular heavy quark

diffusion coefficient D⊥ as a function of the magnetic
field for different temperatures. All curves show a steep
decline in D⊥ as B increases, indicating that the
perpendicular diffusion coefficient decreases with increas-
ing magnetic field strength. At high magnetic fields, D⊥
values for all temperatures converge towards a similar
value, indicating that the effect of temperature diminishes at
high B. This behavior is consistent with the physical

expectation that a perpendicular magnetic field suppresses
the transverse motion of charged particles (like quarkonia)
more effectively as the field strength increases.
When comparing this to the parallel case, we see thatD⊥

shows a decreasing trend with the magnetic field, whereas
in the parallel case, Dk increases with the magnetic field
strength. This highlights the anisotropic nature of diffusion
under the influence of magnetic fields. The suppression of
D⊥ indicates that the magnetic field has a constraining
effect on the transverse diffusion of quarkonia, reducing
their mobility more effectively in the perpendicular ori-
entation compared to the parallel orientation.
Figure 6 shows the diffusion coefficient of heavy

quarkonia in the parallel direction of the magnetic field
as a function of temperature. Different colors represent
different magnitudes of the magnetic field. We observe that
Dk decreases as the temperature increases for all magnetic
field values. The apparent crossover of the curves originates
from the interplay between the two scales, temperature and
magnetic field, and does not occur at a single fixed
temperature. This feature is illustrated more clearly in
the subplot of Fig. 6. At lower temperatures, the diffusion
coefficient is higher, indicating that the heavy quarkonia
have higher mobility in the medium. As the temperature
increases, the diffusion coefficient rapidly decreases, sug-
gesting that the medium becomes less conducive to the
movement of heavy quarkonia. As the magnetic field
strength increases the initial value of Dk at low temper-
atures increases. This suggests that stronger magnetic fields
enhance the mobility of heavy quarkonia at lower temper-
atures. At higher temperatures, the differences between the
diffusion coefficients for different magnetic field strengths
become less pronounced. The magnetic field seems to
enhance the diffusion coefficient at low temperatures but
has a limited effect as the temperature increases.
Figure 7 shows the diffusion coefficient of heavy

quarkonia in the perpendicular direction of the magnetic
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FIG. 4. Heavy quark diffusion coefficient as a function of
magnetic field for different temperatures in parallel directions to
the magnetic field, in GeV units.
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FIG. 5. Heavy quark diffusion coefficient as a function of
magnetic field for different temperatures in perpendicular direc-
tions to the magnetic field, in GeV units.
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FIG. 6. Heavy quark diffusion coefficient as a function of
temperature for different values of the magnetic field in parallel
directions to the magnetic field. In GeV units.
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field as a function of temperature. Here the same color
coding is used as in Fig. 6. For a zero magnetic field,
the diffusion coefficient starts at low temperatures and
decreases monotonically with increasing temperature. For a
nonzero magnetic field, the diffusion coefficient D⊥
initially increases with temperature, reaches a peak and
then decreases. The peak of the diffusion coefficient shifts
to a higher temperature as the magnetic field increases. At
low temperatures, stronger magnetic fields (higher B) result
in a lower diffusion coefficient. At intermediate temper-
atures, the diffusion coefficient peaks, and this peak is
more pronounced and occurs at lower temperatures for
weaker magnetic fields. At high temperatures, the diffusion
coefficient values converge for different magnetic field
strengths, showing minimal dependency on B. This tran-
sition from monotonic behavior to nonmonotonic behavior
as the magnetic field is switched on is more clearly
illustrated in Fig. 8, where relatively lower values of the
magnetic field are considered. Essentially, we observe a
gradual transition in the presence of B.

Comparing the results with the parallel case, we observe
that in the parallel case, stronger magnetic fields enhance
the diffusion coefficient at low temperatures (near the
deconfinement temperature) and have a diminishing effect
at high temperatures. The monotonic decrease of Dk with
temperature suggests that thermal agitation reduces the
alignment and coherence of the quarkonia movement with
the magnetic field, leading to decreased mobility which
also suggests that quarkonia remain mostly in the diffusive
regime, with interactions persisting even at higher temper-
atures. In the perpendicular case, stronger magnetic fields
suppress the diffusion coefficient at low temperatures,
and optimal diffusion occurs above the deconfinement
temperatures for weaker fields. Therefore, in the per-
pendicular direction, the diffusion coefficient initially
increases with temperature, indicating enhanced mobility
near the deconfinement temperature, before decreasing at
higher temperatures. The nonmonotonic behavior of D⊥
with temperature suggests a complex interplay between
thermal energy and magnetic field effects. At low tem-
peratures, the magnetic field restricts movement per-
pendicular to it, but as the temperature increases, thermal
agitation initially enhances diffusion until a peak is
reached. Beyond this peak, further increases in temperature
disrupt coherence and reduce the diffusion coefficient. The
perpendicular case shows a clear transition from a strongly
diffusive regime at low temperatures through a more
ballisticlike regime at intermediate temperatures (indicated
by the peak in D⊥) and back to a diffusive regime at higher
temperatures due to increased thermal agitation.
To make the analysis more complete, in Fig. 9, we have

shown the three-dimensional plot illustrating how diffusion
coefficients change with the magnetic field and temperature
for parallel and perpendicular directions to the magnetic
field. For the zero magnetic field, the diffusion coefficients
are the same for both cases. However, at nonzero magnetic
fields, we observe anisotropic behavior. Specifically, as the
temperature increases, the diffusion coefficient decreases
for the parallel magnetic field case but increases for the
perpendicular case. Additionally, at a fixed temperature, the
strength of the diffusion coefficient increases for the
parallel case and decreases for the perpendicular case with
the magnetic field. This behavior can be attributed to the
way the magnetic field affects particle motion, enhancing
diffusion in one direction while restricting it in another,
leading to the observed anisotropy.
It would be interesting to compare the results of the

diffusion constants in our self-consistent EBID model
with those of the Born-Infield based soft-wall model. In
the soft wall holographic model [91], it was observed that
the parallel diffusion coefficient Dk enhances with the
magnetic field, while the transverse diffusion coefficient
D⊥ exhibits a strong suppression. Moreover, at small
temperatures, both Dk and D⊥ tend to increase with
temperature and then decrease for higher temperatures.
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FIG. 8. Heavy quark diffusion coefficient as a function of
temperature for lower values of the magnetic field in
perpendicular directions to the magnetic field, in GeV units.
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FIG. 7. Heavy quark diffusion coefficient as a function of
temperature for different values of the magnetic field in
perpendicular directions to the magnetic field, in GeV units.
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While the diffusion coefficients in the self-consistent EBID
model share a qualitative agreement with the soft-wall
model predictions of [91] in terms of the magnetic field
dependence, i.e., an enhancement of Dk and suppression of
D⊥ with increasing magnetic field, however, it provides a
more subtle temperature dependence. In particular, Dk
monotonically decreases with increasing temperature for
all magnetic field values, indicating a stronger resistance to
longitudinal motion at higher temperatures. On the other
hand, similar to the soft wall model, D⊥ displays a
nonmonotonic thermal behavior at finite magnetic fields;
it initially increases with the temperature, reaches a
maximum, and then decreases.
These aforementioned results can be interpreted as

granting further support for the underlying rationale of
soft-wall model construction: in the absence of a fully self-
consistent framework, qualitative insights into strongly
coupled systems can still be reliably extracted from its
soft-wall analog.

V. DIFFUSION COEFFICIENT FROM A HANGING
STRING APPROACH

Now, we will explore the diffusion coefficients of heavy
quarks in QGP using the hanging string approach. In this
method, a heavy quark in a stationary state is modeled as an
on-shell external quark, represented by a string anchored at
the boundary and hanging toward the horizon; a schematic
diagram is presented in Fig. 10. Conversely, a lighter quark,
which is off-shell, is depicted as an open string initially
stretched between the AdS boundary and a point slightly
above the horizon. For both cases, thermal fluctuations
induced by the black hole cause irregular motion at the
endpoints on the boundary. The motion of the quark is

determined by the dynamics of the string worldsheet.
By examining the string’s fluctuations in the background
geometry, we can study Brownian motion and important
transport coefficients, such as the diffusion constant. This
helps us to understand how heavy quarks lose energy in
strongly coupled plasma. Extensive research has been
undertaken to quantify this energy loss using methods that
integrate perturbative QCD with hydrodynamic approaches.
Comprehensive reviews of these methods are provided in
[131,132]. Significant progress has also been made in
modeling quark energy loss using holography. Initial studies
on heavy quark diffusion in N ¼ 4 supersymmetric Yang-
Mills (SYM) were outlined in [133], followed by several
other foundational works [91,100,134–139]. The initial
formulation for using strings with endpoints anchored both
at the boundary and the horizon as amethod for investigating

FIG. 10. A schematic diagram of a long string stretches from
the boundary to the horizon. Due to the Hawking-Unruh effect,
transverse fluctuations arise along the string that gets propagated
back toward the boundary, where they cause the endpoint of the
string to undergo Brownian motion.

FIG. 9. Three-dimensional plot of diffusion coefficient as a function of temperature and magnetic field in the parallel and
perpendicular directions, in units of GeV. Red, green, blue, brown, orange, and magenta plots correspond to B ¼ 0, 0.1, 0.2, 0.3, 0.4, and
0.5, respectively. (a) Parallel case. (b) Perpendicular case.
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string dynamicswas introduced in [100,139]. Over the years,
various studies have explored the quark dynamics in different
holographic settings [103,140–142].
To describe the dynamics of the string stretching radially

from the boundary, positioned at z ¼ ϵ, down to the black
hole horizon at z ¼ zh [139], we employ the Nambu-Goto
action:

SNG ¼ 1

2πα0

Z
dτdσ

ffiffiffiffiffiffi
−γ

p
; ð5:1Þ

where α0 denotes the string tension, γ ¼ detðγabÞ, and
γab ¼ ðgsÞmn∂aX

m
∂bXn represents the induced metric on

the string worldsheet. Here, ðgsÞmn corresponds to the
spacetime metric in the string frame. We can obtain the
string frame metric from the Einstein frame metric via

the transformation ðgsÞmn ¼ e
ffiffiffiffiffiffi
2=3

p
ϕgmn [111,143]. Utilizing

this expression, the corresponding string frame metric is

ds2¼L2e2AsðzÞ

z2

�
−gðzÞdt2þ dz2

gðzÞþdx21þeB
2z2ðdx22þdx23Þ

�
;

ð5:2Þ

whereAsðzÞ ¼ AðzÞ þ
ffiffi
1
6

q
ϕðzÞ, withAðzÞ andϕðzÞ as given

in Eqs. (2.5) and (2.7). For simplicity, we fix a static gauge,
setting τ ¼ t, σ ¼ z, and X ¼ Xðτ; σÞ. Up to quadratic order
in the perturbations, the action simplifies and can be
expressed as

S ¼ 1

2πα0

Z
dtdz

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffi−gttgzz
p þ

ffiffiffiffiffiffiffiffiffiffi
−
gtt
gzz

r
gii
2
X02
i

−
ffiffiffiffiffiffiffiffiffiffi
−
gzz
gtt

r
gii
2
Ẋ2
i

#
; ð5:3Þ

whereX0
i ¼ ∂zXi and Ẋi ¼ ∂tXi. Note that the first term does

not contribute to the equations of motion ofXi. Accordingly,
this term can be omitted from the action, giving

S ¼ 1

4πα0

Z
dtdz

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−gttgzz

p �
gii
gzz

X02
i −

gii
gtt

Ẋ2
i

�
: ð5:4Þ

After substituting the expression of the metric component
explicitly, the action takes the form

S ¼ 1

4πα0

Z
dtdz

e2AsðzÞgðzÞ
z2

�
X02
1 þ eB

2z2ðX02
2 þ X02

3 Þ

þ 1

g2ðzÞ ðẊ
2
1 þ eB

2z2ðẊ2
2 þ Ẋ2

3ÞÞ
�
: ð5:5Þ

Since this action is quadratic in Xi, the corresponding
equation of motion would be linear. It is convenient to

express this action in terms of the tortoise coordinate z�,
defined by

dz� ¼
dz
gðzÞ : ð5:6Þ

In terms of z�, the action takes the form

S ¼ 1

4πα0

Z
dtdz�

e2AsðzÞ

z2
½ðX02

1 þ eB
2z2ðX02

2 þ X02
3 ÞÞ

þ ðẊ2
1 þ eB

2z2ðẊ2
2 þ Ẋ2

3ÞÞ�; ð5:7Þ

where X0
i ¼ ∂z�Xi and Ẋi carries the usual meaning. The

equation of motion of Xi takes the form

ð∂2t − ∂
2
z� ÞXi ¼ 0; ð5:8Þ

which is equivalent to the equation of motion of a massless
Klein-Gordon field in flat spacetime. Its two independent
solutions are

XðinÞ
i ðzÞ ¼ e−iωtgðinÞi ðzÞ ∼ e−iωðtþz�Þ ð5:9Þ

and

XðoutÞ
i ðzÞ ¼ e−iωtgðoutÞi ðzÞ ∼ e−iωðt−z�Þ; ð5:10Þ

representing ingoing and outgoing waves, respectively.
Expanding 1=gðzÞ near the horizon up to the first

order and integrating, we get the following approximate
expression of z�:

z�ðz; zhÞ ¼
ð−1þ eð−3aþB2Þz2h þ ð3a − B2Þz2hÞ logðzh − zÞ

2ð3a − B2Þ2z3h
:

ð5:11Þ

Quantum field quantization in curved spacetime typically
results in a mode expansion of the form [144]

Xiðt; zÞ ¼
X
ω

½aωlωðt; zÞ þ a†ωl�ωðt; zÞ�: ð5:12Þ

The basis function lωðt; zÞ represents positive-frequency
modes, which can be described as a combination of ingoing
and outgoing waves with freely adjustable coefficients, i.e.,

lωðt; zÞ ¼ K½goutðzÞ þMginðzÞ�e−iωt: ð5:13Þ

The constant M is determined by the mixed boundary
condition at z ¼ ϵ, and it is generally found to be a
pure phase, M ¼ eiϕ (see Sec. VA). Consequently, the
amplitudes of the outgoing and ingoing modes are equal,
which allows the black hole emitting Hawking radiation
to maintain thermal equilibrium [145]. Meanwhile, the
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constant K is established by normalizing the modes using
the standard Klein-Gordon inner product.
The Klein-Gordon inner product is defined for any

functions piðt; zÞ and qjðt; zÞ that satisfy the equations
of motion as

ðpi; qjÞσ ¼ −
i

2πα0

Z
σ

ffiffiffi
h

p
nμgijðpi∂μq�j − ∂μpiq�jÞ; ð5:14Þ

where σ represents a Cauchy surface in the ðt; zÞ section of
the spacetime, h is the induced metric on σ, and nμ is the
future-directed unit normal vector to σ. This definition
ensures that the Klein-Gordon inner product does not
depend on the specific choice of σ [144]. For simplicity,
σ is often taken to be a constant-t slice with a unit normal
vector field being nt ¼ 1=

ffiffiffiffiffiffiffiffi−gtt
p

[146].
To determine the constant K, the normalized Klein-

Gordon inner product can be utilized,

ðlω; lωÞ ¼ −
i

2πα0

Z
σ

ffiffiffiffiffiffiffiffi
gzz
−gtt

r
gii

× ðlωðz; tÞ∂tl�ωðz; tÞ − ∂tlωðz; tÞl�ωðz; tÞÞ; ð5:15Þ

where, as usual, i ¼ 1 corresponds to the string aligning
parallel to the magnetic field and i ¼ 2 (or 3) corresponds
to the string aligning perpendicular to the magnetic field.
The integral is primarily influenced by contributions from
the near horizon region [147].
For the parallel direction, we have

ðlω; lωÞ ¼
ω

πα0

Z
zhð1þϵÞ

dz
e2AsðzÞ

z2gðzÞ jlωj
2 ¼ 1: ð5:16Þ

Similarly, for the perpendicular direction, we have

ðlω; lωÞ ¼
ω

πα0

Z
zhð1þϵÞ

dz
e2AsðzÞþB2z2

z2gðzÞ jlωj2 ¼ 1: ð5:17Þ

By expanding the integrand near the horizon, setting zh
as zhð1þ ϵÞ,6 and considering the contribution from the
leading-order term in ϵ, the normalization constant is
determined as

Kk ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2az

2
h−

ffiffi
2
3

p
ϕðzhÞπα0

4ωx logð1ϵÞ

vuut ; K⊥ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
eð2a−B

2Þz2h−
ffiffi
2
3

p
ϕðzhÞπα0

4ωx logð1ϵÞ

vuut ;

ð5:18Þ

where x ¼ ey−y−1
2y2zh

and y ¼ ð−3aþ B2Þz2h and ϕðzhÞ is the
solution of the dilaton field [Eq. (2.7)] evaluated at z ¼ zh.

In the semiclassical regime, the string modes are ther-
mally excited due to the Hawking radiation emitted by the
worldsheet horizon. Specifically, these modes obey the
Bose-Einstein distribution:

ha†ωaω0 i ¼ 2πδðω − ω0Þ
eβω − 1

: ð5:19Þ

Using this result alongside the mode expansion provided in
Eq. (5.12), a general expression for the displacement
squared of the Brownian particle can be derived. To make
the theory well defined near the horizon, we introduce a
small cutoff near the horizon. Then imposing Neumann
boundary condition at the point z ¼ zh − ϵ, we get

M ¼ −
gðoutÞ0 ðzÞ
gðinÞ0 ðzÞ

				
z¼zh−ϵ

¼ e2iωz�ðzÞjz¼zh−ϵ: ð5:20Þ

Using the near-horizon approximation for the tortoise
coordinate z�, this simplifies to

M ¼ ϵ
iω
2πT ¼ ϵ

iω
2πβ ¼ e−

iω
2πβ logð1=ϵÞ: ð5:21Þ

Here, β ¼ 1=T is the inverse temperature of the black hole.
This shows that the spectrum becomes discrete, and the
discreteness is given by

Δω ¼ 4π2

β logð1=ϵÞ : ð5:22Þ

This leads to

X
ω

→ logð1=ϵÞ β

4π2

Z
∞

0

dω: ð5:23Þ

To proceed, we first identify the position of the heavy quark
with endpoints of the string at the boundary, z ¼ zc, where
zc is a UV cutoff near the boundary to make the mass of the
heavy quark finite,

xiðtÞ ¼ Xiðt; zcÞ ¼
X
ω

½aωlωðt; zcÞ þ a†ωl�ωðt; zcÞ�

¼ logð1=ϵÞ β

4π2

Z
∞

0

dω½aωlωðt; zcÞ þ a†ωl�ωðt; zcÞ�:

ð5:24Þ

Here, we have used Eq. (5.23) to express the summation as
an integral. Then, it follows that

hxiðtÞxið0Þi ¼ logð1=ϵÞ β

4π2

Z
∞

0

dωdω0

× ½haωa†ω0 ilωðt; zcÞlω0 ð0; zcÞ�
þ ha†ω0aωilωðt; zcÞ�lω0 ð0; zcÞ�: ð5:25Þ

6Here, ϵ is a small real number quantifying displacement away
from the horizon.
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This expression exhibits an IR divergence arising from the zero-point energy, which persists even at zero temperature. To
address this, we regularize the divergence by applying normal ordering, defined as ∶aωa

†
ω∶ ¼ ∶a†ωaω∶. After implementing

this regularization, we obtain

h∶xiðtÞxið0Þ∶i ¼ logð1=ϵÞβ
Z

∞

0

dω
4π2

1

eβω − 1
½lωðt; zcÞlωð0; zcÞ� þ lωðt; zcÞ�lωð0; zcÞ�;

¼ logð1=ϵÞβ
Z

∞

0

dω
4π2

2jKj2 cosðωtÞ
eβω − 1

jgoutðzcÞ þMginðzcÞj2

¼ h∶xið0ÞxiðtÞ∶i�: ð5:26Þ

Similarly,

h∶xiðtÞxiðtÞ∶i ¼ logð1=ϵÞβ
Z

∞

0

dω
4π2

2jKj2
eβω − 1

jgoutðzcÞ þMginðzcÞj2 ¼ h∶xið0Þxið0Þ∶i: ð5:27Þ

The regularized mean square displacement can be written as

s2regðtÞ ¼ h∶½xiðtÞ − xið0Þ�2∶i
¼ h∶xiðtÞxiðtÞ∶i þ h∶xið0Þxið0Þ∶i − h∶xiðtÞxið0Þ∶i − h∶xið0ÞxiðtÞ∶i: ð5:28Þ

Then, one gets

s2regðtÞ ¼
2β

π2

Z
∞

0

dω
logð1=ϵÞjKj2sin2ðωt

2
Þ

eβω − 1
jgoutðzcÞ þMginðzcÞj2

¼ 2β

π2

Z
∞

0

dω
ω

jK0j2sin2ðωt
2
Þ

eβω − 1
jgoutðzcÞ þMginðzcÞj2: ð5:29Þ

Here, we have used jK0j2 ¼ logð1=ϵÞjωKj2. To proceed
further, we first need to compute M.

A. Determination of M using mixed
boundary conditions

When a magnetic field is included directly in the bulk
metric, the choice of boundary condition depends on how
the field influences the dynamics of a probe particle at the
boundary. A Neumann boundary condition, which sets the
radial derivative of the field to zero, implies no net flux of
momentum in the radial direction and is suited for free
Brownian motion; however, it neglects the directional
influence of the magnetic field, making it unsuitable for
capturing correlated fluctuations or Lorentz-like effects. A
Dirichlet boundary condition, which fixes the field value at
the boundary, overly constrains the particle, suppressing its
interaction with the magnetic field and preventing it from
responding dynamically. In contrast, a mixed boundary
condition balances the fixed position and derivative con-
straints, allowing the particle to experience the Lorentz
force induced by the bulk magnetic field while retaining the
freedom to fluctuate in response to it. This makes the mixed
boundary condition the most physically consistent choice,
as it captures both the drag and Brownian motion effects,

ensuring the boundary particle responds appropriately to
the magnetic field’s influence [134].
This imposes a boundary condition of the form

Πz
i jz¼zc ¼

∂L
∂X0

i
¼ Fi; ð5:30Þ

where Πz
i represents the canonical momentum flux and

Fi ¼ −FijẊj is the Lorentz force induced by the magnetic
field [139].
In our scenario, the magnetic field is oriented along the

x1 direction. Consequently, the field’s influence on motion
is primarily observed in the transverse directions, i.e., in
ðx2; x3Þ directions, while the longitudinal motion remains
unaffected. This setup contrasts with our previous spectral
function approach, where both Dk and D⊥ were found to
exhibit nontrivial dependencies. The boundary conditions
then are

2e2AsðzÞþB2z2

z2
gðzÞX0

2 ¼ −BẊ3; ð5:31Þ

2e2AsðzÞþB2z2

z2
gðzÞX0

3 ¼ BẊ2; ð5:32Þ
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which can be diagonalized using X� ¼ X2 � iX3;

2e2AsðzÞþB2z2

z2
gðzÞX0

� ∓ iBẊ� ¼ 0: ð5:33Þ

Both X� fields comply with the mode decompositions
described above and can be regarded as fundamental
quantum fields for further analysis. Recall that X� can
be represented as a combination of the outgoing and
ingoing modes derived earlier, each with arbitrary coef-
ficients. Adopting the convention established in Eq. (5.13),
we express them as

X�ðt; zÞ ¼ K�½goutðzÞ þM�ginðzÞ�e−iωt: ð5:34Þ

From Eq. (5.33), it follows that

M� ¼ −
2e2AsðzÞþB2z2

z2 gðzÞgðoutÞ0 ∓ BωgðoutÞ

2e2AsðzÞþB2z2

z2 gðzÞgðinÞ0 ∓ BωgðinÞ
≡ eiϕ� : ð5:35Þ

It is evident that M� is a pure phase, as this follows
directly from the relation gðoutÞ ¼ gðinÞ�. Keeping terms up
to leading order in frequency, we find that

M� ¼ 2eð−2aþB2Þz2hþ
ffiffi
2
3

p
ϕðzhÞ ∓ iBz2h

2eð−2aþB2Þz2hþ
ffiffi
2
3

p
ϕðzhÞ � iBz2h

: ð5:36Þ

The mean displacement squared is given by Eq. (5.29).
Since the integral for t → ∞ is primarily influenced by
small ω, it follows that

Z
∞

0

dω
ω

sin2ðωt
2
Þ

eβω − 1
→

πt
4β

for t → ∞: ð5:37Þ

Thus, up to a prefactor, the diffusion constant D⊥
is essentially governed by the factor jgoutðzcÞ þ
MginðzcÞj2. This explains why focusing solely on the
low-frequency approximation of the mode solution was
sufficient. In this low-frequency regime and substituting
Eq. (5.36), we get

jgoutðzcÞ þMginðzcÞj2 ¼
16e2



ð−2aþB2Þz2hþ

ffiffi
2
3

p
ϕðzhÞ

�
4e2


ð−2aþB2Þz2hþ

ffiffi
2
3

p
ϕðzhÞ

�
þ B2z4h

:

ð5:38Þ

Here we have used gin=out ≈ 1 for low-frequency limit.
As we are calculating the transverse diffusion coefficient
D⊥ here, substituting Eqs. (5.18), (5.37), and (5.38) into
Eq. (5.29) and simplifying, we get

s2regðtÞ ≃
α0

x
2eð2aþB2Þz2hþ

ffiffi
2
3

p
ϕðzhÞ

4e2


B2z2hþ

ffiffi
2
3

p
ϕðzhÞ

�
þ B2z4he

4az2h

t: ð5:39Þ

As we know, s2regðtÞ ¼ 2Dt, then the expression gives
the transverse diffusion coefficient,

D⊥ ≃
α0

x
eð2aþB2Þz2hþ

ffiffi
2
3

p
ϕðzhÞ

4e2


B2z2hþ

ffiffi
2
3

p
ϕðzhÞ

�
þ B2z4he

4az2h

; ð5:40Þ

where x ¼ ey−y−1
2y2zh

and y ¼ ð−3aþ B2Þz2h as defined

earlier.
The behavior of the transverse diffusion coefficient,

obtained by using the hanging string approach, as a
function of temperature and magnetic field is illustrated
in Figs. 11 and 12, respectively. The results show that, at a
fixed magnetic field, as the temperature increases, the
diffusion coefficient increases and then decreases for
higher temperatures. Additionally, at any fixed temperature,
the diffusion coefficient decreases with the magnetic
field. These results can be compared with the results
obtained from the spectral function approach [Figs. 5
and 7]. This means that higher temperatures enhance the
mobility of the quark, while stronger magnetic fields
constrain its motion, both of which are expected physical
behaviors. Interestingly, this trend is quite similar to what
we find using the spectral function approach, especially
when the magnetic field is nonzero.
However, there is an important difference when we

look at the case of a zero magnetic field, especially at
low temperatures. In the spectral function approach, the
transverse diffusion coefficient decreases with tempera-
ture when there is no magnetic field. But in the hanging
string approach, it actually increases with temperature. This
discrepancy likely comes from two main factors, i.e., the
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FIG. 11. Transverse diffusion coefficient as a function of
temperature using the hanging string approach, in units of
GeV. Red, green, blue, brown, orange, and magenta plots
correspond to B ¼ 0, 0.1, 0.2, 0.3, 0.4, and 0.5, respectively.
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choice of the metric frame and the number of physical
scales present in the system. The spectral function approach
is usually carried out in the Einstein frame, while the
hanging string approach is naturally formulated in the
string frame as it requires the Nambu-Goto action. Since
the string frame metric differs from the Einstein frame

metric via the dilaton transformation ðgsÞmn ¼ e
ffiffiffiffiffiffi
2=3

p
ϕgmn,

the effective geometry experienced by the string can vary
significantly in the string frame. Maybe due to this, the two
methods can capture the thermal effects in slightly different
ways. Additionally, at zeromagnetic field, temperature is the
only relevant physical scale controlling the dynamics.
Therefore, any temperature-dependent effects become more
visible. In the hanging string approach, the string endpoint
lies on the black hole region, making it more directly
sensitive to thermal fluctuations. However, at finite magnetic
field, the presence of an additional scale other than temper-
ature tends to dominate the dynamics and can suppress these
differences, especially at low temperatures, resulting in
qualitatively similar behavior across both approaches. At
high temperatures, as expected, both methods give the same
qualitative behavior of the diffusion constant.

VI. CONCLUSION

In this work, we considered a single-flavor holographic
Einstein-Born-Infeld-dilaton model to effectively analyze
anisotropic imprints of the magnetic field on susceptibility
and diffusion coefficients. In Einstein-Maxwell-dilaton
based holographic QCD models, Maxwell’s equations typ-
ically describe the behavior of electric and magnetic fields
in a linear fashion. When considering quarkonium—bound
states of quarks and antiquarks—it is important to note
that while the constituent quarks carry electric charge, the
overall quarkonium system is electrically neutral. As such,
one might initially assume that external electromagnetic
fields would have no direct influence on quarkonium.

However, due to the internal structure of quarkonium,
including the spatial distribution of its constituent
charges—resembling an electric dipole—interactions with
external fields can indeed occur. These interactions may
result in nontrivial modifications to the properties or dynam-
ics of the quarkonium state. To effectively capture such
effects, a more advanced theoretical framework is necessary.
The EBID action offers such a framework by incorporating
nonlinear electromagnetic interactions and accounting for
the internal structure of charged objects. In this context, the
parameter ls

ffiffiffi
q

p
, where q represents the quark or antiquark

charge, serves as a smearing parameter that encodes infor-
mation about the overall charge distribution. By extending
the conventional Maxwell approach with EBI-like terms, the
interaction between quarkonium and external electromag-
netic fields can be modeled more accurately. In this work,
based on the EBID action, we considered a self-consistent
dynamical magnetized holographic QCD model of [107], to
probe howabackgroundmagnetic field affects quarknumber
susceptibility χ and diffusion coefficients D. For the record,
we limited ourselves to diffusion along and perpendicular
to the external magnetic field, to avoid getting all too
cumbersome expressions.
To determine χ, we used the spectral function approach

combined with hydrodynamic expansion. Our results indi-
cate that χ increases with both magnetic field and temper-
ature, highlighting the important role these parameters play
in the study ofQGP.At high temperatures, χ becomes largely
independent of themagnetic field, consistentwith theoretical
expectations. Our analysis further suggested a distinct
thermal behavior of χ near the deconfinement temperature
at small and large magnetic field values, thereby providing
verifiable influence of B on χ.
The longitudinal Dk and transverse D⊥ diffusion coef-

ficients were then computed, and their closed-form expres-
sionswere obtained.We find thatDk increaseswithmagnetic
field at all temperatures, enhancing quarkonium mobility,
with the most pronounced effects occurring near the critical
temperature Tc. In contrast, D⊥ decreases as magnetic field
strength increases, revealing an anisotropic diffusion pattern
in the presence of a magnetic field. Furthermore, Dk
decreases with temperature, with the magnetic field’s
enhancing effect diminishing at high temperatures. D⊥, on
the other hand, shows nontrivial thermal behavior: it
decreases monotonically with temperature at zero magnetic
field, but under finite fields, it increases to a peak before
declining, with the peak shifting to higher temperatures as B
increases. Essentially, stronger magnetic fields suppress
diffusion at low temperatures, maximize it at intermediate
temperatures, and have little effect at high temperatures.
Finally, we also reconsidered the diffusion coefficient

from a hanging string perspective. Here, the Hawking-
Unruh effect causes transverse fluctuations along the string,
which propagate toward the boundary, leading to Brownian
motion at the endpoint. Since magnetic fields do not affect
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FIG. 12. Transverse diffusion coefficient as a function of
magnetic field using the hanging string approach, in units of
GeV. Red, green, blue, brown, orange, and magenta plots corre-
spond to T=Tc ¼ 1.0, 1.1, 1.2, 1.3, 1.4, and 1.5, respectively.
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motion along their direction, as such we only computed the
transverse diffusion coefficient. This differs from our pre-
vious spectral function approach, where we found that both
longitudinal and transverse diffusion were influenced by the
magnetic field. The thermal and magnetic field dependence
ofD⊥ in this framework qualitatively agreeswith the spectral
function results at finite B. However, in the zero-field limit,
D⊥ decreases with temperature, contrary to the spectral
function approach, where it increases, highlighting a differ-
ence between the two frameworks, for which we provided
some intuition as to how we understand it.
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APPENDIX

In this appendix, we provide the necessary details that go
into the computation of the susceptibility. For this, we take
the gauge field fluctuation equation of motion (3.21) and
rewrite it as

∂zðXtzV 0
0Þ − k2pV0 ¼ 0; ðA1Þ

where

Xtz ¼
ffiffiffiffiffiffiffi
−G

p
fðzÞGzzG00; ðA2Þ

and p ¼ ffiffiffiffiffiffiffi
−G

p
fðzÞG00G11 [or p ¼ ffiffiffiffiffiffiffi

−G
p

fðzÞG00G33]
when the momentum is chosen along the x1 direction
(or the x3 direction).
Next, we consider the hydrodynamic expansion of the

form

V0ðzÞ ¼ F0ðzÞ þ k2Fk2ðzÞ þ � � � : ðA3Þ

Substituting the value of V0ðzÞ from (A3) into (A1),
we get

ðXtzðF0
0ðzÞ þ k2F0

k2ðzÞÞÞ0 − k2pðF0ðzÞ þ k2Fk2ðzÞÞ ¼ 0:

ðA4Þ

Equating the coefficients of various power of k, we get the
following equation of motion for F0ðzÞ and Fk2ðzÞ:

ðXtzF0
0ðzÞÞ0 ¼ 0: ðA5Þ

ðXtzF0
k2ðzÞÞ0 − pF0ðzÞ ¼ 0: ðA6Þ

From Eq. (A5), we get the following solution:

XtzF0
0ðzÞ ¼ C0: ðA7Þ

By integrating the above, we get the expression of F0ðzÞ as

F0ðzÞ ¼ C0

Z
z

zh

dz
Xtz

; ðA8Þ

where C0 is a constant of integration. Substituting (A7) into
(A6), leads to

ðXtzF0
k2ðzÞÞ0 ¼ pC0SðzÞ; ðA9Þ

where SðzÞ ¼ R zzh dz̃
Xtzðz̃Þ. Substituting the above expressions

into (A1) and comparing the coefficient of k2:

k2pV0 ¼ ðXtzV 0
0Þ0 ¼ k2ðXtzF0

k2ðzÞÞ0
¼ k2pC0SðzÞ: ðA10Þ

This leads to

V0 ¼ C0SðzÞ: ðA11Þ

Now, the quark number susceptibility is related to the
retarded Green’s function

χ ¼ − lim
k;z→0

ℜ½Gttðω ¼ 0; kÞ�: ðA12Þ

The retarded Green’s function is obtained by taking the
second derivative of the on-shell boundary action with
respect to the boundary value of the field. For our model,
the boundary on-shell action is given by

Son-shell;bdy ¼ lim
z→0

Z
d4x

4

z3
V0∂zV0: ðA13Þ

Putting the value of V0 from (A11) in the on-shell boun-
dary action (A13), we get the retarded function as
Gttðω ¼ 0; kÞ ¼ − 1

Sð0Þ. Then, using the explicit form of

Xtz, we get

χ ¼ 1

Sð0Þ ¼
�Z

0

zh

dzffiffiffiffiffiffiffi
−G

p
fðzÞGzzG00

�
−1
: ðA14Þ

Here, we observe that χ is independent of p, which
characterizes the direction of momentum. Consequently,
the susceptibility remains the same for the momentum
along both the x1 and x3 directions.
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