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We compute the next-to-eikonal (NEik) power corrections to inclusive deep inelastic scattering (DIS)
and semi-inclusive deep inelastic scattering (SIDIS) at low x beyond dipole factorization, which represent
the eikonal result. The analysis is restricted to contributions arising from t-channel quark exchanges,
thereby probing the quark background field of the target. For a transversely polarized virtual photon, the
NEik corrections to inclusive DIS are expressed in terms of quark and antiquark collinear parton
distribution functions, while the corresponding corrections to SIDIS are formulated in terms of the
unpolarized quark transverse-momentum-dependent distribution. In contrast, for a longitudinally polarized
photon, the NEik corrections to both inclusive DIS and SIDIS vanish at lowest order in αs.
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I. INTRODUCTION

Deep inelastic scattering (DIS) of leptons off hadronic
targets provides a powerful probe of the internal partonic
structure of nucleons and nuclei in QCD. The process,
mediated by the exchange of a virtual photon, is characterized
by two Lorentz-invariant variables; the virtuality of the

exchanged photon, Q2 ¼ −q2, and the Bjorken scaling
variable x ¼ xBj ¼ Q2=ð2P · qÞ, where P and q are the
four-momenta of the target and thevirtual photon, respectively.
In the one-photon exchange approximation, after inte-

gration over the azimuthal angle of the scattered lepton, the
unpolarized DIS cross section can be written as

dσlþp→l0þX

dxBjdQ2
¼ 4πα2em

xBjQ4

��
1 − yþ y2

2

�
FTðxBj; Q2Þ þ ð1 − yÞFLðxBj;Q2Þ

�

¼ αem
πxBjQ2

��
1 − yþ y2

2

�
σγ
�
T ðxBj; Q2Þ þ ð1 − yÞσγ�L ðxBj; Q2Þ

�
; ð1Þ

where σγ
�
T;L is interpreted as total cross section for the

scattering of a transverse or longitudinal virtual photon on
the target. Moreover, the inelasticity y is defined as y ¼
ð2P · qÞ=s where the Mandelstam s variable of the lepton-
target collision which is defined as s ¼ ðPþ lÞ2 with l
being the four momentum of the incoming lepton. The total
DIS cross sections for the scattering of transverse or
longitudinal photon on the target are related to the trans-
verse or longitudinal structure functions via

σγ
�
T;LðxBj; Q2Þ ¼ ð2πÞ

2αem
Q2

FT;LðxBj; Q2Þ; ð2Þ

with the latter being related to the F1 and F2 structure
functions as

2xBjF1 ¼ FT ð3Þ

F2 ¼ FT þ FL: ð4Þ

In the parton model, formulated in the infinite-momen-
tum frame, the nucleon is described as a collection of
quasifree partons, each carrying a longitudinal momentum
fraction x of the nucleon’s momentum. The inclusive DIS
cross section factorizes [1] into a perturbatively calculable
hard scattering coefficient and universal, nonperturbative
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parton distribution functions (PDFs) that encode the par-
tonic structure of the nucleon. The evolution of the PDFs
with increasing Q2 at fixed values of x is given by the
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evo-
lution equations [2–4]. DGLAP evolution equations resum
the leading logarithms of hard scale Q2 at fixed x,
corresponding to strongly ordered emissions in transverse
momentum. At moderate to small x, this formalism forms
the foundation of global QCD analyses.
At low Bjorken x, corresponding to the high-energy limit,

the gluon density in the hadron increases rapidly. The
Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [5–7]
resums leading logarithms in 1=x and predicts a power-like
growth of the gluon distribution with decreasing x, in
qualitative agreement with HERA data [8]. However, at
sufficiently small x, high partonic density effects become
significant, leading to nonlinear QCD dynamics and even-
tually to the phenomena known as gluon saturation. The color
glass condensate (CGC) effective theory provides a conven-
ient framework for describing high-energy (or saturation)
regime of hadronic collisions (see [9–11] for recent reviews
and references therein). In the CGC picture, the small-x

gluons are treated as classical color fields generated by static
color sources corresponding to large-x partons. The transition
between dilute and saturated dynamics is governed by the
saturation scale QsðxÞ. The evolution of the system with
decreasing x is described by the nonlinear generalization of
the linear BFKL equation which is known as Balitsky-
Kovchegov/Jalilian-Marian-Iancu-McLerran-Wiegert-
Leonidov-Kovner (BK-JIMWLK) equation [12–23].
In the leading power at high energy or low x (keepingQ2

fixed), DIS can be conveniently described within the dipole
factorization [24–26]. In this formulation, the virtual
photon fluctuates into a quark-antiquark dipole before
interacting with the target. Then the quark-antiquark dipole
scatters on the dense target. The total cross section
factorizes as a convolution of the photon light-front wave
function squared, which can be computed perturbatively,
and the dipole operator, which encodes the QCD dynamics
of the interaction.
Moreover, within the dipole factorization framework, the

leading order (LO) inclusive DIS cross sections for longi-
tudinally and transversely polarized virtual photon are
given by

σγ
�
L ðxBj;Q2Þ ¼ 4αemQ2Nc

ð2πÞ2
X
f

e2f

Z
1

0

dzzð1 − zÞ
Z

d2x1d2x2½1 − dðx1;x2Þ�4zð1 − zÞK2
0ðjx1 − x2jQ̄Þ; ð5Þ

σγ
�
T ðxBj; Q2Þ ¼ 4αemQ2Nc

ð2πÞ2
X
f

e2f

Z
1

0

dzzð1 − zÞ
Z

d2x1d2x2½1 − dðx1;x2Þ�½z2 þ ð1 − zÞ2�K2
1ðjx1 − x2jQ̄Þ; ð6Þ

in the massless quark case, where z and (1 − z) corresponds
to the longitudinal momentum fraction carried by the
integrated quark and antiquark relative to the longitudinal
momentum of the incoming virtual photon. Kαð� � �Þ is
the modified Bessel function of the second type and
Q̄2 ¼ zð1 − zÞQ2. Finally, dðxi;xjÞ is the aforementioned
dipole operator that is defined as

dðxi;xjÞ ¼
1

Nc
hTr½UFðxiÞU†

FðxjÞ�i; ð7Þ

where UFðxiÞ≡UFðþ∞;−∞;xiÞ is the fundamental
Wilson line in gluon background field A−ðzþ; zÞ which
reads,

UFðxþ; yþ; zÞ ¼ Pþ exp
�
−ig

Z
xþ

yþ
dzþt ·A−ðzþ; zÞ

�
; ð8Þ

with ta being the SUðNcÞ generators in the fundamental
representation. The bracket in Eq. (7) represent an averaging
over the gluon background field representing the target.
Beyond the collinear framework and inclusive structure

functions, a comprehensive understanding of nucleon
structure requires incorporating the transverse-momentum
degrees of freedom of partons. This is achieved
through transverse-momentum-dependent parton distribu-
tions (TMDs) [27,28], which depend on both the longi-
tudinal momentum fraction x and the intrinsic transverse
momentum. TMDs provide a three-dimensional description
of the nucleon in momentum space and are essential for
processes sensitive to parton transverse motion, such as
semi-inclusive DIS (SIDIS) and Drell-Yan production.
When computed in the dipole factorization, the LO
SIDIS cross section at small-x (see for example [29]) for
longitudinally and transversely polarized incoming virtual
photon can be written respectively as

dσγ
�A→qþX
L

d2pdz
¼ 4παemQ2Nc

ð2πÞ5
X
f

e2fzð1 − zÞ
Z

d2x1d2x2d2x10eip·ðx10−x1Þ½dðx1;x10 Þ − dðx1;x2Þ − dðx10 ;x2Þ þ 1�

× 4zð1 − zÞK0ðjx1 − x2jQ̄ÞK0ðjx10 − x2jQ̄Þ; ð9Þ
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dσγ
�A→qþX
T

d2pdz
¼ 4παemQ2Nc

ð2πÞ5
X
f

e2fzð1 − zÞ
Z

d2x1d2x2d2x10eip·ðx10−x1Þ½dðx1;x10 Þ − dðx1;x2Þ − dðx10 ;x2Þ þ 1�

× ½z2 þ ð1 − zÞ2� ðx1 − x2Þ
jx1 − x2j

·
ðx10 − x2Þ
jx10 − x2j

K1ðjx1 − x2jQ̄ÞK1ðjx10 − x2jQ̄Þg: ð10Þ

At small x, the relation between the dipole operators
(together with the kinematic coefficients) and the sea quark
contribution to the quark TMD distribution have been
discussed widely in literature [29–35] for different kin-
ematic regimes. Moreover, we would like to mention that
the SIDIS cross section given in Eq. (10) is at partonic
level. In order to get the hadronic cross section it should be
convoluted with the TMD fragmentation function. As
discussed in [29], the TMD fragmentation function reduces
to a collinear fragmentation function at lowest order in αs.
In the rest of the manuscript, for the sake of simplicity, our
calculation will be presented at partonic level without
convoluting it with a fragmentation function.
A key simplification in this regime arises from the

eikonal approximation, valid at leading power at high
energies, when the interaction time is much shorter than
the lifetime of the photon’s partonic fluctuation. The quark
and antiquark propagate through the target along straight,
lightlike trajectories, undergoing color rotations described
by Wilson lines in the fundamental representation given in
Eq. (8). The multiple scattering of the dipole off the target’s
color field exponentiates into these Wilson lines, leading
naturally to nonlinear dynamics and gluon saturation. The
dipole cross section is thus determined by the expectation
value of a color dipole operator given in Eq. (7).
Comprehensive DIS measurements across wide ranges

in x and Q2 thus offer a unique opportunity to study the
interplay between DGLAP evolution, BFKL dynamics,
gluon saturation, and TMD physics. Future experimental
programs at the Electron-Ion Collider (EIC) [36] and the
Large Hadron Electron Collider (LHeC) [37] will explore
this rich landscape with unprecedented precision, providing
stringent tests of QCD factorization, universality, and
nonlinear dynamics in the high-energy limit.
With the continuous improvement of experimental mea-

surements, it has become essential to enhance the theo-
retical precision of QCD predictions for the corresponding
observables. This can be achieved either by extending
perturbative calculations to higher orders in the strong
coupling constant or by relaxing the kinematical approx-
imations employed in leading-order (LO) computations.
Over the past two decades, significant progress has been
made in calculating next-to-leading order (NLO) correc-
tions to DIS structure functions [38–50] and inclusive
SIDIS processes [51–55]. As mentioned earlier, a comple-
mentary route to improving theoretical accuracy in the
high-energy regime involves going beyond the eikonal
approximation. In practice, this approximation corresponds

to retaining only the leading-power contributions in energy,
while neglecting subleading (energy-suppressed) terms in
the calculation of observables. Systematically including
these power corrections offers an important step toward a
more precise description of QCD dynamics at small
Bjorken x.
Within the CGC framework, the high-energy limit can be

realized by boosting the target along the x− direction with a
Lorentz factor γt. In a high-energy dilute-dense scattering
process, the eikonal approximation relies on three key
assumptions: (i) The highly boosted background field
describing the target becomes localized in the longitudinal
direction (around xþ ¼ 0) due to Lorentz contraction;
(ii) The background field is dominated by its leading
component in powers of γt, while subleading components
are neglected; (iii) As a result of Lorentz time dilation, the
background field is assumed to be independent of the light
cone coordinate x−, effectively treating the target as static
and neglecting its internal dynamics. Relaxing any of these
assumptions introduces corrections beyond the eikonal
approximation. To systematically account for such effects,
one must include next-to-eikonal (NEik) corrections, which
correspond to terms suppressed by powers of 1=γt at the
level of the boosted background field. These corrections
encode finite-energy effects of the target, extending the
applicability of the CGC formalism beyond the strict high-
energy limit.
All three approximations discussed above are valid when

the target is described solely by a gluon background field.
However, an additional source of NEik corrections arises
from incorporating the quark background field of the target.
In this case, the projectile parton can interact with the target
via a t-channel quark exchange, leading to subeikonal
contributions beyond those associated with the gluon
background field of the target. Under a boost of γt along
x− direction, current associated with the target scale as

J−ðxÞ ∝ γt; JjðxÞ ∝ ðγtÞ0; JþðxÞ ∝ ðγtÞ−1: ð11Þ

The good and bad components of the quark background
field ΨðxÞ are defined as

Ψð−ÞðxÞ ¼ γþγ−

2
ΨðxÞ; ð12Þ

ΨðþÞðxÞ ¼ γ−γþ

2
ΨðxÞ: ð13Þ
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The currents associated with the target are constructed as
bilinears of the quark background field ΨðxÞ and its
components satisfy,

Ψ̄ðxÞγ−ΨðxÞ ¼ Ψð−ÞðxÞγ−Ψð−ÞðxÞ; ð14Þ

Ψ̄ðxÞγjΨðxÞ¼Ψð−ÞðxÞγjΨðþÞðxÞþΨðþÞðxÞγjΨð−ÞðxÞ; ð15Þ

Ψ̄ðxÞγþΨðxÞ ¼ ΨðþÞðxÞγ−ΨðþÞðxÞ: ð16Þ

Since the currents associated with the target have to follow
the same scaling behavior as introduced in Eq. (11), the
good and the bad components of the quark background
field scale as

Ψð−ÞðxÞ ∝ ðγtÞ1=2; ð17Þ

ΨðþÞðxÞ ∝ ðγtÞ−1=2; ð18Þ

with the boosting parameter γt. Thus, the quark background
field does not contribute at eikonal order; the enhanced
component Ψð−ÞðxÞ contributes at NEik order, while the
suppressed component ΨðþÞðxÞ contributes at next-to-next-
to-eikonal (NNEik) order and beyond.
Over the last decade, significant efforts have been

devoted to computing NEik corrections within the CGC
framework. Early studies focused on NEik corrections
arising from the finite longitudinal width of the target
[56,57], which were subsequently applied to particle
production and correlations in both dilute-dilute [58–60]
and dilute-dense [61,62] collisions. NEik corrections to
quark and scalar propagators were computed in [62–64]
and applied to DIS dijet production in [65,66], while back-
to-back quark-gluon dijet production in DIS, including
t-channel quark exchange, was studied to probe quark
TMDs [67]. Analogous studies for gluon TMDs and the
interplay between NEik and kinematic twist corrections
were performed in [68], and the gluon propagator incor-
porating all NEik corrections was revisited in [69] for
applications in parton-nucleus scattering. In [70], NEik
corrections stemming from the t-channel quark exchanges
are computed in the back-to-back dijet production in
proton-nucleus collision at forward rapidities and various
quark TMDs are probed. Helicity-dependent observables,

quark and gluon helicity evolutions as well as single and
double spin asymmetries, have been investigated exten-
sively in [71–90] at NEik accuracy and the helicity-
dependent extensions of the CGC framework have been
formulated in [91,92]. Rapidity evolution of gluon TMDs,
which interpolates between moderate and low x, was
studied in [93–95]. A similar interpolation between the
moderate and low x has been also studied in the context of
inclusive DIS [96,97] and exclusive Compton scattering
[98]. NEik corrections to both quark and gluon propagators
have also been formulated within the high-energy operator
product expansion (OPE) in [99,100]. Subeikonal correc-
tions in the CGC were studied using an effective
Hamiltonian approach in [101–103], and an alternative
framework allowing longitudinal momentum exchange
between projectile and target was developed in [104–
106]. Finally, the impact of subeikonal corrections on
orbital angular momentum has been analyzed in [107–111].
In this manuscript, we consider the NEik corrections

which stem from t-channel quark exchanges and focus on
inclusive DIS and SIDIS. The manuscript is organized as
follows. In Secs. II and III, we study the quark background
contribution to SIDIS cross section and to DIS structure
functions, respectively. In Sec. IV, we provide a concise
discussion of the interplay between contributions from the
quark background field and those arising from dipole
factorization at eikonal order, focusing on DIS structure
functions and the SIDIS cross section. In Sec. V, we
provide a short summary of our results. The Appendix is
devoted to derivation of the antiquark contribution to the
DIS structure functions.

II. QUARK BACKGROUND FIELD
CONTRIBUTION TO SIDIS

For the SIDIS quark production at low xBj, the first
contribution involving a quark background field, beyond
the eikonal approximation and beyond dipole factorization,
corresponds to the diagram inFig. 1,with the incomingvirtual
photon being converted into the produced quark by coupling
with the quark background field. In general, the
S-matrix element associated with that diagram can bewritten
from the Feynman rules and Lehmann-Symanzik-
Zimmermann reduction formula as1

Sγ�λ→q ¼ lim
xþ→∞

Z
d2x

Z
dx−eip̌·xūðp̌; hÞγþ

Z
d4zϵμλðqÞe−iq·zSFðx; zÞð−ieefγμÞΨðzÞ: ð19Þ

1We use the metric signature ðþ;−;−;−Þ. We use xμ for a Minkowski 4-vector. In a light cone basis we have xμ ¼ ðxþ;x; x−Þ, where
x� ¼ ðx0 � x3Þ= ffiffiffi

2
p

and x denotes a transverse vector with components xi. We will also use the notations x ¼ ðxþ;xÞ and k ¼ ðkþ;kÞ.
For a given momentum 4-vector kμ, we use the notation ǩμ for its on shell analog. More precisely, it is defined in such a way that theirþ
and transverse components coincide, ǩþ ¼ kþ and ǩ ¼ k, whereas the − component of ǩμ is adjusted to make it on shell, i.e.,
ǩ− ¼ ðk2 þm2Þ=ð2kþÞ for a massive quark or ǩ− ¼ k2=ð2kþÞ for a gluon.
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Note that the quark Feynman propagator from the QED
vertex z to the point x in the asymptotic future is the quark
propagator in a gluon background field, accounting for
rescattering of the produced quark with the target remnants.
As recalled in the previous section, both the high-energy
limit and the power suppressed corrections beyond that
limit can be understood from the behavior under large
longitudinal Lorentz boosts of the target, with a boost factor
γt. Under such boost, the quark background field is more
and more peaked around zþ ¼ 0, so that the integration
over the position zþ of the vertex effectively brings a
suppression by a factor 1=γt. And as explained earlier, the

quark background field can be split into so-called good and
bad components, behaving as

ffiffiffiffi
γt
p

and as 1=
ffiffiffiffi
γt
p

, respec-
tively, under a large boost of the target. Finally, the quark
propagator SFðx; zÞ from z inside to x after the target stays
finite under large boost of the target, with a limit given by
its eikonal expression [65,67,69],

SFðx; zÞjIA;qEik ¼
Z

d3k
ð2πÞ3

θðkþÞ
2kþ

e−ix·ǩð̌kþmÞUFðxþ; zþ; zÞ

×

�
1 −

γþγi

2kþ
iD⃖F

zi

�
eiz

−kþe−iz·k; ð20Þ

where the fundamental Wilson line in gluon background
field A−

a ðzþ; zÞ is defined in Eq. (8). The covariant
derivatives are defined as

D⃗F
zμ ¼ ∂zμ

�!þ igt ·AμðzÞ;
D⃖F

zi ¼ ∂zμ
 � − igt ·AμðzÞ: ð21Þ

Hence, in the limit of large boost, the leading contribution
in Eq. (19) scales as 1=

ffiffiffiffi
γt
p

overall. Squaring this result, one
thus expects a contribution of order 1=γt at the cross section
level, corresponding to NEik order. The leading power
contribution in Eq. (19) is then obtained by using the
expression (20) for the propagator, and by including only
the enhanced components Ψð−ÞðzÞ of the quark background
field, as

Sγ�λ→q ¼ lim
xþ→∞

Z
d2x

Z
dx−eip̌·xūðp̌; hÞγþ

Z
d4z

Z
d3k
ð2πÞ3

θðkþÞ
2kþ

e−ix·ǩ

× ð=̌kþmÞUFðxþ; zþ; zÞ
�
1 −

γþγi

2kþ
iD⃖F

zi

�
eiz

−kþe−iz·kð−ieefγμÞΨð−ÞðzÞϵμλðqÞe−iq·z þOðγt−3
2Þ

¼ −ieef
Z

d4z
1

2pþ
ūðp̌; hÞγþð=̌pþmÞUFðþ∞; zþ; zÞ

�
1 −

γþγi

2pþ
iD⃖F

zi

�

× eiz
−ðpþ−qþÞe−iz·ðp−qÞ=ϵλðqÞ

γþγ−

2
Ψðzþ; zÞ þOðγt−3

2Þ: ð22Þ

In the last step, we have neglected the phase factor e−iq
−zþ,

which would contribute only to subleading corrections
beyond the shockwave approximation, and the dependence
of ΨðzÞ on z−, which would contribute only to subleading
corrections beyond the static approximation. In this calcu-
lation, we indeed want to keep the insertion of the quark
background field as the only effect beyond the eikonal
limit. Choosing the light cone gauge for QED, one has
ϵþλ ðqÞ ¼ 0 for any photon polarization vector, so that

γþγi=ϵλðqÞγþ ¼ γiγþγþ=ϵλðqÞ ¼ 0; ð23Þ

remembering that γþγþ ¼ gþþ ¼ 0, and thus the term with
the covariant derivative in Eq. (22) vanishes. Moreover, one
has

ūðp̌; hÞγþð=̌pþmÞ ¼ ūðp̌; hÞðfγþ; =̌pg − ð=̌p −mÞγþÞ
¼ ð2pþÞūðp̌; hÞ; ð24Þ

where the second term vanishes from the definition of the
spinor uðp̌; hÞ as a solution of the free Dirac equation.
Hence, the expression (22) becomes

FIG. 1. Semi-inclusive deep inelastic scattering (SIDIS) dia-
gram; quark production from quark background field.
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Sγ�λ→q ¼ 2πδðpþ − qþÞð−iÞeef
Z

dzþ
Z

d2ze−iz·ðp−qÞūðp̌; hÞ=ϵλðqÞ
γþγ−

2
UFðþ∞; zþ; zÞΨðzþ; zÞ þOðγt−3

2Þ: ð25Þ

In order to calculate the transverse and longitudinal
photon contributions to the SIDIS cross section, we are
calculating a formal S-matrix element for scattering of an
off shell photon with the target, in which this off shell
photon can have not only one of the physical transverse
polarizations, but also the unphysical longitudinal polari-
zation. For that purpose, we can use the following expres-
sion for the longitudinal photon polarization vector in light
cone gauge:

ϵμLðqÞ ¼
Q
qþ

gþμ; ð26Þ

then,

=ϵLðqÞγþ ¼
Q
qþ

γþγþ ¼ 0; ð27Þ

so that in the longitudinal photon case, Diagram 1 vanishes
at the considered accuracy,

Sγ�L→q ¼ 0þO
�
γt

−3
2

	
: ð28Þ

In the rest of this section, we will thus focus on the case
in which the polarization λ of the incoming virtual photon is
one of the two transverse polarizations. In the light cone
gauge, the transverse polarization four-vectors can be
written as

ϵμλðqÞ ¼
�
−gμj þ gμþ

qj

qþ

�
εjλ; ð29Þ

in terms of corresponding two-dimensional polarization

vectors εjλ, which are independent of the photon

momentum, and form a basis of the transverse plane.
For any choice of basis of these polarization vectors,
one has the completeness relation,

X
λ

εiλ
�εjλ ¼ δij: ð30Þ

Inserting the relation (29) into the expression (25), one
finds

Sγ�λ→q¼2πδðpþ−qþÞieefεjλ
Z

dzþ
Z

d2ze−iz·ðp−qÞūðp̌;hÞ

×
γjγþγ−

2
UFðþ∞;zþ;zÞΨðzþ;zÞþOðγt−3

2Þ: ð31Þ

For such a process of scattering of one particle on
background fields which are independent of the coordinate
z−, it is convenient to define the scattering amplitude from
the S-matrix element as

Sγ�λ→q ¼ 2qþð2πÞδðpþ − qþÞiMγ�λ→qðq;pÞ: ð32Þ

Hence, from Eq. (31), one finds the amplitude

iMγ�λ→qðq;pÞ¼
ieef
2qþ

εjλ

Z
dzþ

Z
d2ze−iz·ðp−qÞūðp̌;hÞ

×
γjγþγ−

2
UFðþ∞;zþ;zÞΨðzþ;zÞþOðγt−3

2Þ:
ð33Þ

The cross section is then obtained from the amplitude as

2pþð2πÞ3 d
3σγ

�
T→q

dpþd2p
¼ 2qþð2πÞδðpþ − qþÞ 1

2

X
h;λ

X
α

hMγ�λ→qðq;pÞ†Mγ�λ→qðq;pÞi; ð34Þ

where α is the fundamental color index for the produced quark, the factor 1=2 comes from the averaging over the two
transverse polarizations of the incoming photon, and the bracket represent an averaging over the gluon and quark
background fields representing the target. Inserting the amplitude (33) in the formula (34), one gets the quark background
field contribution to the transverse photon to quark cross section,

2pþð2πÞ3 d
3σγ

�
T→q

dpþd2p






Ψ
¼ 2qþð2πÞδðpþ − qþÞ 1

2

X
h;λ

e2e2f
ð2qþÞ2 ε

i
λ
�εjλ

Z
dzþdz0þ

Z
d2zd2z0eiðz0−zÞ·ðp−qÞ

× hΨ̄ðz0þ; z0ÞUFðþ∞; z0þ; z0Þ† γ
−γþγi

2
uðp̌; hÞūðp̌; hÞ γ

jγþγ−

2
UFðþ∞; zþ; zÞΨðzþ; zÞi þOðγt−2Þ:

ð35Þ
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Using the completeness relations (30) and

X
h

uðp̌; hÞūðp̌; hÞ ¼ ð=̌pþmÞ; ð36Þ

the Dirac structure of the cross section can be simplified as

X
λ

ϵiλ
�ϵjλ

X
h

γ−γþγi

2
uðp; hÞūðp; hÞ γ

jγþγ−

2
¼ δij

γ−γiγþ

2
ð=̌pþmÞ γ

þγjγ−

2
¼ ð2pþÞδij γ

−γiγþ

2

γjγ−

2

¼ ð2pþÞδijð−1Þ γ
−γþ

2

γ−

2

fγi; γjg
2
¼ ð2pþÞδijð−1Þ γ

−

2
ð−δijÞ ¼ ð2pþÞγ−; ð37Þ

so that

pþ
d3σγ

�
T→q

dpþd2p






Ψ
¼ qþδðpþ − qþÞ αeme2f

2qþð2πÞ
Z

dzþdz0þ
Z

d2zd2z0eiðz0−zÞ·ðp−qÞ

× hΨ̄ðz0þ; z0Þγ−UFðþ∞; z0þ; z0Þ†UFðþ∞; zþ; zÞΨðzþ; zÞi þOðγt−2Þ: ð38Þ

The next step is to specify how to take the average over
the background fields. Since quark background fields are
included, this case is beyond the scope the McLerran-
Venugopalan model [112–114] frequently used in the high-
energy QCD literature to evaluate such target average.
Instead, we reinterpret the target average of such quantityO
depending on background fields in terms of the quantum
expectation of the corresponding operator Ô in the state of
the target, with momentum P, (see for example
Refs. [32,67,70,115–117])

hOi ¼ lim
P0→P

hP0jÔjPi
hP0jPi : ð39Þ

We choose target states normalized as

hP0jPi ¼ 2P−ð2πÞ3δðP0− − P−Þδð2ÞðP0 − PÞ: ð40Þ

Then, following the derivation presented in Ref. [67], it can
be shown that

Z
dzþdz0þ

Z
d2zd2z0eiðz0−zÞ·ðp−qÞhΨ̄ðz0þ; z0Þγ−UFðþ∞; z0þ; z0Þ†UFðþ∞; zþ; zÞΨðzþ; zÞi

¼ 1

2P−

Z
d2beib·ðp−qÞ

Z
dbþhPjΨ̄ðbþ;bÞγ−UFðþ∞; bþ;bÞ†UFðþ∞; 0; 0ÞΨð0; 0ÞjPi: ð41Þ

However, the unpolarized quark TMDdistribution is defined (up to UVand rapidity regularization and renormalization) as

fq1ðx;kÞ ¼
1

ð2πÞ3
Z

d2beik·b
Z

dbþe−ixP−bþhPjΨ̄ðbþ;bÞ γ
−

2
UFðþ∞; bþ;bÞ†UFðþ∞; 0; 0ÞΨð0; 0ÞjPi; ð42Þ

where we have neglected the transverse gauge link at infinity, which do not play a major role for a left-moving target
in the light cone gauge Aþ ¼ 0 used for the derivation of the propagator (20). Comparing Eqs. (41) and (42), one finds
that the contribution (43) to the photon to quark cross section can be written in terms of the unpolarized quark
TMD as

pþ
d3σγ

�
T→q

dpþd2p






Ψ
¼ qþδðpþ − qþÞð2πÞ2 αeme

2
f

W2
fq1ðx ¼ 0;p − qÞ þ NNEik; ð43Þ

where we have used thatW2 ¼ ðqþ PÞ2 ∼ 2qþP− up to subleading power corrections at high energyW. Now, the explicit
1=W2 factor present in Eq. (43) is a confirmation that the calculated term is a NEik contribution. As a reminder, due to the
relation (27), one also has
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pþ
d3σγ

�
L→q

dpþd2p






Ψ
¼ 0þ NNEik: ð44Þ

Similarly, one can consider antiquark production in
SIDIS at partonic level, focusing on the NEik contribution
from the quark background field of the target, which
corresponds to the diagram represented on Fig. 2. Its
S-matrix element can be written as

Sγ�λ→q̄ ¼ lim
xþ→∞

Z
d2x

Z
dx−eip̌·x

Z
d4zϵμλðqÞe−iq·z

× Ψ̄ðzÞð−ieefγμÞSFðz; xÞγþvðp̌; hÞ: ð45Þ

In Eq. (45), for the propagator SFðz; xÞ with the point z
inside the target and the point x in the asymptotic future,
one can use the eikonal expression [65,69],

SFðx; yÞ



IA;q̄
Eik
¼

Z d3q

ð2πÞ3 ð−1Þ
θð−qþÞ
2qþ

eiyq̌ e−ix
−qþeix·q

×
�
1 −

γþγi

2qþ
iD⃗F

xi

�
U†

Fðyþ; xþ;xÞð̌=qþmÞ:

ð46Þ

The calculation then follows closely the one for the quark
production presented above, and its final result is

pþ
d3σγ

�
T→q̄

dpþd2p






Ψ
¼qþδðpþ−qþÞð2πÞ2αeme

2
f

W2
fq̄1ðx¼0;p−qÞ

þNNEik ð47Þ

pþ
d3σγ

�
L→q̄

dpþd2p






Ψ
¼ 0þ NNEik; ð48Þ

with the unpolarized antiquark TMD distribution defined,
up to renormalization issues, as

fq̄1ðx;kÞ ¼
1

ð2πÞ3
Z

d2beik·b
Z

dbþe−ixP−bþTrD;F

�
hPjUFðþ∞; bþ;bÞΨðbþ;bÞΨ̄ð0; 0Þ γ

−

2
UFðþ∞; 0; 0Þ†jPi

�
; ð49Þ

where the trace is taken both over the Dirac indices and
over the fundamental color indices.

III. QUARK BACKGROUND FIELD
CONTRIBUTION TO DIS STRUCTURE

FUNCTIONS

The inclusive DIS cross section in the single photon
exchange approximation can be written as a linear
combination of total photon-target cross sections for a
virtual photon of either longitudinal or transverse polari-
zation, see Eq. (1). In turn, these total photon-target
cross section can be calculated in two different ways.
Either one can calculate the differential cross section for
the production of each possible final state separately, at
the considered accuracy, and then sum over the final
states. Or one can use an appropriate version of the optical
theorem, in order to relate the total cross section to the
forward elastic scattering amplitude based thanks to
unitarity.

Let us consider the elastic scattering of a photon on the
target represented by static background fields, with an
incoming photon of momentum q and polarization λ1, and
an outgoing photon of momentum p and polarization λ2,
where both photons are virtual, and can be longitudinal or
transverse. In that case, the amplitude can be defined from
the S-matrix as

Sγ�λ1→γ�λ2
¼ ð2πÞ4δð4Þðp − qÞδλ1;λ2
þ 2qþð2πÞδðpþ − qþÞiMγ�λ1→γ�λ2

ðq; pÞ; ð50Þ

with the first term corresponding to the possibility of no
scattering of the photon with the target. The forward elastic
scattering amplitude is then the amplitude with same initial
and final states; p ¼ q and λ2 ¼ λ1. Using the optical
theorem, the total cross section for longitudinal photon is
then obtained as

σγ�L ¼2ImhMγ�L→γ�L
ðq;qÞi¼2Rehð−iÞMγ�L→γ�L

ðq;qÞi: ð51Þ

FIG. 2. Semi-inclusive deep inelastic scattering (SIDIS) dia-
gram; antiquark production from quark background field.
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Similarly, for the transverse photon one has

σγ�T ¼
1

2

X
λ

2 ImhMγ�λ→γ�λ
ðq; qÞi

¼ 1

2

X
λ

2Rehð−iÞMγ�λ→γ�λ
ðq; qÞi; ð52Þ

averaging over the two transverse polarizations λ. The goal
of this section is then to calculate, using Eqs. (51) and (52),

the NEik contributions to inclusive DIS due to the quark
background field of the target. We will also cross check the
obtained results using the other approach to inclusive DIS,
integrating the produced quark or antiquark in the SIDIS
result of the previous section.
The first two diagrams for photon-target scattering which

include the quark background of the target are shown on
Fig. 3. They differ only by the ordering of the vertices along
the quark line. Diagram 3(a) corresponds to a contribution,

Sγ�λ1→γ�λ2





Diag 3a

¼
Z

d4z
Z

d4z0ϵμλ2ðpÞ�eip·z
0
T Ψ̄ðz0Þð−ieefγμÞSFðz0; zÞð−ieefγνÞΨðzÞϵνλ1ðqÞe−iq·z; ð53Þ

to the S-matrix element, whereas Diagram 3(b) corresponds to a contribution,

Sγ�λ1→γ�λ2





Diag 3b

¼
Z

d4z
Z

d4z0ϵμλ2ðpÞ�eip·z
0
T Ψ̄ðzÞð−ieefγνÞSFðz; z0Þð−ieefγμÞΨðz0Þϵνλ1ðqÞe−iq·z: ð54Þ

In this section the detailed calculation of the Diagram 3(a) following Eq. (53) is presented, whereas the calculation of
Diagram 3(b), based on Eq. (54), is outlined in the Appendix.
In Eqs. (53) and (54), T indicates the time ordering of the background fields as quantum operators, and the intermediate

quark propagator is the propagator in gluon background field. Under a large longitudinal boost of the target with a
parameter γt, the quark background field is non-negligible only over a smaller and smaller range in zþ around zþ ¼ 0.
Hence, the integrations over zþ and z0þ each brings a priori a power suppression as 1=γt. The intermediate propagator
in Eqs. (53) and (54) thus corresponds to an inside-inside propagator, calculated at eikonal accuracy in Ref. [69] for
example, as

SFðx; yÞ



II
Eik
¼

Z
dkþ

2π

1

2kþ
e−ik

þðx−−y−Þ
�
iγþδðxþ − yþÞδ2ðx − yÞ

þ ½kþγ− þmþ iγiD⃗F
xi �

γþ

2kþ

Z
d2z δ2ðx − zÞδ2ðz − yÞ

× ½θðxþ − yþÞθðkþÞUFðxþ; yþ; zÞ − θðyþ − xþÞθð−kþÞUFðyþ; xþ; zÞ†�½kþγ− þm − iγjD⃖F
yj �
�
: ð55Þ

Note that in the expression (55), the first term, proportional to γþδðxþ − yþÞ, is formally power enhanced in the high-energy
limit compared to the other terms, since it would eliminate one of the integrations along theþ direction inside the target, and

FIG. 3. Quark background field contributions to the photon-target elastic scattering amplitude, and to inclusive DIS via the optical
theorem.
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thus remove one 1=γt suppression factor. Inserting that term
for the propagator in Eq. (53), one obtains the Dirac
structure,

Ψ̄ðz0Þ=ϵλ2ðpÞ�γþ=ϵλ1ðqÞΨðzÞ¼ΨðþÞðz0Þ=ϵλ2ðpÞ�γþ=ϵλ1ðqÞΨþðzÞ:
ð56Þ

Indeed, thanks to ϵþλ2ðpÞ� ¼ ϵþλ1ðqÞ ¼ 0 in light cone gauge,
the γþ is projecting out the enhanced components of the
background field, and one is left with the insertions of the

suppressed components ΨðþÞðz0Þ and ΨþðzÞ, each bringing
a suppression by a factor 1=

ffiffiffiffi
γt
p

under a large boost of the
target. Hence, the instantaneous term in the inside-inside

propagator (55) provides a contribution overall of order
1=ðγtÞ2 to Eqs. (53) and (54), corresponding to NNEik
order, which is beyond the scope of this study.
By contrast, taking the noninstantaneous contributions in

the propagator (55), the good components of the quark
background field of the target survive. In that case, each
quark field insertion brings a

ffiffiffiffi
γt
p

enhancement factor, and
each of the two integrations along the þ direction brings a
1=γt suppression factor, so that the leading contributions to
Eqs. (53) and (54) are overall suppressed as 1=γt, corre-
sponding to NEik order. This is the contribution that we
will focus on in this section.
Hence, neglecting NNEik contributions in Eq. (53),

one finds,

Sγ�λ1→γ�λ2





Diag 3a

¼ −e2e2f

Z
d4z

Z
d4z0eipþz0−e−ip·z0

Z
dkþ

2π

1

ð2kþÞ2 e
−ikþðz0−−z−Þ

Z
d2vT þΨ̄ðz0þ; z0Þ

γ−γþ

2
ϵλ2ðpÞ�

× ½kþγ− þmþ iγiD⃗F
z0i �γþδ2ðz0 − vÞδ2ðv − zÞ½θðz0þ − zþÞθðkþÞUFðz0þ; zþ; vÞ

− θðzþ − z0þÞθð−kþÞUFðzþ; z0þ; vÞ†�½kþγ− þm − iγjD⃖F
zj �ϵλ1ðqÞ

γþγ−

2
Ψðzþ; zÞ

× e−iq
þz−eiq·z þ NNEik: ð57Þ

In particular, in Eq. (57), we have neglected the phases dependent on zþ or z0þ, following the shockwave approximation,
and taken all the background field at z− ¼ 0, following the static approximation. We have also explicitly written, for clarity,
the projection matrices on the good components of the quark field of the target. Then, the unique effect beyond the eikonal
approximation in Eq. (57) is the insertion of the quark background fields. Since all the background field insertions are now
at z− ¼ 0, the time ordering is now equivalent to ordering along the light cone time xþ, denoted by T þ. Integrating over z−
and z0−, and then over kþ, one obtains

Sγ�λ1→γ�λ2





Diag 3a

¼ 2πδðpþ − qþÞð−1Þ e2e2f
ð2qþÞ2

Z
dzþ

Z
d2z

Z
dz0þ

Z
d2z0e−ip·z0

Z
d2vT þΨ̄ðz0þ; z0Þ

γ−γþ

2
ϵλ2ðpÞ�

× ½qþγ− þmþ iγiD⃗F
z0i �γþδ2ðz0 − vÞδ2ðv − zÞ½θðz0þ − zþÞθðqþÞUFðz0þ; zþ; vÞ

− θðzþ − z0þÞθð−qþÞUFðzþ; z0þ; vÞ†�½qþγ− þm − iγjD⃖F
zj �ϵλ1ðqÞ

γþγ−

2
Ψðzþ; zÞeiq·z þ NNEik: ð58Þ

Since qþ > 0 for the incoming photon, the contribution with θð−qþÞ vanishes. Using ϵþλ2ðpÞ� ¼ ϵþλ1ðqÞ ¼ 0 in light cone
gauge, and γþγþ ¼ 0, one finds that the terms containing covariant derivatives or the quark mass vanish, so that

Sγ�λ1→γ�λ2





Diag 3a

¼ 2πδðpþ − qþÞð−1Þ e2e2f
ð2qþÞ2

Z
dzþ

Z
d2z

Z
dz0þ

Z
d2z0e−ip·z0

Z
d2vT þΨ̄ðz0þ; z0Þ

γ−γþ

2
ϵλ2ðpÞ�

× ½qþγ−�γþδ2ðz0 − vÞδ2ðv − zÞθðz0þ − zþÞUFðz0þ; zþ; vÞ

× ½qþγ−�ϵλ1ðqÞ
γþγ−

2
Ψðzþ; zÞeiq·z þ NNEik

¼ 2πδðpþ − qþÞð−1Þ e
2e2f
2

Z
dzþ

Z
dz0þθðz0þ − zþÞ

Z
d2ze−iz·ðp−qÞ

× Ψ̄ðz0þ; zÞ γ
−γþ

2
ϵλ2ðpÞ�γ−UFðz0þ; zþ; zÞϵλ1ðqÞ

γþγ−

2
Ψðzþ; zÞ þ NNEik: ð59Þ

Note that the light cone time ordering T þ is now redundant is this contribution due to the constraint z0þ > zþ, and has thus
been dropped.
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If one takes either the incoming or the outgoing photon
(or both), to have longitudinal polarization, one should take
the longitudinal polarization vector defined in Eq. (26). In
either case, the expression (59) would then vanish [see
Eq. (27)]. Hence, Diagram 3(a) does not contribute to the
longitudinal photon-target total cross section, via the
optical theorem (51),

σγ�L jDiag 3a ¼ 0þ NNEik: ð60Þ

In order to get a nonzero contribution from Eq. (59), both
the incoming and the outgoing photon have to be trans-
verse, with polarization vectors given in Eq. (29). Focusing
on that case from now on, one finds

Sγ�λ1→γ�λ2





Diag 3a

¼ 2πδðpþ − qþÞð−1Þ e
2e2f
2

Z
dzþ

Z
dz0þθðz0þ − zþÞ

Z
d2ze−iz·ðp−qÞ

× Ψ̄ðz0þ; zÞ γ
−γþ

2
ð−εiλ2�γiÞγ−UFðz0þ; zþ; zÞð−εjλ1γjÞ

γþγ−

2
Ψðzþ; zÞ þ NNEik

¼ 2πδðpþ − qþÞ e
2e2f
2

εiλ2
�εjλ1

Z
dzþ

Z
dz0þθðz0þ − zþÞ

Z
d2ze−iz·ðp−qÞ

× Ψ̄ðz0þ; zÞγ−γiγjUFðz0þ; zþ; zÞΨðzþ; zÞ þ NNEik: ð61Þ

Note that this contribution, from Diagram 3(a), vanishes if the background fields are set to zero. Hence, it does not
contribute to the first term in Eq. (50), but only to the second term. Hence, the forward scattering amplitude is obtained from
the expression (61) as

iMγ�λ→γ�λ
ðq; qÞ





Diag 3a

¼ e2e2f
2ð2qþÞ ε

i
λ
�εjλ

Z
dzþ

Z
dz0þθðz0þ − zþÞ

Z
d2z

× Ψ̄ðz0þ; zÞγ−γiγjUFðz0þ; zþ; zÞΨðzþ; zÞ þ NNEik: ð62Þ

Performing the average over the transverse photon polarizations as

1

2

X
λ

εiλ
�εjλγ

iγj ¼ 1

2
δij
fγi; γjg

2
¼ −1; ð63Þ

one finds the total cross section for transverse photon from the optical theorem (52) as

σγ�T




Diag 3a

¼ e2e2f
4qþ

Z
dzþ

Z
dz0þθðz0þ − zþÞ

Z
d2z2RehΨ̄ðz0þ; zÞγ−UFðz0þ; zþ; zÞΨðzþ; zÞi þ NNEik

¼ παeme2f
qþ

Z
dzþ

Z
dz0þθðz0þ − zþÞ

Z
d2zhΨ̄ðz0þ; zÞγ−UFðþ∞; z0þ; zÞ†UFðþ∞; zþ; zÞΨðzþ; zÞ

þ Ψ̄ðzþ; zÞγ−UFðþ∞; zþ; zÞ†UFðþ∞; z0þ; zÞΨðz0þ; zÞi þ NNEik

¼ παeme2f
qþ

Z
dzþ

Z
dz0þ

Z
d2zhΨ̄ðz0þ; zÞγ−UFðþ∞; z0þ; zÞ†UFðþ∞; zþ; zÞΨðzþ; zÞi þ NNEik: ð64Þ

As a remark, let us note that starting from the contribution (43) to the quark production cross section, one recovers the
result (64) by integration over the produced quark momentum, as

Z
dpþ

Z
d2p

d2σγ
�
T→q

dpþd2p






Ψ
¼ αeme2f

2qþð2πÞ
Z

dzþdz0þ
Z

d2zd2z0ð2πÞ2δð2Þðz0 − zÞ

× hΨ̄ðz0þ; z0Þγ−UFðþ∞; z0þ; z0Þ†UFðþ∞; zþ; zÞΨðzþ; zÞi þ NNEik

¼ σγ�T jDiag 3a: ð65Þ

Hence, one finds that the imaginary part of the amplitude associated with Diagram 3(a) and the modulus square of
Diagram 1 are directly related through the optical theorem, which provides a crosscheck of the result (64) in our formalism.
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Integrating the identity (41) over p leads to the relation,

Z
dzþdz0þ

Z
d2zhΨ̄ðz0þ; zÞγ−UFðþ∞; z0þ; zÞ†UFðþ∞; zþ; zÞΨðzþ; zÞi

¼ 1

2P−

Z
dbþhPjΨ̄ðbþ; 0Þγ−U†

Fðþ∞; bþ; 0ÞUFðþ∞; 0; 0ÞΨð0; 0ÞjPi; ð66Þ

so that

σγ�T




Diag 3a

¼ παeme2f
ð2P−qþÞ

Z
dbþhPjΨ̄ðbþ; 0Þγ−U†

Fðþ∞; bþ; 0ÞUFðþ∞; 0; 0ÞΨð0; 0ÞjPi þ NNEik: ð67Þ

Since the quark collinear PDF is defined (up to UV renormalization) as

qfðxÞ ¼
Z

dbþ

2π
e−ib

þxP−hPjΨ̄ðbþ; 0Þ γ
−

2
U†

Fðþ∞; bþ; 0ÞUFðþ∞; 0; 0ÞΨð0; 0ÞjPi; ð68Þ

one has

σγ�T




Diag 3a

¼ ð2πÞ
2αeme2f

ð2P−qþÞ qfðx ¼ 0Þ þ NNEik; ð69Þ

and, using the relation (2),

FTðxBj;Q2Þ




Diag 3a

¼e2f
Q2

ð2P−qþÞqfðx¼0Þ

þNNEik¼e2fxBjqfðx¼0ÞþNNEik

ð70Þ

FLðxBj; Q2Þ




Diag 3a

¼ 0þ NNEik: ð71Þ

In Ref. [68], DIS dijet production is studied including
eikonal and NEik contributions in pure gluon background
field. At the leading power in the back-to-back jets regime,
it is found that the eikonal contributions can be written as
gluon TMD distributions with momentum fraction x ¼ 0,
whereas NEik contributions correspond to the first-order
correction in the Taylor expansion of the gluon TMDs
around x ¼ 0. These NEik corrections then provide an
estimate of the physical value of x for the gluon TMDs in
that process, that would be obtained from a partial
resummation of all-order power corrections beyond the
eikonal approximation. That estimate for the value of x is
indeed consistent with the value obtained from the TMD
factorization formalism for back-to-back dijet production in
DIS, not relying on the eikonal approximation.
By comparison, it is reasonable to expect a similar

situation here. One should obtain the correct value of x for

the quark PDF in Eq. (70) away from the high-energy
regime by calculating NNEik contributions to DIS structure
functions, more precisely terms which are power sup-
pressed at high energy once by insertions of the quark
background field, and once by going beyond the shock-
wave approximation. That calculation is clearly beyond the
scope of the present study, but it might be possible to
perform it in the future, thus providing an important
confirmation of our results. Nevertheless, by comparison
with the collinear factorization formalism for DIS, the
expected value for the momentum fraction x in the PDFs is
xBj. In the high-energy regime,

xBj ∼
Q2

ð2P−qþÞ ∼
Q2

W2
≪ 1; ð72Þ

so that the difference between xBjqfðx ¼ 0Þ and xBjqfðxBjÞ
is of order x2Bj, and thus NNEik indeed. Hence, at the order
of our calculation, we can equivalently write

FTðxBj; Q2Þ




Diag 3a

¼ e2fxBjqfðxBjÞ þ NNEik: ð73Þ

The calculation of Diagram 3(b) is explained in the
Appendix, starting from the expression (54). It leads to

σγ�T




Diag 3b

¼ ð2πÞ
2αeme2f

ð2P−qþÞ q̄fðx ¼ 0Þ þ NNEik ð74Þ

σγ�L jDiag 3b ¼ 0þ NNEik; ð75Þ

with the antiquark collinear PDF,

q̄fðxÞ ¼
Z

dbþ

2π
e−ib

þxP−
TrD;F

�
hPjUFðþ∞; bþ; 0ÞΨðbþ; 0ÞΨ̄ð0; 0Þ γ

−

2
UFðþ∞; 0; 0Þ†jPi

�
: ð76Þ
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Hence, at the level of the structure functions, one gets

FTðxBj; Q2Þ




Diag 3b

¼ e2fxBjq̄fðx ¼ 0Þ þ NNEik ¼ e2fxBjq̄fðxBjÞ þ NNEik ð77Þ

FLðxBj; Q2Þ




Diag 3b

¼ 0þ NNEik: ð78Þ

All in all, combining the contributions from both diagrams, and summing over quark flavors, one arrives at the total NEik
contribution to DIS structure functions induced by the quark background field of the target,

FTðxBj; Q2Þ




qBackgd

¼ F2ðxBj; Q2Þ




qBackgd

¼ 2xBjF1ðxBj; Q2Þ




qBackgd

¼
X
f

e2fxBj½qfðxBjÞ þ q̄fðxBjÞ� þ NNEik ð79Þ

FLðxBj; Q2Þ




qBackgd

¼ 0þ NNEik; ð80Þ

which are the same expressions as in the naive parton
model.

IV. DISCUSSION: DIPOLE VERSUS QUARK
BACKGROUND FIELD CONTRIBUTIONS

TO DIS AND SIDIS

It is now in order to discuss the interplay between the
quark background field contribution to DIS and SIDIS that
we have derived in this article, with the dipole factorization
contribution usually considered in the low-x literature.
Most of the discussion will focus on the inclusive DIS
case for definiteness, but the same remarks apply to the
SIDIS case.
First of all, let us remind that the approach we follow,

generalizing the CGC formalism, is based on a double
expansion for dense-dilute scattering processes at high
energy. The two small parameters are the QCD coupling g,
and the ratio of any momentum, mass or virtuality scale
over the energy of the collision (or equivalently the inverse
of the Lorentz boost factor of the target). Moreover, the
target is considered dense in the sense that its associated
gluon background field is large, in the nonlinear regime of
Yang-Mills theories; A ¼ Oð1=gÞ, and thus gA ¼ Oðg0Þ
and for the background field strength gF ¼ Oðg0Þ in terms
of the small coupling g expansion. With this power
counting for the gluon background field, the dipole
factorization to DIS observables corresponds to the lead-
ing-order term, of order Oðg0Þ, within the eikonal con-
tribution (leading power at high energy) of order Oðγ0t Þ,
with usually the resummation of the high-energy loga-
rithms appearing at higher orders in g2. In particular, the
photon always splits into a quark-antiquark before the
target in that approximation, and both the quark and

antiquark cross the whole target, and interact with it in a
fully coherent way described via Wilson lines. NLO
corrections to the dipole factorization, of order Oðg2Þ,
have been calculated [38–44,46–48], staying within the
eikonal approximation.
Some of the NEik corrections to DIS and SIDIS are

obtained by relaxing the eikonal approximation for the
quark propagators through the target in the dipole factori-
zation expression. Such NEik contributions can still be
written in a dipole factorization form, but now with a dipole
operator decorated by gluon field strength insertions gF
typically. Such NEik corrections will start at orderOðg0Þ in
the dense regime for the target.
By contrast, the NEik contributions derived in the two

previous sections are of a different form, with the photon
vertex located inside the target, and a single quark or
antiquark propagating through part of the target only. At
the cross section level for inclusive DIS or SIDIS, as can
be seen from our results [Eqs. (47) and (48) together with
Eqs. (42) and (49) for SIDIS; Eqs. (79) and (80) together
with (68) and (76) for the inclusive DIS], these contri-
butions involve bilinear operators in the quark background
field, but without extra power of the coupling g2.
The power counting in g for these contributions then
depends on the power of g assigned to the quark back-
ground field. The Yang-Mills equation for the gluon
background field,

∂μF
μν
a − gfabcAb

μF
μν
c ¼ gΨ̄γνtaΨ; ð81Þ

suggests that, in the dense regime for the target in which
A ¼ Oð1=gÞ and F ¼ Oð1=gÞ, one should take as well
Ψ ¼ Oð1=gÞ for consistency. This power-counting con-
vention for the quark background field is indeed widely
used in the literature for the calculation of NEik correc-
tions [67,69–90,99,100]. In this case, the quark back-
ground field NEik contributions calculated in this paper
are overall of order Oð1=g2Þ, and thus perturbatively
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enhanced. In particular, they are suppressed in terms of
powers of energy but enhanced in terms of powers of g
compared to the eikonal LO dipole factorization expres-
sions. Moreover, the NEik corrections involving gF
decorations into the dipole factorization are perturbatively
suppressed compared to our results, Eqs. (47) and (79).2

Hence, the parton-model-like contributions from quark
background field calculated in the previous sections are the
lowest order contributions in g among the NEik corrections
to DIS and SIDIS. They are thus the first contributions
which should be included in order to complement the
dipole factorization results beyond the eikonal approxima-
tion at low xBj.
As a remark, the fact that the parton-model-like con-

tributions are perturbatively enhanced compared to the
dipole factorization contributions is not so surprising:
moving away from the low xBj limit (and instead consid-
ering the large Q2 limit), the power suppression of NEik
terms disappears, and the parton-model-like terms would
become the dominant terms, in agreement with the well-
known results from collinear factorization physics.
However, an in-depth study of such matching between
the low xBj formalism including NEik corrections and the
collinear factorization is far beyond the scope of the
present study.
As we have discussed, the parton-model-like contribu-

tions dominate among the NEik corrections, by power
counting in g. However, these contributions represent a
different channel than the dipole factorization contribu-
tions, and involve different operators. Hence, it is not fully
guaranteed that the enhancement in terms of g translates
into a quantitative enhancement. In order to perform a
numerical evaluation of the parton-model-like contribu-
tions, one would need to build a model for it, for example
by extending the McLerran-Venugopalan model [112–114]
to include quark background fields. However, even then,
the relative size of the contributions would ultimately
depend on the model parameters. For that reason, only a
fit to the data could confirm the perturbative enhancement
of the parton-model-like contributions among the NEik
corrections. This would nevertheless be particularly
challenging, and would most likely require to consider
multiple observables at that accuracy, since the NEik
corrections should first be disentangled from the eikonal
contributions.
At the partonic level, a clear difference between the

dipole factorization and the parton model-like expressions

calculated in this study concern the flow of light cone
momentum. In the parton-model-like expressions (and at
lowest order in g), the produced quark or antiquark carries
the entire light cone momentum qþ of the incoming
photon. These correspond to the so-called aligned jet
configurations. By contrast, in the dipole factorization,
the qþ of the photon is shared between the quark and
antiquark in the dipole: zqþ for the quark and ð1 − zÞqþ for
the antiquark, with 0 < z < 1. Still, even within the dipole
factorization, the aligned jet configurations z ≃ 1 and z ≃ 0
give crucial contributions to inclusive DIS [118] and SIDIS
[29,119,120]. Hence, in order to include the parton-model-
like contributions that we have calculated as subleading
power corrections at high energy to the dipole factorization,
further studies are needed to properly treat the aligned jet
region and avoid double counting of quark modes with
small light cone momentum. This would represent an
important step towards generalizing the CGC formalism
into an effective theory systematically improvable beyond
leading power in the high-energy limit.

V. SUMMARY

In this work, we investigate the inclusive DIS and SIDIS
processes at NEik accuracy, focusing exclusively on NEik
corrections arising from t-channel quark exchanges. These
corrections probe the quark background field of the target at
NEik order. First, we computed the quark background field
contribution to the SIDIS and found that the result vanishes
for longitudinal photon at NEik order, up to higher order
corrections in αs. The contribution for transverse photon
polarization is given in Eq. (43), written in terms of
unpolarized quark TMD at x ¼ 0 and with an explicit
1=W2 factor confirming the power suppression of the NEik
correction. Similar results are also obtained for the anti-
quark production in SIDIS.
We have also computed the quark background field

contributions to the DIS structure functions. The compu-
tations are performed in two ways: either using the optical
theorem or integrating out the quark production phase
space in the SIDIS cross section obtained earlier, and an
agreement between the results is obtained as expected. We
have shown that quark background contribution to the
longitudinal structure function vanishes at NEik, up to
higher-order corrections in αs. On the other hand, the quark
background contribution to the transverse structure func-
tion is given in Eq. (79) and it is written as a combination of
quark and antiquark collinear PDF.
The contributions obtained in such a way for SIDIS and

DIS, induced by the quark background field, coincide with
the low x expansion of the parton model results. We have
then discussed power counting for these quark background
field induced corrections in the dilute-dense limit and
argued that such parton-model-like contributions represent
the lowest-order terms in the coupling g among the NEik
corrections to DIS and SIDIS. These contributions

2There is a third type of NEik contributions to DIS and SIDIS.
They consist in having the quark (or the antiquark) from the
dipole factorization converting into a gluon and then back into a
quark by two successive insertions of the quark background field.
Since these conversions occur via QCD vertices, each insertion of
the quark background field is accompanied by a factor g. Hence,
that type of NEik correction is overall of orderOðg0Þ in the dense
target case, like the ones with gF insertions.
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therefore constitute the first NEik power corrections at low
xBj that must be included beyond the dipole factorization
results, derived in the eikonal approximation.
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APPENDIX: CALCULATION OF THE
ANTIQUARK CONTRIBUTION TO DIS

STRUCTURE FUNCTIONS

In this appendix, the main steps of the calculation of
Diagram 3(b) are described, highlighting its main
differences compared to the calculation of Diagram 3(a)
presented in Sec. III. Starting from the expression (54), on
can perform similar approximation as in the case of
Diagram 3(a), neglecting effects which would matter only
at NNEik accuracy onwards. In particular, the expression
(55) can be used for the quark propagator, excluding the
instantaneous term. In such a way, one finds

Sγ�λ1→γ�λ2





Diag 3b

¼ −e2e2f

Z
d4z

Z
d4z0eipþz0−e−ip·z0

Z
dkþ

2π

1

ð2kþÞ2 e
−ikþðz−−z0−Þ

Z
d2vT þΨ̄ðzþ; zÞ

γ−γþ

2
ϵλ1ðqÞ

× ½kþγ− þmþ iγiD⃗F
zi �γþδ2ðz − vÞδ2ðv − z0Þ½θðzþ − z0þÞθðkþÞUFðzþ; z0þ; vÞ

− θðz0þ − zþÞθð−kþÞUFðz0þ; zþ; vÞ†�½kþγ− þm − iγjD⃖F
z0j �ϵλ2ðpÞ�

γþγ−

2
Ψðz0þ; z0Þ

× e−iq
þz−eiq·z þ NNEik

¼ 2πδðpþ − qþÞð−1Þ e2e2f
ð−2qþÞ2

Z
dzþ

Z
d2z

Z
dz0þ

Z
d2z0e−ip·z0

Z
d2vT þΨ̄ðzþ; zÞ

γ−γþ

2
ϵλ1ðqÞ

× ½−qþγ− þmþ iγiD⃗F
zi �γþδ2ðz − vÞδ2ðv − z0Þ½θðzþ − z0þÞθð−qþÞUFðzþ; z0þ; vÞ

− θðz0þ − zþÞθðqþÞUFðz0þ; zþ; vÞ†�½−qþγ− þm − iγjD⃖F
z0j �ϵλ2ðpÞ�

γþγ−

2
Ψðz0þ; z0Þeiq·z þ NNEik; ðA1Þ

because the integrations over z− and z0− force kþ ¼ −qþ ¼ −pþ. Then, since qþ > 0, it is now the term with U†
F from the

propagator which is selected this time, bringing a (−1) factor which was not there in the case of Diagram 3(a). Once again,
the terms with covariant derivatives or quark mass drop, and one arrives at

Sγ�λ1→γ�λ2





Diag 3b

¼ 2πδðpþ − qþÞð−1Þ e
2e2f
2

Z
dzþ

Z
dz0þð−1Þθðz0þ − zþÞ

Z
d2ze−iz·ðp−qÞT þΨ̄ðzþ; zÞ

γ−γþ

2
ϵλ1ðqÞ

× γ−UFðz0þ; zþ; zÞ†ϵλ2ðpÞ�
γþγ−

2
Ψðz0þ; zÞ þ NNEik: ðA2Þ

Like in the case of Diagram 3(a), one obtains a nonzero contribution only if both the incoming and the outgoing photons
have a transverse polarization. In that case, one finds

Sγ�λ1→γ�λ2





Diag 3b

¼ 2πδðpþ − qþÞ e
2e2f
2

εiλ2
�εjλ1

Z
dzþ

Z
dz0þθðz0þ − zþÞ

Z
d2ze−iz·ðp−qÞ

× ð−1ÞT þΨ̄ðzþ; zÞγ−γjγiUFðz0þ; zþ; zÞ†Ψðz0þ; zÞ þ NNEik: ðA3Þ
Hence, the corresponding contribution to the forward scattering amplitude is

iMγ�λ→γ�λ
ðq;qÞ





Diag3b

¼ e2e2f
2ð2qþÞε

i
λ
�εjλ

Z
dzþ

Z
dz0þθðz0þ−zþÞ

Z
d2zð−1ÞT þΨ̄ðzþ;zÞγ−γjγiUFðz0þ;zþ;zÞ†Ψðz0þ;zÞþNNEik

¼ e2e2f
2ð2qþÞε

i
λ
�εjλ

Z
dzþ

Z
dz0þθðz0þ−zþÞ

Z
d2z

×TrD;F½UFðþ∞;z0þ;zÞΨðz0þ;zÞΨ̄ðzþ;zÞγ−γjγiUFðþ∞;zþ;zÞ†�þNNEik: ðA4Þ
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Using the constraint z0þ > zþ to explicitly place the quark background fields in the zþ ordered way, one generates an extra
factor (−1), which compensate the one appearing earlier, so that both Eq. (A4) and Eq. (62) have the same overall sign.
Then, following the same steps as in the case of Diagram 3(a), one obtains

σγ�T




Diag 3b

¼ e2e2f
4qþ

Z
dzþ

Z
dz0þθðz0þ − zþÞ

Z
d2z

× 2RehTrD;F½UFðþ∞; z0þ; zÞΨðz0þ; zÞΨ̄ðzþ; zÞγ−UFðþ∞; zþ; zÞ†�i þ NNEik

¼ παeme2f
qþ

Z
dzþ

Z
dz0þ

Z
d2zhTrD;F½UFðþ∞; z0þ; zÞΨðz0þ; zÞΨ̄ðzþ; zÞγ−UFðþ∞; zþ; zÞ†�i þ NNEik; ðA5Þ

and then the relation (74).
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