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We investigate dilepton production from an isospin-asymmetric hot and dense medium in order to
explore the role of isospin imbalance in electromagnetic spectral properties. We focus in particular on
modifications of the dilepton production rate associated with the onset of pion condensation, which can
occur in the presence of a finite isospin chemical potential. We employ the Nambu—Jona-Lasinio model
with isoscalar-vector interaction. We examine the phase structure in the 7' — u; plane and estimate the
vector current correlator-resummed dilepton rate for an effective quark chemical potential. We find that the
interplay between isospin asymmetry, pion condensation, and vector interactions leads to nontrivial
modifications of the dilepton yield. In particular, we observe two key features of the pion condensed phase:
an enhancement at lower invariant mass and a prominent plateaulike structure which also help clearly
identify the pion condensed phase from a chirally broken/restored phase. These results highlight the
potential sensitivity of dilepton observables to pion-condensed phase of QCD matter, with possible
implications for future low-energy heavy-ion collision experiments as well as isospin-rich environments

such as neutron star matter.

DOI: 10.1103/15p8-7znz

I. INTRODUCTION

Dilepton emission has long been recognized as a key
electromagnetic probe of strongly interacting matter pro-
duced in different stages of the relativistic heavy-ion
collisions [1-3]. Due to their negligible final-state inter-
actions, they escape the medium largely unaltered, encod-
ing information about those stages. Among these, dileptons
originating from the thermalized fireball are of particular
interest. Since their production rate is directly proportional
to the imaginary part of the in-medium vector current-
current correlator [4-6], they provide a sensitive window
into the spectral properties of quarks and hadrons under
extreme conditions [7-9].
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In realistic collision environments, particularly those
involving neutron-rich nuclei at lower beam energies, the
produced medium can exhibit significant isospin asymme-
try. This asymmetry is naturally characterized by a finite
isospin chemical potential, y;, which leads to unequal
number densities of up and down quarks [10]. Alongside
the temperature 7 and baryon chemical potential pjp, a
nonzero y; influences the self-consistent dynamical mass
generation in chiral effective models. Consequently, the
effective quark mass and the associated in-medium spectral
functions develop a nontrivial dependence on the thermo-
dynamic parameters such as T, ug, y;, etc. The modifica-
tions arising from finite isospin asymmetry are also
reflected in the structure of the QCD phase diagram,
particularly at high baryon density [11,12]. Moreover,
first-principles numerical methods, such as lattice QCD
studies at finite isospin density [13—16] are free from the
notorious sign problem encountered for nonzero up [17],
thereby providing a reliable benchmark for exploring the
T — p; plane of the QCD phase diagram, in contrast to its
T — up counterpart.

On the other hand, from an analytical perspective, the
Nambu—Jona-Lasinio (NJL) model [18,19] provides a well-
established effective model framework for investigating
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these effects. Owing to its treatment of spontaneous breaking
of chiral symmetry and dynamical mass generation, the
model allows a transparent study of how the quark propa-
gator, mesonic modes, and vector current correlators respond
to changes in T, pp, and y; [20,21]. In particular, the NJL
model naturally exhibits the critical behavior associated
with pion condensation: when y; exceeds the in-medium
pion mass, the system undergoes a phase transition into a
state characterized by a nonzero charged-pion condensate
[22-35]. See also Refs. [36—43] for more recent develop-
ments in this direction.

In addition to scalar and pseudoscalar interaction
channels, vector interactions can also play an important
role in determining the properties of dense QCD matter
[21,44-47], including in the presence of a finite isospin
chemical potential y; [48]. The inclusion of an isoscalar-
vector four-fermion interaction in the NJL model leads to
a density-dependent shift of the effective quark chemical
potential. At the same time, it modifies the vector current
correlator through the resummation of vector interaction
channels [49,50]. These effects are expected to impact
both the phase structure and the electromagnetic spectral
function, thereby influencing the dilepton production rate
(DPR) in a nontrivial manner [7,8,50].

Therefore, the onset of a pion-condensed phase [23,29]
is expected to leave a distinctive imprint on the dilepton
yield [7], specifically through modifications of the effective
quark mass, the effective quark chemical potential, and the
structure of the vector current correlator, all of which affect
the electromagnetic spectral function through altered
dispersion relations of pseudoscalar and vector mesons.
Consequently, the DPR emerges as a promising observable
for identifying the presence and onset of pion condensation.

Thus, studying dilepton emission in an isospin-asym-
metric medium within the NJL model provides not only a
theoretically controlled way to quantify the impact of y; on
electromagnetic radiation, but also a pathway to establish-
ing dileptons as a potential signature of pion condensation.
This investigation becomes particularly relevant for
ongoing and future experimental programs, such as facility
for antiproton and ion research (FAIR) [51], Japan proton
accelerator research complex (J-PARC) [52] and nuclotron-
based ion collider facility (NICA) [53], where strong
isospin imbalance and moderate temperatures may create
favorable conditions for exploring this intriguing region of
the QCD phase diagram.

The paper is organized as follows: in Sec. II, we present
the theoretical framework employed in this work. This
section is further divided into two subsections, where we
first introduce the NJL model and then discuss the formu-
lation of the DPR including the resummed vector current
correlator. In Sec. III, we present our numerical results and
discuss the corresponding physical implications. Finally, we
summarize our findings and present our conclusions in

Sec. IV. The detailed expressions of real and imaginary
parts of the vector correlator are provided in the Appendix.

II. FORMALISM

In order to consistently incorporate medium effects
arising from finite temperature (7), baryon chemical poten-
tial (up), and isospin asymmetry into the DPR, we employ
the two-flavor NJL. model as an effective description of
strongly interacting matter in the nonperturbative regime.
The NJL framework dynamically generates a constituent
quark mass through chiral symmetry breaking and also
allows for the possibility of pion condensation at relatively
higher values of finite isospin chemical potential (u;).

In addition to the usual scalar and pseudoscalar inter-
actions, we include an isoscalar-vector interaction channel.
In a dense medium, the inclusion of the vector interaction is
crucial, as it couples with the number density and effec-
tively shifts the quark chemical potential, which is dictated
by the strength of the vector interaction [45-47].

In the present context, the medium modifications relevant
for dilepton production in an isospin asymmetric hot and
dense medium therefore arise through: (i) the dynamically
generated quark mass, which depends explicitly on the chiral
condensate and implicitly on the pion condensate, (ii) the
shift of the effective chemical potential induced by the
isoscalar-vector interaction, (iii) the presence of finite isospin
asymmetry, and (iv) the modification of the in-medium
vector current correlator through vector-channel resumma-
tion obtained through random phase approximation (RPA).

In the following, we first present the formulation of the
NJL model at finite 7, uz and p; involving scalar, pseu-
doscalar and isoscalar-vector channels and then describe
how the resulting medium-modified quasiparticle proper-
ties are implemented in the vector-channel resummed DPR.

A. The SU(2) NJL model at finite isospin
chemical potential

We consider a two-flavor NJL model at finite temper-
ature, baryon chemical potential, and isospin chemical
potential. The Lagrangian density that we choose to work
with contains scalar, pseudoscalar, and isoscalar-vector
four-fermion interactions, as follows:

Ly = w(id —m + pyo)y + Gs[(py)? + (Wiysty)?]

- Gv(l/_/}/ﬂl//)z,
= y(ig —m + fiyo)w + Gs[(pw)* + (wiystsp)?
+ 2(wiystow) Wivstw)] = Gy(Frw)’, (1)

where y denotes the quark doublet containing the light
quarks, m is the current quark mass, and G and Gy, are the
scalar and isoscalar-vector coupling constants, respectively.
The matrices z; are the Pauli matrices in flavor space, and

7, = (7; F i1y)/v/2. The chemical potential matrix in
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flavor space is given by

S CH I

with the light-quark chemical potentials defined as

_HB M
”_3+2

A finite isospin chemical potential explicitly breaks the
SU(2) isospin symmetry down to U(1),,. Within the mean-
field approximation, we impose the ansatz

(wiystsy) = 0, (4)

thereby allowing for charged pion condensation.
We define the chiral and charged pion condensates as

o = =2Gs(py), (5)
Var, = -2V2Gg(iystw) = Ae, (6)
V2r_ = =2\2Gs(piyst_y) = Ae ¥, (7)

where 6 characterizes the spontaneous breaking of U(1);,.
The isoscalar-vector mean field is defined as

Yy =2Gyn, n= (row), (8)

with n denoting the quark number density.
The mean-field thermodynamic potential is
given by

then

QNJL(G’ A Xy, T)

2 AZ 22 A
= + ——V—ZNC/
4Gy 4Gy k

— 2N, / D TIn[(1 + ePE) (1 4 ePET)], - (9)
k=%

where

E,=VI2+ M, (10)

with M = m + ¢ and the effective chemical potential

Ef =/ (B /2 + A2,

ji= ’% = (11)
The notation [;* denotes three-momentum integration with
a sharp cutoff A. Note that /i here carries only the baryonic
shift due to the vector mean field, while the isospin splitting
is absorbed into the Nambu-Gorkov quasi-particle energies
Eif; this is to be contrasted with the flavor-dependent
effective chemical potential fi; introduced in Sec. I B.

The equilibrium values of the condensates (denoted by
subscript m) are obtained from the gap equations

QL
do

_ 0QL
0A

_ 9

A=A, Xy

—0. (12)
Zy=Zynm

0=0y,

B. DPR in an isospin asymmetric dense medium

In this work, we assume that the system created in a
heavy-ion collision is already in local thermal equilibrium.
We focus on the production of on-shell lepton pairs from a
generic process of the form

I—>I1l+F, (13)

where / and F denote the initial and final asymptotic quark-
gluon states, respectively.

For such a thermalized medium with Ny = 2 flavors, the
finite-temperature differential DPR for a virtual photon
with four-momentum Q* = (w, g) can be written as [54]

dR 5¢% 1 1

Fxdo - mRger— v @d (19

where Q> = w? — ¢” is the invariant mass squared of the
virtual photon, « is the fine-structure constant, and py is the
vector spectral function, which is related to the imaginary
part of the vector current correlator. It governs not only the
dilepton rate but also important transport and screening
properties of the medium, such as the electrical conduc-
tivity and the Debye screening mass.

However, the above equation is strictly valid for massless
lepton pairs and in an isospin symmetric environment. If
that symmetry is lost, whether by a background magnetic
field or by an isospin chemical potential, as in the case in
hand, the flavor sum can no longer be carried out trivially
due to the unequal treatment of the u and d quarks [55].
Thus, for nonzero u;, Eq. (14) takes the form

dR o« 1 1
d*xd*Q  127° Q% /T —

1 qu%pv;f(a), 9. (15)
f=ud

where g, and py., are the electric charge and single-flavor
vector spectral function, respectively, corresponding
to a particular quark flavor f. In the isospin symmetric
limit p; - 0, one recovers py,, =pyy=py and
Y fewa 97 = 5/9 €%, with € = 4za, so that Eq. (15) con-
sistently reduces to Eq. (14).

The isoscalar-vector interaction Gy plays a particularly
significant role in a dense matter, as it couples directly to the
quark number density, n = (yy), thereby modifying the
in-medium vector current correlator [50]. This interaction
affects chiral symmetry restoration, the location of the
critical endpoint, and the equation of state. Since the
DPR is directly proportional to the vector spectral function,
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FIG. 1.
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Diagrammatic representation of the RPA (ring) resummation for the vector current correlator in the presence of an isoscalar-

vector interaction Gy . The circles labeled C and double-lined circles labeled V denote the one-loop (bare) and fully resummed vector
current correlators, respectively. The circled crosses represent the external vector current insertion points of the correlator. The squared
Gy vertex represents the isoscalar-vector interaction entering the resummation. The first line shows the explicit geometric series
expansion V = C + CGyC + - - -, while the second line represents the compact Dyson-Schwinger form V = C + G CV, correspond-

ing to Eq. (16) of the text.

consideration of a finite Gy requires a consistent resumma-
tion of the vector correlator to account for its direct effect.
Such a resummation can be carried out by summing
the geometric series of one-loop irreducible diagrams
[7,20,44,49,50,56] (ring or RPA), as illustrated in Fig. 1.
In the present framework, the single-flavor Dyson-
Schwinger equation for the full vector correlator reads

V/w;f = C/,w;f + ZGVCﬂ(TvaS;f’ (16)

where C,,.; is the single-flavor one-loop vector correlator
which can be written as

a‘p
CuslQ) = [ G TrolnSy(P+ Qs (P (17)
where Trp . denotes traces over Dirac and color indices for
a single quark flavor f, and S;(P) is the quark propagator
in the chosen effective model. For our purpose, we will use
the NJL model (Hartree approximation) version of the same
[20,21,44], i.e.,

1

S;(P) =
r(P) P —M + yofiy

(18)
where M is the flavor-independent constituent quark mass
and iy = pup/3 —Zy + Iy /2 (with I, = +1 for u and
Iy = —1 for d) is the flavor-dependent effective chemical
potential.

At finite temperature and chemical potential, the corre-
lators decompose into transverse and longitudinal compo-
nents [56,57], as follows:

H,Ml/ — HTP/{I/ + HLPL (19)

Hv>
with projection operators

0 0,0,

L _ = T _
P, = @uﬂuw Py, =n —uu, — QZ

(20)

Here, II represents both C (one-loop) and V (resummed)
correlators, the heat bath velocity u, is (1,0,0,0) in the

rest frame of the medium, Qu = Qﬂ—wuﬂ,

i, = u, — a)Q”/QZ. For D = 4, the corresponding coef-
ficients relate to the temporal and spatial components as
follows, where I1;; = I1;; + I1,, + 133 denotes the spatial

trace of the correlator, as follows:

Q2 1 [w?
H — ——H y H - = —H - Hii . 21
L qz 00 T D) q2 00 ( )

and

Using Eq. (21) and the fact that the scalar Dyson-
Schwinger equation (16) separates for transverse and
longitudinal modes, i.e.,

Cr CL

V = V =,
7 1-2G,¢; L71-26,¢,

(22)

respectively, the temporal and spatial components of the
contracted resummed correlator V,,, can be expressed as

COO

Voo = —— ’
1+2GV§—22C00

(23)

(02 (1)2
Cii =2 Coo o Coo

= S + Q2 .
1-Gy (7 Coo — c,-i) 142Gy % Cyy

Vii (24)

Corresponding imaginary parts along with the real and
imaginary parts of the single-flavor one-loop vector current-
current correlator in the presence of a finite isospin chemical
potential are given in detail in the Appendix. Finally, the
single-flavor resummed vector spectral function reads

1
Pvif = z [V%)O;f - V%i; f]’ (25)
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where V(. and V}, . are imaginary parts of the resum-
med vector current correlator and computed using the
single-flavor correlator expressions detailed in the
Appendix. The full DPR in a hot and dense matter is then
obtained by inserting p"; into Eq. (15) and summing over
flavors weighted by q}%. In the following section, we present
numerical results for the DPR obtained using the NJL-
dressed quark mass and analyze the impact of finite isospin
asymmetry and pion condensation on the dilepton spectra.

III. RESULTS

The parameter set employed in the present study is
m =4.76 MeV, A =659 MeV, and Gy = 4.78 GeV~2.
These parameters are determined by fitting the pion
mass value used in lattice QCD [15,16], namely
m, = 131.7 MeV, together with f, =92.4 MeV and

0.0 0.1 0.2 0.3 0.4

0.00
0.0 0.1 0.2 0.3 0.4

T [GeV]

()3 = =250 MeV. This parameter set yields a vacuum
constituent quark mass M, ~ 303.5 MeV [20,21,44].

The remainder of this section is organized into three
parts. First, we analyze the behavior of the order parameters
(condensates) in an isospin-asymmetric hot and dense
medium, including the effects of isoscalar-vector inter-
actions. We then illustrate how these features are reflected
in the T—y; plane of the QCD phase diagram for different
values of the baryon chemical potential up and the vector
coupling Gy . Finally, we examine the cumulative impact of
these effects on the DPR and attempt to identify possible
signatures of pion condensation.

A. Order parameters

Figure 2 shows the behavior of the effective quark
mass M as a function of 7 and pp within the SU(2)
NJL model. The two values of y; are chosen to contrast

0.0 0.1 0.2 0.3 0.4
T[GeV]
T=0.1 GeV
0.30
0.25
0.20
%
8 0.15
s
010} emnaenns
0.05
----- 0.25 GeV
0.00 H
00 02 04 06 08 10 12 14

g [GeV]

FIG. 2. Effective quark mass M, a key input to the DPR, as a function of temperature 7 (upper left, upper right, and lower left panels)
and baryon chemical potential x5 (lower right panel) within the SU(2) NJL model at finite isospin asymmetry, for three values of the
isoscalar-vector coupling: Gy = 0, 0.5Gg, and Gy. In the first three panels, black, red, and blue curves correspond to pz = 0, 0.5, and
0.7 GeV, respectively, while in the lower right panel the same color coding corresponds to the three Gy, values in increasing order. In all
panels, solid and dashed lines correspond to y; = 0 and u; = 0.25 GeV.
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G,=0, 1;=0.25 GeV
— =0
up=0.5 GeV

0.30

0.25

0.20

A [GeV]
o
o

0.10
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FIG. 3.

G,=0.5 Gg, 14=0.25 GeV
— 1s=0
""" ug=0.5 GeV

0.0 0.1 0.2 0.3 0.4
T[GeV]

Pion condensate A as a function of temperature T (upper left, upper right, and lower left panels) and isospin chemical potential

uy/m,, (lower right panel) within the SU(2) NJL model, for Gy = 0 (upper-left), G, = 0.5G (upper right), and Gy = Gg (lower left).
In the first three panels, solid, dashed, and dotted curves correspond to uz = 0,0.5, and 0.7 GeV, respectively, at fixed y; = 0.25 GeV.
In the lower right panel, the black, red, and blue curves correspond to the three Gy values in increasing order, while solid and dashed
lines correspond to ug = 0.5 GeV and ug = 0.7 GeV, respectively, at fixed T = 0.1 GeV.

the isospin-symmetric (¢; = 0) and pion-condensed (y; =
0.25 GeV) phases, with the pion condensation threshold
being u; = m, for T = 0 (Silver Blaze property [58]).

Atvanishing isospin chemical potential, the effective mass
exhibits the expected chiral crossover behavior [59-61],
decreasing rapidly around a pseudocritical temperature that
shifts to lower values as pp increases. A finite y; modifies the
temperature dependence nontrivially: it induces a nonmono-
tonic structure in M, leading to a partial enhancement of the
mass in the transition region before chiral restoration, which
increases with ug. This nonmonotonicity arises from the
competition between the suppression of the chiral conden-
sate and the onset of the pion condensate (see Fig. 3), which
partially compensates the mass reduction due to chiral
transition. The magnitude and sharpness of this structure
depend sensitively on the vector coupling strength.

The lower right panel of Fig. 2 shows that increasing Gy
shifts the chiral transition to larger yz, reflecting the stiffening

effect of the vector interaction [45,62—64]. A finite y; again
modifies the transition behavior, implying a visible deforma-
tion of the mass curve in the vicinity of the chiral crossover.
Figure 2 overall illustrates that isospin asymmetry and vector
interactions interplay nontrivially in determining the location
and structure of the chiral transition within the SU(2) NJL
framework, thereby significantly affecting the values of the
effective quark mass, especially at lower temperatures.

Figure 3 shows the behavior of the pion condensate A as
a function of T and y; within the SU(2) NJL model. For all
cases, the pion condensate decreases monotonically with
increasing temperature and vanishes at a critical temper-
ature, signaling the melting of the pion-superfluid phase. At
fixed Gy, increasing up shifts the critical temperature to
lower values and reduces the temperature range where the
condensate is nonzero, indicating that baryon density
disfavors pion condensation. This suppression becomes
more pronounced at lower values of Gy, .
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=0 1=0.25 GeV T=0.1 GeV
— pp=0.5 GeV - — up=0.5 GeV - 0.151 — =0 .
o 1E=0.7 GeV — p=0.7 GeV — 1=0.25 GeV e
. ‘ 0.15 .

—— G,=0.5G, —— G,=0.5G,

2 0.10 3 0.10
O, o
> >
W W

0.05 0.05

0.00 0.00

0.0 01 0.2 03 04 0.0 01
T[GeV]

0.0

02 04 06 08

g [GeV]

0.2 10 12 14

T[GeV]

0.3 0.4

FIG. 4. Vector condensate Xy as a function of temperature 7" (left and middle panels) and baryon chemical potential y5 (right panel)
within the SU(2) NJL model. Since Gy, = 0 yields a vanishing vector condensate by definition, only Gy = 0.5G and Gy = Gy are
considered, represented by solid and dashed lines, respectively. The left and middle panels correspond to y; = 0 and p; = 0.25 GeV,
respectively, with red and blue curves corresponding to yp = 0.5 and 0.7 GeV. In the right panel, red and blue curves correspond to

u; =0 and p; = 0.25 GeV, at fixed T = 0.1 GeV.

The onset of pion condensation in the lower right
panel occurs around pu; ~m,; at T =0, this happens
exactly at p; =m, due to the Silver Blaze property
[10,13,14]. For a fixed value of up, increasing Gy shifts
the onset to lower values of u; and generally enhances
the magnitude of the condensate at fixed y;, since the
repulsive vector interaction reduces the effective baryon
chemical potential and thus partially counteracts the
suppression of the pion condensate by baryon density.
This competing behavior, which is evidently a temper-
ature dependent phenomenon, is most evident at
up = 0.7 GeV: at this baryon density, Xy generated from
a vanishing Gy is insufficient to reduce the effective
chemical potential ji enough to counteract the baryon-
density-induced suppression, and the pion condensate
vanishes entirely for all values of u; at T = 0.1 GeV.

Hence, Fig. 3 demonstrates that while an increase in
baryon density tends to suppress pion condensation, the
inclusion of vector interactions acts in the opposite direc-
tion. This competition nontrivially modifies both the
critical temperature and the onset of pion condensation
in an isospin-asymmetric matter within the SU(2) NJL
framework.

Figure 4 shows the behavior of the vector condensate
Yy as a function of 7 and up within the SU(2) NJL
model. The vector condensate increases monotonically
with temperature in the considered range, with larger
values obtained for stronger vector coupling and higher
baryon chemical potential, as evident from all three
panels. Comparing the left and middle panels of
Fig. 4, one can conclude that a finite isospin chemical
potential enhances the magnitude of Xy at fixed 7 and
up, which becomes even clearer from the right panel.
This indicates that isospin asymmetry indirectly strength-
ens the vector condensate through modifications of the
quark density.

B. Phase diagram

Figure 5 shows the T—u; phase diagram for several fixed
values of up and Gy. Both the chiral crossover and pion
condensation boundaries shift to lower temperatures with
increasing yp, reflecting the suppression of both transitions
by baryon density. The pion condensation boundary sets on
at u; = m, at vanishing temperatures, lies below the chiral
crossover at low g, eventually merging with it at higher
values of y;. This carves out a distinct region of the phase
diagram accessible only at sufficiently large isospin den-
sity, which we refer to as the pion condensed phase.

At finite Gy, a competing effect emerges with increasing
up: the vector mean field reduces the effective chemical
potential /i, counteracting the baryon-density-induced sup-
pression, and shifting both the chiral crossover and pion
condensation boundaries to relatively higher temperatures
compared to the corresponding Gy = 0 curves. This is
consistent with the order parameter behavior discussed in
the previous subsection. The qualitative features of the
T—u; phase diagram, including the onset of pion conden-
sation at u; = m, and the shape of the condensation
boundary, are in good agreement with previous NJL model
and lattice QCD studies [15,16,43].

C. Dilepton production rate

We begin this subsection with Figs. 68, which show the
DPR as a function of the invariant mass Q at fixed T =
0.1 GeV for different values of y;, ug, and Gy. A common
feature observed in all three figures is a considerable
enhancement of the DPR in the pion-condensed phase,
where the onset of the dilepton rate shifts toward lower
invariant masses. This enhancement primarily originates
from the reduction of the kinematic threshold determined
by the medium-dependent effective quark mass, which
becomes significantly smaller in the pion-condensed phase

114044-7



BANDYOPADHYAY, ISLAM, REDLICH, and SASAKI

PHYS. REV. D 113, 114044 (2026)
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FIG. 5. T-u; phase diagram for three values of the isoscalar-vector coupling: Gy = 0 (left), Gy = 0.5G¢ (middle), and Gy = Gy

(right). In each panel, dashed and dotted lines denote the chiral crossover boundary and the pion condensation phase boundary,
respectively, for up = 0, 0.5, and 0.7 GeV, represented by black, red, and blue curves, respectively. The yp = 0 curves (black dashed and

dotted lines) are identical across all three panels.

compared to the uncondensed phase. This key mechanism
underlies the sensitivity of the dilepton observable to the
phase structure discussed throughout the remainder of this
subsection.

In Fig. 6, the DPR is shown for vanishing baryon density
and vector coupling strength, for three different values of
the dilepton three-momentum g. Compared to the zero-
momentum case, the presence of finite momentum reduces
the overall magnitude of the dilepton rate. The dependence
on the isospin chemical potential remains clearly visible,
indicating that the medium asymmetry continues to influ-
ence the dilepton emission rate even at finite momentum.

Figure 7 illustrates the impact of pion condensation on
the DPR for different strengths of the isoscalar-vector

T=0.1 GeV, ug=0, G,=0

107 —— =0
----- 1=0.25 GeV
10-8t
[¢) ""~~
T 100
) ' N
x '
5 .
1010t H ..
101k E
0

2 04 06 08 10
Q[GeV]

0.0

FIG. 6. DPR as a function of the invariant mass Q at fixed
T =0.1 GeV, ugz =0, and Gy, = 0. Black, red, and blue curves
correspond to ¢ = 0,0.2, and 0.6 GeV, respectively, while solid
and dashed curves correspond to the uncondensed (y; = 0) and
pion-condensed (¢; = 0.25 GeV) phases, respectively.

interaction. In the absence of the isoscalar-vector inter-
action (Gy = 0; left panel), the dilepton rate displays a
distinct threshold structure. The shift in the rate from
the uncondensed phase (1; = 0) to the pion-condensed
phase (u; = 0.25 GeV) decreases with increasing pp. For
up = 0.7 GeV, one observes that beyond a certain invariant
mass (@, the contribution from the uncondensed phase
surpasses that of the pion-condensed phase. This crossover
occurs because the larger effective quark mass in the
uncondensed phase shifts the spectral weight toward higher
invariant masses, while the pion-condensed phase, with its
reduced quark mass, concentrates yield predominantly in
the low-Q region.

When the vector interaction is introduced (G, = 0.5Gyg,
central panel; and Gy = Gy, right panel), across all values
of up the dilepton rates receive additional enhancements in
the low invariant mass region relative to the Gy = 0 case,
and the spectral distribution is modified accordingly, as
already observed in Ref. [50]. At the strongest coupling
considered, i.e., Gy = Gg (right panel), this enhancement
evolves into a pronounced plateaulike structure exclusively
in the pion-condensed phase (1; = 0.25 GeV, dashed
curves), whereas the uncondensed phase (u; = 0, solid
curves) continues to exhibit the standard threshold behav-
ior. This plateau reflects a qualitative reorganization of
spectral strength at low invariant masses, driven by the
interplay between the reduced effective quark mass in
the pion-condensed phase and the strong resummation of
the isoscalar-vector interaction through the RPA, while the
uncondensed phase, retaining a larger effective quark mass,
does not experience this reorganization.

The competing effects arising from the inclusion of Gy,
discussed in the context of Fig. 7, are further reflected in
Fig. 8. In this figure, we present the combined effects of
finite isospin density and the isoscalar-vector interaction on
the DPR for up = 0, 0.5, and 0.7 GeV. The up = 0 panel
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FIG. 7. DPR as a function of the invariant mass Q at fixed 7 = 0.1 GeV and g = 0, for three values of the isoscalar-vector coupling:

Gy = 0 (left), Gy = 0.5G¢ (middle), and Gy = Gy (right). In each panel, black, red, and blue curves correspond to uz = 0,0.5, and
0.7 GeV, respectively, while solid and dashed curves correspond to the uncondensed (y¢; = 0) and pion-condensed (x; = 0.25 GeV)

phases, respectively.

(left) confirms that a hint of flattening in the pion-
condensed phase is already visible (for Gy = Gg) in the
absence of baryon density and therefore cannot be attrib-
uted solely to baryon-density-induced modifications of the
effective chemical potential. Increasing the vector coupling
from Gy = 0 to Gy = Gy leads to an enhancement of the
dilepton yield for all values of the baryon chemical
potential, primarily attributable to the resummed vector
current correlator incorporating the additional isoscalar-
vector four-fermion interactions. The progressive flattening
of the dilepton rate exclusively in the pion-condensed phase
across all values of up is also clearly visible. This robust-
ness establishes the plateau as a distinctive consequence of
the interplay between pion condensation and the strong
isoscalar-vector interaction.

Both the modification of the production thresholds
and the plateaulike structure in the pion condensed phase
at Gy = Gg become more visible at up = 0.7 GeV,
where the effective quark chemical potential plays an

T=0.1 GeV, q=0, pg=0

T=0.1 GeV, =0, pg=0.5 GeV

important role. These results indicate that the interplay
between isospin asymmetry, pion condensation, and
isoscalar-vector interactions can significantly affect the
DPR in a hot and dense strongly interacting matter,
with the plateau structure at strong vector coupling
serving as a potentially observable signature of the
pion-condensed phase.

It is apt to mention here that a qualitatively similar
enhancement of low-frequency spectral weight in a
diquark-condensed phase has been observed in finite-
density SU(2) lattice gauge theory, in the context of
electrical conductivity [65]. This suggests that such spectral
modifications may be a general feature of QCD-like
theories around condensed phases.

After discussing the general features of the DPR in the
isospin asymmetric hot and dense medium within the
SU(2) NJL model including isoscalar-vector interactions,
we illustrate how the DPR is influenced by the 7—u; phase
structure of the medium in Figs. 9 and 10.

T=0.1 GeV, =0, 1g=0.7 GeV

Q[GeV]

FIG. 8.

107§ —— p=0 107§ —— p=0
----- 1=0.25 GeV ----- p=0.25 GeV

1078 T . 1078
o : o
T 100 : . IRT
S ERS S
C " o
° " ©

10710 u 1010

107" 107"

00 02 04 06 08 10 00 02 04 06 08 1.0 00 02 04 06 08 10

Q[GeV] Q[GeV]

Complementary to Fig. 7, with panels organized by ugp = 0 GeV (left), 0.5 GeV (middle), and 0.7 GeV (right), and curves by

Gy, at fixed T = 0.1 GeV and g = 0. In each panel, black, red, and blue curves correspond to Gy, = 0, 0.5G and Gy, respectively,
while solid and dashed curves correspond to the uncondensed (¢; = 0) and pion-condensed (¢; = 0.25 GeV) phases, respectively.
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FIG.9. DPR as a function of the invariant mass Q at ¢ = 0, evaluated along the chiral crossover (upper panels) and pion condensation
phase boundary (lower panels) of the T—y; phase diagram at fixed {ug, Gy} = {0.7 GeV, 0.5G}. In the left panels, red, green, and blue
points mark three representative points along each phase boundary, with the corresponding DPR curves in the right panels inheriting the
same color coding. The coordinates along the chiral crossover boundary are (u;,T) = (0.03,0.134), (0.175, 0.126), and (0.262,
0.114) GeV, and along the pion condensation boundary are (0.182, 0.076), (0.221, 0.101), and (0.28, 0.115) GeV.

Figure 9 tracks how the dilepton yield evolves as the
system moves along the phase boundaries in the 7—; plane
at fixed {ug, Gy} = {0.7 GeV, 0.5Gs}. A striking contrast
emerges between the two boundaries: moving along the
chiral crossover produces only marginal changes in the
dilepton yield, while traversing the pion-condensation
boundary leads to pronounced changes in both the thresh-
old behavior and the overall magnitude. This asymmetry
establishes the dilepton rate as a considerably more
sensitive probe of pion condensation than of chiral
restoration.

Figure 10 provides a complementary perspective by
evaluating the DPR at representative points from three
distinct regions of the 7T—u; phase diagram. A clear
hierarchy emerges in the DPR: the chirally broken phase
exhibits the highest kinematic threshold, the chirally
restored phase the lowest, and the pion-condensed phase
an intermediate behavior, directly reflecting the ordering
of the effective quark masses across the three regions.

This comparison further emphasizes the sensitivity of the
dilepton observable to the phase structure of strongly
interacting isospin-asymmetric matter.

Taken together, the results of this section demonstrate
that the DPR encodes a rich and distinctive dependence on
the phase structure of isospin-asymmetric QCD matter. The
dominant effect is the lowering of the kinematic threshold
in the pion-condensed phase, which produces a robust
enhancement of the low-invariant-mass dilepton yield that
persists across variations in ug, Gy, and the dilepton three-
momentum gq.

The inclusion of the isoscalar-vector interaction intro-
duces further modifications through the resummed vector
correlator: while at moderate coupling (Gy = 0.5Gy) these
remain quantitative in nature, at strong coupling (Gy = Gy)
a qualitatively new feature emerges exclusively in the
pion-condensed phase—a pronounced plateaulike structure
at low invariant masses that is entirely absent in the
uncondensed phase and persists across all values of pp
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FIG. 10. DPR as a function of the invariant mass Q at g = 0, evaluated at three representative points sampling the chirally broken
(red), chirally restored (green), and pion-condensed (blue) phases of the 7—; phase diagram, with the corresponding DPR curves in the
right panels inheriting the same color coding. The upper (lower) panels correspond to pp =0 (ug = 0.7 GeV, Gy = 0.5Gg). The
chosen points are (u;, T) = (0.05,0.07), (0.14, 0.22), and (0.25, 0.12) GeV for uz = 0, and (0.05, 0.09), (0.10, 0.22), and (0.25,

0.07) GeV for ug = 0.7 GeV with Gy = 0.5Gg.

considered, including ug = 0. This plateau constitutes an
additional discriminating signature of pion condensation
beyond the threshold shift alone. Increasing baryon density
tends to suppress the overall yield by reducing the effective
isospin chemical potential available for condensation, but
does not wash out either of these signatures. Finally, the
behavior of the dilepton yield along the phase boundaries
further reinforces this picture: the strong variation of the
yield along the pion-condensation boundary, in stark
contrast to the near-invariance along the chiral crossover,
establishes dileptons as a particularly promising observable
for identifying pion-condensed phases of QCD matter.

IV. SUMMARY AND CONCLUSIONS

In this work, we have studied dilepton production from a
hot and dense strongly interacting matter in the presence of

finite isospin asymmetry using a two-flavor NJL model.
Dileptons, as electromagnetic probes, provide direct access
to the in-medium spectral properties of quarks and mesons,
escaping the medium with minimal final-state interactions.
Our analysis incorporates scalar, pseudoscalar, and iso-
scalar-vector interaction channels. The scalar and pseudo-
scalar interactions govern dynamical quark mass generation
and pion condensation, while the isoscalar-vector interac-
tion modifies the effective quark chemical potential and
enhances the vector condensate, impacting the electromag-
netic spectral function. The DPR is computed via a RPA
resummation of the vector current correlator, systematically
including medium-modified quark masses, effective chemi-
cal potentials, and isospin asymmetry effects.

Regarding the behavior of the order parameters, the
effective quark mass M exhibits a nontrivial dependence on
Uy, pp, and Gy, with finite isospin asymmetry leading to a
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significant reduction of M in the vicinity of the chiral
transition compared to the isospin-symmetric case. The pion
condensate A decreases with temperature and vanishes at a
critical temperature that is sensitive to the values of up and
Gy. Although increasing baryon density suppresses pion
condensation by reducing the effective isospin chemical
potential available for condensation, the isoscalar-vector
interaction opposes this suppression by shifting the effective
quark chemical potential, thus stabilizing the pion-
condensed phase and shifting its onset to lower values of
u; while enhancing the magnitude of the condensate. The
vector condensate X, grows with temperature, baryon
density, and vector coupling, with finite yx; providing an
additional enhancement through modifications of the quark
number density.

The T—u; phase diagram reveals a clear interplay
between the chiral crossover and pion condensation boun-
daries. Increasing Gy counters the effect of finite up,
effectively stabilizing both transitions at higher temper-
atures. The qualitative trends of the phase boundaries agree
well with previous effective model studies [43] and lattice
QCD studies [15,16].

Concerning the DPR, it is significantly enhanced in the
pion-condensed phase due to the reduction of the effective
quark mass, which lowers the kinematic threshold for
dilepton emission. Finite three-momentum reduces the
overall magnitude of the DPR, but does not eliminate
the sensitivity to p;. The inclusion of the isoscalar-vector
interaction enhances the DPR at low invariant masses and
modifies the spectral distribution, reflecting the resummed
vector correlator in the medium.

Strikingly, at strong vector coupling Gy = Gy, the pion-
condensed phase develops a pronounced plateaulike struc-
ture at low invariant masses, a feature absent in the uncon-
densed phase and persistent across all values of up
considered, including yp = 0. This plateau reflects a quali-
tative reorganization of spectral strength driven by the
interplay between the reduced effective quark mass in the
pion-condensed phase and the strong resummation of
the isoscalar-vector interaction through the RPA, and con-
stitutes a potentially distinctive and observable signature of
pion condensation.

The interplay between y;, up, and Gy leads to distinctive
features in the DPR that directly correlate with the underlying
phase structure, especially along the pion-condensation
boundary. In particular, the evolution of the dilepton rate
along the pion-condensation phase boundary shows notice-
able changes in both the threshold behavior and the overall
yield, in stark contrast to the chiral crossover boundary where
changes are minimal, establishing the dilepton rate as a more
sensitive probe of pion condensation than of chiral
restoration.

Overall, our study demonstrates that dilepton emis-
sion serves as a sensitive probe of isospin asymmetry
and pion condensation in strongly interacting matter.
Modifications in the effective quark mass, vector condensate,

and vector current correlator leave observable imprints on the
dilepton yield, particularly in the low- to intermediate-
invariant mass region, with possible implications for ongoing
and future experimental programs at FAIR [51], J-PARC
[52], and NICA [53], where conditions of strong isospin
imbalance and moderate temperatures may be realized.

The present analysis is carried out within the mean-field
(Hartree) approximation of the NJL model, treating the
quark propagator in the standard NJL basis. Several
extensions of this work would be of considerable interest.

First, a more complete treatment of the DPR in the pion-
condensed phase would require the use of the full Nambu-
Gorkov propagator, which explicitly accounts for the
off-diagonal quark-antiquark pairing structure induced by
the pion condensate. Such a calculation would go beyond
the present framework and is expected to introduce addi-
tional contributions to the vector current correlator arising
from the anomalous propagator components, potentially
modifying the dilepton yield in a nontrivial manner in the
deeply condensed phase.

Second, a natural and phenomenologically important
extension would be the merging of the present quark-level
dilepton rate with the hadronic dilepton rate in the low
invariant mass region. Since the NJL model provides a
consistent description of both the quark and mesonic degrees
of freedom, a unified treatment incorporating both the quark-
antiquark annihilation contribution computed here and the
hadronic contributions from 7z — 7 annihilation and in-
medium p meson spectral functions would provide a more
complete picture of dilepton emission across the full invari-
ant mass spectrum. Furthermore, extensions to include the
effects of a finite strangeness chemical potential, or beyond
mean-field fluctuations would be interesting directions for
future investigation.
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APPENDIX: REAL AND IMAGINARY PARTS
OF THE VECTOR CORRELATOR

The imaginary part of the resummed vector current
correlator for a single quark flavor f can be expressed as

1
Vo f= St
;, @ 2 @? 2°
[1-2Gy (1-2) €8, |+ |26y (1-2) Chyy |
(Al)
L9
Vuf q2 VOO;f
I Cll f q2 C(I)O;f
2 b
[1 +GyCR, =Gy P Coo;] +Gy [CL] 7 COOJ}
(A2)

where the superscripts I and R represent the imaginary and
real parts of the corresponding correlators, respectively.
Real parts of the temporal and spatial components of the
single-flavor one-loop vector current-current correlator
[50] can be found from Eq. (17) by performing the
Matsubara frequency sum and can be expressed in terms
of the spatial momentum integral as
(A3)
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Here, we have separated the vacuum and medium parts by
superscripts v and m with a UV cutoff A appearing in
the momentum integration for the vacuum terms; R, =
f(E, —jif) + f(E, + jif) is the single-flavor thermal dis-
tribution with f(E, +4,) =1/(1 + ePEvtir)) and fip =
ug/3 -2y + If,u,/Z (Iy = +1 for u, Iy = —1 for d). The
other variables defined for brevity are

Xy =/E3 £2pg + ¢

:4p2:|:4Epa)—Q2, E,=

Y, =4E2 +4E,0 + 0%,

\/p* + M.

For the evaluation of the imaginary parts of Cy, and Cj;,
one can further restrict the kinematical domains of the
contributing processes, which arises from the kinematically
allowed ¢ functions and, in turn, provides finite limits to the
spatial momentum integration. The corresponding com-
bined (vacuum and medium) final expressions for a single
quark flavor f are [50]

(A9)

N. [r: 4oE, — 4E> — Q?
Clof(@.3) ==< [ d PP T2 R -1,
OO,f(w q) 4ﬂ/p pp 2qu [ f ]

(A10)

. N, [pr: 4wE, —4p* + Q?
Clip(@.G) = 1~ / dpp—+ 8y = 1],
P-

2E,q
(Al1)
with
4M? q

The full DPR is then obtained by weighting the single-flavor
spectral function p{, with the corresponding electric charge
squared and summing over flavors as in Eq. (15).
In the isospin symmetric limit g; — 0, one recovers
f, =g = fi.and Y, ghpl, =
to Eq. (14).

3 e?py, consistently reducing
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