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Ultralight dark matter may couple quadratically to Standard Model particles. Such quadratic interactions
give rise to both coherent and stochastic signals in pulsar timing array (PTA) observations. In this work, we
characterize these signals, including the effects of dark matter propagation in a finite-density medium, and
assess the sensitivity of current and upcoming PTA observations to their detection. For coherent signals, we
find that the sensitivity of current PTA observations competes with and sometimes exceeds that of other probes,
such as equivalence principle tests and atomic clocks. For stochastic signals, we find that PTA sensitivities
underperform equivalence principle constraints for both existing and upcoming PTA datasets.
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I. INTRODUCTION

Pulsar timing arrays (PTAs) have been identified as a
powerful probe of dark matter (DM), especially for DM
particles with a mass mϕ ≪ 1 eV, known as ultralight dark
matter (ULDM) candidates. Such dark matter candidates
arise from various beyond the Standard Model scenarios,
for instance, QCD axion models [1–11] and dynamical
models for the electroweak hierarchy problem [12–22].
In this mass range, dark matter behaves as a classical field,

oscillating at the frequency set by its mass. Oscillations in
the field produce metric fluctuations that can be searched for
using PTA observations. As metric perturbations are quad-
ratically proportional to the underlying dark matter field,
their oscillations exhibit two characteristic modes; fast
modes, associated with the coherent oscillation of the dark
matter field, which induce metric perturbations oscillating in
timewith an angular frequencyω ¼ 2mϕ [23]. PTA searches
for these coherent oscillations have placed constraints on the
galactic abundance of dark matter with masses in the range
10−24 eV − 10−22 eV [24–26]. ULDM density fluctuations
also exhibits slow modes [27–30], low-frequency stochastic
fluctuations, related to the interference pattern of the ULDM
field [31,32].1 These slow modes induce stochastic metric
fluctuations with a characteristic angular frequency of
ω≲mϕσ

2, where σ ≃ 160 km=s is the velocity dispersion

of the virialized dark matter halo. Searches for the ULDM-
induced stochastic PTA signal have placed constraints on
the solar-system abundance of dark matter with masses
10−18 eV − 10−16 eV [29].
Ultralight dark matter might also couple to the Standard

Model nongravitationally. When these couplings are linear
in the dark matter field, ULDM coherent oscillations induce
oscillations of fundamental constants of nature (see
Refs. [33,34] for recent reviews). Such coherent oscilla-
tions affect the time and frequency standards that are used
to record pulsar timing data [35,36], and the rotational
period of pulsars [36], leaving coherent signals in the
timing data. Searches for these coherent signals have placed
constraints on the strength of linear couplings between
Standard Model and ULDM field in the mass range
10−24 eV − 10−22 eV [25,26,36].
Nongravitational interactions between ultralight dark

matter and the Standard Model could be quadratic in the
underlying dark matter field. Such quadratic interactions
could arise, for example, in models of QCD axions and
axionlike particles [28,37–40]. In this case, timing signals
are expected to exhibit both coherent and stochastic
fluctuations, similarly to gravitational interactions. While
both coherent and stochastic fluctuations from gravitational
interactions have been extensively studied in the context of
PTA observations, an analysis of quadratic nongravitational
interactions was only performed in Ref. [41], where the
authors searched for the coherent signal produced by
ULDM with a universal conformal coupling to gravity.
This work generalizes these results by studying both the
coherent and stochastic signals produced by an ULDM
field with arbitrary quadratic couplings to the SM, and
including the impact of matter effects on the PTA signals.
The paper is structured as follows. In Sec. II, we derive

the PTA signals induced by the acceleration of Solar
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1Throughout this work, we use fast-mode fluctuations and
coherent signals interchangeably, and likewise slow-mode fluc-
tuations and stochastic signals.
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System objects and pulsars, by atomic clocks used to record
times of arrival, and by fluctuations in pulsar spin rate, all
due to the dark matter field surrounding the Solar System
and pulsar. In Sec. III, we discuss how we implemented the
Bayesian search for the signals discussed in Sec. II, and
how we generated the synthetic datasets used in this work.
The results of this Bayesian search are presented in Sec. IV,
together with a discussion of the validity of some of the
assumptions made in deriving them in Sec. IV D. We
conclude in Sec. V. In Appendix A, we discuss the non-
Gaussianity of the stochastic fluctuations. In Appendix B,
we discuss the impact of the matter effect on the propa-
gation of quadratically coupled dark matter around astro-
physical objects and provide an updated limit on the light
QCD axion from equivalence principle tests.

II. QUADRATIC INTERACTIONS

We consider a scalar field quadratically coupled to the
Standard Model. The action is given by

S ¼
Z

d4x

�
1

2
ð∂μϕÞ2 −

1

2
m2

ϕϕ
2 þ L2

�
; ð1Þ

wheremϕ is the dark matter mass, and L2 is the Lagrangian
describing the quadratic interactions between the ULDM
field and the Standard Model. Following the conventions of
Refs. [42–45], we write this Lagrangian as

L2 ¼
ϕ2

2M2
pl

�
dγ
4e2

FμνFμν −
dgβ3
2g3

GA
μνG

μν
A

−
X
ψ

ðdmψ
þ γmψ

dgÞmψ ψ̄ψ

�
; ð2Þ

where β3 is the beta function coefficient of the strong
sector, γmψ

are the anomalous dimensions of the light

quarks, Mpl ¼ ð4πGNÞ−1=2 is the Planck scale, and
ðdg; dγ; dmψ

Þ are dimensionless coupling constants. The
sum over ψ runs over the electron, and the up and down
quarks. Due to these couplings, the values of the funda-
mental constants depend on the background ULDM field.
For example, the fractional variations of the QCD scale,
ΛQCD, the fine structure constant, α, and the fermion
masses, mψ , are given by

δΛQCD

ΛQCD
¼ dgφ2;

δα

α
¼ dγφ2;

δmψ

mψ
¼ dmψ

φ2; ð3Þ

where we have defined the dimensionless quadratic scalar
operator,

φ2 ≡ ϕ2

2M2
pl

: ð4Þ

Therefore, fluctuations in the ULDM field induce fluctua-
tions in the values of fundamental constants.
The dark matter signals in timing observations will

depend similarly on the quadratic field operator, and hence
it is important to first characterize the statistical properties
of the quadratic operator. The fluctuations in the quadratic
operator can be described by its power spectrum,

hφ̃2ðkÞφ̃2�ðk0Þi ¼ ð2πÞ4δð4Þðk − k0ÞPφ2ðkÞ; ð5Þ

where we have introduced the Fourier component of the

dimensionless quadratic ULDM operator, φ̃2ðf; kÞ. The
power spectrum consists of two parts [28],

Pφ2ðkÞ ¼ Pfast
φ2 ðkÞ þ Pslow

φ2 ðkÞ; ð6Þ

where the first term arises from the coherent fluctuation at
ω ¼ 2mϕ, and the second arises from the stochastic
fluctuation at ω≲mϕσ

2. Note that the quadratic operator
contains a zero mode, which contributes to an unobservable
time-independent signal. In Eq. (5) and what follows, we
denote φ2 as the quadratic operator with its mean value
subtracted, i.e., φ2 → φ2 − hφ2i.
Under the assumption that dark matter velocity, v, has an

isotropic distribution,2

fðvÞ ¼ ρ=mϕ

ð2πσ2Þ3=2 exp
�
−
jvj2
2σ2

�
; ð7Þ

the power spectrum can be analytically computed as

Pfast
φ2 ðkÞ ¼ 1

4M4
pl

2π2ρ̄2

m8
ϕσ

5
e
−
ω−2mϕ

mϕσ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ω − 2mϕ

mϕσ
2

−
jkj2

4m2
ϕσ

2

s
; ð8Þ

Pslow
φ2 ðkÞ ¼ 1

4M4
pl

2π2ρ̄2

jkjm7
ϕσ

4
exp

�
−

jkj2
4m2

ϕσ
2
−

ω2

σ2jkj2
�
; ð9Þ

where k≡ ðω; kÞ denotes the scalar four-momentum,
ρ̄ ≃ 0.4 GeV=cm3 denotes the mean dark matter density,
and σ denotes the velocity dispersion. The power spectra in
this work are one-sided, defined only for positive frequen-
cies, ω ≥ 0. The goal of the remainder of the section is to
relate the quadratic spectrum above to that of the ULDM-
induced timing signal. Specifically, we are interested in
three potential signals:

2Here we neglect the anisotropies in the DM velocity dis-
tribution induced by the Solar System’s revolution around the
Galactic Center. These anisotropies alter the overlap reduction
function for the ULDM signal. However, as discussed in
Ref. [29], while they are important for model discrimination,
they do not significantly alter the upper limits we can place on the
ULDM signal.
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(i) Doppler signal: The ULDM-induced perturbations
to fundamental constants cause the masses of pulsars
and Solar System objects to depend on the external
ULDM field. Because the dark matter has a non-
vanishing spatial gradient, an object of mass M½φ2�
experiences an additional force given by

F ðtÞ ¼ −
∇M
M

∝ ∇φ2; ð10Þ

whereF is force per unit mass. This additional force
introduces a Doppler redshift in the perceived rota-
tional period of the ath pulsar given by

zaðtÞ≡
�
δP
P

�
a
¼ n̂a · ½δvaðt−LaÞ− δv⊙ðtÞ�; ð11Þ

where Pa is the perceived period of the ath pulsar, n̂a
is a unit vector pointing to the pulsar, and δv⊙ and
δva are the velocity perturbations of the Solar
System barycenter and pulsar a, respectively, which
can be derived by solving Eq. (10).

(ii) Clock signal: The pulsar period is measured with
respect to Terrestrial Time (TT), which is defined
through an ensemble of atomic clocks. The reference
frequency provided by Terrestrial Time, fTT, is
determined by the transition frequencies of these
clocks. Consequently, any perturbations to the
underlying atomic transitions are directly imprinted
on the measured pulsar period. Fluctuations in the
fundamental constants—arising from the couplings
in Eq. (2)—modify the atomic clock transition
frequencies, thereby inducing fluctuations in fTT.
These fluctuations manifest as a characteristic PTA
redshift signal of the form,

zaðtÞ ¼
δfTT
fTT

∝ φ2; ð12Þ

i.e., if the clock ticks faster, the perceived pulsar
rotational period becomes longer, and vice versa.

(iii) Pulsar spin signal: Fluctuations in the pulsar con-
stituent particlemasses induce fluctuations in the pulsar
moment of inertia, Ia. By the conservation of angular
momenta, these fluctuations will induce the corre-
sponding fluctuations in the pulsar spin frequency, fa,
leading to a PTA redshift signal of the form3

zaðtÞ ¼
δIa
Ia

¼ −
δfa
fa

∝ φ2: ð13Þ

The timing residual, δta, induced by any of the effects
mentioned above, can be expressed as

δtaðtÞ ¼
Z

t
dt0 zaðt0Þ: ð14Þ

Since all three signals discussed above are proportional to
φ2 or its gradient, their induced PTA signals will have the
general form,

δtaðtÞ ¼
Z

d4k
ð2πÞ4Kaðf; kÞφ̃2ðf; kÞe−2πift; ð15Þ

where we have set the center of the coordinate system to be
at the location of the observer, x ¼ 0, without loss of
generality. The kernel function, Kaðf; kÞ, encodes the
PTA response to each effect mentioned above. The specific
form of the kernel functions will be derived in the rest of
this section.
From Eqs. (5) and (15), we find the two-point function

for the ULDM-induced timing residuals as

hδtaðtÞδtbðt0Þi ¼
Z

∞

0

df SDMab ðfÞ cos½2πfðt − t0Þ�; ð16Þ

where the power spectrum, SDMab ðfÞ, is given by

SDMab ðfÞ ¼ 2

Z
d3k
ð2πÞ3 Kaðf; kÞK�

bðf; kÞPφ2ðf; kÞ: ð17Þ

This expression relates the spectrum of the quadratic
operator Pφ2ðkÞ and the kernel to the timing-residual
spectrum due to each aforementioned effect. Once the kernel
is identified, the computation of the spectrum becomes
straightforward.
In the following discussions, we show that Eq. (17) can

be factorized as

SDMab ðfÞ ¼ ΓDM
ab SDMðfÞ: ð18Þ

Here, ΓDM
ab denotes the overlap reduction function, which

encodes the angular correlations between pulsars a and b,
and SDMðfÞ denotes the power spectral density that char-
acterizes the frequency dependence of the signal. The power
spectral density can be further decomposed into the con-
tributions from the fast and slow modes,

SDMðfÞ ¼ SDMfast ðfÞ þ SDMslowðfÞ: ð19Þ

We next derive explicit expressions for the fast- and slow-
mode power spectral densities for the Doppler, clock, and
pulsar spin signals.

A. Doppler signal

The force per unit mass acting on an object of mass M
due to ULDM fluctuation can be parametrized as

3Although we have separated the clock signal from the pulsar
spin signal for convenience, these signals should be understood as a
combined effect. Since times of arrival are always measured against
Terrestrial Time, timing observations depend on the relative stability
of two frequency standards, rather than on an individual one.
Accordingly, the clock and pulsar spin signals could be combined
into a single signal of the form zaðtÞ ¼ δðfTT=faÞ=ðfTT=faÞ.
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F ðtÞ ¼ −
∇M
M

¼ −g∇φ2; ð20Þ

where g is the coupling strength of ULDM to the objectM.
More specifically, this coupling is defined as [43]

g ¼ ∂ ln M
∂φ2

¼ d · Q; ð21Þ

whereQ is the charge vector of the object, and d is the basis
of the quadratic couplings introduced in Eq. (2),

d ¼ ðdg; dγ; dm̂ − dg; dδm − dg; dme
− dgÞ: ð22Þ

Here we have introduced

dm̂ ¼ dmd
md þ dmu

mu

mu þmd
; ð23Þ

dδm ¼ dmd
md − dmu

mu

md −mu
; ð24Þ

withmu and md being the up- and down-quark masses, and
m̂ ¼ ðmu þmdÞ=2 and δm ¼ md −mu denoting their sym-
metric and antisymmetric combinations, respectively.
With the above parametrization, we find that the kernel

for the Doppler signal can be expressed as

Kaðf; kÞ ¼ −
g⊙

ð2πfÞ2 ðik · n̂aÞUa; ð25Þ

where

Ua ¼ 1 − ðga=g⊙Þe2πifLaeik·n̂aLa : ð26Þ

The first term in the Ua function is related to what is
commonly referred to as the Earth term in the PTA literature,
and corresponds to the ULDM signal due to the perturbation
of Solar System.4 The second term, known as the pulsar term,
corresponds to the ULDM signal imprinted at the pulsar
location. Here, g⊙ and ga denote the effective coupling
strengths of ULDM to the Sun and pulsar a, respectively.
These couplings are given by

g⊙ ¼ d · Q⊙; ga ¼ d · Qpsr; ð27Þ

where Q⊙ and Qpsr are the charge vectors of sun and pulsar,
respectively.

The charge of each astrophysical object is determined by
its composition. In particular, the charge vector of an object
A can be expressed as

QA ¼
X
i

XA;iQi; ð28Þ

where XA;i and Qi are the mass fraction and the charge of
the particle species i, respectively. Here, A labels the
astrophysical objects such as Sun, Earth, and pulsar. The
Sun is primarily composed of protons, alpha particles, and
electrons with an approximate mass fraction of X⊙;p ∼ 0.7,
X⊙;α ∼ 0.3, and X⊙;e ∼ 5 × 10−4, respectively [46]. On the
other hand, a typical pulsar consists of neutrons, protons,
muons, and electrons with a mass fraction of Xpsr;n ∼ 0.9,
Xpsr;p ∼ 0.1, Xpsr;μ ∼ 0.005, and Xpsr;e ∼ 5 × 10−5 [47].
The charge vectors of these astrophysical objects, including
that of the Earth, are summarized in Table I.
Using the kernel (25), we find the spectrum for the

Doppler signal,

SDMfast ðfÞ ¼
π

3

g2⊙ρ2

M4
plm

3
ϕω

4

�
ω − 2mϕ

mϕσ
2

�
3

e
−
ω−2mϕ

mϕσ
2 ; ð29Þ

SDMslowðfÞ ¼
4

3

g2⊙ρ̄2

M4
plm

3
ϕω

4

�
ω

mϕσ
2

�
2

K2

�
ω

mϕσ
2

�
; ð30Þ

and the overlap reduction function,

ΓDM
ab ¼ 1

2
½ðga=g⊙Þ2δab þ n̂a · n̂b�: ð31Þ

TABLE I. Effective charge vectors for particles, astrophysical
objects, the frequency standard (Terrestrial Time), and the pulsar
moment of inertia.

d dg

dγ
[×10−4]

dm̂ − dg
[×10−2]

dδm − dg
[×10−3]

dme
− dg

[×10−4]

Particles

Qn 1 −1.4 4.8 1.7 0
Qp 1 6.7 4.8 −1.7 0
Qe 1 0 0 0 1 × 104

Qα 1 5.1 7.0 0 0

Astrophysical objects

Q⊙ 1 6.3 5.4 −1.2 4.7
Q⊕ 1 19 8.1 3.9 × 10−2 2.7
Qpsr 1 −0.59 4.8 1.4 0.54

Terrestrial Time

QTT 1 4.8 × 104 −3.9 1.7 2 × 104

Pulsar moment of inertia

QI −5 7.3 −24 −8.6 0.18

4Although it is referred to as the Earth term, we use the
coupling between dark matter and the Sun for the Doppler signal.
This choice is justified because the Earth term originates from the
perturbation of the Solar System barycenter, which is dominated
by the displacement of the Sun. In contrast, the contribution from
perturbations in the Earth’s position is suppressed by a factor of
M⊕=M⊙.
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If ga ¼ g⊙, the overlap reduction function in Eq. (31)
reduces to one with a dipolar pattern, like the one observed
for the purely gravitational ULDM stochastic signals [29].
The above result ignores the pulsar term in Ua; the pulsar
terms only lead to uncorrelated signals for slow-mode
fluctuations, but might provide correlated signals for fast-
mode fluctuations [48].

B. Clock signal

The clock redshift signal is given by

zðtÞ ¼ δfTT
fTT

¼ gTT φ2; ð32Þ

where fTT is the frequency standard used to measure the
times of arrival of radio pulses, and gTT is the effective
coupling strength parametrizing the dependence of fTT on
the underlying ULDM fluctuations.
The subscript “TT” refers to Terrestrial Time, which is

used by PTA Collaborations as the reference timescale for
time-of-arrival (TOA) measurements. Since Terrestrial Time
is constructed in a way that closely follows the definition of
SI second, which is given by the ground-state hyperfine
transition in a cesium atom, we assume its frequency is
identical to that of the Cs frequency standard, i.e.,
fTT ¼ fCs. The hyperfine frequency of a specific atom is

fhfs ¼
gNm2

eα
4þK

mp
; ð33Þ

where gN is a nuclear g-factor, mp is the proton mass, and
K is the relativistic correction. For 133Cs, the relativistic
correction is KCs ¼ 0.83 [49], and the variation of g-factor
is [50]

δgN
gN

¼ 0.009
δðm̂=ΛQCDÞ
ðm̂=ΛQCDÞ

¼ 0.009ðdm̂ − dgÞφ2: ð34Þ

Consequently, the effective coupling strength for the clock
signal can be written as

gTT ¼ d · QTT; ð35Þ

where QTT is the corresponding charge vector. The numeri-
cal value of QTT is given in Table I.
The kernel associated with the clock signal takes a

simple form,

Kaðf; kÞ ¼
igTT
2πf

: ð36Þ

Since this kernel is independent of the pulsar index, the
overlap reduction function for the clock signal takes a
monopolar form,

ΓDM
ab ¼ 1: ð37Þ

This is because all times of arrival are measured with a
common frequency standard. The power spectral densities
of the timing residuals for the fast and slow modes are then
given by

SDMfast ðfÞ ¼
πg2TTρ̄

2

4M4
pl

1

m5
ϕω

2σ2

�
ω − 2mϕ

mϕσ
2

�
2

e
−
ω−2mϕ

mϕσ
2 ; ð38Þ

SDMslowðfÞ ¼
g2TTρ̄

2

M4
pl

1

m5
ϕω

2σ2

�
ω

mϕσ
2

�
K2

�
ω

mϕσ
2

�
: ð39Þ

Comparing Eqs. (29) and (30) with Eqs. (38) and (39),
and recalling that the signal power is concentrated mainly at
ω ¼ 2mϕ for the fast mode and at ω≲mϕσ

2 for the slow
mode, we find that the relative size of the Doppler and
clock signals is parametrically given by

SclockðfÞ
SDopplerðfÞ ∼

�
gTT
g⊙

�
2

×

�
σ−2 fast mode

σ2 slow mode
: ð40Þ

This suggests that the clock signal is dominant for the
fast mode, while the Doppler signal is dominant for the
slow mode.

C. Pulsar spin signal

The redshift signal due to ULDM-induced fluctuations in
the pulsar’s moment of inertia is given by

zaðtÞ ¼
δIa
Ia

¼ gI φ2ðt; xaÞ; ð41Þ

where Ia is the moment of inertia of pulsar a, and gI is the
effective coupling characterizing its dependence on the
ULDM field value. To derive the above equation, we
use the conservation of the pulsar spin, S ¼ Iω, to express
the redshift as a variation of the pulsar moment of inertia.
For simplicity, we model the pulsar as a uniform sphere,

with I ¼ ð2=5ÞMR2, where M and R denote its mass and
radius. Therefore, the pulsar spin signal can be expressed
as [36]

zaðtÞ ¼
δM
M

þ 2
δR
R

¼ 1

3

δM
M

−
16

3

δmn

mn
: ð42Þ

In the second equality of Eq. (42), we use R ∝
M−1=3m−8=3

n , which is obtained by modeling a pulsar as
an object whose structure is maintained by the balance
between the degenerate pressure of nonrelativistic neu-
trons and the gravitational attraction. From Eq. (42), the
effective coupling can therefore be written as

gI ¼ d · QI; ð43Þ

where the charge vector is QI ¼ ð1=3ÞQpsr − ð16=3ÞQn.
Its numerical value is summarized in Table I.
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As can be seen from Eq. (41), the signal induced by
fluctuations in the pulsar’s moment of inertia has the same
dependence on the ULDM field as the clock signal in terms
of the power spectral densities. Specifically, the timing-
residual power spectra for the pulsar spin signal are the same
as those in Eqs. (38) and (39), except for the substitution

gTT → gI: ð44Þ
However, unlike the clock signal, ΓDM

ab , which reflects the
correlation pattern of the spin signal, is not given by
Eq. (37), but instead depends on the coherence length of
the ULDM field, as we will discuss in the next section [see
the discussion below Eq. (53)].

III. ANALYSIS

The statistical tools and the noise modeling used in
this analysis closely follow those already described in
Refs. [29,36,51]. In this section, we provide a short review
of these methods and discuss howwe used them to search for
the dark matter signals discussed in the previous section.

A. Noise modeling and the PTA likelihood

Pulsar timing residuals are typically modeled as a
combination of deterministic signals and stochastic proc-
esses. Stochastic processes are assumed to be zero-mean
Gaussian processes, such that they are fully characterized
by the timing-residuals two-point function,

hδtaδtbi ¼ δabNa þFaðδabφa þΓGW
ab ϕGW þΓDM

ab ϕDMÞFb
T;

ð45Þ
where δta is a vector of size NTOA;a containing the measured
timing residuals for the ath pulsar. We now detail each
term below.
The first term on the right-hand side of Eq. (45) encodes

the white noise contribution to the timing residuals in
a NTOA;a × NTOA;a matrix, Na. This matrix is typically
expressed in terms of EFAC, Gμ, EQUAD, Qμ, and
ECORR, Jμ, parameters (one for each backend, here
indicated by the μ index),

Na;ij ¼ G2
a;μðσ2a;i þQ2

a;μÞδij; ð46Þ

where σi is the TOA uncertainty for the ith TOA belonging
to the backend μ.5

The bracketed terms on the right-hand side of Eq. (45)
represent the contributions to the timing residuals from all
stochastic processes with long-timescale correlations. In
our case, these include pulsar-intrinsic noise, the gravita-
tional wave background (GWB), and potential DM signals.
Such time-correlated processes are decomposed into a
discrete Fourier basis with frequencies fk ≡ k=Tobs, where
k labels the harmonics and Tobs is the total observation
span. The components of this basis are collected in the
NTOA;a × 2Nf matrix Fa, constructed from Nf sine-cosine
pairs evaluated at each observation time (see, e.g., Ref. [52]
for an explicit expression). Since we are primarily interested
in long-timescale correlations, the expansion is truncated
after Nf frequencies. In this work, we use Nf ¼ 30 for
modeling intrinsic red noise, and Nf ¼ 14 for GWB and
stochastic ULDM signals.
The first term in the parenthesis of Eq. (45) gives the

timing residual power spectral density (PSD) induced by
intrinsic pulsar noise, which we parametrize as

φa;k ¼
A2
a

12π2
1

Tobs

�
fk
yr−1

�
γa
yr3; ð48Þ

where Aa and γa are pulsar-dependent parameters. The
second term in the parenthesis of Eq. (45) gives the GWB
contribution to the timing residual. The overlap reduction
function for GWB is given by the well-known Hellings-
Downs function [53],

ΓGW
ab ¼ 1

2
δab þ

1

2
−
1

4
xab þ

3

2
xab ln xab; ð49Þ

where xab ¼ ð1 − n̂a · n̂bÞ=2. For the GWB-induced PSD
we use a similar power-law parametrization to the one used
for intrinsic pulsar noise,

ϕGW
k ¼ A2

GW

12π2
1

Tobs

�
fk
yr−1

�
γGW

yr3; ð50Þ

the only difference is that in this case the amplitude, AGW,
and slope, γGW, are common for all the pulsars in the array.
Finally, the last term in the parenthesis of Eq. (45) describes
the ULDM contribution to the timing residual and is related
to the timing residual power spectrum by

ΓDM
ab ϕDM

k ¼ ΓDM
ab SDMðfkÞΔf; ð51Þ

where Δf ¼ 1=Tobs.
In theory, both the fast and slow modes of the ULDM

signal could be modeled as additional red noise contribu-
tions. However, as we can see from Eq. (38), the spectrum
of the fast modes has support only over a narrow frequency
range, Δf ∼mϕσ

2, much smaller than the size of the
frequency bin used in our analysis, i.e., 1=Tobs. Therefore,
it is more convenient to treat the fast modes as a

5For the analysis of the NANOGrav 12.5-year data, which was
derived with narrowband observations, we also include correlated
noise across radio frequencies as

Na ⊃ Ja;μδeðiÞeðjÞ; ð47Þ
where Jμ is the ECORR parameter, and δeðiÞeðjÞ denotes a
Kronecker delta that equals 1 only when the epochs are the
same for both TOAs considered and 0 otherwise.
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monochromatic, deterministic signal of the form,

δtDMa ðtÞ ¼ AE sinð2mϕtþ γEÞ þ AP;a sinð2mϕtþ γP;aÞ;
ð52Þ

where we have split the signal into two terms; an “Earth
term” with amplitude AE and phase γE, and a “pulsar term”
with amplitude AP;a and phase γP;a. As we discussed in the
previous section, the fast-modes are dominated by the
clock and the pulsar spin signals. Specifically, the ampli-
tudes of the Earth and pulsar terms are given by

AE ¼ gTTρ̄
4M2

plm
3
ϕ

ϕ̂E; AP;a ¼
gIρ̄

4M2
plm

3
ϕ

ϕ̂P;a; ð53Þ

where gTT and gI have been defined in Eqs. (35) and (43),
respectively. In the two equations above, ϕ̂ are exponen-
tially distributed random variables with a unit scale param-
eter which represent fluctuations of the ULDM around its
mean value (see Appendix A for detailed discussion). When
the separation between Earth and the pulsar is smaller or
comparable to the ULDM coherence length, these random
variables are correlated. While, in principle, these correla-
tions could be accurately taken into account by PTA
analyses [48,54,55], previous studies (see, for example,
Refs. [25,36]) only considered two limiting cases: (1) The
so-called “correlated” regime, in which the Earth and all the
pulsars are assumed to be within an ULDM coherence
patch. In this regime, we can assume that ϕ̂E ¼ ϕ̂P;a ¼ ϕ̂;
(2) The “uncorrelated” regime, in which we assume that the
Earth and each of the pulsars in the array reside in a different
ULDM coherence patch. In this case, we assume that ϕ̂E

and each of the ϕ̂P;a are independent random variables. Due
to matter effects (see next section for a detailed discussion),
the pulsar signal will be relevant only in the very low mass
window (mϕ ≲ 10−23 eV), where the ULDM correlation
length is larger than the typical interpulsar distance.
Therefore, in this work, we will only consider the correlated
regime for deterministic ULDM signals. The phases of the
Earth and pulsar terms can be written as

γE ¼ αE; γP;a ¼ 2mϕjxE − xP;aj þ αP;a; ð54Þ

where α is the contribution to the phase from the underlying
ULDM field configuration, while the additional term in the
pulsar phase is due to the light-travel time between the
pulsar and the Earth. Therefore, even in the “correlated
regime,” where αE ¼ αP;a, the phase of the Earth and
pulsars signals cannot be taken to be equal because
mϕjxE − xP;aj ≫ 1 for any ULDM mass of interest.
Given the above parametrizations for the signals con-

tributing to the timing residuals, we can use the two-step
marginalization of the timing and noise parameters
described in Ref. [56] to obtain the likelihood function,

pðδtjηÞ ¼
exp

�
− 1

2
ðδt − δtDMÞTK−1ðδt − δtDMÞ

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detð2πKÞp ; ð55Þ

where η contains all the model parameters including the red
noise and ULDM parameters, and K ¼ Dþ FΦFT . Here,
D ¼ N þMEMT , where M is a NTOA ×m matrix, which
contains the partial derivatives of the TOAs with respect to
the timing-model parameters (evaluated at the best-fit
values), and E ¼ hϵϵTi is set to be a diagonal matrix of
very large values (1040), which effectively means that we
assume flat priors for the parameters in ϵ. In the second
term of K we have also introduced

Φab ≡ δabφa þ ΓGW
ab ϕGW þ ΓDM

ab ϕDM: ð56Þ

B. Bayesian analysis

We implement the search for the ULDM signals dis-
cussed in the previous sections by using the PTArcade

package [57]. This package allows us to easily implement
the PTA likelihood defined in Eq. (55) into ENTERPRISE

[58], and perform Markov chain Monte Carlo (MCMC)
runs to estimate the posterior distributions of the timing
model parameters. The list of timing model parameters
considered in this work is summarized, together with their
priors, in Tables II and III.6 Following the standard practice,
in our ULDM searches we keep white noise parameters
fixed. In the analysis of the NANOGrav 12.5-year dataset,
we fix these parameters to their maximum likelihood value
extracted from single-pulsar analyses; while for the analy-
sis of the mock 30-year dataset, we fix the white-noise
parameters to their injected values.
In the absence of an ULDM signal, we can then

marginalize over timing model parameters except for the
DM mass and the relevant DM coupling to matter. The
constraints on the relevant DM coupling in a given mass-bin

TABLE II. Prior distributions for the parameters used in the
stochastic ULDM searches presented in this work. In the last
column, Uða; bÞ indicates a uniform distribution between a
and b.

Parameter Description Prior

log10 Aa Intrinsic red-noise amplitudea Uð−20;−11Þ
γa Intrinsic red-noise spectral indexa Uð0; 7Þ
log10AGW GWB signal amplitude Uð−20;−11Þ
γGW GWB signal spectral index Uð0; 7Þ
log10ðmϕ=eVÞ DM mass Uð−19;−12Þ
σ½km=s� DM velocity dispersion Uð150; 250Þ

aIt indicate parameters that are pulsar-dependent.

6
PTArcade model files for the ULDM signals discussed in this

work can be found in this Zenodo repository.
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are then set the 95th percentile of the posterior distribution in
that bin.

C. Datasets

In this work, we use two sets of PTA data; the
NANOGrav 12.5-year dataset, which we use to test and
calibrate our search on real dataset and a mock PTA dataset,
which we use to derive projections for the sensitivity of
future PTAs to the signals considered in this study. Details
about the NANOGrav 12.5-year dataset can be found
in Ref. [59].
To generate the mock data, we use LIBSTEMPO [60], a

Python wrapper for TEMPO2 [61,62]. We start from a core
catalog comprising 67 pulsars from the NANOGrav 15-year
dataset [63], for which we assume a 15-year observational
baseline. This catalog is then expanded by adding 33 pulsars
every five years, until a total observing time of 30 years is
reached.
The final dataset contains 166 pulsars randomly placed

in the sky. Of these, 67 pulsars have a 30-year observational
baseline, while the remaining 99 are divided into three
groups with baselines of 15, 10, and 5 years, respectively.
For all pulsars, we assume a nominal observing cadence of
three weeks, with small random fluctuations applied. Each
TOA is assigned an uncertainty, σa;i, drawn from a normal
distribution with mean and standard deviation specified in
Table IV. The synthetic TOAs are injected with both white
and red noise, as well as a GWB signal. These contributions
are modeled using the statistical framework described in
Sec. III A. Noise parameters for each pulsar are randomly
sampled from the distributions in Table IV, while the
GWB parameters are fixed to log10 AGWB ¼ −14.2 and
γGWB ¼ 3.2, close to the values observed in the most recent
NANOGrav dataset [64]. These parameters were chosen to
reflect the noise properties of current PTAs. Although the

ULDM correlation function partially breaks the degeneracy
with intrinsic pulsar red noise and the GWB, increasing
either the intrinsic red-noise level or the GWB amplitude
will reduce sensitivity to the ULDM singal, and vice versa.

IV. RESULTS

A. Dilatonlike scalar

We present the main results of our analysis in Fig. 1.
Each panel of this figure shows the limits on the dilaton
couplings di from the analyses of the NANOGrav 12.5-year
dataset (red solid) [59] and the simulated dataset with the
total 30-year time baseline (red dashed) [65]. We analyze
both coherent and stochastic signals. The coherent signal
search covers the lower mass range, 10−24 eV–10−22 eV,
while the stochastic signal search probes a mass range
roughly six orders of magnitude higher than that of the
coherent search, i.e., 10−18 eV–10−16 eV. Other limits,
such as those from tests of the equivalence principle
[44,66,67], big bang nucleosynthesis (BBN) [68–70],
and atomic clocks [71–76], are overlaid. All results shown
in the figure are obtained by assuming that only one dilaton
coupling is nonzero and the other is zero, and ignoring the
gravitational contribution to the timing residuals produced
by ULDM oscillations. Note that the shown limit from the
MICROSCOPE equivalence principle test assumes the
positive sign of the dilaton coupling such that the inter-
action between ULDM and the Earth is repulsive; for the
negative sign where the interaction becomes attractive, the
resulting limit will exhibit narrow resonance features
[77,78] due to the matter effect, which will be discussed
shortly. In addition, a static scalar field profile could be
sourced in the case of attractive interaction, and in such
cases, stellar objects such as white dwarfs could be used to
place limits on the existence of quadratically ultralight
scalar fields [79].
The upper limits on the dilaton couplings shown in Fig. 1

should be taken with some care. Quadratic couplings can
significantly change the mass of dark matter within the Sun,
Earth, and pulsars, which in turn modifies the dark matter
field profile around these objects [40,44,45,80,81].

TABLE III. Prior distributions for the parameters used in the
searches for deterministic ULDM signals presented in this work.
Here we have defined the rescaled ULDM signal amplitudes,
ÂE;P ≡ AE;P=ϕ̂. In the prior column, values between square
brackets indicate the ranges of uniform distributions.

Parameter Description Prior

log10 Aa Intrinsic red-noise amplitudea Uð−20;−11Þ
γa Intrinsic red-noise spectral indexa Uð0; 7Þ
log10AGW GWB signal amplitude Uð−20;−11Þ
γGW GWB signal spectral index Uð0; 7Þ
log10ðÂE=sÞ ULDM Earth signal amplitude Uð−9;−4Þ
log10ðÂP=sÞ ULDM pulsar signal amplitude Uð−9;−4Þ
log10ðmϕ=eVÞ DM mass Uð−24;−18Þ
ϕ̂ Earth normalized signal amplitude e−x

γE Earth signal phase Uð0; 2πÞ
γP;a Pulsar signal phasea Uð0; 2πÞ

aIt indicate parameters that are pulsar-dependent.

TABLE IV. Probability distributions used to generate values of
noise parameters. In the last column, N ðμ; σÞ indicates a normal
distribution with mean μ and standard deviation σ.

Parameter Description Distribution

σa;i TOA uncertainty N ð400 ns; 200 nsÞ
F a EFAC N ð1; 0.05Þ
log10 Qa EQUAD N ð−8.5; 1Þ
log10 Aa Intrinsic red-noise

amplitude
N ð−16; 1Þ

γa Intrinsic red-noise
spectral index

Uð1; 5Þ
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For sufficiently large dilaton couplings, this matter effect
tends to suppress the field value within these objects,
thereby suppressing dark-matter-induced signals. In the
region of the ULDM parameter space where this happens,
we have decreased the opacity of our constraint line. For the
coherent signal, a large portion of our constraints is not
affected by this matter effect; however, the entirety of the
stochastic signal is impacted by this effect. We will discuss
matter effects in more detail later in this section and in
Appendix B.

B. Light QCD axion

QCD axion models are one example of theories that
predicts quadratic couplings between ultralight scalars and
the Standard Model fields. By a QCD axion, we refer to a
pseudo Nambu-Goldstone boson that couples to the gluon
field strength tensor, Ga

μν, as

L ¼ g23
32π2

ϕ

fϕ
Ga

μνG̃
aμν; ð57Þ

where G̃a
μν is the dual of Ga

μν, and fϕ is the axion decay
constant. Below the QCD scale, the strong sector confines,
explicitly breaking the underlying axion shift symmetry.

Consequently, the axion develops quadratic couplings to
mesons and hadrons [37], as well as to the photon and the
electron fields via loop corrections [28,38,40,82].
We therefore expect QCD axion dark matter to give rise

to PTA signals similar to the ones discussed in previous
sections. Specifically, it will lead to both coherent and
stochastic signals that mainly stem from its coupling to the
nucleon mass,

L ¼ −CN
ϕ2

2f2ϕ
mNN̄N; ð58Þ

whereN¼ðp;nÞ denotes the nucleon field, andCN ∼ −10−2

[37,83]. For any object composed mainly of nucleons, the
axion coupling strength for the Doppler is given by

gN ¼ CN

M2
pl

f2ϕ
: ð59Þ

At the same time, axions will also lead to the clock signals
in the timing observations. Assuming that the frequency
of Terrestrial Time depends mainly on the Cs frequency
standard, we find that the coupling strength for the clock
signal is [37]

FIG. 1. Projected sensitivities to the dilaton couplings di from NANOGrav 12.5-year (solid) and simulated dataset of total 30-year
observation baseline (dashed). Fully opaque lines denote unscreened sensitivities, whereas semitransparent red lines indicate
sensitivities screened by matter effect. The sensitivities at masses around 10−17 eV arise from the stochastic fluctuations at
ω≲mϕσ

2, while the constraints at lower masses arise from coherent fluctuations at ω ¼ 2mϕ. Other constraints—from MICROSCOPE
equivalence principle tests [44,66,67], BBN [68–70], and atomic clocks [72–76]—are shown.
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gTT ≃ −0.01
M2

pl

f2ϕ
; ð60Þ

where we have only considered the effects due to the
variation of the g-factor and the proton mass, and ignored
those from the variation of the fine structure constant and
the electron mass as they are subleading.
From the null observation of the ULDM-induced coherent

and stochastic signals in NANOGrav 12.5-year and simulated
timing datasets, we are able to place constraints and projec-
tions in the plane of axion mass and its decay constant, shown
in Fig. 2. In this figure, we consider the axion mass as if it
were a free parameter. While this assumption is not justified
for minimal QCD axion models, where the axion mass is
fixed as m2

ϕf
2
ϕ ≃m2

πf2π with mπ and fπ being the pion mass
and decay constant, it is still possible to reach the parameter
space above this line in a technically natural way at the price
of further model building [84–86]. In Fig. 2, we also overlay
other constraints such as those from atomic clock comparison
tests and molecular spectroscopy [71–76], oscillating neutron
electric dipole moment (nEDM) [87], supermassive black
hole (SMBH) spin-down [88–90], the GW170817 signal
from neutron star mergers [91], white dwarf mass-radius
relation [92], BBN [93], and MICROSCOPE equivalence
principle tests (see Appendix B 5 and Ref. [77] for a detailed
discussion).

As in the dilaton case, matter effects can suppress axion-
induced signals. In Fig. 2, we have decreased the opacity of
the constraints lines in the region where matter effects
suppress the PTA signal.

C. Matter effect

Quadratic interactions affect the evolution of the dark
matter field near astrophysical objects. As a consequence,
the dark matter field profile is distorted from a simple plane
wave, and this distortion changes the expected ULDM-
induced timing signals, computed in the earlier sections
with the assumption that the dark matter field consists of a
linear combination of plane waves. This phenomenon is
referred to as the matter effect. Such effects have previously
been investigated in Refs. [40,80,81,95,96]. See Ref. [40]
for a detailed classification and discussions covering both
the low- and high-momentum regimes. Building upon the
formalism developed in these studies, we investigate how
the matter effect modifies the PTA measurements.
The matter effect arises from the difference between

the in-medium and vacuum masses of dark matter. As an
illustration, consider a quadratic coupling,

L ¼ −
ϕ2

2M2
pl

d ·OSM; ð61Þ

where OSM represents a set of Standard Model operators,
such as mNN̄N or those appearing in the Lagrangian of
Eq. (2). In a finite-density environment, OSM can be
replaced by its ensemble average, OSM → hOSMi ¼ Qρ,
where Q and ρ are the charge and the density of the dense
object under consideration. In this case, the dark matter
mass acquires an additional contribution,

m2
totðxÞ ¼ m2

ϕ þ Δm2ðxÞ; ð62Þ

with

Δm2ðxÞ ¼ gρðxÞ
M2

pl

ð63Þ

denoting the difference between the squared masses in
medium and in vacuum. Here, g ¼ d · Q denotes the
effective coupling between the scalar and the ordinary matter,
and m2

totðxÞ is the total in-medium mass squared. This
medium-induced mass correction leads to a nontrivial
evolution of the ULDM field in proximity of massive objects.
A straightforward way to study the field evolution is to

solve the Klein-Gordon equation with a spatially dependent
mass. For ULDM, it is convenient to work in the non-
relativistic limit. In this limit, a mode with incident momen-
tum k can be decomposed as

ϕkðt; xÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi
2mϕV

p akψkðxÞe−iωkt þ H:c:; ð64Þ

FIG. 2. Projected sensitivities to the light QCD axion from the
NANOGrav 12.5-year (solid) and simulated dataset with a total 30-
year observation baseline (dashed). Fully opaque lines denote
unscreened sensitivities, whereas semitransparent red lines indicate
screened sensitivities. The limits at lowmass arise from searches for
coherent fluctuations at ω ¼ 2mϕ, while the sensitivities at high
mass arise from searches for stochastic fluctuations at ω≲mϕσ

2.
Other limits, e.g., those from MICROSCOPE (Appendix B 5 and
Ref. [77]), atomic clock comparison tests [72–76,94], oscillating
nEDM [87], SMBH spin-down [88–90], GW170817 [91], BBN
[93], and white dwarf mass-radius relation [92], are also shown.
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with ω2
k ¼ jkj2 þm2

ϕ and the fiducial normalization vol-
ume V. The Klein-Gordon equation reduces to the time-
independent Schrödinger equation,

EkψkðxÞ ¼
�
−

∇2

2mϕ
þ VeffðxÞ

�
ψkðxÞ: ð65Þ

Here, Ek ¼ jkj2=2mϕ denotes the kinetic energy, and

VeffðxÞ ¼
Δm2ðxÞ
2mϕ

ð66Þ

is the effective potential experienced by the ULDM field
when propagating through a massive object. In the limit
ΔmR → 0, where R is the radius of the astrophysical object
under consideration, the effective potential contribution
vanishes and the initial plane wave remains unchanged
when propagating through the massive object; this corre-
sponds to the regime in which the ULDM-induced PTA
signals are not impacted by matter effects. By contrast, a
nonzero mass difference induces scattering of the wave
around the object. In particular, in the limit ΔmR → ∞, the
target behaves as a hard sphere, forcing the field outward.
In this regime, the ULDM-induced PTA signals are strongly
suppressed.
Between these two regimes, matter effects can be

included into the ULDM-induced PTA signals by account-
ing for the field distortion around relevant astrophysical
objects. As shown in Appendix B, the timing residuals can
be expressed as

½δtaðtÞ�i ¼ AiðyÞ × ½δtaðtÞ�i;0; ð67Þ

where the dimensionless parameter

y ¼ ΔmR ð68Þ

characterizes the strength of the quadratic coupling. Here,
½δtaðtÞ�i;0 denotes the timing residual in the absence of
matter effects,AiðyÞ is a form factor that encodes the impact
of matter effects, and the index i ¼ dop, clk, psr labels
the Doppler, clock, and pulsar spin signals, respectively.
Throughout this work, we take the low-momentum limit
kR ≪ 1, which is valid across all mass ranges considered. In
this limit, the corresponding form factorsAiðyÞ are given by

AdopðyÞ ≃ 3

�
y − tanh y

y3

�
; ð69Þ

AclkðyÞ ≃
tanh2y
y2

; ð70Þ

ApsrðyÞ ≃
3

2

�
tanh2y
y2

−
y − tanh y

y3

�
: ð71Þ

Their behavior is illustrated in Fig. 3 in Appendix. Note that
all form factors converge to unity in the regime y≲ 1. Each
form factor accounts for the following matter effect: the
Doppler form factor accounts for the modified bulk average
of the field gradient, the clock form factor accounts for the
modified field value at the surface of Earth, and the pulsar-
spin form factor accounts for the modified bulk average of
the pulsar radius and mass. Detailed derivations are pro-
vided in Appendix B.7

The form factors in Eqs. (69)–(71) indicate that the
matter effect becomes important when

jyj≳ 1 ⇔ jgj≳M2
pl

ρR2
:

In this limit, the Doppler and clock form factors scale as
AðyÞ ∝ 1=y2 ∝ 1=g. The pulsar spin form factor scales as
AðyÞ ∝ 1=y3 ∝ 1=g3=2. Since the ULDM signal without
matter effect scales as ½δtaðtÞ�0 ∝ g, we see that the Doppler
and clock signals saturate to a constant value in this limit,
independent of the coupling strength; meanwhile, the
pulsar-spin signal becomes increasingly suppressed as
the coupling grows stronger. Therefore, ULDM signals
are screened once the coupling exceeds the critical strength,
which can be expressed as follows:

FIG. 3. Form factors of the Doppler (blue), clock (orange), and
pulsar spin (red) signals for repulsive quadratic interactions, as
defined in Eqs. (69)–(71). Dimensionless parameter y quantifies
the strength of the quadratic coupling. For y ≲ 1, all three form
factors approach unity, whereas for y≳ 1, they exhibit power-law
suppression due to the screening effect.

7In the above discussion, we have assumed that the potential is
repulsive, Veff ¼ Δm2=2mϕ > 0. The same discussion applies to
the case of an attractive potential Veff ¼ Δm2=2mϕ < 0. In this
case, the form factors, which can be obtained from Eqs. (69)–(71)
by analytic continuation y → −iy, exhibit narrow resonance
features. For a large y, all form factors scale as 1=y2, leading
to a suppression of the PTA signals.
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Doppler∶ jg⊙j≳ 4 × 105; ð72Þ

Clock∶ jg⊕j≳ 109; ð73Þ

Pulsar spin∶ jgpsrj≳ 5: ð74Þ

In other words, physically meaningful constraints can only
be achieved when the sensitivities from pulsar timing
exceed the above critical thresholds. To show physically
meaningful PTA limits on dilatons and axions, we plot a
portion of the sensitivity curves in Figs. 1 and 2 as
semitransparent red lines when they do not exceed the
above threshold values. In the search for coherent signals,
the clock signal is mostly unaffected, while the pulsar-spin
signal is screened by the matter effect except in a very
low-mass range mϕ ≲ 10−23 eV. In the search for stochas-
tic signals, the Doppler signal is screened across the entire
mass range.

D. Gaussianity

The PTA likelihood (55) is derived by assuming that
all time-correlated signals in the timing residuals are
Gaussian processes. For the case of the ULDM signals
considered in this work, it is not immediately clear if this
assumption is justified. Indeed, since ULDM signals are
proportional to the square of the underlying Gaussian
field, i.e., ðδtÞDM ∝ ϕ2, they are generally expected to be
non-Gaussian. In this section we will argue that despite the
quadratic nature of the signal, the Gaussian assumption is
still justified.
To illustrate this point, we start by expanding the timing

residual induced by the ULDM signals as

½δtðtÞ�DM ¼
XNf

k¼1

½sDMk sinð2πfktÞ þ cDMk cosð2πfktÞ�; ð75Þ

where fk ¼ k=T and T is the total time baseline. Each
of the expansion coefficients, ðs1; c1;…; sNf

; cNf
ÞDM, is a

random variable, whose probability distribution is specified
by the underlying ultralight dark matter distribution. The
degree of non-Gaussianity may be estimated by comparing
the 2- and 4-point functions of these coefficients (note that
the odd-point function vanishes as we assume an isotropic
velocity distribution). In particular, we can compute their
Kurtosis as

KurtosisðckÞ ¼
hc4ki
hc2ki2

≃ 3

�
1þ 9

64

2πΔf
mϕσ

2

�
; ð76Þ

where Δf ¼ 1=T and we drop the superscript DM for
brevity. The same result holds for the Fourier sine coef-
ficients, sk. See Appendix A for details. If ck were Gaussian,
their Kurtosis should be 3. For the stochastic ULDM signal,
the deviation from the Gaussian expectation scales as

Δf=mϕσ
2, which is always small in the regime of validity

of the ULDM stochastic analysis. Therefore, we conclude
that the stochastic ULDM signal can be safely modeled as a
Gaussian process.

E. Time and frequency standard

Pulsar timing array collaborations record and analyze
timing residuals using the Terrestrial Time [63,97,98]. In
this work, we assume that the ULDM-induced shift in the
frequency of Terrestrial Time is identical to that of Cs
frequency standard, i.e., δfTT=fTT ¼ δfCs=fCs. To inves-
tigate how Terrestrial Time responds to the underlying dark
matter fluctuations, one must understand how it is con-
structed in the first place.
Terrestrial Time is constructed on the basis of

international atomic time (TAI). To construct TAI, the
Bureau International des Poids et Mesures (BIPM) collects
clock comparison data of ≳400 atomic clocks located in
laboratories spread throughout the world. Currently, one
half of the clock ensemble consists of commercial cesium
clocks and the other half of hydrogen masers. BIPM then
computes a free atomic scale (EAL) from a weighted
average of individual clock readings. The weights are given
such that the resulting EAL achieves the maximum stability.
Currently, around 90% weights are assigned to hydrogen
masers, and hence the frequency of EAL is expected to be
sensitive to fluctuations in hydrogen maser frequency. See
Ref. [99] for a review.
The frequency of EAL is then compared with that of

primary frequency standards. These primary standards are
cesium fountain clocks. From the measurement of fre-
quency comparison between EAL and primary standards,
one estimates the frequency offset between EAL and a
collection of primary frequency standards [100]. With this
estimated offset, the frequency of EAL is steered to
conform to the definition of SI second, which is based
on the ground state hyperfine transition in cesium atom.
The resulting timescale unit is TAI. Terrestrial Time is
obtained by adding 32.183 s to TAI. We therefore expect
that the frequency of Terrestrial Time follows mostly that of
cesium atom as a result of frequency steering.
Since the frequency steering is applied on a monthly

basis, the terrestrial time may respond differently to the
coherent ULDM signal when its mass is larger than
1=month. In this case, the coherent signal oscillates rapidly
during the period over which the steering correction is
computed, and as a result, ULDM signal averages out in the
correction. The resulting frequency standard will respond
to dark matter as if steering correction had not been applied,
suggesting δfTT=fTT ¼ δfEAL=fEAL for mϕ > 1=month.
Since the EAL is constructed from the ensemble of atomic
clocks, and its composition varies over time, the response
or sensitivity coefficient varies over time as well. For the
current analysis, we still choose the sensitivity coefficient
of cesium atom for simplicity.
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V. CONCLUSIONS

We have examined the sensitivities of current and future
pulsar timing arrays to signals of ULDM candidates that
quadratically couple to the Standard Model. We show that,
due to the quadratic nature of interaction, two types of
signals appear simultaneously in PTA data. The first, which
we call coherent signal, is characterized by an angular
frequency ω ¼ 2mϕ. The second, which we call stochastic
signal, is relevant for angular frequencies ω≲mϕσ

2. The
distinctive frequency components of these signals allow us
to probe a widely separated mass range, spanning from the
fuzzy dark matter regime,mϕ ¼ 10−24 eV − 10−22 eV, to a
heavier mass range, mϕ ¼ 10−18 eV − 10−16 eV. We show
how current PTA datasets are already placing significant
constraints in the low-mass range, while for the higher-
mass range, due to the matter effect, they do not yet provide
physically meaningful constraints.
We apply the same analysis for the light QCD axion

model. Due to its coupling to gluon and an explicit shift
symmetry breaking from the strong dynamics, axion
generally develops quadratic couplings to the nuclear sector
at low-energy scales. We project the PTA sensitivities in the
axion mass-decay constant plane. The same conclusion
holds in this case; for the stochastic signal, due to matter
effects, current PTAs do not place physically meaningful
constraints, while for the coherent signal, the limits from
PTA analyses compete with existing terrestrial bounds such
as the ones from atomic clock comparison tests.
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APPENDIX A: GAUSSIANITY

In this appendix, we carefully examine statistical proper-
ties of the coherent and stochastic dark matter signals. We
focus on clock and Doppler signals, each of which is most
relevant for the coherent and stochastic signal search,
respectively. The response of the pulsar spin signal with
respect to ULDM is identical to that of clock signal, and
hence, the discussion can be straightforwardly generalized.
Before proceeding to the analysis, we review the proper-

ties of the ULDM Gaussian random field. We expand this

field in the nonrelativistic regime as

ϕðt; xÞ ¼
X
k

1ffiffiffiffiffiffiffiffiffiffiffiffi
2mϕV

p ½ake−ik·x þ a�ke
ik·x�; ðA1Þ

where V is the normalization volume in which the field is
expanded. We treat ak and a�k as classical random variables
that can be expanded as

ak ¼ rkeiθk ; ðA2Þ

where the amplitude, rk, and phase, θk, follow the Rayleigh
and uniform distributions, respectively [101–105],

PðrkÞ ¼
2rk
fk

exp
�
−
r2k
f2k

�
; ðA3Þ

PðθkÞ ¼
1

2π
: ðA4Þ

The parameter fk is understood as a momentum distribution
of dark matter. In the continuum limit, it is normalized as

ρ̄

mϕ
¼

Z
d3k
ð2πÞ3 fðkÞ ¼

Z
d3vfðvÞ; ðA5Þ

where ρ̄ is the mean dark-matter density. The above
expression defines the velocity distribution fðvÞ.
The random variable ak can also be decomposed into real

and imaginary parts,

ak ¼ Xk þ iYk; ðA6Þ

In this expansion, the variables ðXk; YkÞ are independent
and identically distributed random variables, following a
zero-mean normal distribution, i.e.,

Xk; Yk ∼N ð0; fk=2Þ: ðA7Þ

Here, N ðμ; σ2Þ represents the normal distribution with
mean μ and variance σ2.

1. Coherent signal

The coherent signal produced by ULDM-induced clock
shifts is given by

δtaðtÞ ¼ gTT

Z
t
dt0φ2ðt0Þ

¼ gTT
4M2

plm
2
ϕ

R2 sin ð2mϕt − 2ΘÞ;

where used the nonrelativistic approximation ω ¼ mϕ, and
implicitly defined R and Θ via
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1ffiffiffiffi
V

p
X
k

ak ¼ ReiΘ: ðA8Þ

To find how R and Θ are distributed, we decompose
them into the real and imaginary part,

1ffiffiffiffi
V

p
X
k

ak ¼ X þ iY; ðA9Þ

where

X ¼ 1ffiffiffiffi
V

p
X
k

Xk; ðA10Þ

Y ¼ 1ffiffiffiffi
V

p
X
k

Yk: ðA11Þ

The statistical distribution of X and Y can be found by
computing their characteristic function. The characteristic
function for X is

φXðtÞ ¼ heitXi ¼
Y
k



exp

�
itXkffiffiffiffi
V

p
��

¼ exp

�
−

t2

4V

X
k

fk

�
: ðA12Þ

Here we used the fact that each Xk is independent to each
other. The result is identical to that of a zero-mean normal
random variable with variance,

σ2 ¼ 1

V

X
k

fk
2

¼
Z

d3k
ð2πÞ3

fðkÞ
2

¼ ρ̄

2mϕ
; ðA13Þ

from which one finds

X; Y ∼N ð0; ρ̄=2mϕÞ:

This implies that R and Θ follow a Rayleigh and uniform
distribution, respectively,

PðRÞ ¼ 2R
ðρ̄=mϕÞ

exp
�
−

R2

ðρ̄=mϕÞ
�
; ðA14Þ

PðΘÞ ¼ 1

2π
: ðA15Þ

Once we rescaleR → R
ffiffiffiffiffiffiffiffiffiffiffi
ρ̄=mϕ

p
, we arrive at Eq. (52) that

we use for the coherent signal search. In this case, the
square of the rescaled amplitude R2 follows the exponen-
tial distribution with the unit scale parameter.

2. Stochastic signal

The timing residual of the ULDM-induced Doppler
signals is

δ̃taðfÞ ¼
Z

d3k
ð2πÞ3Kaðf;kÞφ̃2ðf;kÞ

¼ 1

2M2
plmϕ

1

V

X
1;2

a1a�2Kaðf;k1 − k2Þδðf − f1 þ f2Þ:

ðA16Þ

The sum runs over all possible k1 and k2 with
k1 ≠ k2. In the following, we ignore the pulsar term,
i.e., Kaðf; kÞ ≃ −½g⊙=ð2πfÞ2�ðik · n̂aÞ.
To check the Gaussianity of this random variable, we

compute the n-point functions. We find all odd-point
function vanishes due to the parity of the system, i.e.,

hδ̃ta1ðf1Þ � � � δ̃ta2nþ1
ðf2nþ1Þi ¼ 0; ðA17Þ

with n∈Nþ. This can be proved inductively. On the other
hand, the two point function is given by

hδ̃taðf1Þδ̃tbðf2Þi ¼ δðf1 þ f2ÞΣabðf1Þ; ðA18Þ

while the four-point function reads

hδ̃taðf1Þδ̃tbðf2Þδ̃tcðf3Þδ̃tdðf4Þi
¼ δðf1 þ f2Þδðf3 þ f4ÞΣabðf1ÞΣcdðf3Þ
þ δðf1 þ f3Þδðf2 þ f4ÞΣacðf1ÞΣbdðf2Þ
þ δðf1 þ f4Þδðf2 þ f3ÞΣadðf1ÞΣbdðf2Þ
þ δðf1 þ f2 þ f3 þ f4ÞTabcdðf1; f2; f3; f4Þ; ðA19Þ

where the spectrum, Σab, and the trispectrum, Tabcd, are
given by

ΣabðfÞ ¼
1

ð2πfÞ4
g2ρ2

M4
plm

3
ϕ

n̂a · n̂b
3

ð2πfτÞ2K2ðj2πfτjÞ;

ðA20Þ

Tabcdðf1; f2; f3; f4Þ

≃
�Y4
i¼1

1

ð2πfiÞ2
�
π

2

g4ρ̄4

M8
plm

6
ϕ

τ½ðn̂a · n̂bÞðn̂c · n̂dÞ

þ ðn̂a · n̂cÞðn̂b · n̂dÞ�: ðA21Þ

The spectrum is defined as a two-sided spectrum, and hence
ΣabðfÞ ¼ SDMab ðfÞ=2 with SDMab ðfÞ given in Eq. (18). The
expression for the trispectrum is valid for 2πfiτ ≪ 1. Here,
τ ¼ 1=mϕσ

2 is the coherence time scale for the ULDM
field. The existence of the nonvanishing trispectrum
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Tabcdðf1; f2; f3; f4Þ indicates that the timing residual δ̃tðfÞ
is not Gaussian.
The achromatic timing residuals are modeled as

δtaðtÞ ¼
XNf

k¼1

½sak sinð2πfktÞ þ cak cosð2πfktÞ�;

where fk ¼ k=T and T is the total time baseline of pulsar
timing observation. In the main analyses, the coefficients
ðsak; cakÞ are assumed to follow the Gaussian distribution
with its covariance matrix given by

hsaksbk0 i ¼ hcakcbk0 i ¼ δkk0 ½4ΔfΣabðfkÞ�; ðA22Þ

hsakcbk0 i ¼ 0: ðA23Þ

Note that the coefficients ðsak; bakÞ is nothing but the
imaginary and real part of the Fourier component of timing
residual. More specifically, one finds

sak ¼ 2Δf Im½δ̃taðfkÞ�; ðA24Þ

cak ¼ 2ΔfRe½δ̃taðfkÞ�: ðA25Þ

From Eq. (A19), the four-point function of sak and cak
contains a non-Gaussian contribution. For instance, we find

hck1ck2ck3ck4i ¼ hck1ck2ihck3ck4i þ hck1ck3ihck2ck4i þ hck1ck4ihck2ck3i
þ 2ðΔfÞ3½δ1;234Tabcdð1̄234Þ þ δ2;134Tabcdð12̄34Þ þ δ3;124Tabcdð123̄4Þ þ δ4;123Tabcdð1234̄Þ�
þ 2ðΔfÞ3½δ12;34Tabcdð1̄2̄34Þ þ δ13;24Tabcdð1̄23̄4Þ þ δ14;23Tabcdð1̄234̄Þ�; ðA26Þ

where Tabcdð1̄234Þ ¼ Tabcdð−f1; f2; f3; f4) and δ1;234 ¼
δðf1 − f2 − f3 − f4Þ. A similar expression can be obtained
for hsk1sk2sk3sk4i and hsk1sk2ck3ck4i. Note that four-point
functions with an odd number of sk or ck vanish identically.
To estimate the degree of non-Gaussianity, we compute

the kurtosis of ck for a ¼ b ¼ c ¼ d. Note that the skew-
ness vanishes due to the parity symmetry of the system. We
find

KurtðckÞ ¼
hc4ki
hc2ki2

≃ 3

�
1þ 9

64
ð2πΔfτÞ

�
: ðA27Þ

For the Gaussian random variable, we expect KurtðXÞ ¼ 3.
The deviation from Gaussianity is thus estimated by
the second term in the squared parentheses, i.e.,
ð9=64Þð2πΔfτÞ. Since our stochastic signal analysis
assumes sampling of at least a few stochastic fluctuations
during the total time baseline of pulsar timing observation,
2πΔfτ < 1, we expect that the deviation from the
Gaussianity is sufficiently small. This justifies our treat-
ment of the stochastic signals in the main text.

APPENDIX B: MATTER EFFECT

Quadratic interactions modify the dark matter field
profile inside dense astrophysical objects. This occurs
because quadratic interactions change the dark matter mass
as a function of ambient matter density, therefore altering
dark matter field propagation within the objects. As a result,
the field profile is modified and ULDM-induced timing
signals deviate from those discussed in the main text. We
emphasize that the spectra in the main text are obtained
under the assumption that astrophysical objects can be

treated as pointlike particles and that dark matter field
propagates like plane wave.
The plane wave assumption is invalid in the regime

where the quadratic couplings significantly alter the in-
medium scalar mass. In this appendix, we analyze the
matter effect in detail, following Refs. [40,80,81,95,96].
From this analysis, we derive the form factors that modify
the signal power spectra of the timing residual for the
Doppler, clock, and pulsar spin signals.
Quadratic interactions generically modify the in-medium

mass of dark matter. To illustrate this, consider the
quadratic coupling between dark matter and the Standard
Model sector as shown in Eq. (61). Inside an astrophysical
object, finite-density effects cause dark matter to acquire an
in-medium mass,

m2
totðxÞ ¼ m2

ϕ þ Δm2ðxÞ; ðB1Þ

as shown in Eqs. (62) and (63). As a concrete example, let
us consider the ULDM quadratically coupled to the
nucleon field. The interaction Lagrangian takes the form
as L ¼ −gNmNN̄Nϕ2=2M2

pl. In a medium, one can have
hN̄Ni ≃ nN , where nN is the nucleon number density. In
this case, we have Δm2 ¼ gNρN=M2

pl.
Ordinary matter affects the evolution of the field, and

hence the field profile near such astrophysical objects. The
dynamics is governed by the Klein-Gordon equation,

½□þm2
totðxÞ�ϕðt; xÞ ¼ 0: ðB2Þ

For ULDM, we take the nonrelativistic limit. Expanding
the field as
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ϕðt; xÞ ¼
X
k

1ffiffiffiffiffiffiffiffiffiffiffiffi
2mϕV

p ½akψkðxÞe−iωkt þ H:c:�; ðB3Þ

we find that the Klein-Gordon equation reduces to a time-
independent Schrödinger equation for the mode function
ψkðxÞ,

EkψkðxÞ ¼
�
−

∇2

2mϕ
þ VeffðxÞ

�
ψkðxÞ: ðB4Þ

Here, the effective potential is

VeffðxÞ ¼
Δm2ðxÞ
2mϕ

: ðB5Þ

In the absence of quadratic interactions, the potential
vanishes, and the solutions are simple plane waves. When
quadratic interactions are present, the incoming plane wave
scatters off the target, leading to a distorted field profile both
inside and around the object.
To proceed, we assume that the astrophysical objects we

consider—the Sun, Earth, and pulsars—are spherically
symmetric and uniform in density. Accordingly, we work
in spherical coordinates, with x ¼ rr̂, where r̂ is the radial
unit vector. In this approximation, the effective potential
takes the form

VeffðrÞ ¼ V0ΘðR − rÞ: ðB6Þ

The wave function is written as

ψkðxÞ ¼
�
ψout
k ðxÞ r ≥ R

ψ in
k ðxÞ r ≤ R

; ðB7Þ

where ψout
k ðxÞ and ψ in

k ðxÞ denote the solutions outside and
inside the dense object, respectively. In a spherically sym-
metric system, the wave function is generally expressed as

ψkðxÞ ¼ Rlðr; kÞPlðk̂ · r̂Þ; ðB8Þ

where Rlðr; kÞ is the radial wave function and Plðk̂ · r̂Þ is a
Legendre polynomial. The radial Schrödinger equation takes
the form,

�
d2

dr2
þ 2

r
d
dr

þ k2 −
lðlþ 1Þ

r2

�
Rout
l ðkrÞ ¼ 0; ðB9Þ

for the wave function outside the sphere, and

�
d2

dr2
þ 2

r
d
dr

þ p2 −
lðlþ 1Þ

r2

�
Rin
l ðprÞ ¼ 0 ðB10Þ

for the wave function inside the sphere. In the equation
above,

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − Δm2

p
ðB11Þ

denotes the momentum inside the sphere. A general solution
to the radial equation can be written as

Rout;in
l ðxÞ ¼ c1jlðxÞ þ c2ylðxÞ ¼ d1h

ð1Þ
l ðxÞ þ d2h

ð2Þ
l ðxÞ;

where jlðxÞ and ylðxÞ are spherical Bessel functions, and

hð1;2Þl ðxÞ ¼ jlðxÞ � iylðxÞ are the spherical Hankel func-
tions of the first and second kind. Thewave functions outside
and inside the sphere are given by

ψout
k ðxÞ ¼

X∞
l¼0

ð2lþ 1Þil½jlðkrÞ

þ coutl ðkÞhð1Þl ðkrÞ�Plðk̂ · r̂Þ; ðB12Þ

ψ in
k ðxÞ ¼

X∞
l¼0

ð2lþ 1Þilcinl ðkÞjlðprÞPlðk̂ · r̂Þ: ðB13Þ

In the exterior solution, the first term in parentheses
describes the incident plane wave eik·x, while the second
term represents the outgoing scattered wave, which can be

seen from its asymptotic behavior limr→∞ hð1Þl ðkrÞ ∝
eikr=kr. In the interior solution, we keep only jlðxÞ since
ylðxÞ diverges at r ¼ 0 and is therefore unphysical.
The coefficients coutl and cinl are obtained by matching the

exterior and interior wave functions at the boundary. The
continuity conditions are

ψout
k ðRÞ ¼ ψ in

k ðRÞ;
dψout

k

dr
ðRÞ ¼ dψ in

k

dr
ðRÞ: ðB14Þ

These give

coutl ðkÞ ¼ −
kjlðpRÞjlþ1ðkRÞ − pjlðkRÞjlþ1ðpRÞ
kjlðpRÞhð1Þlþ1ðkRÞ − phð1Þl ðkRÞjlþ1ðpRÞ

;

ðB15Þ

cinl ðkÞ ¼ −
ikðkRÞ−2

kjlðpRÞhð1Þlþ1ðkRÞ − phð1Þl ðkRÞjlþ1ðpRÞ
;

ðB16Þ

which agree with previous literature, e.g.,
Refs. [40,80,81,95,96]. In the absence of a potential
(Δm ¼ 0), the exterior and interior wave numbers coincide,
k ¼ p. The coefficients then reduce to cinl ¼ 1 and coutl ¼ 0,
which reproduces the plane-wave solution eik·x.

1. Doppler signal

In this subsection, we discuss the matter effect on the
Doppler signal, which arises from the perturbation of the
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Solar System barycenter and is dominated by fluctuations
in the position of the Sun.
We begin by considering a generic astrophysical object,

which experiences a ULDM-induced force per unit mass
given by

F ¼ −
1

VR

Z
VR

d3x
∇ρ
ρ

: ðB17Þ

Here, ρ denotes the density, and VR ¼ 4πR3=3 denotes the
volume of the astrophysical object, respectively. Unlike
Eq. (10) in the main text, here we account for the distortion
of the field configuration inside the object from a plane
wave due to the matter effect.
Recalling that the relative density variation is δρ=ρ ¼ gφ2,

and using (B3), we obtain

F ¼ −
g

2M2
plmϕV

X
k;k0

aka�k0e
−iðωk−ωk0 ÞtHðk; k0Þ: ðB18Þ

Here we kept only the slow mode fluctuations. In the above
equation, the vector Hðk; k0Þ depends on the incident
momenta k and k0, and is defined as

Hðk; k0Þ ¼ 1

VR

Z
VR

d3x∇½ψ in
k ðxÞψ in �

k0 ðxÞ�: ðB19Þ

Neglecting the pulsar term, which is strongly suppressed by
screening inside the pulsar, we obtain the timing-residual
power spectrum,

SDMab ðfÞ ¼ 1

ð2πfÞ4
g2

2M4
plm

2
ϕ

Z
d3v0d3v00fðv0Þfðv00Þ

× ½n̂a ·Hðk0; k00Þ�½n̂b ·H�ðk0; k00Þ�
× δðf − fk0 þ fk00 Þ: ðB20Þ

The power-spectrum computation above involves
Hðk; k0Þ, which is defined by a volume integral over the
gradient of partial-wave products. Expanding ψ in

k ðxÞ to the
s-wave (l ¼ 0) and p-wave (l ¼ 1) based on Eq. (B13),
we have

ψ in
k ðxÞ ≃ ψ̃ in

0 ðk; rÞ þ ψ̃ in
1 ðk; rÞðk̂ · r̂Þ; ðB21Þ

where ψ̃ in
0 ðkÞ and ψ̃ in

1 ðkÞ are the radial components of the
l ¼ 0 and l ¼ 1 partial waves. From Eq. (B13), we have

ψ̃ in
0 ðk; rÞ ¼ cin0 ðkÞj0ðprÞ;

ψ̃ in
1 ðk; rÞ ¼ 3i cin1 ðkÞj1ðprÞ: ðB22Þ

Higher partial waves are neglected since the system we
consider is deeply in the low-energy regime, kR ≪ 1, and
jψ̃ in

lþ1j=jψ̃ in
l j ∼OðkRÞ. As the Doppler signal involves a

gradient of the field, the pure s-wave component cancels,
and thus, we focus on the mixing between the s- and
p-wave components, which provides the nonvanishing
leading contribution to Hðk; k0Þ.
Including the l ¼ 0 and l ¼ 1 partial waves, we find

Hðk; k0Þ ¼ Adop × iðk − k0Þ: ðB23Þ

Substituting Eq. (B21) into Eq. (B19), and using the
identity

1

VR

Z
VR

d3x∇½FðrÞðk̂ · r̂Þ� ¼ 1

R3

Z
R

0

dr
d½r2FðrÞ�

dr
k̂; ðB24Þ

where FðrÞ is an arbitrary function of r, we obtain the form
factor of the Doppler signal

Adop ¼
1

ikR3

Z
R

0

dr
d
dr

½r2ψ̃ in
0 ðk0; rÞψ̃ in

1 ðk; rÞ�: ðB25Þ

Taking the kR; k0R ≪ 1 limit, we obtain

AdopðyÞ ≃ 3
y − tanh y

y3
: ðB26Þ

The resulting Doppler-term timing-residual power spec-
trum is

SDMab ðfÞ ¼ ½AdopðyÞ�2½SDMab ðfÞ�0; ðB27Þ

where ½SDMab ðfÞ�0 denotes the signal power spectrum in the
absence of the matter effect.
When y≲ 1, the matter effect is negligible. In this

regime, we have AdopðyÞ ≃ 1. This follows from the fact
that the wave function is approximately a plane wave,
ψkðxÞ ≃ eik·x. Substituting this into Eq. (B19), we obtain
Hðk; k0Þ ¼ iðk − k0Þ, reproducing the standard result
quoted in the main text.
When y≳ 1, the matter effect becomes significant. For

the Doppler signal, the dominant contribution comes from
the fluctuations of solar system barycenter. In this case, the
condition for the matter effect to be apparent is

jg⊙j≳ 4 × 105 ×

�
1 g=cm3

ρ⊙

�
: ðB28Þ

Above this critical value, the matter effect suppresses the
signal power spectrum, and the Doppler signal therefore
saturates to a constant, independent of the coupling strength.

2. Clock signal

Since Terrestrial Time is defined by an ensemble of
atomic clocks operating on the Earth’s surface, the clock
signal is inevitably affected by the matter effect. This effect
depends on the scalar-field value at the Earth’s surface.
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In the following, we evaluate the matter effect on the
coherent clock signal.
The timing residual induced by the fluctuations of

Terrestrial Time can be similarly parametrized as

δtaðtÞ ¼
gTT
2M2

pl

Z
t
dt0ϕ2ðt0Þ:

To examine how the clock signals are affected by the
density of Earth, we recall the mode expansion evaluated
on the Earth surface,

ϕðtÞ ¼ 1ffiffiffiffi
V

p
X
k

akψkðR⊕Þe−imϕt þ H:c: ðB29Þ

Since we are deeply in the low-energy limit kR⊕ ≪ 1,
we may approximate the wave function with the leading
s-wave component, ψkðR⊕Þ ≃ ψ̃0ðR⊕Þ. With this approxi-
mation, we can factor out ψkðR⊕Þ and express Eq. (B29) as

ϕðtÞ ≃ ψ̃0ðR⊕Þ ×
ffiffiffiffiffiffiffi
2

mϕ

s
R cosðmϕt − ΘÞ; ðB30Þ

where R and Θ are defined in Eq. (A8). This leads to the
following timing residual:

δtaðtÞ ≃ ½ψ̃0ðR⊕Þ�2 ×
gTT

4M2
plm

2
ϕ

R2 sinð2mϕt − 2ΘÞ: ðB31Þ

Based on Eq. (B31), the clock signal can be written as

δtaðtÞ ¼ AclkðyÞ × ½δtaðtÞ�0; ðB32Þ

where the form factor is given by

AclkðyÞ ≃ ½ψ̃0ðR⊕Þ�2 ≃
tanh2 y
y2

: ðB33Þ

Note that ½δtaðtÞ�0 is the timing residual without the matter
effect. The power spectrum is given by

SDMab ðfÞ ¼ ½AclkðyÞ�2½SDMab ðfÞ�0: ðB34Þ
The matter effect for the clock signal becomes important for

jg⊕j≳ 109 ×

�
5 g=cm3

ρ⊕

�
: ðB35Þ

Since pulsar timing can probe dilaton couplings much
smaller than the above critical values relevant for the
coherent-signal search, the matter effect is negligible across
most of the parameter space of interest.

3. Pulsar spin signal

The pulsar spin signal arises from fluctuations in the
pulsar mass and its radius. The fluctuation in its total mass
can be estimated as

δM
M

¼
P

i

R
d3xδρiðxÞP

i

R
d3xρiðxÞ

; ðB36Þ

where i ¼ n, p, μ, e, and ρiðxÞ is the number density of
each constituent. Assuming that the density is uniform
within the sphere, we find

δM
M

¼
X
i

Xpsr;i ×
1

VR

Z
VR

d3x
δρiðxÞ
ρi

; ðB37Þ

where Xpsr;i is the mass fraction of the constituent i. The
volume average of the mass density fluctuation induced by
ULDM is then given by

1

VR

Z
VR

d3x
δρiðxÞ
ρi

¼ gi
4M2

plmϕV

X
k;k0

akak0e−2imϕtApsr þ H:c:; ðB38Þ

where VR is the volume of the pulsar, and the correspond-
ing form factor is

Apsr ¼
1

VR

Z
VR

d3xψ in
k ðxÞψ in

k0 ðxÞ: ðB39Þ

As for the clock signal, we only keep the coherent pulsar
spin signal. Since we are in the low-energy limit, we again
approximate the wave function with the leading s-wave
component. With this approximation, we find the form
factor of the pulsar mass fluctuation as

ApsrðyÞ ≃
3

2

�
tanh2 y
y2

−
y − tanh y

y3

�
; ðB40Þ

where y is defined in Eq. (68).
The pulsar spin signal also arises from the pulsar radius

fluctuation, as indicated in Eq. (42). The pulsar radius is
determined by the balance between the degenerate pressure
of neutron and the gravitational force. The degenerate
pressure depends on the mass of neutron in the bulk. To
compute the response of the radius with respect to the
propagating dark matter, we replace the neutron mass
variation with the volume-averaged one. Therefore, the
form factor for the pulsar radius fluctuation is identical to
Eq. (B40). Consequently, the form factor for the pulsar spin
fluctuation is Eq. (B40), reproducing the result listed in
Eqs. (69)–(71) of the main text.
The matter effect for the pulsar spin fluctuation becomes

important when

jgpsrj≳ 5 ×

�Λ4
QCD

ρpsr

�
; ðB41Þ

where we use Rpsr ¼ 10 km and ΛQCD ¼ 200 MeV for
pulsars. For the low-mass end of the coherent signal search,
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the matter effect seems irrelevant, while for the higher-mass
end, it might become important.

4. Light QCD axion

For light QCD axion models, the quadratic interaction
leads to an attractive potential for the propagation of the
dark matter field. From Eq. (58), the in-medium mass
squared can be obtained as

m2
totðxÞ ¼ m2

ϕ þ
CNρNðxÞ

f2ϕ
; ðB42Þ

where CN ∼ −10−2 [37,83]. When the Klein-Gordon equa-
tion for the axion is expressed in the Schrödinger form as
Eq. (65), the above in-medium mass squared acts as an
attractive potential due to the negative sign of CN .
The above discussion assumes that the minimum of the

axion potential inside the matter is the one that conserves
CP symmetry in the strong sector, i.e., ϕ ¼ 0. When the
finite density correction is large, such correction to the
axion potential would trigger the phase transition inside
matter [106]. To see how this changes the attractive nature
of the potential, we consider a simple phenomenological
model of light QCD axions, discussed in Ref. [106]. The
bare potential is

V0ðϕÞ ¼ −ϵm2
πf2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4mumd

ðmu þmdÞ2
sin2

�
ϕ

2fϕ

�s
; ðB43Þ

where mπ and fπ are pion mass and decay constant. Here,
we consider the light QCD axion regime, i.e., ϵ ≪ 1;
when ϵ ¼ 1, the above reproduce a standard QCD axion
potential. In the limit mu ¼ md, the axion mass
is m2

ϕf
2
ϕ ¼ ϵm2

πf2π=4.
Inside ordinary matter, the axion potential acquires a

finite-density correction with the opposite sign to the bare
potential. This correction is given by

VNðϕÞ ¼ σπNnN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4mumd

ðmu þmdÞ2
sin2

�
ϕ

2fϕ

�s
; ðB44Þ

where σπN ≃ ∂mN=∂ lnm2
π ∼ 50 MeV is a nucleon σ-term

[107], and nN is the nucleon number density. The above
finite density correction may be understood from the
θ-dependent nucleon mass, L ¼ −mNðθÞN̄N. By expand-
ing the nucleon mass term around θ ¼ 0, one finds

L ¼ −mNðθÞN̄N ⊃ −σπN
δm2

πðθÞ
m2

πð0Þ
N̄N; ðB45Þ

which leads to the finite density correction in Eq. (B44).
As discussed in Ref. [106], the axion undergoes a phase

transition once the potential energy gain overcomes the

field-gradient energy characterized by its bare mass, and
the finite-density correction exceeds the vacuum contribu-
tion, i.e., jΔmj > R−1 and jΔmj > mϕ. These two con-
ditions can be written in terms of the axion mass and its
decay constant,

1

f2ϕ
≳ 1

σπNnN
maxð4m2

ϕ; 1=R
2Þ; ðB46Þ

where R is the size of the object under consideration. When
this condition is met, the phase transition is triggered and a
static axion profile develops as

θ0ðrÞ ≃ π

�
1 r ≤ R

e−mϕðr−RÞ R
r r > R

: ðB47Þ

That is, inside the matter, the axion finds a new minimum
around θ ≃ π and the field profile outside matter is given by
a Yukawa-type potential. A numerical solution of the static
profile can be found in Fig. 4. The range of parameter space
that exhibits the phase transition is shown as a blue region
in Fig. 6.
This alters the propagation of the dark matter field. Note

that the in-medium mass squared (B42) is obtained by
expanding θ-dependent nucleon mass (B45) around ϕ ¼ 0.
To examine the propagation of the dark matter field in the
presence of phase transition, we expand the field around a
new static profile as

ϕ ¼ ϕ0 þ δϕ;

where ϕ0 ¼ θ0fϕ and δϕ is fluctuations around it. The
equation of motion for dark matter δϕ is then given by

½□þ V 00ðθ0Þ�δϕ ¼ 0; ðB48Þ

FIG. 4. Static QCD axion profile sourced by a dense object. We
choose the jΔmjR ¼ 7 andmϕR ¼ 10−2 for this plot, whereΔm is
the finite density correction to the axion mass squared evaluated at
θ0 ¼ π. Inside matter r=R < 1, the profile approaches θ0 ¼ π,
while outside matter r=R > 1, it behaves as 1=r.
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where Vðθ0Þ is the potential including the zero-temperature
one (B43) and finite density correction (B44) evaluated at
the new static profile θ0. In the Schrödinger form, the
nonrelativistic potential can be obtained as

Vnr ¼
V 00ðθ0Þ −m2

ϕ

2mϕ
: ðB49Þ

A numerical example of Vnr with numerically obtained
static profile θ0 is given in Fig. 5.
Inside matter, we find

V 00ðπÞ ¼ σπNnN − ϵm2
πf2π

f2ϕ

mumd

m2
d −m2

u
: ðB50Þ

Since we are interested in the regime where the phase
transition takes place, the above quantity is positive. That
is, the in-medium mass squared is positive and the non-
relativistic potential behaves as a repulsive potential.
Outside matter, the potential becomes more complicated.

Considering sufficiently large r such that θ0 ≪ 1, we may
expand the potential around θ0 ∼ 0. We find

V 00ðθ0Þ ≃m2
ϕ

�
1 −

θ20
2

m2
u þm2

d −mumd

ðmu þmdÞ2
�
: ðB51Þ

The second quantity provides −e−2mϕr=r2 potential for the
propagation of dark matter outside of the finite density
object.
We argue that this 1=r2 potential piece can be neglected

in our case. To illustrate this, we expand the field δϕ as in
Eq. (B3). The Klein-Gordon equation becomes

EkψkðxÞ ¼
�
−

∇2

2mϕ
−

β

mϕr2
e−2mϕðr−RÞ

�
ψkðxÞ; ðB52Þ

where Ek ¼ jkj2=2mϕ and

β ¼ ðmϕRÞ2
4

m2
u þm2

d −mumd

ðmu þmdÞ2
: ðB53Þ

To proceed, we will ignore the exponential factor. By
showing that the above potential without the exponential
factor is negligible for the parameter space of interest, we
will justify that the nonrelativistic potential for the light
QCD axions when the phase transition occurs can be
simply approximated as a finite repulsive potential well.
Following the usual procedure, we expand the wave

function into the radial wave function and spherical
harmonics (B8). From the Schrödinger equation, we find
the radial equation as

�
∂
2
r þ k2 þ β

r2
−
lðlþ 1Þ

r2

�
uklðkrÞ ¼ 0; ðB54Þ

where uklðrÞ ¼ rRklðrÞ. The solution is given by the
Bessel functions

uklðkrÞ ¼ c1
ffiffiffiffiffi
kr

p
J1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ1Þ2−4β

p ðkrÞ
þ c2

ffiffiffiffiffi
kr

p
Y1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ1Þ2−4β

p ðkrÞ: ðB55Þ

For all l, as long as β ≪ 1, the solution is approximately
given by the radial equation without 1=r2 potential piece.
We find that β ≪ 1 almost for the entirely mass range of

dark matter that we discuss in this work. For the coherent
signal search, this is trivially satisfied, as one can see
mϕR ≪ 1 for the Earth and pulsar radius R. For the
stochastic signal search, we find

β ≃ 0.2

�
mϕ

10−16 eV

�
2
�

R
R⊙

�
2

: ðB56Þ

As long as the axion bare mass is smaller than 10−16 eV,
one can ignore the potential due to the extended static axion
profile for the evolution of dark matter field.

5. MICROSCOPE: Light QCD axion

In this subsection, we discuss how the matter effect,
especially the phase transition inside the Earth, induces an
extra axion force, leading to distinctive constraints from
equivalence principle violation tests such as MICROSCOPE
satellite mission. This satellite is operated at altitude
r − R⊕ ¼ 710 km, where r is the distance from the satellite
to the Earth’s center and R⊕ is the radius of the Earth.
Constraints on dilatonlike scalars have already been pre-
sented in Refs. [40,44,45,77,78]. Here, we update the
corresponding constraint for light QCD axion dark matter,
which exhibits qualitatively different behavior. Before we
proceed, we recall that the violation of the equivalence

FIG. 5. An example of Vnr when the phase transition occurs. As
discussed in the text, due to nonvanishing static profile, the in-
medium mass squared takes a positive value, and hence, it acts as a
repulsive potential rather than attractive one. Outside potential, we
find −1=r2 behavior, which can be neglected for the study of dark
matter propagation in the parameter space of interest. For this
result, we use the static profile obtained in the previous figure.
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principle is parametrized by the Eötvös parameter,

η ¼ jaPt − aTij
jgj ; ðB57Þ

where aPt and aTi are the accelerations of the test masses,
composed of platinum and titanium alloys, and g ¼
−GNM⊕r̂=r2 is the local gravitational acceleration. Here,
M⊕ ≃ 5.97 × 1024 kg is the Earth’s mass. According to
Ref. [67], the reported 1σ uncertainty is ση ≃ 2.7 × 10−15. In
our discussion, we adopt η≲ 2ση as an approximate 95%CL
constraint.
In the presence of an axion field, the mass of a test body

can be expanded as

MT ðθÞ ¼ MT

�
1þQðaxÞ

T

2
θ2 þ � � �

�
: ðB58Þ

Here,

QðaxÞ
T ¼ ∂ lnMT

∂θ2
ðB59Þ

is defined as the axion charge, and T ¼ Pt, Ti labels the test
masses. The force between the Earth and a test mass is then

FT ¼ −∇MT ðθÞ ¼ −
QðaxÞ

T MT

2
∇θ2: ðB60Þ

The axion charge defined above has two contributions:
(i) Variation of nucleon rest masses induced by ϕ;
(ii) Variation of nuclear binding energy induced by ϕ.
The axion charges associated with free nucleon rest masses
are taken from Ref. [108]. The axion charges arising from
nuclear binding energy are taken from Refs. [77,109,110]
with slightly different conventions. In our convention,

they are obtained by making the replacement QðaxÞ
T →

QðaxÞ
T ×mumd=ðmu þmdÞ2. The numerical values of the

relevant axion charges used to impose the MICROSCOPE
constraint are

QðaxÞ
⊕ ≃ −2 × 10−2; ðB61Þ

jQðaxÞ
Pt −QðaxÞ

Ti j ≃ 6 × 10−4: ðB62Þ

When jΔm⊕jR⊕ < 1, the axion field only explores the
vicinity of the ϕ ¼ 0 vacuum. The axion profile outside the
Earth can be obtained by solving the Klein-Gordon
equation [40,44,45],

θ ≃ θ0 cosðmϕtÞ
�
1 −

Δm2
⊕R

3
⊕

3r

�
: ðB63Þ

Here, θ0 ¼ ϕ0=fϕ and ϕ0 ¼
ffiffiffiffiffi
2ρ̄

p
=mϕ. Substituting

Eq. (B63) into Eq. (B60) and taking the time average,
we have the attractive force,

FT ≃ −
ϕ2
0

8πr2
ðQðaxÞ

T MT ÞðQðaxÞ
⊕ M⊕Þ

f4ϕ
r̂; ðB64Þ

which is induced by the background of axion dark matter.
Here MT and M⊕ are the masses of the test body and the
Earth, respectively. The above formula can also be derived
from the quantum field theory (QFT) as shown in
Refs. [111–114] under the Born approximation. Since such
background-induced force is much weaker than gravity, the
corresponding Eötvös parameter is

η ≃
ϕ2
0

8π

jðQðaxÞ
Pt −QðaxÞ

Ti ÞQðaxÞ
⊕ j

f4ϕGN
; ðB65Þ

which depends on the axion density and decay constant.
Combining this expression with the experimental constraint
on η, we obtain an upper bound in the mϕ–f−1ϕ plane for
axion dark matter. This relation explains the power-law
scaling f−1ϕ ∝ m1=2

ϕ in the nonphase-transition regime.
When jΔm⊕j > R−1

⊕ and jΔm⊕j > mϕ, an axion phase
transition occurs inside the Earth. In this case, a static axion
profile develops around the Earth as shown in Eq. (B47).
The force acting on each test mass can then be obtained by
substituting Eq. (B47) into Eq. (B60),

FT ≃ −QðaxÞ
T MT

π2R2
⊕

r3
ð1þmϕrÞe−2mϕðr−RÞr̂: ðB66Þ

FIG. 6. The updated MICROSCOPE constraint on the light
QCD axion is shown by the gray shaded region enclosed by the
thick black line. The red solid line represents the recast MICRO-
SCOPE constraint assuming that ϕ is a dilaton with repulsive
interactions [40,44,45], while the magenta solid line represents
the same limit assuming attractive interactions [77,78]. The gray
dashed line represents the MICROSCOPE constraint obtained
from perturbative QFT computations [114]. The region enclosed
by the blue solid line indicates the parameter space where a phase
transition occurs inside the Earth, as discussed in Ref. [106].
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Note that the phase transition takes place only within the
Earth and not within the test masses, as jΔmT jRT ≪ 1,
where RT ∼Oð10Þ cm denotes the characteristic size of the
test masses. The corresponding Eötvös parameter is

η ≃ jQðaxÞ
Pt −QðaxÞ

Ti j π2R2
⊕

GNM⊕r
ð1þmϕrÞe−2mϕðr−RÞ; ðB67Þ

where the dependence on fϕ cancels. Since the test-mass
accelerations are induced by the static axion field around
the Earth, the axion density does not appear explicitly. In
the regime mϕðr − R⊕Þ≲ 1, we have η ≫ 1, because
R⊕=GNM⊕ ≫ 1. This implies that, within the Earth’s
phase-transition regime, the equivalence principle is
strongly violated when the Compton wavelength 1=mϕ

exceeds the altitude of the MICROSCOPE satellite,
r − R⊕. For mϕ ≳ 10−11 eV, the force FT becomes expo-
nentially suppressed, as shown in Eq. (B66). Consequently,
the Eötvös parameter in Eq. (B67) falls below the exper-
imental limit of Ref. [67], and the constraint effectively
terminates at mϕ ∼ 10−11 eV.
To summarize, we show the updated MICROSCOPE

constraint on the light QCD axion in Fig. 2. For compari-
son, we also show in Fig. 6 the corresponding constraints
for the dilaton with repulsive [40,44,45] and attractive
[77,78] potentials. The MICROSCOPE constraint for a

pure dilaton is recast into the mϕ − f−1ϕ plane by neglect-
ing the axion self-interaction. In addition, we include the
MICROSCOPE constraint estimated using the QFT
approach [114]. From Fig. 2, we find that our updated
MICROSCOPE constraint agrees with the repulsive and
attractive dilaton results in the nonphase-transition regime,
where the vacuum is ϕ ¼ 0, but deviates in the regime
where the Earth undergoes a phase transition and a static
axion field develops. We also find that our updated
constraint differs from that obtained by the QFT approach
[114]. The reason is that the latter method does not
account for the axion charge difference of two test masses,
Pt and Ti, and the Born approximation becomes invalid
when jΔm⊕jR⊕ > 1.
Before ending the discussion, we briefly comment on

other limits when the phase transition takes place inside
Earth and a large static axion profile is developed. As noted
in Ref. [106], the transition leads to a substantial change of
the measured spectrum of hadrons and mesons [83]. In
addition, as the axion field value approaches close to θ ∼ π,
it will introduce a significant neutron electric dipole
moment. This region of parameter space, shaded in blue
in Fig. 6, is likely to be inconsistent with such measure-
ments. MICROSCOPE limit we discuss in this appendix,
especially above mϕ ¼ 10−16 eV, provides yet another
independent way to probe the same parameter space.
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[72] A. Hees, J. Guéna, M. Abgrall, S. Bize, and P. Wolf,
Searching for an oscillating massive scalar field as a dark
matter candidate using atomic hyperfine frequency com-
parisons, Phys. Rev. Lett. 117, 061301 (2016).

[73] C. J. Kennedy, E. Oelker, J. M. Robinson, T. Bothwell, D.
Kedar, W. R. Milner, G. E. Marti, A. Derevianko, and J. Ye,
Precision metrology meets cosmology: Improved con-
straints on ultralight dark matter from atom-cavity frequency
comparisons, Phys. Rev. Lett. 125, 201302 (2020).

[74] K. Beloy et al. (BACON Collaboration), Frequency ratio
measurements at 18-digit accuracy using an optical clock
network, Nature (London) 591, 564 (2021).

[75] N. Sherrill et al., Analysis of atomic-clock data to constrain
variations of fundamental constants, New J. Phys. 25,
093012 (2023).

[76] M. Filzinger, S. Dörscher, R. Lange, J. Klose, M. Steinel,
E. Benkler, E. Peik, C. Lisdat, and N. Huntemann,
Improved limits on the coupling of ultralight bosonic dark
matter to photons from optical atomic clock comparisons,
Phys. Rev. Lett. 130, 253001 (2023).
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