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Motivated by their common condensed-matter inspiration and their shared aim of reconciling
MOND-like phenomenology on galactic scales with particle dark matter on larger scales, we
investigate the relation between Superfluid Dark Matter (SFDM) and Bose-Einstein Condensate Dark
Matter (BECDM). Since SFDM is formulated in the Newtonian regime whereas BECDM is fully
relativistic, we first show that the MONDian formulation of SFDM arises as the Newtonian, low-
acceleration limit of a RAQUAL theory in the Einstein frame. We then transform its covariant
interaction sector to the Jordan frame and compare it with BECDM. The phonon—baryon interaction of
SFDM maps onto the BECDM derivative coupling to the Einstein tensor, supplemented by a small
nonminimal coupling to the Ricci scalar. The interaction sectors are therefore equivalent up to a linear
perturbation of the Einstein—Hilbert term. Their kinetic sectors, however, remain inequivalent: the
standard quadratic kinetic term of BECDM cannot be mapped onto the nonanalytic kinetic term
required by SFDM. The two models are consequently related but not dynamically equivalent. This
mapping provides a covariant interpretation of the SFDM interaction and clarifies which theoretical

properties can be transferred between the two frameworks.
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I. INTRODUCTION

The landscape of modified-gravity models deve-
loped to explain phenomena commonly attributed to
DM would benefit from a clearer organizing framework.
Constructing such a framework is challenging because
modified-gravity theories arise across widely different
domains—including dark matter, dark energy, inflation,
and quantum gravity—each with its own literature and
research community. Limited communication among
these communities has often produced distinct nomen-
clatures for identical or closely related theories. A notable
example is the correspondence between k-essence theo-
ries, originating in studies of inflation, and Relativistic
AQUAdratic Lagrangian (RAQUAL) theories, developed
in the context of modified-gravity alternatives to dark
matter [1]. A further example is provided by ghost
condensates [2,3], shift-symmetric scalar theories whose
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background has a nonvanishing field gradient, which
were introduced as an infrared modification of gravity
and which also play a role in aether scalar tensor theory
[4], a more recent development of RAQUAL and related
relativistic modified Newtonian dynamics (MOND)-like
models. Such terminological fragmentation obscures
similarities and equivalences among models, hinders
the transfer of insights across fields, and ultimately
makes the theoretical landscape more difficult to
systematize.

More significantly, however, the difficulty is exasper-
ated by the fact that some models are written in the
Einstein frame (EF), while others in the Jordan frame (JF).
The concept of EF and JF stems from the equivalence of
different representations of scalar—tensor theories of
gravity, such as Brans-Dicke theory, based on the freedom
to set two of the four free functions in these models
arbitrarily through scalar-field redefinitions and con-
formal transformations of the metric [5—7]. In the more
general setting of Horndeski theories—the most general
scalar-tensor theories with second-order equations of
motion—it is the broader class of disformal transforma-
tions, of which conformal transformations are a special
case, that relate different representations of the theory [8].
In this more general case, there are more free functions
in the models, but also more freedom, which in total
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amounts to a bigger number of physically meaningful
frames.

The possibility of representing the same modified gra-
vity theory in different, physically equivalent1 frames
increases the difficulty of checking for equivalence
between apparently different models. We consider this a
fruitful exercise not only for the sake of finding structure
within modified-gravity models. More importantly, map-
ping different theories to each other also facilitates a
“transfer” of results, physical insight, and issues between
the models. If one theory predicts certain phenomena or
suffers from certain theoretical or observational problems,
by identifying features between different models, it
becomes more evident which results or issues will be
shared between models as well. This will help to more
quickly discriminate between theoretically and observatio-
nally viable models and inviable ones.

Here, we investigate whether such a mapping can be
established between superfluid dark matter (SFDM) [9-11]
and nonminimally coupled dark matter (NMCDM)
[12—15]. The motivation for comparing these theories lies
in their shared aim of combining the successes of MOND
on galactic scales [16—19] with those of particle dark matter
on cluster and cosmological scales. Although not every
realization of these theories recovers MONDian phenom-
enology in galaxies, specific formulations do [10,20].2

The possibility of a mapping between SFDM and
NMCDM is further suggested by their common inspiration
in condensed-matter physics. In SFDM, this connection is
explicit: the relevant low-energy degrees of freedom are
phonons propagating through a Bose-Einstein condensate
(BEC). In NMCDM, Bose-Einstein condensation of the
scalar field on galactic scales has been proposed as a
possible mechanism for dynamically generating its non-
minimal coupling to gravity. We refer to NMCDM sup-
plemented by this condensation mechanism as BECDM.

Despite this physically motivated intuition, a connection
between the two models is far from evident at first sight.
The first apparent obstacle is that SFDM describes phonon
perturbations propagating through a condensate, whereas
BECDM describes the background wave function of the
condensate itself. This distinction becomes less fundamen-
tal, however, once one recognizes that the SFDM action is
formulated directly at the level of the phonon degrees of
freedom. The terms in the phonon action are postulated so
as to recover MONDian phenomenology in the relevant

'For precise considerations on what constitutes physical, and
also mathematical, equivalence in the sense that we are using it
here, the reader is referred to [5,7].

*Of course, MOND is not the only framework capable of
accounting for observations on galactic scales, and recovering it
in the relevant regime is therefore not an indispensable require-
ment for a modified-gravity theory. Nevertheless, given MOND’s
notable empirical successes at these scales, agreement with its
predictions may be regarded as a promising feature.

regime. In this sense, the resulting theory can be treated
as a standard scalar-field theory, much like BECDM. This
places the SFDM phonon field z and the BECDM back-
ground field ¢ at the same level of theoretical description,
thereby providing a basis for their comparison.

A subtler obstacle is that SFDM is formulated from
the outset in the Newtonian regime, whereas BECDM
is a fully relativistic theory, precluding a direct comparison.
To overcome this difficulty, we identify SFDM with the
Newtonian limit of a RAQUAL model [1]. In the Einstein
frame, this relativistic completion contains an interaction
term that, upon transformation to the Jordan frame, can be
mapped directly onto a nonminimal coupling between the
scalar field and gravity.

The principal computational result of this work is that,
after performing this mapping, the interaction sectors of the
two theories are equivalent up to a perturbative correction.
More precisely, the fully covariant SFDM interaction term,
expressed within the RAQUAL framework, corresponds
to a linear perturbation of the non-minimal coupling term
in BECDM. Their kinetic sectors, however, remain sub-
stantially different: the SFDM/RAQUAL kinetic term is
nonanalytic, whereas BECDM possesses the standard
quadratic kinetic term. Through its mapping to RAQUAL,
SFDM inherits both the strengths and the unresolved issues
of that class of theories. By contrast, the theoretical
consistency and observational viability of BECDM remain
to be fully assessed.

This paper is organized as follows. In Sec. II, we review
the formulations of SFDM and NMCDM relevant to our
analysis and introduce BECDM as the realization of
NMCDM in which Bose-Einstein condensation dynami-
cally generates the nonminimal coupling. In Sec. III, we
derive a general condition for obtaining MOND-like
baryonic dynamics and establish the relation between an
explicit dark-matter—baryon interaction in the FEinstein
frame and a nonminimal coupling in the Jordan frame.
In Sec. IV, we show that SFDM can be identified with the
Newtonian, low-acceleration limit of a RAQUAL theory by
matching its gravitational, kinetic, and interaction sectors.
In Sec. V, we transform the relativistic SFDM/RAQUAL
theory between frames, compare the resulting nonminimal
couplings with those of BECDM, and examine the trans-
formation of the kinetic sector. Finally, in Sec. VI, we
discuss the theoretical and phenomenological implications
of the mapping and summarize our conclusions.

II. SFDM AND NMCDM IN A NUTSHELL

In this Section we very briefly summarize the main tenets
and relevant definitions of the two models we will be
comparing. To gain a deeper and more exhaustive under-
standing, we refer the reader to the original papers on
superfluid dark matter [9-11]. Phenomenological applica-
tions of SFDM can be found in [21-30]. For studies on the
empirical viability of superfluid dark matter, see [31-35].
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The original literature on nonminimally coupled dark matter
and its variant Bose-Einstein Condensate Dark Matter is
[8,12—15]. For interesting phenomenological applications of
NMCDM and an empirical test, see also [36-39].

Throughout this analysis, SFDM refers specifically
to the formulation designed to reproduce MOND within
the superfluid cores of galactic halos through a non-
analytic phonon action and a phonon-baryon interaction.
Observational studies have found this formulation to be less
empirically successful than MOND itself [31-35]. More
recent developments have instead emphasized scalar-field
models with quartic or sextic self-interactions [30].
Although these models may also form superfluid cores,
together with residual superfluid streams extending beyond
the tidal-disruption radius, they do not contain the phonon-
mediated force required to reproduce MOND within the
core. The discussion below therefore concerns the earlier,
MOND-reproducing formulation of SFDM whose relation
to BECDM is investigated in the subsequent Sections.

A. SFDM

The low-energy degrees of freedom of a superfluid can
be illustrated using the simplest zero-temperature model: a
massive complex scalar field with a repulsive quartic
interaction,

. g
Ly = =0y 0y —m?ly > =l (1)

where g > 0 ensures that the potential is bounded from
below and that the resulting superfluid is stable [10]. This
theory is invariant under the global U(1) transformation
w — e'%y, associated with particle-number conservation.
At finite particle density, the homogeneous condensate may

be described in the mean-field approximation by

wol(r) = v, pg=mAp, (2)
where pur and p are the relativistic and nonrelativistic
chemical potentials, respectively. In the nonrelativistic
limit, the condensate amplitude is related to the particle-
number density by n ~ 2mu?.

The condensate spontaneously breaks the global U(1)
symmetry, giving rise to a gapless Goldstone mode.
Fluctuations around the condensate can be parametrized as

w(x. 1) = v+ h(x, e tineo, (3)

Here, h denotes the massive radial mode, while 7 is the
gapless phase fluctuation identified with the phonon. At
energies and momenta well below the mass of the radial
mode, i can be integrated out, leaving an effective theory
for z. For the quartic model above, this procedure gives, at
leading order in derivatives,

B 2m?

\v/ 2
‘Cn__X%rv an:,u_mq)"i_jz_( ”)
g

o @

where @ is the Newtonian gravitational potential and X, is
the nonrelativistic kinetic term for the phonon field. The
quartic theory is therefore a useful illustration of how a
phonon effective action emerges, but it is not the specific
superfluid theory used to reproduce MOND.

More generally, the shift symmetry inherited from the
broken U(1) symmetry, together with Galilean invariance,
constrains the leading-order zero-temperature phonon
Lagrangian to take the form

Lz = PXu). (5)

The function P specifies the equation of state of the
superfluid: on the homogeneous background, P(u) is the
pressure and n = P x is the particle-number density.
The microscopic quartic interaction gives P(X,,) o X2,.
The MOND-producing formulation of SFDM instead
postulates

2Q(2m)3/?
PSFDM(an) = %an |an|’ (6)
where Q ~ /ayMp; is an energy scale which must be

O(meV) so to provide the correct order of magnitude for
the MOND acceleration scale ay ~ 1.2 x 1078 cm/s? [10].
Although this dependence is nonanalytic in X, it is
admissible in an effective theory for collective excitations
and corresponds to an equation of state that is analytic in
the particle density. In a microscopic description, this
scaling can be associated with effective three-body inter-
actions, or equivalently with a sextic scalar potential [10].

The complete nonrelativistic SFDM Lagrangian consid-
ered here is therefore

1
Lgrpm =— 872G, (V@)% + Psppm (X)) + L+ Lint, (7)

where £, is the baryonic Lagrangian and @ is the
Newtonian potential. To mediate a MOND-like force,
the phonon is coupled directly to the baryonic mass density
through

Q
Lt = yMPl w(x,1)ps, (8)
where y is a dimensionless coupling and My, is the reduced
Planck mass. This operator explicitly breaks the phonon
shift symmetry, but its Planck-suppressed coefficient makes
the breaking technically natural from an effective-field-
theory perspective. For the appropriate relation among y, €2,
and the MOND acceleration scale a, the resulting phonon-
mediated acceleration satisfies [10]
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az = /agay ©)

in the static, gradient-dominated regime, where a, is the
Newtonian acceleration generated by baryons. Thus, the
non-analytic function Pggpy (X, ) determines the left-hand
side of the MONDian field equation, while the phonon-
baryon coupling supplies its baryonic source.

The comparison with BECDM is performed at the level
of these effective scalar actions. In particular, the con-
densate wave function is not identified with the phonon
perturbation. Rather, once the massive radial mode has
been integrated out, 7 is the sole low-energy scalar degree
of freedom and its effective action can be placed on
the same formal footing as the BECDM scalar-field action.
The mapping developed below provides a possible covar-
iant interpretation of the phonon-baryon interaction, which
is introduced phenomenologically in SFDM to recover the
MOND force law.

Finally, the phonon-mediated force exists only where
the dark-matter particles have condensed and thermalized
into a coherent superfluid. In galactic halos this is expected
to occur within a central superfluid core, while the outer
halo remains in a normal, approximately collisionless
phase. Within the core, the total acceleration acting on
baryons is

a =ag +apy +a, (10)

where ap) is the ordinary gravitational acceleration gen-
erated by the dark-matter density. The MOND limit is
recovered only when the phonon contribution dominates
over apy. Since this condition is restricted to the superfluid
core, SFDM does not reproduce MOND throughout the
entire halo [11,30]; this restricted domain is largely
responsible for its different observational performance
relative to MOND [31-35].

B. NMCDM

Nonminimally coupled dark matter is a relativistic
scalar-tensor theory of gravity with the metric g, [for
which we consistently use the signature convention
(=, +,+,+) throughout this work] and the scalar field
¢ being the gravitational propagating degrees of freedom.
In addition, we shall collectively label as y the barionic
matter degrees of freedom. Schematically, the action is
composed of the standard Einstein-Hilbert term SEH,3 the
action for baryons Sp, for the scalar field which plays the
role of DM Spy;, and a nonminimal coupling term Syyc

S = SenlGuw] + S8lGuw- ] + SomlFuws ] + Snmc G ¢l

(11)

3Following the authors of Refs. [12,13], we will consistently
neglect the tiny cosmological constant term in this work.

The idea of the authors of this framework is to unite the
successes of MOND on galactic scales and of particle
DM on cluster and cosmological scales. The NMC term
can lead to an effective modification of the way baryons
react to gravity and thus cause a MOND-like universal
modification to baryon dynamics. We will formalize this
statement in the next section by talking about the equiv-
alence of the Jordan and the Einstein frame, but it can
intuitively be understood as follows. If DM couples non-
minimally to curvature, and baryons couple in a standard
way to gravity, by associativity we will inevitably obtain an
indirect influence of the nonminimal DM coupling to the
baryon dynamics.

The inclusion of a nonminimal coupling term might
seem ad hoc at first, but it is actually quite natural. Its
absence is generally a choice made in the name of
simplicity and minimality. If it becomes useful to explain
observations (indeed, there is evidence that it could very
well match observations by resolving the cuspiness of
galactic DM halo cores [14,38,39]), there is no reason not
to consider it. The presence of a nonminimal coupling is
allowed by symmetry, thus it would naturally appear in an
effective field-theory framework, and for a fluid, which is a
common approximation for the field representing any
cosmological ingredient of the Universe, it is even
expected. Indeed, a nonminimal coupling term expresses
coupling to spacetime curvature (i.e., a coupling to second
derivatives of the metric [14]). Such a coupling felt over a
region of spacetime as opposed to pointlike is expected for
fluids, these being systems composed of elements no
smaller than the mean free path of the underlying particles.
In essence, the fluid description erases sensibility on scales
smaller than this length scale.

The question is not how to argue for the presence of the
nonminimal coupling in general, but rather how to activate it
only on galactic scales, and maintain it turned off on larger
scales. The fluid description of DM could prove useful here
again: indeed, DM is expected to be a very weakly self-
interacting field, meaning that, in a particle-description, the
mean free path of the particles will be quite large and could
be of the order of the curvature radius within a galaxy
[38,39]. This could also be the reason why this nonminimal
coupling is relevant for DM but not for baryons, although the
equivalence principle would require it to be valid for both.
Baryons have much smaller mean free paths, these being
much more strongly interacting, and the discrepancy
between this length scale and the curvature radius on all
relevant scale means the nonminimal coupling term for them
would be negligible [12]. Formalizing and quantifying these
statements within the framework of effective field theory of
hydrodynamics is a work in progress.

There could be an even more natural way for the NMC
to arise dynamically only for DM on the relevant scales. If
the necessary conditions are present, the DM scalar field
can undergo Bose-Einstein condensation, developing a
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macroscopic coherence length (corresponding to the so
called healing length, in standard BEC), below which all
sensitivity to perturbations is washed out [40]. If such a
coherence length is of the order of the curvature radius it is
then natural to conceive it might lead to nonminimal
couplings.

Furthermore, one might reasonably conjecture that such
condensation may happen precisely at galactic scales
because the increased DM density there can drive an
increase of the critical temperature and thus a more easily
surpassable threshold for condensation [14]. Furthermore,
the critical temperature for condensation depends on proper-
ties of the trapping potential the system is immersed in. It
important to stress that so far this is no more than a plausible
scenario as we are still missing a detailed discussion of
Bose-Einstein condensation in a “Newtonian trap” (i.e. a
confinement provided via a Newtonian gravitational poten-
tial). So it remains to be clarified if such a mechanism would
closely mimic what is well known for harmonic traps and
under which conditions it might become relevant exactly at
galactic scales. In this sense, BECDM is merely NMCDM
with a particular mechanism for the appearance of the
nonminimal coupling.

In the NMCDM and BECDM literature, nonminimal
coupling terms are proposed based on the criteria of
keeping the scalar field equations second-order in deriv-
atives and on the introduction of a new length scale through
dimensional analysis. For example, the term ¢R is not
considered in [14], precisely because it does not introduce a
new length scale, apart from not respecting scalar field shift
symmetry. The NMC terms in the field-theoretic frame-
work proposed in the BECDM paper [14] fulfilling the
above criteria are

XR and G"V,¢V,¢ (12)

where X = —¢"d,¢0,¢/2 is the standard kinetic term of a
scalar field, related to the nonrelativistic one defined in
Eq. (4) by X = m?/2 + mX,,, R is the Ricci scalar, and G*
is the Einstein tensor. However, these terms are equivalent
to each other up to a total derivative and higher-order
perturbations in field derivatives that are neglected4

XR + (O¢)? = (V,V,$)? = GV, ¢V, + tot. der.
(13)

Therefore, one is free to choose to work with the latter only.

Dimensional requirements imply that such term must
be characterized by a a prefactor of dimensions length
squared which in the simplest scenario can be taken as a
constant L2 so that, in conclusion, the NMC term adopted
in NMCDM/BECDM takes the form

“This is a good approximation both in the cosmological
context and in that of static dark matter halos.

Samc o —L2 / d*x /56" N 9V ¢, (14)

the latter being added to the usual total Lagrangian
describing a standard ACDM scenario. We note that the
minus sign has been chosen due to the viability of the
resulting phenomenological consequences for the cores of
dark matter halos and of ultracompact objects [36,37].

A final remark: since our sought comparison with SFDM
requires to work within a field-theoretic language, we will
not discuss here the formulation of NMCD in hydro-
dynamic language.” Still, let us only recall that a mapping
between the two formulations, based on expressing the
fluid quantities through the field and its field derivatives,
can be performed [13].

III. A GENERAL MODIFIED
DYNAMICS FOR BARYONS

In this Section, we elaborate how a general modified
dynamics for baryons can be obtained on the level of the
action. To do so, our starting point will be the ACDM
scenario supplemented by a very weak DM-baryons cou-
pling. The action, written in this way, is in the Einstein
frame. Upon transformation to the Jordan frame, we will
see that a nonminimal coupling emerges which already
bears resemblance to Syyc described by Eq. (14) within
the NMCDM framework’s action, Eq. (11). This will be the
basis for comparison between SFDM, written in the
Einstein frame, and NMCDM, written in the Jordan frame.

A. Interacting DM in an Einstein frame

Let us start by writing down a general theory of gravity
with baryons and dark matter but postulate that the latter
have also a (very weak) interaction term Syyt. One can then
write

S= SEH[g/w] + Sp [g;wv W] + SDM[g;wv ¢]
+ Sint[Gps ¥ )] (EF-int), (15)

recalling that y and ¢ are collective fields denoting baryons
and DM, respectively, whereas g,, is the standard gravi-
tational metric [12]. We dub the action written in this way
“EF-int,” standing for the variant of the Einstein frame with
an explicit interaction term between baryons and dark
matter.

We can now ask what the interaction term should look
like to provide an effective metric affecting only the
baryons, as this, in a suitable Newtonian limit, could
mimic a MONDian behavior. Hence we shall explicitly
ask that

°In the hydrodynamic framework, the main quantities one
works with are the four-velocity and density of a fluid. In
contrast, in the field-theoretic formalism, one works directly
with the field and its derivatives.
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Sslv. 9] + Sintlw, . 9]

~ Sy [l//7 g}w = 9w + huv] (EF—mond), (16)
where we require for the difference h,, between the
physical g,, and the gravitational metric g,, to be small
as a consequence of the smallness of the DM-baryons
interaction.

Since this is all still in the Einstein frame (Sgy and Spy
are left untouched, without any nonminimal coupling), we
have dubbed this form of the action with modified
dynamics for baryons “EF-mond.” The possibility of
writing the action in this way is the general necessary
condition for a theory to reproduce a modified dynamics for
baryons. The reason is that, in this case, baryons do not
follow the geodesics of the gravitational metric, but the
ones of the effective, so-called “physical,” metric g,,.
Whether this modified dynamics will be precisely the
MOND one [16,18] depends upon further conditions, of
course.

B. Disformal transformations in two-geometry
descriptions of physics

This form of the action expresses a physical insight
which was thoroughly analyzed by Bekenstein, namely that
gravitational and physical geometry need not be the same.
It just so happens that they are in GR, making this theory a
one-geometry description of physics [41], but this does not
mean that they have to be in every theory of gravity. More
general theories would have a separate gravitational geom-
etry described by g,,, describing the curvature of space-
time, and a physical geometry g,,, in which matter plays
out its dynamics [41].

These theories could then be called two-geometries
approaches. They would violate the strong equivalence
principle but preserve weak equivalence, and one of the
defining features of the theory would be the prescription of
the relation between these two geometries. While most
known theories assume the relation is a conformal trans-
formation, it was showed in [41] that a more general
transformation is also possible, i.e. a disformal one. It bears
this name because it is a change of local units of length with
a preferred direction along the gradient of the scalar field in
the theory. Explicitly,

g/u/ = A<¢7 X)gyv + B(¢’ X)v[l¢vl/¢7 (17)

where the coefficients A and B are for now unspecified
functions of the scalar field and its kinetic term.

It was later found, as was mentioned, that these more
general transformations, if invertible, maintain the
Horndeski action covariant [8,42], amounting to a renorm-
alization of the Horndeski functions G;. To do this in a way
that keeps the differential equations second-order, the
dependence on X of the coefficients A must be abandoned

if the function G4 appearing in the action term G4R with the
Ricci scalar is a function of X as well as of the scalar field:
G4(¢, X) [8,42]. Since one of the possible NMC terms we
want to consider is XR, as shown in Eq. (12), we will set
A(¢, X) = A(¢), but doing the same for B is not necessary,
as is done in the above Refs. We will remain general and
retain B = B(¢, X)." although this will not be of further
relevance here.

C. DM-baryon interaction for
modified baryon dynamics

Given the above discussion, we shall further restrict the
(small) difference between the physical and gravitational
metric h,, = g,, — g, to be of the disformal form’

h;w(gb’X) = (A(¢) - 1)9;41/ + B(¢’X)aﬂ¢av¢ (18)

Whenever this quantity is sufficiently small we can
expand the ths of Eq. (16) so to get, at first order in £,

S [Wv g/w = 9w + h/w]

1 v
~ Spv. 9] =3 / d*x/=gT h, (. X),  (19)

__2 S8

V=900, pw-
We have thus shown that, to satisfy the condition for
obtaining a modified dynamics for baryons as in Eq. (16)
for small h,, the interaction term appearing in the

action (15) must be of the form

where we have used T4 = and 6g,, = h

Sl 9] = =3 [ /T Wl X). (20

This equivalent to say that in this limit the action (15)
takes the form of standard GR plus a minimally coupled
scalar field, minimally coupled baryons, and a particular
interaction term between baryons y and DM ¢. This is the
form allowing for an effective geometrical interpretation of
the DM interaction with baryons, and as such it is a
necessary (but not sufficient) condition for reproducing a
MOND-like behavior in this setting [12,13].

°In fact, there are arguments that at least one of the functions A
and B must be a function of X as well as the field in order to retain
a Lorentzian signature for the physical metric, although there
might be ways to ensure the correct signature differently. For
more details, we refer to [1,8] and references therein.

"Let us comment that, for h”,, to be consistently a small
quantity, A(¢) must be close to unity, and B(¢, X) must be close
to zero and/or field derivatives must be small. The smallness of
field derivatives was already required for (13) and should be valid
for static DM halos. Of course, our framework simply loses its
validity in the cases where the combination BV ,$V ¢ is not
small.
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D. Jordan frame

We can now transform the entire action (15) with the
above interaction term (20) into the JF via a disformal
transformation (17), i.e. writing everything in terms of the
physical metric. We obtain an action of the form (11),
which we reiterate here [12,13,20]

S= SEH [gm/] + SB [guwl//] + SDM [gﬂw(ﬁ] + Snmc [guv’¢] (JF)
(21)

where

/ & 2\/GG" (G ) o (- X (G))
(22)

Snmc [gyw v, ¢] = ]67TGN

where G**(g,,) is the Einstein tensor written with the
physical metric. A cosmological constant term has been
consistently neglected.8 ‘We have also made explicit that the
kinetic term needs to be computed with the physical metric
X(Gyy), as is consistent in this frame. Whether this non-
minimal coupling term S, . matches the one in NMCDM/
BECDM Snmcs given in Eq. (14), depends on the form of
h,, as we shall see.

As a summary, in the Jordan frame,

(1) A nonminimal coupling between DM and the metric
appears;

(i) Gravity is not necessarily described by a purely
Einstein-Hilbert action due to the nonminimal
coupling;

(iii) The action is written with the physical metric g,,.
It becomes clear that the NMCDM model (11) is written
in the Jordan frame, with a nonminimal coupling of the
form (22), that can be seen as emerging from a correspond-
ing interaction term (20) in the Einstein frame. To sum-
marize, in the Einstein frame:

(i) An interaction term between DM and baryons
appears as well as a self-interaction term for DM;

(i1) Gravity is described by a purely Einstein-Hilbert
action;

(iii) The action is written with the gravitational met-
TiC gy,

SFDM, being a model that aims to reproduce MOND in
superfluid galactic cores, is written in the Einstein frame,
specifically in its form EF-mond (16). To draw any link
between SFDM and NMCDM, we will have to use the
above transformation between frames. Before doing this,
however, we recognize that SFDM is a Newtonian theory,
whereas NMCDM is fully relativistic. We proceed by

®It is of the form AG"h,,, where A is the cosmological
constant measured to be extremely small. Given that £, is also a
small quantity, this term can, indeed, be safely neglected.

looking for existing relativistic theories, of which SFDM
could be the Newtonian limit.

IV. SFDM AS RAQUAL

A. RAQUAL action and kinetic term

RAQUAL stands for “Relativistic ~AQUAdratic
Lagrangians” and it is the name for subfamilies of
Horndeski models with a nonquadratic kinetic term and
noncoinciding gravitational and physical metric. Therefore,
such class of theories can be seen as strictly related to the
so-called “k-essence” Lagrangians, supplemented by the
additional assumption of a two-geometries description. In
particular, the RAQUAL action takes the form

S=n | VG5 B0V |+ Sulyda),
(23)

where for conciseness we have dropped the cosmological
constant term. Similarly, the potential V(¢) was written for
completeness but will be henceforth unnecessary and
therefore set to zero.

The connection between such relativistic actions and
MOND is found by realizing that a RAQUAL Kkinetic term
f(9.X) = f(X) = (IoX*/*)>—where the constant I, has
the dimension of length—reproduces MOND in the
Newtonian limit for a small in absolute value X < 0O, see
e.g. [11."° This limit in turn corresponds to small accel-
erations a < ap with a, being the limiting acceleration
below which MONDian behavior starts to manifest [43].

The above aquadratic kinetic term is therefore precisely
the kinetic term imposed in superfluid dark matter [10,30]
in static," gradient-dominated configurations. In SFDM
the kinetic function depends on X —m?/2 = mX,,: the
rest-mass contribution m? /2, which comes from the rapidly
rotating phase of the condensate, is removed in the
definition of the nonrelativistic variable X, whose remain-
ing terms related to the time dependence y — m® + 7 are
negligible compared to the gradient term in the MOND
regime. In RAQUAL one has m =0 and no such sub-
traction is needed. In this regime both kinetic terms are

°For the sake of precision let us stress that [10,30] explicitly
remarked that X3/2 is shorthand for X \/m ,in case X, which has
a sign-definition ambiguity in the extant literature, and ends up
being negative.

'%To be precise, these authors use a function f(s) where s is
defined with a positive sign as s = ¢**d,¢d, ¢, and they quote only
a result for the derivative f'(s) o< /s.

"'We use “static” to mean 7 = 0 for the phonon field. The full
phase of the condensate, 8 = ugt+ #, has a constant non-
vanishing time derivative given by the chemical potential, which
enters the phonon action only through X, .. In NMCDM the
scalar field is usually taken without such a background rotation
induced by pup.
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functions of the spatial gradient only and coincide. The
equivalence established here therefore concerns the static
limit only and does not extend to the stability and dynamics
of the solutions.

The next step is to look for a correspondence between
RAQUAL’s baryonic action term and SFDM’s interac-
tion term.

In the RAQUAL model, it is posited that

gyu = eZa(/)g#w (24)

i.e. a conformal transformation relates the physical and
gravitational metric, with A(¢) = €?*» where a is a small
constant constrained by Cassini spacecraft observations to
be @ < 107 [1]. This assumption is required to obtain the
correct rhs of the equations of motion (EoMs).

On the other hand, the recovery of the rhs of the Poisson-
like equation associated to MOND in SFDM, requires
the introduction of an interaction Lagrangian of the form
Eq. (8). We can rescale the phonon field z to include
the small constant M%,N 1073! into the field definition

¢ = M&]ﬂ. With this, the DM-baryon interaction term
p

postulated in SFDM becomes

Lint (X, 1)py, (25)

where the proportionality indicates that we can still redefine
the field ¢ by absorbing dimensionless constants in and out
of it. We shall now show that the RAQUAL conformal
transformation assumption and the SFDM interaction term
are equivalent.

B. RAQUAL-SFDM equivalence

The above discussion shows that this equivalence is
not immediately evident simply because the RAQUAL
baryon term is written already in EF-mond Eq. (16),
whereas SFDM, in assuming the presence of an inter-
action term, positions itself within EF-int Eq. (15), in
addition to being explicitly nonrelativistic. Let us then
start from the interaction term Eq. (20) that we established
is necessary to get a modified dynamics for baryons.
Inserting &, as in Eq. (18) into this interaction term, we
obtain (for brevity, legibility, and consistency with SFDM
notation, we work with the Lagrangian terms as opposed
to the action)

1 B
‘CINT = _E (A - ])TB - ETI}; vu¢vy¢ (26)

where Ty = Tﬁ”gﬂy is the trace of the baryon stress-energy
tensor (SET). In stationary DM configurations, i.e. DM
halos and disc galaxies, we will assume ¢(x, t) = ¢(x),
thus recognizing that TH'V,¢V,¢ =3 ,(0,¢)°Ti in
Cartesian coordinates. Substituting fluid quantities for a

baryonic SET (py, p4), not necessarily assuming a perfect
fluid'? or any symmetry of the system

Lint = —%(A ~1)(3ps = psc?) —§2(6i¢)2pi9ii (27)

i

where we have restored a factor of ¢? that had previously
been set to unity. Now we can clearly see that, in the
Newtonian limit ¢ — oo, pyc? > pi. Thus, the interaction
Lagrangian simplifies to

1
Lint & 5 (A= 1)psc? (28)

which has the exact form required in SFDM if we choose
A(¢) = 1 + ¢p. We conclude that we can recover the EF-
int form (15) of the SFDM action from the RAQUAL
general relativistic theory written in EF-mond (16) form.

If we now recall that in this framework, £, is a small
perturbation, we recognize that A must be close to unity,
whence the field ¢ must also be a small perturbation.
Indeed, recall that ¢(x,7) = M%ﬂﬂ(x, t) (dimensionless)

was a redefinition of z(x, ) to absorb into the field the
tiny constant 3~ 107!, The phonon field z(x, 1) itself
P

was already a small quantity, being by definition a phase
perturbation of the condensate wave function. Therefore we
can complete A(¢) =1+ ¢~e?. By means of field
redefinition, we can always extract the smallness of this
field in the form of a constant factor in front of it ¢p — 2a¢.
With this, we recover the precise form of the assumed
physical metric in RAQUAL, Eq. (24).

Let us note a small caveat: z(x,7) is treated as a
noncompact field, as is standard in the SFDM literature,
where the coupling 7zp,, is taken as given. A UV completion
of this coupling that respects the discrete 2z shift symmetry
would, however, not modify the identification with
RAQUAL, since the identification is for the much smaller
field ¢(x, 1) = M%lﬂ(x, t). This is generally much smaller

than 27, and thus an eventual periodicity of z(x, 7) would
not translate to ¢(x,1).

For completeness, let us make it explicit that the
Einstein-Hilbert terms of RAQUAL and SFDM are also
the same (the two theories are both formulated in an
Einstein frame). So, to conclude this Section, we can
restate that the Einstein-Hilbert, the kinetic, and the
interaction/baryonic action terms between RAQUAL and
SFDM are equivalent, noting that in the latter, they are

"’The most general imperfect fluid would have also viscosity
and nondiagonal SET components caused by stress. We write
here for conciseness an imperfect anisotropic fluid with only
diagonal stress, but the rest of the argument (the negligibility of
pressure or stress with respect to density in the Newtonian
regime) is still valid.
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written in EF-mond form, in the Newtonian, low-accel-
eration regime.

V. SFDM VS NMCDM

A. From the interaction term to the NMC term

Let us briefly recapitulate. We have found the difference
between physical and gravitational metric to be

h;w(qs’ X) = ¢g;¢u + B(d’a X)vu¢vu¢
~ (ed) - 1)9/41/ + B(¢’ X)quﬁvud)ﬂ (29)

which reduced the standard RAQUAL action Eq. (23) to
the SFDM one (7) in the corresponding nonrelativistic
limit, both of which are written in the Einstein frame. Note
that the disformal term with coefficient B(¢, X) dropped
out of the interaction term in this limit.

A necessary condition for RAQUAL/SFDM to yield a
MOND-like behavior is that the interaction term be of the
form (20). Transforming the Einstein frame action (15)
with this interaction term into the Jordan frame (21) yields
the NMC term (22), into which we can now insert the 4,
from Eq. (29), so as to check for compatibility between
RAQUAL/SFDM, and NMCDM.

We obtain

SNMC [g/w! v, ¢] = 167Z'GN / d4x\/5GMD (g/w) [¢(§/uz - h;w)

+B(¢. X)V, V.| (30)

where, we have inserted g,, = g,, — h,, in order to write
everything in terms of the physical metric as is proper in the
Jordan frame. Now, one could substitute Eq. (29) into A,
again and iterate the above process, but this would increase
the order in h,, that is being considered. To remain
consistently at first order in h,,, this term must simply
be neglected without iteration. Using the trace of the
Einstein tensor G**(g,,)3,, = —R(J,,). we finally obtain
the two NMC terms

~ ! -
Sunclin 9] = jgags- | EVAOR

- B(d)’ X)GMDV”¢VD¢] (31)

where for brevity we write R = R(g,,) and G = G(,, ).
The first term can be added to the Einstein-Hilbert action
resulting in an NMC of the scalar field to the Ricci scalar
through A(¢) = 1 + ¢, while the second term remains as
an NMC of the field gradient to the Einstein tensor so that

1 -
Sl + Swaclin-#) = 151 [ ¢xV/TA@R
- B(¢? X)Gﬂyvﬂ¢vu¢] . (32)

The second term is exactly of the BECDM form (14) if

B(¢.X)

=2 33

167TGN ( )
1e. if fé%;) is chosen to be a constant with dimensions

length squared [14].

So far, we had assumed B to free to be chosen at will, as
far as identifying SFDM as a Newtonian, low-acceleration
limit of RAQUAL goes. However, there is a caveat from
the theoretical point of view, because A and B need
to satisfy constraints in order for g,, to still be a valid
metric. In particular, it must have Lorentzian signature—
otherwise, the matter equations of motion are elliptic and
the Cauchy problem is not well posed. Indeed, to ensure a
Lorentzian physical metric, one obtains the following
constraint [1,8,44]

A(p) — 2XB(¢.X) > 0. (34)

Note that this is a necessary but not sufficient condition
for hyperbolicity, as is analyzed extensively in [44].

Now, approximating A =~ 1, and imposing the BECDM
correspondence condition (33) we find X < (327G yL?)~".
Let us now recall that in the absence of large gradients in
the DM field, L? must be of the order of the curvature
radius squared ~|R|™!/? for the NMC term (13) to be
relevant. Assuming that the stress-energy of the spacetime
in the region of interest is dominated by pressureless DM
with density ppy, we can write |R|™! = (872G yppym)~'. At
the same time, —X = 1>",(0,¢))> = ppy When there is no
scalar field potential, so the condition Eq. (34) becomes
—1 <1/4, ie. it is satisfied.

This order-of-magnitude estimate yields a satisfactory
result, meaning that imposing Eq. (33) does not cause
problems for the well posedness of the Cauchy problem of
matter when deriving BECDM in the Jordan frame from the
action in the Einstein frame necessary to have an effective
modified dynamics for baryons. It also maintains the
smallness of &, since 162Gy ~ Lf, in natural units, where
L, is the incredibly small Planck length.

To conclude, the slight disagreement of RAQUAL/
SFDM with BECDM becomes apparent from the first term
on the rhs in Eq. (32). In BECDM, the Einstein—Hilbert
term is unmodified and there is no nonminimal coupling of
the scalar field directly to the Ricci scalar. In [14] it is
explicitly mentioned that this term is viable in a Horndeski
framework, albeit it would entail a shift-symmetry break-
ing. Ultimately, it is normally neglected in the NMCDM/
BECDM literature because it does not introduce a new
length scale.

Furthermore, one could also make the argument that
A(¢p) =1+ ¢ is very close to unity, since we established
that, in our context of spherically symmetric DM halos,
the scalar field is a very small radial perturbation ¢(r) < 1.
In this sense, in SFDM’s relativistic formulation, the
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interaction term ends up being equivalent up to a small
radial perturbation of BECDM’s nonminimal coupling

B(¢p.X) _ 12
TonGy Le.

term, if

B. Transformation of the kinetic term

BECDM uses a standard kinetic term quadratic in field
derivatives in the DM action [14] in the Jordan frame, not
an aquadratic one. The question is whether, once one
transforms also the kinetic term from the Jordan frame to
the Einstein frame one could recover an aquadratic term.

We already know that this is not the case [12,13], i.e., the
kinetic term does not change its structure upon this trans-
formation, if h,, is considered a small perturbation, which it
must be to derive the crucial interaction term (20). From
this expression we conclude that this amounts to consid-
ering BV,¢V,¢ and [A(¢) — 1] to be small quantities, in
which we have been consistent.

In fact, Egs. (15) and (21) are to be taken literally, in the
sense that Sgy, Sy, and Spy; are, in both of these equations,
the same functional, but of a different metric in the two
cases. Therefore, it is expressed already in the equations,
which we merely reported here from Refs. [12,13], that the
DM kinetic term cannot change structure. We have also
explicitly checked this by performing the disformal trans-
formation Eq. (17) between action (15) and (21 ).14 In doing
so, we convinced ourselves that, while the disformal trans-
formation does result in extra terms in addition to the
standard quadratic kinetic term, some of them are negligible

for small &, and the rest sum up to a total derivative.

VI. DISCUSSION AND CONCLUSIONS

We have identified the MOND-producing formulation
of superfluid dark matter as the Newtonian, low-
acceleration limit of a RAQUAL theory written in the
Einstein frame. Upon transformation to the Jordan frame,
the RAQUAL interaction sector generates two nonmini-
mal curvature couplings: a derivative coupling to the
Einstein tensor with the same structure as the BECDM
coupling, and a direct coupling of the scalar field to the
Ricci scalar. For a constant choice of B(¢, X), the former
coincides with the BECDM term, while the latter repre-
sents a small, linear perturbation of the Einstein—Hilbert
sector when ¢ < 1. The interaction sectors of the two
theories can therefore be mapped into one another up to
this perturbation. Their kinetic sectors, however, remain
inequivalent: the nonanalytic RAQUAL/SFDM kinetic
term cannot be obtained from the canonical quadratic
kinetic term of BECDM through a perturbative disformal

This is also the reason why the terms that are second order in
two field derivatives in expression (13) have been neglected.

"We are thankful to Dario Bettoni for kindly providing
us with his Mathematica notebook performing disformal
transformations.

transformation. SFDM and BECDM are thus closely
related at the level of their interactions but are not
dynamically equivalent.

This partial mapping nevertheless provides a useful
theoretical interpretation of the SFDM phonon-baryon
interaction L, « 7p;,, see Eq. (8), which is introduced
phenomenologically to reproduce the baryonic source term
in the MOND Poisson equation. The mapping shows that
this interaction may be understood as the Einstein-frame
representation of a nonminimal coupling between the dark-
matter scalar and curvature in the Jordan frame. Such
couplings arise naturally in effective descriptions of
extended or condensed systems and could, in principle,
be generated dynamically on galactic scales. Determining
whether an appropriate coupling can be activated only in
the dark sector and only in the relevant regime remains an
important direction for future work.

The identification with RAQUAL also places the
MOND-producing version of SFDM within a broader
theoretical context. RAQUAL models that recover
MOND face several well-known difficulties: they do not
reproduce the required gravitational lensing by galactic
halos, their scalar equation of motion can lose hyperbolicity
on hypersurfaces where X = 0, and avoiding MONDian
effects in the Solar System generally requires additional
fine-tuning [1]. Because SFDM is intended only as a low-
energy description inside superfluid halo cores, it need
not automatically inherit every pathology of its relativistic
completion. Nevertheless, the loss of hyperbolicity at
X =0 is potentially relevant even within this restricted
domain. Establishing whether X remains nonzero through-
out the superfluid core, and whether the resulting initial-
value problem is well posed, requires a dedicated analysis.
More elaborate RAQUAL constructions can mitigate some
of these difficulties by modifying f(X) and introducing
genuinely disformal relations with nontrivial functions A
and B, but existing realizations tend to trade the original
problems for ghost instabilities, loss of hyperbolicity within
matter, or additional fine-tuning [1,20].

BECDM avoids the pathologies directly associated with
the aquadratic RAQUAL kinetic term because its scalar
field has a standard quadratic kinetic term. The present
mapping nevertheless indicates that BECDM is not
expected to ever exactly reproduce MOND in its current
form. Matching the derivative nonminimal coupling is only
one ingredient: recovering the MOND limit would addi-
tionally require either the nonanalytic RAQUAL kinetic
term or a more elaborate choice of the disformal functions
A(¢, X) and B(¢, X) [20]. This does not preclude BECDM
from accounting for galactic or cluster phenomenology,
since MOND is not the only viable description of galactic
dynamics neither it appears to be as successful at cluster
scales. Alternative nonminimal couplings, including those
formulated consistently in the hydrodynamic framework
[15,36,37], therefore remain worthy of theoretical and
observational investigation. Existing results already
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suggest that such couplings may alleviate the cusp-core
problem and provide successful fits to galactic rotation
curves [38,39] and consistently with the former, fit obser-
vations at the cluster scales [45].

Finally, empirical studies indicate that the MOND-
producing version of SFDM performs somewhat less
successfully than MOND itself, largely because the pho-
non-mediated force operates only within the superfluid core
[31-35]. Recent developments have consequently shifted
toward simpler scalar-field models with standard kinetic
terms and quartic or sextic self-interactions [30]. The
present analysis lends theoretical support to this shift by
showing that the earlier MOND-producing formulation
is tied to the nonanalytic kinetic structure, and hence
potentially to the unresolved consistency problems, of
RAQUAL. More broadly, the comparison illustrates the
value of mapping modified-gravity theories across different
frames and formulations: apparent similarities between
their interaction sectors need not imply full dynamical
equivalence, but they can reveal shared physical

mechanisms, transfer known consistency conditions, and
clarify which phenomenological results genuinely carry
over from one model to another.
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