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We obtain a tensionless limit of the M-theory 5-brane action and discuss its properties. The consistency
of this limit requires that the field strength H3 of the 2-form gauge field on the M5 brane worldvolume is
nonvanishing and nondegenerate, so that one can also regard it as a strong H3-field limit. The induced 6D
worldvolume metric of this theory is nondegenerate in contrast to conventional tensionless (null) p-branes.
We find that the tensionless M5-brane action is invariant under a super-Weyl symmetry acting on the bulk
supergeometry, while in the purely bosonic case the action is invariant under an 11D target-space conformal
symmetry, a property which is characteristic for the tensionless bosonic branes. Upon imposing a static
gauge, which fixes worldvolume diffeomorphisms, this 11D conformal symmetry becomes a deformed 6D
worldvolume conformal symmetry whose action on the worldvolume coordinates involves field dependent
terms. When the transversal fluctuations of the 5-brane in the bulk are zero, the model reduces to the
conformal nonlinear chiral 2-form electrodynamics considered earlier by Gibbons andWest [J. Math. Phys.
(N.Y.) 42, 3188 (2001)] and by Townsend [Proc. R. Soc. A 476, 20190863 (2020)].
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I. INTRODUCTION

The main goal of this paper is to study properties of the
model which arises by taking a tensionless limit of the
M-theory 5-brane. In [1] the M5-brane tensionless limit
was considered in the on-shell superembedding formu-
lation of the theory [2,3], but only for a simplified situation
in which scalar and fermionic fluctuations of the M5-brane
are set to zero, so that only a chiral 2-form gauge field
propagates in the M5 six-dimensional worldvolume. More
recently in [4] this limit was studied in the Hamiltonian
formulation [5] for the case of a planar and static 5-brane.
In [1,4] it was shown that in this case the limit of the zero
M5-brane tension is equivalent to the strong worldvolume
gauge field limit and that the resulting theory is a non-
linearly interacting chiral 2-form electrodynamics in 6D
which is conformally invariant and has an infinite number
of conserved charges. Upon a dimensional reduction to
D ¼ 4 this theory results in the conformally invariant

nonlinear electrodynamics of [6,7] which was revisited
in [8] also with regards to its relation to a tensionless D3-
brane (whose action in a type IIBD ¼ 10 superbackground
we present in Appendix C).
Here we show that a complete action for a supersym-

metric tensionless M5-brane can be obtained by taking a
zero-tension limit of the original super-M5-brane action
[9,10]. The κ-symmetry of the M5-brane is preserved in this
limit, which indicates that the ground state of this dynami-
cal system is a supersymmetric BPS state. However,
somewhat unexpectedly, the chiral two-form becomes a
kappa-symmetry singlet. This breaks the balance between
fermionic and bosonic worldvolume physical degrees of
freedom transformed under κ-symmetry and thus raises an
issue of better understanding supersymmetry properties of
this model. Another peculiarity of this limit is that the
6D conformal invariance of the pure chiral two-form
Bialynicki-Birula-like theory is still preserved when
bosonic fluctuations of the M5-brane are switch on, though
conformal transformations of 6D worldvolume coordinates
become field dependent. This 6D conformal symmetry
arises in a static gauge (of worldvolume diffeomorphisms)
and originates from an 11D target-space conformal in-
variance. However, when fermionic fluctuations of the
M5-brane are switched on, the 11D conformal symmetry
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gets broken rather than being extended to an 11D super-
conformal invariance. We leave the resolution of this
“superconformal issue” to a future work, while in this
paper we will discuss in detail conformal properties of the
purely bosonic tensionless M5-brane.
We use the following conventions and notation. The 6D

worldvolume coordinates are denoted by ξm (m ¼ 0, 1, 2,
3, 4, 5). The supercoordinates of the D ¼ 11 target
superspace are denoted by ZM ¼ ðXm;ΘμÞ, where Xm

ðm ¼ 0; 1;…; 10Þ are bosonic coordinates and Θμ

ðμ ¼ 1;…; 32Þ are fermionic ones. The lower indices from
the beginning of the Latin alphabet stand for flat bulk
tangent-space indices ða; b; ; :: ¼ 0; 1;…; 10Þ. The space-
time (and worldvolume) signatures are chosen to be mostly
minus,

ηa b ¼ diagðþ1;−1;…;−1Þ: ð1:1Þ
II. M5-BRANE ACTION

In a generic 11D supergravity background the original
κ-symmetric M5-brane action [9,10] is1

SM5 ¼ −T
Z
W6

d6ξ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−det

�
gmn þ

1ffiffiffiffi
T

p H̃mn

�s

−
1

2

Z
W6

v ∧ H3 ∧ ivH3

þ T
2

Z
W6

�
A6 þ

1ffiffiffiffi
T

p db2 ∧ A3

�
; ð2:1Þ

where ξm (m ¼ 0, 1, 2, 3, 4, 5) parametrize the 6D
worldvolume W6, T is the M5-brane tension of mass
dimension m6.2 A3ðZðξÞÞ and A6ðZðξÞÞ are pullbacks on
W6 of the 11D three-form gauge superfield and its dual six-
form superfield in an 11D supergravity superspace para-
metrized by supercoordinates ZM ¼ ðXm;ΘμÞ.

H3 ¼ db2 −
ffiffiffiffi
T

p
A3 ¼

1

3!
dξp ∧ dξn ∧ dξmHmnp ð2:2Þ

is the generalized field strength of a dimensionless 2-form
gauge potential b2 ¼ 1

2
dξn ∧ dξmbmnðξÞwhich is theworld-

volume field of the M5-brane,

H̃mn ¼ �Hmnrvr ¼
1

3!
ffiffiffiffiffiffi−gp ϵmnrlpqHlpqvr; ð2:3Þ

and

v ¼ dξmvm ¼ daðξÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂nagnl∂la

p ; vmvm ¼ 1; ð2:4Þ

where aðξÞ is an auxiliary scalar field which is subject to the
restriction ∂maðξÞ∂maðξÞ ≠ 0. The unit vectorvm is chosen to
be timelike. This is convenient for further passage to the
Hamiltonian formulation, but the choice of the spacelike

vector vm ¼ ∂maðξÞffiffiffiffiffiffiffiffiffiffiffi
−∂ag∂a

p is equally possible [9,10,21,22] in

topologically admissible cases [23].
The metric gmn which enters the first and the second term

of the action is the induced metric on the worldvolumeW6

gmnðξÞ ¼ Ea
mηabE

b
n ¼ Ea

mEna: ð2:5Þ

Ea
m in (2.5) are the components of the worldvolume pull-

back Ea ¼ EaðZðξÞÞ ¼ dξmEa
m of the bosonic superviel-

bein one-form Ea ¼ dZMEa
MðZÞ of the 11D supergravity

superspace. EaðZÞ and its fermionic counterpart Eα

obey a set of supergravity constraints, the most important
of which is

Ta ¼ DEa ¼ dEa þ Ebωb
a ¼ −iEα ∧ EβΓa

α β; ð2:6Þ

where ωb
aðZÞ is an SOð1; 10Þ spin-connection one-form

and Γa
α β are 11D gamma-matrices in the Majorana

representation.
The inverse of the induced metric (2.5) is denoted by

gmnðξÞ,

gmkðξÞgknðξÞ ¼ δmn : ð2:7Þ

It is used to raise the worldvolume vector indices, e.g.,

EmaðξÞ ¼ gmnðξÞEa
nðξÞ; vm ¼ gmnvn; etc: ð2:8Þ

For further analysis it is useful to introduce the vector

sm ≡
ffiffiffiffiffiffi−gp
8

ϵmnklpqH̃nkH̃lpvq; ð2:9Þ

which, by construction, is orthogonal to vm and hence
spacelike,

smvm ¼ 0: ð2:10Þ

Then we can write the integrand of the first term of the
M5-brane action (2.1) as follows

1A different variant of the action for the M5-brane was
constructed in [11]. It is tailored to describe, in a simpler manner,
M5-branes wrapping an internal 3D manifold and study their
relation to the Bagger-Lambert-Gustavsson-like construction
[12–15] of multiple membranes with a gauge group of 3D
volume preserving diffeomorphisms [16–19].

2In [9,10] the M5-brane tension was set to one. Since we are
interested in the tensionless limit, here we restore the explicit
dependence on the tension requiring the two-form gauge field b2
be dimensionless [i.e., bmn has canonical mass dimensionm2 (see
also [20])].
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T

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
gmn þ

1ffiffiffiffi
T

p H̃mn

�s

¼ T
ffiffiffiffiffiffi
−g

p �
1þ 1

2T
trH̃2 −

1

4T2
trH̃4 þ 1

8T2
ðTrH̃2Þ2

�
1=2

¼ ffiffiffiffiffiffi
−g

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2 þ T

2
trH̃2 − smsm

r
: ð2:11Þ

The action is invariant under the local κ-symmetry trans-
formations of the coordinate functions ZMðξÞ which have
the following form

iκEa ≔ δkZMEa
M ¼ 0;

iκEα ≔ δkZMEα
M ≕ καðξÞ;

δκb2 ¼
ffiffiffiffi
T

p
iκA3; ð2:12Þ

where the parameter κα satisfies the condition

κα ¼ −Γα
βκ

β ð2:13Þ

with Γ̃ being the κ-symmetry projector matrix

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðgmn þ 1ffiffiffi

T
p H̃mnÞ

q
ffiffiffiffiffiffi−gp Γ

¼ Γð6Þ þ 1

2
ffiffiffiffi
T

p H̃mnðΓmnlCÞvl −
1

T
smΓmnvn; Γ2 ¼ 1;

ð2:14Þ

Γð6Þ ≔
1

6!
ϵm1…m6

Γm1 Γ̃m2Γm3 Γ̃m4Γm5 Γ̃m6 ; ð2:15Þ

In these expressions

Γm ¼ Ea
mΓa; Γm ¼ gmnΓn; ð2:16Þ

where

Γ̃a ¼ ðγaCÞ ¼ γaα
γCγβ ¼ Γ̃aαβ ¼ Γ̃aβα; ð2:17Þ

Γa ¼ ðC−1γaÞ ¼ Cαγγaγ
β ¼ Γαβ

a ¼ Γβα
a ; ð2:18Þ

γaα
β and C are eleven dimensional gamma matrices

and a charge conjugation matrix which are all imaginary
in our mostly minus metric convention. In the equations
with implicit spinorial indices we do not distinguish
charge congugation matrix Cαβ ¼ −Cβα and its inverse

Cβα ¼ −Cαβ. Finally,

Γmn ¼ Γ½mΓ̃n� ¼ 1

2
ðΓmΓ̃n − ΓnΓ̃mÞ; Γ̃mn ¼ ðΓnmÞT;

Γmnl ¼ Γ½mΓ̃nΓl� ¼ 1

3
ðΓmΓ̃nl þ ΓnΓ̃lm þ ΓlΓ̃mnÞ; etc:

ð2:19Þ
III. TENSIONLESS LIMIT OF THE M5-BRANE

ACTION

Due to the form of the Dirac-Born-Infeld-like term
(2.11), the zero-tension limit T ↦ 0 of the M5-brane
action is straightforward, namely

SM5jT↦0¼−
Z
W6

d6ξ
ffiffiffiffiffiffi
−g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−smsm

p
−
1

2

Z
W6

v∧H3∧ ivH3

¼−
Z
W6

d6ξ
ffiffiffiffiffiffi
−g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−smsm

p

−
1

4

Z
W6

d6ξ
ffiffiffiffiffiffi
−g

p
H̃mnHmnpvp: ð3:1Þ

Notice that in this limit the Wess–Zumino term vanishes
and H3 ¼ db2 does not have the contribution of the pull-
back of the 11D gauge field A3. Note also that, in contrast
to conventional tensionless (null) p-branes [24–31] the
(induced) metric (2.5) on the 6D worldvolume of this
tensionless M5-brane remains nondegenerate.3 As has been
already discussed in [1,4] in the case in which the
worldvolume fields XmðξÞ and ΘαðξÞ vanish, the limit
under consideration can be viewed as a strong limit of the
worldvolume gauge field strength H3 in comparison with
the M5-brane tension. In this limit the ð−smsmÞ term
dominates over the T-dependent terms in the DBI-like
square root (2.11). Thus the square root of ð−smsmÞ
remains in the action (3.1) together with the quadratic
term in H3, both having the same conformal weight.
The action clearly maintains the invariance under

worldvolume diffeomorphisms and bulk supersymmetry.
It also maintains κ–symmetry (2.12) which reduces to

iκEa ≔ δkZMEa
M ¼ 0;

iκEα ≔ δkZMEα
M ≕ κα;

δκb2 ¼ 0;

κα ¼ −Γα
βκ

β ð3:2Þ

with

3By the time this manuscript has been finalized, we are not
aware of any consistent alternative tensionless limit procedures
which would make the 6D worldvolume metric of the M5 brane
degenerate. This also concerns the tensionless limit of the
D3-brane in type IIB supergravity discussed in Appendix C.
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ΓjT↦0 ¼ −
1ffiffiffiffiffiffiffiffiffiffiffi
−slsl

p smΓmnvn ≡ −
1ffiffiffiffiffiffiffiffiffiffiffi
−slsl

p ðsΓÞðvΓ̃Þ;

Γ2 ¼ 1: ð3:3Þ

A peculiarity of the κ–symmetry transformations (3.2) is
that the field b2 is not transformed.
Note also that

ffiffiffiffiffiffiffiffiffiffiffi
−slsl

p
appears in the denominator of the

κ-symmetry projector, which suggests that in general
ffiffiffiffiffiffiffiffiffiffiffi
−slsl

q
≠ 0: ð3:4Þ

For the 6 × 6 antisymmetric matrix H̃mn (2.3), which by
construction obeys H̃mnvn ¼ 0 and hence has no more than
2 “eigenvalues” (say hþ and h−), the condition (3.4) implies
that both of these are nonvanishing (hþ ≠ 0 and h− ≠ 0,
because sm ∝ hþh− and −smsm ∝ ðhþh−Þ2). This is what
we mean by stating that the tensionless limit requires the
gauge field strength of the worldvolume gauge field of the
M5-brane be non-vanishing and non-degenerate.
Similarly to the original M5-brane action (2.1), the

tensionless action (3.1) is invariant under two PST gauge
symmetries. The first PST symmetry acts on the worldvo-
lume fields with a scalar parameter φðξÞ as follows

δφb2¼φðξÞðivH3þV2Þffiffiffiffiffiffiffiffiffiffi
∂a∂a

p ; δφaðξÞ¼φðξÞ; δφZMðξÞ¼0;

ð3:5Þ
where

V2 ¼
1

2
dξn ∧ dξmVmn;

Vmn ¼ −
∂

ffiffiffiffiffiffiffiffiffiffiffi
−slsl

p
∂H̃mn ¼

ffiffiffiffiffiffi−gp
2

ffiffiffiffiffiffiffiffiffiffiffi
−ssss

p ϵmnrlpqsrvlH̃pq: ð3:6Þ

It ensures the pure auxiliary nature of the scalar field aðξÞ
(which, e.g., can be gauge-fixed to coincide with the
worldvolume time coordinate aðξÞ ¼ ξ0).
The second PST symmetry acts on the gauge field b2

only

δϕ1
b2¼da∧ϕ1; δϕ1

aðξÞ¼0; δϕ1
ZMðξÞ¼0; ð3:7Þ

with an arbitrary 1-form parameter ϕ1 ¼ dξmϕmðξÞ.
The equations of motion of the bosonic and fermionic

embedding coordinates XmðξÞ and ΘαðξÞ are

DmðTmnEnaÞ ¼ 0; ð3:8Þ

TmnEnaΓa
α βEm

β ¼ 0; ð3:9Þ

where Dm ¼ ∂m þ ωm is a covariant derivative with ωa
b

being the worldvolume pullback of an SOð1; 10Þ spin
connection and Tmn has the following form

Tmn¼−
ffiffiffiffiffiffi
−g

p ffiffiffiffiffiffiffiffiffiffiffi
−slsl

q
ðvm− ŝmÞðvn− ŝnÞ;

ŝm¼sm=
ffiffiffiffiffiffiffiffiffiffiffi
−slsl

q
: ð3:10Þ

The covariant derivativeDm does not contain the Christoffel
symbol associated with the induced worldvolume metric
because of the definition of the quantity Tmn in (3.10).
Namely, the direct derivation of the bosonic equation of
motion gives D̂mð 1ffiffiffiffi−gp TmnEnaÞ ¼ 0, where D̂m contains the

worldvolume Christoffel connection. But, with the use of a
well-known identity, this equation reduces to (3.8).
In the static gauge XmðξÞ ¼ ξm (fixing the worldvolume

diffeomorphisms) the quantity Tmn becomes the worldvo-
lume Hilbert energy-momentum tensor of the tensionless
M5-brane (as we show in the Appendix B).
The equation of motion of b2 is

da ∧ d

�
ivH3 þ V2ffiffiffiffiffiffiffiffiffiffi

∂a∂a
p

�
¼ 0: ð3:11Þ

It is easily integrated and, with the use of the symmetry
(3.7), produces the nonlinear self-duality condition of [4]

ivH3 þ V2 ¼ 0 ⇔ Hmnkvk ¼ −Vmn; ð3:12Þ

where V2 was defined in (3.6). In Appendix A we give an
alternative derivation of the nonlinear self-duality
condition.

IV. 11D SUPER-WEYL INVARIANCE OF THE
TENSIONLESS M5-BRANE ACTION AND

CONFORMAL SYMMETRIES OF ITS BOSONIC
SECTOR

Since the tensionless M5 action does not contain
dimensionful parameters, in addition to the symmetries
mentioned in the previous section the tensionless M5-brane
action (3.1) is also invariant under 11D super-Weyl trans-
formations, which also leave invariant the supergravity
constrains. These transformations [with a superfield param-
eter WðZÞ] act as follows on the supervielbeins

EaðZÞ ↦ e2WðZÞEaðZÞ;
EαðZÞ ↦ eWðZÞðEαðZÞ − iEaΓa

α βDβWðZÞÞ ð4:1Þ

and on the superspace spin connection

wab ↦ wab þ 4E½aDb�W þ 2iEcDWΓc
a bDW

þ 2EαΓa b
α
βDβW:

In contrast to the case of the fully fledged super-
M5-brane, in the tensionless limit the background super-
gravity superfields enter the action only through the
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induced metric (2.5) which is transformed by the super-
Weyl rescaling as follows

gmn ↦ gmne4WðZðξÞÞ: ð4:2Þ

As such, the proof of the super-Weyl invariance of the
tensionless M5-brane action is straightforward. This
implies, in particular, that the tensionless M5-brane action
in flat superspace is equivalent to the action in any
conformally flat superspace.
It is natural to expect that in flat 11D superspace for

which

Ea ¼ dXa − idΘΓaΘ; Eα ¼ dΘα: ð4:3Þ

the action (3.1) is invariant under the 11D spacetime
conformal symmetry.4 Let us begin by checking whether
the action (3.1) is invariant under the rescaling of target-
superspace coordinates

Xa ↦ λXa; Θα ↦
ffiffiffi
λ

p
Θα: ð4:4Þ

By definition this rescaling leaves invariant the worldvo-
lume coordinates ξm, the auxiliary scalar aðξÞ and the
worldvolume gauge field b2,

ξm↦ ξm; aðξÞ↦aðξÞ; b2↦b2; Hmnk↦Hmnk:

ð4:5Þ

This implies that

Ea
m ↦ λEa

m; ð4:6Þ

gmn ↦ λ2gmn; ð4:7Þ

⇒ gmn ↦ λ−2gmn;
ffiffiffiffiffiffi
−g

p
↦ λ6

ffiffiffiffiffiffi
−g

p
; ð4:8Þ

and

vm ↦ λvm; ð4:9Þ

vm ↦ λ−1vm; ð4:10Þ

�Hmnk ↦ λ−6 �Hmnk; ð4:11Þ

H̃mn ↦ λ−5H̃mn; ð4:12Þ

sm ↦ λ−5sm; ð4:13Þ

smsm ↦ λ−12smsm; ð4:14Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−smsm

p
↦ λ−6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−smsm

p
: ð4:15Þ

Using these scaling rules we easily find that both the first
and the second term in (3.1) are scale invariant. Notice that
all the nontrivial transformations under spacetime scaling
symmetry come from the nontrivial transformations of the
induced worldvolume metric gmn. This means that the
scaling invariance of the tensionless M5 action can be
(formally) viewed as the invariance under an effective Weyl
symmetry acting on the induced metric (similar to the
super-Weyl transformations considered above).
In the bosonic case, in which Θα ¼ 0 and Ea ¼ dXa all

the conformal symmetry transformations can be obtained
from scaling and inversion. The latter acts on the bosonic
coordinates of the flat spacetime as follows

Xa ↦
Xa

XbXb
; ð4:16Þ

and results in

∂mXa
∂nXa ↦

1

ðXbXbÞ2
∂mXa

∂nXa: ð4:17Þ

Therefore, we find that the induced metric gets rescaled
under inversion as follows

gmnjΘ¼0 ↦
1

ðXbXbÞ2
gmnjΘ¼0: ð4:18Þ

Then the invariance under the inversion of the purely
bosonic tensionless 5-brane action is proved in the same
way as its scaling invariance. This implies the invariance of
the bosonic theory under special conformal symmetry
acting on the bosonic coordinate functions as follows

Xa ↦
Xa þ baXbXb

1þ 2bcXc þ bcbcXeXe
: ð4:19Þ

It is instructive also to check this explicitly, at least for the
infinitesimal transformations

δXa ¼ baðXbXbÞ − 2XabbXb: ð4:20Þ

Under the conformal boosts the worldvolume derivative of
the coordinate functions transforms by induced SOð1; 9Þ
rotations and induced dilatation

δð∂mXaÞ ¼ 2∂mXbðXbba − bbXaÞ− 2∂mXaðbbXbÞ; ð4:21Þ

so the transformation of the induced metric is

4One might also be tempted to search for invariance under a
superconformal symmetry, but in conventional D > 6 super-
spaces, without additional exotic coordinates, superconformal
supergroups are not known.
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δgmn ¼ −4gmnðbbXbÞ: ð4:22Þ

Then the proof of the invariance of the bosonic action under
special conformal transformations is reduced to the proof of
its invariance under the rescaling of the induced metric.
Thus the purely bosonic sector of the tensionlessM5-brane

action possesses the 11D spacetime conformal symmetry
(forming an soð2; 11Þ algebra) whose infinitesimal trans-
formations act on the coordinate functions XaðξÞ as follows

δXa ¼ aa þ XbLb
a þ λXa þ baXbXb − 2XabbXb; ð4:23Þ

where aa are the parameters of Poincarè translations, Lb
a are

Lorentz rotations, λ is dilatation and ba are conformal boosts.
When the coordinate functions orthogonal to the brane

worldvolume are zero (XiðξÞ ¼ 0, i ¼ 6;…; 10), this sym-
metry certainly implies6D conformal invarianceof thebosonic
theory in the static worldvolume diffeomophism gauge

XmðξÞ ¼ ξm; m ¼ 0; 1; 2; 3; 4; 5: ð4:24Þ

This is the case discussed in [4,32] in which the theory reduces
to the 6D conformal nonlinear chiral 2-form electrodynamics
of a Bialynicki-Birula type [6,7].
We will now show that, in the static gauge (4.24) the 6D

conformal symmetry is also present when the coordinate
functions XiðξÞ are nonzero, though conformal transfor-
mations of the worldvolume coordinates ξm get modified
and become XiðξÞ-field dependent.
The property of the theory that indicates the presence of

conformal invariance is the tracelessness of the energy-
momentum tensor. In the flat target space and in the static

gauge (4.24) the induced worldvolume metric takes the
form

gmn ¼ ηmn − ∂mXi
∂nXi; ð4:25Þ

and the energy momentum tensor (3.10) is conserved with
respect to the worldvolume coordinates associated with the
Minkowski metric ηmn

∂mTmn ¼ 0;

which follows from the equations of motion (3.8).
However, Tmn is traceless with respect to the induced
metric but not with respect to ηmn, namely

Tmngmn¼0→Tmnηmn¼Tmn
∂mXi

∂nXi¼1

2
∂m∂nðTmnX2Þ;

ð4:26Þ

where

X2 ≡ XiXi;

and the right-hand side was obtained using the field XiðξÞ
equation of motion

∂mðTmn
∂nXiÞ ¼ 0;

and the conservation of Tmn.
Using the form of Tmnηmn in (4.26) we get the improved

tensor, which is ηmn-traceless, in the following form

T̂mn¼Tmnþ 1

2ðd−2Þ
�
2∂ðm∂lðTnÞlX2Þ−ηmn

∂p∂qðTpqX2Þ−∂
2ðTmnX2Þþ 1

ðd−1Þ½η
mn
∂
2ðTp

pX2Þ−∂
m
∂
nðTp

pX2Þ�
�

¼TmnþΔmn; ð4:27Þ

where d is the dimension of the worldvolume. The tensor is
traceless T̂m

m ¼ 0, conserved ∂mT̂
mn ¼ 0 and symmetric.

Note that the “improving” term Δmn is an identically
conserved quantity, ∂mΔmn ≡ 0. Hence it can be written as

Δmn ¼ ∂lK½lm�nðξÞ

with K½lm�nðξÞ being a tensor with antisymmetric indices
½lm�. So the improvement is of the conventional Belinfante
form. In particular, T̂mn and Tmn share the same total
conserved d-momentum Pm ¼ R

T0mðξÞdd−1ξ.
The existence of a traceless energy-momentum tensor is a

manifestation of the presence of the scale-invariance of the
tensionlessM5-branewhichweproved above.According to a
general theorem (see, e.g., [33] for a review) the existence of

the (improved) conserved symmetric traceless tensor of the
form similar to (4.27) means that the scale invariant theory is
invariant under the whole conformal symmetry. In our case
this is a 6D worldvolume conformal symmetry which has its
roots in the 11D target-space conformal invariance (4.23). In
particular, upon imposing the static gauge (4.24) and restrict-
ing the consideration to rescaling and conformal boosts along
worldvolume directions we find that (4.23) acts on the
worldvolume coordinates ξm as follows

δξm ¼ λξm þ bmðξnξnÞ − 2bnξnξm − bmXiXiðξÞ; ð4:28Þ

where the last term is a nonstandard field-dependent boost of
ξm. The above transformations are associated with compen-
sating worldvolume diffeomorphisms required to keep the
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static gauge (4.24) intact when the conformal transformations
(4.23) act on Xm.
In the static gauge (4.24), the conformal transformations

of the bosonic fields XiðξÞ (i ¼ 6;…; 10) which follow
from the variations (4.23) (with aa ¼ La

b ¼ bi ¼ 0)
accompanied by the compensating worldvolume diffeo-
morphisms of ξm are

δXiðξÞ ¼ X0iðξ0Þ − XiðξÞ ¼ λXi − 2bmξmXi; ð4:29Þ

while the corresponding conformal variation of Xi in the
same worldvolume point is

δXiðξÞ ¼ X0iðξÞ−XiðξÞ

¼ −δξm∂mXi þ 1

6
ð∂mδξmÞXi þ 1

6
bm∂mðXjXjÞXiðξÞ:

ð4:30Þ

The first two terms in the rhs of the above formula are the
standard conformal transformations of 6D scalar fields of a
noncanonical conformal (mass) dimension Δ ¼ −1 (the
canonical dimension of the 6D scalar field is m2, i.e.,
Δ ¼ 2), while the last term indicates that the modified
conformal boosts in (4.28) are nonlinearly realized onXiðξÞ.
The gauge field bmnðξÞ varies under the conformal

transformations (4.28) similar to its variation under the
worldvolume diffeomorphisms

δbmn ¼ b0mnðξÞ − bmnðξÞ
¼ −δξl∂lbmn þ 2bl½m∂n�δξl

¼ −δξlHlmn þ 2∂½mðbn�lδξlÞ: ð4:31Þ

The last term can be compensated by gauge transformations
of the 2-form potential.
One can directly check that the commutators of the

variations (4.28)–(4.31) obey the 6D conformal algebra.
The closure of the algebra is not surprising, taking into
account its origin from the conventional conformal sym-
metry of the 11D target space.
It is now instructive to have a look at the form of the

Noether currents associated with the D ¼ 11 conformal
symmetry (4.23) and see how, upon imposing the static
gauge (4.24), they reduce to the Noether currents of the 6D
conformal symmetry and other remnants of the 11D
symmetry that become internal from the point of view
of the 6D worldvolume.

V. NOETHER CURRENTS OF THE
TARGET-SPACE CONFORMAL SYMMETRY AND

THEIR WORLDVOLUME COUNTERPARTS

Before imposing the static gauge (4.24), the variation of
the bosonic (part of the) action of the tensionless M5-brane
with respect to the 11D coordinate functions δXa has the
following form

δSM5jT¼0 ¼
Z

∂mðδXaÞTmn
∂nXa; ð5:1Þ

where Tmn is given in (3.10). The Noether currents for 11D
spacetime conformal symmetry transformations (4.23) can
be obtained by promoting their parameters to ξ–dependent
functions [aaðξÞ; ...; baðξÞ] and reading the quantities that
multiply the derivatives of these parameters in the variation
of the action

δSM5jT¼0¼̇
Z

d6ξ

�
∂mðaaÞTmn

∂nXaþ∂mðLbaÞX½bTmn
∂nXa�þ∂mðλÞ

1

2
Tmn

∂nðX2Þþ∂mðbbÞðηabX2−2XaXbÞTmn
∂nXa

�
þ���;

ð5:2Þ

where X2 ¼ XaXa and � � � stand for the terms that vanish on
the equations of motion.
Thus we get the Noether currents associated, respec-

tively, with the translations aa, Lorentz rotations Lab,
rescalings λ and conformal boosts ba

J ma ¼ Tmn
∂nXa; ð5:3Þ

J m½ab� ¼ Tmn
∂nX½aXb� ¼ J m½aXb�; ð5:4Þ

J m ¼ 1

2
Tmn

∂nðX2Þ ¼ J m
a Xa; ð5:5Þ

J̃ ma ¼ ðηa bX2 − 2XaXbÞTmn
∂nXb

¼ X2J ma − 2XaJ m: ð5:6Þ

Upon fixing the static gauge (4.24) the Noether current
(5.3) of the 11D translations splits into two parts, one of
which is the 6D energy-momentum tensor and another one
is associated with the constant shifts of the 6D scalar
functions XiðξÞ

J ma ¼
�
Tmn

J mi ¼ Tmn
∂nXi:

ð5:7Þ

The dilatation current becomes

J m ¼ 1

2
∂nðTmnðξ2 − XiXiÞÞ ¼ Tmnðξn − Xi

∂nXiÞ
¼ Tmnξn − J miXi: ð5:8Þ
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The 11D Lorentz-symmetry current splits into

J m;nl ¼ Tm½nξl�; ð5:9Þ

J m;nj ¼ 1

2
TmlðδlnXj − ξn∂lXjÞ; ð5:10Þ

J m;ij ¼ Tmn
∂nX½iXj� ¼ J m;½iXj�; ð5:11Þ

and the 11D conformal boost current splits into that of the
6D conformal boost and the one associated with “internal”
boosts bi

Ĵ ma ¼
�
Ĵ mn ¼ ðξlξl − XiXiÞTmn − 2J mξn

Ĵ miðξlξl − XjXjÞTmn
∂nXi − 2J mXi:

ð5:12Þ

We have thus revealed peculiar features of the worldvo-
lume conformal invariance of the tensionless bosonic M5-
brane theory in the static gauge, which has its origin in the
11D target-space conformal symmetry of the action. This
conformal symmetry is nonlinearly realized on the world-
volume scalar fields XiðξÞ and the chiral two-form b2ðξÞ,
and involves field dependent transformations of the world-
volume coordinates.

VI. CONCLUSION AND OUTLOOK

In this paper we have elaborated on the tensionless limit
of the complete supersymmetric action of the M-theory
5-brane and the peculiar properties of the conformal
symmetry of its bosonic sector.
Concerning the complete tensionless M5-brane theory in

target superspace (withΘ ≠ 0), at the moment it is not clear
to us whether it can possess a full superconformal invari-
ance in the case in which 11D target superspace is flat. It is
rather unlikely that such superconformal symmetry may
originate from the superconformal invariance in 11D target
superspace. This is related to the fact that the only known
11D generalization of the superconformal group is
OSpð1j64Þ. It cannot be realized solely on the superspace
coordinates ZM ¼ ðXm;ΘμÞ and requires the introduction
of additional bosonic coordinates.5 An alternative can be to
consider the tensionless M5-brane in an AdS7 × S4 super-
space whose superisometries may effectively act as super-
conformal transformations on the worldvolume fields
realizing a 6D N ¼ ð4; 0Þ superconformal symmetry. In
this respect results on the form of the M5-brane action in
the AdS7 × S4 superbackground and issues with
gauge fixing its local worldvolume symmetries studied
in [35–37] can be useful.
To see whether such superconformal symmetry may

arise on the worldvolume of the tensionless M5-brane, one

should completely gauge fix worldvolume diffeomor-
phisms and local fermionic κ-symmetry. Because of the
specific form (3.3) of the κ-symmetry projector, finding an
appropriate gauge choice has turned out to be a nontrivial
technical problem which we will address in a future work.
Similar questions regarding the superconformal structure of
the tensionless D3-brane can be studied using the action
given in Appendix C.
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APPENDIX A: AN ALTERNATIVE DERIVATION
OF THE SELF-DUALITY CONDITION FROM

THE PST ACTION

The equation of motion of the b2 gauge field which one
directly gets from the PST action like (2.1) or (3.1) has the
following form

∂m

� ffiffiffiffiffiffi−gp
2

v½mH̃nl�− 1

12
εmnlpqrHpqvr−

1

6
εmnlpqrVpqvr

�
¼0;

ðA1Þ

where Hmn ¼ Hmnpvp, Vpq ¼ ∂VðH̃Þ
∂H̃pq

6 and VðH̃Þ is a func-

tion of H̃mn that appears in the PSTaction. For instance, for
the M5-brane

VðH̃Þ ¼ −T
1ffiffiffiffiffiffi−gp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det

�
gmn þ

1ffiffiffiffi
T

p H̃mn

�s

and for its tensionless limit

VðH̃Þ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−smsm

p
:

5See [34] for an extensive discussion of this issue and further
references.

6The derivative with respect to H̃pq is defined such that
∂H̃mn

∂H̃pq ¼ δmp δ
n
q − δmq δ

n
p.
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In all the previous literature on the PST formulation this
equation was solved as follows. We used the identity

⋆Hmnl ¼ 3H̃½mnvl� þ 1

2
ffiffiffiffiffiffi−gp εmnlpqrHpqvr ðA2Þ

to replace the first term in (A1) with

H̃½mnvl� ¼ 1

3
⋆Hmnl −

1

6
ffiffiffiffiffiffi−gp εmnlpqrHpqvr: ðA3Þ

Then, since ∂mð ffiffiffiffiffiffi−gp ⋆HmnlÞ≡ 0, we get

1

6
∂m½εmnlpqrðVpq þHpqsvsÞvr� ¼ 0: ðA4Þ

It is this equation that we always solved, with the use of one
of the PST symmetries, to arrive at

Hmnpvp ¼ −Vmn ðA5Þ

as was reviewed for the tensionless M5 in the end of
Sec. III.
Now, what happens if instead we use (A2) to replace the

second term in (A1). We thus get the equation

∂m

� ffiffiffiffiffiffi
−g

p
v½mH̃nl� − 1

6
εmnlpqrVpqðH̃Þvr

�
¼ 0: ðA6Þ

Its solution is

v½mH̃nl� − 1

6
ffiffiffiffiffiffi−gp εmnlpqrVpqvr ¼

1

6
ffiffiffiffiffiffi−gp εmnlpqr

∂pAqr

¼ 1

3
⋆Fmnl; ðA7Þ

where Aqr is a two-form different from b2 and F3 ¼ dA2.
The Hodge dual of (A7) is

Fmnl ¼ −3v½mVnl�ðH̃Þ þ 1

2
ffiffiffiffiffiffi−gp εmnlpqrH̃pqvr: ðA8Þ

Note that, since H̃mn is inert under the PST symmetry (3.7),
the three-form F3 is also invariant under this symmetry.
Comparing Eq. (A8) with the identity (A2) applied to F3

we find that

ivF3 ¼ −V2ðH̃Þ; iv ⋆F3 ¼ H̃2; ðA9Þ

which is similar to (3.12), or equivalently

ivF3 ¼ −V2ðiv ⋆FÞ: ðA10Þ

Equation (A10) means that F3 is nonlinearly self-dual.
From the above relations it follows that, even if (in general)

there is no a simple relation between H3 and F3, on the
mass shell one can forget about H3 and use the nonlinearly
self-dual F3 as the physical field strength.
For the tensionless M5 Eq. (A6) reads

∂mð
ffiffiffiffiffiffi
−g

p ðv − ŝÞ½mH̃nl�Þ ¼ 0 ðA11Þ

and Fpqr ¼
ffiffiffiffi−gp
2

ϵpqrmnlðv − ŝÞmH̃nl.

APPENDIX B: WORLDVOLUME
ENERGY-MOMENTUM TENSOR ON A BRANE

A prescription to compute the energy-momentum tensor
of a worldvolume field theory on the branes is as follows
(see, e.g., [38]). For the purpose of this paper we will
consider the case of a purely bosonic flat background, but
the procedure works also for certain curved backgrounds
and in superspace.

(i) Impose the static gauge ξm ¼ Xm in the Lagrangian
density L. Then the induced metric becomes
gmn ¼ ηmn − ∂mXi

∂nXi.
(ii) Replace ηmn with an intrinsic (independent) curved

metric γmnðξÞ.
(iii) Compute the Hilbert energy-momentum tensor

Tmn ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det γ

p δL
δγmn

¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det γ

p δL
δgmn

: ðB1Þ

(iv) In (B1) replace γmnðxÞ back with ηmn. This results in

Tmn ¼ 2
δL
δgmn

: ðB2Þ

For the bosonic branes described by the Nambu-Goto
Lagrangian density

LNG ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det gmn

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detðηmn − ∂mXi

∂mXi
q

Þ ðB3Þ

we thus have

Tmn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p
gmn:

It coincides with the canonical form of the energy-
momentum tensor of the scalar fields XiðξÞ computed with
the Noether procedure applied to (B3). Therefore this
tensor is conserved by construction in the static gauge:
∂mTmn ¼ 0. Indeed, the equations of motion of Xa ¼
ðXl; XiÞ before imposing the static gauge are

∂mð
ffiffiffiffiffiffi
−g

p
gmn

∂nXlÞ ¼ 0; ∂mð
ffiffiffiffiffiffi
−g

p
gmn

∂nXiÞ ¼ 0;

l ¼ 0;…; p; i ¼ D − p − 1;…; D − 1: ðB4Þ

In the static gauge ξl ¼ Xl the first of these equations
reduces to
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∂mð
ffiffiffiffiffiffi
−g

p
gmnÞ ¼ ∂mTmn ¼ 0: ðB5Þ

Let us now apply this procedure to the bosonic sector of the
tensionless M5 action (3.1). The variation of its first term
with respect to the induced metric results in

−δð ffiffiffiffiffiffi
−g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−smsm

p
Þ¼−

1

2

ffiffiffiffiffiffi
−g

p ffiffiffiffiffiffiffiffiffiffiffi
−slsl

q
ðvnvmþ ŝmŝnÞδgmn;

ðB6Þ

while the metric variation of the second term in (3.1) is

−
1

4
δð ffiffiffiffiffiffi

−g
p

H̃mnHmnpvpÞ ¼
ffiffiffiffiffiffi
−g

p ffiffiffiffiffiffiffiffiffiffiffi
−slsl

q
vnŝmδgmn; ðB7Þ

where to derive the right-hand side we used the identity

H̃mnHmnp ¼ H̃mnHmnqvpvq þ 4sp: ðB8Þ

Substituting these variations into (B2) we get the energy-
momentum tensor of the bosonic tensionless M5 brane

Tmn
M5jT¼0 ¼ −

ffiffiffiffiffiffi
−g

p ffiffiffiffiffiffiffiffiffiffiffi
−slsl

q
ðv − ŝÞmðv − ŝÞn: ðB9Þ

Note, once again, that this tensor is conserved with respect
to the flat metric ηmn, like (B5). However, it is traceless with
respect to the induced metric gmn and not with respect to the
flat worldvolume metric, unless Xi ¼ const. The stress-
tensor can be improved to be traceless with respect to the
metric ηmn as described in Sec. IV.

APPENDIX C: TENSIONLESS D3-BRANE, OR
N = 4;D= 4 SUPERSYMMETRIC BIALYNICKI-

BIRULA THEORY

The action of a tensionlessD3-brane looks similar to that
of (3.1). It can be obtained by taking a tensionless limit of
the duality-symmetric action of the D3-brane constructed
in [39,40]. In the conventions of [41] the result is

SD3jT↦0 ¼
Z
W4

d4ξ
ffiffiffiffiffiffi
−g

p �
1

2
εIJEI · BJ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−pmpm

p �

I; J ¼ ð1; 2Þ; ðC1Þ

where EI
m ¼ FI

mnvn, BI
m ¼ ⋆FI

mnvn and FI
mn ¼ ∂mAI

n −
∂nAI

m are field strengths of a doublet of worldvolume gauge
vector fields AI

mðξÞ. The induced metric on the
D3-brane worldvolume is constructed from the pull-backs
of vector supervielbeins of type IIB D ¼ 10 supergravity

gmn ¼ ð∂mZMEM
aÞð∂nZNEN

bÞηab; ZM ¼ ðXm;Θα
1;Θ

β
2Þ

m¼ 0;1;…;9; α¼ 1;…;16 ðC2Þ

and

pm ¼ 1

2
εIJε

mnpqBI
nBJ

pvq: ðC3Þ

The analysis of this theory can be performed in a way
similar to the M5-brane case.
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