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We present a systematic study of the masses of light excited qq̄ mesons using quantum chromody-
namics (QCD) sum rules at next-to-leading order (NLO). To probe excited states, we construct several
interpolating currents with covariant derivatives inserted. The calculation is carried out up to dimension-8
condensates, including NLO perturbative and mhq̄qi corrections. Employing Gaussian sum rules, we
obtain several JP ¼ 2� nonets with masses that agree well with experiments. Several J ¼ 0, 1 states
compatible with experiments are also obtained using both Gaussian and Laplace sum rules. In particular,
the JPC ¼ 2þþ current couples to two distinct 2þþ resonances. This work demonstrates the efficacy of
operators with covariant derivatives for studying excited hadrons.
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I. INTRODUCTION

The qq̄ mesons are the simplest hadrons; understanding
their spectrum is a central problem in hadron physics.
Although the properties of ground-state qq̄ mesons are
described reasonably well by quark models, the excited
spectrum still poses open questions regarding assignments,
decay constants, and mixing. Furthermore, there is growing
evidence that some excited qq̄ mesons mix with exotic
states (non-qq̄ mesons) [1–4], making the excited spectrum
more intricate and challenging to interpret.
On the other hand, quantum chromodynamics (QCD)

sum rules [5–9], which connect hadron properties to the
QCD Lagrangian and the nonperturbative QCD vacuum
(encoded in the so-called condensates), usually focus on
the ground state; only sporadic investigations have been
devoted to excited states. This is because the ground
state is naturally favored in QCD sum rule analyses:
the interpolating operator for the ground state can be
directly constructed, and the lowest-lying state in the
spectrum will dominate after Borel transformation [5–7].
To investigate radially or orbitally excited qq̄ mesons, it
is necessary to design operators that couple more
strongly to excited states.
One approach to constructing such operators is by

inserting covariant derivatives into the qq̄ meson

operator; the Ψ̄Γ∇↔ nΨ-type operator is expected to
couple preferentially to excited qq̄ mesons due to the
extra momentum weight. Here, Γ denotes a generic

Dirac gamma matrix and ∇↔ ¼ ∇ − ∇⃖, where ∇ is the
covariant derivative in the fundamental representation.

In momentum space, ∇↔ corresponds to the quarks’
relative momentum; thus, the coupling between

Ψ̄Γ∇↔ nΨ and the S-wave qq̄ meson should be sup-
pressed. Operators with explicit covariant derivatives
have already been used in several works [10–20], and
have yielded some successful results.
In this work, we present an next-to-leading order

(NLO) QCD sum rule investigation of light excited qq̄

meson masses using the Ψ̄Γ∇↔Ψ operator. This paper
is organized as follows: the construction of currents is
described in Sec. II; the Gaussian sum rule analysis is
presented in Sec. III and concluded in Sec. IV; the
Laplace sum rule results are supplemented in
Appendix A; the evaluation of dimension-8 condensates
is presented in Appendix B.

II. OPERATOR BASIS, QUANTUM NUMBERS,
AND PROJECTORS

To calculate the correlator of interpolating currents in the
low-energy region, the operator product expansion (OPE) is
utilized in QCD sum rules [5–9]

ΠABðq2Þ ¼ i
Z

d4xe−iqxhTJAðxÞJ†Bð0Þi

¼
X
i

T i
ABΠiðq2Þ; ð1Þ
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where JA and JB are specific currents coupled to the state
under investigation; T i

AB is the Lorentz (tensor) projector
corresponding to a specific spin, and Πiðq2Þ is a scalar
function of q2; contributions with different spins are
involved in general. The correlator and spectral function
are related through the dispersion relation [5–8]

1

π
ImΠiðsÞ ∼ f2i δðs −m2

i Þ þ θðs − s0ÞρiðsÞ: ð2Þ

Here, the “narrow resonanceþ continuum” ansatz [5–8] for
the spectrum is adopted; mi is the mass of the lowest-lying
resonance; s0 is the continuum threshold; and ρiðsÞ is the
continuum spectral density. For completeness, we employ

five Ψ̄Γ∇↔Ψ-type operators

Jμ ¼ Ψ̄fa∇
↔

μΨfb ;

J̃μ ¼ Ψ̄faγ
5∇↔ μΨfb ;

Jμα ¼ Ψ̄faγ
μ∇↔ αΨfb ;

J̃μα ¼ Ψ̄faγ
5γμ∇↔ αΨfb ;

Jμνα ¼ Ψ̄faσ
μν∇↔ αΨfb ; ð3Þ

where fa and fb are flavor labels and σμν ¼ i
2
½γμ; γν�.

The currents J̃μ, Jμα, and J̃μα in Eq. (3) were already
considered in the early QCD sum-rule literature [10–12],
albeit in different notations. Those early studies established
that derivative currents can interpolate non-S-wave mesons,
but they treated only a few selected channels, focusing on
the highest allowed spin for each current. The present work
extends that program by organizing these currents into a
unified basis and deriving the full set of Lorentz projectors
and accessible quantum numbers. Additionally, a more
systematic OPE and sum-rule analysis at NLO is per-
formed, and the Gaussian sum rule is adopted for detailed
numerical analysis.
Some configurations in Eq. (3) yield conserved currents.

The current 1
2
ðΨ̄γμ∇↔ αΨ − Ψ̄γα∇↔ μΨÞ≡ Ψ̄γ½μ∇↔ α�Ψ is con-

served as a consequence of the conservation of the
canonical energy-momentum tensor [21,22]

∂μ

�
i
2
Ψ̄γμ∇↔ αΨ − 2Tr½Fμ

βFαβ� − gμαL
�

¼ 0: ð4Þ

In the massless limit, the left- and right-handed spinors are

decoupled, and Ψ̄γ5γ½μ∇↔ α�Ψ is conserved as well. The

conservation of Ψ̄∇↔ μΨ is easy to verify using the Gordon
decomposition [23]

2mΨ̄γμΨ ¼ iðΨ̄∇↔ μΨþ ∂νΨ̄σμνΨÞ; ð5Þ

where Ψ̄γμΨ is conserved due to global Uð1Þ symmetry. A

straightforward calculation shows that Ψ̄γ5∇↔ μΨ is also
conserved, as long as γ5 and γμ are treated as anticommuting

∂μðΨ̄γ5∇
↔

μΨÞ ¼ Ψ̄∂⃖μγ5∇μΨþ Ψ̄γ5∂μ∇μΨ − Ψ̄ ∇⃖ μ
∂⃖μγ

5Ψ

− Ψ̄ ∇⃖ μγ5∂μΨ

¼ gμνðΨ̄γ5∇μ∇νΨ − Ψ̄∇⃖ν∇⃖μγ
5ΨÞ

¼ 1

2
ðΨ̄γ5σμνGμνΨ − Ψ̄Gμνσ

μνγ5ΨÞ
¼ 0 ð6Þ

Here, the quark equation ofmotion is used. The conservation

of Ψ̄γ½μ∇↔ α�Ψ can also be derived following a calculation
similar to Eq. (6).
Since the fundamental QCD coupling is flavor-blind, the

differences between quarks are manifested in their masses.

Similar conservation for Ψ̄faΓ∇
↔
Ψfb with fa ≠ fb should

also hold if mfa ¼ mfb . Up to OðαsÞ in this work, Jμ, J̃μ,
and J½μα� are conserved when mfa ¼ mfb , while J̃½μα� is
conserved when mfa ¼ mfb ¼ 0. In the massless limit, the
correlators of these currents have no longitudinal pertur-
bative contributions. At Oðα2sÞ, the diagram

is involved only for fa ¼ fb, and is absent for fa ≠ fb. Due
to this difference, the conservation of Jμ, J̃μ, J½μα�, and J̃½μα�
beyond OðαsÞ is not expected when fa ≠ fb.
The quantum numbers of qq̄ mesons follow a specific

pattern. For a qq̄ state with orbital angular momentum l and
spin s, the parity is P ¼ ð−1Þðlþ1Þ, while the C-parity is
C ¼ ð−1ÞðlþsÞ. Therefore, qq̄ states with quantum numbers
JPC ¼ 0þþ; 1þ�, and J ≥ 2 are necessarily excited states.
To isolate information about specific channels from the
correlator, one must write the complete basis of polariza-
tion tensors ϵðpÞ in

h0jJjhðpÞi ¼ ϵðpÞfðp2Þ ð7Þ

for each current J and hadron state jhðpÞi, where fðp2Þ is
the coupling strength. The polarization tensors for each
current in Eq. (3) are listed in Table I. In the rest frame, each
polarization tensor corresponds to an irreducible represen-
tation space of the rotation group. To obtain the corre-
sponding Lorentz projectors, the following relations are
used [24,25]
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X
λ

ϵμλϵ
�ν
λ ¼ pμpν

p2
− gμν ≡ ημν;

X
λ

ϵμαλ ϵ�νβλ ¼ −
1

d − 1
ημαηνβ þ 1

2
ðημνηαβ þ ημβηναÞ; ð8Þ

where ϵμλ and ϵ
μα
λ are spin-1 and spin-2 polarization tensors,

respectively; d is the dimension of spacetime. The relation
for the Levi-Civita tensor

ϵμναβϵμ0ν0α0β0 ¼ 4!gμ½μ0gνν0gαα0gββ0� ð9Þ

is also used.
For Jμνα, the choice of polarization tensors is not

unique. In four dimensions, the ϵμνρσϵρ
αpσ in Table I is

equivalent to

ϵμαρσϵρ
νpσ − fμ ↔ νg;

while

ϵμνρσϵρpσpα and ϵμαρσϵρpσpν − fμ ↔ νg

can be written as a linear combination of

p2ϵμνρσϵρησ
α and p2ϵμαρσϵρησ

ν − fμ ↔ νg:

It should be noted that different polarization tensors do
not mean the corresponding states are independent; e.g., the
Lorentz projector

X
λ

ϵ½μλ p
α�ϵ�fνλ pβg ¼ ðpαpβgμν − fμ ↔ αgÞ þ fν ↔ βg

ð10Þ

corresponds to the nonvanishing JPC ¼ 1−þ contribution in
the correlator

hTJ½μα�ðpÞJ†fνβgðpÞi: ð11Þ

Here, the ½μα� and fνβg denote antisymmetrization and
symmetrization of indices, respectively. For simplicity, in
this work we will not discuss the states corresponding to
off-diagonal Lorentz projectors like Eq. (10).
For the numerical analysis, the following quark masses

[26] and condensate values [27] are used (both at
μ ¼ 2 GeV)

mu ¼ 2.16� 0.07 MeV; md ¼ 4.70� 0.07 MeV;

ms ¼ 93.5� 0.8 MeV; hGGi ¼ 0.07� 0.02 GeV4;

hq̄qi ¼ −ð0.276Þ3 GeV3; hs̄si ¼ 0.74hq̄qi;
hq̄Gqi ¼ M2

0hq̄qi; hs̄Gsi ¼ M2
0hs̄si;

M2
0 ¼ 0.8� 0.2 GeV2; hGGGi ¼ ð8.2� 2 GeV2ÞhGGi;

where q ¼ u, d; hGGi ¼ αshGn
μνGnμνi; hGGGi ¼ hg3fabcGaν

μ Gbρ
ν Gcμ

ρ i; hq̄Gqi ¼ hq̄gTnGn
μνσ

μνqi. The one-loop approxi-
mation of the running αs is used

TABLE I. Summary of the LO perturbative and hGGi con-
tributions for each configuration. The second column lists the
allowed quantum numbers with polarization tensors, where
square and curly brackets denote antisymmetrization and sym-
metrization of the indices, respectively; the corresponding
Lorentz projectors can be obtained using Eqs. (8) and (9). The
“×” means no such contribution; “0” means the contribution
exists but vanishes in the massless limit; “−” means the
contribution exists but does not contribute to the imaginary part
of the correlator (for dimensionless Lorentz projectors).

LO perturbative hGGi
Jμ 0þ−∶pμ × ×

1−−∶ ϵμ ...

J̃μ 0−−∶pμ × ×
1þ−∶ ϵμ ...

Jfμαg 0þþ∶ ημα 0
0þþ∶pμpα ×
1−þ∶ ϵfμpαg 0
2þþ∶ ϵμα

J½μα� 1−þ∶ ϵ½μpα� 0 ×
1þþ∶ ϵμαρσϵρpσ ...

J̃fμαg 0−−∶ ημα 0
0−−∶pμpα ×
1þ−∶ ϵfμpαg 0
2−−∶ ϵμα

J̃½μα� 1þ−∶ ϵ½μpα� 0 ×
1−−∶ ϵμαρσϵρpσ ...

Jμνα 0−þ∶ ϵμναρpρ ...
0þþ∶ ημαpν − ηναpμ ...
1−þ∶ ημαϵν − ηναϵμ 0 ...
1−þ∶ ϵμpνpα − ϵνpμpα × ...
1þþ∶ ϵμνρσϵρpσpα × ...
1þþ∶ ϵμαρσϵρpσpν − fμ ↔ νg 0 ...
2þþ∶ ϵμαpν − ϵναpμ ...
2−þ∶ ϵμνρσϵραpσ ...
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αsðμ2Þ ¼
αsðm2

τÞ
1þ β0

4π αsðm2
τÞ logðμ

2

m2
τ
Þ
; ð12Þ

where [26]

mτ ¼ 1776.93� 0.09 MeV; αsðm2
τÞ ¼ 0.314� 0.014;

and β0 ¼ 9 for nf ¼ 3.
For the calculation at next-to-leading order (NLO),

the currents must be renormalized. The diagrams involved
in the renormalization at the one-loop level are shown

in Fig. 1, where the fermion field Ψ is renormalized
implicitly, so that loops on the external legs need not be

considered. The renormalized Ψ̄Γ∇↔Ψ operator in the
Feynman gauge and at d ¼ 4 − 2ε can be written as

ðΨ̄faΓ∇
↔

αΨfbÞr ¼ Z−1
2 Ψ̄faΓ∇

↔

αΨfb þ
g2CF

16π2ϵ
Ψ̄faðΓ∇γα − γα∇⃖ΓÞΨfb −

g2CF

8π2ϵ
iΨ̄faðmfbΓγα þ γαΓmfaÞΨfb

þ g2CF

32π2ϵ
iΨ̄faðmfaγμΓγαγμ þ γμγαΓγμmfbÞΨfb −

g2CF

192π2ϵ
Ψ̄faγ

μγνΓγνγμ∇
↔

αΨfb

−
g2CF

48π2ϵ
Ψ̄faðγμγαΓ∇γμ − γμ∇⃖ΓγαγμÞΨfb þ

g2CF

96π2ϵ
Ψ̄faðγμ∇Γγαγμ − γμγαΓ∇⃖γμÞΨfb ; ð13Þ

where Z2 ¼ 1 − g2CF
16π2ε

; the fields on the right-hand-side are
bare fields; see Appendix C for more details.
A large number of diagrams are involved in the dimen-

sion-8 condensates. This is because the hq̄qihq̄Gqi con-
tribution appears in the correlator at OðαsÞ but is absent
at Oð1Þ, and the hq̄∇∇∇∇∇qi-type condensate also
contributes to αshq̄qihq̄Gqi, as detailed in Appendix B.

The inclusion of dimension-8 condensates ensures the OPE
is well converged, as shown in Appendix E.
The calculation results are listed in Appendix F, while

the involved diagrams are presented in Figs. 2–4 as well
as Tables II and III; the perturbative and mhq̄qi contribu-
tions are calculated to next-to-leading order (NLO). A
Mathematica package [28] was used for these evaluations.

FIG. 1. The diagrams involved in the renormalization of Ψ̄Γ∇↔Ψ
at one-loop level.

FIG. 2. Diagrams for perturbative contributions. The last two diagrams are related to the counterterms.

FIG. 3. Diagrams for mhq̄qi contributions.

FIG. 4. Diagrams for hq̄qihq̄Gqi and mhGGihq̄qi contributions. The hO8i refers to condensates like hq̄∇∇∇∇∇qi, hq̄GG∇qi,
hq̄DDDGqi, etc., which contribute to hq̄qihq̄Gqi and mhGGihq̄qi via Eq. (B2).

LI, LAI, and JIN PHYS. REV. D 114, 036007 (2026)

036007-4



III. NUMERICAL ANALYSIS

A preliminary investigation of the correlator is necessary
before performing a numerical analysis. As summarized in
Table I, some of the configurations have no hGGi con-
tribution, while the mhq̄qi contribution is nearly negligible
for light quarks. In some other cases, the leading order (LO)
perturbative contributions are absent. In both cases, the
results are sensitive to the values of higher-dimensional
condensates. Choosing the Lorentz projectors to be of
dimension 2, e.g.,�

pμpν

p2
− gμν

�
hGGi → ðpμpν − p2gμνÞ hGGi

p2
; ð14Þ

then ensures that the hGGi contribution is involved in all
cases except the conserved configurations. However, if a
result is sensitive to the choice of the dimension of Lorentz
projectors, it suggests that more corrections should be
included to yield an accurate result. For simplicity, we
choose all Lorentz projectors to be dimensionless in
this work.
Therefore, we focus on the JP ¼ 2� states corresponding

to Jfμαg and J̃fμαg based on Table I; the masses for other
cases are still presented if reasonable results can be derived.
Focusing on the J ¼ 2 channel also offers a clear test of

whether the Ψ̄Γ∇↔Ψ operator couples to excited qq̄ mesons,
since the qq̄ states with J ¼ 2 must be orbitally excited. In
contrast, the JP ¼ 0− and 1− states can be mixtures of S-

wave and excited states [30], and in principle, the Ψ̄Γ∇↔Ψ
current couples to both ground and excited states if allowed
by the quantum numbers.

A. Laplacian and Gaussian sum rules analysis

The resonance information can be extracted from the
correlator through the dispersion relation (2). However, a
direct extraction is not feasible due to our limited knowl-
edge of QCD at low energy. The Borel (Laplace) trans-
formation is often used to estimate the lowest resonance
mass. It is defined as [5–9,31]

B̂Πðq2Þ ¼ lim
−q2 ;N→∞
−q2=N¼M2

ð−q2ÞðNþ1Þ

N!

�
d
dq2

�
N
Πðq2Þ; ð15Þ

where M2 is the Borel parameter, and one can find that

B̂
1

s − q2
¼ e−s=M

2

: ð16Þ

Applying the Borel transformation to the dispersion rela-
tion then gives

B̂Πðq2Þ ¼ 1

π
B̂
Z

∞

0

ds
ImΠðsÞ
s − q2

¼ 1

π

Z
∞

0

dse−s=M
2

ImΠðsÞ:

ð17Þ

According to local quark-hadron duality [31–33], it is valid
to truncate the integral at s0 to isolate the resonance
contribution. The mass of the resonance can then be easily
derived from the ratio of moments

MnðM2; s0Þ ¼
1

π

Z
s0

0

dssne−
s

M2 ImΠðsÞ ¼ f2m2ne−
m2

M2 :

ð18Þ

TABLE II. The corresponding diagrams for hGGi, mhq̄Gqi, hq̄qi2, and mhq̄qihGGi contributions; Eq. (B1) is
used for the mhq̄qihGGi contributions.

hGGi

mhq̄Gqi

hq̄qi2

mhq̄qihGGi

TABLE III. Diagrams and propagator notations for the hG3i contribution. The use of combined propagators ensures the cancellation of
infrared divergences, rendering each diagram infrared-free. For the detailed quark propagator structure, see Ref. [29].

hG3i diagrams

The propagator notations

PROBING EXCITED qq̄ MESONS VIA QCD … PHYS. REV. D 114, 036007 (2026)
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Bychanging the integral kernel from e−s=M
2

to e−ðs−tÞ2=4τ, the
Laplace sum rule becomes the Gaussian sum rule (GSR)
[31,33,34]; these two sum rules are actually intimately
related. Note that the dispersion relation also gives [31]

Πðsþ iQ2Þ
2iQ2

−
Πðs − iQ2Þ

2iQ2

¼ 1

2iQ2

Z
∞

0

dt

�
1

t − ðsþ iQ2Þ −
1

t − ðs − iQ2Þ
�
1

π
ImΠðtÞ

¼
Z

∞

0

dt
1

ðs − tÞ2 þ ðQ2Þ2
1

π
ImΠðtÞ; ð19Þ

where s andQ2 are real variables. According to Eqs. (15) and
(16), replacing −q2 → Q4 and M2 → 4τ in the Borel trans-
formation and applying it to Eq. (19) then gives [31,34,35]

Z
∞

0

dte−
ðs−tÞ2
4τ

1

π
ImΠðtÞ: ð20Þ

The Gaussian kernel enables a more detailed examina-
tion of the spectral function. It makes it easy to probe
different regions of the spectrum and study multiple
resonances by varying the center of the kernel. Similar
to Eq. (18), one can isolate the resonance contribution as

Gðτ; s; s0Þ ¼
1ffiffiffiffiffiffiffiffi
4πτ

p
Z

s0

0

dte−
ðs−tÞ2
4τ

1

π
ImΠðtÞ: ð21aÞ

On the hadronic side (“δþ continuum” ansatz), applying
the Gaussian transformation yields

Ghðτ; sÞ ¼
f2ffiffiffiffiffiffiffiffi
4πτ

p e−
ðs−m2Þ2

4τ :

A numerical fitting procedure is often adopted in GSR,
which reduces the bias from the choice of the continuum
threshold s0. The Gðτ; s; s0Þ and Ghðτ; sÞ here can be
viewed as the functions of s that describe the shape of the
smeared resonance; on the hadron side, the narrow reso-
nance δðs −m2Þ is smeared into a Gaussian peak

exp½− ðs−m2Þ2
4τ �. This is necessary since a comparison

between the QCD side and the hadron side is valid only
when averaged over a finite window (local quark-hadron
duality [31–33]). In this work, we choose τ ¼ 10 GeV4

as in Ref. [35]; the results are not sensitive to the choice
of τ [36], as shown in Appendix E. The renormalization-
group improved GSR is obtained by setting μ2 ¼ ffiffiffi

τ
p

[31].
To make the mass estimation more robust, the Gðτ; s; s0Þ

and Ghðτ; sÞ can be normalized as follows [33]:

G̃ðτ; s; s0Þ ¼
Gðτ; s; s0ÞR

∞
−∞ dsGðτ; s; s0Þ

; ð22aÞ

G̃hðτ; sÞ ¼
Ghðτ; sÞR

∞
−∞ dsGhðτ; sÞ

¼ 1ffiffiffiffiffiffiffiffi
4πτ

p e−
ðs−m2Þ2

4τ ; ð22bÞ

FIG. 5. NLO GSR mass predictions for 2þþ states extracted from Jfμαg; the central values of the QCD parameters are used. Dashed
lines in panels (a) and (b) mark the optimal value of s0, as well as the corresponding χ2 and predicted mass. For ūd configuration, the LO
and NLO perturbative contributions after Gaussian transformation are shown in panel (d), where s0 ¼ 3 GeV2 is used; the NLO
correction is considerable.
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where the resonance strength f has been eliminated, as it is
not necessary for mass extraction. The mass m and
continuum threshold s0 can then be estimated by minimiz-
ing the χ2

χ2ðτ; s0Þ ¼
XN
i¼0

½G̃ðτ; si; s0Þ − G̃hðτ; siÞ�2: ð23Þ

Here,

N ¼ smax − smin

δs
þ 1; si ¼ smin þ iδs; ð24Þ

and we choose

smin ¼ −20 GeV2; smax ¼ 25 GeV2; δs ¼ 0.2 GeV2:

The values of smin and smax are chosen to be far from the
peak of G̃ðτ; s; s0Þ, while δs is chosen to be small enough to
capture the detailed structure of G̃ðτ; s; s0Þ. TheMonte Carlo
method is also adopted to estimate the uncertainties. Based
on the QCD parameters listed in Sec. II, we generate 2000
sets of input parameters by sampling from independent
Gaussian distributions; the condensates hq̄qi and hs̄si are
assigned a 10% relative uncertainty; 2000 independent GSR
fittings are then performed for each configuration; see
Appendix D for more details.
To visualize the solution’s dependence on the continuum

threshold s0, we first present the GSR results where s0 is
fixed to different values and only m is treated as a fitting
parameter. As shown in Fig. 5, the Jfμαg yields JPC ¼ 2þþ

state masses ≃1.48 GeV for ūd configuration, while for ūs
and s̄s configurations, the derived masses are nearly degen-
erate (≃1.54 GeV). Additionally, the NLO perturbative
contribution is around −40% of LO perturbative contribu-
tion, indicating the necessity of NLO corrections; themasses
of JP ¼ 2− states in Table IV also confirms this necessity.
Compared with the 2þþ excited qq̄ candidates a2ð1320Þ,

K�
2ð1430Þ, and f02ð1525Þ, the estimated masses for ūd and

ūs do not agree very well. After applying Monte Carlo
uncertainty analysis, the obtained masses are degenerate as
shown in Table IV. Nevertheless, the continuum thresholds
in Table IV and the masses in Fig. 5 still imply that a mass
hierarchy ūd < ūs < s̄s should exist. As shown later in
Sec. III B, this inconsistency is clarified when a second
resonance is included.
For the JP ¼ 2− channel, the derived masses for C-even

and -odd states are nearly identical, as shown inTable IV. The
masses for ūd, ūs, and s̄s configurations agree well with the
masses of 2−þ states π2ð1670Þ, K2ð1770Þ, and η2ð1870Þ.
For correlators that have no hGGi contribution in the

imaginary part or have no LO perturbative contribution, the
accuracy of these results may be limited as mentioned
previously. The 1−− states masses given by Jμ are around
1.2–1.4 GeV, which are close to the masses of ρð1450Þ,
K�ð1410Þ, and ϕð1680Þ; the 0−þ states masses given by
Jμνα are around 1.1 GeV, which are close to the masses of
πð1300Þ, Kð1460Þ, and ηð1475Þ. These predictions are
much heavier than the ground 0−þ and 1−− states, implying

that the Ψ̄Γ∇↔Ψ operators should couple preferentially to the
excited qq̄ mesons in these channels.

TABLE IV. Summary of one-resonance GSR fitting results. The rows in bold font correspond to cases where hGGi and LO
perturbative contributions are nonvanishing; for other rows, the accuracy is expected to be limited.

ūd ūs s̄s

m (GeV) s0 (GeV2) m (GeV) s0 (GeV2) m (GeV) s0 (GeV2)

(a) LO GSR fitting results for the 2− states. For the 2−þ channel, the predicted masses agree less well with the 2−þ states π2ð1670Þ,
K2ð1770Þ, and η2ð1870Þ, compared to the NLO results in Table IV(b)

J̃fμαg 2−−∶ ϵμα 1.50� 0.09 2.75� 0.33 1.60� 0.08 3.11� 0.30 1.59� 0.08 3.06� 0.32
Jμνα 2−þ∶ ϵμνρσϵραpσ 1.56� 0.08 3.07� 0.30 1.61� 0.07 3.24� 0.30 1.64� 0.07 3.57� 0.31

ūd ūs s̄s

m (GeV) s0 (GeV2) m (GeV) s0 (GeV2) m (GeV) s0 (GeV2)

(b) Summary of NLO GSR fitting results. Some results (not shown) are not attainable or involve large relative errors. The degeneracy
problem of the 2þþ states corresponding to Jfμαg is solved in the two-resonance analysis shown in Table V

Jμ 1−−∶ ϵμ 1.23� 0.04 1.91� 0.12 1.33� 0.04 2.20� 0.14 1.39� 0.05 2.41� 0.16
Jfμαg 2þþ∶ϵμα 1.53� 0.18 2.79� 0.69 1.53� 0.23 2.84� 0.87 1.53� 0.25 2.86� 0.95

J̃fμαg 2−−∶ϵμα 1.74� 0.10 3.64� 0.41 1.83� 0.08 4.05� 0.38 1.89� 0.08 4.28� 0.37

J̃½μα� 1−−∶ ϵμαρσϵρpσ 1.14� 0.04 1.66� 0.12 1.21� 0.05 1.85� 0.16 1.27� 0.05 2.02� 0.17
Jμνα 0−þ∶ ϵμναρpρ 1.09� 0.04 1.54� 0.13 1.10� 0.05 1.53� 0.14 1.08� 0.06 1.46� 0.16

2þþ∶ ϵμαpν − ϵναpμ 1.42� 0.27 2.56� 0.82 1.32� 0.26 2.30� 0.72 1.28� 0.26 2.20� 0.70
2−þ∶ ϵμνρσϵραpσ 1.74� 0.08 3.77� 0.36 1.83� 0.07 4.14� 0.35 1.89� 0.07 4.39� 0.36
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For the 1− and 0þ channels, the LSR results agree better
with experiments compared to those from GSR. However,
quantitative error estimation and the extraction of multiple
resonances are difficult in LSR; we therefore provide these
results in Appendix A as a supplement and present only the
GSR results in the main text.

B. Two-resonance Gaussian sum rules analysis

Comparedwith the 2−� channels, the predictedmasses for
the 2þþ states showpoor agreementwith experiment, and the
errors are also larger. Since two 2þþ nonets are observed
experimentally [26], one possible reason is that the second
resonance prevents the isolation of the lowest-lying reso-
nance in the previous analysis. Here, we present a two-
resonance analysis for the 2þþ states. By modifying the
spectral density to

ρðtÞ ¼ f21δðt −m2
1Þ þ f22δðt −m2

2Þ þ θðt − s0ÞρðtÞ; ð25Þ

the normalized GSR in Eq. (22b) then becomes

G̃ðτ; sÞ ¼ 1ffiffiffiffiffiffiffiffi
4πτ

p
�
re−

ðs−m2
1
Þ2

4τ þ ð1 − rÞe−
ðs−m2

2
Þ2

4τ

�
; ð26Þ

where r is the relative coupling strength

r ¼ f21
f21 þ f22

: ð27Þ

Following the same procedure as in Eq. (23), the param-
eters s0, m1, m2, and r can be obtained. As shown in Fig. 6,
we first present the investigationwhere s0 is fixed to different
values. The fitted massesm1 ≃ 1.5 GeV andm2 ≃ 1.9 GeV
are compatible with the masses of a2ð1320Þ and a2ð1700Þ;
in particular, the mass differencem2 −m1 ≃ 0.4 GeV agrees
precisely. The relative coupling strength r ≃ 0.3 also indi-
cates that a single-resonance scenario is inadequate.
However, the precision of evaluated correlator is limited,
especially in the low-energy region; the fitting procedure
involving four parameters is delicate and prone to failure, and
the solution is sensitive to the input QCD parameters.
To resolve this, a procedure similar to that in Ref. [35] is

adopted: by fixing the mass of one resonance to the value
observed in experiments, the s0, r, and the mass of the
other state are then determined by the fitting procedure. As
summarized in Table V, all predicted masses agree with
experiments within errors, where the incorrect mass hier-
archy ofm1 for ūs and s̄s states is caused by fixingm2 to the

χ2
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10–8

s0(GeV
2)

m
(G
eV
)

3.0 3.5 4.0 4.5 5.0
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2.2

m1
m2
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2)

r
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FIG. 6. The two-resonance GSR fitting results of the 2þþ ūd state corresponding to Jfμαg. Dashed lines mark the optimal value of s0,
as well as the corresponding χ2, masses, and relative coupling strength r.

TABLE V. Summary of the two-resonance GSR fitting results for different JPC ¼ 2þþ configurations.

ūd ūs s̄s

m1 (GeV) r s0 (GeV2) m1 (GeV) r s0 (GeV2) m1 (GeV) r s0 (GeV2)

(a)m1, r, and s0; obtained by fixingm2 to the masses of a2ð1700Þ, K�
2ð1980Þ, and f2ð1950Þ [26] for ūd, ūs, and s̄s, respectively. The mass of K�

2ð1980Þ,
1990þ60

−50 MeV, is manually set to be 1990� 55 MeV in the Monte Carlo uncertainty analysis

J̃fμαg 2þþ∶ ϵμα 1.23� 0.15 0.17� 0.12 3.32� 0.09 1.50� 0.10 0.26� 0.06 4.42� 0.25 1.44� 0.08 0.25� 0.05 4.25� 0.08

Jμνα 2þþ∶ ϵμαpν

−ϵναpμ 1.24� 0.10 0.29� 0.07 3.29� 0.08 1.47� 0.09 0.32� 0.06 4.43� 0.25 1.43� 0.08 0.33� 0.07 4.20� 0.11

ūd ūs s̄s

m2 (GeV) r s0 (GeV2) m2 (GeV) r s0 (GeV2) m2 (GeV) r s0 (GeV2)

(b) m2, r, and s0; obtained by fixing m1 to the masses of a2ð1320Þ, K�
2ð1430Þ, and f02ð1525Þ [26] for ūd, ūs, and s̄s, respectively

Jfμαg 2þþ∶ ϵμα 1.76� 0.08 0.17� 0.05 3.54� 0.32 1.90� 0.10 0.22� 0.04 4.10� 0.43 2.00� 0.10 0.26� 0.05 4.51� 0.48

Jμνα 2þþ∶ ϵμαpν

−ϵναpμ 1.71� 0.24 0.22� 0.16 3.38� 0.90 1.89� 0.17 0.30� 0.11 4.05� 0.77 2.01� 0.13 0.33� 0.11 4.56� 0.67
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masses of K�
2ð1980Þ and f2ð1950Þ, respectively; a heavier

m1 is then preferred for the ūs state in fitting procedure.
Additionally, the parameter r consistently shows that J̃fμαg

couples preferentially to the heavier 2þþ states, which
explains the poor agreementwith experiments in theprevious
one-resonance analysis.

IV. DISCUSSION AND CONCLUSION

Using the Ψ̄Γ∇↔Ψ-type operator, we obtain several
JP ¼ 2� nonets with masses in good agreement with experi-
ments; the derived masses for J ¼ 0, 1 states are also
compatible with experiments as shown in Table IV and
Appendix A, though more work is needed to yield more
accurate results.On the other hand,many alternative operator

constructions exist. In Ref. [15], the operator Ψ̄Γðz ·∇↔Þ2Ψ
was introduced to study thep-wave state, where z2 ¼ −1 for
the purpose of probing the wave function in a spacelike
direction. Such a deliberate construction may enable a more
precise selection of the states of interest.
The detailed NLO GSR analysis shows that for the

JP ¼ 2−þ states corresponding to Jμνα, the predicted masses
for the ūd, ūs, and s̄s configurations are 1.74� 0.08 GeV,
1.83� 0.07 GeV, and 1.89� 0.07 GeV, respectively.
These results align remarkably well with the π2ð1670Þ,
K2ð1770Þ, and η2ð1870Þ, respectively, indicating the validity
of the Ψ̄Γ∇↔Ψ operator methodology in this channel.
The analysis of JP ¼ 2þþ states corresponding to the

Jfμαg and Jμνα current ismore intricate. The single-resonance
GSR analysis is unable to yield results that agree well with
experiment, and a two-resonance GSR analysis was then
performed. By fixing the mass of one resonance to its known
experimental value, the mass of the other resonance is

successfully extracted. The obtained masses agree well
with the experimental candidates; one is the nonet contain-
ing a2ð1320Þ, K�

2ð1430Þ, and f02ð1525Þ; the other is the
nonet containing a2ð1700Þ, K�

2ð1980Þ, and f2ð1950Þ.
Furthermore, the relative coupling strength r indicates that
Jfμαg couples preferentially to the heavier 2þþ resonances.

In conclusion, this work demonstrates that Ψ̄Γ∇↔n
Ψ-type

operators are efficient and versatile tools for the inves-
tigation of excited qq̄ mesons. This encourages studies of
excited hadrons beyond qq̄ mesons.

DATA AVAILABILITY

The data that support the findings of this study were
generated by numerical calculations. The software package
used for these evaluations and to generate the data shown in
Figs. 5–10 and Tables IV–VII is publicly available [28].

APPENDIX A: LAPLACE SUM RULES ANALYSIS

To estimate the resonance mass, the Laplace sum rule
(LSR) is a robust and widely used method. However, it is
difficult to handle two-resonance extraction compared to
GSR; therefore, we only present the LSR results here for
several 1− and 0þ channels as supplements. For these states,
the LSR yields results that agree better with experimental
data compared to GSR.
The mass of lowest resonance can be derived from the

ratio of moments in Eq. (18)

RnðM2; s0Þ ¼
Mnþ1ðM2; s0Þ
MnðM2; s0Þ

¼ m2: ðA1Þ

The parameters M2 and s0 are commonly constrained
within the Borel window [37]. One constraint is
M0ðM2; s0Þ=M0ðM2;∞Þ ≥ 50%, so that the resonance

TABLE VI. Summary of LSR results for several JP ¼ 0� and 1� states.

ūd ūs s̄s

(a) Mass estimates (in GeV)

Jμ 1−−∶ ϵμ ∼1.4 ∼1.5 ∼1.6
Jfμαg 1−þ∶ ϵfμpαg ∼1.5 ∼1.5 ∼1.5
J̃½μα� 1−−∶ ϵμαρσϵρpσ ∼1.3 ∼1.4 ∼1.5
Jμνα 0−þ∶ ϵμναρpρ ∼1.3 ∼1.3 ∼1.3

0þþ∶ ημαpν − ηναpμ ∼1.2 ∼1.1 ∼1.1

ūd ūs s̄s

(b) Ranges of 1=M2 (in GeV−2) constrained by the Borel window for specific values of s0 (in GeV2); polarization
tensors for each row are the same as in Table VI(a)

Jμð1−−; s0 ¼ 4Þ 0.7–1.54 0.72–1.53 0.74–1.51
Jfμαgð1−þ; s0 ¼ 4Þ 0.43–0.67 0.43–0.73 0.43–0.8
J̃½μα�ð1−−; s0 ¼ 3Þ 0.92–1.27 0.95–1.32 0.98–1.36
Jμναð0−þ; s0 ¼ 2.8Þ 0.93–1.32 0.94–1.32 0.95–1.51
Jμναð0þþ; s0 ¼ 2.4Þ 1.02–1.36 1.02–1.45 1.03–1.66
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contribution dominates; another is that the contribution
received from the highest-dimensional condensate is less
than 10%, to ensure the OPE converges. The stability
criterion [27] is commonly adopted as a compensation for
determining the mass, which involves identifying the
extremum or the most stable region in the curve
of

ffiffiffiffiffiffiffi
Rn

p ðM2Þ.
While this method is simple and convenient, it presents

difficulties for error estimation. One may also adopt a
numerical fitting procedure for Eq. (18). However, we
found that the χ2 fitting, defined by

χ2ðf;m; s0Þ ¼
X
i

�
f2e

−m2

M2
i −

1

π

Z
s0

0

ds e
− s
M2
i ImΠðsÞ

�
2

ðA2Þ

is sensitive to the choice of the fitting range ½M2
min;M

2
max�,

unlike Eq. (23), which is not sensitive to the choice
of smin and smax provided they are away from the peak.
Therefore, we adopt only the ratio method in Eq. (A1) to
extract the masses, and list only the approximate values
without specific uncertainties in Table VI(a).
Additionally, we list the working ranges of M2 and s0

(constrained by the Borel window) in Table VI(b). Note
that these two parameters are not strictly fixed by the Borel
window; the s0 in Table VI(b) are chosen to ensureM2 and
s0 are compatible with the stability criteria. As shown in
Figs. 7 and 8, the curves are stable around these ranges,
except for the 1−− states given by Jμ.
As shown in Fig. 7, the stability criterion yields 1−� state

masses around 1.4–1.6 GeV for Jμ, Jfμαg, and J̃½μα�, while
the 0−þ states corresponding to Jμνα have masses around

m
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FIG. 7. NLO LSR mass predictions:
ffiffiffiffiffiffi
R0

p
ðGeVÞ versus 1=M2ðGeV−2Þ for different s0ðGeV2Þ. The corresponding polarization tensor

are listed in Table I.
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FIG. 8. NLO LSR mass predictions for 0þþ nonets given by Jμνα:
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p
versus 1=M2ðGeV−2Þ for different s0ðGeV2Þ. The left and
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R0

p
and

ffiffiffiffiffiffi
R1

p
, respectively; note the latter shows inverse hierarchy ūd > ūs > s̄s.
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1.2 GeV. The masses of 1−− states agree well with radially
excited 1−− nonet ρð1450Þ, K�ð1410Þ, and ϕð1680Þ; sim-
ilarly, the 0−þ states agree well with radially excited 0−þ
nonet πð1300Þ, Kð1460Þ, and ηð1475Þ.
Interestingly, the 1−þ states, which cannot be qq̄mesons,

have masses around 1.5 GeV, as shown in Fig. 7(b). This
result agrees well with the exotic state π1ð1600Þ [26],
which is often interpreted as a hybrid state (qq̄ with an
excited/constituent gluon).
In contrast, for 0þþ states corresponding to Jμνα, theffiffiffiffiffiffi
R0

p
ðM2Þ shows no plateau, while the

ffiffiffiffiffiffi
R1

p
ðM2Þ still

yields mass prediction around 1.1–1.2 GeV, as shown in
Fig. 7. The inverse hierarchy ūd > ūs > s̄s agrees with
the masses of a0ð1450Þ and K�

0ð1430Þ, which have
I ¼ 1 and 1=2, respectively, while the I ¼ 0 states remain
undetermined.

APPENDIX B: DIMENSION-7 AND -8
CONDENSATES

For the calculation of mhGGihq̄qi and hq̄qihq̄Gqi
contributions, the following equations are used:

hq̄i∇μ∇ν∇α∇βqji

¼ 1

576
½−γανgβμðQ7

1 − 2Q7
2 þQ7

4 þmQ6 − 2m2Q5Þ − ðγβνgαμ þ γαμgβνÞð2Q7
1 −Q7

2 − 3Q7
3 þQ7

4 −mQ6 −m2Q5Þ
þ ðγμνgαβ þ γαβgμνÞðQ7

1 − 2Q7
2 − 3Q7

3 þmQ6 − 2m2Q5Þ þ gανgβμð12Q7
1 − 3Q7

2 − 6Q7
3 þ 4Q7

4 − 8mQ6

− 6m2Q5 þ 6m4Q3Þ þ gαμgβνð6Q7
1 − 3Q7

2 − 6Q7
3 þ 4Q7

4 − 8mQ6 − 6m2Q5 þ 6m4Q3Þ
− gαβgμνð3Q7

2 þ 6Q7
3 þ 2Q7

4 − 4mQ6 þ 6m2Q5 − 6m4Q3Þ − γβμgανð3Q7
1 þQ7

4 − 3mQ6Þ − 3γαβμνQ7
2�ji; ðB1Þ

hq̄i∇μ∇ν∇ρ∇α∇βqji

¼ i
9216

½−2ðγμνρgαβ þ γαβρgμνÞð2Q8
1 − 4Q8

2 þ 3Q8
3 þ 6Q8

5 þ 4mðQ7
1 þQ7

2 − 4Q7
3Þ þ 4m2Q6 − 4m3Q5Þ

− 2ðγαμνgβρ þ γαβνgμρÞð2Q8
1 þQ8

3 þ 2Q8
5 þ 4mðQ7

1 − 2Q7
2 − 2Q7

3Þ þ 4m2Q6 − 4m3Q5Þ
þ 2ðγβμνgαρ þ γαβμgνρÞð−2Q8

1 − 4Q8
2 þQ8

3 þ 2Q8
5 þ 4Q8

6 − 4mðQ7
1 − 2Q7

2Þ− 4m2Q6 þ 4m3Q5Þ
þ 2γανρgβμð−2Q8

1 þ 2Q8
2 þQ8

3 − 2Q8
4 þ 2Q8

6 − 2mð2Q7
1 − 7Q7

2 þ 2Q7
4Þ− 4m2Q6 þ 4m3Q5Þ

þ 2ðγβνρgαμ þ γαμρgβνÞð−2Q8
1 − 2Q8

2 þ 3Q8
3 − 2Q8

4 þ 4Q8
5 þ 2Q8

6 − 2mð2Q7
1 −Q7

2 þ 4Q7
3 þ 2Q7

4Þ
− 4m2Q6 þ 4m3Q5Þ þ 2γβμρgανð−2Q8

1 þ 2Q8
2 − 5Q8

3 − 2Q8
4 − 12Q8

5 þ 6Q8
6 − 2mð2Q7

1 −Q7
2 þ 2Q7

4 − 12Q7
3Þ

− 4m2Q6 þ 4m3Q5Þ þ ðγβgαρgμν þ γμgαβgνρÞð8Q8
1 − 6Q8

2 þ 3Q8
3 þ 2Q8

4 þ 4Q8
5 þ 4Q8

6 þ 4mð5Q7
1 þ 3Q7

2

þ 3Q7
3 þ 3Q7

4Þ− 20m2Q6 þ 12m3Q5 − 12m5Q3Þ þ gβμðγνgαρ þ γαgνρÞð8Q8
1 þ 6Q8

2 þ 3Q8
3 − 2Q8

4 − 8Q8
6

− 4mð7Q7
1 − 3Q7

3 þ 3Q7
4Þ þ 28m2Q6 þ 12m3Q5 − 12m5Q3Þ þ γρgανgβμð8Q8

1 þ 2Q8
2 þ 7Q8

3 þ 10Q8
4 þ 20Q8

5

− 20Q8
6 − 4mð7Q7

1 −Q7
2 − 3Q7

3 þQ7
4Þ þ 44m2Q6 þ 12m3Q5 − 12m5Q3Þ þ γρgαμgβνð16Q8

1 þ 2Q8
2 − 5Q8

3 þ 10Q8
4

þ 12Q8
5 − 20Q8

6 þ 4mðQ7
1 þQ7

2 þ 3Q7
3 −Q7

4Þ þ 44m2Q6 þ 12m3Q5 − 12m5Q3Þ− ðγμgαρgβν þ γβgαμgνρÞ
× ð8Q8

1 þ 2Q8
2 þQ8

3 þ 2Q8
4 þ 8Q8

5 − 8Q8
6 þ 4mð11Q7

1 − 2Q7
2 − 3Q7

3 þ 3Q7
4Þ− 12m2Q6 − 12m3Q5 þ 12m5Q3Þ

− ðγαgβρgμν þ γνgαβgμρÞð8Q8
1 − 2Q8

2 þ 5Q8
3 − 2Q8

4 − 4Q8
5 þ 12Q8

6 − 4mðQ7
1 þQ7

2 þ 3Q7
3 þ 3Q7

4Þ þ 4m2Q6

− 12m3Q5 þ 12m5Q3Þ− γρgαβgμνð24Q8
1 − 18Q8

2 þ 9Q8
3 þ 6Q8

4 þ 12Q8
5 þ 4Q8

6 þ 4mð3Q7
1 þ 3Q7

2 − 3Q7
3 þQ7

4Þ
þ 20m2Q6 − 12m3Q5 þ 12m5Q3Þ þ ðγνgαμgβρ þ γαgβνgμρÞð6Q8

2 þ 3Q8
3 − 2Q8

4 þ 16Q8
5 − 8Q8

6 − 12mðQ7
1 −Q7

3 þQ7
4Þ

þ 4ð7m2Q6 þ 3m3Q5 − 3m5Q3ÞÞ− gανðγμgβρ þ γβgμρÞð2Q8
2 þQ8

3 þ 2Q8
4 þ 8Q8

5 − 8Q8
6 þ 4mð3Q7

1 − 2Q7
2 − 3Q7

3 þ 3Q7
4Þ

− 12ðm2Q6 þm3Q5 −m5Q3ÞÞ�ji −
iA

4ðd− 4Þðd− 3Þðd− 2Þðd− 1Þd ðγ
½μγνγργαγβ�Þji: ðB2Þ

Here, the condensate notations in Ref. [29] are adopted. In the last line of Eq. (B2), both the term γ½μγνγργαγβ� and the
denominator vanish at dimension-4; therefore, we keep this term in dimension-d. For convenience, the definition of each
condensate is presented below. The dimension-3 and -5 condensates are simple

PROBING EXCITED qq̄ MESONS VIA QCD … PHYS. REV. D 114, 036007 (2026)

036007-11



Q3 ¼ hq̄qi;
Q5 ¼ hq̄Gμνσ

μνqi;

where Gμν ≡ gTnGn
μν and Tn is the color matrix. The

dimension-6 and -7 condensates can be written as

Q6 ¼ hq̄Kμγ
μqi ¼ −

dCF

4CA
hq̄qi2;

Q7
1 ¼ hq̄GμνGμνqi ¼ 1

2CA
hq̄qihGGi;

Q7
2 ¼

1

2
hq̄GμνGαβγ

μναβqi ¼ 0;

Q7
3 ¼ hq̄Gμ

λGλνγ
μνqi ¼ 0;

Q7
4 ¼ ihq̄½∇μ; Kν�γμνqi ¼ −

ðd − 1ÞðC2
A − 1Þ

4C2
A

mhq̄qi2;

where factorization (vacuum saturation hypothesis [37]) is
adopted in the second equity. Similarly, the dimension-8
condensate can be factorized as

Q8
1 ¼ ihq̄½½Gμ

λ;Gλν�;∇μ�γνqi ¼ −
2

dCA
mhq̄qihGGi;

Q8
2 ¼ −

i
2
hq̄½½Gμλ;Gαβ�;∇μ�γλαβqi ¼ 0;

Q8
3 ¼ ihq̄½DαGμν;Gμν�γαqi ¼ −

1

2
hq̄qihq̄Gqi;

Q8
5 ¼ ihq̄½Gμν;Kμ�γνqi ¼ 1

4
hq̄qihq̄Gqi;

Q8
6 ¼

i
2
hq̄½Gαβ;Kμ�γαβμqi ¼ −

ðd− 2ÞðC2
A − 2Þ

8C2
A

hq̄qihq̄Gqi;

A¼ ihq̄∇α∇β∇μ∇ν∇ργ
αβμνρqi ¼ 0;

where γμν���ρ ¼ γ½μγν � � � γρ� [38], and Kμ ¼ DνGμν ¼
Tn

P
q q̄γμT

nq; Dν is the covariant derivative in the adjoint
representation. The factorization of Q8

4 is ambiguous:
applying the equation of motion before or after the
factorization yields different results. Applying the equation
of motion first yields

Q8
4¼hq̄½∇μ; ½∇μ;Kν��γνqi

¼ ðd−1ÞðC2
A−1Þ

4C2
A

m2hq̄qi2−dðC2
A−2Þþ4

8C2
A

hq̄qihq̄Gqi;

while applying factorization first yields

Q8
4 ¼

ðd − 1ÞðC2
A − 1Þ

4C2
A

m2hq̄qi2 − dðC2
A − 1Þ
8C2

A
hq̄qihq̄Gqi:

In this work, these two equations yield the same results
because their difference vanishes at 4-dimension.

For condensate like hq̄ai ðxÞqbj ðzÞq̄ckð0Þqdl ð0Þi in

we factorize it before applying the equation of motion for
simplicity, i.e.,

hq̄ai ðxÞqbj ðzÞq̄ckð0Þqdl ð0Þi

¼ 1

24C2
A
ðδabij δcdkl hq̄ðxÞqðzÞihq̄ð0Þqð0Þi

− δadil δ
cb
kj hq̄ðxÞqð0Þihq̄ð0ÞqðzÞiÞ

¼ 1

26dC2
A

ððx − zÞ2δabij δcdkl hq̄Gqihq̄qi

− ðx2 þ z2Þδadil δcbkj hq̄Gqihq̄qiÞ:
Applying the equation of motion before factorization yields
results with difference ∝ Oð1=C2

AÞ [39]. For the results in
Tables IV and V, the dimension-8 condensate contribution
is negligible (e.g., the lower plot in Fig. 9). Therefore, the
results in this work are not affected by how to factorize the
dimension-8 condensate.

FIG. 9. Condensates’ contributions after Gaussian transforma-
tion; hOni denotes combined contributions for dimension-n
condensates; s0 ¼ 2.5 GeV2 is used. Upper: ūd state in the
JPC ¼ 1þþ channel corresponding to Jμνα (ϵμνρσϵρpσpα polari-
zation tensor). The inclusion of the dimension-8 condensate is
necessary to ensure the OPE truncation is valid; the hO4i
contribution is nearly negligible because hGGi contribution is
absent; the condensates’ contribution is dominant due to the
absence of LO perturbative contribution. Lower: ūd state in the
JPC ¼ 2−− channel corresponding to J̃fμαg; the OPE is well
convergent; dimension-8 condensate contribution is negligible.
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APPENDIX C: RENORMALIZATION
OF Ψ̄Γ∇

↔

αΨ OPERATOR

Here we explain how Eq. (13) is obtained. At one-loop

level, one can derive renormalized operator Ψ̄Γ∇↔αΨ for
generic gamma-matrices. Consider

Ψ̄Γ∇↔αΨ ¼ Ψ̄Γ∂
↔

αΨ − 2igΨ̄ΓAαΨ; ðC1Þ
where Aα ≡ TnAn

α, and all fields are renormalized implic-
itly. Note that the first diagram in Fig. 1 is related only to
the AαΨ part of Eq. (C1), as

ðC2Þ

Therefore, the corresponding counterterm can be written as

1

ε
Ψ̄Γ × foperators act onΨg: ðC3Þ

Similarly for the second diagram in Fig. 1, which relates
only to the Ψ̄Aα part of Eq. (C1) (Tn commutes with Γ). In
both cases, the counterterms for generic Γ can be easily
obtained. These two diagrams give the second and third
lines in Eq. (13).
The third diagram in Fig. 1 is more complicated

ðC4Þ

where p ≠ q for generic. Leaving Γ unspecified, Eq. (C4)
then yields

ðC5Þ
which gives the last four lines in Eq. (13). This technique
has been used in Refs. [40,41]. Writing the Γ explicitly then
yields the renormalized current for each current in Eq. (3).

APPENDIX D: MONTE CARLO
UNCERTAINTY ANALYSIS

It should be noted that some QCD parameters involve
large uncertainties (e.g., hGGi ¼ 0.07� 0.02 GeV4,
M2

0 ¼ 0.8� 0.2 GeV2); thus, the actual errors of the results

cannot be reliably obtained by the standard linear propa-
gation of uncertainty. Therefore, a Monte Carlo uncertainty
analysis is adopted to estimate the errors. The procedure
adopted here is the same as that in Ref. [41]; below, we
detail how it is performed for the two-resonance GSR
analysis.
Based on theQCDparameters listed in Sec. II (where hq̄qi

and hs̄si are assigned a 10% relative uncertainty) and the
masses given in the PDG [26], we generate 2000 sets of input
parameters by sampling from independent Gaussian distri-
butions. For each parameter set, we obtain m (m1 or m2), r,
and s0 by minimizing Eq. (23) with G̃hðτ; sÞ replaced by
Eq. (26). We then obtain 2000 optimal sets of ðm; r; s0Þ. The
uncertainties are combined from two sources:

(i) σ̂2m, σ̂2r , and σ̂2s0 : The variance of the 2000 fitted
values, which originate from the uncertainties of the
QCD parameters.

(ii) Δ2
m, Δ2

r , and Δ2
s0 : The mean of the squared fitting

errors from each individual fit. The fitting errors Δm,
Δr, and Δs0 for a single fit are estimated from the
Hessian matrix

Hðχ2Þ ¼

2
6664

∂
2

∂m2
∂
2

∂m∂r
∂
2

∂m∂s0

∂
2

∂r∂m
∂
2

∂r2
∂
2

∂r∂s0

∂
2

∂s0∂m
∂
2

∂s0∂r
∂
2

∂s2
0

3
7775χ2 ðD1Þ

evaluated at the minimum of χ2, via

Δ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2χ2minH

−1ðχ2minÞ
q

: ðD2Þ

The diagonal components of Δ then give Δm, Δr,
and Δs0 .

The value of Eq. (D2) is independent of the δs in Eq. (23),
provided that δs is chosen sufficiently small. In the
limit δs → 0, χ2 scales as 1=δs, while H−1 scales as δs. It
is also independent of the choices of smin and smax, provided
that smin and smax are far away from the peak, where both
G̃ðτ; s; s0Þ and G̃hðτ; sÞ are essentially zero. Equation (D2)
quantifies the intrinsic uncertainty of the fittingmethod itself.
The total uncertainties σm; σr; σs0 are then computed by

combining the two distinct sources of error in quadrature

σ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ̂2 þ Δ2

q
: ðD3Þ

APPENDIX E: OPE CONVERGENCE
AND SENSITIVITY TO THE CHOICE

OF τ IN GSR

As shown in Fig. 9, the inclusion of dimension-8 con-
densates ensures the truncation of OPE is valid; Fig. 10
shows that the predictedmasses are not sensitive to the choice
of τ.
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APPENDIX F: CORRELATORS

Here we present the OPE results for each correlators. In
each case, the Lorentz projector [using Eqs. (8) and (9)] is
normalized and multiplied by the factor p−2n to make it
dimensionless; the overall sign is determined by requiring
ImΠðsÞ > 0 as s → ∞. Contributions from condensates
with dimension ≤ 4 are presented in Table VII, while con-
densates with dimension ≥ 6 are presented in Table VIII.
Results for the ūs configuration are obtained by replacing
d → s; replacing u; d → s and combining the same terms
yields the results for the s̄s configuration. The leading-order
perturbative contributions are evaluated usingmassive quark
propagators, expanding the results to Oðm2Þ.

FIG. 10. GSR mass prediction versus τðGeV4Þ for the ūd state
with JPC ¼ 2−−, corresponding to J̃fμαg.

TABLE VII. Correlators for each current in the ūd configuration; t ¼ logð− p2

μ2
Þ here. The second column lists the polarization tensors

for the corresponding quantum numbers, where square and curly brackets denote antisymmetrization and symmetrization of the indices,
respectively.

p4t
π2

ðm2
uþm2

dÞp2t
π2

mumdp2t
π2

αsp4t
π3

αsp4t2

π3

muhd̄diαst
π

þfu ↔ dg
muhūuiαst

π

þfu ↔ dg
αsmuhd̄di

π

þfu ↔ dg
αsmuhūui

π

þfu ↔ dg
muhd̄di

π

þfu ↔ dg
muhūui

π

þfu ↔ dg hGGit
π

hGGi
π

Jμ 0þ−∶pμ 0 0 0 0 0 − 1
3

− 1
6

2
3

1
4

−1 − 3
2

0 0

1−−∶ ϵμ − 1
8

1
2

1
4

− 11
72

− 1
24 − 5

3
− 13

6
8
3

7
4

0 0 0 − 1
24

J̃μ 0−−∶pμ 0 0 0 0 0 − 1
3

1
6

2
3

− 1
4

−1 3
2

0 0

1þ−∶ ϵμ − 1
8

1
2

− 1
4

− 11
72

− 1
24

5
3

− 13
6

− 8
3

7
4

0 0 0 − 1
24

Jfμαg 0þþ∶ ημα 0 − 1
24

− 1
12

− 1
1080

0 1
9

19
108

0 − 577
648

0 0 1
54 − 5

324

0þþ∶pμpα 0 0 0 − 1
120

0 1
3

1
12

0 − 13
24

−1 0 1
6

− 13
36

1−þ∶ ϵfμpαg 0 − 1
32

1
16

− 1
60

0 − 13
18

29
72

31
27

− 389
432

1
4

0 − 1
9

11
54

2þþ∶ ϵμα − 3
40

1
4

− 1
4

413
1800

− 1
15

7
3

− 29
36

−4 − 61
216

0 0 2
9

− 49
216

J½μα� 1−þ∶ ϵ½μpα� 0 − 1
32

1
16

0 0 1
6

− 1
24

− 1
3

1
16

1
4

− 1
2

0 0

1þþ∶ ϵμαρσϵρpσ − 1
16

1
4

− 1
8

− 29
144

0 1
2 − 5

8
− 2

3
− 13

48
0 0 0 1

48

J̃fμαg 0−−∶ ημα 0 − 1
24

1
12

− 1
1080

0 − 1
9

19
108

0 − 577
648

0 0 1
54 − 5

324

0−−∶pμpα 0 0 0 − 1
120

0 − 1
3

1
12

0 − 13
24

1 0 1
6

− 13
36

1þ−∶ ϵfμpαg 0 − 1
32

− 1
16

− 1
60

0 13
18

29
72

− 31
27

− 389
432

− 1
4

0 − 1
9

11
54

2−−∶ ϵμα − 3
40

1
4

1
4

413
1800

− 1
15

− 7
3

− 29
36

4 − 61
216

0 0 2
9

− 49
216

J̃½μα� 1þ−∶ ϵ½μpα� 0 − 1
32

− 1
16

0 0 − 1
6

− 1
24

1
3

1
16

− 1
4

− 1
2

0 0

1−−∶ ϵμαρσϵρpσ − 1
16

1
4

1
8

− 29
144

0 − 1
2 − 5

8
2
3

− 13
48

0 0 0 1
48

Jμνα 0−þ∶ ϵμναρpρ − 1
24

1
6

1
12

− 29
72

1
24

− 1
9

1
9

0 − 3
2

0 0 0 − 1
72

0þþ∶ ημαpν − ηναpμ − 1
24

1
6

− 1
12

− 29
72

1
24

1
9

1
9

0 − 8
27

0 0 0 − 1
72

1−þ∶ ημαϵν − ηναϵμ 0 − 1
16

1
8

− 1
240

0 − 1
2

5
9

2
3

− 211
108

0 0 0 1
36

1−þ∶ ϵμpνpα − ϵνpμpα 0 0 0 − 1
60

0 1
3

− 4
9

− 10
9

20
27

1 − 1
2

0 1
9

1þþ∶ ϵμνρσϵρpσpα 0 0 0 − 1
60

0 − 1
3

− 4
9

2
9

− 17
54

−1 − 1
2

0 − 2
9

1þþ∶ ϵμαρσϵρpσpν − fμ ↔ νg 0 − 1
16

− 1
8

− 1
240

0 1
2

5
9

− 2
3 − 25

27
0 0 0 − 1

18

2þþ∶ ϵμαpν − ϵναpμ − 1
20

1
8

− 1
4

107
600

− 1
20

7
3

0 −4 0 0 0 0 − 1
12

2−þ∶ ϵμνρσϵραpσ − 1
20

1
8

1
4

107
600

− 1
20

− 7
3

0 4 − 29
18

0 0 0 5
12
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muhd̄Gdi
p2

þfu ↔ dg
muhūGui

p2

þfu ↔ dg
παshūui2

p2

þfu ↔ dg παshūuihd̄di
p2

hGGGi
π2p2

πmuhd̄dihGGi
p4
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p4

þfu ↔ dg
παshūuihūGui
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×δud
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3
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9
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91
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