
PHYSICAL REVIEW C 114, 044007 (2026)

From binding and saturation to criticality in nuclear matter with lattice effective field theory
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We investigate the interaction dependence of the liquid-gas critical point of symmetric nuclear matter in finite-
temperature lattice effective field theory. Building on the pinhole-trace algorithm, we benchmark a first-order
perturbative treatment for representative Hamiltonian splittings and then compute the finite-temperature equa-
tion of state for a sequence of sign-friendly lattice Hamiltonians ranging from an SU(4)-symmetric interaction to
Hamiltonians with physical 1S0 and 3S1 channel dependence and three improved leading-order Hamiltonians. The
finite-temperature analysis is complemented by zero-temperature calculations of the symmetric-matter saturation
point and the binding energies of selected nuclei within the same lattice framework. We find that the benchmarked
perturbative strategy is quantitatively reliable in the thermodynamic regime studied. Across this Hamiltonian
sequence, the leading order Hamiltonians improve the overall description of finite-nucleus binding energies and
move the zero-temperature saturation point toward the empirical region, while lowering the critical temperature
from 15.33(6) to 13.50(17)–13.71(19) MeV. These calculations show that finite-temperature criticality is not
fixed by zero-temperature saturation and binding alone, and they provide a complementary benchmark for future
lattice interaction development.
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I. INTRODUCTION

Understanding the equation of state (EoS) of nuclear mat-
ter away from zero temperature is a central problem in
nuclear many-body theory [1–3]. In isospin-symmetric matter,
the liquid-gas phase transition and its critical point probe
how the nuclear interaction shapes the free-energy surface at
subsaturation density. This regime is relevant to the interpreta-
tion of multifragmentation phenomena in intermediate-energy
heavy-ion collisions [4] and to the description of warm dilute
matter in astrophysical environments [5,6]. At the same time,
empirical information on the critical region is indirect, since it
is extracted from finite, dynamical, Coulomb-affected systems
rather than from uniform infinite matter itself [4].
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Microscopic finite-temperature calculations of nuclear
matter have advanced substantially over the last two decades.
Chiral many-body perturbation theory and related thermo-
dynamic studies have produced quantitative equations of
state and liquid-gas critical parameters for homogeneous
symmetric matter, while self-consistent Green’s-function
(SCGF) calculations have clarified the dependence of the
transition on both the nuclear Hamiltonian and the many-
body approximation [1,2,7–11]. At low densities, virial and
quantum-statistical approaches have further emphasized the
role of correlations and light clusters in warm dilute mat-
ter [5,6,12]. Taken together, these studies show both the
progress of the field and the continuing sensitivity of finite-
temperature observables to the details of the interaction and its
treatment [1,8–11].

Within chiral effective field theory (EFT), the thermody-
namics of nuclear matter as well as the role of pion-exchange
and many-body mechanisms in the EoS were discussed in
Refs. [13,14]. The impact of chiral two- and three-nucleon
interactions on neutron and nuclear matter, including nuclear
saturation and isospin-asymmetric matter, was further ex-
plored in Refs. [15–18]. Reference [1] presented quantitative
finite-temperature calculations of symmetric nuclear matter
and its liquid-gas transition, while Ref. [19] extended the
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analysis to isospin-asymmetric matter and showed the system-
atic shrinking of the coexistence region with increasing neu-
tron excess. Thermal effects in the EoS and finite-temperature
neutron matter were further examined in Refs. [11,20], and
Ref. [2] presented the EoS for arbitrary proton fraction and
temperature, including preliminary microscopic ranges for
the liquid-gas critical region of symmetric nuclear matter. A
recent review, Ref. [3], summarizes this line of work and its
implications for the liquid-gas transition in both symmetric
and neutron-rich nuclear matter.

Lattice effective field theory provides a complementary
route to this problem. Its main advantage is that nonpertur-
bative correlations, including clustering and phase separation,
arise dynamically in the Monte Carlo calculation rather than
being imposed through a quasiparticle or cluster ansatz. Early
lattice studies of nuclear thermodynamics were limited by
the computational cost of finite-temperature simulations in
large volumes [21,22]. That bottleneck was overcome by
the pinhole-trace algorithm, which made canonical ab initio
lattice thermodynamics feasible and enabled the first finite-
temperature lattice determination, within this framework, of
the symmetric-matter equation of state, liquid-vapor coex-
istence line, and critical point [23]. The same work also
presented the first ab initio lattice study of the temperature
and density dependence of nuclear clustering [23]. More re-
cently, finite-temperature nuclear lattice effective field theory
(NLEFT) has also been applied to clustering in hot dilute
nuclear matter using light-cluster distillation [24]. These stud-
ies established finite-temperature lattice thermodynamics as a
viable ab initio program.

More broadly, recent years have seen substantial progress
in NLEFT as a general ab initio framework for nuclear
structure, reactions, thermodynamics, and hypernuclear sys-
tems [25]. Beyond the early applications to light nuclei,
clustering, scattering, and thermal matter, the development
of high-fidelity lattice chiral interactions and wave-function-
matching techniques has enabled accurate descriptions of
nucleon-nucleon phase shifts, binding energies, and charge
radii over a broad mass range, including the saturation proper-
ties of symmetric nuclear matter and the neutron-matter EoS
[26]. The same framework has since been applied to structural
and thermodynamic properties of hot neutron matter [27],
charge radii of silicon [28] and oxygen isotopes [29], proton-
rich systems such as 22Si [30], the spectrum and geometric
structure of beryllium isotopes [31], pairing correlations in
carbon and oxygen isotopes [32], and the ground-state ener-
gies of Sn isotopes near the proton dripline [33]. NLEFT has
also been extended to hypernuclei systems, to hyperneutron
and hypernuclear matters [34–37], and more recently to re-
action and response observables through studies of neutron-α
scattering and nuclear β decay [38–40]. In parallel, ongoing
methodological developments show that NLEFT is advancing
not only in the reach of physics but also in algorithmic sophis-
tication, including perturbative quantum Monte Carlo [41],
partial-pinhole [29] and rank-one operator methods for radii
[27], multireference trial states [42] and dilated-coordinate
methods for weakly bound systems [43].

In the earlier finite-temperature pinhole-trace study,
the thermodynamic results were obtained for a single

sign-friendly lattice interaction [23,24]. The natural next non-
trivial question is whether the liquid-gas critical region of
symmetric nuclear matter evolves as the underlying lattice
Hamiltonian is made more realistic, or whether the critical
region probes different aspects of the interaction. Standard
zero-temperature benchmarks mainly constrain the interaction
through ground-state binding and saturation properties, to-
gether with a limited set of low-energy spin-isospin channels.
The liquid-gas critical point, by contrast, is controlled by the
free-energy surface of symmetric matter at finite temperature
and subsaturation density. Therefore, there is no a priori rea-
son to expect that an interaction which performs better in the
ground-state sector should also provide a better description
of the finite-temperature critical region. Establishing whether
such a correlation exists is important both for nuclear thermo-
dynamics itself and for the broader program of constraining
nuclear interactions with many-body observables.

In this work we address that problem within the lat-
tice framework by combining sign-friendly Hamiltonians
with a perturbative implementation of the pinhole-trace al-
gorithm. We start from the SU(4)-symmetric interaction used
in the nonperturbative part of our calculations and then intro-
duce the 1S0 and 3S1 channel-dependent operators and three
leading-order Hamiltonians with different local and nonlo-
cal smearing structures and different calibration outcomes.
Within a common lattice framework, we analyze the finite-
temperature EoS of symmetric nuclear matter together with
selected zero-temperature observables in finite nuclei and
symmetric nuclear matter. The objective is to determine how
finite-temperature critical observables respond to different in-
teraction design choices and how those responses compare
with the corresponding changes in finite-nucleus binding ener-
gies and in the zero-temperature saturation point of symmetric
nuclear matter.

The paper is organized as follows. Section II defines
the Hamiltonians used in this work. Section III presents
benchmark calculations for the perturbative pinhole-trace
treatment. Section IV discusses the finite-temperature and
zero-temperature results. Section V summarizes the main
conclusions.

II. HAMILTONIAN

In this work we study symmetric nuclear matter and
selected finite nuclei on the lattice by using a class of sign-
friendly Hamiltonians and their perturbative extensions. Our
main goal is to understand how the thermodynamic observ-
ables, in particular, the liquid-gas critical point, evolve as the
interaction is taken from a simple SU(4)-symmetric form to
realistic Hamiltonians.

We work on a periodic L3 lattice with spatial lattice spacing
a = 1.32 fm, which corresponds to a momentum cutoff of
� = π/a ≈ 471 MeV. Throughout this work, we use units
where h̄ = c = kB = 1. The Hamiltonian is written as

H = K + V, (1)

where K is the free nucleon Hamiltonian defined by using
fast Fourier transforms (FFT) to produce the exact dispersion
relations and V denotes the interaction part.

044007-2



FROM BINDING AND SATURATION TO CRITICALITY … PHYSICAL REVIEW C 114, 044007 (2026)

Throughout this work we use the normal-ordered transfer
matrix

M =: exp(−at H ) :, (2)

with temporal lattice spacing at , where the colons denote
normal ordering with respect to the nucleon creation and an-
nihilation operators. Thermal observables are computed with
the pinhole-trace formalism, while the zero-temperature en-
ergies are extracted from Euclidean-time extrapolations, and
more details can be found in Refs. [23,44,45]. For the finite-
temperature calculations, we use the temporal lattice spacing
at = (2000 MeV)−1 � 0.099 fm. The inverse temperature is
the total Euclidean-time extent, β = 1/T = Lt at , where Lt

is the number of temporal lattice steps. The time steps Lt =
167, 154, 143, 133, 125, 118, 111, 105, and 100 correspond
to the temperatures T � 12, 13, 14, 15, 16, 17, 18, 19, and
20 MeV, respectively. For the zero-temperature Euclidean-
time projection calculations, we use at = (1000 MeV)−1 �
0.197 fm and the projection time is τ = Lt at . The Euclidean
times used for the extrapolations are shown in the Appendix.

To keep the notation transparent, in the following, we first
define the smeared density operators that enter all interaction
terms, then introduce the SU(4)-symmetric Hamiltonian and
spin-isospin dependent S-wave operators, and finally spec-
ify the three leading order (LO) Hamiltonians. We start by
defining the total nucleon density operator purely nonlocally
smeared,

ρ
(s)
NL(�n) =

∑
i, j=0,1

a(s)†
i, j (�n) a(s)

i, j (�n), (3)

where i is the spin index, j is the isospin index, the nonlocally
smeared annihilation and creation operators with the strength
s are defined as

a(s)
i, j (�n) = ai, j (�n) + s

∑
|�n′|=1

ai, j (�n + �n′), (4)

a(s)†
i, j (�n) = a†

i, j (�n) + s
∑
|�n′|=1

a†
i, j (�n + �n′). (5)

Next, we define the total nucleon density operator purely
locally smeared as follows:

ρ
(s,d )
L (�n) =

∑
i, j=0,1

a†
i, j (�n) ai, j (�n)

+ s
∑

1�|�n−�n′|2�d

∑
i, j=0,1

a†
i, j (�n′) ai, j (�n′). (6)

Here, d specifies the range of the local smearing. The maxi-
mum distance of a smeared lattice site from the central site is
Rsm(d ) = √

da. For the lattice spacing a = 1.32 fm used in
this work, Rsm = 1.87 fm for d = 2 and Rsm = 2.29 fm for
d = 3. The locally smeared density remains diagonal in the
coordinate-space occupation numbers, but has a finite spatial
support around the central lattice site. Finally, we define both
locally and nonlocally smeared total nucleon density operator

TABLE I. Coupling constants and smearing parameters used in
the Hamiltonians of this work. The couplings C1S0

and C3S1
are given

in lattice units.

Interaction piece Symbol Value

SU(4) two-body coupling C2 −3.41 × 10−7 MeV−2

SU(4) three-body coupling C3 −1.40 × 10−14 MeV−5

Local smearing sL 0.061
Nonlocal smearing sNL 0.5
1S0 coupling C1S0

0.00338
3S1 coupling C3S1

−0.002 90

as follows:

ρ (s,s′ )(�n) =
∑
i, j

a(s′ )†
i, j (�n) a(s′ )

i, j (�n)

+ s
∑

|�n−�n′ |=1

∑
i, j

a(s′ )†
i, j (�n′) a(s′ )

i, j (�n′). (7)

In Eq. (7), the first argument denotes the local smearing
strength and the second argument denotes the nonlocal smear-
ing strength. We note that in Eqs. (4), (5), and (7) the ranges of
both local and nonlocal smearing are set to one lattice spacing,
while in Eq. (6) the range of the local smearing, d , is a free
parameter.

Using the kinetic energy K defined above, we take the
SU(4)-symmetric two- and three-nucleon interaction terms
from Ref. [46]. The resulting Hamiltonian is

HSU(4) = K + V SU(4)
2N,sL,sNL

+ V SU(4)
3N,sL,sNL

, (8)

which is sign friendly and can therefore be treated nonpertur-
batively with high precision. In compact form, this interaction
can be written as

HSU(4) = K + C2

2

∑
�n

:
[
ρ (sL,sNL )(�n)

]2
:

+ C3

6

∑
�n

:
[
ρ (sL,sNL )(�n)

]3
:, (9)

The parameters sL and sNL control the strengths of local and
nonlocal smearing of this Hamiltonian, respectively. Through-
out this work, we use the parameter set given in Table I.

The next level of refinement is obtained by adding the two
leading spin-isospin dependent S-wave operators,

HSU(4)+S = HSU(4) + V1S0
+ V3S1

. (10)

These terms break the artificial SU(4) symmetry in the rele-
vant 1S0 and 3S1 channels. On the lattice, they are represented
by the order-Q0 operators

V1S0
= C1S0

∑
�n

V0,1S0
(�n), (11)

V3S1
= C3S1

∑
�n

V0,3S1
(�n). (12)

The coupling constants C1S0
and C3S1

are determined by fitting
the lattice phase shifts to the phase shift from the Nijmegen
partial-wave analysis [47], and the results are presented in
Fig. 1, together with the phase shifts from the corresponding
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FIG. 1. Lattice phase shifts in the physical 1S0 and 3S1 channels
together with the corresponding SU(4)-symmetric interaction used
in this work. The black solid and dashed lines denote the phase shift
from the Nijmegen partial-wave analysis (PWA) [47].

SU(4)-symmetric interaction used in this work. The deter-
mined values of these coupling constants are given in Table
I. In terms of the lattice pair operators, the interactions in 1S0

and 3S1 channels are

V0,1S0
(�n) =

∑
Iz=−1,0,1

[
O0,sNL

0,0,0,0,1,Iz
(�n)

]†
O0,sNL

0,0,0,0,1,Iz
(�n), (13)

V0,3S1
(�n) =

∑
Jz=−1,0,1

[
O0,sNL

1,0,1,Jz,0,0(�n)
]†

O0,sNL
1,0,1,Jz,0,0(�n). (14)

Here, O2M,sNL
S,L,J,Jz,I,Iz

(n) is a partial-wave-projected, nonlocally
smeared two-nucleon pair-annihilation operator. The labels S,
L, and J denote the total spin, orbital angular momentum,
and total angular momentum of the nucleon pair, respectively,
while Jz is the projection of J . Similarly, I and Iz denote the
total isospin and its projection. The superscript 2M speci-
fies the order of the lattice finite differences, and sNL is the
nonlocal smearing strength. The spin and orbital angular mo-
menta are coupled through the Clebsch-Gordan coefficients
〈SSz, LLz|JJz〉.

Thus, Eq. (13) corresponds to (S, L, J, I ) = (0, 0, 0, 1) and
projects onto the 1S0 channel, whereas Eq. (14) corresponds
to (S, L, J, I ) = (1, 0, 1, 0) and projects onto the 3S1 channel.
In both cases, 2M = 0. These operators are purely nonlocally
smeared and the smearing strength sNL is given in Table I.
More details can be found in Ref. [48].

Additionally, we construct three LO Hamiltonians in the
framework of pionless EFT, denoted HLO1 , HLO2 , and HLO3 ,

HLOi = HSU(4) + V1S0
+ V3S1

+ V (i)
3N , i = 1, 2, 3. (15)

They include the physical 1S0 and 3S1 channel-dependent
operators on top of the SU(4)-symmetric interaction, but
they differ in the SU(4)-symmetric three-nucleon corrections,
which are constructed using different local and nonlocal
smearing structures as follows:

V (1)
3N = V (1)

3N,L + V (1)
3N,NL, (16)

V (2)
3N = V (2)

3N,L + V (2)
3N,NL, (17)

V (3)
3N = V (3)

3N,L + V (3)
3N,NL + 0.15 × V SU(4)

3N,sL,sNL
. (18)

The explicit forms of these three-nucleon interactions are

V (1)
3N,L = 0.035 28

6

∑
�n

:
[
ρ

(sL,3)
L (�n)

]3
:, (19)

V (2)
3N,L = 1

6

∑
�n

:
{
0.006 58

[
ρ

(sL,2)
L (�n)

]3

+ 0.035 28
[
ρ

(sL,3)
L (�n)

]3}
:, (20)

V (3)
3N,L = 1

6

∑
�n

:
{
0.032 94

[
ρ

(sL,2)
L (�n)

]3

+ 0.035 28
[
ρ

(sL,3)
L (�n)

]3}
:, (21)

V (1)
3N,NL = −0.002 32

6

∑
�n

:
{
13.81

[
ρ

(0.1)
NL (�n)

]3

+ 3.34
[
ρ

(0.2)
NL (�n)

]3 + [
ρ

(0.3)
NL (�n)

]3}
:, (22)

V (2)
3N,NL = −0.002 32

6

∑
�n

:
{
15.00

[
ρ

(0.1)
NL (�n)

]3

+ 3.34
[
ρ

(0.2)
NL (�n)

]3 + [
ρ

(0.3)
NL (�n)

]3}
:, (23)

V (3)
3N,NL = −0.002 32

6

∑
�n

:
{
15.00

[
ρ

(0.1)
NL (�n)

]3

+ 3.34
[
ρ

(0.2)
NL (�n)

]3 + [
ρ

(0.3)
NL (�n)

]3}
:, (24)

where the strength of the local smearing sL is given in Table
I. The numerical coefficients entering these LO three-body
interactions are determined using the optimization approach
given in Ref. [49].

We note that the local smearing gives these three-nucleon
operators a finite spatial range. For the density ρ

(s,d )
L (n), the

maximum distance from the central site is
√

da, while the
maximum pairwise separation between two nucleons con-
tributing to [ρ (s,d )

L (n)]3 is 2
√

da. For d = 3 and a = 1.32 fm,
these distances are 2.29 and 4.57 fm, respectively. The in-
teraction remains local and diagonal in the coordinate-space
occupation numbers, but it is spatially smeared rather than
strictly on site. Moreover, a configuration at the maximum
pairwise separation has only one common smearing center
and is weighted by s2

L if the third nucleon is at the central
site or by s3

L if all three nucleons are at smeared sites. For
sL = 0.061, these factors are 3.72 × 10−3 and 2.27 × 10−4,
respectively. Thus, the largest-separation contributions are
strongly suppressed, and the interaction has compact support
rather than a long-range asymptotic tail.

It is important to comment on the meaning of the term LO
pionless EFT in the present lattice formulation [44,50]. The
Hamiltonians introduced above are motivated by the leading
S-wave structure of LO pionless EFT and by the associated
low-energy spin-isospin channels. However, the actual lat-
tice interactions contain local and nonlocal smearing, and the
SU(4)-invariant three-body sector is also used to absorb lattice
artifacts and to improve the many-body description. For this
reason, it would be misleading to identify the systematic er-
rors of the present calculation with those of a strict continuum
LO pionless EFT calculation. In practice, the interactions used
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TABLE II. Forms of Hamiltonians used in the benchmark calculations.

H (0)
i (Nonperturbative) H (1)

i (Perturbative)

H V SU(4)
2N,sL ,sNL

+ V SU(4)
3N,sL,sNL

0

H1 0.9 × V SU(4)
2N,sL ,sNL

+ V SU(4)
3N,sL,sNL

0.1 × V SU(4)
2N,sL,sNL

H2 0.9 × V SU(4)
2N,sL ,sNL

+ 0.8 × V SU(4)
3N,sL,sNL

0.1 × V SU(4)
2N,sL,sNL

+ 0.2 × V SU(4)
3N,sL,sNL

here should be viewed as sign-friendly lattice Hamiltonians
that retain the leading low-energy S-wave physics while being
optimized for ab initio calculations of finite nuclei and nuclear
matter.

In the next section we introduce the schematic perturbative
splittings used to benchmark the accuracy of the first-order
pinhole-trace treatment before turning to the physical results.

III. BENCHMARK

Before presenting the physical finite-temperature results,
we first perform a set of benchmark calculations in order to
verify that the perturbative pinhole-trace formalism remains
quantitatively under control in the density and temperature
regime relevant for the present work. Also, at the end of
this section we perform similar benchmark calculations for
zero-temperature systems. The main purpose of this analysis
is not to extract physical conclusions from the benchmark
Hamiltonians themselves, but rather to test whether the first-
order perturbative treatment accurately reproduces the results
of the corresponding full Hamiltonian. This step is essential
because all subsequent thermodynamic calculations rely on
the same perturbative strategy.

To this end, we consider the family of Hamiltonian decom-
positions listed in Table II. In each case, the Hamiltonian is
written as

Hi = H (0)
i + H (1)

i , (25)

where H (0)
i is treated nonperturbatively in the pinhole-trace

calculation, while H (1)
i is included as a first-order perturbative

correction. The benchmark set is designed to probe different
ways of distributing the two-body and three-body interac-
tion strengths between the nonperturbative and perturbative
sectors. In this way, one can test whether the perturbative
treatment remains accurate not only for a single special choice
of splitting, but over a representative range of decompositions.

In the canonical formalism, the chemical potential is
extracted from particle insertion and removal observables.
Following the Widom-insertion strategy [51] adapted to the
pinhole-trace algorithm [23], the chemical potential is ob-
tained from

μ = T

2
ln

[
A(A + 1)

〈B−1〉
〈B1〉

]
, (26)

where A is the nucleon number, T is the temperature, and
B1 and B−1 denote the insertion and removal estimators, re-
spectively. We denote the single-particle quantum numbers
by ci = (�ni, σi, τi ), where �ni is the lattice coordinate, σi is
the spin, and τi is the isospin. We use the abbreviations
�c = {c1, . . . , cA} for the many-body configuration and �s =

{s1, . . . , sLt } for the auxiliary-field configuration, where Lt

is the number of temporal lattice steps. The quantity P(�s, �c)
denotes the corresponding Monte Carlo sampling weight. For
the purely nonperturbative calculation, we define

B(0)
1 =

∑
c′

〈�c ∪ c′|M(sLt ) · · · M(s1)|�c ∪ c′〉
P(�s, �c)

,

B(0)
−1 =

∑
ci

〈�c \ ci|M(sLt ) · · · M(s1)|�c \ ci〉
P(�s, �c)

, (27)

while the first-order contributions are written as

B(1)
1 = Lt

∑
c′

〈�c ∪ c′|M (1) M(sLt −1) · · · M(s1)|�c ∪ c′〉
P(�s, �c)

,

B(1)
−1 = Lt

∑
ci

〈�c \ ci|M (1) M(sLt −1) · · · M(s1)|�c \ ci〉
P(�s, �c)

. (28)

Here the sum over c′ runs over the single-particle quantum
numbers of the inserted nucleon, while ci denotes one of the
nucleons already present in the configuration �c. Similarly, for
the normalization factor we write

M(0) = 〈�c|M(sLt ) · · · M(s1)|�c〉
P(�s, �c)

,

M(1) = Lt
〈�c|M (1)M(sLt −1) · · · M(s1)|�c〉

P(�s, �c)
. (29)

Expanding to first order in the perturbation gives

B±1

M = B(0)
±1 + B(1)

±1

M(0) + M(1)

= B(0)
±1

M(0)
+ B(1)

±1

M(0)
− B(0)

±1M(1)

M(0)M(0)
+ O[(M (1) )2]. (30)

The benchmark results for T = 12, 14, and 16 MeV are
shown in Figs. 2–4. In each panel we compare three quantities,
which are the result obtained with the full Hamiltonian H ,
the result obtained with the nonperturbative part H (0)

i only,
and the result obtained after adding the first-order perturbative
correction, denoted by Hi. The main observation is that the
nonperturbative reference Hamiltonian H (0)

i can differ sig-
nificantly from the full result, as expected from the omitted
interaction terms. However, once the first-order contribution
is included, the corresponding Hi curve closely follows the
result of the full Hamiltonian over the entire density range
considered.

This pattern is precisely what is required for a controlled
perturbative treatment. The perturbative correction is not ar-
tificially small since it produces a visible and physically
meaningful shift relative to H (0)

i , showing that the omitted
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FIG. 2. Benchmark results for the perturbative pinhole-trace calculations at T = 12 MeV. The chemical potential μ is shown as a function
of the reduced nucleon density ρ/ρ0 for the Hamiltonian splittings H1 (left) and H2 (right), defined in Table II, where ρ0 = 0.164 fm−3. In each
panel, the blue points and curve denote the result obtained with the full Hamiltonian H , the green points and curve show the result obtained with
the nonperturbative reference Hamiltonian H (0)

i , and the red points and curve correspond to the first-order corrected result Hi = H (0)
i + H (1)

i .

terms are indeed important. At the same time, the first-order
corrected result remains very close to the full calculation,
which demonstrates that the perturbative expansion is conver-
gent and quantitatively reliable in the present thermodynamic
regime. In other words, the benchmark confirms that the cho-
sen nonperturbative reference Hamiltonians are sufficiently
close to the full interaction to serve as stable starting points
for the perturbative pinhole-trace calculation.

Since the benchmark analysis above was formulated for
finite-temperature observables, it is useful to verify that the
same perturbative strategy also remains accurate for zero-
temperature symmetric nuclear matter in the vicinity of
the saturation region. Table III shows such a test for two
benchmark systems with densities ρ = 0.169 fm−3 and ρ =
0.163 fm−3, both close to the empirical saturation regime. All
values in the table are evaluated at Euclidean time τ = at ×
Lt = 0.4 MeV−1. As seen from the Euclidean-time extrapo-
lations of the symmetric nuclear matter energies per nucleon
given in the Appendix, the results have already reached an
essentially converged plateau by this projection time, so no
significant residual Euclidean-time contamination is expected
at the level relevant for the present benchmark. As in the
finite-temperature benchmark, the nonperturbative reference
Hamiltonians H (0)

i differ substantially from the full result,
whereas the inclusion of the first-order perturbative correction
brings the energies back into very good agreement with the

full Hamiltonian. For A = 48, the residual differences be-
tween 〈Hi〉 and 〈H〉 are only 1.35 and 2.81 MeV, while for
A = 80 they are 4.7 and 9.7 MeV, corresponding to about
0.03–0.12 MeV per nucleon.

Overall, the benchmark calculations provide strong evi-
dence that the perturbative pinhole-trace formalism is con-
trolled for the class of Hamiltonians considered here. This
validation step justifies the use of the same framework in
the finite-temperature and zero-temperature calculations pre-
sented in the following sections.

IV. RESULTS AND DISCUSSION

Table IV summarizes the critical-point and saturation prop-
erties obtained for all Hamiltonians considered in this work.
The SU(4)-symmetric Hamiltonian gives the largest critical
temperature, Tc = 15.33(6) MeV. The inclusion of the phys-
ical 1S0 and 3S1 interactions lowers it slightly to 15.13(18)
MeV, while producing only small changes in the critical
pressure and density. For the three LO pionless-EFT Hamilto-
nians, we find Tc = 13.71(19), 13.54(18), and 13.50(17) MeV,
together with lower values of Pc and ρc.

At zero temperature, the same Hamiltonian sequence
moves the saturation point toward the empirical region. The
SU(4)-symmetric Hamiltonian gives ρsat = 0.2188(2) fm−3

and Esat/A = −17.0930(41) MeV, while the LO

FIG. 3. Same as in Fig. 2, but at T = 14 MeV.
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FIG. 4. Same as in Fig. 2, but at T = 16 MeV.

pionless-EFT Hamiltonians give ρsat = 0.1818(2), 0.1783(2),
and 0.1717(5) fm−3, and Esat/A = −15.9253(56),
−15.7592(84), and −15.8317(261) MeV. The empirical
critical-point values quoted in the last column should
be interpreted as phenomenological reference estimates,
since they are inferred indirectly from finite, dynamical,
Coulomb-affected systems rather than from uniform infinite
matter itself.

Table V and Fig. 5 show how the same Hamiltonian se-
quence behaves at zero temperature in finite nuclei and in
symmetric nuclear matter. The SU(4)-symmetric Hamiltonian
gives a reasonable overall description of the lighter nuclei, but
the nuclei become systematically less bound as the mass num-

TABLE III. Benchmark results for zero-temperature symmetric
nuclear matter near saturation. For each benchmark system, the table
compares the full Hamiltonian result 〈H〉, the nonperturbative ref-
erence 〈H (0)

i 〉, and the first-order corrected result 〈Hi〉. The corrected
energies remain very close to the full-Hamiltonian values at densities
ρ = 0.163–0.169 fm−3, showing that the perturbative treatment is
quantitatively reliable also in the zero-temperature saturation region.
All values are taken at Euclidean time τ = 0.4 MeV−1. As shown by
the Euclidean-time extrapolations for symmetric nuclear matter, the
energies per nucleon are already close to their asymptotic plateau by
this Euclidean time (see the Appendix).

Hamiltonian E (MeV) E/A (MeV)

A = 48, L = 6.6 fm, ρ = 0.169 fm−3

〈H〉 −781.83(85) −16.288(18)

〈H (0)
1 〉 −613.91(59) −12.790(12)

〈H1〉 −780.48(61) −16.260(13)

〈H (0)
2 〉 −557.41(59) −11.613(12)

〈H2〉 −779.02(61) −16.230(13)

A = 80, L = 7.9 fm, ρ = 0.163 fm−3

〈H〉 −1300.4(12) −16.255(15)

〈H (0)
1 〉 −1022.8(11) −12.785(14)

〈H1〉 −1295.7(11) −16.196(14)

〈H (0)
2 〉 −930.67(102) −11.633(13)

〈H2〉 −1290.7(10) −16.134(13)

ber increases. The inclusion of the 1S0 and 3S1 interactions
alone does not remove this trend. The three LO pionless-EFT
Hamiltonians lead to a clear improvement and give a more
consistent description of the binding energies over the full
mass range considered here. Figure 5 shows the same pattern.
The LO pionless-EFT Hamiltonians move the saturation point
toward the empirical region, whereas HSU(4) and HSU(4)+S re-
main more deeply bound and saturate at larger densities. The
spread among the three LO samples remains small compared
with the overall shift from HSU(4) and HSU(4)+S to the LO
Hamiltonians.

A first indication of the interaction dependence is shown
in Fig. 1. At larger relative momenta, the SU(4)-symmetric
interaction produces noticeably stronger attraction than the
interactions in the physical 1S0 and 3S1 channels, as indicated
by the lattice phase shifts in Fig. 1. Once the interaction is
resolved into the physical S-wave channels, the phase shifts
move closer to the empirical behavior and the excessive

FIG. 5. Zero-temperature symmetric nuclear matter equation of
state for the Hamiltonians considered in this work. The energy per
nucleon E/A is plotted as a function of the nucleon number density
ρ in fm−3. The black and magenta curves correspond to the SU(4)-
symmetric and SU(4) + S Hamiltonians, respectively. The green,
blue, and red curves correspond to the HLO1 , HLO2 , and HLO3 Hamil-
tonians, respectively. The gray box shows the empirical saturation
region (0.16 ± 0.01 fm−3, −16.0 ± 1.0 MeV) [52].
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TABLE IV. Critical-point and saturation properties obtained for the Hamiltonians considered in this work. Shown are the critical
temperature Tc, the critical pressure Pc, the critical density ρc, the saturation density ρsat , the dimensionless critical compressibility factor
Zc, and the saturation energy per nucleon Esat/A. The quoted uncertainties for the theoretical results are the bootstrap errors. Phenomenological
empirical estimates are shown in the last column for the critical-point observables. The saturation point comparison is shown separately in
Fig. 5.

HSU(4) HSU(4)+S HLO1 HLO2 HLO3 Ref. [4]

Tc (MeV) 15.33(6) 15.13(18) 13.71(19) 13.54(18) 13.50(17) 17.9(4)
Pc (MeV/fm3) 0.274(4) 0.279(16) 0.181(11) 0.172(10) 0.166(9) 0.31(7)
ρc (fm−3) 0.0884(30) 0.0983(64) 0.0720(46) 0.0689(35) 0.0657(26) 0.06(1)
Zc 0.202(8) 0.188(16) 0.183(16) 0.184(14) 0.187(13) 0.29(8)
ρsat (fm−3) 0.2188(2) 0.2177(2) 0.1818(2) 0.1783(2) 0.1717(5) —
Esat/A (MeV) −17.0930(41) −16.4885(46) −15.9253(56) −15.7592(84) −15.8317(261) —

attraction at higher momenta is reduced. This provides a use-
ful reference for distinguishing the effects of the two-body
channel dependence from those of the additional three-
nucleon interactions.

For each Hamiltonian, the finite-temperature chemical-
potential isotherms are analyzed by fitting the lattice results
at fixed temperature with a fifth-order virial-like expansion,

μ(ρ, T ) = a0(T ) + a1(T ) ln ρ +
4∑

i=1

ai+1(T )ρ i. (31)

The coefficients ai(T ) are determined separately for each
isotherm by a weighted least-squares fit using the Monte Carlo
uncertainties of the lattice data. For temperatures between the
simulated values, each coefficient is then interpolated by cubic
splines as a function of T . In this way we obtain a smooth rep-
resentation of μ(ρ, T ) over the full density and temperature
range considered in this work. Equation (31) is used here only
as a convenient parametrization of the lattice isotherms, and
the fitted coefficients are not interpreted as physical virial co-
efficients. Using the fitted chemical potential, we construct the
free-energy density and pressure analytically and determine
the liquid-vapor coexistence line from the common-tangent

Maxwell construction. The quoted uncertainties of Tc, Pc, and
ρc are extracted by bootstrap resampling of the lattice results
and therefore reflect statistical propagation of the Monte Carlo
errors. They do not include systematic effects associated with
the fit ansatz, spline interpolation, Maxwell construction, or
EFT truncation.

Figures 6–10 show the chemical potential as a function
of the reduced density ρ/ρ0 for the different Hamiltonians
considered in this work, where ρ0 = 0.164 fm−3. The sym-
bols are the lattice results at discrete temperatures, while the
solid curves are obtained from the fifth-order virial-like fits
of the individual isotherms. The dashed curve denotes the
liquid-vapor coexistence line extracted from the Maxwell con-
struction, and the star marks the corresponding critical point.

For comparison with Ref. [23], we note two differences
in the presentation and implementation. In the present fig-
ures, the reduced density is defined using the fixed reference
density ρ0 = 0.164 fm−3, while Ref. [23] used its calcu-
lated saturation density, ρsat � 0.205 fm−3, as the density
scale. Furthermore, although the SU(4)-symmetric interac-
tion terms and their parameters are the same, Ref. [23] used
a finite-difference kinetic-energy operator, while the present
calculation uses the FFT kinetic-energy operator defined in

TABLE V. Comparison of the calculated ground-state binding energies, in MeV, against experimental values. The 〈HLO1 〉, 〈HLO2 〉, and
〈HLO3 〉 columns are the LO results.

Nucleus 〈HSU(4)〉 〈HSU(4)+S〉 〈HLO1 〉 〈HLO2 〉 〈HLO3〉 EExpt.

3H −8.396(69) −7.773(69) −8.330(15) −8.335(15) −8.472(16) −8.48
4He −28.315(11) −26.864(11) −30.1280(30) −30.1512(26) −30.8375(47) −28.30
6He −30.31(24) −26.34(25) −29.636(56) −29.653(55) −30.372(56) −29.27
6Li −29.39(43) −29.90(43) −33.206(97) −33.225(97) −33.942(98) −31.99
8Be −56.27(12) −53.30(12) −59.878(27) −59.917(26) −61.318(28) −56.50
10B −57.3(14) −55.9(14) −62.42(32) −62.44(32) −63.89(32) −64.75
12C −84.34(15) −79.83(15) −89.538(33) −89.566(33) −91.697(35) −92.16
16O −119.06(41) −112.65(41) −124.144(93) −123.886(92) −126.761(95) −127.62
20Ne −149.85(11) −141.85(11) −155.955(26) −155.622(25) −159.189(35) −160.65
24Mg −180.84(18) −171.11(18) −188.034(43) −187.594(42) −191.917(52) −198.26
28Si −213.57(30) −202.05(30) −221.132(69) −220.474(68) −225.503(79) −236.54
32S −248.55(51) −235.33(51) −256.11(12) −255.15(12) −260.81(13) −271.78
36Ar −285.67(29) −270.18(29) −291.952(67) −290.590(67) −296.769(93) −306.72
40Ca −328.89(22) −311.30(23) −332.758(55) −330.823(57) −337.29(10) −342.05
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FIG. 6. Chemical potential μ as a function of the reduced nu-
cleon density ρ/ρ0 for the SU(4)-symmetric Hamiltonian HSU(4),
where ρ0 = 0.164 fm−3. The symbols show the lattice results at
different temperatures, while the solid curves are obtained from
weighted fits of the individual isotherms using the fifth-order virial-
like expansion of Eq. (31). The dashed curve denotes the liquid-vapor
coexistence line extracted from the Maxwell construction, and the
star marks the calculated critical point.

Sec. II. When expressed in physical units, the resulting critical
densities are in very good agreement, 0.0884(30) fm−3 in the
present work and 0.089(04)(18) fm−3 in Ref. [23].

The benchmark analysis presented in Sec. III shows that
the first-order perturbative pinhole-trace treatment remains
quantitatively under control in the temperature and density
regime relevant for the present work. The differences ob-
served among the physical Hamiltonians should therefore be
interpreted as interaction effects rather than artifacts of the
perturbative procedure.

The Hamiltonian sequence clarifies the practical role of
the successive interaction corrections. The inclusion of the
physical 1S0 and 3S1 interactions improves the corresponding
two-nucleon phase shifts, but produces only small changes in
the critical observables and does not by itself improve the sys-
tematic behavior of the finite-nucleus binding energies. The
main changes appear when the additional three-nucleon inter-
actions are included in the HLOi Hamiltonians. These terms
improve the overall description of finite-nucleus binding en-
ergies, move the zero-temperature saturation point toward
the empirical region, and simultaneously shift the liquid-gas

FIG. 7. Same as in Fig. 6, but for HSU(4)+S = HSU(4) + V1S0
+ V3S1

.

FIG. 8. Same as in Fig. 6, but for the LO pionless-EFT Hamilto-
nian HLO1 .

critical point to lower temperature and density. Thus, the
same three-nucleon sector that improves the zero-temperature
many-body description also changes the location at which the
liquid-vapor coexistence region terminates.

The behavior of the critical pressure can be placed in
perspective by considering the dimensionless critical com-
pressibility factor,

Zc = Pc

ρcTc
. (32)

For the five Hamiltonians considered here, Zc remains within
the rather narrow range of 0.18–0.20, as shown in Table IV.
The reduction of Pc across the Hamiltonian sequence is
therefore largely associated with the simultaneous reduc-
tion of Tc and ρc, with only a modest change in Zc. In
particular, the LO Hamiltonians move ρc toward the phe-
nomenological estimate, but lower Tc, resulting in Pc =
0.166(9)–0.181(11) MeV/fm3, below the phenomenological
reference value.

The improved binding energies and the lower critical
pressure are therefore not contradictory. The binding ener-
gies and saturation properties constrain the zero-temperature
many-body system, whereas the critical point probes the
finite-temperature equation of state in the subsaturation-
density regime. The present results show that an improved
description of binding and saturation does not by itself fix the

FIG. 9. Same as in Fig. 6, but for the LO pionless-EFT Hamilto-
nian HLO2 .
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FIG. 10. Same as in Fig. 6, but for the LO pionless-EFT Hamil-
tonian HLO3 .

temperature and density of the critical end point. In this sense,
the critical region provides information complementary to the
usual zero-temperature benchmarks and represents an addi-
tional constraint for the development of lattice interactions.

Our finite-temperature results can be compared with
several earlier microscopic calculations. In Ref. [7],
finite-temperature EoS calculations in the Bloch–De
Dominicis/Brueckner-Hartree-Fock (BHF) framework
with the Argonne v14 interaction yielded Tc ≈ 21 MeV,
with only a small reduction to Tc ≈ 20 MeV when a
phenomenological three-body force was included. By
contrast, thermodynamically consistent self-consistent
Green’s-function calculations with CD-Bonn or Nijmegen
interactions plus an averaged Urbana three-body force
found a much stronger reduction, from Tc = 18–20.5 MeV
with 2N forces alone to Tc = 12.5–11.5 MeV once 3N
forces were included [8]. Carbone et al. [10] studied five
chiral 2N + 3N Hamiltonians in both SCGF and BHF and
found that Hamiltonian dependence dominates many-body
uncertainty, quoting an overall estimate of Tc = 16.4 ± 2.3
MeV. Keller et al. [2] reported Tc = 15.9–16.3 MeV in
finite-temperature chiral many-body perturbation theory.
Our lattice results therefore lie within the broader spread
of microscopic predictions for Tc. Within the present lattice
Hamiltonian family, the additional three-nucleon interactions
improve the zero-temperature description while shifting the
critical end point to lower temperature and density. This
further illustrates that the liquid-gas critical region is sensitive
to interaction properties that are not fixed by binding energies
and saturation alone.

V. SUMMARY

The main question addressed in this work is whether the
liquid-gas critical point of symmetric nuclear matter fol-
lows the same interaction trends as standard zero-temperature
benchmarks when the sign-friendly lattice Hamiltonian is re-
fined. To answer this question, we combined the pinhole-trace
algorithm with a first-order perturbative treatment and studied
a sequence of Hamiltonians ranging from HSU(4) to Hamilto-
nians with physical 1S0 and 3S1 channel dependence and three
improved leading-order interactions. Benchmark calculations

for representative Hamiltonian splittings show that the pertur-
bative treatment is quantitatively reliable in the density and
temperature regime relevant to the present analysis.

Using this framework, we extracted the finite-temperature
EoS and the liquid-gas critical point of symmetric nu-
clear matter, and we compared these results with the
zero-temperature saturation point of symmetric nuclear mat-
ter and the binding energies of selected nuclei. Within
the present family of sign-friendly lattice Hamiltonians,
the SU(4)-symmetric interaction yields the highest criti-
cal temperature, Tc = 15.33(6) MeV. The inclusion of the
1S0 and 3S1 terms lowers it to Tc = 15.13(18) MeV, while
the three improved leading-order Hamiltonians give Tc =
13.50(17)–13.71(19) MeV. At the same time, these LO
Hamiltonians improve the overall description of finite-nucleus
binding energies and move the zero-temperature saturation
point toward the empirical region. The empirical critical-
point values used for comparison should, however, be viewed
as phenomenological reference estimates extracted indirectly
from finite, dynamical, Coulomb-affected systems. Our anal-
ysis therefore shows that improving the ground-state sector
does not automatically improve the finite-temperature critical
region and that liquid-gas criticality provides a complemen-
tary thermodynamic benchmark for future lattice interaction
design.

The natural next steps are to extend the finite-temperature
calculation to higher-order and higher-fidelity lattice interac-
tions, to examine higher-order perturbative corrections where
feasible, and to quantify the remaining theoretical uncertain-
ties more systematically. It will also be important to determine
whether the interaction trends found here persist in asymmet-
ric matter and in observables that probe clustering and critical
behavior more directly. These directions would sharpen the
role of finite-temperature criticality as a benchmark for future
lattice interaction design.
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APPENDIX: EUCLIDEAN-TIME EXTRAPOLATION
FOR FINITE NUCLEI AND SYMMETRIC NUCLEAR

MATTER

In this appendix we summarize the Euclidean-time extrap-
olations used to extract the zero-temperature energies reported

in the main text. Figure 11 shows the extrapolations for the
selected finite nuclei, and Fig. 12 shows the corresponding
extrapolations of the symmetric nuclear matter energies per
nucleon for the particle numbers and box sizes considered in

FIG. 11. Euclidean-time extrapolations of the finite-nucleus ground-state energies used in the present work. For each nucleus, the symbols
show the lattice data for the different Hamiltonian choices, while the solid curves denote the corresponding fits used to extract the asymptotic
energies.
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FIG. 12. Euclidean-time extrapolations of the symmetric nuclear matter energies per nucleon for the systems and box sizes considered in
this work. The symbols show the lattice results, and the solid curves denote the fitted extrapolations used to obtain the asymptotic energies.

this work. In each case, the symbols denote the lattice Monte
Carlo results at finite Euclidean time, and the solid curves are
the fits used to determine the asymptotic large-τ values quoted

in Tables IV and V. These extrapolations provide the zero-
temperature input for the comparisons of binding energies and
saturation properties discussed in Sec. IV.
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