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We present an updated deep neural network model for inclusive electron—carbon scattering. Using the
bootstrap model [B. E. Kowal et al., Phys. Rev. C 110, 025501 (2024)], we incorporate recent experimental
data, as well as older measurements in the deep inelastic scattering region, to derive a reoptimized posterior
model. We examine the impact of these new inputs on model predictions and associated uncertainties. Finally,
we evaluate the resulting cross-section predictions in the kinematic range relevant to the Hyper-Kamiokande and

DUNE experiments.
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I. INTRODUCTION

Accurate modeling of nuclear effects in (anti)neutrino-
nucleus scattering is crucial for studies of fundamental
properties of neutrinos [1,2]. Indeed, their description is cur-
rently one of the primary sources of systematic uncertainty
in measurements of (anti)neutrino oscillation parameters, in-
cluding the charge-parity symmetry violating phase in the
lepton sector [3].

Neutrinos and electrons interact with atomic nuclei in ways
that exhibit significant similarities. Interpreting (anti)neutrino
scattering data is challenging due to flux averaging and the
different interaction mechanisms that contribute to the same
final states. Electron-scattering data, however, are much easier
to understand; being collected for a fixed beam energy, they
are pretty informative even at the inclusive level [4].

There is a broad consensus that transferring knowl-
edge from electron to neutrino scattering physics is both
feasible and beneficial. Such knowledge transfer is ex-
pected to significantly reduce theoretical uncertainties in
(anti)neutrino—nucleus cross-section calculations [4]. This re-
duction is crucial for next-generation neutrino oscillation
experiments, which aim to probe neutrino properties with
unprecedented precision [5,6].

A significant effort has been devoted to better under-
standing how (anti)neutrinos interact with atomic nuclei.
The typical approach involves formulating a theoretical
framework and comparing its predictions with experimental
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measurements, which usually leads to modifications of the
description and/or adjustments of its parameters.

We adopt a different perspective. Specifically, we aim to
develop a fully data-driven model for predicting nuclear cross
sections using artificial intelligence (AI) methods. Our work
begins with a study of electron—nucleus scattering [7,8]. Sim-
ilar approaches are discussed in the papers by Al Hammal
et al. [9] and Sobczyk et al. [10], where neural networks are
employed to model electron—nucleus cross sections.

Neural network-based techniques are increasingly being
used across various domains of physics [11-13], including
particle and nuclear physics [14]. In the case of (anti)neutrino-
nucleus interactions, deep learning techniques are applied to
generate neutrino-nucleus scattering events [15—17], model
neutrino-nucleus cross sections [18], unfolding of neutrino
measurements [19] as well as to extract the axial form factor
of the nucleon in a model-independent way [20].

In this paper, we continue the development of the deep
neural network (DNN) model for inclusive electron-carbon
scattering cross sections, initially introduced in Ref. [7]. The
available electron-carbon scattering data span a broad kine-
matic range, offering valuable insights into nuclear effects.
The carbon target, which is structurally similar to oxygen, is
also relevant to the Hyper-Kamiokande experiment [6].

Notably, we have demonstrated that the DNN model
trained on inclusive electron-carbon scattering data can be
effectively extended—using transfer learning techniques—to
describe electron scattering off other nuclear targets, includ-
ing oxygen, aluminum, calcium, iron, lithium, and even light
nuclei such as helium-3 [8].

We anticipate that a similar transfer learning approach
could be applied to develop a model for electron-argon scat-
tering, based on the electron-carbon model. This would be
particularly valuable, as argon is the target material used in
the DUNE experiment [21].

Our approach is entirely data driven, in contrast to those
explored in the papers [22-26], where longitudinal and trans-
verse components of the electron-nucleus cross sections are
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extracted from the data using some theoretical constraints.
Another example of an empirical-based approach is the
superscaling approach [27-30]. We intentionally omit any
theoretical assumptions to obtain fully model-independent
predictions of nuclear cross sections.

Interest in the study of electron-nucleus interactions has
been growing within the neutrino interaction community in
recent years. Monte Carlo (MC) generator models, originally
developed for (anti)neutrino-nucleus interactions, have been
adapted to test theoretical models of neutrino interactions
against electron-nucleus scattering data. An example of such
an initiative is the e-GENIE project [31], together with the
CLASS and e4v collaboration [32]. Other collaborations, such
as eWro [33], Neut [34], GIBUU [35], and Achilles [36],
have also made significant efforts by developing MC electron-
nucleus models and comparing their predictions with electron
scattering data.

A key advantage of deep learning models is their ability
to efficiently update with new data through reoptimization
procedures. In this work, we incorporate recent measurements
from the Mainz experiment [37], as well as higher-energy
data from Gomez et al. [38]. As a result, we produce un-
certainty maps that, for a given incident electron energy,
quantify the model’s predictive uncertainty for inclusive cross
sections across the allowed kinematic region. These maps are
generated for energies relevant to neutrino experiments such
as Hyper-Kamiokande and DUNE.

The paper is organized as follows. Section II introduces the
method briefly, while Sec. III discusses the obtained results.
Our conclusions are included in Sec. IV. In Appendix A, we
give the optimization parameter settings.

II. FRAMEWORK
A. Data

Our idea is to use the previously developed model for
inclusive electron-carbon scattering cross sections [7] as prior
information. We refine this model using new measurements
[37] and additional data that were not included in the previ-
ous analysis [38]. The original model was constructed using
eleven independent datasets listed in Table I. As described in
Ref. [7], low energy transfer data points are excluded from the
analysis by applying a kinematic cut [39].

In Fig. 1, we present the kinematic domain covered by
the measurements considered in this study, along with the
data included in earlier analyses. As shown, the data from
Ref. [37] span the quasielastic and more inelastic regions, at
a four-momentum transfer squared of about Q> = 0.8 GeV?2,
the scattering angle of 70°, and energy transfer ranging from 0
to 0.6 GeV. These measurements provide new insights into the
nuclear cross sections. In this region, a few prior data sets are
available, such as those from Barreau et al. [44] and Sealock
et al. [49]. In contrast, the measurements by Gomez et al. [38]
are located in the deep inelastic scattering (DIS) region, where
no other data currently exist. These points, therefore, serve as
the primary source of information on the cross sections in this
kinematic range.

TABLE 1. The data utilized in the analysis. The numbers of
points refer to the data surviving the kinematic cut. The first two
datasets were not included in the previous analysis [7].

Norm. Number
Reference Abbrev. uncert. of points
Mihovilovic et al. [37] Miho2024 2% 54
Gomez et al. [38] Gome1993 0.6% 7
Arrington ef al. [40] Arri1995 4.0% 56
Arrington et al. [41] Arri1998 4.0% 398
Bagdasaryan et al. [42] Bagd1988 10.0% 125
Baran et al. [43] Baral988 3.7% 259
Barreau et al. [44] Barr1983 2.0% 1243
Dai et al. [45] Dai2018 2.2 % 177
Day et al. [46] Day1993 3.4% 316
Fomin et al. [47] Fomi2010 4.0% 359
O’Connell et al. [48] 0’Con1987 5.0% 51
Sealock et al. [49] Seal1989 2.5% 250
Whitney et al. [50] Whit1974 3.0% 31
Total 3265 + 61
B. DNN model

Our model consists of an ensemble of 50 neural networks.
Each network consists of ten blocks, each containing 300 hid-
den units, and a batch normalization layer. For more detailed
information, see Sec. III C 2 of Ref. [7].

Each neural network in the ensemble predicts the normal-
ized differential cross sections for specific electron energy
(E), energy transfer (w), and scattering angle (6) values. To
train a network, the measurements were rescaled by the factor:
(10°/(E cos §))omo. Where

o? cos?

4E? sin* %

0
OMott = 2 (1
C. Statistical approach

To find the optimal parameters of the neural networks, we
search for the minimum of the loss function

5 Niot ) 1 1 — )\‘k 2
X =D xk<xk>+5( o ) , )

k=1

which consists of szs for every independent data set, namely,

1O (doi — ado™ ?
2 k k

Xi M) = 3 ,Z (Tﬁé> ) (3)
where Ad a,i is the statistical and uncorrelated systematic un-
certainty for the ith point in the kth dataset, do] and 0" are
measured and predicted by model cross sections for ith point
in kth dataset, respectively. In the previous analysis, we con-
sidered Ny = 11 independent datasets, while in the present
study, we have N, = 13. For each dataset, we distinguish
the overall systematic normalization uncertainty AX; and a
corresponding normalization parameter A;. The information
regarding the data can be found in Table II. To optimize
the values of Ay, we implement the algorithm proposed in
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FIG. 1. Kinematic domain covered by the previous and present
analyses. The top and bottom panels show the data in the (w, )
and (w, Q%) variables, respectively. New data used to update the
cross-section model are enclosed within two ellipses. By 6 and
o, the scattering angle and transfer of energy are denoted, Q% =
2E(E — w)(1 — cos ), where E is the electron beam energy.

Refs. [51-53]. Tables II and I1I collect the values of x2,. = x>
(per number of points in the given dataset) obtained for the
bootstrap model.

In our previous paper, we considered two statistical ap-
proaches: Monte Carlo dropout and the bootstrap model. The
latter demonstrated superior extrapolation capabilities. There-
fore, in the present work, we adopt the bootstrap approach
[54,55], which is an example of an ensemble method [56],
allowing us to easily estimate predictive uncertainties and
prevent overfitting.

As mentioned above, our model consists of 50 DNNs, each
trained on a distinct bootstrap replica of the experimental
data. The bootstrap method, rooted in frequentist statistics
[57], enables the generation of these replicas through appro-
priate sampling. Despite its frequentist foundation, it often
yields predictions comparable to those obtained via Bayesian
approaches [58].

TABLE II. The prior and posterior values of normalization pa-
rameter Apror and Aposerior, S€€ Eq. (2) as well as xfor (divided by
number of data points) for prior and posterior analyses computed for
training datasets.

Dataset )‘Pl’ ior )‘P‘mm"f Xr%or.prior Xl%or.poslerior
Miho2024 - 1.0004 17.711 1.799
Gome1993 - 0.9929 393.384 9.364
Arri1995 1.0096 0.9847 0.279 0.456
Arri1998 0.9998 0.9723 0.250 0.898
Bagd1988 1.0273 1.0239 0.151 0.174
Baral988 1.0090 1.0070 0.178 0.254
Barr1983 0.9889 0.9963 0.311 0.842
Dai2018 1.0002 1.0011 0.117 0.457
Day1993 0.9885 0.9884 0.350 0.784
Fomi2010 1.0083 0.9786 0.208 0.818
0O’Con1987 1.0249 1.0100 0.370 0.378
Seal1989 1.0176 1.0033 0.267 0.300
Whit1974 0.9282 0.9626 7.441 7.584

The model’s prediction is obtained by averaging the out-
puts of all ensemble members, while the square root of the
variance across these outputs provides an estimate of the
predictive uncertainty. This approach captures both the un-
certainty stemming from the experimental measurements and
the variability introduced by the model parameters. Moreover,
because predictions are made through an ensemble, the overall
result remains robust even in cases where individual models
may overfit the data.

In practice, to generate the bootstrap dataset, each data
point with central value do} and uncertainty Ado; is used to
produce a new bootstrap sample:

i _ i i
dUk.bootstrap - dUk +r Adgk’

where r is drawn from a standard normal distribution.

In the previous analysis, we split the whole dataset into
training and test subsets in a 9:1 ratio. For the present analysis,
we use the same split—the training and test data points from

TABLE III. The 2, values (divided by number of data points)
for prior and posterior analyses computed for the test dataset.

Dataset Xr%nr,prior anor,pnsterior
Miho2024 7.956 0.399
Gome1993 - -
Arril1995 0.172 0.379
Arri1998 0.415 1.276
Bagd1988 0.123 0.105
Baral988 0.176 0.229
Barr1983 0.403 1.018
Dai2018 0.267 0.327
Day1993 0.483 0.946
Fomi2010 0.201 0.729
0O’Con1987 0.246 0.093
Seal1989 0.335 0.272
Whit1974 3.112 2.613
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FIG. 2. Double-differential cross section dfuz;g for inclusive elec-

tron scattering on carbon. The red line represents the posterior model
predictions with the associated lo uncertainty shown as a green
shaded region. The blue dashed line denotes the prior model predic-
tions [7], and the light blue area indicates their 1o uncertainty. The
red points correspond to the training dataset, while the green points
indicate the test dataset. The data from Mihovilovic et al. [37]. In
the top left corner, we specify the incoming electron energy £ and
scattering angle 6.

the previous study are preserved in the corresponding datasets
of this work. Additionally, we split the data from Ref. [37] into
training and test sets using the same 9:1 ratio. For the dataset
from Ref. [38], which contains only a few data points located
out of the rest of the measurements, we include all of them in
the training dataset.!

III. RESULTS

Each DNN in the ensemble was individually reoptimized,
starting from the prior configuration of the weights (i.e., neu-
ral network parameters). Parameters (weights) in all layers
were updated to minimize the total loss defined in Eq. (2).
Unlike the prior optimization, which ran the optimizer for
approximately 6 x 10* epochs, the present analysis limits the
number of epochs to less than 1000. The details of the study
are given in Appendix A.

The inclusion of two additional datasets significantly en-
hances the constraints on the nuclear cross sections in the
kinematic region where these data were collected. As shown
in Fig. 2, we compare the measurements from Ref. [37] with
both the previous and the current predictions of our models.
While the earlier fit was already in reasonable agreement with
the new data, the updated model presented in this work shows
a better agreement and a substantially reduced predictive
uncertainty.

The Mihovilovic et al. data fall within the region already
covered by older measurements, but are concentrated in a

"While we initially employed a 9:1 split for the data from Ref. [38],
the resulting performance in this kinematic region was found to be
suboptimal.

relatively narrow part of phase space. Because these points
are characterized by tiny statistical and normalization uncer-
tainties, the fit has limited flexibility in this restricted domain,
which results in a comparatively larger x2, for the training
dataset (~1.8). In contrast, the x2, for the corresponding test
dataset is lower (~0.4) and consistent with the other datasets
(excluding Gomez et al.), indicating that the model does not
overfit the Mainz points and performs reliably in prediction.
Increasing the effective systematic uncertainty would reduce
the training-test discrepancy, while broader kinematic cover-
age in future Mainz measurements would improve the global
constraints.

The agreement between our previous model and the mea-
surements by Gomez et al. [38] is within two standard
deviations (see Fig. 3). Including these measurements in the
analysis improves the agreement to within one standard devia-
tion. Nevertheless, additional measurements in this region are
needed to further constrain the model. It is also worth noting
that, for some of the data points, the predictive uncertainties
remain comparable to those in the previous fit.

Tables II and III provide a quantitative summary of the
complete analysis. They contain the normalization parameters
(A}s) as well as the x? values for each dataset for the previous
and present studies. The worst metrics are obtained for the
data from Whitney et al. [50], as shown in Fig. 6. In this case,
neither model can accurately capture the low-energy transfer
data (with tiny uncertainties).

We also verified that the train-test comparison shows con-
sistent performance across datasets, confirming that the model
generalizes well and does not overfit the training data.

Note that we report x2,. per point as a qualitative diag-
nostic of the model performance. A formal interpretation of
X2, ~ 1 is not expected here, because the usual assumptions
for a x? goodness-of-fit test are not satisfied: the network
has a large number of effective parameters compared to the
number of data points and each dataset includes an inde-
pendent normalization nuisance that reduces the effective
tension. Therefore, x2 should be understood as a compar-
ative indicator across datasets rather than as a strict statistical
test.

At the same time, extremely small 2 values could indi-
cate possible overfitting. In our training samples, the lowest
Xfm is obtained for the Bagdasaryan et al. [42] dataset (see
Figs. 8 and 9), which can be attributed to the relatively large
quoted uncertainties for all its measurements, allowing the
network to achieve a low residual error. Among the test
datasets, the smallest 2 corresponds to O’Connell et al.
[48] dataset (see also Fig. 7). This dataset contains only a
single series of measurements (about five points) with small
uncertainties which follow the general trend established by the
training dataset and other experiments. Consequently, its low
x2, value is consistent with good predictive behavior rather
than overfitting.

Finally, we observe that for the previously used data, the
new model typically yields similar predictions as the previous
one, as shown in Figs. 4-10. We notice minor differences
between the previous and present models for the Barreau et al.
[44] data, as shown in Figs. 4 and 5. However, both models’
predictions are in agreement at a one-o level.
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FIG. 3. Same as in Fig. 2 but for the data from Gomez et al. [38].

The primary motivation for our study stems from neutrino
physics. Specifically, we aim to assess how well the electron-
nucleus cross sections are understood within the kinematic
range relevant to neutrino oscillation experiments. With a
nuclear cross section model at hand, we are now able to
investigate this question quantitatively.

In Figs. 11 and 12, we present maps of predictive uncer-
tainties for the inclusive electron-carbon cross-section model,
calculated for energies of £ = 0.6 GeV and 2.5 GeV, re-
spectively. These energies correspond to the peak neutrino
energies of the Hyper-Kamiokande and DUNE experiments.
The displayed uncertainties are accompanied by contour lines
that illustrate the kinematic domains covered by both ex-
periments. Contours enclose 68% of the events obtained
from a MC simulation of charged current neutrino-carbon
(Hyper-Kamiokande) and neutrino-argon (DUNE) scattering
using the NuWro generator [59]. Neutrino interactions in

Hyper-Kamiokande will be dominated by quasielastic scat-
tering and A(1232) resonance excitation. In this regime, our
model exhibits relatively low uncertainties for scattering an-
gles between 30° and 100° across all energy transfers. The
lowest? uncertainties—below 20%—are observed in the an-
gular ranges of 30°—40°, 60°—70°, and 85°—90°. As shown
by the contour plots, the electron scattering cross sections are
known to within approximately 20% across most of the kine-
matic range. However, at larger scattering angles, above 100°,
the uncertainties in the electron scattering cross sections ex-
ceed 100%.

The DUNE experiment will operate at higher neutrino
energies, allowing it to probe a broader range of kine-
matic regimes—including quasielastic, resonance, and more

2The lowest uncertainty, in the contour, is about 7.8% for § = 35°.

055504-5



BEATA E. KOWAL et al.

PHYSICAL REVIEW C 112, 055504 (2025)

x104 0.1597 GeV,90° x103 0.1597 GeV, 145° x10° 0.16 GeV, 36°
— --- previous fif]
™ 12C — new fit
% 2.5 4 o test
g 2.0 - A \- training
Q
c
— 1.5 -
% 1.0 H
© 27 2 -
S 0.5 1
e Barr1983 Barr1983 Barr1983
00 1 I T 0 T T 1 0 T 1 1
0.04 0.05 0.06 0.04 0.05 0.06 0.026 0.028 0.030
x105 0.1609 GeV,60° x104 0.1999 GeV,90° x103 0.1999 GeV, 145°
5
>
[}
)
3
£
g
e
3
2
©
S Barr1983 Barr1983 Barr1983
00 T T OO T T T T 0 T T T T
0.03 0.04 0.04 0.06 0.08 0.10 0.04 0.06 0.08 0.10
x105 0.2 GeV, 36" x10% 0.2 GeV,60° x10° 0.24 GeV, 36"
@ > !
>
[0} N
g 4 N
5
£ 3 4
g 5
3
5 1
S Barr1983 Barr1983 Barr1983
O 1 1 0 T T T 0 T 1 T T
0.03 0.04 0.04 0.05 0.06 0.03 0.04 0.05 0.06
x104 0.2404 GeV,60° %104 0.2411GeV,90° %103 0.2411 GeV, 145"
— 6 1
)
> 1.00 +
g /
g 0.75 A
c 0.50 A
e}
3
2 0.25 A
S .
S Barr1983 Barr1983 Barr1983
0 T T T 000 T T 0 T T
0.050 0.075 0.100 0.05 0.10 0.05 0.10
w[GeV] w [GeV] w [GeV]

FIG. 4. Same as in Fig. 2 but for the data from Barreau et al. [44] [Barr1983].

inelastic interactions—compared to the Hyper-Kamiokande
experiment. The DNN model used in this analysis demon-

strates the lowest predictive uncertainties,> of the order of

3The lowest uncertainty, in the contour, is about 6.5% for = 35°.

10% for energy transfers between approximately 0.5 and
1.5 GeV and for scattering angles between 15° and 30°. How-
ever, certain kinematic configurations in the DUNE data are
associated with higher uncertainties in the DNN predictions,
particularly for lower energy transfers (0—1.5 GeV) and larger
scattering angles, ranging from 30° to 40°.
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FIG. 5. Same as in Fig. 2 but for the data from Barreau et al. [44] [Barr1983].
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FIG. 9. Same as in Fig. 2 but for the data from Bagdasaryan et al. [42] [Bagd1988], Dai et al. [45] [Dai2018], Arrington et al. [40]
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FIG. 11. Maps of predictive uncertainties for the DNN model for
electron energy £ = 0.6 GeV corresponding to the peak energy of
Hyper-Kamiokande. The contours enclose 68% of charged-current
neutrino-carbon scattering events generated by NuWro.

IV. CONCLUSIONS

The deep neural network model for inclusive electron-
carbon cross sections has been reoptimized to include new
measurements. In this process, the previously developed
model [7] was incorporated as prior information. The updated
model can be extended to other nuclear targets using trans-
fer learning techniques [8]. Notably, the model is entirely
data driven and does not rely on any theoretical assumptions.
This approach allows us to assess the precision of nuclear
cross-section predictions in the kinematic region relevant to
the Hyper-Kamiokande and DUNE experiments. Currently
available electron-scattering data can constrain models of
nuclear effects used in neutrino experiments at the 10-20%
level. However, since Hyper-Kamiokande and DUNE require
neutrino cross sections to be known at the few-percent level,
our findings highlight an urgent need for systematic electron-
scattering studies across the relevant kinematic range. In
particular, measurements at high scattering angles (6 > 100°)
and energy transfers around 250 MeV are especially important
for improving nuclear cross-section knowledge in the context
of Hyper-Kamiokande. For DUNE, measurements at low en-
ergy transfer and low scattering angles are most critical.
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APPENDIX A: DETAILS OF OPTIMIZATION

Training of each neural network model in the ensemble
did not exceed 1000 epochs. Training was performed using
a minibatch configuration with two to four batches. We used
the AdamW optimization algorithm (8; = 0.9, B, = 0.999,
€ = 1077, weight decay = 0.004) with a starting learning rate
lro = 0.0005. The base learning rate /ry was reduced by a
factor of 5 every 200 epochs.

APPENDIX B: MODEL PREDICTION VS DATA

In this section, in Figs. 410, we present a comparison of
our DNN model predictions with measurements taken into
account in our previous paper [7].
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