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Bayesian approach for many-body uncertainties in nuclear structure:
Many-body perturbation theory for finite nuclei
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A comprehensive assessment of theoretical uncertainties defines an important frontier in nuclear structure
research. Ideally, theory predictions include uncertainty estimates that take into account truncation effects
from both the interactions and the many-body expansion. While the uncertainties from the expansion of the
interactions within effective field theories have been studied systematically using Bayesian methods, many-body
truncations are usually addressed by expert assessment. In this work we use a Bayesian framework to study
many-body uncertainties within many-body perturbation theory applied to finite nuclei. Our framework is applied
to a broad range of nuclei across the nuclear chart calculated from two- and three-nucleon interactions based
on chiral effective field theory. These developments represent a step towards a more complete and systematic
quantification of uncertainties in ab initio calculations of nuclei.
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I. INTRODUCTION

The ab initio description of nuclear many-body systems is
advancing across the nuclear chart and nuclear matter [1,2].
Applications have been pushing predictions to the limits of
stability [3,4], to heavy nuclei [5–7], complex deformed nu-
clei [8–10], and nuclei relevant for beyond-standard-model
physics [11–13]. For nuclear matter, advances include cal-
culations up to high order and using different many-body
approaches [14–17] as well as calculations for arbitrary proton
fraction and temperatures [18].

The quantification of theoretical uncertainties has become
an integral part of nuclear physics research in recent years.
First-principles calculations have the advantage of allowing
the assessment of truncation effects in a systematic way. Mod-
ern ab initio calculations usually start from nuclear forces
based on chiral effective field theory (EFT) [19,20]. The
resulting interactions are then combined with systematically
improvable many-body approximations for the solution of the
Schrödinger equation

H |�n〉 = En|�n〉, (1)
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where H denotes the nuclear Hamiltonian, and |�n〉 the eigen-
state with associated energy En. The nuclear Hamiltonian is
given by

H = T + VNN + V3N + ..., (2)

where T denotes the (intrinsic) kinetic energy, and VNN

and V3N are two- (NN) and three-nucleon (3N) interactions,
respectively.

Over the past decades different many-body frameworks
have been developed that allow to solve the Schrödinger equa-
tion in approximate yet systematically improvable ways at
tractable computational cost. Methods include coupled-cluster
(CC) theory [21], the in-medium similarity renormalization
group (IMSRG) [22,23], Green’s function approaches [24,25],
and many-body perturbation theory (MBPT) [26]. For lighter
systems (A � 20), quantum Monte Carlo methods [27] and
large-scale diagonalizations like the no-core shell model
(NCSM) [28,29] are available.

The main sources of theoretical uncertainties in ab initio
calculations are due to

(i) neglected higher-order contributions in the EFT
power counting,

(ii) different fitting strategies and associated experimental
uncertainties in the inference of the low-energy cou-
plings in H ,

(iii) truncations in the many-body expansion when solving
the Schrödinger equation, and

(iv) model-space truncations from the finite size of the
underlying computational basis.

Clearly, a comprehensive uncertainty quantification (UQ)
must encompass (at least) these contributions. Recent years
have seen considerable efforts in assessing interaction
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uncertainties by performing order-by-order calculations in the
power-counting and estimating their uncertainties from EFT
arguments [5,18,30–43]. However, these efforts remain unpar-
alleled for the many-body expansion itself. All attempts so far
relied on estimates of the effects of higher-order contributions
based on expert assessment driven by experience. The goal
of this work is the design of error models for many-body
expansions. In this work we focus on the simplest case of
such an expansion, i.e., MBPT. The developed scheme will
be benchmarked for a broad range of nuclei and explored in
nuclear matter. We will also study the impact of using different
chiral interactions. While model-space truncations can induce
sizable uncertainties in heavier systems, they do not pose the
dominant source of uncertainty for the present study and we
do not take them into account here.

The structure of this work is as follows: In Sec. II we
briefly review the basics of MBPT and introduce the error
model. Section III discusses the Bayesian framework for the
determination of the theory uncertainties. In Sec. IV we apply
our UQ framework to MBPT calculations of a broad range
of closed-shell nuclei with some exploratory applications to
nuclear matter. Finally, we conclude in Sec. V. The code and
data needed to reproduce our results are available as a Zenodo
[44] and Github [45] repository.

II. MANY-BODY PERTURBATION THEORY

A. Partitioning and reference state

The main goal of this work is quantification of many-body
uncertainties in approximate solutions of the Schrödinger
equation obtained within MBPT [46].

In MBPT, the Hamiltonian is partitioned according to

Hλ = H0 + λH1, (3)

where H0 denotes the unperturbed part and H1 ≡ H − H0 the
perturbation. The quantity λ is an auxiliary parameter used in
the expansion that is finally set to unity. H0 must in practice
be amenable to a simple (numerical) solution

H0|�n〉 = E (0)
n |�n〉. (4)

The unperturbed ground state |�〉 ≡ |�0〉 serves as the
zeroth-order reference state for basis expansion methods. In
closed-shell nuclei the reference state is commonly obtained
from a variational mean-field calculation, e.g., using spheri-
cal Hartree-Fock (HF) theory, giving rise to a single Slater
determinant

|�〉 =
A∏

i

c†
i |0〉, (5)

where c†
i denotes the single-particle creation operator acting

on the physical vacuum |0〉.
Following HF theory every single-particle state |ϕp〉 =

c†
p|0〉 comes with an associated single-particle energy εp that

corresponds to the eigenvalues of the self-consistently opti-
mized mean-field Hamiltonian

h|ϕp〉 = εp|ϕp〉. (6)

The shell gap is then defined as the difference between the en-
ergetically lowest virtual orbital and the energetically highest
occupied orbital

�shell = min
p virtual

εp − max
p occupied

εp. (7)

This quantity defines the minimum energy needed to excite
the system and should be positive in practice.

B. Power-series expansion

The MBPT ground-state energy is parametrized through a
Taylor expansion

E0 =
∞∑

k=0

E (k) λk, (8)

where E (k) defines the kth-order energy corrections and E0

the exact ground-state energy. The final ground-state energy is
evaluated at the physical point λ = 1. The leading-order cor-
rections correspond to the reference-state expectation value

EHF = 〈�|H |�〉 = E (0) + E (1) = E (0)
0 , (9)

such that the HF energy includes contributions up to first order
in the interactions, and MBPT corrections on top of HF start
at second order. Energy corrections are practically evaluated
in terms of the Goldstone expansion

�E = 〈�|
∞∑

k=1

H[RRSH1]k|�〉c, (10)

where �E = E − EHF denotes the correlation energy and
the lower index c indicates the connected character of the
expansion [47]. The operator RRS denotes the so-called
(Rayleigh-Schrödinger) resolvent

RRS ≡
∑

k �=0

|�k〉〈�k|
E (0)

0 − E (0)
k

, (11)

where the sum runs over all states but the reference state.
The use of a Rayleigh-Schrödinger resolvent results in a
manifestly size-extensive expansion, i.e., an expansion whose
relative error is independent of the system size.

Expanding the Goldstone formula gives rise to the second-
order energy correction written in configuration space,

E (2) =
∑

k

〈�|H1|�k〉〈�k|H1|�〉
E (0)

0 − E (0)
k

. (12)

MBPT expressions are evaluated in many-body systems
through the use of Wick’s theorem that allows for a rewriting
in terms of second-quantized many-body operators, leading to
a second-order correction

E (2) = 1

4

∑

abi j

Habi jHi jab

εab
i j

, (13)

where Habi j denote two-body matrix elements of the normal-
ordered Hamiltonian, and the short-hand notation

εab
i j ≡ εi + ε j − εa − εb (14)

024303-2



BAYESIAN APPROACH FOR MANY-BODY … PHYSICAL REVIEW C 113, 024303 (2026)

involves the HF single-particle energies εp. Here we follow the
index convention where occupied states (holes) are denoted by
i, j, . . ., whereas unoccupied states (particles) are denoted by
a, b, ....

The derivation of algebraic expressions is aided by the
use of diagrammatic techniques [46]. The evaluation of
higher-order corrections becomes increasingly more challeng-
ing as the number of diagrams grows exponentially and the
computational cost of their individual evaluation increases
substantially. Hence MBPT applications in nuclear physics
are limited to order k = 4 in selected applications [48], while
routinely only corrections up to third order are evaluated, as is
done in this study.

C. Convergence of MBPT expansion

As can be seen from the Goldstone expansion, Eq. (10),
higher-order energy corrections are driven by the operator
(RRSH1). Consequently, the rate of convergence critically de-
pends on properties of the resolvent and perturbation operator,
where the size of the energy denominator of the resolvent
operator is directly linked to the shell gap, and the size of the
coupling to virtual states is linked to the action of the per-
turbation operator H1. The shell gap itself is strongly system
dependent and may be significantly weakened if a nucleus’
closed-shell character is less pronounced, e.g., in the case of
structurally more complex nuclei such as 12C. Doubly magic
nuclei with major shell closures at N, Z = 8, 20, 28, 50, 82
typically feature pronounced shell gaps and hence allow for
an efficient treatment from HF-based expansions. The cou-
pling to virtual states on the other hand is interaction-specific
and can—for the same nucleus—result in a very different
convergence pattern of MBPT. In particular, “harder” inter-
actions, e.g., at a higher resolution scale, typically yield an
enhancement of higher-order MBPT corrections and hence a
deterioration of the speed of convergence up to a point where
the perturbative expansion may quickly become divergent
[49]. Thus, the behavior of an MBPT expansion is the result of
a complex interplay between the choice of the reference state
and properties of the interaction.

We therefore motivate our UQ analysis by displaying the
energy corrections for the 1.8/2.0 (EM) interaction [51] for a
broad range of doubly closed-shell nuclei from Ref. [7] as well
as for symmetric nuclear matter at two representative densities
from Ref. [50] (details are introduced in Sec. IV). As shown
in Fig. 1, the values of E (2)/EHF ≈ 0.4 are significantly larger
than the corresponding values of E (3)/E (2) ≈ 0.1. We note
that the ratio E (3)/E (2) is unnaturally small. In fact, fourth-
order results for 16O revealed a ratio of E (4)/E (3) = 0.49,
which is comparable to E (2)/EHF [52]. Due to a lack of model-
space convergence, it is however not possible to provide
reliable results for the ratio E (4)/E (3) in heavier systems. Still,
all calculated ratios are well below E (k+1)/E (k) < 1 which is
expected for a soft interaction like 1.8/2.0 (EM) (see Sec. IV G
for a counterexample).

Finally, we emphasize the remarkably constant value of
the observed MBPT ratios throughout the range of nuclei
studied. This is linked to the size-extensive character of the
MBPT corrections at any order, leading to manifestly constant
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FIG. 1. Ratios E (2)/EHF and E (3)/E (2) for our set of nuclei from
Ref. [7] as well as symmetric nuclear matter at two representative
densities from Ref. [50]. n0 = 0.16 fm−3 denotes the nuclear satura-
tion density. All shown results have been computed using the 1.8/2.0
(EM) interaction [51].

ratios. The observed small-scale variations with a spread of
about 0.05 are due to finite-size effects linked to, e.g., nuclear
shell structure. We note that by this reasoning, one can in
principle generate fourth-order pseudodata based on the value
of E (4)/E (3) in 16O. However, in this work we do not follow
this approach and leave this open for future study.

III. STATISTICAL FRAMEWORK

A. Error model for MBPT expansion

The proposed model for the MBPT truncation error is
inspired by the work of the BUQEYE collaboration on EFT
truncation uncertainties [30–32,34,53]. We assume that the
MBPT expansion follows a power law E (k+1)/E (k) ≈ R with
some fixed value R and a set of expansion coefficients {γi}
drawn from an underlying (unknown) probability distribution,
i.e.,

δE0 = Eref

∞∑

i=k

γiR
i, (15)

where δE0 is the truncation error of the ground-state energy.
Note that this definition means that the second-order MBPT
correction is suppressed by (approximately) a factor R, the
third order by R2, and so on:

E0 = Erefγ0︸ ︷︷ ︸
EHF

+ Erefγ1R1

︸ ︷︷ ︸
MBPT(2)

+ Erefγ2R2

︸ ︷︷ ︸
MBPT(3)

+ · · · + Erefγk−1Rk−1

︸ ︷︷ ︸
MBPT(k)

+ . . . . (16)

The term Eref factors out an overall ground-state energy scale
and is set to be Eref = −8A MeV, where A is the mass number.
This empirical value is motivated by the typical binding en-
ergy per nucleon across the nuclear chart. The size of R relates
to the “softness” of the interaction as it (up to small random
variations captured by γi) encodes the rate of convergence; in
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particular, the case of R > 1 accounts for the possibility of
a divergent expansion and hence a breakdown of the MBPT
approach that is implicitly allowed within our approach.

B. Distribution for expansion parameters γ

The expansion coefficients γi can be re-expressed as

γi = E (k)

ErefRi
for i = k − 1, (17)

which will be used to infer the distributions of R and γi.
Assuming that the γi’s are normally distributed with variance
γ̄ 2,

pr(γi ) = N (0, γ̄ 2) (18)

leads to a normal distribution for the truncation error

pr(δE0|R, γ̄ 2) = N (0, σ 2), (19)

with the variance given by

σ 2 = E2
refγ̄

2
∞∑

i=k

R2i. (20)

The assumption of a normal distribution for γi is in line
with the principle of maximum entropy, given that the dis-
tribution should have infinite support and we have testable
information about its mean and variance; this is analogous to
EFT truncation errors [30]. In this case we have very limited
data (effectively 2–3 points) to verify that the assumption of
normality holds and properly testing this is a subject for future
work.

If the series in Eq. (20) is convergent (R < 1), we can
replace the infinite sum by [32]

σ 2 = E2
refγ̄

2 R2k

1 − R2
. (21)

In the context of EFT truncation errors this expression is suf-
ficient because the series is assumed to be convergent. Here,
however, we allow for the possibility of a divergent series, and
in cases where R � 1 we instead set σ 2 to the largest nonin-
finite value [numpy.finfo(numpy.float64).max] allowed
by NumPy’s [54] implementation of the normal distribution.

Once R and γ̄ 2 are known, we can add random samples
from Eq. (19) to the bare MBPT result to arrive at a posterior
predictive distribution (PPD) for the ground-state energy E0.

C. Bayesian inference of truncation-error hyperparameters

We infer the model parameters R and γ̄ 2 using a slightly
modified version of the procedure introduced in Ref. [34] and
applied in Ref. [38], where the analogous parameters Q and
c̄2 were inferred in the context of few-nucleon systems. By
the product rule of probability theory, the joint probability
distribution function for R and γ̄ 2 can be expressed as

pr(R, γ̄ 2|�γ , I ) = pr(γ̄ 2|R, �γ , I )pr(R|�γ , I ), (22)

where the factors on the right-hand side are the Bayesian
(marginal) posteriors for γ̄ 2 and R, respectively, given the in-
put data �γ = {γi(R)} computed using Eq. (17). It is important
to note that while this input data is strongly correlated across
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(α, β) = (1, 1)

FIG. 2. Conjugate inverse-gamma prior for γ̄ 2 with hyperparam-
eters given by the legend. Our chosen prior is shown as a solid black
line. The two alternative priors, shown as gray dashed and dot-dashed
lines, are discussed in the Appendix.

the broad range of nuclei, we treat it as uncorrelated in the
formalism below. To limit the influence of these correlations
we will only use three of the nuclei shown in Fig. 1 in the
inference of pr(R, γ̄ 2|�γ , I ). A rigorous treatment of correlated
data is a subject for future work.

We will now define explicit expressions for the two factors
in Eq. (22), starting with pr(γ̄ 2|R, �γ , I ). Since the data �γ
are assumed to be normally distributed, we place an inverse-
gamma (IG) prior with hyperparameters (α, β ) on its variance
γ̄ 2,

pr(γ̄ 2|I ) = IG(α, β ) = IG(1, 1), (23)

which encodes our prior belief that γ̄ is naturally sized. The
prior is plotted in Fig. 2. The conjugacy of this prior with re-
spect to the normally distributed data results in a posterior that
is also an IG distribution but with updated hyperparameters
(α′, β ′),

pr(γ̄ 2|R, �γ , I ) = IG(α′, β ′). (24)

The posterior for γ̄ 2 is conditionally dependent on R, whose
posterior is discussed below, via Eq. (17). The posterior hy-
perparameters α′ and β ′ are obtained analytically using the
updating formulas [40]

α′ = α + NnucleiNorders

2
, (25a)

β ′ = β + �γ 2

2
, (25b)

where Nnuclei is the number of nuclei and Norders the number of
orders k used in the inference. In other words, the length of �γ
is Nnuclei × Norders.

No suitable conjugate prior exists for R. For this prior we
therefore choose an uninformative uniform prior in the range
R ∈ (0, 2). It also allows for R > 1, i.e., that the MBPT series
could be divergent. The latter is an important difference here
compared to EFT truncation errors. With these priors in place,
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the posterior for R is given by [34,38]

pr(R|�γ , I ) ∝ pr(R|I )
(

β ′
α′

)α′ ∏
k RNnuclei (k−1)

. (26)

Unlike in Ref. [38], we do not need to account for the ad-
ditional complication of normalizing Eq. (26) because here
the normalization factor does not depend on the quantities we
are ultimately interested in. We proceed to sample the two-
dimensional joint posterior, Eq. (22), using the Markov-chain
Monte Carlo (MCMC) sampler Emcee [55]. The compu-
tational cost of the MCMC sampling is insignificant and
well-converged chains are obtained in a matter of minutes on
current hardware.

IV. APPLICATION TO FINITE NUCLEI

A. Computational setup

We start by investigating many-body uncertainties in se-
lected closed-shell nuclei with masses ranging from A =
14–208 for a set of chiral interactions. In this work
we consider the 1.8/2.0 (EM) interaction from Ref. [51],
the �N2LOGO interaction with cutoff 
 = 394 MeV from
Ref. [56], as well as the recently developed 1.8/2.0 (EM7.5)
interaction from Ref. [7]. The two- and three-nucleon inter-
actions are expanded in spherical harmonic-oscillator states
consisting of 15 major shells, including 3N contributions at
the normal-ordered three-body level. To ensure convergence
in heavy systems the number of three-body configurations is
allowed up to E (3)

max = 24 by exploiting the developments in
Ref. [48]. The underlying HO frequency is varied between
h̄� = 10–16 MeV and is taken from the minimum IMSRG
ground-state energy for a given set of frequency values. The
MBPT and IMSRG results for closed-shell nuclei used in this
study are taken from Ref. [7].

B. Posterior distributions

Using the theoretical values of EHF, E (2), and E (3) for the
given prior distributions, we construct a posterior distribution
as described in Sec. III. For the inference we only use the
nuclei 16O, 48Ca, and 132Sn in order to minimize the influence
of correlations, since—as previously mentioned—the MBPT
ratios are largely constant across different nuclei and we do
not explicitly account for such correlations here. Including
all available data would therefore lead to artificially narrow
posterior distributions. We have verified that our results do
not substantially change if we vary the number of nuclei in
the inference between 2–5. Figure 3 shows the marginalized
posterior distributions for R and γ̄ 2 as well as their joint distri-
bution for the results using the 1.8/2.0 (EM) interaction. The
prior distributions are additionally shown in the background.
The posterior distribution of R reveals a pronounced peak
at R ≈ 0.15 with very little weight for values R > 0.4. The
MBPT results from the three training nuclei clearly support a
rapid suppression of higher-order corrections or, equivalently,
small values for R. This is again directly related to the softness
of the 1.8/2.0 (EM) interaction.

In principle, predictions will depend on the choice of the
prior distributions. To verify that our results are robust we

R
0.156+0.090

−0.057

1.8/2.0 (EM)

0.1 0.2 0.3 0.4

R

2

4

6

8

γ̄
2

2 4 6 8

γ̄2

γ̄2

1.9+4.2
−1.2

FIG. 3. Priors (black lines/distributions) and posteriors (purple
distributions) for R and γ̄ 2 obtained from the MBPT results with the
1.8/2.0 (EM) interaction. The ranges for around the median of R and
γ̄ 2 are given at the 68% credibility level. The details of the inference
are given in the text.

have repeated our analysis using different prior choices, and
posterior distributions for different priors for γ̄ 2 are provided
in the Appendix. The overall sensitivity to the choice of prior
is, while noticeable, small.

C. Uncertainties in closed-shell nuclei

Next, we turn to the construction of uncertainty bands for
the ground-state energies of atomic nuclei. For the training we
use a representative set of three closed-shell nuclei, i.e., 16O,
48Ca and 132Sn. We then use the obtained values of the MBPT
error model, i.e., γ̄ 2 and R, and draw a large number of trunca-
tion errors from the corresponding probability distribution for
each nucleus. From this we can construct credibility intervals
for the predictions of all nuclei. We give results for the energy
per particle to compare the results over this broad range of
mass number. A similar uncertainty for E/A for all nuclei also
reflects the size extensivity of MBPT.

Figure 4 shows the PPDs at 68% (dark shading) and
90% (light shading) credibility levels for the second-order
MBPT(2) (yellow) and third-order MBPT(3) (blue) ground-
state energies for the 1.8/2.0 (EM) interaction. The second-
order bands are sizable in all cases with uncertainties per
particle of up to 1.0 MeV at the 90% level. This uncertainty is
significantly reduced, to below 0.2 MeV, when incorporating
third-order corrections in heavier systems. For comparison
we include nonperturbative IMSRG(2) results in the same
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16O 24O 40Ca 48Ca 56Ni 78Ni 100Sn 132Sn 208Pb
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FIG. 4. PPDs for the ground-state energy per nucleon of se-
lected closed-shell nuclei at second and third order, MBPT(2) and
MBPT(3), respectively, compared to IMSRG(2) results. Results are
shown for the 1.8/2.0 (EM) interaction. The dark (light) shaded areas
indicate 68% (90%) credibility intervals.

model space and with the same interaction. Due to the IMSRG
resummation of diagrams, the corresponding ground-state en-
ergies are expected to be much more accurate. We observe
that in all cases the MBPT(3) results agree with the IMSRG
calculations at the 90% level.

We have repeated our analysis for different sets of nuclei.
In particular we reduced the set of training systems to two
nuclei without significantly reducing the quality of the results,
albeit with somewhat wider uncertainty bands. This insensi-
tivity is due to the strong correlations of R values for different
mass number based on the size extensivity of the HF and
MBPT energies. Reducing the training data further to a single
nucleus, however, results in significantly wider bands. In the
opposite extreme, i.e., including all 37 nuclei from Fig. 1 in
the inference, results in very narrow uncertainty bands due to

the large number of strongly correlated data, which is treated
as uncorrelated.

D. Empirical coverage

Based on our uncertainty estimates for the MBPT results
we perform an analysis of the empirical coverage. The results
are shown in Fig. 5. An empirical coverage plot compares the
expected coverage of the uncertainty bands with respect to
some validation data with the observed (i.e., empirical) cover-
age obtained in practice. For example, a p = 50% credibility
interval (indicated on the x axis) is expected to overlap with
the validation data 50% of the time; the observed overlap is
shown on the y axis.

Ideally the empirical coverage should fall on the diagonal,
as indicated by the dashed black line in Fig. 5. Values above
this line correspond to a too-conservative error estimate while
values below indicate an underestimation of the associated
error. In general a too-conservative error is preferable to an
underestimated one in line with the precautionary principle.
Figure 5 shows the empirical coverage for our MBPT(2) and
MBPT(3) results for the 37 closed-shell nuclei from Fig. 1.
For the 1.8/2.0 (EM) interaction shown in the left panel, the
results indicate that the error model works largely as expected
for the predictions at third order, but is conservative at second
order. The figure also includes gray bands describing confi-
dence intervals that indicate whether the obtained result is
compatible with the ideal result [30]. If an empirical cov-
erage falls within the dark (light) gray band, this should be
interpreted as the empirical coverage being consistent with the
ideal result at the 68% (95%) confidence level. In effect, these
bands represent a “blurred” ideal diagonal that reflect the fact
that we have a finite amount of data to compare to. Note that
the gray bands assume that the comparison data is uncorre-
lated, which is not the case here; the gray bands are therefore
too narrow [34], as accounting for correlations would decrease
the effective number of data. However, accounting for this
correlation is nontrivial just as in the error model itself.
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1.8/2.0 (EM7.5) interactions (right panel).

E. Interaction sensitivity

We continue our discussion by performing the uncertainty
analysis for other chiral interactions and compare the size of
the MBPT uncertainty to the results with the 1.8/2.0 (EM)
interaction. To this end, we consider the �N2LOGO inter-
action with cutoff 
 = 394 MeV from Ref. [56], and the
1.8/2.0 (EM7.5) interaction from Ref. [7] which features a
refitted value of the three-nucleon coupling cD = 7.5, which
leads to an improved description of charge radii compared to
1.8/2.0 (EM).

For comparing different interactions, we study the uncer-
tainty bands for the same closed-shell nuclei as in Sec. IV C
using the same model-space parameters as for 1.8/2.0 (EM).
In Fig. 6 the uncertainties are shown for the �N2LOGO (left
panel) and 1.8/2.0 (EM7.5) interactions (right panel). Overall
we observe increased uncertainties compared to the 1.8/2.0
(EM) interaction, both at second and third order. The width
of the bands approximately doubles at both the 68% and
90% credibility levels. Our results indicate that the 1.8/2.0
(EM) interaction is thus more perturbative as indicated, for in-
stance, by a larger HF energy and smaller MBPT corrections.
The 1.8/2.0 (EM7.5) interaction results in larger uncertain-
ties compared to the �N2LOGO interaction, with a 0.2 MeV
uncertainty of MBPT(3) already at the 68% credibility level.
This suggests that the �N2LOGO interaction is more perturba-
tive compared to 1.8/2.0 (EM7.5). Still, our uncertainty bands
are in good agreement with the corresponding IMSRG(2)
values that serve as reference in the absence of an exact many-
body solution.

F. Nuclear matter results

It is also possible to include nuclear matter results in the
inference of many-body uncertainties. In Ref. [50] MBPT
contributions up to third order have been computed based
on the same interactions as those discussed for nuclei in
Secs. IV C and IV E. Figure 7 shows the ratios of energy
contributions at different MBPT orders for neutron matter
(PNM) and symmetric nuclear matter (SNM) up to 2n0, with
saturation density n0 = 0.16 fm−3. We find that including the

SNM results at two representative densities, n = 0.5n0 and
n = n0 (see Fig. 1), in the inference has no sizable impact on
the inferred MBPT uncertainties. This is not too surprising
because the ratios E (2)/EHF and E (3)/E (2) are very similar in
size to the ones we find in nuclei, as shown in Fig. 1. On the
other hand, the MBPT convergence for PNM is qualitatively
different and including PNM ratios significantly changes the
MBPT uncertainty bands for nuclei. This indicates that the
MBPT expansion for PNM behaves different to the expansion
for finite nuclei or SNM, and, hence, that the proposed error
model has challenges capturing the MBPT convergence for
nuclei and PNM simultaneously.
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FIG. 7. Ratios E (2)/EHF and E (3)/E (2) as a function of density for
pure neutron matter (PNM, top panel) and symmetric nuclear matter
(SNM, bottom panel) from Ref. [50] obtained for the 1.8/2.0 (EM)
interaction.
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TABLE I. Comparison of many-body results for the 1.8/2.0 (EM)
and N2LOsat interactions for the ground-state energy of 48Ca. Results
are performed for emax = 14, E (3)

max = 24, and h̄� = 16 MeV at the
normal-ordered two-body level [7,58].

1.8/2.0 (EM) N2LOsat

EHF [MeV] –303.581 –122.180
E (2) [MeV] –105.926 –281.942
E (3) [MeV] –7.904 –11.369

E (3)
pp [MeV] 0.932 12.733

E (3)
hh [MeV] –5.103 –8.941

E (3)
ph [MeV] –3.733 –15.162

E (2)/EHF 0.350 2.308
E (3)/E (2) 0.075 0.040

IMSRG(2) [MeV] –416.399 –405.275

G. Limitations of the error model

We now turn to a chiral interaction that is expected to
be significantly less perturbative than the interactions dis-
cussed in the previous sections. The N2LOsat interaction from
Ref. [57] is known to accurately describe ground-state proper-
ties of medium-mass nuclei, but is less often applied to heavier
systems due to its notoriously slow convergence with respect
to model-space size. In Table I we provide a comparison of
the many-body results for 48Ca based on the 1.8/2.0 (EM)
and N2LOsat interactions at different orders in the MBPT
expansion. While the two interactions yield comparable val-
ues for the total IMSRG(2) energy, the individual many-body
contributions at different orders are very different in size. In
case of the 1.8/2.0 (EM) interaction, 73% of the total energy
originates from the HF contribution, compared to only 30%
for the N2LOsat interaction. At second order the picture is
reversed. These numbers imply that for N2LOsat the HF state
is a poorer reference state and we can expect the MBPT
expansion to deteriorate. Interestingly, the third-order energy
correction is comparable in size for both interactions; the
third-order ratio E (3)/E (2) is even a factor of two smaller
for the harder N2LOsat interaction. However, the smallness
of E (3) is accidental in this case, as one can see from the
cancellation of the individually large particle-particle (pp) and
particle-hole (ph) contributions at third order. This shows that
one has to be careful with the size of MBPT uncertainties
for hard interactions such as N2LOsat. Applying our statistical
model to N2LOsat yields PPDs for medium-mass nuclei that
are more than twice as wide compared to 1.8/2.0 (EM). How-
ever, we stress that knowledge of higher MBPT orders is likely
necessary to accurately describe its convergence pattern.

To see the effect of an apparently divergent expansion, we
have also studied a fictitious interaction based on the results of
N2LOsat, where we scaled up the third-order correction such
that E (3)/E (2) = E (2)/EHF ≈ 2.3. In this case our error model
finds R > 1, as expected, and the resulting PPDs are infinitely
wide.

V. CONCLUSION AND OUTLOOK

We have developed a framework that allows for a statisti-
cal modeling of many-body uncertainties in ab initio nuclear

theory. We considered MBPT as the simplest case of a correla-
tion expansion, which allows for a straightforward modeling
of the uncertainties from the many-body expansion. Within
our Bayesian framework the model parameters were inferred
from MBPT calculations of closed-shell nuclei ranging from
A = 14–208. Our investigations showed only a mild sensitiv-
ity to the employed prior distribution of the model parameters,
although only low-order MBPT results are included, which
can lead to some prior influence especially if the priors are
poorly chosen. As expected, the resulting uncertainties show
a strong sensitivity to the employed interaction, in particular
to its softness. We do not explicitly account for the fact that
our input data is strongly correlated, and instead opt to only
include a small subset of the available data in the inference.
An important next step will be a proper treatment of correla-
tions between the results for different nuclei.

The availability of robust models for MBPT uncertainties
enables the estimate of combined many-body and interac-
tion uncertainties in the future. In addition, the presented
framework will allow the study of MBPT uncertainties for
open-shell nuclei based on more general reference states, see
Refs. [59–63]. This would also allow insights to correlated
uncertainties along isotopic chains.

In addition, we included MBPT results at typical densities
of symmetric nuclear matter and found that these results only
have a mild effect of the Bayesian inference. However, the
analysis of pure neutron matter showed a different conver-
gence pattern than symmetric matter. In addition, nucleonic
matter becomes nonperturbative at very low densities. Ex-
ploring MBPT uncertainties for the different conditions in
nucleonic matter within our Bayesian framework will be an
important next step, and will also require understanding cor-
relations between different densities (and temperatures).

An in-depth understanding of MBPT truncations provides
a first step to extend the modeling to more-complicated
many-body expansions that involve an infinite resummation
of classes of diagrams such as the in-medium similarity renor-
malization group, coupled-cluster theory, or Green’s function
approaches, that provide the workhorses for ab initio calcula-
tions of medium-mass and heavy nuclei.
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APPENDIX: ROBUSTNESS TO PRIOR
HYPERPARAMETERS

Here we show figures that allow us to judge the ro-
bustness of our results with regard to our prior choices.
Figures 8–10 show posterior, PPD, and empirical coverage
plots, respectively, for reanalyses with modified priors for
γ̄ 2. The modified priors (shown in Fig. 2) are pr(γ̄ 2|I ) =
IG(0.5, 0.5), which has more strength at small values of γ̄ 2

while penalizing larger values, and pr(γ̄ 2|I ) = IG(1, 5) that

substantially penalizes small values. The results obtained with
the former prior are virtually identical to our main results.
While the values for R and γ̄ 2 inferred with the latter prior
differ substantially from our main results, this choice only
leads to somewhat narrower credibility intervals and lower
empirical coverages in the end. The increased value for γ̄ 2

appears to be compensated by a smaller R value. Given the
rather drastic change of prior and our limited amount of data,
we judge our results to be fairly robust with regards to the
choice of prior.
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